g Part I1I. Epistemic Logic




‘L Modal logic

= philosophical logic
= a formal treatment of
notions

= various ‘flavours”;
= epistemic / doxastic
= temporal / dynamic (action logic)
= deontic
= combinations (BDI, KARO)



‘L Extensionality

= Classical logic is extensional:

= [= (o< pB) = (< yla/B))



i defining knowledge

P Kp Kp Kp Kp
0 ~0. ~ 0. ~
1 ~ O- - ~




Varieties of modal logics

Alethic logic
Dynamic logic
Deontic logic
Temporal logic
Doxastic logic
Epistemic logic
Arithmetic logic

¢ must be the case
after a, @ holds

¢ should be
always, @

@ is believed

¢ 1s known

(p 1s provable



* Semantics of modal logic

p: it is sunny in Liverpool q: it is sunny in London
P 9

Mw |=KpAa—-Kq A KKp



i Semantics of modal logic

p: it 1S sunny in Liverpoﬁ q: it is sunny in London
P [4

Exercise 0. Agent 1 is in Liverpool, agent 2 in London. Make the
accessibility of agent 2 red. Verify whether:
Mw |= K)K(K; g v Ky—q)



‘L Modal logic, semantics

= Kripke models: M = (W, &, R)
=« W: set of possible worlds
« gt: truth assignment function
= R: accessibility relation

= R(w) ={w" | R(w,w’)} set of accessible
worlds from w



‘L Modal logic, semantics
s M,W|[= o
= iff M, W |=
= for w’ such that ~(w, w’)

= M, w ‘= OCP
s iff M, W |= @
= for some w’ such that R(w, w’)



‘L Modal logic, ctd.

= modal logic = ‘logic of | 1 and ¢’
= heutral reading’: / possibility
= basic property (K):
. (p—y) — ( p— 1), or equivalently:
o (((0=Y) A @) = V)
= and Necessitaion
. =0 = |= 0 whichis not [= ¢ — @
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epistemic logic

System is called S5 s K(¢p —¢) = (Kp — Ky)

= agents reason rationally
| K(I) — (l)

n veridicality

as difficult' as propositional!

R is an equivalence
no nestings needed:

K—KK—p <> —K—p s K¢ = KK¢
= positive introspection
no iterations needed: n K¢$ — K-K¢

K=(K(K~pv —Kq) = K-Kq)

_ = negative introspection
IS unneccesary complex

u ‘—(I)=>‘—K(|)

m agents know tautologies
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i Semantics

m Let E={M=<WR,V>IR is equivalence}
mletU={M=<W,R,V>I|R is universal}
s Let Th(M)={¢p M I= @}

s Then: Th(E) = Th(U)
s C straightforward

= C modal logic cannot distinguish!
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m casy to verity:
= KK =K@
s K=Kgp =-Kogp
= 7 KKgp =-Kog
s K- Kgp=Kgp
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m casy to verity:
= ( 1s satisfiable 1t

= (p 1S satisfiable 1n a model of size with at most |
@l states

s pl=1,lp AYl=1+ Il + Il
m =l =Kol =lgpl + 1

14



‘L Small model property

= Suppose <S,V>,s |= ¢
O fs: SUb(Cp) — 25
= fs(p) = { }, atoms p in Sub(p)
s fs(@p A1) =1s(p) U fs(p)
= fs(=@) = fs(p)
s fs(Ko) =

= {t},if some <S,V>,t |= ¢
= { } otherwise
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i Small model property

s LetS ={s}U Uw & Sub(g) LW

= V' =V

m Then: <S',V' >s |=¢

= Proof: for all s' in S’ : all 1 € Sub(e):
s <S,V>l=yp < <S' V> I=y
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* Epistemic and Doxastic logic

O K(p — Q
s Kgp —= KK knowledge
M _'Kq) —> K_'KCP

] _'BJ_
] Bcp —> BBCp belief
O _'B(‘p —> B_'B(‘p



& Logical Omniscience

(LOI)

(LO2)

(LO3)

Be A B(p = ¢) — By

(Closure under implication)

=9 = |=Bg

(belief of valid formulas)

Fo—=y=
(Closure und

=By — By

er valid implication)
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i Logical omniscience (2)

(LO4)
(LOS)
(LO6)

(LO7)

= ¢ <>y =|=By < By
(Belief of equivalent formulas)
(Bo A Byp) — Blg A y)
(Closure under conjunction)
Beo =B (p vy
(Weakening of beliet)
B(p —> —|B—|(p
(Consistency of beliefs)
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g 2 white, 3 black hats

.

““i

&&&g‘

)
( )
\
A B
rules out:
W W any

w any any
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3Xb,2xw

w b

bb bw

bb

bw

w b



3Xb,2xw






C: "I don't know my colour”




ows his colour

/]

A

K




B: "I don't know my colour
either”




A: "I know mine!”




‘_h Protocol

= Sender and - eceiver

= input for S: X = <x0,x1,x2,....... >

= S reads X, sends data to -/, who writes T
= deletion errors: reception not guaranteed
= required: protocol that satisfies

o for some Y, we have X =T;Y

o every x1 of X appears eventually in T



‘_h specification

_ = when
m 1:=0;

X0 set i :=0:;

= While true do
= begin write (xi)

= While true do
= begin read(xi)

= send(
» send(xi) until K< xi;
. . : s | =+
m | =]+
= end

s end

xi) until “( x(i+1))
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& Not correct

m X=<3,349,¢C q,b,..... >

read(a) send(a)  send(a) send(Kx0) read(a) send(a)

| I | |

(x0=a) Send( xo0) Send( xo0) X0? X1?

