
Properties of tense logi
s

Frank Wolter

S
hool of Information S
ien
e

JAIST

Tatsunoku
hi, Ishikawa 923-12, Japan

e-mail: wolter�jaist.a
.jp

Abstra
t

Based on the results of [11℄ this paper delivers uniform algorithms for de
iding

whether a �nitely axiomatizable tense logi
 has

� the �nite model property,

� is 
omplete with respe
t to Kripke semanti
s,

� is strongly 
omplete with respe
t to Kripke semanti
s,

� is d-persistent,

� is r-persistent.

It is also proved that a tense logi
 is strongly 
omplete i� the 
orresponding variety of

bimodal algebras is 
omplex and that a tense logi
 is d-persistent i� it is 
omplete and

its Kripke frames form a �rst order de�nable 
lass. From this we obtain many natural

non-d-persistent tense logi
s whose 
orresponding varieties of bimodal algebras are


omplex.
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1 Introdu
tion

Together with [12℄ this paper shows that for nearly all interesting properties P there exist

algorithms whi
h de
ide whether a �nitely axiomatizable tense logi
 enjoys P . It is to be

emphasized that we also investigate tense logi
s with respe
t to the properties introdu
ed

above in order to get some insight into those properties in general. This is indeed the


ase sin
e tense logi
s turn out to be a 
lass of polymodal logi
s in whi
h we 
an already

observe most of the interesting phenomena whi
h o

ur in the more general framework of

polymodal logi
.

We use the notation from [11℄. Re
all that a tense logi
 is a normal bimodal logi


whi
h 
ontains the bimodal logi
 Lin:t of the 
lass of weak orderings (i.e. sets with a

1
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relation R whi
h is transitive and 
onne
ted). We assume that tense logi
s are formulated

in the propositional language L

!

with ! propositional variables and modal operators 2

+

and 2

�

. A tense frame is a stru
ture G = hg;R

+

; R

�

; Ai su
h that R

�

= (R

+

)

�1

, hg;R

+

i

is a weak ordering, and A � 2

g

is 
losed under boolean operations and

2a = fx 2 gj(8y 2 g)(xSy ) y 2 a)g;

for (2; S) = (2

+

; R

+

); (2

�

; R

�

). (We shall often abbreviate hg;R

+

; R

�

; Ai by writing

hg;R;Ai, where R = R

+

). It is well known that ea
h tense logi
 is determined by tense

frames. G is a Kripke frame i� A = 2

g

and we denote it by hg;Ri or simply by g. The 
lass

of Kripke frames is denoted by Fr. (Consult [11℄ for a detailed dis
ussion of the semanti
s

for tense logi
s).

We shall now introdu
e those properties of tense logi
s whi
h will be investigated in

this paper. A tense logi
 � has the �nite model property i� it is determined by �nite tense

frames. � is 
omplete (with respe
t to Kripke semanti
s) i� � is determined by Kripke

frames, i.e. i�, for all � 62 �, there exists a Kripke frame g with g j= � su
h that g 6j= �.

Call a set � � L

!

of formulas �-
onsistent i� ? is not derivable from � [ � by using

modus ponens. Now � is 
alled strongly 
omplete (alias 
ompa
t) i� ea
h �-
onsistent

set � is satis�able in a Kripke-frame for �. (As usual, � is 
alled satis�able in a Kripke

frame g i� there exists a valuation V and x 2 g su
h that hg; V; xi j= �). Consult e.g. [8℄,

[9℄, [3℄ for results on as well as dis
ussion of strong 
ompleteness. A tense logi
 � is 
alled

elementary i� it is 
omplete and the Kripke frames for � form a �rst order de�nable 
lass

(in the language with equality and a relational symbol R). Consult e.g. [2℄ and [1℄ for


orresponden
e theory.

The following 
on
epts will be introdu
ed in the general setting of normal bimodal

logi
s. Thus we shall use the notion of a (bimodal) frame in the usual sense and do not

restri
t attention to rooted frames. (Note that the restri
tion to rooted frames is impli
it

in our de�nition of tense frames). Re
all that an algebra A = hA;\;�;2

+

;2

�

; 1i is a

bimodal algebra if hA;\;�; 1i is a boolean algebra and 21 = 1 and 2(a\b) = 2a\2b, for

all a; b 2 A and 2 = 2

+

;2

�

. The 
lass V(�) is the variety (equational 
lass) of bimodal

algebras A with A j= � = 1, for all � 2 � (
f. [4℄). For a frame G = hg;Ai the set A

forms a bimodal algebra G

+

= hA;\;�;2

+

;2

�

; gi. The underlying Kripke frame of G is

�G = g. (In [11℄ �G is denoted by G

+

). Following Goldblatt [5℄ we 
all a variety V of

bimodal algebras 
omplex i�, for ea
h A 2 V, there exists a frame G with (�G)

+

2 V su
h

that G

+

' A. Consult [5℄ also for a motivation of this de�nition. Strongly 
omplete logi
s

� are 
losely related to 
omplex varieties. Call a normal modal logi
 � �-
omplete, � � !

a 
ardinal, i� ea
h �-
onsistent set � in the language L

�

with � propositional variables is

satis�able in a Kripke frame g with g j= �. (All the unde�ned terms here are the 
anoni
al

extensions of the notation for L

!

). Correspondingly, 
all a variety V �-
omplex i�, for

ea
h A 2 V with jAj � �, there exists a frame G with (�G)

+

2 V su
h that G

+

' A. The

following is proved in [10℄. (Independently, this result was proved by Goldblatt, 
f. [6℄.)

Theorem 1 For all in�nite 
ardinals � and normal (poly-) modal logi
s �, � is �-
omplete

i� V(�) is �-
omplex.



1 INTRODUCTION 3

In general, it is an open problem whether the 
ardinality 
onditions 
an be dispensed

with, that is, it is not known whether V(�) is 
omplex whenever � is strongly 
omplete.

However, for tense logi
s we shall show in the present paper (
f. Theorem 13) that the

two notions are equivalent.

A frame G = hg;R

+

; R

�

; Ai is re�ned i�

[ref

1

℄ x = y , 8a 2 A(x 2 a, y 2 a);

[ref

2

℄ xSy , 8a 2 A(x 2 2a) y 2 a);

for (2; S) = (2

+

; R

+

); (2

�

; R

�

). Call a logi
 � r-persistent i� �G j= � whenever G j= �

and G is re�ned. [7℄ is an extensive study of re�ned frames and r-persistent logi
s and

[2℄ shows that all r-persistent logi
s are elementary. (Note that [2℄ 
alls r-persistent logi
s

natural). A frame G is 
alled des
riptive if it is re�ned and

T

U 6= ;, for all ultra�lters

U in hA;\;�; gi. The 
lass of des
riptive frames is denoted by Dfr. It is well known

that, for ea
h algebra A, there exists a (uniquely) determined des
riptive frame A

+

with

A ' (A

+

)

+

(
f. [4℄). A logi
 � is 
alled d-persistent i� �(A

+

) j= �, for ea
h A 2 V(�);

equivalently, � is d-persistent i� �G j= � whenever G j= � and G 2 Dfr. (We note that,

by a result of [7℄, d-persisten
y 
oin
ides with 
anoni
ity. Re
all that a normal modal

logi
 � is 
alled 
anoni
al if �((F

�

(�)

+

) j= �, for all 
ardinals �. Here F

�

(�) denotes

the �-generated free algebra in V(�)). Although, in general, d-persisten
y does not imply

elementarity (
f. [2℄), this turns out to be true for tense logi
s (
f. Theorem 21). Thus we

shall show, for all tense logi
s �,

� is r-persistent

+

� is d-persistent (, � is elementary)

+

� is strongly 
omplete (, V(�) is 
omplex)

+

� is 
omplete

No other impli
ation holds for all tense logi
s. The failure of an impli
ation from the

third line to the se
ond line is the interesting 
ase. In [3℄ it is shown that the logi
 R:t of

the reals hR; <i is strongly 
omplete. It will follow immediately from Theorem 13 below

that R:t is not d-persistent. Moreover, also by Theorem 13 below, R:t and many other

natural tense logi
s are examples of non-d-persistent logi
s � su
h that V(�) is 
omplex.

The problem whether su
h logi
s exist remained open in [5℄.

Both our notation as well as the te
hnique of many proofs are based on [11℄. (In what

follows [11℄ is 
alled Part I). We assume that the reader has at hand Part I so that we do

not introdu
e all the notation on
e more.
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2 Notation and basi
 results

We shall brie
y introdu
e only the basi
 notation from Part I. Re
all that an interval in

a Kripke frame hg;Ri is a non-empty subset I of g su
h that fz 2 gjxRzRyg � I, for all

x; y 2 g. An interval in a tense frame G is an interval I in �G su
h that I 2 G

+

. Let I

be an interval in a tense frame G = hg;R;Ai and de�ne a set of basi
 interval types as

follows.

� I is a joker if I is just an interval, we write I 2 Jok.

� I 2 C(0) i� I is a degenerate 
luster.

� I 2 [J;!℄ i� all x 2 I have a proper R-su

essor in I.

� I 2 [J;C(m)℄, m > 0, i� I has a non degenerate 
luster of size � m to the right.

� I 2 [J;!

n

℄, n � 1, i� I 2 [J;!℄ or I 2 [J;C(n)℄.

