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Abstract

We shall describe the set of strongly meet irreducible logics in the lattice ELin.t of
normal tense logics (in the bimodal propositional language) of weak orderings. Based
on this description it is shown that all logics in £Lin.t are independently axiomatiz-
able. Then the description is used in order to investigate tense logics with respect to
decidability, finite axiomatizability, axiomatization problems and completeness with
respect to Kripke semantics. The main tool for the investigation is a translation of
bimodal formulas into a language talking about partitions of general frames into in-
tervals so that relative to both Kripke frames and descriptive frames the expressive
power of both languages coincides.
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1 Introduction

In an algebraic lattice D of modal logics there always exists a uniquely determined subset
D of D such that

[Completeness] for all A € D there exists {A;|i € I} C D with A = N(A;]i € I).
[Irreducibility] For all A € D and {A;[i € I} CD: A =(\(Asli € I) = Ji € I(A = A;).

We call D the irreducible basis for D. The logics in D are precisely the strongly meet
irreducible ((-irreducible) logics in D and the completeness part is a consequence of
Zorn’s Lemma. (See [11], for example). Since lattices of modal logics are usually induced
by finitary consequence relations the condition that the lattice of logics is algebraic is no
essential limitation. So usually the (-irreducible logics form the building blocks of a lattice
of modal logics, comparable to the primes which form the building blocks of the natural
numbers. The description of a lattice of modal logics is reduced to the description of the
irreducible basis, and the investigation of a specific system is reduced to the representation
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of the system as an intersection of ()-irreducibles. In a sense, this is what investigations on
the finite model property (fmp) of modal logics are about. The theory of a finite and rooted
frame is always ()-irreducible, thus proving the fmp of a system provides a representation
as an intersection of (-irreducible logics. From this point of view the famous result of
BuLL [3] is basically of interest because via the fmp off all logics above S4.3 we get an
irreducible basis for the lattice of extensions of S4.3. Things are not so easy if not all
logics have the fmp and it is, for example, impossible to describe the irreducible basis of
the lattice of normal unimodal logics. But fortunately for tense logics of weak orderings
(i.e. sets with a relation R which is transitive and satisfies Vz, y(zRy VyRxz V z = y)) such
a description is possible, and the object of the present paper is to describe them and draw
basic conclusions. Let us fix some notation. By £ we denote the propositional bimodal
language with modal operators OF and O~. Here a tense logic A is a subset of £ which
contains all classical tautologies, the distribution axioms O(p — ¢) — (Op — Ogq), for
O = OT,07, the tense axioms

p—=0OrOp, p— O Ofp, Ofp = OO,

the well known linearity axioms .3 formulated for both O and O~, and which is closed
under Modus Ponens, Substitutions and RN : p/Op, for O = O, 0. Denote by Lin.t
the smallest tense logic and by £Lin.t the lattice of all tense logics. Many tense logics
have been investigated. See, for example, [1], [4], [5], [8], [9], and [12]. The approach of the
present paper is different from those investigations. While usually research on tense logic
is focused on some isolated systems here we try to understand a tense logic by investigating
its position within the lattice of tense logics. L is interpreted in general tense frames, i.e.,
structures G = (g, RT, R~, A) such that R~ = (Rt)™', (g, R") is a weak ordering, and
A C 29 is closed under finite intersections, complements and

Oa ={z € g|(Vy € g)(zRy = y € a}

for (O, R) = (0", R™), (0, R™). Note that this is not the usual definition since we do not
allow disjoint unions of weak orderings. But all we need can be formulated in a simpler
way for this restricted class of frames. G is a Kripke frame iff A = 29 and we denote it
by (g, R*, R™) or simply by g. The class of Kripke frames is denoted by Fr. Valuations
V' of general frames are defined as usual and we say that a model (G,V) refutes ¢ if
V(¢) # g and write (G, V) = ¢ iff V(¢) = g. The theory of a tense frame is ThG = {¢ €
LIVV(G,V) |= ¢)} and the theory of a class of tense frames K is ThK = N{ThG|G € K}.
As is well known, the theories of classes of tense frames are precisely the logics in ELin.t.
If A = ThK then we say that A is determined by K and we call A Kripke complete if
A is determined by a class of Kripke frames. It will be shown that for a [)-irreducible
logic A € ELin.t there exists no infinite Kripke frame validating A. Hence, as a rule,
(N-irreducible logics are not Kripke complete.