30



‘_h specification

| = O;

= While true do

= begin read(xi)
= send(xi) until K< xi;
= send(K xi) until KK xi
s =0+

= end

when © X0 set i :=0:;
while true do
begin write (xi)

= send(xi) until “K xi

= send( K xi) until
m =1+

end

Xi+1
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‘_h specification

s |:=0; = when  x0 set i :=0;
= While true do = While true do
= begin read(xi) = begin write (xi)
= send(xi) unfi i; = S€ w til <K xi
= send(K K Xi = sen ntil = xi+1

s =1+ 1 s | =+

= end x end

Need three acknowledgements: a,, a,, a,
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‘_h specification

= i:=0: = when x0 recvd set i :=0;
= while true do = while true do
= begin read(xi) = begin write (xi)

= send(xi) until a, recvd; = send(a,) until a, recvd;

= send(a,) until a, recvd; = send(a;) until xi+1 recvd,;

s =1+ 1 | =+

= end = end
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Alternating Bit Protocol

(m,1) =m0 1f 11s even, m1 else
s |:=0;
= wWhile true do
= begin read(xi)

= when X0 recvd set i :=0;
= While true do
= begin write (xi)

- send. (xi,i) unti = send clr(ack,1) until xi +1
(ack,l) recvd; recvd:

s =1+ 1 . Q=i+

O end g end
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‘L Alternating bit protocol

= knowledge of depth 4 is essential

= provable:
= Ssends xi+1 —

IKS

(R receives xi+1 — KK Ky (xi))
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i Card Games

there are three cards: r,w and b
three players: 1,2 and 3
every player sees 1ts own card

use names for worlds:
= rwb for 1 has red, 2 white, 3 black, etc.

use colors for accessibilities:
= black for 1, green for 2 and red for 3

36



i Card Games (ctd)

» draw the appropriate S5 ;) Kripke model

= show that in rwb it holds that:
M K1 r1
= Ki(Kgprp) A Ky(=Kory A =Korg)
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* Card Games: HEXA

rwb
O O

wrb o

brw

rbw

bwr

@ wbr

38



i Card Games: HEXA

rwb
O O

wrb o

rbw

brw

bwr

@ wbr
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*Card Games: HEXA

rwb rbw
wrb o\ >< @ wbr
brw © © bwr
40




i Properties of HEXA

= M, rwb |=K,r, since
= M, rwb |=r, and

AN
RVAYA

41



‘L Properties of HEXA

= Ky(Kprp) A Ky(=Kary A =Kor)

rwb rbw
o @)
=« M,rwb |= K,-r,, since
M,rwb |= -r,and
M,bwr |= —r,
@)

wbr = M,rbw |= K,r,, since
M,rwb |= -r, and
M,bwr |= -,

wrb ©

brw bwr
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‘L Properties of HEXA

= Ki(Kparp) A Ky(Kary A =Kor)

rwb rbw = M,rwb [= K;(=Kary A =Kors)
° ® = Since
/ / = M,rwb |= =K,r, A =K,r; since
M,bwr |= -r, and
M,rwb |= -r,
= M,rbw |= =K, r; A =K r, SIiNCE
wrb © °  wbr M,wbr |=2 lr1 and2 i

M,rbw |= —rg

brw bwr
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i Exercise 3

= Ann and Bob each have a number on
their head: Ann can only see Bob’s,
who can only see Ann’s. However, it is
known by everybody that the numbers
are successors of each other, i.e. they
are n and n + 1 for some n.

= Draw the appropriate model.

44



& Exercise 3

A ——
B:

(X,y): A carries x, B carries y

(1,0) (1,2) (3,2) (3/4) (54) (5,6)
(0,1) (2,1) (2,3) (4,3) (4,5) (6,5)

45



i Exercise 4

= Ann and Bob are in a bar, in front of
them is an envelop for Ann, with either
an invitation to go out in Amsterdam
(p) or one to give a lecture (—p)

= Draw the corresponding Kripke model when
nobody has looked in the envelop yet

= Suppose A reads the letter in the envelop,
and B sees this. Draw the new model.

46



* Exercise 4

D O
after A reads, and B sees that:
D O
which is:
P

@ >

47



‘_L Exercise 5

let a, be: “"An has number n”,similarly for b, "Bob has number n
5a Show: M, (3,4) |= —lKBb4 A KA—lKBb4

let K,a denote: A knows what her number is, similarly for Kzb
5b Show: M,(1,2) |= MgK,a, or equivalently: M,(3,4) |= -Kg-K,a

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)
(0,1) (2,1) (2,3) (4,3) (4,5) (6,5)
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Exercise 6

|
real world is (3,4). Call the model M (see below).

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the

6b. Suppose Ann says: I don’t know my number
Draw the new model M;. Show My, (3,4) |= - MgK,a A MgM,Kgb

6¢. Suppose now Bob says: I dont know my number
Draw the new model M,. Show M,, (3,4) |= =Kgb A MgK,a

6d. Suppose now Ann says: I don't know my number
Draw the new model M. Show M;, (3,4) |= Kgb !

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

(@) o (@) o (@] (@) (@]




Exercise 6

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the

|
real world is (3,4). Call the model M (see below).