The meaning of other terms, for instan
e I 2 [C(n); J ℄ or I 2 [ 

n

;!℄, are de�ned in the

obvious way. If T is a set of interval types then pre
isely the expressions

f9

p

~

S :

~

S = hS

i

j1 � i � ni is a sequen
e of interval types from Tg

belong to L

T

. A sequen
e of intervals

~

I = hI

i

j1 � i � ni in a frame G satis�es

~

S = hS

i

:

1 � i � ni, in symbols

G;

~

I j=

~

S;

i� g = (I

1

� : : : � I

n

) and I

i

2 S

i

, for all 1 � i � n. We say that 9

p

~

S holds in G, in

symbols G j= 9

p

~

S, i� there exists a partition

~

I = hI

i

j1 � i � ni of G with G;

~

I j=

~

S. Put

:L

T

= f:P jP 2 L

T

g. Then G j= :9

p

~

S is an abbrevation for G 6j= 9

p

~

S. For � � :L

T

or

� � L

!

and K � Fr [ Dfr put

Mod

K

(�) = fG 2 Kj8P 2 �(G j= P )g

and 
all Mod

K

(�) the 
lass of frames for � in K. The following result from Part I will be

basi
 for our investigation. Put

M = fJok;C(0)g [ f[J;!

m

℄jm > 0g [ f[ 

m

; J ℄jm > 0g [ f[ 

m

;!

m

℄jm > 0g:

Theorem 2 There is an e�e
tive pro
edure whi
h gives for � 2 L

!

a �nite set N(�) of

modal interval types su
h that

Mod

Dfr[Fr

(�) =Mod

Dfr[Fr

f:9

p

(

~

S)j

~

S 2 N(�)g:

Conversely, there is an e�e
tive pro
edure whi
h gives for ea
h

~

S 2 M a tense formula �

with

Mod

Dfr[Fr

(�) = Mod

Dfr[Fr

:9

p

(

~

S):
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With this result at hand we shall work in the language :L

M

in order to solve the problems

introdu
ed. Nearly all the notation for tense logi
s is easily translated from L

!

to :L

M

.

First, we simply say that a subset � of :L

M

is a tense logi
 i�

(Mod

Dfr[Fr

(�) � Mod

Dfr[Fr

(P ))) P 2 �;

for all P 2 :L

M

. The smallest tense logi
 
ontaining a set � � :L

M

is denoted by

Lin:t��. For G 2 Fr [Dfr de�ne the theory of G by putting ThG = fP 2 :L

M

jG j= Pg.

Now we are going to introdu
e the frames we shall work with. The 
lass of frames

introdu
ed in Part I will not be suÆ
ient for dealing with d-persisten
y, r-persisten
y and

strong 
ompleteness. So we add another type of frames. First re
all that, for an ordinal

�, we denote by �

<

the frame (or the empty set) h�;<;>i. �

>

denotes the mirror image

of �

<

. We shall sometimes denote by !

<

(0) the frame !

<

and denote by !

>

(0) the frame

!

>

. Now de�ne for n > 0 and m 2 !

!

<

(n) = h!;< [f(ni; ni)ji 2 !g; > [f(ni; ni)ji 2 !gi;

m

<

(n) = hf0; : : : ;m� 1g; < [f(ni; ni)jni < mg; > [f(ni; ni)jni < mgi:

The mirror images of !

<

(n) and m

<

(n) are denoted by !

>

(n) and m

>

(n) respe
tively.

Re
all that the 
lass of basi
 Kripke frames is

BK = f!

<

(n) : n 2 !g [ f!

>

(n) : n 2 !g [ fC(n) : n 2 !g:

De�nition 3 Suppose that C(m) = fx

0

; : : : ; x

m�1

g.

(1) For n 2 ! and m > 0 with m > 1 if n > 0 de�ne the general tense frame

G[n;C(m)℄ = h!

<

(n)� C(m); Ai:

Here A is the tense algebra generated by fb

i

j0 � i � m� 1g in (!

<

(n)� C(m)) with

b

i

= fx

i

g [ fmj + ijj 2 !g; 0 � i � m� 1:

(2) G[C(m); n℄ is the mirror image of G[n;C(m)℄. The 
lass of frames de�ned under (1)

and (2) is denoted by Df .

(3) De�ne for m > 0 and n

1

; n

2

2 ! with m > 1 if n

1

+ n

2

> 0,

G[n

1

; C(m); n

2

℄ = h!

<

(n

1

)� C(m)� !

>

(n

2

); Ai;

where A is the tense algebra generated by fb

i

: 0 � i � m� 1g with

b

i

= fx

i

g [ f(nj + i; 0) : j 2 !g [ f(n; j + i; 1) : j 2 !g;

for i < m. (Here we assume that !

<

(m

1

) and !

>

(m

2

) are based on the sets ! � f0g and

! � f1g, respe
tively). The 
lass of frames de�ned under (3) is denoted by Dl.
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The 
lass Df has already been introdu
ed in Part I. In this paper we shall need the

following 
lasses

BD

0

= Df [ fC(m) : m 2 !g and DS = BD

0

[Dl:

In Part I we dis
ussed the de�nition of Df and the reason why the 
ase m = 1 and n > 0

is omitted in the de�nition of Df . In a similar way we here omit the 
ase n

1

+ n

2

6=

0 and m = 1 for Dl sin
e in this 
ase we would get a non-�nitely generated algebra

(G[m

1

; C(1);m

2

℄)

+

. There will be no need for those frames.

Proposition 4 [

~

G℄ is des
riptive and [

~

G℄

+

is �nitely generated, for all

~

G 2 SDS.

Proof. A straightforward proof shows that the [

~

G℄ are des
riptive. Assume that

~

G = hG

i

:

1 � i � ni. Then [

~

G℄ is generated by

fg

i

: 1 � i � ng [ fa

ij

: 1 � j � n

i

; 1 � i � ng;

if fa

ij

: 1 � j � n

i

g generates G

+

i

, for 1 � i � n. The G

+

i

are �nitely generated, by

de�nition. a

The following Lemma plays a role similar to Lemmas 11 and 13 of Part I. De�ne for

m 2 ! and n > 0, the frame G

+

[C(n);m℄ by putting

G

+

[C(n);m℄ = G[C(n);m℄� C(0)

m�1

�G[m;C(n);m℄;

for m > 1, and

G

+

[C(n);m℄ = G[C(n);m℄�G[m;C(n);m℄;

otherwise. G

+

[m;C(n)℄ is the mirror image of G

+

[C(n);m℄. Put

G

2

[m

1

; C(n);m

2

℄ = G[m

1

; C(n);m

2

℄�C(0)

m

2

�1

�G[m

2

; C(n);m

2

℄;

for m

2

> 1, and

G

2

[m

1

; C(n);m

2

℄ = G[m

1

; C(n);m

2

℄�G[m

2

; C(n);m

2

℄;

otherwise. Also put

(m

1

;m

2

)

k

= (m

1

(k + 1))

<

(m

1

)� C(0)

m

1

�1

� (m

2

(k + 1))

>

(m

2

);

for m

1

> 1, and

(m

1

;m

2

)

k

= (m

1

(k + 1))

<

(m

1

)� (m

2

(k + 1))

>

(m

2

);

otherwise. Re
all the following de�nitions. For

~

S 2 M denote by l(

~

S) the length of

~

S and

put

Cl(

~

S) =

(

1 : no !

m

and no  

m

o

urs in

~

S;

maxfm :!

m

or  

m

o

urs in

~

Sg : otherwise.

Now de�ne, for �; � � ! and G 2 Dfr [ Fr,

M(�; �) = f

~

S 2 Mjl(

~

S) � �;Cl(

~

S) � �g and Th

�;�

G = fP 2 :L

M(�;�)

jG j= Pg:
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Lemma 5 For all m;m

1

;m

2

2 ! and n > 0,

1. Th

k;!

G[m

1

; C(n);m

2

℄ = Th

k;!

(m

1

;m

2

)

k

, for k > 0.

2. ThG[m

1

; C(n

1

);m

2

℄ = ThG[m

1

; C(n

2

);m

2

)℄, for n

1

; n

2

> 0.

3. ThG[C(n);m℄ = ThG

+

[C(n);m℄.

4. ThG[m

1

; C(n);m

2

℄ = ThG

2

[m

1

; C(n);m

2

℄.

Proof. Similar to the proof of Lemma 13 in Part I. a

Lemma 5 is of basi
 importan
e in what follows. It says how we 
an manipulate frames

without e�e
t on the validity of formulas. Certainly this is useful when we are interested

in the representation of algebras by frames. Another easy but important 
onsequen
e of

this Lemma is

Theorem 6 Th[

~

G℄ is de
idable, for all

~

G 2 SDS, and Th[~g℄ is de
idable, for all ~g 2 SBK.