The investigation would be quite tedious and unreadable if we had to work in the
language of tense logic. But it turns out that we don’t need tense operators at all, for we
can effectively translate each formula in £ into a language — Ly talking about partitions of
tense frames into intervals. Since the basic tense logics are not Kripke complete we need
correspondence not only for Kripke frames but also for a class of general frames. Such a
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correspondence is achieved for descriptive frames via a natural definition of the notion of
an interval in general tense frames. We shall now give a survey of the paper. Chapter 2
introduces the language — Ly for talking about intervals in general frames and in Chapter
3 we show the correpondence between tense logic and —Ly;. After that no tense operators
will occur in this paper. In Chapter 4 the irreducible basis of £Lin.t is described. It
will be shown that it has a very nice property: There is no infinite strictly ascending
chain of (-irreducible logics in £Lin.t. We use this result in order to prove that ELin.t
is strongly coatomic and that all tense logics are independently axiomatizable. Recall
that, by an early result of BLOK [2], the lattice of normal unimodal logics is not strongly
coatomic. By a recent result of CHAGROV and ZAKHARYASCHEV [6] this also holds for
the lattice of unimodal logics above K4; they also show that not all logics above K4 are
independently axiomatizable. So both coatomicity as well as independent axiomatizability
are quite rare properties of lattices of modal logics. In order to avoid confusion let us note
the following. Denote by Lin.t & ® the smallest tense logic containing ® C £. Then we
may ask whether £Lin.t has an independent basis, i.e. whether there exists a minimal
set I' C L such that for all A € ELin.t there exists ® C I"' with A = Lin.t & ®. Now it
follows immediately from the facts that (1) Lin.t has the fmp and (2) there exists a logic
above Lin.t without the fmp, that £Lin.t does not have an independent basis (see, for
example [14]). So one has to distinguish carefully between our notion of an irreducible
basis and the syntactical notion of an independent basis. In Chapter 5 the irreducible
basis is used in order to prove results on decidability and finite axiomatizability. It turns
out that all (-irreducible logics are decidable, hence all finitely axiomatizable tense logics
are decidable. Application of Kruskal’s Tree Theorem to the irreducible basis allows to
prove general results on finite axiomatizability; for example, all tense logics containing the
density axiom OFOTp — OTp are finitely axiomatizable. The last chapter is dedicated
to logics related to Kripke complete logics. We shall describe the ()-irreducible logics in
the semi-lattice £, Lin.t of Kripke complete logics and relate them to the irreducible basis
for £Lin.t. Again all logics in this basis are decidable and it also follows that all Kripke
complete logics are determined by Kripke frames of cardinality < Ry. Recall that this is
not true if we omit the linearity and transitivity axioms, see [13]. As already indicated
above, Kripke complete logics are surrounded by a huge number of Kripke incomplete
logics. Another result in this direction is that for any theory A = Th(g) of a Kripke frame
g there exist 280 tense logics whose Kripke frames coincide with the Kripke frames for
A. Two classes of tense logics are of special interest. The set of theories of classes of
strict orderings, denoted by £gLint.t, and the set of theories of classes of orderings (i.e.
weak orderings with 2Ry < x = y), here denoted by EoLin.t. Axiomatizing the theory
of such a class usually reduces to the problem to seperate the theory from its Kripke
incomplete neighbours by axioms. This problem is solved in general by the following
result. Using the language —L) we shall give natural syntactic definitions of complete
sublattices £,Lin.t,n = 1,2, of £Lin.t such that

EsLin.t C & Lin.t and £pLin.t C &Lin.t

and so that all finitely axiomatizable logics in £,Lin.t, n = 1,2, are Kripke complete.
Since those lattices are defined by means of syntax this result has, restricted to tense
logics, similar applications as Sahlqvist’s Theorem for first order definable logics. For
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instance, axiomatization problems are reduced to simple exercises. Finally we give a
outlook on further applications and open problems.

I should like to thank M. Kracht for several helpful suggestions.

2 The Interval Language

For a general tense frame G = (g, A) the set A forms an algebra Gt = (A,N,—, 0", 0, ¢),
here called the induced algebra of G. The underlying Kripke frame of G is Gy = g.
This paper basically deals with Kripke frames and descriptive frames, i.e., frames G =
(9, R*, R™, A) with

[refi]z =y Va€ A(zr €a & y € a),

[refs] Ry < Va € A(x € Oa = y € a),

for (O,R) = (OF,R"), (07, R™), and NU # 0, for all ultrafilters U in (4,N, —,g). The
class of descriptive frames is denoted by Dfr. Note that all tense logics are determined by
descriptive frames. Some more notation is needed. A cluster in a frame (g, R*, R™) is a
maximal subset C of g such that zRTy = yR™z, for all z,y € C. So weak orderings are
strict orderings of clusters. We denote clusters by C,D,C;,Cj... and call an irreflexive
point a degenerate cluster. An interval in a Kripke frame (g, R*, R™) is a non-empty
subset I of g such that {z € gltRT 2Ry} C I, for all 7,3 € g. An interval in a general
frame G = (g, A) is an interval I in G, = g such that I € A. Clearly the intervals in G
form a subset of the intervals in ¢g. Let us take an example. Define g = w U oo,

