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Abstract

Based on the results of [11] this paper delivers uniform algorithms for deciding
whether a finitely axiomatizable tense logic has

e the finite model property,

e is complete with respect to Kripke semantics,

e is strongly complete with respect to Kripke semantics,

e is d-persistent,

e is r-persistent.
It is also proved that a tense logic is strongly complete iff the corresponding variety of
bimodal algebras is complex and that a tense logic is d-persistent iff it is complete and
its Kripke frames form a first order definable class. From this we obtain many natural
non-d-persistent tense logics whose corresponding varieties of bimodal algebras are
complex.
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1 Introduction

Together with [12] this paper shows that for nearly all interesting properties P there exist
algorithms which decide whether a finitely axiomatizable tense logic enjoys P. It is to be
emphasized that we also investigate tense logics with respect to the properties introduced
above in order to get some insight into those properties in general. This is indeed the
case since tense logics turn out to be a class of polymodal logics in which we can already
observe most of the interesting phenomena which occur in the more general framework of
polymodal logic.

We use the notation from [11]. Recall that a tense logic is a normal bimodal logic
which contains the bimodal logic Lin.t of the class of weak orderings (i.e. sets with a
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relation R which is transitive and connected). We assume that tense logics are formulated
in the propositional language £, with w propositional variables and modal operators O
and O7. A tense frame is a structure G = (g, R, R™, A) such that R~ = (R*)~!, (g, R")
is a weak ordering, and A C 29 is closed under boolean operations and

Oa = {z € g|(Vy € g)(zSy = y € a)},

for (0,5) = (OF,R"),(0°,R™). (We shall often abbreviate (g, R*, R~, A) by writing
(g9, R, A), where R = R™). Tt is well known that each tense logic is determined by tense
frames. G is a Kripke frame iff A = 29 and we denote it by (g, R) or simply by g. The class
of Kripke frames is denoted by Fr. (Consult [11] for a detailed discussion of the semantics
for tense logics).

We shall now introduce those properties of tense logics which will be investigated in
this paper. A tense logic A has the finite model property iff it is determined by finite tense
frames. A is complete (with respect to Kripke semantics) iff A is determined by Kripke
frames, i.e. iff, for all ¢ ¢ A, there exists a Kripke frame g with g |= A such that g }= ¢.
Call a set I' C L, of formulas A-consistent iff | is not derivable from I U A by using
modus ponens. Now A is called strongly complete (alias compact) iff each A-consistent
set I' is satisfiable in a Kripke-frame for A. (As usual, I' is called satisfiable in a Kripke
frame g iff there exists a valuation V' and z € g such that (g,V,z) =T'). Consult e.g. [8],
[9], [3] for results on as well as discussion of strong completeness. A tense logic A is called
elementary iff it is complete and the Kripke frames for A form a first order definable class
(in the language with equality and a relational symbol R). Consult e.g. [2] and [1] for
correspondence theory.

The following concepts will be introduced in the general setting of normal bimodal
logics. Thus we shall use the notion of a (bimodal) frame in the usual sense and do not
restrict attention to rooted frames. (Note that the restriction to rooted frames is implicit
in our definition of tense frames). Recall that an algebra A = (A,N,—, 0,0 ,1) is a
bimodal algebra if (4,N, —, 1) is a boolean algebra and J1 = 1 and O(aNb) = DaNOb, for
all a,b € A and O = 0", 0 . The class V(A) is the variety (equational class) of bimodal
algebras A with A |= ¢ = 1, for all ¢ € A (cf. [4]). For a frame G = (g, A) the set A
forms a bimodal algebra Gt = (A,N, —, 0%, 07, g). The underlying Kripke frame of G is
kG = g. (In [11] kG is denoted by G, ). Following GOLDBLATT [5] we call a variety V of
bimodal algebras complex iff, for each A € V), there exists a frame G with (kG)™ € V such
that ™ ~ A. Consult [5] also for a motivation of this definition. Strongly complete logics
A are closely related to complex varieties. Call a normal modal logic A k-complete, x > w
a cardinal, iff each A-consistent set " in the language L, with x propositional variables is
satisfiable in a Kripke frame g with ¢ = A. (All the undefined terms here are the canonical
extensions of the notation for L£,). Correspondingly, call a variety V k-complex iff, for
each A € V with |A] < &, there exists a frame G with (kG)* € V such that G+ ~ A. The
following is proved in [10]. (Independently, this result was proved by GOLDBLATT, cf. [6].)

Theorem 1 For all infinite cardinals k and normal (poly-) modal logics A, A is k-complete
iff V(A) is k-complex.
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In general, it is an open problem whether the cardinality conditions can be dispensed
with, that is, it is not known whether V(A) is complex whenever A is strongly complete.
However, for tense logics we shall show in the present paper (cf. Theorem 13) that the
two notions are equivalent.

A frame G = (g, R*, R, A) is refined iff
[refi]z =y < Va€ A(zr € a &y € a),

[refy] Sy < Va € A(z € Oa = y € a),

for (0,5) = (OF,R*), (07, R™). Call a logic A r-persistent iff <G = A whenever G = A
and G is refined. [7] is an extensive study of refined frames and r-persistent logics and
[2] shows that all r-persistent logics are elementary. (Note that [2] calls r-persistent logics
natural). A frame G is called descriptive if it is refined and U # ), for all ultrafilters
U in (A,N,—,g). The class of descriptive frames is denoted by Dfr. It is well known
that, for each algebra A, there exists a (uniquely) determined descriptive frame A, with
A~ (A)T (cf. [4]). A logic A is called d-persistent iff k(A ) = A, for each A € V(A);
equivalently, A is d-persistent iff kG = A whenever G = A and G € Dfr. (We note that,
by a result of [7], d-persistency coincides with canonicity. Recall that a normal modal
logic A is called canonical if kK((Fa(8)+) = A, for all cardinals 5. Here Fx(f) denotes
the -generated free algebra in V(A)). Although, in general, d-persistency does not imply
elementarity (cf. [2]), this turns out to be true for tense logics (cf. Theorem 21). Thus we
shall show, for all tense logics A,

A is r-persistent

4

A is d-persistent (< A is elementary)

4
A is strongly complete (< V(A) is complex)

4

A is complete

No other implication holds for all tense logics. The failure of an implication from the
third line to the second line is the interesting case. In [3] it is shown that the logic R.t of
the reals (R, <) is strongly complete. It will follow immediately from Theorem 13 below
that R.Z is not d-persistent. Moreover, also by Theorem 13 below, R.f and many other
natural tense logics are examples of non-d-persistent logics A such that V(A) is complex.
The problem whether such logics exist remained open in [5].

Both our notation as well as the technique of many proofs are based on [11]. (In what
follows [11] is called Part I). We assume that the reader has at hand Part I so that we do
not introduce all the notation once more.
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2 Notation and basic results

We shall briefly introduce only the basic notation from Part I. Recall that an interval in
a Kripke frame (g, R) is a non-empty subset I of g such that {z € g|zrRzRy} C I, for all
x,y € g. An interval in a tense frame G is an interval I in G such that I € G*. Let I
be an interval in a tense frame G = (g, R, A) and define a set of basic interval types as
follows.

e [ is a joker if I is just an interval, we write I € Jok.

