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Abstract. We study the problem of n users selfishly routing traffic
through a network consisting of m parallel related links. Users route
their traffic by choosing private probability distributions over the links
with the aim of minimizing their private latency. In such an environment
Nash equilibria represent stable states of the system: no user can improve
its private latency by unilaterally changing its strategy.

Nashification is the problem of converting any given non-equilibrium
routing into a Nash equilibrium without increasing the social cost. Our
first result is an O(nm?) time algorithm for Nashification. This algorithm
can be used in combination with any approximation algorithm for the
routing problem to compute a Nash equilibrium of the same quality.
In particular, this approach yields a PTAS for the computation of a
best Nash equilibrium. Furthermore, we prove a lower bound of £2(2V™)
and an upper bound of O(2") for the number of greedy selfish steps for
identical link capacities in the worst case.

In the second part of the paper we introduce a new structural parameter
which allows us to slightly improve the upper bound on the coordina-
tion ratio for pure Nash equilibria in [3]. The new bound holds for the
individual coordination ratio and is asymptotically tight. Additionally,
we prove that the known upper bound of ¥2m=3 Vém_g on the coordination
ratio for pure Nash equilibria also holds for the individual coordination
ratio in case of mixed Nash equilibria, and we determine the range of m
for which this bound is tight.

1 Introduction

Motivation-Framework. We study a routing problem in a communication
network where n sources of traffic, called users, are going to route their traf-
fic through a shared network. Traffic is routed through links of the network
at a certain rate depending on the link, and different users may have different
objectives, e.g. speed, quality of service, etc. The users choose routing strate-
gies in order to minimize their private costs in terms of their private objectives
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without cooperating with other users. Such networks are called non-cooperative
networks [10]. A famous example of such a network is the internet. Motivated
by non-cooperative systems like the internet, combining ideas from game theory
and computer science has become increasingly important [4,9, 15,16, 18].

Such an environment, which lacks a central control unit due to its size or
operational mode, can be modeled as a non-cooperative game [17]. Users sel-
fishly choose their private strategies, which in our environment correspond to
probability distributions over the paths from their sources to their destinations.
When routing their traffic according to the probability distributions chosen, the
users will experience an expected latency caused by the traffic of all users sharing
edges. Each user tries to minimize its expected individual latency without taking
the global performance of the whole network into account. The theory of Nash
equilibria [14] provides us with an important solution concept for environments
of this kind: a Nash equilibrium is a state of the system such that no user can
decrease its individual cost by unilaterally changing its strategy.

The concept of Nash equilibria has become an important mathematical tool
in analyzing the behavior of selfish users in non-cooperative systems [18]. Many
algorithms have been developed to compute a Nash equilibrium in a general
game (see [13] for an overview). The computational complexity of computing a
Nash equilibrium in general games is open [18]. The problem becomes even more
challenging when global objective functions have to be optimized over the set of
all Nash equilibria.

In this work, we concentrate on a special non-cooperative network consisting
of a single source and a single destination which are connected by m parallel
related links of capacities ¢y, ...,¢y,. Users 1,...,n are going to selfishly route
their traffics wq, ..., w, from the source to the destination. This model has been
introduced by Koutsoupias and Papadimitriou [11]. The individual cost of a user
is defined as the maximum expected latency of any link it has chosen with posi-
tive probability. Depending on how the latency of a link is defined we distinguish
between three variations of the model: In the identical link model all links have
equal capacity. In the model of related links the latency for a link j is defined
to be the quotient of the sum of the traffics through j and the capacity c;. In
the general case of unrelated links a traffic ¢ induces load w;; on link j. In this
work we concentrate on the models of related and identical links.

In our model the social cost is defined to be the expected maximum latency
on a link, where the expectation is taken over all random choices of the users.
It is well known that, due to the lack of coordination, the users may get to a
solution, i.e. a Nash equilibrium, that is suboptimal in terms of the social cost.
Koutsoupias and Papadimitriou [11] defined the coordination ratio as the ratio
of the social cost of a worst Nash equilibrium and the social cost of the global
optimal solution. Results on the coordination ratio depend on the definition of
the individual cost and the social cost. A model which uses the sum of the edge
latencies as a cost function was considered by Roughgarden and Tardos [19].