Rt ={(n,m)|n <m € w}U (wU{oc}) x {oo},

A = {a C gla finite and oo € a or a cofinite and co € a}

Put G[0,C(1)] = (g,R",R™, A). (The reason for this notation will become clear later).
Then {co} and w are intervals in the underlying Kripke frame of G[0,C(1)] but they
are not intervals in G[0,C(1)] itself. An important property of intervals I in G is that
they induce again a general frame with underlying Kripke frame (I, R*, R~). (We write
(I,RT,R™) or simply I instead of (I, R* N I?, R~ NI?)) . Namely, the structure

gI: <IaR+7R_7IﬂA>

with TN A = {anIla € A} turns out to be a frame. Moreover Gy is descriptive if G
is descriptive. It is readily checked that the sets Iy = {z € g — I|(Jy € I)zxR"y} and
I, ={z € g —I|(3y € I)xRy} form intervals as well, if they are non-empty. Hence we
have a partition of G into three intervals. Let us look at this situation from another point
of view. For a finite sequence of mutually disjoint frames G; = (g;, S;", S; , 4;),0 <i < n,
define (Gp <1G1 <...<Gy) = (g,RT, R, A), where

e g=U{gli <n}.

o RT =U{Si <n}UU{gi x gjli <j}.



2 THE INTERVAL LANGUAGE )

eacAiffaCgand g;Na € A;, for 0 <i < n.

(Go <Gy <...<G,y) is a Kripke frame if all G; are Kripke frames and (Go <G1 <...<1Gy)
is descriptive if all G; are descriptive. In what follows we will not care about disjointness
when forming (Gy < ... < G,) and will always assume the use of appropriate ismorphic
copies of the frames involved. Now consider intervals Iy,...,I, in G = (g, A) so that
g=(I1 <...<1,). Then it is readily checked that G = (Gr, <... <Gy, ). In other words,
composing a frame by frames is equivalent to the notion of a partition of a frame into
intervals. This observation is, of course, trivial for Kripke frames. We define certain types
of intervals in frames. Let I be an interval in a frame G = (g, R, R™, A). We write TRt Yy
iff zR*y and —(zR y). Then

e [ is a joker if I is just an interval, we write I € Jok.

I € C(0) iff I is a degenerate cluster.
o I €[], —]iff Vz € [Ty € I(zR*y).

I € [J,C(m)], m > 0 iff there exist xg,..., 2, 1 € [ with yRTz;, for all y € 1,0 <
i <m — 1. In other words, I has a non degenerate cluster of size > m to the right.

IelJ,=»",n>1iff [ €[J,—=]orIel[J C(n)].

Define the terms I € [C(n), J], I € [+, J], I € [«+", J] as the mirror images of the definition
above. The meaning of, for instance, I € [+, —]is that I € [«", J]and I € [J, —]. Other
combinations are defined in the obvious way. We have, for example, that g € Fr is finite
iff there do not exist intervals of type [J,—"™] and [«™, J] in ¢, for some m € w. Let us
consider the frame G[0,C(1)]. Here {n € wim < n} U {oc} € [J,—!], for all m € w; but
there is no interval of type [J, —] or [J, —?2] in G[0, C(1)] since w is not an interval. With
each set T of interval types we associate a language Lt talking about partitions of frames
into intervals of type T. Let T be a subset of the set of interval types. Then precisely the
expressions
P(Si|L < i < n)
belong to LT, where (S;]1 <i <n)isa sequence of interval types from T. We shall often
simply write 3*S. A sequence of intervals I = (I; |1 <i<n)in a frame G satisfies S, in
symbols
G.ITES,
iffg= (L1 <...<1,) and I; € S;, for all i < n. We say that 37(S;|1 < i < n) holds in G,
in symbols
G E PGS <i<n,

iff there exist intervals I = (I;|1 <i < n) in G with G,I = S. We are also interested in

the set of negated formulas =Lt = {~P|P € Lt}. Then G = —3S is an abbrevation for
G £~ 3PS. Now let us restrict attention to the following set of interval types

M = {Jok, C(0)} U {[J,—=]|m > 0} U {[«", J]|m > 0} U {[«"™,—="]|m > 0}.
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M is called the set of modal interval types and the language —Lj will turn out to be
equivalent to tense logic. For ® C =Ly or ® C L and K C Fr U Dfr put

Mod (@) = {G € KIVP € B(G = P)}

and call Modk (®) the class of frames for ® in K. For example, Modpfup (=37 (Jok)) = 0
and
Modg, {—~37(C(0)), =3 (Jok, C(0))} = Modg, (O T),

as is readily checked. For ®; P C =Ly or ®; P C L put, as usual,
® = P < Modpfrur (®) 2 Modpsrure (P)-

We have, for example,
([ =" - =T,

for n > m. A subset ® of =Ly is a M-logic iff P € ® & ® = P, for all P € =Ly. The
smallest M-logic containing a set ® C =Ly is denoted by Thy(®). For G € FrU Dfr define
the M-theory of G by ThuG = {P € =Lm|G = P} and define the M-theory Thy(K) of a
class of frames K C Dfr U Fr by

ThuK = ({Thug|G € K}

We have the usual Galois-correspondence between M-theories and M-definable classes of
frames. The lattice of M-logics is denoted by £yLin.t. We are now going to justify this
notation.