I € C(0) iff I is a degenerate cluster.
e [ €[J,—]iff all z € I have a proper R-successor in I.

e [ €[J,C(m)], m >0, iff I has a non degenerate cluster of size > m to the right.

I€[J, =", n>1,iff I €[J,—]orIel[J,C(n).

The meaning of other terms, for instance I € [C(n),J] or I € [+, —], are defined in the
obvious way. If T is a set of interval types then precisely the expressions

{3*S: S = (Si|]1 <i < n)is asequence of interval types from T}

belong to Lt. A sequence of intervals I = (I;]1 <i < m)in a frame G satisfies S = (S; :
1 <4 < n), in symbols

G,TES,
ifg=(L<...aI,)and I; € S;, for all 1 < i < n. We say that S holds in G, in
symbols G |= 3PS, iff there exists a partition I = (I;|1 < i < n) of G with G,I = S. Put
~Lt = {-P|P € Lt}. Then G |= =3S is an abbrevation for G [~ 3*S. For & C —Lt or
® C L, and K C Fr U Dfr put

Modk(®) = {G € K|VP € ®(G = P)}

and call Modg (®) the class of frames for ® in K. The following result from Part T will be
basic for our investigation. Put

M = {Jok, C(0)} U {[J, =™]|m > 0} U {[«-™, J]|m > 0} U {[<™, =™]|m > 0}.

Theorem 2 There is an effective procedure which gives for ¢ € L, a finite set N(¢p) of
modal interval types such that

Modpsur (#) = Modprur{—3(5)|S € N(¢)}.

Conversely, there is an effective procedure which gives for each S e M a tense formula ¢
with
Modpfrurr(¢) = Modpfur—3°(S).
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With this result at hand we shall work in the language —Ly in order to solve the problems
introduced. Nearly all the notation for tense logics is easily translated from L, to —Ly.
First, we simply say that a subset A of =Ly is a tense logic iff

(Modpfurr(A) € Modpfure(P)) = P € A,

for all P € —Ly. The smallest tense logic containing a set ® C —L)y is denoted by
Lin.t ® ®. For G € FrU Dfr define the theory of G by putting ThG = {P € =Lu|G = P}.

Now we are going to introduce the frames we shall work with. The class of frames
introduced in Part I will not be sufficient for dealing with d-persistency, r-persistency and
strong completeness. So we add another type of frames. First recall that, for an ordinal
a, we denote by a< the frame (or the empty set) (o, <,>). @ denotes the mirror image
of a<. We shall sometimes denote by w<(0) the frame w< and denote by w”(0) the frame
w”. Now define for n > 0 and m € w

wS<(n) = (w, < U{(ni,ni)|i € w}, > U{(ni,ni)|i € w}),

m=<(n) = ({0,...,m — 1}, < U{(ni,ni)|ni < m},> U{(ni,ni)|ni < m}).

The mirror images of w<(n) and m<(n) are denoted by w”(n) and m~(n) respectively.
Recall that the class of basic Kripke frames is

BK ={w<(n):n€wlU{w’(n):ncwjU{C(n):n e w}.
Definition 3 Suppose that C(m) = {zo,...,Tm_1}.
(1) For n € w and m > 0 with m > 1 if n > 0 define the general tense frame
G[n,C(m)] = (w<(n) < C(m), A).
Here A is the tense algebra generated by {b;|0 <i <m — 1} in (w<(n) < C(m)) with
b = {wi} U{mj +ilj €w}, 0<i<m—1.

(2) G[C(m),n] is the mirror image of G[n,C(m)]. The class of frames defined under (1)
and (2) is denoted by Df.
(3) Define for m >0 and ni,ny € w with m > 1 if ny +mng > 0,

G[n1,C(m),n2] = (w<(n1) < C(m) <dw” (n2), A),
where A is the tense algebra generated by {b; : 0 <i < m — 1} with
bi = {zi} U{(nj +1i,0) : j € wpU{(n,j +1,1) : j € w},

for i < m. (Here we assume that w<(m1) and w”(ms) are based on the sets w x {0} and
w x {1}, respectively). The class of frames defined under (3) is denoted by DI.
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The class Df has already been introduced in Part I. In this paper we shall need the
following classes

BDy =DfU{C(m):m € w} and DS = BD, U DI.

In Part I we discussed the definition of Df and the reason why the case m =1 and n > 0
is omitted in the definition of Df. In a similar way we here omit the case ni + no #*
0 and m = 1 for DI since in this case we would get a non-finitely generated algebra
(G[m1,C(1),ms])". There will be no need for those frames.

Proposition 4 [G] is descriptive and [G)" is finitely generated, for all G € SDS.

Proof. A straightforward proof shows that the [G] are descriptive. Assume that G = (G; :
1 < i < n). Then [G] is generated by

{gi:1<i<n}U{a;:1<j<mn;1<i<n},
if {a;; : 1 < j < n;} generates G, for 1 < i < n. The G are finitely generated, by
definition.

The following Lemma plays a role similar to Lemmas 11 and 13 of Part I. Define for
m € w and n > 0, the frame G*[C(n), m] by putting
G*[C(n),m] = G[C(n),m] 2 C(0)""" < G[m,C(n),m],

for m > 1, and
GT[C(n),m] = G[C(n),m] < G[m, C(n), m],

otherwise. G*+[m, C(n)] is the mirror image of G*[C(n),m]. Put
G?[mi,C(n),ms] = Glm1,C(n),m] < C(0)™ " < G[ma, C(n), mo),
for mg > 1, and
G?[my,C(n), ms] = Glmy, C(n), ms] < Glmy, C(n), ms),
otherwise. Also put
(m1,ma)* = (my(k +1))<(m1) < C(0)™ " < (ma(k + 1))~ (my),
for my > 1, and
(m1,m2)* = (mi(k+1))<(m1) < (ma(k +1))” (ma),

otherwise. Recall the following definitions. For S € M denote by I(S) the length of S and
put

1 : no—"™ and no <™ occurs in S,

C1(S) = {

max{m : =" or <" occurs in S} : otherwise.

Now define, for a, 8 < w and G € Dfr U Fr,
M(e, B) = {S € MI(S) < a, CL(S) < B} and Thy 3G = {P € ~Ly(ap)|G = P}.
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Lemma 5 For all m,my, mo € w and n > 0,

1. ThgwGlmy, C(n), ma] = Thy,(m1, ms)*, for k > 0.

2. ThG[my,C(ny1), ms] = ThG[my, C(ny), ms)], for ny,ny > 0.
3. ThG[C(n),m] = ThGH[C(n),m).

4. ThG[m1,C(n), ms] = ThG%[my,C(n), ms).

Proof. Similar to the proof of Lemma 13 in Part 1. -

Lemma 5 is of basic importance in what follows. It says how we can manipulate frames
without effect on the validity of formulas. Certainly this is useful when we are interested
in the representation of algebras by frames. Another easy but important consequence of
this Lemma is

=,

Theorem 6 Th[G] is decidable, for all G € SDS, and Th(g] is decidable, for all § € SBK.