In the case that the users are not allowed to randomize their strategies, the
set of solutions of the routing problem consists of the set of all pure Nash equi-



libria. When restricted to pure strategies, the problem of computing a routing
(not necessarily an equilibrium one) with minimum social cost is equivalent to
the problem of scheduling n independent jobs on m related parallel machines
with minimum makespan [7]. In this environment the problem of Nashification
becomes important. The problem of Nashification is to compute an equilibrium
routing from a given non-equilibrium one without increasing the social cost. An
efficient algorithm for the Nashification problem allows to compute a Nash equi-
librium with low social cost by first computing an appropriate non-equilibrium
routing with known algorithms for the scheduling problem and then converting
this routing into a Nash equilibrium. Here, the intention to centrally nashify
a non-equilibrium solution is to provide a routing from which no user has an
incentive to deviate.

One way to nashify an assignment is to perform a sequence of greedy selfish
steps. A greedy selfish step is a user’s change of its current pure strategy to its
best pure strategy with respect to the current strategies of all other users. Any
sequence of greedy selfish steps leads to a pure Nash equilibrium. However, the
length of such a sequence may be exponential in 7.

Related work. The selfish routing problem considered in this paper was
first introduced by Koutsoupias and Papadimitriou in [11]. The problem was
later studied by Mavronicolas and Spirakis [12], who introduced and analyzed
fully mixed equilibria of the problem. These works were aimed at analyzing the
coordination ratio of the routing game. Czumaj and Vocking [3] gave two upper
bounds of I'"1(m) + 1 = O(ﬁ;ﬁg—m) and O(log £=e=), respectively, for the co-
ordination ratio when restricted to pure Nash equilibria and showed that these
bounds are tight up to a constant factor. For mixed Nash equilibria they showed
an upper bound of O(logiﬁi%) for the coordination ratio.

It has been shown by Fotakis et al. [6] that in our model a pure Nash equilib-
rium can be computed in polynomial time. In the same work it was proved that
the problem of computing a pure Nash equilibrium with minimum (or maximum,
respectively) social cost is N P-hard.

In Gairing et al. [7] it was shown that it is N P-hard to decide whether a
given routing can be transformed into an equilibrium in k& greedy selfish steps,
even if the number of links is 2. In the same work a polynomial time algorithm
was given which, in the case of identical capacities, nashifies any non-equilibrium
assignment. For identical link capacities it was shown that a PTAS exists for ap-
proximating the best social cost of a Nash equilibrium within a factor of 1 + .

The routing problem considered in this paper is equivalent to the multiproces-
sor scheduling problem. Here, pure Nash equilibria and Nashification translate to
local optima and sequences of local improvements. A schedule is said to be jump
optimal if no job on a processor with maximum load can improve by moving
to another processor [20]. Obviously, the set of pure Nash equilibria is a subset
of the set of jump optimal schedules. Thus, the strict upper bound of 1H=¥2m—3 V;mfg
on the ratio between best and worst makespan of jump optimal schedules [2, 20]
also holds for pure Nash equilibria.

In the model of identical processors every jump optimal schedule can be



transformed into a pure Nash equilibrium without changing the makespan. Al-
gorithms for computing a jump optimal schedule on identical processors from
any given schedule have been proposed in [1, 5,20]. The fastest algorithm is given
by Schuurman and Vredeveld [20]. However, in all algorithms the resulting jump
optimal schedule is not necessarily a Nash equilibrium.

Results. In the first part of this work we study the problem of Nashifica-
tion. Given any pure routing, the goal is to compute a Nash equilibrium with
less or equal social cost. We present an O(nm?) time algorithm which nashifies
any pure routing in the model of related link capacities, generalizing the result
of Gairing et al. [7]. The routing problem considered here is equivalent to the
scheduling problem for related machines. As an immediate consequence of our
result, we get a PTAS for computing a Nash equilibrium with minimum social
cost by applying the PTAS of Hochbaum and Shmoys [8] to the scheduling prob-
lem and nashifying the schedule. Moreover, our algorithm efficiently computes a
jump optimal schedule in the model of related processors.