3 The Translation

In order to define a translation of tense formulas into Ly the following notation will be
useful. A type assignment t = (t*,t7) is a map from the set of clusters of a frame g
into {m, j}? such that all degenerate clusters receive type (m, m). If g is finite then we
assume, for technical reasons, that all clusters of cardinality > 2 receive a type where at
least one component is m. There is a natural isomorphism between finite frames with
types and sequences S in M. More precisely, for a finite frame with types (g,t) and a
sequence S = (Si|1 < i < n) we say that S is the sequence corresponding to (g,t), and
that (g,t) is the frame with types corresponding to S, if, for g=(Ci<...4Cy), the
following holds.

is a reflexive point and tC; = (j,j) iff S; = Jok.

is an irreflexive point and tC; = (m, m) iff S; = C(0).

C;
C;
e (; is a non degenerate cluster with m points and tC; = (m, m) iff S; = [+, =>™].
C; is a non degenerate cluster with m points and tC; = (m,j) iff S; = [J, =™].
C;

is a non degenerate cluster with m points and tC; = (j,m) iff S; = [«-™, J].
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Clearly ¢, (C1,...,Cy) E S and g is the frame of minimal size with g = ?S. So we have,
up to isomorphisms, a one to one correspondence between finite frames with types and
formulas in Ly. We call 3PS the diagram of (g, t) and put dg[g,t] = 3PS, Let us define
the translation. For a finite frame

9=1(g.R",R7)=(Co<...4Cy)
with a type assignment t fix different variables p,, for = € g, and define

Afg,t) =

> > > > >

For a formula ¢ define OM¢ := ¢ A OThp A DO~ ¢ and let r € ¢g. Put
N(gat) = D(l)A(g’t)) — TPr.

We also put N(S) = N(g,t), for the frame with types (g, t) corresponding to S. Denote
by I(g) € w the length of g and denote by Cl(g) € w the cardinality of the largest cluster
in g. Put [(S) = I(g) and CI(S) = Cl(g). Then [(S) is the length of S and CI(S) = 1 if there
is no occurence of =™ or <™ in S and CI(§) = m if m is maximal with the property that
there is an occurence of —" or <™ in §, otherwise.

Remark 1 Readers familiar with the literature on splittings in modal logic or canonical
formulas in the sense of [17] will find the formula N(g,t) quite natural. If tC = (m, m),
for all clusters C then N(g, t) is deductively equivalent to the usual splitting formula (alias
frame formula or Jankov formula) for g in ELin.t. (See, for example [14]). In general the
logic axiomatized by N(g,t) can be interpreted as the smallest tense logic which omits g
in a stronger sense, depending on the type assignment t.

For a tense formula ¢ denote by sb(¢) the set of subformulas of ¢ and denote by I(¢) € w
the cardinality of sb(¢). Denote by var(¢) the set of variables in ¢. Now we can formulate

Theorem 1 (1) Modprqur(—E!pg) = Modprqur(N(g)), for all sequences SeM.

(2) There is an effective procedure which gives for tense formulas ¢ a finite set N(¢p) of
modal interval types such that

Modps (¢) = Modps{N(S)|S € N(¢)}.

Moreover, we can choose N(¢) in such a way that 1(S) < 41(¢) + 1, and CI(S) < 2ver (@),
for all S € N(¢).
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After the proof of Theorem 1 we shall only work in the language Ly or some languages
related to it. This is justified by the following immediate consequence of Theorem 1.
Define a map ¢ from £ into —Ly by putting ¢' = {~3?S|S € N(4)}, where N(¢) is a
set satisfying (2). Put, for ® C £, ® = (J{¢'|¢ € ®}. The following corollary follows
immediately.

Corollary 2 Define s : ELin.t — EyLin.t by putting (Lin.t® ®)* = Thy(®?), for ® C L.
Then s is well-defined and is an isomorphism from the lattice of tense logics onto the lattice
of M-logics. Moreover, for all tense logics A,

e A is decidable iff A® is decidable.
e A is finitely aziomatizable iff A° is finitely aziomatizable.

e For all classes of frames K C FrU Gfr we have Th(K)® = Thy(K). Hence, A has the
fmp (is determined by its Kripke frames) iff A® is determined by its finite frames (is
determined by its Kripke frames).

Before starting with the proof of Theorem 1 let us illustrate the translation by a simple
example and by axiomatizing some well known tense logics.