Proof. (1) follows from Theorem 14 of Part I and Lemma 5 (1) above (by application of
Proposition 5 of Part I). (2) is Theorem 18 (4) of Part I. -

Often it will be helpful to have the following notation. A gap 7 in a frame (g, R) is a
pair (I, I5) of disjoint intervals with ¢ = I1 U I,. We shall identify objects (I1, I) with
the gap

y={zr €g:(Fy € h)zRy} UL, [LbU{z € g:(Jy € [r)yRz}),
if I and I are disjoint intervals and I; U I5 is an interval. For two gaps vy = (I1, Is) and
v = (I3,14) in (g, R) we write ygR~y, if I; C I5. In this case we define the interval [y, v1]
by putting
[Yo,m] =2 N 1.
Hence, each finite set of gaps G = {7y R... R 7,} gives rise to a partition
par[G] = {[OO, 70]7 [70771]7 SRR [7n—177n]7 [77“ OO]}
Conversely, given a partition I= (I; : 1 <i <mn) of (g, R) we put

gap(I) = {(li, Ii+1) : i < n}.

For a finite set of partitions {I? : i < n} put
\/(I" :i < n) = parl{{ J{gap(I") : i <n}].

We shall need the following paramaters for talking about sequences G € SDS. The
definitions are canonical extensions of the definitions in Part I for BD.

-

e Cl(G) € w is the cardinality of the maximal cluster in [G].
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e R(G) € w denotes the number of G; in G which are not irreflexive points.
e IR(G) € w is the length of the maximal infix subsequence of the form (C(0))™ in G.
° S(g) w 1s the maximal n such that there is a G; in J with G; = G|n,C] or

S
Gi = G[C,n] or G; = G[n,C, k] or G; = G[k,C,n].

Clearly there exist only finitely many sequences G € SDS where all those parameters are
bounded. The following Proposition will be basic for most of the decision procedures.

Proposition 7 Suppose that H' = H, <G < Hy € Dfr and that ® C =Ly with
H' |=®. Let H be a set of frames with
Hi <H <QHo = P,

for all H € H. Then there exist Fi, Fo € SBDg with R(F))+R(F) < 4m[H]|, Cl(fj) <m,

- —

2
S(F;) <m+2, and IR(F;) < m +1, for j € {1,2}, such that [F11<G <[F] = ® and
[Fi] <H < [Fo)] - @,
for all H € H.
Proof. For each H € H take a partition 1:;{ = (IZH 01 <i < mny)of Hy <H < Hs such

that
Hi <AH QA Ho, Iy |: S,

for a S with —3PS € ®. We consider the restrictions of the frH to H;, defined by
Hjﬂ[_;.[ = (hjﬂIZ'L 11 <@ < ny),
for j = 1,2. Now form, for j = 1,2,
I=\/(H;N Ly :H € H).

Then [(I') 4 {(I?) < m|H|. Suppose that I/ = (IZ 11 <i < my), for j =1,2, and fix an
I. Tt follows immediately from the proof of Theorem 14 (1) in Part I that there exists
F! € SBDg with R(F/) < 4, S(F/) < m+2, IR(F/) <m+1, and CI(F/) < n, such that

Thm,nH[j c Thm,n[‘f};]a
(VS € M(m,n))(H; €S = [F/]€59).

Thus, by Proposition 5 of Part I, the sequences fj = (f} 11 <i<my),j=1,2, prove
the Theorem up to the condition on IR(Z7). We only know IR(]:";-) < 2(m+1). But, by

Lemma 13 (2) of Part I, we can reduce sequences C(0)), I > m + 1, in Fj to sequences
C(0)ym+t,
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3 Complex varieties and strong completeness

Since — Ly is not talking about bimodal algebras and not even about arbitrary frames for
tense logics but only about rooted frames we need the following easily proved translation
of the concept of complex varieties. Call a tense logic A (k-) complex iff V(A) is (k-)
complex.

Proposition 8 Let k be an infinite cardinal. For each tense logic A, A is (k-) complex
iff, for each descriptive tense frame G (with |G| < k) with G |= A there exists a tense
frame H such that G ~ H™ and kH = A.

We are going to show that a tense logic A is complex iff all A-frames of the form [J],
G € SDS, can be represented by Kripke frames for A. First we need some more information
on gaps in descriptive tense frames. A gap v = (I, I3) in (g, R) is

e simple iff I; € [J,C(n)] and Iy € [C(m), J], for some m,n € w. The set of simple
gaps in (g, R) is denoted by SG((g, R)).

e left-proper iff I € [J,—].
e right-proper iff I € [«, J].

e proper iff it is both left and right-proper.

The set of non-simple gaps in (g, R) is denoted by PG({g, R)). Applied to frames in DS
we see that KG[C(m), n] contains precisely one non-simple gap which is right-proper. The
frame KG[mq,C(n), mo] contains two non-simple gaps, one is right-proper and the other
is left proper.

Lemma 9 Suppose that G is descriptive. Then kG contains no proper gap.

Proof. Assume that y = (Iy, I;) with Iy € [J, =], I; € [+, J]. Certainly there exists a set
of intervals H in G with ; NI # 0, for all T € H, such that ; " H = (), for i = 0,1. But
then N H = 0 and " H' # 0, for all finite subsets H' of H. Hence G is not descriptive. -

Thus, for each non-simple gap v = (I, ) in kG, G descriptive, there is a cluster C'
such that I = {z € g : zRC} or Iy = {x € g : CRz}. We call C the cluster corresponding
to . Recall the definition of the canonical type assignment ¢ for G from Part I. In terms
of this notion we have, by Theorem 3 of Part I, that ¢ctC = j if C corresponds to a
right-proper gap and ¢~ C = j iff C corresponds to a left-proper gap. If v = (I1,I5) is a
simple gap in kG then I € G*. Thus, both I; and I, are intervals in G.

For an algebra A, we are going to describe the frames H with H™ ~ A. The replace-
ment of non-simple gaps is the basic operation. For a set of gaps G in (g, R) and a set of
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(mutually disjoint) objects {h, : v € G} which are Kripke frames or empty sets we denote
by
(g9, R)[hy /7 : v €G]

the frame resulting when all gaps v,y € G, are replaced by h, in (g, R).

Suppose that G = (g, R, A) is a descriptive frame and G C PG((g,R)). Let {h, :
v € G} be a set of Kripke frames. For each v, v € G, take an z, from the cluster C,
corresponding to 7. Define a set B by putting b € B iff

(Ja € A)(b= aUU{h.Y 1Ty € a,y € GY).
Lemma 10 G' ~ ((g,R)[hy/y : v € G],B)*.