First of all, note that Kgb is true nowhere: Bob is uncertain everywhere
This explains M, (3,4) |=- MgM,Kgb (in fact M,x |== MgM,Kgb for all x)

Moreover, K,a is true only in (1,0). From (3,4) there is a B-A-B path to (1,0).

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

(@) o (@) o (@] (@) (@]




Exercise 6

|
real world is (3,4). Call the model M (see below).

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the

Moreover, K,a is true only in (1,0). From (3,4) there is a B-A-B path to (1,0).
More precisely:

M, (1,0) |= Kya

M, (1,2) |= MgK,a

M, (3,2) |= MyMgK,a
M, (3,4) |= MM, MgKya

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

(@) o (@) o (@] (@) (@]




Exercise 6

|
real world is (3,4). Call the model M (see below).

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the

First of all, note that Kgb is true nowhere: Bob is uncertain everywhere
This explains M, (3,4) |=- MgM,Kgb (in fact M,x |== MgM,Kgb for all x)

Moreover, K,a is true only in (1,0). From (3,4) there is a B-A-B path to (1,0).
SO, MI (314) |= IVIBMAMBKAa

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

(@) o (@) o (@] (@) (@]




Exercise 6

|
real world is (3,4). Call the model M (see below).

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the
6b. Suppose Ann says: I don’t know my number

Draw the new model M,. Show My, (3,4) |= " MgK,a A MgM,Kzb

There is no point at which K,a holds, so M;, (3,4) |= - MK,a

Kgb is true at (1,2), and there is a B-A path to (1,2), hence
Mll (314) |=MBMAKBb

M,, (1,2) |= Kgb, thus My, (3,2) |= MKgb thus My, (3,4) |[= MgM.Kgb

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

(@) o (@) o (@] (@) (@]




Exercise 6

|
real world is (3,4). Call the model M, (see below).

6C. Suppose nhow Bob says: I dont know my number
Draw the new model M,. Show M,, (3,4) |= = Kgb A MgK,a

There is no point where Kgb is true, hence (3,4) |= —Kgb

Kja is true at (3,2), hence (3,4) |= MgK,a

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

@ (@) (@) o (@) (@)

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the



Exercise 6

|
real world is (3,4). Call the model M; (see below).

6d. Suppose now Ann says: I don't know my number
Draw the new model M. Show M, (3,4) |= Kgb !

This is clear: in (3,4), Bob has no doubt!

(1,0) (1,2) (3,2) (3,4) (5,4) (5,6)

e @ ® @ ®

~be: "An has number n”,similarly for b, “"Bob has number n. Suppose the



M
D @) @) —p

i Exercise /

For any item, start from M again.

7a. Suppose Ann reads the letter aloud: it says p! Draw the model M,

7b. Bob holds it for possible that A read the letter. Draw M,

7c. An outsider tells A and B that one of them has read the letter. Draw M;

7d. An outsider tells A and B that one of them may have read the letter. Draw M,

7e. An outsider tells A and B that some (0, 1 or 2) of them may have read the letter.
Draw M.

56



& Exercise /
W M Vv

p © P

7a. Suppose Ann reads the letter aloud: it says p! Draw the model M,

A:
B:

57



M

* Exercise /

\Y;
D O Q@ —1p

7a. Suppose Ann reads the letter aloud: it says p! Draw the model M,

which is actually:

@ >
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* Exercise /

p © P

7b. Bob holds it for possible that A read the letter. Draw M,

P © © —1p
W

O @ Y
p P

59



& Exercise /

D O Q@ —1p

7c. An outsider tells A and B that one of them has read the letter. Draw M;

4 4

W \Y;
D @ Q@ —1p

144 n

v A —
B:

60



M

& Exercise /

V Ar ——
D ®) @) —1p B:

7d. An outsider tells A and B that one of them may have read the letter. Draw M,

p © ° P

61



* Exercise /
W ! V A ——
B:

D O Q@ —1p

7e. An outsider tells A and B that some (0, 1 or 2) of them may have read the letter.

D o/’ cp_l/p’ "
p ‘/‘ o/‘ ”

P 62



M

‘L Exercise /

v Ar ——
p ¢ O —1p B:

7e. An outsider tells A and B that some (0, 1 or 2) of them may have read the letter.

/Q p /o D Suppose only B read the letter: p
p @ o —p Kgp A Mg Kap A Mg =K,
p
© e —p
P O/ o/

P 63



M

‘L Exercise /

v Ar ——
p ¢ O —1p B:

7e. An outsider tells A and B that some (0, 1 or 2) of them may have read the letter.

o P ® Suppose A and B read the letter: p
/ / _Ip
P
o e —p
p O/ o/

P 64



M

‘L Exercise /

v Ar ——
p ¢ O —1p B:

7e. An outsider tells A and B that some (0, 1 or 2) of them may have read the letter.

o P ® Suppose nobody read the letter: p
/ / _Ip
p 9 ® ap =Kgp A = Kyp A Mg Kyp A My Kgp
P
o e —p
p ‘/ o/

P 65



* Different Modal Systems

mPropositional Tautologies
K (§ — ) — (Ko — Kgp)
nKip — ¢

nKi¢ = Kiko

K¢ — K-K¢

- 0= |- Kb

Al

A2

A3

A4

A5

Nec

66



* Different Modal Systems

) NN — ~

wKi(p = ¢) = (Ko = Kip)
Ko = ¢

Ko = KK

oK = K=K

A2

A3

A4

A5

67



* Different Modal Systems

\

mPropositional tautologies, Nec
k =Ko —=vp)—= (Ko —= Ky)
T wKop—=0¢ ’
4 wKip = KK
s wKp — KK