Proof. (1) follows from Theorem 14 of Part I and Lemma 5 (1) above (by appli
ation of

Proposition 5 of Part I). (2) is Theorem 18 (4) of Part I. a

Often it will be helpful to have the following notation. A gap 
 in a frame hg;Ri is a

pair hI

1

; I

2

i of disjoint intervals with g = I

1

[ I

2

. We shall identify obje
ts hI

1

; I

2

i with

the gap


 = hfx 2 g : (9y 2 I

1

)xRyg [ I

1

; I

2

[ fx 2 g : (9y 2 I

2

)yRxgi;

if I

1

and I

2

are disjoint intervals and I

1

[ I

2

is an interval. For two gaps 


0

= hI

1

; I

2

i and




1

= hI

3

; I

4

i in hg;Ri we write 


0

R


1

if I

1

� I

3

. In this 
ase we de�ne the interval [


0

; 


1

℄

by putting

[


0

; 


1

℄ = I

2

\ I

3

:

Hen
e, ea
h �nite set of gaps G = f


0

R : : : R 


n

g gives rise to a partition

par[G℄ = f[1; 


0

℄; [


0

; 


1

℄; : : : ; [


n�1

; 


n

℄; [


n

;1℄g:

Conversely, given a partition

~

I = hI

i

: 1 � i � ni of hg;Ri we put

gap(

~

I) = fhI

i

; I

i+1

i : i < ng:

For a �nite set of partitions f

~

I

i

: i � ng put

_

h

~

I

i

: i � ni = par[f

[

fgap(

~

I

i

) : i � ng℄:

We shall need the following paramaters for talking about sequen
es

~

G 2 SDS. The

de�nitions are 
anoni
al extensions of the de�nitions in Part I for BD.

� Cl(

~

G) 2 ! is the 
ardinality of the maximal 
luster in [

~

G℄.
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� R(

~

G) 2 ! denotes the number of G

i

in

~

G whi
h are not irre
exive points.

� IR(

~

G) 2 ! is the length of the maximal in�x subsequen
e of the form (C(0))

n

in

~

G.

� S(

~

G) 2 ! is the maximal n su
h that there is a G

i

in

~

G with G

i

= G[n;C℄ or

G

i

= G[C;n℄ or G

i

= G[n;C; k℄ or G

i

= G[k;C; n℄.

Clearly there exist only �nitely many sequen
es

~

G 2 SDS where all those parameters are

bounded. The following Proposition will be basi
 for most of the de
ision pro
edures.

Proposition 7 Suppose that H

0

= H

1

� G � H

2

2 Dfr and that � � :L

M(m;n)

with

H

0

j= �. Let H be a set of frames with

H

1

�H�H

2

6j= �;

for all H 2 H. Then there exist

~

F

1

,

~

F

2

2 SBD

0

with R(

~

F

1

)+R(

~

F

2

) � 4mjHj, Cl(

~

F

j

) � n,

S(

~

F

j

) � m+ 2, and IR(

~

F

j

) � m+ 1, for j 2 f1; 2g, su
h that [

~

F

1

℄� G � [

~

F

2

℄ j= � and

[

~

F

1

℄�H� [

~

F

2

℄ 6j= �;

for all H 2 H.

Proof. For ea
h H 2 H take a partition

~

I

H

= hI

H

i

: 1 � i � n

H

i of H

1

�H �H

2

su
h

that

H

1

�H�H

2

;

~

I

H

j=

~

S;

for a

~

S with :9

p

~

S 2 �. We 
onsider the restri
tions of the

~

I

H

to H

j

, de�ned by

H

j

\

~

I

H

:= hh

j

\ I

H

i

: 1 � i � n

H

i;

for j = 1; 2. Now form, for j = 1; 2,

~

I

j

=

_

hH

j

\

~

I

H

: H 2Hi:

Then l(

~

I

1

) + l(

~

I

2

) � mjHj. Suppose that

~

I

j

= hI

j

i

: 1 � i � n

j

i, for j = 1; 2, and �x an

I

j

i

. It follows immediately from the proof of Theorem 14 (1) in Part I that there exists

~

F

j

i

2 SBD

0

with R(

~

F

j

i

) � 4, S(

~

F

j

i

) � m+2, IR(

~

F

j

i

) � m+1, and Cl(

~

F

j

i

) � n, su
h that

Th

m;n

H

I

j

i

� Th

m;n

[

~

F

j

i

℄;

(8S 2 M(m;n))(H

I

j

i

2 S) [

~

F

j

i

℄ 2 S):

Thus, by Proposition 5 of Part I, the sequen
es

~

F

j

= h

~

F

i

j

: 1 � i � n

j

i, j = 1; 2, prove

the Theorem up to the 
ondition on IR(

~

F

j

). We only know IR(

~

F

j

) � 2(m + 1). But, by

Lemma 13 (2) of Part I, we 
an redu
e sequen
es C(0)

l

, l > m + 1, in

~

F

j

to sequen
es

C(0)

m+1

. a
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3 Complex varieties and strong 
ompleteness

Sin
e :L

M

is not talking about bimodal algebras and not even about arbitrary frames for

tense logi
s but only about rooted frames we need the following easily proved translation

of the 
on
ept of 
omplex varieties. Call a tense logi
 � (�-) 
omplex i� V(�) is (�-)


omplex.

Proposition 8 Let � be an in�nite 
ardinal. For ea
h tense logi
 �, � is (�-) 
omplex

i�, for ea
h des
riptive tense frame G (with jG

+

j � �) with G j= � there exists a tense

frame H su
h that G

+

' H

+

and �H j= �.

We are going to show that a tense logi
 � is 
omplex i� all �-frames of the form [

~

G℄,

~

G 2 SDS, 
an be represented by Kripke frames for �. First we need some more information

on gaps in des
riptive tense frames. A gap 
 = hI

1

; I

2

i in hg;Ri is

� simple i� I

1

2 [J;C(n)℄ and I

2

2 [C(m); J ℄, for some m;n 2 !. The set of simple

gaps in hg;Ri is denoted by SG(hg;Ri).

� left-proper i� I

1

2 [J;!℄.

� right-proper i� I

2

2 [ ; J ℄.

� proper i� it is both left and right-proper.

The set of non-simple gaps in hg;Ri is denoted by PG(hg;Ri). Applied to frames in DS

we see that �G[C(m); n℄ 
ontains pre
isely one non-simple gap whi
h is right-proper. The

frame �G[m

1

; C(n);m

2

℄ 
ontains two non-simple gaps, one is right-proper and the other

is left proper.

Lemma 9 Suppose that G is des
riptive. Then �G 
ontains no proper gap.

Proof. Assume that 
 = hI

0

; I

1

i with I

0

2 [J;!℄, I

1

2 [ ; J ℄. Certainly there exists a set

of intervals H in G with I

i

\ I 6= ;, for all I 2 H, su
h that I

i

\

T

H = ;, for i = 0; 1. But

then

T

H = ; and

T

H

0

6= ;, for all �nite subsets H

0

of H. Hen
e G is not des
riptive. a

Thus, for ea
h non-simple gap 
 = hI

1

; I

2

i in �G, G des
riptive, there is a 
luster C

su
h that I

1

= fx 2 g : xRCg or I

2

= fx 2 g : CRxg. We 
all C the 
luster 
orresponding

to 
. Re
all the de�nition of the 
anoni
al type assignment 
 for G from Part I. In terms

of this notion we have, by Theorem 3 of Part I, that 


+

C = j if C 
orresponds to a

right-proper gap and 


�

C = j i� C 
orresponds to a left-proper gap. If 
 = hI

1

; I

2

i is a

simple gap in �G then I

1

2 G

+

. Thus, both I

1

and I

2

are intervals in G.

For an algebra A, we are going to des
ribe the frames H with H

+

' A. The repla
e-

ment of non-simple gaps is the basi
 operation. For a set of gaps G in hg;Ri and a set of
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(mutually disjoint) obje
ts fh




: 
 2 Gg whi
h are Kripke frames or empty sets we denote

by

hg;Ri[h




=
 : 
 2 G℄

the frame resulting when all gaps 
; 
 2 G, are repla
ed by h




in hg;Ri.

Suppose that G = hg;R;Ai is a des
riptive frame and G � PG(hg;Ri). Let fh




:


 2 Gg be a set of Kripke frames. For ea
h 
; 
 2 G; take an x




from the 
luster C





orresponding to 
. De�ne a set B by putting b 2 B i�

(9a 2 A)(b = a [

[

fh




: x




2 a; 
 2 Gg):

Lemma 10 G

+

' hhg;Ri[h




=
 : 
 2 G℄; Bi

+

.

Proof. We show that a 7! a[

S

fh




: x




2 a; 
 2 Gg, a 2 A, de�nes an isomorphism from

G

+

onto hhg;Ri[h




=
 : 
 2 G℄; Bi

+

. This is 
lear for the boolean redu
ts. The proof for

3

+

and 3

�

is symmetri
. So it suÆ
es to show that, for all a 2 A,

3

+

1

(a [

[

fh




: x




2 a; 
 2 Gg) = 3

+

2

a [

[

fh




: x




2 3

+

2

a; 
 2 Gg;

where 3

+

1

is 
omputed in hg;Ri[h




=
 : 
 2 G℄ and 3

+

2

is 
omputed in hg;Ri. But this

equation is an immediate 
onsequen
e of the des
ription of non-simple gaps in des
riptive

frames. a

Mostly it will be suÆ
ient to repla
e gaps by frames from the following set

Fill

m

= fn

<

� C(1)� n

<

: n � m+ 1g [ fn

<

: n � m+ 1g:

The following lemma explains why this is so.