Proof. We show that a — aUJ{h, : 2, € a,y € G}, a € A, defines an isomorphism from
G* onto ((g,R)[hy/7 :v € G],B)". This is clear for the boolean reducts. The proof for
OF and O is symmetric. So it suffices to show that, for all a € A,

O (U J{hy 12y €a,7 € G}) = OFaU | J{hy 1 2y € OFa,y € G},

where ¢ is computed in (g, R)[h, /7 : v € G] and ©F is computed in (g, R). But this
equation is an immediate consequence of the description of non-simple gaps in descriptive
frames.

Mostly it will be sufficient to replace gaps by frames from the following set
Fill,, = {n<~<C(1)<dn~:n<m+1}U{n<:n<m+1}.
The following lemma. explains why this is so.

Lemma 11 For each finite frame h there exists m € w and g € Fill,, with Thh C Thg.
For each finite frame h and m € w there exists g € Fill,, with Thy, ,h C Thy, ,g.

Proof. Follows from Lemmas 10 and 13 (2) of Part I.

Lemma 12 Let A =Lin.t® ® with ® C —~Ly(,n)- Suppose that A is not complex. Then
there ezists a G € SDS with [G] = A but

- -

(k[G])[hy /7 : v € PG(s[G])] = A,
for all {h, : v € PG(k[G])} C Fill,,.
Proof. By Proposition 8 there exists a descriptive tense frame H = (h, S, B) with H = A
such that kF [~ A, for each F with F+ ~ H*. Hence, by Lemma 10,

(kH)[hy /v : v € PG(sH)] = @,
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for all {h. : v € PG(kH)} C Fill,,.

Some notation. For a partition I = (I; : 1
denote by I, the partition I, = (LEinNh:1<1
type assignment for .

i <) of (kH)[hy/vy : v € PG(kH)]
r) of kH. Denote by c the canonical

Certainly there exists a finite set D1 C PG(xH) and a finite set Dy C SG(kH) such
that, for all s = {h, : v € D1} C Fill,,, there exists S with =3%S € ® and a partition I(s)
of nH[ ~/7 v € Di] with

-

gap(I(s)y) € D1 U Dy

and
(kH)[hy /v 1y € Di],I(s) = S

We may assume that for any two gaps v1,72 € D; with 7,57 such that there exists a
simple gap v in kH with 79SvS~ys there already exists a v € Do with 49SyS~vys. (The
only possibility that there is no simple gap v with v¢SvS~; is that v, is left-proper and
1 is right-proper such that the cluster C' corresponding to g coincides with the cluster
C corresponding to 7;. In this case ¢C' = (j,j), for this cluster C. This situation causes
no special problems and is covered by the construction in case (4.) and (5.) below).

Denote by I = (I; : 1 < i < k) the partition par(Ds) defined by Dy in x[H]. All gaps
in Dy are simple. Hence I is also a partition of #, i.e. I; € H™, for 1 < i < k. Consider
an interval I; from I. Depending on I; we shall construct a sequence G* € SDS with

1. Th[Gi] D ThHy,,

2. Hy, €S =[Gi] €S, for all S € M(m, n),

but so that in K[C;Z] we still find the required non-simple gaps.

Case 1. No gap v from D; is in I;. Similar to the proof of Proposition 7 in Part I we
find a sequence G' € SBDj, satisfying (1.) and (2.).

Case 2. A right-proper gap 7 from D; is in I; and ¢~ C' = m, for the cluster C
corresponding to . Similar to the proof of Proposition 7 in Part I we find a

Hi € S(BDo U {G[C(1),k] : k > 0})

such that a G[C'(m1), m2a] occurs in 7-[1 for some my, my € w with my = |C] if C is finite
and m; = n, otherwise, and such that ' satisfies (1.) and (2.). Replace all G[C(1),],
[ >0, in H' by G[I,C(2),1] € DI and denote the result by G¢. Clearly G' still satisfies (2.).
By Lemma 5 (1.), G’ satisfies (1.).

Case 3. A left-proper gap y from D; is in I; and ¢™C = m, for the cluster C' corre-
sponding to . Construct G' as the mirror image of G in case 2.
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Case 4. A right-proper gap « from D is in I; and ¢~ C = j, for the cluster C corre-
sponding to . Similar to the proof of Proposmon 7 in Part I we find a gl € SDS such
that a G[my, C(n), mg] € DI occurs in Gi and G' satisfies (1.) and (2.). (Here Lemma 5
(1.) is useful).

Case 5. A right-proper gap 7y from D is in I; and ¢™C = j, for the cluster C corre-
sponding to 7;. Construct G' as the mirror image of G' in case 4.

-,

Put G = (G i < k). Then Th[G] D Th?#, by Proposition 5 of Part I and (1.)

above. Hence [G] )zlAS Moreover, by (2.) and the construction of the G¢,
(KGN)[hy /7 = v € PG(R[G])] b= A,
for all {h, : v € PG(x[G])]} C Fill,,.
For G € DS and k € w define a set of Kripke frames 7,G by putting

{G} : G finite
<(n)}U{w<(n)<h<C(m):heFill} : G=G[n,C(m)],
“(n)}U{C(m)<h<w”(n):heFilly} : G=G[C(m),n],

{w<(m1) <h <Qw”(me) : h € Filly} : G = G[my,C(m), ms],

w
TG = }w
and put, for a sequence G = (Gi:1<i<r)eSDS,

G ={(fi:1<i<r):fienG,1<i<rh

Note that the set 7,G nearly coincides with the set of frames kG[hy /vy : v € PG(kG)],
{h, : v € PG(xG)} C Filly, for G € DS. Recall that an algebra A is simple if it has no

non-trivial congruences. We are in a position now to characterize complex tense logics.

Theorem 13 Suppose that A = Lin.t & ® with ® C =Lyy(y,5). The following conditions
are equivalent.

1. A is complex.
2. A is strongly complete.

3. There exists a tense frame G with kG = A and GT ~ A, for all finitely generated
simple algebras A € V(A).

4. For all G € SDS with [G] |= A there exists [ € 1uG with [f] |= A

5. For all G € SDS with [G] = A there ezists a set {hy:ve€ PG(k[G])} C Fill,, with

(KGN Ay /7 : v € PG(KIG])] |= A
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Proof. (5) = (1) is Lemma 12.

(4) = (5). Suppose that (4) holds and suppose that G = (G; : 1 <i < r) € SDS with
[G] = A. Put, for 1 <i<r,

Gi : @, finite,
P G*C(k).Y = G = GICk),1]
' G*[I,C(k)] : Gi=G[l,C(k)],
G2[m1,C(k),m : QizG[ml,C(kz),mg].

By Lemma 5, F E A. It is easy (but a bit tedious) to check that for each fE TmF there
exists a k € w and {hy : v € PG(x[G])} C Fill; with

-

Th{f] € Th(x([G])[h,/7 : v € PC(x[G])).

But then, by Lemma 11, for each f € 7, F there exists {hy,:ve€ PG(k[G])} C Fill,, with

-

Thinwlf] € Thinw (5(IG) 7y /7 : v € PG(5[G)))).