One approach to nashify a routing would be to let the users, in some order,
make greedy selfish steps until a Nash equilibrium is reached. We prove that for
our routing problem there exists an instance of size polynomial in n such that
the maximum length of a sequence of greedy selfish steps is at least 9(2\/5).
This result is followed by an O(2"™) upper bound for the length of any sequence
of greedy selfish steps in the model of identical capacities. As a consequence we
have shown that nashifying a solution using the above mentioned naive approach
may take time exponential in n.

Czumaj and Voécking [3] consider upper bounds on the maximum expected
load A of any mixed Nash equilibrium in order to get bounds on the coordina-
tion ratio. Their two bounds on A depend on the number of links m and the
fraction of the largest and the smallest link capacity, respectively. However, not
only the capacities, but the relation between the sizes of the traffics and capaci-
ties determine the individual coordination ratio. We introduce a new structural
parameter p that considers the relation between the largest traffic of a user and
the capacities of the links. We denote by p the fraction of the sum of all link
capacities of links, to which the largest traffic can be assigned causing latency
at most the maximum latency OPT(w) of an optimal assignment.

In the last part of the paper, using the parameter p and similar techniques as
in [3], we show the upper bound F’l(%) on the coordination ratio for pure Nash

equilibria, which is asymptotically tight for all p. Here, I'"! is the inverse of the
Gamma function. Since p > %, our result also shows an asymptotically tight up-
per bound of I'~!(m) for the coordination ratio, which is a slight improvement of
the result in [3]. We prove our results for the individual coordination ratio, that
is, the ratio between the maximum expected individual cost IC(w, P) and the
social cost of a globally optimal solution OPT(w). For every Nash equilibrium P,
IC(w, P) is at most the social cost SC(w, P), which is defined to be the expected
maximum latency. SC(w, P) equals IC(w, P) if P is a pure Nash equilibrium.
Additionally, we prove an upper bound of IC(w, P) < 1+7V§”"°_3 - OPT(w). For
small m, namely m < 19, this bound improves on the F’l(%) bound, and for
m < 5 it is tight.



2 Notation

Mathematical Preliminaries. For any integer ¢ > 1, denote [i] = {1,...,i}.
Denote I' the Gamma function; that is, for any natural number 4, ['(i + 1) = !,
while for any arbitrary real number z > 0, I'(z) = [;° "~ _tdt We will use

the fact that I'(x+1) = - ['(x). The Gamma funct1on is invertible; both I" and
its inverse I ! are increasing.

General. We consider a network consisting of a set of m parallel links
1,2,...,m from a source node to a destination node. Each of n network users
1,2,...,n, or users for short, wishes to route a particular amount of traffic along
a (non-fixed) link from source to destination. Denote w; the traffic of user i € [n].
Define the n x 1 traffic vector w in the natural way. Assume, without loss of gen-
erality, that wy > wy > ... > wy,, and denote W = Y"1 | w; the total traffic. A
pure strategy for user i € [n] is some specific link. A mized strategy for user i € [n]
is a probability distribution over pure strategies; thus, a mixed strategy is a prob-
ability distribution over the set of links. A pure strategy profile L is represented
by an n-tuple (l1,1s,...,1l,) € [m]"; a mized strategy profile P is represented by
an n x m probability matriz of nm probabilities p;;, i € [n] and j € [m], where p;;
is the probability that user 7 chooses link j. The support of the mixed strategy
for user i € [n], denoted support(i), is the set of those pure strategies (links) to
which 7 assigns positive probability; so, support(i) = {j € [m] | p;; > 0}. For
pure strategies we denote link(i) = I;.

System, Models and Cost Measures. Denote c; > 0 the capacity of link
J € [m], representing the rate at which the link processes traffic. In the model
of identical capacities, all link capacities are equal. Link capacities may vary
arbitrarily in the model of related capacities. Without loss of generality assume
c1 > ... > cnm, and denote C' = Z;nzl cj the total capacity. So, the latency

for traffic w; through link 7 equals g’—J Let P be an arbitrary mixed strategy

profile. The ezpected latency of user i on link j is Aj; = i+z’°6["] rzi PRI The

minimum expected latency of user i is A\; = mlnje[m] Aij- Denote IC(w, P) the
mazimum expected individual latency, that is, the maximum, over all users, of the
minimum expected latency. Thus, IC(w, P) = max;e[,) A;- The eapected traffic
on link j is defined by 0; = Eie[n] pijw;. We denote the expected traffic on link
J without user i by Tij = 3y i) ki PejWk = 0; — pijw;. The expected load A;
on link j is the ratio between the expected traffic on link j and the capacity
of link j. Thus, 4; = g—; The mazimum expected load A = maxjc[,) A; is the
maximum (over all links) of the expected load A; on a link j. Associated with a
traffic vector w and a mixed strategy profile P is the social cost [11, Section 2],
denoted SC(w, P), which is the expected maximum latency on a link, where the
expectation is taken over all random choices of the users. Thus,