~ Km)

\

> T(m)

\

~

>S4

> S5

68



* Different Modal Systems

B\ ™ I I
mPropositional tautologies, Nec
K Kbt —= K "~ Kom » KD(m)
K - 1((|) — lp) — ( iq) 111)) > KD4,,,,
p =K. y > KD45,
4 wKip = KK ~

s =Ko — KK

69



* Different Semantic Systems

nKripke Models
K  mAccessibility Relations R,
T =R 1sreflexive
4 =R 1s transitive

5 IRi 1s Euclidean

\

.
Kewy

\

" Ty

\

-S4

~

85
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* Different Semantic Systems

B\ ™ I \
nKripke Models
oy eq- . e 7((,”) >
K  mAccessibility Relations R, KDy .
y KDA )
p =R;is serial J > KD5
4 =R 1s transitive p,

5 IRi 1s Euclidean

71



& Relating the Systems

Ky = KDulFo = T,Fe = S,)Fe = S55,F¢

I U I I U

72



Example Derivation

SS(m) K¢ <= K=K

. —K¢ — KK AS
* KoK = =Ko A3
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Counterexamples

Sy - K¢ <= KimKip 7
Answer 18 NO!  Because 54, % K <= K-K.¢p !

M Q p M, |7‘/ K¢ <> Ki=K;¢

u Because

@, i K
\ Because M,v|= —p
A \Y
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Counterexamples

Sy - K¢ <= KimKip 7
Answer 18 NO!  Because 54, % K <= K-K.¢p !

M Q p M |7Z —Ki¢ <= Ki=K;¢

4 Because
Q M,w|= -Kp, and
\ M’W |: _IKi_IKip
W \%
-p because this is M,w |= M.K.p
@ and M,u |=Kp
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Counterexamples

Sy - K¢ <= KimKip 7
Answer 18 NO!  Because 54, % K <= K-K.¢p !

M ; p M |7‘/ K¢ <= K=K
u Because
Q M,w|= -K;p, and
\ M,w = _'Ki_'Kip
@ -p  SoM,wW|==(=Kp < Ki-Kp)

76



Counterexamples

Sy - K¢ <= KimKip 7
Answer 18 NO!  Because 54, % K <= K-K.¢p !

y Q p M~ —Ki <> KK g

u

D and
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Validities

We already derived: S35, |- K¢ <= K=K
We could also have proved: S5, [= 7K <= K;=K;¢

First of all, "K.¢ <= K- =K.

is equivalent to = =K. <> = K =K.
is equivalent to K.¢ <> =K.-K.¢

is equivalent to K.¢p <= M.K.¢

78



‘L Validities

We already derived: S35, |- K¢ <= K=K
We could also have proved: S5, [= 7K <= K;=K;¢

First of all, =K.¢p <= K.=K.¢ is equivalent to K.¢p <> M.K.¢
LetM € $5,,,and w a world in M. To prove: M,w |= K¢ <= MK;0

Suppose M,w |= K.
Since R; is reflexive, we have Rww and hence M,w |= M.K.¢

This proves M,w |= K.¢ — M.K.d

79



i Validities

We already derived: S35, |- K¢ <= K=K
We could also have proved: S5, [= 7K <= K;=K;¢

First of all, =K.¢p <= K.=K.¢ is equivalent to K.¢p <> M.K.¢

LetM € $5,,,and w a world in M. To prove: M,w |= K¢ <= MK;0
Suppose M,w |= M.K.d

There is U, Rwu and M,u |= K.¢ Q
M P

Take v, Rwv. To prove: M,v |= ¢ / | u
Since R; is Euclidean, we have Ruv. So M,v |= ¢ O
V:/\w

This proves M,w = M.K.¢ — K.¢ Op
\
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i Tactics

Let X, be any logic, for which X,y [~ ¢ < Xow) =@

To prove X =Y
either use the axioms and rules of X,
or use completeness and show X, [= ¢

To prove Xy, |7Z P

use soundness and show X I% W,

81



i Tactics

Let X, be any logic, for which X,y [~ ¢ < Xow) =@

A formula v is X, -satisfiable if there isa M € x,
so that M,wW |=

A formula 4 1s X, —consistent if
Xm) |7[ “P if
for some M € X, we have M,w =y

82



‘L Tactics

Let X, be any logic, for which X,y [~ ¢ < Xow) =@

A formula 1s X, -valid if
forallM € X, : MW [=1

A formula 1 is X,y —derivable if
Xy ¢ if

83



i Exercise 8

Are the following formulas valid with respect to
Kmy? Ty ? S4wm? SSum)?

(a) ¢ —> Ko
(b) ¢ —= K=K;=¢
(¢) Ki¢ = ~K;=¢

(d) Ko —= K=o



g Group Notionss

Lecture 24
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epistemic logic

= K(¢ =) = (Ko = Ky)

= agents reason rationally

o K(p — ¢
= veridicality
s Kd — KKo

m positive introspection
. —-K¢ — K-K¢

= negative introspection
[ ] |— (I) === |— K(l)

= agents know tautologies
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i Everybody knows

s E@: Everybody knows @
m definition: E@ =K, A Ko A . K @

» veridical? introspective?