Example. (1) Lin.t has the fmp and (2) is determined by the class of strict linear
orderings. (1) It suffices to show that for all sequences S in M there exists a finite frame
g with g = S, But the frame g of the frame with types (g, t) corresponding to S is as
required. (2) Replace all non degenerate clusters in g by copies of the integers with the
usual strict ordering and denote the resulting frame by h. Obviously h = S,

Let us now axiomatize some tense logics. Correspondence will be obvious by Theorem
1 (1). Completeness proofs will be delivered later. For ® C £ we denote by Lin.t & ® the
smallest tense logic containing ®. The following abbrevation will be useful. For a sequence
of modal interval types S put [S]' =S and [S]"*! = ([S]",S). Put for a sequence of types
S=(S1,...,S-1,Si41,---,5n)

N((Soy---,Si—1,—,Si+1,---,5n))
= N(<S(]7 ) S’i*la JOka Si+17 s 7STL>)
/\N((So, ey Sic1, S50, - ,Sn>)

For an ordinal @ denote by < the frame (o, <, >) and denote by a= the frame (@, <,>).

Let Ord.t = Th({a<|a an ordinal }. Then Ord.t = Lin.t ® N({—, [«!, J])).

Lin.t ® O T = Lin.t ® N((—, C(0))).

Lin.t @ 0" 1 v OTOt 1 = Lin.t ® N([J, =1])

e LimOrd.t = Th{a<|a a limit ordinal }. Then LimOrd.t = Ord.t ® O T.
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e Th((wn)<) = LimOrd.t ® N([J, =!]"*1), for n > 0.

Th((wn +m)<) Ord.t ® N([J,—=']) & N(([J, ="', )

N((= C(0)™™")
N(([J,=',C0)") ®... @ N([J,="],C(0)™ ")),

for n,m > 0.
e Lin.t @ N((—,[«},J])) ® N({[J,—'],—)) is the theory of the finite strict orderings.

e Put RDisc = N({—,C(0))) A N((—, C(0), [+, J])). The formula LDisc is defined
as the mirror image of LDisc. Lin.t®RDisc is the theory of all the frames in which
all irreflexive points have an immediate irreflexive successor.

e Th({Z,<,>)) = LIN.t ® LDisc ® RDisc & N({Jok, [+, J]) & N({[J, =], Jok)),
where Z denotes the set of integers.

e Gap = N(([J, =], [«", J])).

e Dens, = N((—,C(0)",—)), for n > 0. Then Lin.t® O%p — p = Lin.t ® Dens; and
Lin.t ® Densy; = Lin.t @ O"O%p — O%p corresponds to the usual density axiom.

e Th((R,<,>)) = LIN.t ® Gap ® Densy; & Ot T & O~ T, where R denotes the reals.
e Mk.t = LIN.t  OFOtp — OFO%p = Lint @ N(([J, =2])) @ N((—, C(0))).
e Put ROrd.t = Th({a=|a an ordinal }). ROrd.t = Lin.t®Dens; ® N({—, [+-2, J])).
e Th((wn)S) = ROrd.t & N(([J, =2+, ).
We are now going to prove Theorem 1 (1). The following notion and result is the key to
the proof. Consider a frame G = (g, R", R, A) and a € A. For R= R*, R~ put
max(R,a) = {z € a|(Vy € g)(zRy = y & a}.

Theorem 3 Let G = (g, RY,R™, A) be a descriptive frames and a € A. If a # 0 then
max(R,a) # 0, for R=R*,R~. There is no interval of type [J,—] or type [«,J] in G.

A proof is delivered in [15]. Note that the Theorem tells us that, relative to descriptive
frames, the language Ly is equivalent to the language Lp with

D = {Jok, C(0)} U{[C(m), J]jm > 0} U{[J, C(m)][m > 0} U{[C(m), C(m)]|m > 0},
which is another way to formulate the compactness of descriptive frames.

Remark 2 Let I be an interval of type [J,—] in a Kripke frame g. Take the (modal)
Stone representation Stg* of the induced algebra g™ of g and denote by 3 the canoni-
cal isomorphism from g* onto (Stg™)". (Recall that Stg™ is the, up to isomorphisms,
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uniquely determined descriptive frame with g* ~ (Stg™)"). Then it is readily checked
that S(I) € [J,C(m)], for all m > 0. So intervals of type [J, —] in Kripke frames corre-
spond to intervals of type [J, C(m)], m > 0, in the Stone representation. This observation
also explains the definition of the type [J, —™].

Proof of Theorem 1 (1) We show that Modpg(37S) = Modps(N(S)). The equality for
Kripke frames can be proved analogously. Take a sequence S and the correponding frame
with types (g,t) with ¢ = (C; < ... < C),). Suppose H = ?S for a H = (h, A) € Dfr.
Take a sequence of intervals I = (I,...,I,) with HT = S. We are going to define
sets a, € A,z € g. The definition of a, will depend on the type of the cluster C; with
xz € C;. Suppose tC; = (m,j), or equivalently, that S; = [J, =™], for m the cardinality
of C;. Then, by Theorem 3, I; € [J,C(m)]. Since Gr, satisfies ref; and refy there exist
{ag|z € C;} C A with I; = U{ag|z € C;} and with ay C Otay, for all 2,y € C;. Suppose
now that tC; = (m, m) and C; is non degenerate, or equivalently that S; = [+, —=™], for
m = |Cj|. Then, again by Theorem 3, I; € [C(m),C(m)]. So there exists {a,|z € C;} C A
with U{az|z € C;} = I; and a; C Otay,a, C O7ay, for all 2,y € C;. Suppose that
C; = {z} is an irreflexive point. Then put a, = {z}. If tC; = (j,j) then C; = {z} for
a reflexive point. Put a, = I;. The case tC; = (j,m) is dual to the case above. Now
take for all z € g sets a, with the described properties and define a valuation V' of ‘H by
putting V (ps) = ag, for z € g. Tt is readily checked that (7, V') refutes N(g,t) = N(S).
Now suppose that (#, V) refutes N(g,t). Define I; = J{V (ps)|z € C;}, for i < n. It is