Lemma 11 For ea
h �nite frame h there exists m 2 ! and g 2 Fill

m

with Thh � Thg.

For ea
h �nite frame h and m 2 ! there exists g 2 Fill

m

with Th

m;!

h � Th

m;!

g.

Proof. Follows from Lemmas 10 and 13 (2) of Part I. a

Lemma 12 Let � = Lin:t�� with � � :L

M(m;n)

. Suppose that � is not 
omplex. Then

there exists a

~

G 2 SDS with [

~

G℄ j= � but

(�[

~

G℄)[h




=
 : 
 2 PG(�[

~

G℄)℄ 6j= �;

for all fh




: 
 2 PG(�[

~

G℄)g � Fill

m

.

Proof. By Proposition 8 there exists a des
riptive tense frame H = hh; S;Bi with H j= �

su
h that �F 6j= �, for ea
h F with F

+

' H

+

. Hen
e, by Lemma 10,

(�H)[h




=
 : 
 2 PG(�H)℄ 6j= �;
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for all fh




: 
 2 PG(�H)g � Fill

m

.

Some notation. For a partition

~

I = hI

i

: 1 � i � ri of (�H)[h




=
 : 
 2 PG(�H)℄

denote by

~

I

H

the partition

~

I

H

= hI

i

\ h : 1 � i � ri of �H. Denote by 
 the 
anoni
al

type assignment for H.

Certainly there exists a �nite set D

1

� PG(�H) and a �nite set D

2

� SG(�H) su
h

that, for all s = fh




: 
 2 D

1

g � Fill

m

, there exists

~

S with :9

p

~

S 2 � and a partition

~

I(s)

of �H[h




=
 : 
 2 D

1

℄ with

gap(

~

I(s)

H

) � D

1

[D

2

and

(�H)[h




=
 : 
 2 D

1

℄;

~

I(s) j=

~

S:

We may assume that for any two gaps 


1

; 


2

2 D

1

with 


1

S


2

su
h that there exists a

simple gap 
 in �H with 


0

S
S


2

there already exists a 
 2 D

2

with 


0

S
S


2

. (The

only possibility that there is no simple gap 
 with 


0

S
S


1

is that 


0

is left-proper and




1

is right-proper su
h that the 
luster C 
orresponding to 


0


oin
ides with the 
luster

C 
orresponding to 


1

. In this 
ase 
C = (j; j), for this 
luster C. This situation 
auses

no spe
ial problems and is 
overed by the 
onstru
tion in 
ase (4.) and (5.) below).

Denote by

~

I = hI

i

: 1 � i � ki the partition par(D

2

) de�ned by D

2

in �[

~

H℄. All gaps

in D

2

are simple. Hen
e

~

I is also a partition of H, i.e. I

i

2 H

+

, for 1 � i � k. Consider

an interval I

i

from

~

I. Depending on I

i

we shall 
onstru
t a sequen
e

~

G

i

2 SDS with

1. Th[

~

G

i

℄ � ThH

I

i

,

2. H

I

i

2 S) [

~

G

i

℄ 2 S, for all S 2 M(m;n),

but so that in �[

~

G

i

℄ we still �nd the required non-simple gaps.

Case 1. No gap 
 from D

1

is in I

i

. Similar to the proof of Proposition 7 in Part I we

�nd a sequen
e

~

G

i

2 SBD

0

satisfying (1.) and (2.).

Case 2. A right-proper gap 
 from D

1

is in I

i

and 


�

C = m, for the 
luster C


orresponding to 
. Similar to the proof of Proposition 7 in Part I we �nd a

~

H

i

2 S(BD

0

[ fG[C(1); k℄ : k > 0g)

su
h that a G[C(m

1

);m

2

℄ o

urs in

~

H

i

, for some m

2

;m

1

2 ! with m

1

= jCj if C is �nite

and m

1

= n, otherwise, and su
h that

~

H

i

satis�es (1.) and (2.). Repla
e all G[C(1); l℄,

l > 0, in

~

H

i

by G[l; C(2); l℄ 2Dl and denote the result by

~

G

i

. Clearly

~

G

i

still satis�es (2.).

By Lemma 5 (1.),

~

G

i

satis�es (1.).

Case 3. A left-proper gap 
 from D

1

is in I

i

and 


+

C = m, for the 
luster C 
orre-

sponding to 
. Constru
t

~

G

i

as the mirror image of

~

G

i

in 
ase 2.
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Case 4. A right-proper gap 
 from D

1

is in I

i

and 


�

C = j, for the 
luster C 
orre-

sponding to 
. Similar to the proof of Proposition 7 in Part I we �nd a

~

G

i

2 SDS su
h

that a G[m

1

; C(n);m

2

℄ 2 Dl o

urs in

~

G

i

and

~

G

i

satis�es (1.) and (2.). (Here Lemma 5

(1.) is useful).

Case 5. A right-proper gap 
 from D is in I

i

and 


+

C = j, for the 
luster C 
orre-

sponding to 


j

. Constru
t

~

G

i

as the mirror image of

~

G

i

in 
ase 4.

Put

~

G = h

~

G

i

: 1 � i � ki. Then Th[

~

G℄ � ThH, by Proposition 5 of Part I and (1.)

above. Hen
e [

~

G℄ j= �. Moreover, by (2.) and the 
onstru
tion of the

~

G

i

,

(�[

~

G℄)[h




=
 : 
 2 PG(�[

~

G℄)℄ 6j= �;

for all fh




: 
 2 PG(�[

~

G℄)℄g � Fill

m

. a

For G 2 DS and k 2 ! de�ne a set of Kripke frames �

k

G by putting

�

k

G =

8

>

>

>

<

>

>

>

:

fGg : G �nite

f!

<

(n)g [ f!

<

(n)� h� C(m) : h 2 Fill

k

g : G = G[n;C(m)℄;

f!

>

(n)g [ fC(m)� h� !

>

(n) : h 2 Fill

k

g : G = G[C(m); n℄;

f!

<

(m

1

)� h� !

>

(m

2

) : h 2 Fill

k

g : G = G[m

1

; C(m);m

2

℄;

and put, for a sequen
e

~

G = hG

i

: 1 � i � ri 2 SDS,

�

k

~

G = fhf

i

: 1 � i � ri : f

i

2 �

k

G

i

; 1 � i � rg:

Note that the set �

k

G nearly 
oin
ides with the set of frames �G[h




=
 : 
 2 PG(�G)℄,

fh




: 
 2 PG(�G)g � Fill

k

, for G 2 DS. Re
all that an algebra A is simple if it has no

non-trivial 
ongruen
es. We are in a position now to 
hara
terize 
omplex tense logi
s.

Theorem 13 Suppose that � = Lin:t� � with � � :L

M(m;n)

. The following 
onditions

are equivalent.

1. � is 
omplex.

2. � is strongly 
omplete.

3. There exists a tense frame G with �G j= � and G

+

' A, for all �nitely generated

simple algebras A 2 V(�).

4. For all

~

G 2 SDS with [

~

G℄ j= � there exists

~

f 2 �

m

~

G with [

~

f ℄ j= �.

5. For all

~

G 2 SDS with [

~

G℄ j= � there exists a set fh




: 
 2 PG(�[

~

G℄)g � Fill

m

with

(�[

~

G℄)[h




=
 : 
 2 PG(�[

~

G℄)℄ j= �:
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Proof. (5) ) (1) is Lemma 12.

(4) ) (5). Suppose that (4) holds and suppose that

~

G = hG

i

: 1 � i � ri 2 SDS with

[

~

G℄ j= �. Put, for 1 � i � r,

F

i

=

8

>

>

>

<

>

>

>

:

G

i

: G

i

�nite;

G

+

[C(k); l℄ : G

i

= G[C(k); l℄;

G

+

[l; C(k)℄ : G

i

= G[l; C(k)℄;

G

2

[m

1

; C(k);m

2

℄ : G

i

= G[m

1

; C(k);m

2

℄:

By Lemma 5,

~

F j= �. It is easy (but a bit tedious) to 
he
k that for ea
h

~

f 2 �

m

~

F there

exists a k 2 ! and fh




: 
 2 PG(�[

~

G℄)g � Fill

k

with

Th[

~

f ℄ � Th(�([

~

G℄)[h




=
 : 
 2 PG(�[

~

G℄)℄):

But then, by Lemma 11, for ea
h

~

f 2 �

m

~

F there exists fh




: 
 2 PG(�[

~

G℄)g � Fill

m

with

Th

m;!

[

~

f ℄ � Th

m;!

(�([

~

G℄)[h




=
 : 
 2 PG(�[

~

G℄)℄):

By (4), there is an

~

f 2 �

m

~

F with [

~

f ℄ j= �. Hen
e there is a set fh




: 
 2 PG(�[

~

G℄)g � Fill

m

with �([

~

G℄)[h




=
 : 
 2 PG(�[

~

G℄)℄ j= �.

(3) ) (4). Assume that (3) holds and suppose that

~

G 2 SDS with [

~

G℄ j= �. It is

easy to 
he
k that [

~

G℄

+

is simple. By Proposition 4, [

~

G℄

+

is �nitely generated. Hen
e (3)

applies to A = [

~

G℄

+

. Thus there exists a H = hh; S;Bi with �H j= � and H

+

' [

~

G℄

+

.