87



i Distributed knowledge

s Dq: 1t 1s distributed knowledge that o

s idea: (K@ A K,
» veridical? intros
= wise man’ to wi

(¢ =) = Dy
nective?
nom everybody tells

= also called “imp]

not: Dy = K¢

1cit knowledge” (1)

vEKpv..vK o
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Group notions

Ep =KioAK,pA. ... AK. O

s everybody knows @
K¢ — D¢

s if one knows it, it is distributed

D(¢ = ¢) = (D¢ — D)
D¢ — ¢
D¢ — DD¢
= Dq) — D—qu)
= ¢=|-D¢
s the wise man is at least as
wise as the individuals!

Ki(¢ = v) = (Kjp = Kpp)

= agents reason rationally
Kip = ¢

= veridicality
Ki¢ = KiK;9

= positive introspection
“Kip = K= Kip

m negative introspection
= ¢ = |- K¢

= agents know tautologies

89



i Distributed knowledge

= Consider the following derivation rule:

(P APy A s A Q)= )

(Kyp; A Ky, oo A Kip) = Dy

RD

Adding RD as a rule or K. — D¢ as an axiom is equivalent!

90



Group notions: semantics

n B¢ =Ko AKyp A Ko = R, =R, UR,U..UR,

s everybody knows @ » taking the union
s if one knows it, it is = not an equivalence!
distributed
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| Group notions: semantics

= R,CR,NR,N..NR,

= not an equivalence!

R,, R, Ry

Vi) =V’ () =V'(tl) =V’(12)

tl
[
Misl= e M5 l= ¢ / \
® L
S t S’ \ / t’

ms:Rp=R, MR, e ms:Ry=R, MR,
t2
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Multi-agent knowledge

WWW.KANIAMANIA.COM by Chris Kania

2|l From: Betsy Fleener
§ Subject: My First E-
§3 To: Entire Company L
o| lj| Attach: C:\* *
. PLEASE LET ME

K, a: Aknows a Sl wiow asa
© IF YOU DON'T GET
E THIS MESSAGE.
«©

B sends m to A | |f e
° etsy
@ P N
K% Sl
5

Kgm? 0 iR

Receiving mail from novice e-mail users.
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K, Kgm
K, KK, Kgm o



Common Knowledge

Clo—=y) = (Cop—>Cy)

= agents reason rationally
Co—=0¢

s veridicality
Cp—= EC¢

s and vice versa

—¢=[-Co
= tautologies are commonly
known

K = ¢) = (Ko = Kp)
= agents reason rationally
Kip = ¢
= veridicality
Ki¢ = KiK;9
= positive introspection
“Kip = K= Kip
m negative introspection
= ¢ = |- K¢

= agents know tautologies
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Common Knowledge

Clo = y) = (Co—=Cy)
= agents reason rationally
Co—9¢
s veridicality
Cp—= EC¢
= and vice versa
C(¢ — Ey) = (¢ = Cyp)
s “induction”
—¢=|-Co
s tautologies are commonly
known

K = ¢) = (Ko = Kp)
= agents reason rationally
Kip = ¢
= veridicality
Ki¢ = KiK;9
= positive introspection
“Kip = K= Kip
m negative introspection
= ¢ = |- K¢

= agents know tautologies

96



& Common Knowledge

= Semantically, induction

= Co—=y) = (Cop—>Cy) boils down to

= agents reason rationally

= veridicality = that is, the reflexive
s Co—=EC¢ transitive closure of Ry

s and vice versa

= C(p = Ep) = (9 = Cy)

s “induction”
= [-9o=]"Co
= tautologies are commonly
known
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‘_h Common Knowledge

= E@: Everybody knows ¢

L] E(p 7é EE(p
s Co: it 1s Common Knowledge that ¢

m idea: Cop = Egp & EEp & EEEp & EEEE@
& ..

m s0: "Co 1f somebody

= considers it possible that

= somebody considers it possible that
somebody considers it possible that
............. ¢ does not hold



Alco at a conference

m A 1s at a conference. He decides to leave the room
and have a drink at the bar.

= There 1s an announcement @: no talks tomorrow morning
= Eo@?Co?

= Then, A leaves the bar for a walk outside.

= B says: “A is not here!” President: “intercom in bar!”
= Eo@?EE ¢? C @?

= A s told all the above
« Eo? EE ¢@? EEE ¢? C ¢?
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c children, m are muddy
b
9
¢ K%

\
g




At least one of you is muddy.
If you know that you are, step forward!
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c =4, m = 3 (Kripke models)

001

0110

1001

11

0

101

1170

§
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* c =4, m = 3 (Kripke models)

001

0000

0110

1001

11

0

101

1170

§
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* c=4m=3 (Kripke models)

0000

001

000

0100

1000

001

0101

0110

1001

1070

101

11°0

kﬂ
7
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0000

001

000

0100

1000

0101

0110

1001

1070

1100

* c =4, m = 3 (Kripke models)

001

0111
101&
1171

7

11°0

1101
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Group Knowledge

Kio A Ky (@ =) —= Do
Cp =Ep= Kop=Dop= ¢

) |

"any fool knows" L )
a wise man knows

Common Knowledge cannot be obtained through communication

Cp < ECgp
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i Ignorance

m Pand Sareina
room, I Xb

m 2<b=<1<99
s Pknows1xb
s Sknows1+ b
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Ignorance

I knew that. I don’t know what
I know them neither the numbers are

P V
< S o,
HT
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‘_h Ignorance o Ll i

=0 ]
:

110



‘_h Ignorance o Ll i

ow I konw them too! ] /
Q V
S [2
3 J{Q :
\\
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‘_L Advanced Byzantine Generals

= S and R are involved in a protocol.
= It is common knowledge that:

= messages derive either immediately or
with ¢ time delay
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‘L Advanced Byzantine Generals

= S and R are involved 1n a protocol

m It 1s common knowledge that:

= messages derive either immediately or with €
time delay

= S sends m at t,.
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‘L Advanced Byzantine Generals

m lets: “sent”, d: “delivered” e: “delay”

= suppose there 1s no delay

= time: t,, t, =t,+ €, ...t =t,+ ne
= Sender 1s red, Receiver 1s green

m reflexive arrows are implicit

= ® means delay, ® means no delay
= M means: message has arrived
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* Advanced Byzantine Generals

S_1,dg S.1,d S,,d
® o @ — = = = = = =
R m m m
, m
0 w @
SO ,dO\SO ’dl Sl ’dl Sl ,d2
S @ [ @ ——=—=—==-
=M =M =M

M,w I=K;m A =Kim
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* Advanced Byzantine Generals

S_1,dg S.1,d S,,d
® o @ — = = = = = =
R
/ m m m
SO 9d0\80 ’dl Sl ’dl Sl ’d2
S @ [ @ ——=—=—==-
m m =M

M,w |=Em A EEm A - KK ,Kim
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S @ [ ® ———-—
m m

& Advanced Byzantine Generals

after t seconds, world with s, d,, , is the ‘first’ where 1M holds

M,w I= E%!'m A =K (K Kq)'m
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‘_L Advance Byzantine Generals

= S and R are involved 1n a protocol

m It 1s common knowledge that:

= messages derive either immediately or with €
time delay

= S sends m at t,.
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* Backward Induction

o 0,0

119



i Centipede

= 1 and 2 divide n marbles; they choose in
turn, if somebody picks two, the game is
over

120



‘L Centipede

= Intuitively correct?

1 e 2 e 1 e 2 e 1 2 e

O O O O O O o 3,3
t t t t t t

© © @) o © (@)
2,0 1,2 3,1 2,3 472 3,4

121



Gossiping

= six friends each have a gossip. They call each other
» at each call, they share their information

= at least how many calls are needed to bring all of them up
to date with respect to all the gossips?

W 87 99
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Common Knowledge

A7 Cp— ¢
s veridicality

A8  Co—EC
s building iterations

A9 C9—y)—=(Co—Cy)
= agents reason rationally

A10  C(¢ — Eyp) = (¢ — C)
s “induction”

R3  [-¢=1]Co

s tautologies are commonly known

Ki(¢ =) = (Ko = Kp)
= agents reason rationally
Ki¢ — ¢
= veridicality
Ki¢p — KiK;p
= positive introspection
K¢ = K= Kip
= negative introspection
= ¢=[-K

= agents know tautologies
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* Different Modal Systems

K
A7
A8
A9
Al0
R3

T
4
5

N

Propositional tautologies, Nec
Ki(¢ = v) = (Ko = Kyp)
Co—¢

Co— EC ¢
Clo—=y) = (Cop—=Cy)
C(o = Ep) = (¢ = Cy)
—o=[-Co )
Kip = ¢

Ki¢p = KiK¢

K¢ = K=K,

> KEC(pn)

A h

\

> TEC,,

S4EC
> (m) > S5EC )
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i Lemma (X-distribution)

Let X be a necessity operator. Then:
Kimy) |- ¢ =V = Ky - X = Xap

Proof. Let X be a necessity operator.
suppose Ky -9 = ¢
then, by necessitation, Ky - X(¢ — )

we also have Ky |- X(¢ = ¢) = (X$ — Xp)
Modus Ponens then gives Ky - (X¢ — X)
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‘L [terations of Modal Operators

For any operator X, define X"¢ by induction on n:

X% =¢
Xn+1(p — X Xn (I)

Example:
K,’¢ = K,K,K,¢, E°¢ = EEEEE(
and even (K,E)*¢ = K,E K,E K,E K,E ¢
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* First Property

Claim: for every n, KEC,y [~ Cd — E"¢

1 Cdp—o A7

hence,
Co — E% since E° = ¢, by definition of EY
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‘L First Property

Claim: for every n, KEC,y [~ Cd — E"¢
suppose we already proven: KEC(,y|- C¢ — E*¢

1 Cp — Ek¢ ass
3 Co —ECo A8
4 EC¢ — EEX¢ 2, E-distr.
5 C¢ — EEk¢ 2,3,A1
hence,

Cop — E& D¢ since EEXp = E&*D¢, by definition of E!
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‘_L First Property: winding up

KEC 1y |- Co — E%
if KECyp) |- C$ — E*¢ then KEC s |- Co — E®+g

KEC(m
KEC(m
KEC(m,
KEC(m

~Co—=E'¢ soKEC,|-Co — E*¢
—Cp — E2p so KEC,)|-Co — E¢
-Cp— ... soKEC,|-Co— ...

—C¢ — Erl¢p so KEC |- Co — E¢

this proves: for every n, KEC ., |- C¢ — E"¢
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‘_L Common Knowledge

Mw|=E¢ <=
Vv(RgWv = M,V |= ¢)
withRe =R, UR, U ... UR.