—

readily checked that #H, (I,...,I,) = S. 4

For the proof of Theorem 1 (2) some more work is necessary. The technique applied
is described in detail in [16], so we shall not prove all the intermediate steps. First define
the canonical type assignment ¢ = (¢, ¢™) of a descriptive frame G as follows:

oo m o there exists a € A with C N max(R",a) # 0
N j @ otherwise.

c¢” is defined dually. Clearly ¢C = (m, m), for all degenerate clusters C. Hence c is a
type assignment. In a sense canonical type assignments form just another language for
talking about intervals in descriptive frames. It is readily checked that ¢C = (m,m) if
and only if C is an interval in G. So, ¢cC' = (m, m) is equivalent to the statement that C'
is an interval and C' € C(0) or C € [«-™,—=™], for all 0 < m < |C|. What does is mean
that ¢cC' = (m,j)? In that case C is not an interval. But since G is descriptive there exists
a set of clusters C;,7 € I, so that

o =G, Cllie 1)

and the [C}, C] is are intervals in G of type [J, =], for all m < |C|. In the case cC = (j,])
even such an approximation is not possible. The only thing we can say is that there exists
intervals I; in G with

C =({Lli € I}.

Rougly speaking cC' = (j,j) tells us that C behaves like an interval of type Jok.

Now let g be a finite frame with a type assignment t and let V' be a valuation for g.
Then (g, V, t) is called good for sb(¢) iff the following holds
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If t7C # m then C Nmax(R*,V (1)) = 0, for all ¢ € sb(¢p).

If t7C # m then C Nmax(R~,V(¢)) =0, for all 1) € sb(¢).

Lemma 4 Suppose that H refutes N(g,t) and that (g, V') refutes ¢ for a valuation V so
that (g, V,t) is good for sb(¢). Then H refutes .

Proof. Suppose that (H, V') refutes N(g,t). For p, € var(N(g,t)) and p € var(¢) put

V'(p) = J{V(pe)lz € V(p)}.

It follows by induction that V" (x) = U{V (pz)|z € V(x)}, for all x € sb(¢). Hence (H,V")
refutes ¢.

Some notation will be useful. Frames and intervals are assumed to be non-empty. But
when we talk about sequences of frames or compositions of frames it is quite useful to have
symbols denoting objects which are either the empty set or a frame. So H"? will denote
a frame H or the empty set. Clearly (Go <0 <1G1) = (Go < G1). The frame which is the
result of the replacement of g] by H;Y in(G1<...< g] <...<Gyp) is denoted by

(G1,<...<[HY/G]]<...<Gp).

Proof of Theorem 1 (2). Let ¢ € L. Then put (g,t) € Ni(¢) iff I(g) < 4l(¢p) + 1
and Cl(g) < 2"(9) and there is a valuation V so that (g,V) refutes ¢ and (g,V,t) is
good for sb(¢p). Now let N(¢) be the set of all S corresponding to frames with types in
Ni(¢). We show that N(¢) is as required. Let H € Dfr. Suppose that H = N(g,t) for
a (g,t) € N1(¢). Then H refutes ¢, by Lemma 4. One direction is shown. Conversely,
suppose that (H, V) refutes ¢. Let ¢ denote the canonical type assignment for H. We
may assume that 7 is generated by {V (p)|p € var(¢)}. Then it is readily checked that all
cluster in # are of size not larger than 2Y%" (%), Put

g0 = J{max(R*,V(¢))|x € sb(¢)} U J{max(R™,V(9))|x € sb(¢)}.