By (4), there is an f € 7,,F with [f] = A. Hence there is a set {hy,:ve€ PG(k[G])} C Fill,,
with £([G])[hy /7 : v € PG(K[G])] = A

(3) = (4). Assume that (3) holds and suppose that G € SDS with [G] = A. It is
easy to check that [C’;’]Jr is simple. By Proposition 4, [C’;’]Jr is finitely generated. Hence (3)
applies to A = [G]T. Thus there exists a H = (h, S, B) with 4 | A and Ht ~ [G]*.
Certainly we may assume that all the atoms in # T are of the form {z} for an x € h. Thus,
we may assume there is a sequence h = (h; : 1 < i < r) with (h, S) = [A] and such that

h; = G;, whenever G; is finite,

e hi = w<(m1) < f; <w”(myz), for an arbitrary (possibly empty) f;, whenever G; =
G[mla C(k)a mZ]'

h; = w<(l) < f;, for some f; with f; = 0 or f; € [J,—*], whenever G; = G[l, C(k)].
h; = f; <w> (1), for some f; with f; = 0 or f; € [«F,J], whenever G; = G[C(k),]].

Let 1 < ¢ < r. By Theorem 18 (1) of Part I, we have that f; = ) or, for all S € M
with f; € S, there exists § € SBK with Thf; C Th[g] and [¢] € S. Using this fact it is
straightforward to show that there exists | € w and h} € 7,G; such that Thh; C Thh}.
Hence, by Lemma 11 and Proposition 5 of Part I, there exists a h? € 7,,G; with

Thnwhi C Thywh! = Thy,h?.
But then, [1%] £ A and k2 € 7,,G, for h? := (h?:1<i<r).

(1) = (3) is clear. Hence (1), (3), (4), and (5) are equivalent. The equivalence (1) <
(2) follows from (1) < (3) with Theorem 1. -
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Theorem 14 {® C —Ly finite : Lin.t® ® is strongly complete } is recursive. Moreover,
A=Lint®®, ® C =Lyy, n)s is strongly complete iff, for all G € SDS with [g] = A and
Cl(G) < n, S(Q) <m+2, IR(G) <m+1, and R(G) < 1+4m(1 + (m+1)(m +2)), there
exists a f € TG with [f] £ A.

Proof. By Theorem 6 it suffices to show the moreover part. The direction from left to
right follows from Theorem 13. Conversely suppose that A is not strongly complete. By
Theorem 13, there is a H# = (H; : 1 < j < r) € SDS with [#] = A such that [f] }£ A, for
all f#e TmH. For G € DS define a set of frames t».G by putting

(G} : G finite,
(G, C(n)]} U{G,C(n)] ah<aCk): h € Fill,} : G=G[,CH),
{G[C(n), ]} U{C(k) <«h aG[C(n),l]: h € Fill,,} : G =G[C(k),I],
{G[m1,C(n)] <h <1 G[C(n),ms] : h € Fill,,} : G = G[my,C(

tyG =
)7m2]

By Lemma 17 of Part I there is a bijection 7 : 7,,G — t7 G such that

1. Thyph = Thy ,m(h), for all b € 7,,G.
2. Also, ThH C Thg, for all H € . G.

Note that each frame F € ¢ G is of the form [F], for some F € SDS. Thus, by (1.) and
(2.) we may assume that there is an infinite H; in H such that

H' QM <QH? A,

for H' = (H1 < ... <9 H;—1) and H? = (Hi1 < .. - A Hy), and all H € ¢, H;. (We briefly
justify this assumption. Assume that there is no H € SDS with

(i) [H] = A and (ii) [f] j& A, for all f € m,H,

in which such a #; occurs. Put #(0) = H for some # with (i) and (ii). Certainly
there is an infinite #; in . Also, there is a sequence F' with [f e by Hi such that
H < [F!] < H2 = A. Denote the sequence resulting by replacing H; by [F 11in #(0 ) by
#(1). Then #(1) also satisfies (i) and (ii). We go on with (1) and form #(2), #(3)
etc. in the same way. Finally we get a 7(j) € SDS with k > n, for all G[C(k),I] and
G[l,C(k)] in 7-[( /), and in which there does not occur a frame from DI. But then [f] |= A,
for a f € T (j), by Lemma 17 of Part I. This contradicts condition (i) for 7()).

By Proposition 7, there exist F1, Fy € SBDy with R(F)) +R(F2) < 4m|H], CI(F;) <
n, S(]—") <m+2, IR(]—") <m+1, for j € {1,2}, such that

[fl] < HZ' < [fg] |= ® and [f1] 4H [FQ] [# <I>,

forall H € H =t H;. We have [H| <1+ (m+ 1)(m + 2) Certainly we may assume that
CU(H;) < n, S(H;) < m + 2. Then the sequence g (]—"1, H;, Fs) satisfies the cardinality
conditions and, by (1.) and (2.), [f] £ A, for all f € 7,,,G.

Examples. Put, for n > 0, gap,, = -3([J, ="],[<", J]), and define
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e Gap, = Lin.t ® gap,,,
e Gap, = Gap,, ® -37C(0) @ -3P[Jok, C(0)] & —~37[C(0), Jok],

e O, = Gap, ®Densy, where Dens; is the ~Ly-formula corresponding to the density
axiom OFOTp — Otp.

Dens; and gap = gap, are discussed in Part T where is it also shown that ©; = Th(R, <),
R the set of reals.

Corollary 15 For all n > 0, Gap,,, Gap,, and ©,, are strongly complete and complex
but not d-persistent.

Proof. Let A be one of those logics and suppose that G € SDS with [G] = A. Tt is readily
checked that

R([GDIL /7 : v € PG(K[G))] [ A.

Thus A is strongly complete, by Theorem 13. Certainly G[2,C(n),2] = A, for alln > 1.
There is an m > 1 with gap,, € A. But then KG[2,C(m), 2] = A. Hence, by Proposition
4, A is not d-persistent. -

It is well known and easy to check that d-persistency transfers under forming joins of
logics, i.e., if Ay and Ay are d-persistent, then so is A; LI As. We are now going to show
that this does not hold for strong completeness.

Recall from Part I the axiomatization the logic Lin.t ® RDisc determined by the class
of weak orderings in which each irreflexive point has an immediate irreflexive successor.
This logic is d-persistent, hence complex and strongly complete.

Corollary 16 (1) There are strongly complete logics A1 and Ao such that Ay L Ay is not
strongly complete. (2) There are complex varieties Vi and Vo such that Vi N Vs is not
complex.