Mw|= Cd <
Vv(Rg*wv = M,V |= ¢)
with Rg* is reflexive transitive
closure of Rg

= Definition of closure:
. VXR*XX
s Rexy = Re*xy
s Re*Xy & Rpyz = R*xz
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Common Knowledge

Definition of closure: —
m VXR*XX lel_ C(I) g
= Rexy = Re*xy Mw|= ¢ &
= Re*xy & Rpyz = Re*xz VVR WY = M,v |= ¢) &

VvVu (R wv & Rpvu = M,u |= ¢) &
VvVuVt (R wv & R vu & Rput = Mt |= ¢) &
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Common Knowledge

Definition of closure: M,w|= =Co <
n VXRE*XX M _
= Rxy = Rp*xy W|= =¢ or
= Rg*Xy & Reyz = Rp*xz IVRgWV & M,V |= —¢) or

dvdu (R wv & Ry vu & M,u |= ¢) or
dv3 udt (R wv & R vu & Rput & Mt [= ¢) or
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‘L Soundness and Completeness

Given the truth definition M,w|= C¢ <>

Vv(Rg*wv = M,v |= ¢)

TEC(m) ¢ < ‘T(m) = ¢

S4EC,,) |- =S4, ¢
S5EC,,) |- < S5, ¢

133



! Interpreted Systems

134



‘_L Interpreted Systems

= We have m processors

= cach | can be in a number of states € L,

= Now build M =<S,7,R,,R,, ......, R >
s S=L xLx....... XL,
» ={8=<5]1,82,...sm> | si €L

»1:S— P — {tf} ﬂ\‘.‘-‘-"
O
= R={(st) | 5= CEY‘E‘JP; &
S
OXVB"E

135



‘_L Interpreted Systems: Example

= Two processors: A and B
O LA: LB: {0,1,2}

s S=Lxlg={ (0,0), (0,1), (0,2),
o (1,0), (1,1), (1,2),
o (1,0), (1,1), (1,2)}

s Ryst <= Ry (x,y)) (X0,y5) < X = X,
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* Interpreted Systems

(0,2)
o

(0,1) ©

(0,0)

(1,2) (2,2)
o @
® © (2,1)
(1,1)
@) @)
(1,0) (2,0

. Example
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* Interpreted Systems: Example

(0,2)
o

(0,1) ©

(0,0)

’ ; RB (X1,Y)) (X5,¥,) <
Yi= Y2
o ° (2,1)
(1,1)
@) @)
(1,0) (2,0
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* Interpreted Systems: Example

(0,2) (1,2) (2,2) Rgst <
® ® ®
RB (XDYI) (X29Y2) <
Y1 = Y2
(0,1) © @ o (2,1)
RA (XlaYI) (X29YZ) <
X1 =%,

(0,0) (1,0) (2,0)
139



* Interpreted Systems: Example

(0,2) (1,2) (2,2) Atoms:
o 0 0 x=0; x=1; x=2 and
y=0; y=1; y=2

M,(0,0) |= K, x=0

(0,1) © ® © (2,1)
(1,1)
M,(0,0) |= K, ~Kp(x=0)

(0,0) (1,0) (2,0)
140



* Interpreted Systems: Runs

(0,2) (1,2) (2,2)

° o o Starting in (0,0), B changes
its value from O to 1
A does not notice this: he knows
the same in (0,0) and (0,1)
Then, A adds 1 to its value, without

[ , .
(0,1) © ® o (2,1) B knowing this
(1,1) Finally, both A and B do a

computation step: both add 1 to their
value

o 9] @)

(0,0) (1,0) (2,0

141



* Distr. Systems: Exercise 9

(0,2) (1,2) (2,2)

° ° ° Starting in (0,0), B changes
1ts value from 0 to 1
A does not notice this: he knows
the same in (0,0) and (0,1)
Formulate what 1t means that A
does not notice, and then prove

o @) Q )

(0,1) (2,1) the claim
(1,1)
@) @) @)
(0,0) (1,0) (2,0
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i Exercise 10

(0,2)
o

(0,1) ©

(0,0)

(1,2) (2,2)
@) Q)
(2,1)
@) Q)
(1,1)
@) Q)
(1,0) (2,0)

Atoms;

x=0; x=1; x=2 and
y=0; y=1; y=2

R, and Ry are reflexive
and transitive

I1a. show:

M,(0,0) |= E(x=0 v y=0)

11b. show, for every ¢
M,(0,0) [= EE¢ <M |= ¢

11c. 1s there a ¢ such that
M,(0,0) |= EE¢ but |7! D143



Intr. Systems: Example 2

m Three processors: A, Fand T

s L, ={n,s, b, I} L ={0,1}, L = IN

= use atoms a=s, =0, t=7, etc, 1n <f,a,t>

s Make a drawing of this system, and show:
= M,(1,n,2) |= MK (t=0)
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* IS: Example 2

01,0) ©

(0,5,0)

(o,n,0 ©

2N\

@ (1,10

(1,b,0)

(1,5,0)

(1,n,0)

fixt=0

wich we draw as:
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* IS: Example 2

01,0) ©

(0b0) ©

(0,500 ©

(o,n,0 ©

@ (1,10

@  (@n0)

fixt=0
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(0,1,0)

(0,b,0)

(0,5,0)

(0,n,0)

@ O
O
® o
O
(1,1,0) @
0@ O
[
®
.‘ ®
®
© (1n2)
®
© (1)
() (llnlo)

(1,n,3)

vary t



(0,1,0)

 (0b,0)

(0,5,0)

(0,n,0)

(1,1,0)

(1,n,3)

vary t

vary
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(0,1,0)

 (0b,0)

(0,5,0)

(0,n,0)

(1,1,0) ¢

(1,n,3)

vary t
vary

vary a
vy 149



(0,1,0)

 (0b,0)

(0,5,0)