We may assume that each cluster C' in gg coincides with the cluster C’ in h with C C C".
Clearly I(go) < 2I(¢) and Cl(gg) < 2'(9). Let go = (Cp <...<1Cy). Take the h),0 <i <
n + 1, with
h=(h§<Co<h]<...<ah) QC,<h) ;).
For h] # 0 take an z; € h] and put D} = ({z;},{(z;,z;)}). Otherwise put D] = (. Now
put
g = ((D}/h}1<1Co A (DY /K1 <. A [D3/13] < Cu < [Dusa 1)
Define a type assignment t for g by tD; = (j,j) if D] # 0 and tC; = ¢C;, for i < n and
define a valuation V' of g by putting V'(p) = ¢ N V(p), for p € var(¢). It can be shown
by induction that
V(x)ng=V'(x)
for all x € sb(¢). Hence (g,V’,t) is good for sb(¢p) and (g, V') refutes ¢. Now I(g) <

41(¢p) 4+ 1 since I(gg) < 2I(¢). Hence (g,t) € Ny(¢). A straightforward proof shows that
H = dglg, t] and therefore, by Theorem 1 (1) H refutes N(g,t). -
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4 The Irreducible Basis

In what follows we shall not use the language of tense logics. So there will arise no confusion
if we sometimes use some simpler notation from tense logic instead of the notation for Ly.
For instance, we shall write ThK instead of ThyK, or Lin.t & ® instead of Thy(®). Let
us also agree that all frames are in Dfr U Fr from now on. Searching for an irreducible
basis can be described as follows. Given a logic A and -3rS ¢ A we are searching for the
simplest A-frames G with G | EIP§ Then Thg will be N-irreducible in £Lin.t. In other
words, given a frame H with 4, T |— S, with I = (I; |1 < i < n), we want to reduce H
to a simpler frame G such that G, Il = S for a sequence Il, and such that ThH C Thg.
The idea how to manage this is quite simple. Take the frames H;, and reduce them to
the simplest frames G; with Th#H;, C ThG; and G;,g; = S;. Now put G = (G1 <... < Gp).
Clearly G = S, The only problem is whether Th{ C ThG. We shall now formulate the
required propostion. Let us first define for o, 3 < w and G € Dfr UFr

M(e, B) = {S € M[I(S) < @, CI(S) < B} and Thy 3G = {P € ~Lya, |G = P}.

We have L,y = Lm and ThG = Thy, ,G. Roughly speaking, in Ly,,,) we cannot
distinguish clusters of size larger than n. Now we can formulate the following basic

Proposition 5 (Decomposition) Let H;,i < n, and G;,1 < n, be sequences of frames
and let a, B < w. If Thy g(H;) C Thya g(Gs), for i < n, then

Thas(H1 <... <Hn) € Thap(Gr <... <1Gy).

We omit the straightforward proof. Some reductions of frames are quite simple. For n > 0
let C(n) denote a non degenerate cluster of cardinality n and denote by C'(0) a degenerate
cluster. Then we have for all frames G of type [«™,—=™],m > 0, that C'(m) is of type
[«",—"™] and that ThG C Th(C(m)). Certainly C(m) is the simplest frame with this
property. If G is of type C(0) then G is already an irreflexive point. In general the situation
is a bit more complicated. We shall sometimes denote by w<(0) the frame w< and denote
by w”(0) the frame w”. Now define for n > 0 and m € w

w<(n) = (w, < U{(ni,ni)|i € w}, > U{(ni,ni)|i € w}),

m=<(n) = ({0,...,m — 1}, < U{(ni,ni)|ni < m},> U{(ni,ni)|ni < m}).

The mirror images of w<(n) and m<(n) are denoted by w”(n) and m~(n) respectively.
Note that we allow m = 0; hence m< and m<(n) are allowed to be empty, if not stated
otherwise.

Definition 6 (1) For n € w,m > 0, with m > 1 if n > 0 and C(m) = {zo,...,Tm-1}
define the general tense frame

G[n,C(m)] = (w<(n) < C(m), A).
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Here A is the tense algebra generated by {b;|0 <i <m — 1} in (w<(n) < C(m)) with
bi:{xi}u{mj—l—ﬂjEw}, 0<i<m-—1.

(2) G[C(m),n] is the mirror image of G[n,C(m)]. The class of frames defined under (1)
and (2) is denoted by Df and is called the class of directed frames.
(3) Define

G[0,C(1),0] = ((w<(0) < C(1) <w”(0)), A).

Here A is the tense algebra generated by {0} in (w<(0) < C(1) <w”(0)).

It will turn out that the frames defined above tell us everything we need in order to
describe the M-irreducible logics in ELin.t. It is readily checked that they are descriptive
and that all finite sets a with aNC(m) = () are in A. The definition of the class Df sounds
a bit strange. We excluded the case n > 0,m = 1 since it is superflous. Define, for n > 0,
G[n,C(1)] = (w<(n) < C(1),A), where a € A iff a is finite and C(1) € a or a is cofinite
and C(1) C a. Note that in this case A is not finitely generated. Tt is readily checked that
ThG[n,C(1)] = Th{(mn + 1)<(n)|m > 0}. So this frame is completely useless if we want
to describe an irreducible basis. Nevertheless some propositions will be easier to formulate
if we include this frame. So we put

Dfpym = Df U {G[n, C(1)]|n > 0} U {G[C(1),n]|n > O}.