Certainly we may assume that all the atoms inH

+

are of the form fxg for an x 2 h. Thus,

we may assume there is a sequen
e

~

h = hh

i

: 1 � i � ri with hh; Si = [

~

h℄ and su
h that

� h

i

= G

i

, whenever G

i

is �nite,

� h

i

= !

<

(m

1

) � f

i

� !

>

(m

2

), for an arbitrary (possibly empty) f

i

, whenever G

i

=

G[m

1

; C(k);m

2

℄.

� h

i

= !

<

(l)� f

i

, for some f

i

with f

i

= ; or f

i

2 [J;!

k

℄, whenever G

i

= G[l; C(k)℄:

� h

i

= f

i

� !

>

(l), for some f

i

with f

i

= ; or f

i

2 [ 

k

; J ℄, whenever G

i

= G[C(k); l℄.

Let 1 � i � r. By Theorem 18 (1) of Part I, we have that f

i

= ; or, for all S 2 M

with f

i

2 S, there exists ~g 2 SBK with Thf

i

� Th[~g℄ and [~g℄ 2 S. Using this fa
t it is

straightforward to show that there exists l 2 ! and h

1

i

2 �

l

G

i

su
h that Thh

i

� Thh

1

i

.

Hen
e, by Lemma 11 and Proposition 5 of Part I, there exists a h

2

i

2 �

m

G

i

with

Th

m;!

h

i

� Th

m;!

h

1

i

= Th

m;!

h

2

i

:

But then, [

~

h

2

℄ j= � and

~

h

2

2 �

m

~

G, for

~

h

2

:= hh

2

i

: 1 � i � ri.

(1) ) (3) is 
lear. Hen
e (1), (3), (4), and (5) are equivalent. The equivalen
e (1) ,

(2) follows from (1) , (3) with Theorem 1. a
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Theorem 14 f� � :L

M

�nite : Lin:t�� is strongly 
omplete g is re
ursive. Moreover,

� = Lin:t��, � � :L

M(m;n)

, is strongly 
omplete i�, for all

~

G 2 SDS with [

~

G℄ j= � and

Cl(

~

G) � n, S(

~

G) � m+ 2, IR(

~

G) � m+ 1, and R(

~

G) � 1 + 4m(1 + (m+1)(m+ 2)), there

exists a

~

f 2 �

m

~

G with [

~

f ℄ j= �.

Proof. By Theorem 6 it suÆ
es to show the moreover part. The dire
tion from left to

right follows from Theorem 13. Conversely suppose that � is not strongly 
omplete. By

Theorem 13, there is a

~

H = hH

i

: 1 � j � ri 2 SDS with [

~

H℄ j= � su
h that [

~

f ℄ 6j= �, for

all

~

f 2 �

m

~

H. For G 2 DS de�ne a set of frames t

n

m

G by putting

t

n

m

G =

8

>

>

>

<

>

>

>

:

fGg : G �nite,

fG[l; C(n)℄g [ fG[l; C(n)℄ � h� C(k) : h 2 Fill

m

g : G = G[l; C(k)℄;

fG[C(n); l℄g [ fC(k)� h�G[C(n); l℄ : h 2 Fill

m

g : G = G[C(k); l℄;

fG[m

1

; C(n)℄� h�G[C(n);m

2

℄ : h 2 Fill

m

g : G = G[m

1

; C(k);m

2

℄

By Lemma 17 of Part I there is a bije
tion � : �

m

G ! t

n

m

G su
h that

1. Th

!;n

h = Th

!;n

�(h), for all h 2 �

m

G.

2. Also, ThH � ThG, for all H 2 t

n

m

G.

Note that ea
h frame F 2 t

n

m

G is of the form [

~

F ℄, for some

~

F 2 SDS. Thus, by (1.) and

(2.) we may assume that there is an in�nite H

i

in

~

H su
h that

H

1

�H�H

2

6j= �;

for H

1

= (H

1

� : : : �H

i�1

) and H

2

= (H

i+1

� : : : �H

r

), and all H 2 t

n

m

H

i

. (We brie
y

justify this assumption. Assume that there is no

~

H 2 SDS with

(i) [

~

H℄ j= � and (ii) [

~

f ℄ 6j= �, for all

~

f 2 �

m

~

H,

in whi
h su
h a H

i

o

urs. Put

~

H(0) =

~

H for some

~

H with (i) and (ii). Certainly

there is an in�nite H

i

in

~

H. Also, there is a sequen
e

~

F

1

with [

~

F

1

℄ 2 t

n

m

H

i

su
h that

H

1

� [

~

F

1

℄ �H

2

j= �. Denote the sequen
e resulting by repla
ing H

i

by [

~

F

1

℄ in

~

H(0) by

~

H(1). Then

~

H(1) also satis�es (i) and (ii). We go on with

~

H(1) and form

~

H(2);

~

H(3)

et
. in the same way. Finally we get a

~

H(j) 2 SDS with k � n, for all G[C(k); l℄ and

G[l; C(k)℄ in

~

H(j), and in whi
h there does not o

ur a frame from Dl. But then [

~

f ℄ j= �,

for a

~

f 2 �

m

~

H(j), by Lemma 17 of Part I. This 
ontradi
ts 
ondition (ii) for

~

H(j)).

By Proposition 7, there exist

~

F

1

;

~

F

2

2 SBD

0

with R(

~

F

1

) +R(

~

F

2

) � 4mjHj, Cl(

~

F

j

) �

n, S(

~

F

j

) � m+ 2, IR(

~

F

j

) � m+ 1, for j 2 f1; 2g, su
h that

[

~

F

1

℄�H

i

� [

~

F

2

℄ j= � and [

~

F

1

℄�H� [

~

F

2

℄ 6j= �;

for all H 2 H = t

n

m

H

i

. We have jHj � 1+ (m+1)(m+2). Certainly we may assume that

Cl(H

i

) � n, S(H

i

) � m+ 2. Then the sequen
e

~

G = h

~

F

1

;H

i

;

~

F

2

i satis�es the 
ardinality


onditions and, by (1.) and (2.), [

~

f ℄ 6j= �, for all

~

f 2 �

m

~

G. a

Examples. Put, for n > 0, gap

n

= :9

p

h[J;!

n

℄; [ 

n

; J ℄i, and de�ne
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� Gap

n

= Lin:t� gap

n

,

� Gap

+

n

= Gap

n

� :9

p

C(0)� :9

p

[Jok;C(0)℄� :9

p

[C(0); Jok℄,

� �

n

= Gap

+

n

�Dens

2

, whereDens

2

is the :L

M

-formula 
orresponding to the density

axiom 2

+

2

+

p! 2

+

p.

Dens

2

and gap = gap

1

are dis
ussed in Part I where is it also shown that �

1

= ThhR; <i,

R the set of reals.

Corollary 15 For all n > 0, Gap

n

, Gap

+

n

and �

n

are strongly 
omplete and 
omplex

but not d-persistent.

Proof. Let � be one of those logi
s and suppose that

~

G 2 SDS with [

~

G℄ j= �. It is readily


he
ked that

�([

~

G℄)[1

<

=
 : 
 2 PG(�[

~

G℄)℄ j= �:

Thus � is strongly 
omplete, by Theorem 13. Certainly G[2; C(n); 2℄ j= �, for all n > 1.

There is an m > 1 with gap

m

2 �. But then �G[2; C(m); 2℄ 6j= �. Hen
e, by Proposition

4, � is not d-persistent. a

It is well known and easy to 
he
k that d-persisten
y transfers under forming joins of

logi
s, i.e., if �

1

and �

2

are d-persistent, then so is �

1

t �

2

. We are now going to show

that this does not hold for strong 
ompleteness.

Re
all from Part I the axiomatization the logi
 Lin:t�RDis
 determined by the 
lass

of weak orderings in whi
h ea
h irre
exive point has an immediate irre
exive su

essor.

This logi
 is d-persistent, hen
e 
omplex and strongly 
omplete.

Corollary 16 (1) There are strongly 
omplete logi
s �

1

and �

2

su
h that �

1

t �

2

is not

strongly 
omplete. (2) There are 
omplex varieties V

1

and V

2

su
h that V

1

\ V

2

is not


omplex.

Proof. (1) It suÆ
es to show that � = Gap

1

t (Lin:t�RDis
) is not strongly 
omplete.

But G[0; C(2)℄ j= � and (!

<

(0) � h� C(2)) 6j= �, for all h 2 Fill

m

, m 2 !. By Theorem

13, � is not strongly 
omplete. (2) Put V

1

= V(Gap

1

) and V

2

= V(Lin:t�RDis
). a

Let us �nally give a simple example of a 
omplete but not strongly 
omplete tense

logi
, namely � = Th(hZ; <i), where Z denotes the set of integers. A �nite axiomatization

of � is delivered in Part I. Now we have

(G[C(1); 0℄ �G[0; C(1)℄) j= � but (C(1)� f � C(1)) 6j= �;

for all tense frames f . Thus, by Theorem 13 (5.), � is not strongly 
omplete.
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4 d-persisten
y and elementarity

Again we need an easily proved simpli�
ation of the notion of d-persisten
y.

Proposition 17 A tense logi
 � is d-persistent i� �G j= �, whenever G is a des
riptive

tense frame validating �.