SC(w, P) = Z (H Pri, - A E’“:lzfj wk) ‘

<l17l27 ln )E[m]n

Note that SC(w, P) reduces to the maximum latency through a link in the case of
pure strategies. On the other hand, the social optimum [11, Section 2] associated



with a traffic vector w, denoted OPT(w), is the least possible maximum (over all
links) latency through a link; thus,

g, W
OPT(w) = min max 721”’“7] k.
(ll,l27...,ln>€[m]n Je[m] C]'

Nash Equilibria and Coordination Ratio. Say that a user i € [n] is
satisfied for the probability matriz P if \;; = A; for all links j € support(i), and
Aij > A for all j & support(i). Otherwise, user ¢ is unsatisfied. Thus, a satisfied
user has no incentive to unilaterally deviate from its mixed strategy. P is a Nash
equilibrium [11, Section 2] iff all users i € [n] are satisfied for P.

Fix any traffic vector w. A best (worst) Nash equilibrium is a Nash equilibrium
that minimizes (maximizes) SC(w, P). The best social cost is the social cost of
a best Nash equilibrium and equals OPT(w). The worst social cost is the social
cost of a worst Nash equilibrium and is denoted by WC(w). Fotakis et al. [6,
Theorem 1] consider sequences of selfish steps starting from any arbitrary pure
strategy profile. In a selfish step, exactly one unsatisfied user is allowed to change
its pure strategy. A selfish step is a greedy selfish step if the user chooses its best
strategy. Selfish steps do not increase the social cost of the initial pure strategy
profile. The coordination ratio [11] is the mazimum of WC(w)/OPT (w), over all
traffic vectors w. Correspondingly, we denote the maximum of IC(w, P)/OPT (w)
the individual coordination ratio.

3 Nashification

In this section, we consider the problem of converting a given pure strategy profile
on related links into a Nash equilibrium without increasing the social cost. Every
sequence of (greedy) selfish steps yields a Nash equilibrium eventually. However,
in Section 3.2 we show that this approach can lead to an exponential number of
steps, even on identical links. We present an algorithm which nashifies any pure
routing by performing a polynomial number of (not necessarily selfish) moves
without increasing the maximum latency.

3.1 A polynomial time algorithm for Nashification

Figure 1 shows the algorithm Nashify which converts a pure strategy profile
into a Nash equilibrium. A crucial observation for proving the correctness of the
algorithm is stated in the following lemma:

Lemma 1. If user i with traffic w; performs a greedy selfish step from link j to
link k with c; < cg, then no user s with traffic w, > w; becomes unsatisfied.

Proof. Let user s be located on link ¢ = link(s). Since only the loads on link
j and k change due to the greedy selfish step of user i we have to show that
user s cannot improve by moving to link j. Also we have to show that, if user
s is located on link k, s does not become unsatisfied due to the arrival of user



i. Assume first, ¢ # k. As user s is satisfied, ‘Mj% > f—". User ¢ improves by
q

. . i . .
moving to link &, thus 2 > ‘S’“j%, and we can estimate
J
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>
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The last inequality holds since ¢ > ¢; and w,; > w;. Thus, s cannot improve by
moving to link j after ¢ moved. It remains to prove that user s cannot become

PR 8 . .
% > = ‘S’“:F—“”, user s cannot improve

unsatisfied, if ¢ = k. Because of %
J J
by moving to link j. Since user i performed a greedy selfish step, we have

Or + wy > Op + w; > O + w;

vre[m]\ {j},

cr Cr
and therefore user s cannot improve by moving to any link r # j. O
For identical links Nashify ()
Lemma 1 1mphes Input: n users with traffics wi > -+ > wy

m links with capacities c¢1 >+ > cm

that by moving a
user to its best
link, no user with
larger or equal traf-
fic can become un-
satisfied. Thus, by
successively moving
each wuser to its
best link in order of
non-increasing traf-
fic sizes, we end
up in a Nash equi-
librium without in-
creasing the social
cost of the initial
routing. This algo-
rithm is described
in [7].