(0,n,0)

(1,n,3)

vary t
vary

vary a
vy 150



(0,1,0)

(0,b,0)
a
(0,5,0)
vary t
(0,n,0) vary
vary a
t 151



(0,1,0)

(0,b,0)
a
(0,5,0)
vary t
(0,n,0) vary
vary a
t 152



(0,1,0)

- (0,,0)

(0,5,0)

(0,n,0)

O (1,1,0)
C
C
@)
C o
o i
o’
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(0,1,0)

 (0b,0)

(0,5,0)

(0,n,0)
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(0,1,0)

 (0b,0)

(0,5,0)

(0,n,0)
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o (11,0 / O
(1) B of . o
C Q-
(0b0) e
5 C O
& 1,n,2
050) SR (1,n,2) (1,0,0)
o M,(1,n,0) |= K(t=0)
On0) & e M,(1,n,2) |[= MK, (t=0)

¢ ] 156



(0,1,0)

(0,n,0)

f 157



A (Olblo) C

‘L Exercisg12 /

12a. Give a ¢ for which:
M,(0,n,0) |= E¢

12b. show or disprove: for every ¢
? MI Olnlo) |= EE¢p < M |= ¢

(0,1,0) ¢

(OISIO) C

(0,n,0) ¢~
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A (Olblo) C

‘L Exercisg12 /

12a. Give a ¢ for which:
M,(0,n,0) |= E¢

O

M,(0,n,0) |= E(f=0 v a=n v t=0)

(0,1,0) ¢

(OISIO) C

(0,n,0) &
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A (Olblo) C

‘L Exercis /

12b. show or disprove: for every ¢
M, (0,n,0) |=EEp =M |= ¢

O

< 1s obviously true

(0,1,0) ¢

(OISIO) C

(0,n,0) ¢~
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‘L Exercis /

O

(0,1,0) ¢

A (Olblo) C

(OISIO) C

(0,n,0) ¢~

12b. show or disprove: for every ¢
M, (0,n,0) |=EEp =M |= ¢

=: M,(0,n,0) |= EE¢p =
MI(OInIO) |= KTE(I) =

161



12b. show or disprove: for every ¢
M,(0,n,0) |= EE¢p <M |= ¢

=: M,(0,n,0) |= EE¢$ =

MI(OInIO) |= KTE(I) =

M, |=E¢forallxinV =

(0,b,0) ¢ (1,n,3)

) | M,(0,n,0) |= E¢ and
d & M,(1,n,0) |=E¢=
(OISIO) @)

M,(0,n,0) |= K¢ and

@ g (1,n,1) M,(1,n,0) |=KF¢=>
(0,n,0) & (1,n,0) t

f 162




‘L Exercise12 ~°

12b. show or disprove: for every ¢
M,(0,n,0) [= EEp & M |= ¢
\% ®
=: M,(0,n,0) |= EE¢p =
® (1,1,0) '
(0,1,0) o® ® M,(0,n,0) |= K;Ep =
0 o
® ° MX |=E¢forallxinV =
(0,b,0) o ' (1,n,3)
o .. M,(0,n,0) |= E¢ and
a S Ml(llnlo) |= E¢ =
(OISIO) (@)
MI(OInIO) |= KF(I) and
' (1,n,1) M,(1,n,0) |= K. =
(0,,0) ¢ (1,n,0) t M,y |= ¢ forallyinY and
_— Mz |=¢forallzinZ= M |=¢
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‘L Exercise 13

(0,1) ©

(0,0)

(1,2) (2,2)
@)
(2,1)
@)
(1,1)
@)
(1,0) (2,0)

Atoms:

x=0; x=1; x=2 and
y=0; y=1; y=2

R, and Ry are reflexive
and transitive

13a. show:

M,(0,0) |= E(x=0 v y=0)

13b. show:
M,(0,0) |= I(x=0 A y=0)

13c. show 1n interpreted systems:
MW [= D¢ < ¢ 164



‘L Exercise 13: Solution

13b. show:

(0,2) (1,2) (2,2)
° o 0 M,(0,0) |= I(x=0 A y=0)

M,(0,0) |=1p =
| (Z,IL (0,0) |= 1¢

(0,1F o Y(y) (R (0,0)0) = M,(xy) = ¢ <
' V(%) (Ry (0,0)(x,y) and Ry (0,0)(x,y) =

M,(XYy) |=¢=
(0,0) (1,0)  (20) V(x,y) (x=0andy = 0= M,(x,y) |= ¢) =

M,(0,0) |=¢ <
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‘_L Exercise 13: solution

13c. show in interpreted systems: M,w |= D¢ <= ¢

first of all: the — direction 1s easy:

if M,w |= D¢ then

M,v |= ¢ for all v such that (R; N R, .... N .... R )wv

in interpreted systems, Rww, so (R; N R, .... N .... R )wv

soM,w |= ¢
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i Exercise 13: solution

13c. show in interpreted systems: M,w |= D¢ <= ¢

now suppose : M,w |= ¢ . To prove: M,w |= D¢

recall that W = <wy, W,,....... , Wo>

take an arbitrary V for which (R; N R, .... N .... R)wv

R,wv, so v; = w; and R,Wv, SO V, = W, .... and R.wv, SO v, = W,
hence v =<V, Vy,.uu.n. y Vo> =<Wy, Wy, annne. y Wo>=w

and so M,v |= ¢ for an arbitrary v with (R; N R, .... N .... R )wv

and hence M,w |= 1¢ 167