Proof. (1) It suffices to show that A = Gap, Ll (Lin.t @ RDisc) is not strongly complete.
But G[0,C(2)] = A and (w<(0) < h <1 C(2)) £ A, for all h € Fill,,, m € w. By Theorem
13, A is not strongly complete. (2) Put V; = V(Gap,) and V2 = V(Lin.t @ RDisc). 4

Let us finally give a simple example of a complete but not strongly complete tense
logic, namely A = Th((Z, <)), where Z denotes the set of integers. A finite axiomatization
of A is delivered in Part I. Now we have

(G[C(1),0] < G[0,C(1)]) E A but (C(1) < f<C(1)) = A,

for all tense frames f. Thus, by Theorem 13 (5.), A is not strongly complete.
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4 d-persistency and elementarity

Again we need an easily proved simplification of the notion of d-persistency.

Proposition 17 A tense logic A is d-persistent iff kG = A, whenever G is a descriptive
tense frame validating A.

In order to prove that each d-persistent tense logic is elementary we introduce another
language for talking about intervals in Kripke frames. Consider the following interval

types.

o
|

{[C(n), C(m)]|n,m € w} U{C(0)}
{[C(n), =]In € w}
{[&= C(n)]In € w}
{[

C C C

Lemma 18 Let P € =Ly. Then there exist Q1,...,Qn € ~Lq such that
gE P& (Yi<n)(gF Q)
for all Kripke frames g.

Proof. Certainly it suffices to show that for each S € M there exists a set Qs of interval
types in Q such that

g F~FS & (VB e s)(g = ~FB).

For instance, for S = [J, =] the set
Qs = {[C(0), C(m)], [C(0), =], [C(1), C(m)], [C(1), =], [, =]}
is as required. All the other cases are similar.-

For an interval type B € Q denote by L(B) and R(B) the symbol to the left and the
symbol to the right in B, respectively. Put

Ing = {F(Bi: 1 <i <n) € Lo: ~(3i < n)(R(B:) == AL(Biy1) =)}
Lemma 19 Suppose that QQ € ~Lyg. Then Modg,Q is first order definable.
Proof. Obvious.H

Lemma 20 Suppose that k[G] = A, for all G € SDS with [G] = A. Then Modg A is
definable in —~Lyg.
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Proof. Suppose that Modg, A is not definable in —=Lyg. Put

I'={-Q€-Lnc: (V9)(9g F Q=g F N}
We have M D Modg, A, for M = Modg,I'. Moreover h € M — Modg, A iff

1. there exists =3”S € A such that h = S.

2. ~3FS ¢ A, for all S € M such that there is a partition I of h with h, f|: S such that
gap(I) contains no proper gap.

Take an (f, R) € M — Modg, A and a partition I = (I; : 1 <4 <r)of (f,R) such that
(f,R),I E S, for some S with =3”S € A. We may assume that the size of clusters in (f, R)
is bounded by CI(S). We show that, for 1 < i < r, there is a sequence h’ € SBK with

(a) fr. € B=[h'] € B, for all B € Q.

b) For all S € M, if hi ,fl S and ap J') contains no proper gaps then the exists a
g g
partition J2 of [, such that gap(ﬁ) contains no proper gaps and so that fr,, J? =S.

(c) Th[R] D Thfy,.

Note that it follows from (a) that [k'] € S;. One has to distiguish the cases I; € B = [C(0)],
I; € B=[C(m),C(n)], where m,n € w are maximal with this property, I; € B = [+, C(n)],
where n € w is maximal with this property, I; € B = [C(n), —], where n € w is maximal
with this property, and I; € B = [+, —]. In all those cases there exists a hi satisfying (b)
and (c) with [A’] € B. The proof is similar to the proof of Proposition 7 in Part I. Some
care has to be taken in order to satisfy condition (b). Instead of delivering the tedious
detailed proof we give two instructive examples. Assume

f[i = (Qa <>7

where Q is the set of rational numbers. Then the frame (w” (1) < w=<(1)) satisfies all the
conditions required for h? with the exception of (b). (b) is not satisfied since

(w” (1) Qw=(1)) 3, =", [, D),

Y AL, B) | ([T, =1, [« J)) only if I € [J,—] and I € [«+, J]. Here the frame
C(0) <w~(2)) is as required.

Now assume
fr; = C(1) <w”(0) <w=(0) Qw”(0) <w=(0) Qw”(0) <w=(0)...

Then the frame w<(1) satisfies all the conditions for * with the exception of (b). Here a
counterexample for (b) is the sequence

S = ([« I, [, =], [, )
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The frame C(1) <w”(0) < w<(0) is as required.
Put g=1(g;: 1 <i<k) ::(ﬁi:lgigﬂand
Dy ={1<i<k:g=w (m) and gi;1 = w” (my) for some mi, my € w},

y={1<i<k:ii—1¢D},
and n = max{C1(S),2}. Now define, for i € Dy U D,

gi : g; finite,
G — G[l,C(n)] : ¢ =w<(l), i € Do,
t [ (’I’L) ] : gi:w>(l)a i@ € Dy,
G[my1,C(n),ms] : gi =w<(m1), git1 = w”(ma),

and put G = (Gi : 1 € Dy U D»). Tt follows from condition (b) for l_ii, 1 <4<r, and
the construction of G that [G] = A. (Case four in the definition of G; is essential). On the
other hand, by condition (a) for h? and the construction of G, we have [G] [~ A. Details
are left to the reader. 4

Theorem 21 The following conditions are equivalent, for each tense logic A.

k[G] = A, for all G € SDS with [G] = A
2. A is complete and Modg, A is definable in ~Lyg.
3. A is elementary.
4. A is d-persistent.

Proof. (1) = (2) is Lemma 20. (2) = (3) is Lemma 19. (3) = (4) is proved in [2] and
(4) = (1) is trivial.

Theorem 22 {® C —Ly finite : Lin.t ® ® is d-persistent } is recursive. Moreover,
A =Lint @& ®, ® C =Lyyn), is d-persistent iff, for all G € SDS with [G] = A and
Cl(G) <, S(G) <m+2, IR(G) <m+1 and R(G) < 1+ 4m, we have k[G] = A, as well.

Proof. By Theorem 6, it suffices to show the moreover part. The direction from left to
right follows from Proposition 4. Now suppose that A is not d-persistent. By Theorem
21, there isa H = (H; : 1 <i < r) € SDS with [H] E A but s[H] |£ A. Put, for G € DS
and k£ > 0,

{G} : G finite,
kG = G(n, C(k)] 9 C(m) QZG[ C(m)],
C(m) 2 G[C(k), n] Q=G[( ); n],
Glmy, C(F)] 29 C(m) < G[C(k),me] : G = Glmy,C(m), my].
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By Lemma 17 of Part I,

ThynkG = Thy, 55,3,
for all G € SDS. Hence we may assume that there exists a H; such that H' < s, H; AH? [~
A, for H' = (H1 <...<H;—1) and H? = (H;11 < ... <H,). By Proposition 7 there exist
F1,Fy € SBDg with R(F)+R(Fy) < 4m, CI(F;) < n, S(F;) < m+2, and TR(F;) < m+1,
for j € {1,2}, such that

[f1] <G < [fQ] ): ® and [f1] dtpH; < [fQ] l# P,

(Here we put H = {s,;}). We may assume that Cl(#;) < n, S(H;) < m + 2. But then

) +
the sequence G = (F1, H;, F2) satisfies the cardinality conditions and k[G] [~ A.