Assignment of users to links
Output: Assignment of users to links with less
or equal maximum latency, which is a NE

{
// phase 1:
i:=mn; S:={n};
while i > 1 {
move user ¢ to link with highest possible index
without increasing overall maximum latency;
if ¢ was moved or i € S or link(i) < link(i+ 1)
then S :=SU{i}; i:=¢—1;
else {
move user ¢ to link with smallest possible index
without increasing overall maximum latency;
if ¢ was moved then S := S U {i}; i:=n;
else break;
}
// phase 2:
while Ji € S {
make greedy selfish step for user i = min(S);
S = S\{i};
}

Fig. 1. Algorithm Nashify

With algorithm Nashify in Figure 1 we generalize this idea to non-identical
links. The algorithm works in two phases. At every time link(i) denotes the link
user ¢ is currently assigned to. The main idea is to fill up slow links with users
with small traffic as close to the maximum latency as possible in the first phase
(but without increasing the maximum latency) and to perform greedy selfish
steps for unsatisfied users in the second phase. During the first phase, the set
S is used to collect all those users with small traffics, who have been used to
fill up slow links. Throughout the whole algorithm, each user in S is located



on a link with non-greater index than any smaller user in S. In other words,
the smaller the traffic of a user in S, the slower the link it is assigned to. We
may start with S = {n}, because the above property is trivially fulfilled if S
contains only one user. When no further user is added to S by the algorithm,
the first phase terminates. In the second phase we successively perform greedy
selfish steps for all unsatisfied users, starting with the largest one. That is, we
move each user that can improve by changing its link to its best link. Because of
the special conditions that have been established by phase 1, and by Lemma 1,
these greedy selfish steps do not cause other users with larger traffic to become
unsatisfied.

Lemma 2. After phase 1 the following holds:

(1) All unsatisfied users are in S.

(2) S ={n,(n—-1),...,(n+1—1S|)}, that is, S contains the |S| users with
smallest traffics.

(8) i,i+1€ S = link(i) <link(i+1).

(4) Every useri € S can only improve by moving to a link with smaller indez.

Proof. The while-loop in phase 1 can only be terminated if either ¢ becomes
0 (the while condition does not hold) or some user i ¢ S on a link link(i) >
link(i 4+ 1) cannot be moved to any other link j < link(i) (the break-command
is executed). In the first case all users are in .S, which implies (1). In the second
case we know that user (i + 1) does not fit on any link j > link(i + 1), as user
(i +1) was put on the link with maximal index without increasing the maximum
latency in the previous run of the loop. In particular, as link(i + 1) < link(i),
user (i + 1) cannot be moved to any link j > link(i). Thus, no user k ¢ S would
fit on any link j # link(k), as wy > w; > wiy1, Yk ¢ S. This again implies (1).

To see that (2) holds at any time, notice first that a user which is included
in S will never be removed from S. Second, whenever a user is added, it is the
user with smallest traffic which is not contained in S so far. So S is always a
consecutive set of the users with smallest traffics.

(3) is an invariant which holds before and after every run of the while-loop
in phase 1. Before the first run it holds because S = {n}. Whenever a user i € S
is moved, it is moved to a link j > link(i) with capacity c; < cjjpr(;)- As the
traffic of user (i + 1) is not larger than the traffic of user 4, it would fit on link j,
too. But user (7 + 1) has been considered before user ¢ in the previous run of the
while-loop. Thus, user (i 4+ 1) is located on some link link(i + 1) > j, because
otherwise it would have been moved to link j. Therefore, link(i + 1) > j and (3)
remains true after moving user i to link j.