In order to prove that ea
h d-persistent tense logi
 is elementary we introdu
e another

language for talking about intervals in Kripke frames. Consider the following interval

types.

Q = f[C(n);C(m)℄jn;m 2 !g [ fC(0)g

[ f[C(n);!℄jn 2 !g

[ f[ ;C(n)℄jn 2 !g

[ f[ ;!℄g

Lemma 18 Let P 2 :L

M

. Then there exist Q

1

; : : : ; Q

n

2 :L

Q

su
h that

g j= P , (8i � n)(g j= Q

i

);

for all Kripke frames g.

Proof. Certainly it suÆ
es to show that for ea
h S 2 M there exists a set Q

S

of interval

types in Q su
h that

g j= :9

p

S, (8B 2 Q

S

)(g j= :9

p

B):

For instan
e, for S = [J;!

m

℄ the set

Q

S

= f[C(0);C(m)℄; [C(0);!℄; [C(1);C(m)℄; [C(1);!℄; [ ;!℄g

is as required. All the other 
ases are similar.a

For an interval type B 2 Q denote by L(B) and R(B) the symbol to the left and the

symbol to the right in B, respe
tively. Put

L

NG

= f9

p

hB

i

: 1 � i < ni 2 L

Q

: :(9i � n)(R(B

i

) =! ^L(B

i+1

) = )g:

Lemma 19 Suppose that Q 2 :L

NG

. Then Mod

Fr

Q is �rst order de�nable.

Proof. Obvious.a

Lemma 20 Suppose that �[

~

G℄ j= �, for all

~

G 2 SDS with [

~

G℄ j= �. Then Mod

Fr

� is

de�nable in :L

NG

.
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Proof. Suppose that Mod

Fr

� is not de�nable in :L

NG

. Put

� = f:Q 2 :L

NG

: (8g)(g j= Q) g 6j= �)g:

We have M � Mod

Fr

�, for M = Mod

Fr

�. Moreover h 2M �Mod

Fr

� i�

1. there exists :9

p

~

S 2 � su
h that h j= 9

p

~

S.

2. :9

p

~

S 62 �, for all

~

S 2 M su
h that there is a partition

~

I of h with h;

~

I j=

~

S su
h that

gap(

~

I) 
ontains no proper gap.

Take an hf;Ri 2 M �Mod

Fr

� and a partition

~

I = hI

i

: 1 � i � ri of hf;Ri su
h that

hf;Ri;

~

I j=

~

S, for some

~

S with :9

p

~

S 2 �. We may assume that the size of 
lusters in hf;Ri

is bounded by Cl(

~

S). We show that, for 1 � i � r; there is a sequen
e

~

h

i

2 SBK with

(a) f

I

i

2 B) [

~

h

i

℄ 2 B, for all B 2 Q.

(b) For all

~

S 2 M, if [

~

h

i

℄;

~

J

1

j=

~

S and gap(

~

J

1

) 
ontains no proper gaps then the exists a

partition

~

J

2

of f

I

i

su
h that gap(

~

J

2

) 
ontains no proper gaps and so that f

I

i

;

~

J

2

j=

~

S.

(
) Th[

~

h

i

℄ � Thf

I

i

.

Note that it follows from (a) that [

~

h

i

℄ 2 S

i

. One has to distiguish the 
ases I

i

2 B = [C(0)℄,

I

i

2 B = [C(m);C(n)℄, where m;n 2 ! are maximal with this property, I

i

2 B = [ ;C(n)℄,

where n 2 ! is maximal with this property, I

i

2 B = [C(n);!℄, where n 2 ! is maximal

with this property, and I

i

2 B = [ ;!℄. In all those 
ases there exists a

~

h

i

satisfying (b)

and (
) with [

~

h

i

℄ 2 B. The proof is similar to the proof of Proposition 7 in Part I. Some


are has to be taken in order to satisfy 
ondition (b). Instead of delivering the tedious

detailed proof we give two instru
tive examples. Assume

f

I

i

= hQ; <i;

where Q is the set of rational numbers. Then the frame (!

>

(1) � !

<

(1)) satis�es all the


onditions required for

~

h

i

with the ex
eption of (b). (b) is not satis�ed sin
e

(!

>

(1)� !

<

(1)) j= 9

p

h[J;!

1

℄; [ 

1

; J ℄i;

but hQ; <i; hI

1

; I

2

i j= h[J;!

1

℄; [ 

1

; J ℄i only if I

1

2 [J;!℄ and I

2

2 [ ; J ℄. Here the frame

(!

<

(2) � C(0)� !

>

(2)) is as required.

Now assume

f

I

i

= C(1)� !

>

(0)� !

<

(0) � !

>

(0) � !

<

(0) � !

>

(0)� !

<

(0) : : :

Then the frame !

<

(1) satis�es all the 
onditions for

~

h

i

with the ex
eption of (b). Here a


ounterexample for (b) is the sequen
e

~

S = h[ 

1

; J ℄; [J;!

1

℄; [ 

1

; J ℄i:
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The frame C(1)� !

>

(0)� !

<

(0) is as required.

Put ~g = hg

i

: 1 � i � ki := h

~

h

i

: 1 � i � ri and

D

1

= f1 � i � k : g

i

= !

<

(m

1

) and g

i+1

= !

>

(m

2

) for some m

1

;m

2

2 !g;

D

2

= f1 � i � k : i; i� 1 62 D

1

g;

and n = maxfCl(

~

S); 2g. Now de�ne, for i 2 D

1

[D

2

,

G

i

=

8

>

>

>

<

>

>

>

:

g

i

: g

i

�nite,

G[l; C(n)℄ : g

i

= !

<

(l); i 2 D

2

;

G[C(n); l℄ : g

i

= !

>

(l); i 2 D

2

;

G[m

1

; C(n);m

2

℄ : g

i

= !

<

(m

1

); g

i+1

= !

>

(m

2

);

and put

~

G = hG

i

: i 2 D

1

[D

2

i. It follows from 
ondition (b) for

~

h

i

, 1 � i � r; and

the 
onstru
tion of

~

G that [

~

G℄ j= �. (Case four in the de�nition of G

i

is essential). On the

other hand, by 
ondition (a) for

~

h

i

and the 
onstru
tion of

~

G, we have �[

~

G℄ 6j= �. Details

are left to the reader. a

Theorem 21 The following 
onditions are equivalent, for ea
h tense logi
 �.

1. �[

~

G℄ j= �, for all

~

G 2 SDS with [

~

G℄ j= �.

2. � is 
omplete and Mod

Fr

� is de�nable in :L

NG

.

3. � is elementary.

4. � is d-persistent.

Proof. (1) ) (2) is Lemma 20. (2) ) (3) is Lemma 19. (3) ) (4) is proved in [2℄ and

(4) ) (1) is trivial. a

Theorem 22 f� � :L

M

�nite : Lin:t � � is d-persistent g is re
ursive. Moreover,

� = Lin:t � �, � � :L

M(m;n)

, is d-persistent i�, for all

~

G 2 SDS with [

~

G℄ j= � and

Cl(

~

G) � n, S(

~

G) � m+2, IR(

~

G) � m+1 and R(

~

G) � 1 + 4m, we have �[

~

G℄ j= �, as well.

Proof. By Theorem 6, it suÆ
es to show the moreover part. The dire
tion from left to

right follows from Proposition 4. Now suppose that � is not d-persistent. By Theorem

21, there is a

~

H = hH

i

: 1 � i � ri 2 SDS with [

~

H℄ j= � but �[

~

H℄ 6j= �. Put, for G 2 DS

and k > 0,

s

k

G =

8

>

>

>

<

>

>

>

:

fGg : G �nite,

G[n;C(k)℄� C(m) : G = G[n;C(m)℄;

C(m)�G[C(k); n℄ : G = G[C(m); n℄;

G[m

1

; C(k)℄� C(m)�G[C(k);m

2

℄ : G = G[m

1

; C(m);m

2

℄:
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By Lemma 17 of Part I,

Th

!;n

�G = Th

!;n

s

n

G;

for all G 2 SDS. Hen
e we may assume that there exists a H

i

su
h that H

1

�s

n

H

i

�H

2

6j=

�, for H

1

= (H

1

� : : :�H

i�1

) and H

2

= (H

i+1

� : : :�H

r

). By Proposition 7 there exist

~

F

1

;

~

F

2

2 SBD

0

with R(

~

F

1

)+R(

~

F

2

) � 4m, Cl(

~

F

j

) � n, S(

~

F

j

) �m+2, and IR(

~

F

j

) � m+1,

for j 2 f1; 2g, su
h that

[

~

F

1

℄� G

i

� [

~

F

2

℄ j= � and [

~

F

1

℄� t

n

H

i

� [

~

F

2

℄ 6j= �:

(Here we put H = fs

n

H

i

g). We may assume that Cl(H

i

) � n, S(H

i

) � m+ 2. But then

the sequen
e

~

G = h

~

F

1

;H

i

;

~

F

2

i satis�es the 
ardinality 
onditions and �[

~

G℄ 6j= �. a

5 r-persisten
y

In [7℄ it is shown that ea
h re�ned frame H is, in a 
ertain sense, embeddable into a

des
riptive frame G with H

+

' G

+

. (Intuitively, this is a
hieved by adding pre
isely those

ultra�lters U in H

+

to h for whi
h

T

U = ;). The pre
ise formulation is as follows.