5 r-persistency

In [7] it is shown that each refined frame # is, in a certain sense, embeddable into a
descriptive frame G with H* ~ G*. (Intuitively, this is achieved by adding precisely those
ultrafilters U in H* to h for which U = (). The precise formulation is as follows.

Proposition 23 Suppose that Ht ~ G*, where H = (h,S, A) is descriptive and G is
refined. Then there exists Hy = (hy, S1, A1), where hy C h, S; = SNh? and Ay = {aNhy :
a € A}, such that G ~ H; and such that a — aNhy, a € A, defines an isomorphism from
H onto Hi. Moreover, for the canonical type assignment ¢ for H and all clusters C' in H,

e C C hy or C N hy infinite, for cC = (m, m).
e C C hy or C N hy is infinite or C N hy =0, for cC € {(m,j), (j,m)}.
e C'Nhy is arbitrary, for cC = (j,j).

Proof. The first part is shown in [7] and the moreover part is an immediate consequence
of the first part and the description of clusters in descriptive tense frames.

For refined frames we have to take some care when working with Lj; instead of L.
Theorem 2 does not hold for refined frames. (For example, the theories of G[0,C(1)] and

G := (w=(0),{a C w : a finite or cofinite })

in £, coincide but G[0,C(1)] € [J,—?] and G € [J,—2]). So, we shall not evaluate
formulas from —Ly in frames which are not in Dfr U Fr but define the expression G = A
as an abbrevation of (G7), |= A. This should not lead to confusion since we shall use it
only two times.

Corollary 24 Suppose that A is not r-persistent. Then there exists a descriptive frame H
with H |= A and a refined frame Hy = (h1, Sy, A1) with kM1 = A and hy C h, Sy = SNhA?
and Ay ={aNhy :a € A}, such that a — aNhy, a € A, defines an isomorphism from H
onto Hi and such that for the canonical type assignment ¢ for H and all clusters C' in H,
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e C C hy, for cC = (m,m).
e CChyorCNhy=0, forcC € {(m,j), (j,m)}.
e C N hy arbitrary, for cC = (j,j).
Proof. Suppose that A is not r-persistent. There exists a refined tense frame G with
kG = A and G = A. Certainly there exists a descriptive frame H = (h,S, A) with

HT ~ GT. Take a frame H}| = (b}, S}, A]) which satiefies the condition of Proposition 23.
Now put, for C' a cluster in h, C; = b} NC if K} N C is finite, and Cy = C, otherwise. Put

hy = hj U U{01 : C cluster in h},

and Hy = (h1,SNh3,{aNhy : a € A}). Only the size of infinite clusters is manipulated.
So it is straightforward to show that #; is as required. —

Put, for G € DS,

(G} : G finite,
G — {ws(n)}U{sG} : G=Gn,C(m),
{w>(n)}u{sg} : G=G[C(m),n],
{w<(m1) Qw”(m2)} U{w<(m1) < C(m) Qw”(ms)} G = G[my,C(m), ms],

and define, for g”:(gi;1§¢§r> e SDS,
SJ:{<fi:1§i§7“>3fi68gi,1§7;§7“}.

Note that, for G € SDS and H = [G], the frames in {[f] : f € sG} basically coincide with
the frames of the form k#q, for H; satisfying the conditions of Corollary 24 with respect
to H.

Theorem 25 The following properties are equivalent, for A = Lin.t @ ®, ® C =Ly p)-

1. A is r-persistent.

— — -,

, for all fg sG with G € SDS and CI(G) < n, S(G) <m+2, IR(G) < m+1,
dm and [G] E A.

2. [fl E A, for dll f € sG with G € SDS and [G] = A.
3

r
T
IN =

The set {® C =Ly finite : Lin.t & ® is r-persistent } is recursive.

-,

Proof. (1) = (2). Consider (h,S) = [f], for a f € sG with [G] = A. For [G] = (g, R, A)
we may assume that h C g and S = RNh2%. Put B = {aNh:a € A} and H = (h, S, B). Tt
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is easy to check that a — aNh, a € A, defines an isomorphism from G* onto H'. Clearly
H is refined. Hence, by (1), (h,S) E A

(2) = (3) is trivial.

(3) = (1). (Sketch) Suppose that A is not r-persistent. Take a descriptive frame H
with 1 = A and a refined frame #; satisfying the conditions of Corollary 24. So we have
KH1 E —E|1”§, for a ~3’S € ®. Similar to a lot of previous examples and especially to the
proof of Proposition 7 of Part I we can reduce H; in such a way that we get a G € SDS
satisfying the cardinality conditions of (3) such that there is an f € sG with [f] = —3S.
We leave the construction to the reader.

A simple example of a d-persistent tense logic which is not r-persistent is the logic
Mk.t defined in Part I. It is easily verified that this logic is d-persistent. On the other
hand, MKk.t¢ is not r-persistent since

G[0,C(1)] = Mk.t but w<(0) £ Mk.t.

6 The finite model property

Recall from Part I the definition of the k-diagram dgkg € L of sequences G € BDg. Tt
has the properties

-

H |: dgk[g] = Thk,w(H) g Thk,w[ ]7

- -

for all H (cf. Proposition 8, Part I).

Lemma 26 Let m € w. A finitely axiomatizable logic A is determined by a class M of
frames iff, for all G € SBDy with [G] = A and all k > m, there exists H € M with H |= A
and H = dg,G.

Proof. By Theorem 14 (1) of Part I, each finitely axiomatizable logic is determined by a
class of frames {[G] : G € Q}, with Q@ C SBDy. Now the Lemma follows with Proposition
8 of Part 1. -

For G € BDg and k,[l € w define a set of frames 0;;G by putting

(G} : G finite,
{n(k+1)<(n)ah<aC(m):heFil}} : G=Gn,C(m)], n>0,
oG = {(k+1)<(0)<h<aC(m):heFil} : G=G[0,C(m)],
{C(m)<ah<an(k+1)<(n):heFil} : G=G[C(m),n], n>0,
{C(m)<h<a(k+1)<(0):heFil} : G=G[C(m),0],
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and define, for a sequence G = (Gi:1<i<r)eSBD,

Ul]gg {( 1< < r) fi € oG, 1 <i < r} and Uka U{o’lkg -l e w}_

Lemma 27 For all G € SBDg and all finite frames h, h |= dgkC; iff there exists f#e oG
with Thh C Th[f].