To show (4), consider the last |S| runs of the while-loop, not counting the
run which executes the break command (in which no user is moved). (2) implies,
that these runs establish a sweep over all users in .S, beginning with user n and
ending up with the user having the smallest index in S. Each user i € § is
moved to the link with highest index it fits on (without increasing the maximum
latency). After user ¢ is assigned, only users with larger or equal traffics are
considered. They are located on links j < link(i), which follows from (3). Thus,



by moving the remaining users, the maximum latency on any link j > link(7) is
not decreased, which implies that user ¢ cannot be moved to a link j > link(7)
after the sweep either. As this holds for all users i € S, (4) is valid. O

Theorem 1. Given any pure strategy profile, algorithm Nashify computes a
Nash equilibrium with non-increased social cost, performing at most (m + 1)n
moves in sequential running time O(m?’n).

Proof. We first prove the correctness of the algorithm Nashify. After phase 1 the
conditions from Lemma 2 hold. We now show that these conditions still hold
after each run of the while-loop in phase 2.

Consider any run of the while-loop and assume that the conditions of Lemma, 2
hold. Let ¢ be the user with smallest index in S, and suppose it is moved from
link j = link(i) to its best link k. Because of (2), we have i = n+ 1 —|S|. (4)
implies k£ < link(i) and therefore, ¢, > c;.

Now let s ¢ S be any user on some link g = link(s).

Due to Lemma 1, user s is satisfied after user ¢ has been moved. Thus, (1)
still holds after moving i. As ¢ is removed from S and i = n + 1 — |S], (2) still
holds. As i was the user with largest traffic in S, (3) still holds. (3) and the fact
that ¢ was moved to a link j < link(i) imply that (4) remains true after the run.
At the end of the algorithm, because S is empty and condition (1) still holds,
there are no unsatisfied users, i.e., we have a Nash equilibrium. As in no step of
the algorithm the overall maximum latency is increased, the algorithm correctly
computes a Nash equilibrium with non-increased social cost.

Now we show the bound on the running time. In phase 1, each user is shifted
at most once to a link with smaller index. Afterwards it can be shifted at most
m —1 times to a link with higher index. So we have at most m moves per user. In
phase 2 we have at most |S| < n moves. Thus, at most mn+n moves are required
altogether. Using appropriate data structures in phase 1, it takes time O(1) to
determine whether a user has to be moved or not. One possibility to do this is
to maintain two arrays (z;) and (y;) during phase 1, both containing one entry
for each link. x; is the maximal size of a user on link j that would fit on some
link k£ > j without increasing the overall maximum latency. Analogously, y; is
the maximal size of a user on link j that would fit on some link £ < j. Certainly,
Ty, = 0 and y; = 0. For each move the algorithm may have to consider m links to
find an appropriate target link. It then must update the data structures. Finding
the target link and updating the data structures can be done in time O(m). This
yields time complexity O(m?n) for phase 1. Phase 2 requires time O(mn). 0O

Combining any approximation algorithm for the computation of good rout-
ings with the Nashify algorithm yields a method for approximating the best
Nash equilibrium. Particularly, using the PTAS for the Scheduling Problem from
Hochbaum and Shmoys [8], we get:

Corollary 1. There is a PTAS for computing a best pure Nash equilibrium.

This is optimal in the sense that the development of an FPTAS is not possible
since the exact computation of the best Nash equilibrium is AN"P-complete in the
strong sense [6)].



Remark 1. Apart from the routing model with related links as considered here,
the algorithm can also cope with a slightly relaxed setting. All we need is an
order of the users and links, such that Vi € [n —1],j € [m] : wi; > wiy1,; and
Vie[n—1],j € [m—1] : w; j41 —wWij > Wit1,j4+1 —Wit1,;. Recall that w;; denotes
the contribution of user i to the latency on link j in the model of unrelated links.
In the related link model we have the special case w;; = .

Cj

3.2 Sequences of greedy selfish steps

Performing greedy selfish steps will eventually convert any routing into a pure
Nash equilibrium. However, this may take exponential time even if the links have
identical capacities, as shown in the following two theorems. Due to lack of space
the proofs are omitted here.

Theorem 2. There exists an instance of n users with traffics whose bitlength
is polynomial in n on m = v/n + 7 — 1 identical links for which the mazimum
length of a sequence of greedy selfish steps is at least 2V™H7—3,

Theorem 3. For any instance with n users on identical links, the length of any
sequence of greedy selfish steps is at most 2" — 1.