Proposition 23 Suppose that H

+

' G

+

, where H = hh; S;Ai is des
riptive and G is

re�ned. Then there exists H

1

= hh

1

; S

1

; A

1

i, where h

1

� h, S

1

= S\h

2

1

and A

1

= fa\h

1

:

a 2 Ag, su
h that G ' H

1

and su
h that a 7! a \ h

1

, a 2 A, de�nes an isomorphism from

H onto H

1

. Moreover, for the 
anoni
al type assignment 
 for H and all 
lusters C in H,

� C � h

1

or C \ h

1

in�nite, for 
C = (m;m).

� C � h

1

or C \ h

1

is in�nite or C \ h

1

= ;, for 
C 2 f(m; j); (j;m)g.

� C \ h

1

is arbitrary, for 
C = (j; j).

Proof. The �rst part is shown in [7℄ and the moreover part is an immediate 
onsequen
e

of the �rst part and the des
ription of 
lusters in des
riptive tense frames. a

For re�ned frames we have to take some 
are when working with L

M

instead of L

!

.

Theorem 2 does not hold for re�ned frames. (For example, the theories of G[0; C(1)℄ and

G := h!

<

(0); fa � ! : a �nite or 
o�nite gi

in L

!


oin
ide but G[0; C(1)℄ 62 [J;!

2

℄ and G 2 [J;!

2

℄). So, we shall not evaluate

formulas from :L

M

in frames whi
h are not in Dfr [ Fr but de�ne the expression G j= �

as an abbrevation of (G

+

)

+

j= �. This should not lead to 
onfusion sin
e we shall use it

only two times.

Corollary 24 Suppose that � is not r-persistent. Then there exists a des
riptive frame H

with H j= � and a re�ned frame H

1

= hh

1

; S

1

; A

1

i with �H

1

6j= � and h

1

� h, S

1

= S \h

2

1

and A

1

= fa \ h

1

: a 2 Ag, su
h that a 7! a \ h

1

, a 2 A, de�nes an isomorphism from H

onto H

1

and su
h that for the 
anoni
al type assignment 
 for H and all 
lusters C in H,
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� C � h

1

, for 
C = (m;m).

� C � h

1

or C \ h

1

= ;, for 
C 2 f(m; j); (j;m)g.

� C \ h

1

arbitrary, for 
C = (j; j).

Proof. Suppose that � is not r-persistent. There exists a re�ned tense frame G with

�G 6j= � and G j= �. Certainly there exists a des
riptive frame H = hh; S;Ai with

H

+

' G

+

. Take a frame H

0

1

= hh

0

1

; S

0

1

; A

0

1

i whi
h satie�es the 
ondition of Proposition 23.

Now put, for C a 
luster in h, C

1

= h

0

1

\C if h

0

1

\C is �nite, and C

1

= C, otherwise. Put

h

1

= h

0

1

[

[

fC

1

: C 
luster in hg;

and H

1

= hh

1

; S \ h

2

1

; fa \ h

1

: a 2 Agi: Only the size of in�nite 
lusters is manipulated.

So it is straightforward to show that H

1

is as required. a

Put, for G 2DS,

sG =

8

>

>

>

<

>

>

>

:

fGg : G �nite,

f!

<

(n)g [ f�Gg : G = G[n;C(m)℄;

f!

>

(n)g [ f�Gg : G = G[C(m); n℄;

f!

<

(m

1

)� !

>

(m

2

)g [ f!

<

(m

1

)� C(m)� !

>

(m

2

)g : G = G[m

1

; C(m);m

2

℄;

and de�ne, for

~

G = hG

i

: 1 � i � ri 2 SDS,

s

~

G = fhf

i

: 1 � i � ri : f

i

2 sG

i

; 1 � i � rg:

Note that, for

~

G 2 SDS and H = [

~

G℄, the frames in f[

~

f ℄ :

~

f 2 s

~

Gg basi
ally 
oin
ide with

the frames of the form �H

1

, for H

1

satisfying the 
onditions of Corollary 24 with respe
t

to H.

Theorem 25 The following properties are equivalent, for � = Lin:t��, � � :L

M(m;n)

.

1. � is r-persistent.

2. [

~

f ℄ j= �, for all

~

f 2 s

~

G with

~

G 2 SDS and [

~

G℄ j= �.

3. [

~

f ℄ j= �, for all

~

f 2 s

~

G with

~

G 2 SDS and Cl(

~

G) � n, S(

~

G) � m+2, IR(

~

G) � m+1,

R(

~

G) � 4m and [

~

G℄ j= �.

The set f� � :L

M

�nite : Lin:t�� is r-persistent g is re
ursive.

Proof. (1) ) (2). Consider hh; Si = [

~

f ℄, for a

~

f 2 s

~

G with [

~

G℄ j= �. For [

~

G℄ = hg;R;Ai

we may assume that h � g and S = R\h

2

. Put B = fa\h : a 2 Ag and H = hh; S;Bi. It
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is easy to 
he
k that a 7! a\h, a 2 A, de�nes an isomorphism from G

+

onto H

+

. Clearly

H is re�ned. Hen
e, by (1), hh; Si j= �.

(2) ) (3) is trivial.

(3) ) (1). (Sket
h) Suppose that � is not r-persistent. Take a des
riptive frame H

with H j= � and a re�ned frame H

1

satisfying the 
onditions of Corollary 24. So we have

�H

1

j= :9

p

~

S, for a :9

p

~

S 2 �. Similar to a lot of previous examples and espe
ially to the

proof of Proposition 7 of Part I we 
an redu
e H

1

in su
h a way that we get a

~

G 2 SDS

satisfying the 
ardinality 
onditions of (3) su
h that there is an

~

f 2 s

~

G with [

~

f ℄ j= :9

p

~

S.

We leave the 
onstru
tion to the reader. a

A simple example of a d-persistent tense logi
 whi
h is not r-persistent is the logi


Mk:t de�ned in Part I. It is easily veri�ed that this logi
 is d-persistent. On the other

hand, Mk:t is not r-persistent sin
e

G[0; C(1)℄ j=Mk:t but !

<

(0) 6j=Mk:t:

6 The �nite model property

Re
all from Part I the de�nition of the k-diagram dg

k

~

G 2 L

M

of sequen
es

~

G 2 BD

0

. It

has the properties

H j= dg

k

[

~

G℄) Th

k;!

(H) � Th

k;!

[

~

G℄;

[

~

G℄ j= dg

k

[

~

G℄;

for all H (
f. Proposition 8, Part I).

Lemma 26 Let m 2 !. A �nitely axiomatizable logi
 � is determined by a 
lass M of

frames i�, for all

~

G 2 SBD

0

with [

~

G℄ j= � and all k � m, there exists H 2M with H j= �

and H j= dg

k

~

G.

Proof. By Theorem 14 (1) of Part I, ea
h �nitely axiomatizable logi
 is determined by a


lass of frames f[

~

G℄ :

~

G 2 Qg, with Q � SBD

0

. Now the Lemma follows with Proposition

8 of Part I. a

For G 2 BD

0

and k; l 2 ! de�ne a set of frames �

lk

G by putting

�

lk

G =

8

>

>

>

>

>

<

>

>

>

>

>

:

fGg : G �nite,

fn(k + 1)

<

(n)� h� C(m) : h 2 Fill

l

g : G = G[n;C(m)℄; n > 0;

f(k + 1)

<

(0) � h� C(m) : h 2 Fill

l

g : G = G[0; C(m)℄;

fC(m)� h� n(k + 1)

<

(n) : h 2 Fill

l

g : G = G[C(m); n℄; n > 0;

fC(m)� h� (k + 1)

<

(0) : h 2 Fill

l

g : G = G[C(m); 0℄;
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and de�ne, for a sequen
e

~

G = hG

i

: 1 � i � ri 2 SBD

0

�

lk

~

G = fhf

i

: 1 � i � ri : f

i

2 �

lk

G

i

; 1 � i � rg and �

k

~

G =

[

f�

lk

G : l 2 !g:

Lemma 27 For all

~

G 2 SBD

0

and all �nite frames h, h j= dg

k

~

G i� there exists

~

f 2 �

k

~

G

with Thh � Th[

~

f ℄.

Proof. We have [

~

f ℄ j= dg

k

~

G, for all

~

f 2 �

k

~

G. Conversely, suppose that h j= dg

k

~

G, for a

�nite frame h. Assume that dg

k

G

i

= 9

p

~

S

i

, for 1 � i � r, and that

~

I = hI

i

: 1 � i � ri

is a partition of h su
h that h

I

i

j= 9

p

~

S

i

, 1 � i � r. The Lemma follows if there exist

f

i

2 �

k

G

i

with Thh

I

i

� Thf

i

, for 1 � i � r. This is 
lear if G

i

is �nite. Suppose that

G

i

= G[n;C(m)℄; n > 0. Certainly we may assume that

h

I

i

= n(k + 1)

<

(n)� h

0

� C(m);

for some �nite frame h

0

. But, by Lemma 11, there exists a l 2 ! and a g 2 Fill

l

with

Thh

0

� Thg. Hen
e

Thh

I

i

� Th(n(k + 1)

<

(n)� g � C(m));

and the frame to the right is in �

k

G

i

. The 
ases G

i

= G[0; C(m)℄ and G

i

= G[C(m); n℄,

n 2 !, are 
onsidered similar. a

Theorem 28 f� � :L

M

�nite : Lin:t � � has the fmp g is a re
ursive set. Moreover,

for � = Lin:t� �, � � :L

M(m;n)

, the following 
onditions are equivalent.