Proof. We have [f] |= dg,G, for all f € akg Conversely, suppose that h [= dg, G, for a
finite frame h. Assume that dg,G; = 3 Sifor 1 <i<r andthat I = (I; : 1<¢<r)
is a partition of h such that hy, = EIpSZ, 1 < i < r. The Lemma follows if there exist
fi € oxG; with Thhy, C Thf;, for 1 <4 < r. This is clear if G; is finite. Suppose that
G; = G[n,C(m)],n > 0. Certainly we may assume that

hr, =n(k+1)<(n) <h' < C(m),

for some finite frame h’. But, by Lemma 11, there exists a [ € w and a ¢g € Fill; with
Thh! C Thg. Hence
Thhy, € Th(n(k +1)<(n) < g < C(m)),

and the frame to the right is in 04G;. The cases G; = G[0,C(m)] and G; = G[C(m),n],
n € w, are considered similar. H

Theorem 28 {® C —Ly finite : Lin.t & ® has the fmp } is a recursive set. Moreover,
for A=Lint & ®, ® C =Ly( ), the following conditions are equivalent.

1. A has the fmp.

2. Fgr all G € SBD, with [C;] = A and all k > m there there exists f € ng with
[flEA

3. For all G € SBDy with [G] = A and CI(G) < n, S(G) <m+2, IR(G) <m+1, and
R(G) < 1+ 4m(m +1)(m +2), there ezists f € ommG with [f] = A.

Proof. By Theorem 6 is suffices to show the moreover part. We have

(a) (3f € o) ([f] EA) < Af € 0mmG)([f] E A)), for all G € SBDg and all k > m.

-

(b) Thynw[f] € Thimw[G), for all f € oppmG and all G € SBDy.

(a) follows from Lemma 13 of Part I and (b) follows from [f] = dg,,G, for all f € 6,,G.

(1.) & (2.) follows from Lemma 26 and Lemma 27 and (2.) = (3.) follows immediately
from (a). It remains to show (3.) = (2.). Suppose that thereisa G =(G;: 1 <i<r) €
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SBDy and a k > m such that [f] b A, for all f € 03,G. By (a), [f] i A, for all f € 5,nmG.
We may assume, by (b), that there is an infinite G; in G such that

Hi < f <Hg EA,

for H1 = (G1<...<4G;1) and Ho = (Gi+1<9...<4G,) and all f € 01, G (The justification
of this assumption is similar to the proof of Theorem 14). By Proposition 7, there exist fl,
Fy € SBDy with R(F)+R(Fs) < 4m|H|, CI(F;) < n, S(F;) < m+2, and IR(F;) < m+1,
for j € {1,2}, such that

[F1] <G < [Fa] £ ® and [F1] < f < [Fo] = @,

for all f € H := 0nGi. We have [H| < (m + 1)(m + 2). Certainly we may assume
that Cl(G;) < m, S(G;) < m + 2. Thus H = (F1, G, Fa) refutes (3.), i.e. H satisfies the
cardinality conditions of (3.) and there does not exist a f € oM such that [f] = A. -

7 Completeness

For G € BDy and [,k € w define a set of frames ;G by putting

{G} : G finite,
G =< oG U{w<(n)}U{w<(n)<g<C(m):g€Fil;} : G=Gln,C(m)],
oG U{w” (n)}U{C(m) Qg <w”(n):g € Fil} : G=G[C(m),n],

and put, for a sequence G = (Gi:1<i<r)eSBDy,
G ={(fi:1<i<r:fi€yGi1<i<r}and vG =J{mG:1€w}

Lemma 29 For all G e SBIZO and all Kripke frames h, if h |= dgkC; then there exists
[ € %G with Thy ,h C Thy ,[f].

Proof. Suppose that h = dgkg, for a Kripke frame h. Let dg,G; = Elpgi, for1 <i<r,
and assume that (I; : 1 < ¢ < r) is a partition of h such that h;, = E!pgi, 1 <3 <7r. The
Lemma follows if there exist f; € v;G; with Thy, ,f; O Thy ,hy,, for all 1 <4 <r. This is
clear if G; is finite. Suppose that G; = G[n, C(m)],n > 0. Certainly we may assume that

(a) hr, = n(k +1)<(n) < f' < C(m) or (b) hy; = n(k+1)<(n) < f?,

where fl and f? are Kripke frames and f2? € [J,—]. If (b) holds then Thyhs, C
Thiww<(n) and w<(n) € v,G;. Now assume (a).

Case 1. f! is finite. Then the statement follows as in Lemma 27.
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Case 2. f! is infinite. By Theorem 18 of Part I, t here exists a sequence f = (fi:
1 < i <t) e SBK with Thf! C Th[f]. Suppose that there is a minimal j such that
fj = w”(m), for some m € w. Then

Thhy, CTh(n(k+1)<(n) <[(fi: 1 <i<j—1)]<aC(m)).

Thus, we may assume that f contains no w>(m) since (f; : 1 < i < j — 1) contains no
w” (m). Now take a maximal j <t such that f; = w<(m), for some m € w. Then

Thhy, C Th(w<(n) <[(fi:j +1 < i <#)] < C(m))
and [(f; : 7+ 1 <1 <t)] is finite. Case 2 is reduced to Case 1.

The cases G; = G[0,C(m)] and G; = G[C(m),n| are treated similar.

Theorem 30 {® C —Ly finite : Lin.t ® ® is complete } is a recursive set. Moreover, for
A =Lint® ®, ® C ~Ly(m,n), the following conditions are equivalent.

1. A is complete.
2. For all G € SBDy with [G] = A and k > m there exists f € vG with [f] = A.

—

3. For all G € SBDy with [G] = A and CI(G) < n, S(g) <m+2, IR(G)

<m+1, and
R(G) <1+ 4m(1 + 2(m + 1)(m +2)), there ezists f € ymmG with [f] = A

Proof. By Theorem 6 is suffices to show the moreover part. Similar to the proof of
Theorem 28 we obtain

(a) (3F € ) (f] £ A) & BF € Yum@)([f] E A), for all G € SBDg and all k > m.
(b) Thimw[f] € Thimw, for all f € ymmG and all G € SBD,,.

(1) & ( ) follows from Lemma 26 and Lemma 29 and the fact that [f] | dg,G, for all
€ G. (2) = (3) follows immediately from (a). (3) = (2). Suppose that there is a
= (G; : 1<z<r)ESBDgandak>msuchthat[][#A for all f € v,G. By (a),

[f] & A, for all f € vmmG. Put, for G € BDy,

f
G

gmng = Ummg U tzlg

Now the proof is basically a combination of the proofs of Theorems 14 and 28. There is a
bijection 7 : ¥mG — gmnG such that Thy, , f = Thy, n7(f), for all f € yp,G. Hence, by
(b), we may assume that there is an infinite G; such that for all # € ¢,,, 3,

Hi <H <QHs A,
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for H1 = (G1 <...<G;—1) and Ho = (Giy1 < ... < G,). By Proposition 7 there exist fl,
Fy € SBDg with R(Fy) + R(F2) < 4m[H|, CI(Fj) < n, S(F;) < m+2, IR(F;) <m + 1,
for j € {1,2} such that

[F1] <G < [Fo] = ® and [F1] <H < [Fo] B @,

for all # € H := gmnGi- Again we may assume that Cl(G;) <n and S(G;) <m + 2. Thus
(F1,Gi, Fo) refutes (3).
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