4 Coordination ratio

In this section we introduce a structural parameter p. We denote M; = {j €
[m] | w1 < ¢j- OPT(w)} and p = 37 ,c y, ¢j/C. In other words, p is the ratio
between the sum of link capacities of links to which the largest traffic can be
assigned causing latency at most OPT (w) and the sum of all link capacities. With
the help of p we are able to prove an upper bound on the individual coordination
ratio.

Theorem 4. For any mized Nash equilibrium P the ratio between the maximum
expected individual latency 1C(w, P) = max;c[,) A; and OPT(w) is bounded by

S4y/t-% ify<p<y,
IC P
orvg <d 2+ ifi=2 whse<,
F—l(%) ifp< &

Since ¢+ < OPT(w), we have p > & > L. Furthermore, IC(w, P) > A holds for
every assignment. Thus, from Theorem 4 we get the following corollaries:

Corollary 2. The mazimum ezxpected load A is bounded from above by A <
r! (%) OPT(w) < I (m) OPT (w).

Corollary 3. The individual coordination ratio IC(w, P) is bounded from above
by IC(w, P) < I'Y(m)OPT (w).
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Corollary 2 shows that the generalized upper bound is an improvement of the
upper bound I'~!(m) + 1 on the maximum expected load A in [3]. This leads to
an improvement of the upper bound on the coordination ratio [3, Lemma 2.1].
We now introduce a pure Nash equilibrium in Example 1. This can be used
to prove that the upper bounds of F’l(%) and I'"1(m) are tight.
Example 1 Let k € N, and consider the following instance with k different
classes of users:
— Class Uy:  |Uy| = k users with traffic 2¢~1
— Class U;: Uil =271 (k=1 ] Li_1(k—J) users with traffic 2k for
all 2 <i<k.
In the same way we define k + 1 different classes of links:
— Class Py:  One link with capacity 2F—1.
— Class Pi:  |Pi| = |Uy| — 1 links with capacity 28~ 1.
— Class Pi:  |P;| = |Ui| links with capacity 28~ for all 2 < i < k.

Consider the following assignment:

j=1,..

— Class Py:  All users in Uy are assigned to this link.

— Class P;:  On each link in P; there are 2(k—i) users from U, 1, respectively,
foralll <i<k-—1.

— Class Py:  The links from Py remain empty.

The above assignment is a pure Nash equilibrium L with social cost SC(w, L) =
k and OPT(w) = 1.

Lemma 3. For each k € N there exists an instance with a pure Nash equilibrium

L with SC(w. L) )
w
it St RN St .
b= oPTw) =1 <3p>

Lemma 4. For each k € N there exists an instance with a pure Nash equilibrium
L with SCw, )
w
k=="22"2>1"m) (1+o(1)).
Sot ) 2 I m) (1 40(1)

Note that we can prove k > I'"*(%) — 1 in a similar way as in Lemma 3. This
shows that the generalized upper bound is tight up to an additive constant for
all m whereas due to Lemma 4, I'~!(m) is tight only for large m.

We conclude this section by giving an upper bound on the maximal expected
individual latency of a mixed Nash equilibrium, which depends on the num-
ber of links m. The same bound also applies to the social cost of a pure Nash
equilibrium. This bound improves on Corollary 3 for small m.

Theorem 5. For any mized Nash equilibrium P onm links, IC(w, P) is bounded
by IC(w, P) < 1+7“;"1730PT(1U). This bound is not tight if m > 6. For m > 4,
there is no pure Nash equilibrium matching the bound. For m > 2, there is no
fully mized Nash equilibrium matching the bound.
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Lemma 5. The bound from Theorem 5 is tight for up to five links. For pure
Nash equilibria, the bound is tight for up to three links.

Theorem 5 slightly extends this result to the maximum expected individual

latency IC(w, P) of mixed Nash equilibria. Furthermore, we have shown that the
bound on IC(w, P) is tight if and only if 1 < m < 5 for mixed Nash equilibria,
and if and only if 1 < m < 3 for pure Nash equilibria. The bound of I"~!(m)
from Corollary 3 is asymptotically tight, but for small numbers of links (m < 19)
the bound from Theorem 5 is better.
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