1. � has the fmp.

2. For all

~

G 2 SBD

0

with [

~

G℄ j= � and all k � m there there exists

~

f 2 �

k

~

G with

[

~

f ℄ j= �.

3. For all

~

G 2 SBD

0

with [

~

G℄ j= � and Cl(

~

G) � n, S(

~

G) � m+ 2, IR(

~

G) � m+ 1, and

R(

~

G) � 1 + 4m(m+ 1)(m + 2), there exists

~

f 2 �

mm

~

G with [

~

f ℄ j= �.

Proof. By Theorem 6 is suÆ
es to show the moreover part. We have

(a) ((9

~

f 2 �

k

~

G)([

~

f ℄ j= �), (9

~

f 2 �

mm

~

G)([

~

f ℄ j= �)), for all

~

G 2 SBD

0

and all k � m.

(b) Th

m;!

[

~

f ℄ � Th

m;!

[

~

G℄, for all

~

f 2 �

mm

~

G and all

~

G 2 SBD

0

.

(a) follows from Lemma 13 of Part I and (b) follows from [

~

f ℄ j= dg

m

~

G, for all

~

f 2 �

m

~

G.

(1.) , (2.) follows from Lemma 26 and Lemma 27 and (2.) ) (3.) follows immediately

from (a). It remains to show (3.) ) (2.). Suppose that there is a

~

G = hG

i

: 1 � i � ri 2
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SBD

0

and a k � m su
h that [

~

f ℄ 6j= �, for all

~

f 2 �

k

~

G. By (a), [

~

f ℄ 6j= �, for all

~

f 2 �

mm

~

G.

We may assume, by (b), that there is an in�nite G

i

in

~

G su
h that

H

1

� f �H

2

6j= �;

for H

1

= (G

1

� : : :�G

i�1

) and H

2

= (G

i+1

� : : :�G

r

) and all f 2 �

mm

G

i

. (The justi�
ation

of this assumption is similar to the proof of Theorem 14). By Proposition 7, there exist

~

F

1

,

~

F

2

2 SBD

0

with R(

~

F

1

)+R(

~

F

2

) � 4mjHj, Cl(

~

F

j

) � n, S(

~

F

j

) � m+2, and IR(

~

F

j

) � m+1,

for j 2 f1; 2g, su
h that

[

~

F

1

℄� G

i

� [

~

F

2

℄ j= � and [

~

F

1

℄� f � [

~

F

2

℄ 6j= �;

for all f 2 H := �

mm

G

i

. We have jHj � (m + 1)(m + 2). Certainly we may assume

that Cl(G

i

) � n, S(G

i

) � m + 2. Thus

~

H = h

~

F

1

;G

i

;

~

F

2

i refutes (3.), i.e.

~

H satis�es the


ardinality 
onditions of (3.) and there does not exist a

~

f 2 �

mm

~

H su
h that [

~

f ℄ j= �. a

7 Completeness

For G 2 BD

0

and l; k 2 ! de�ne a set of frames 


lk

G by putting




lk

G =

8

>

<

>

:

fGg : G �nite,

�

lk

G [ f!

<

(n)g [ f!

<

(n)� g � C(m) : g 2 Fill

l

g : G = G[n;C(m)℄;

�

lk

G [ f!

>

(n)g [ fC(m)� g � !

>

(n) : g 2 Fill

l

g : G = G[C(m); n℄;

and put, for a sequen
e

~

G = hG

i

: 1 � i � ri 2 SBD

0

;




lk

~

G = fhf

i

: 1 � i � r : f

i

2 


lk

G

i

; 1 � i � rg and 


k

~

G =

[

f


lk

G : l 2 !g:

Lemma 29 For all

~

G 2 SBD

0

and all Kripke frames h, if h j= dg

k

~

G then there exists

~

f 2 


k

~

G with Th

k;!

h � Th

k;!

[

~

f ℄.

Proof. Suppose that h j= dg

k

~

G, for a Kripke frame h. Let dg

k

G

i

= 9

p

~

S

i

, for 1 � i � r,

and assume that hI

i

: 1 � i � ri is a partition of h su
h that h

I

i

j= 9

p

~

S

i

, 1 � i � r. The

Lemma follows if there exist f

i

2 


k

G

i

with Th

k;!

f

i

� Th

k;!

h

I

i

, for all 1 � i � r. This is


lear if G

i

is �nite. Suppose that G

i

= G[n;C(m)℄; n > 0. Certainly we may assume that

(a) h

I

i

= n(k + 1)

<

(n)� f

1

�C(m) or (b) h

I

i

= n(k + 1)

<

(n)� f

2

;

where f

1

and f

2

are Kripke frames and f

2

2 [J;!℄. If (b) holds then Th

k;!

h

I

i

�

Th

k;!

!

<

(n) and !

<

(n) 2 


k

G

i

. Now assume (a).

Case 1. f

1

is �nite. Then the statement follows as in Lemma 27.
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Case 2. f

1

is in�nite. By Theorem 18 of Part I, t here exists a sequen
e

~

f = hf

i

:

1 � i � ti 2 SBK with Thf

1

� Th[

~

f ℄. Suppose that there is a minimal j su
h that

f

j

= !

>

(m), for some m 2 !. Then

Thh

I

i

� Th(n(k + 1)

<

(n)� [hf

i

: 1 � i � j � 1i℄� C(m)):

Thus, we may assume that

~

f 
ontains no !

>

(m) sin
e hf

i

: 1 � i � j � 1i 
ontains no

!

>

(m). Now take a maximal j � t su
h that f

j

= !

<

(m), for some m 2 !. Then

Thh

I

i

� Th(!

<

(n)� [hf

i

: j + 1 � i � ti℄� C(m)℄)

and [hf

i

: j + 1 � i � ti℄ is �nite. Case 2 is redu
ed to Case 1.

The 
ases G

i

= G[0; C(m)℄ and G

i

= G[C(m); n℄ are treated similar. a

Theorem 30 f� � :L

M

�nite : Lin:t�� is 
omplete g is a re
ursive set. Moreover, for

� = Lin:t� �, � � :L

M(m;n)

; the following 
onditions are equivalent.

1. � is 
omplete.

2. For all

~

G 2 SBD

0

with [

~

G℄ j= � and k � m there exists

~

f 2 


k

~

G with [

~

f ℄ j= �.

3. For all

~

G 2 SBD

0

with [

~

G℄ j= � and Cl(

~

G) � n, S(

~

G) � m+ 2, IR(

~

G) � m+ 1, and

R(

~

G) � 1 + 4m(1 + 2(m+ 1)(m+ 2)), there exists

~

f 2 


mm

~

G with [

~

f ℄ j= �.

Proof. By Theorem 6 is suÆ
es to show the moreover part. Similar to the proof of

Theorem 28 we obtain

(a) ((9

~

f 2 


k

~

G)([

~

f ℄ j= �), (9

~

f 2 


mm

~

G)([

~

f ℄ j= �)), for all

~

G 2 SBD

0

and all k � m.

(b) Th

m;!

[

~

f ℄ � Th

m;!

~

G, for all

~

f 2 


mm

~

G and all

~

G 2 SBD

0

.

(1) , (2) follows from Lemma 26 and Lemma 29 and the fa
t that [

~

f ℄ j= dg

k

~

G, for all

~

f 2 


k

~

G. (2) ) (3) follows immediately from (a). (3) ) (2). Suppose that there is a

~

G = hG

i

: 1 � i � ri 2 SBD

0

and a k � m su
h that [

~

f ℄ 6j= �, for all

~

f 2 


k

~

G. By (a),

[

~

f ℄ 6j= �, for all

~

f 2 


mm

~

G. Put, for G 2 BD

0

,

g

mn

G = �

mm

G [ t

n

m

G:

Now the proof is basi
ally a 
ombination of the proofs of Theorems 14 and 28. There is a

bije
tion � : 


mm

G ! g

mn

G su
h that Th

m;n

f = Th

m;n

�(f), for all f 2 


mm

G. Hen
e, by

(b), we may assume that there is an in�nite G

i

su
h that for all H 2 g

mn

G,

H

1

�H�H

2

6j= �;
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for H

1

= (G

1

� : : : � G

i�1

) and H

2

= (G

i+1

� : : : � G

r

). By Proposition 7 there exist

~

F

1

,

~

F

2

2 SBD

0

with R(

~

F

1

) + R(

~

F

2

) � 4mjHj, Cl(

~

F

j

) � n, S(

~

F

j

) � m+ 2, IR(

~

F

j

) � m+ 1,

for j 2 f1; 2g su
h that

[

~

F

1

℄� G

i

� [

~

F

2

℄ j= � and [

~

F

1

℄�H� [

~

F

2

℄ 6j= �;

for all H 2 H := g

mn

G

i

. Again we may assume that Cl(G

i

) � n and S(G

i

) � m+ 2. Thus

h

~

F

1

;G

i

;

~

F

2

i refutes (3). a
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