Now let H be any class of frames. Then the class of finite sequences of frames from
H is denoted by SH. We denote a sequence (G;|1 < i < n) simply by G. The frame
(G1 <...<G,) is denoted by [G]. Now define the class

BD = Df U {C(m)|m € w} U{G[0,C(1),0]}

and call BD the class of basic descriptive frames. Also define BDp,,, = BD U Dfpm-
We need some parameters for talking about sequences G € SBDpym. Denote by R(G) € w
the number of G; in g which are not irreflexive points and denote by CI(Q ) the number of
points in the maximal cluster of G. Also we need some notat10n for comparlng partitions
by intervals. Consider two partitions Il I? of a frame G with I' = (Il, - ,I G )) 1=1,2.

n(e

Then define, as usual, I < I? iff I1 D I? o Or I N IJQ2 =( for all I 1 and I 2 Suppose G

-,

is given and T is a partition of [G]. Then I= Q has the obvious meaning when we take
the sequence G as a partition of [G]. Now we can formulate the basic result.

Proposition 7 Let 1 |= #S. Then there exists g € SBD with R(G 7) < 21(S) and CI(G) <
CI(S) such that ThH C Th[G] and such that [G), I |= S, for a sequence I < G.

It will take some time till we are able to prove this Proposition. We shall start with
notation. A finite frame ¢ is completely described by the formula dglg,t] with tC =
(m, m), for all clusters C' in g. We shall now introduce similar formulas for the frames in
BD. Define the k-diagram of G[0,C(m)] by

dg.[G[0, C(m)]] = F([C(0)]**, [, »™])
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and define the k-diagram of G[n, C(m)], for n > 0, by
dg[G[n, C(m)]] = F([C(1), [CO" M, [T, =)

The k-diagrams tell us everything about G[n,C(m)] which can be expressed in L )
since formulas in Ly, cannot distinguish chains of irreflexive points of length > k and
cannot distinguish the frame (n(k + 1))<(n) from (nm)<(n), for m > k, as is readily
checked. In other words, for all frames H and k € w

H | dgiln, C(m)] = ThiH C ThiuGln, C(m)].

The diagrams dg,[G[C(m),n]] are defined as the mirror images of the diagrams above.
It remains to define diagrams for the frame G[0,C(1),0]. Since the cluster C(1) in this
frame behaves like an interval of type Jok we put

dg[G[0,C(1),0]] = F([C(0)]**", Jok, [C(0)]**1).

Now consider a sequence G € SBDpym. For G; not a cluster assume that dg,[G;] = FpSi
and for G; a cluster put S* = C(0) if G; is degenerate and put S’ = [«-™, —=™] if G; is non
degenerate and has cardinality m. Then put

dg,[G] = (S0, ..., ™)

and call dg; [C;] the k-diagram of G. The following proposition follows immediately with
Proposition 5.

Proposition 8 Let H be a frame, Ge SBDpym, and let k € w. Then

=,

H |= dgi[G] = Thew(H) C Theo[G),

ThH C Th[G] & (Vk € w)H = dg,[G).
Lemma 9 Let G be a descriptive frame with G € [J,—™]. Then there exists H" such that

(1) Th(G) C Th(HY <« C(m)) or

(2) Th(G) C Th(HY < G[n,C(m)]), for a Gin,C(m)] € Df.
Proof. First let us agree that we write G, I1,I,Io | (S1,[C(0)]",Se) iff I} € Sy and
I, € Sy and T is an interval of irreflexive points of length n. We also need some notation

for intervals. Assume G, = (g, R, R~). Then we put for clusters Ci,Cs with C1RTCs
(i.e. with zRTy, for some z € C1,y € Cs) as usual

1C1, Ca[= {z € g|CL Rz R+ Cy},

[C1, Co[= C1U]Cy, Oy, |Cy, Ca] = CoUICY, Oy, [Ch, Co] = C1 U CoUICy, Col.
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For z,y € g let [z,y] = [C(z), C(y)] and define |z, y], [z,y[ and ]z, y[ analogously. For C a
cluster in g we denote by [C, oc] the interval {z € g|CR*z} and we denote by |C, oc] the
set [C,00] — C.

Now assume that c is the canonical type assignment for G. By Theorem 3 there exists
a non degenerate cluster C in g with |C| > m and g = hy <C, for a frame h;. First assume
that C'is an interval in G. Then put %7 = G, - Clearly ThG C Th(H” < C(m)). Now
suppose that C' is not an interval. We have ¢C = (m, j) and distinguish several cases.

Case 1. For all z € g with zR*TC there exists an interval I C [z,C] in g with
I ~ w<(0).

Then take an irreflexive point y € g such that [y, C] ~ w<(0) < h, for a frame h. Define
HT = Gooyr and Ha = G, 7. Clearly Ho = FP(C(0)", [, »™]), for all k € w. Hence
Th(Hz2) C Th(GI0,C(m)]), by Proposition 8. So, by Proposition 5, H? <1 G[0, C(m)] is as
required.

Case 2. Not Case 1 and for all z € g with 2zR*TC and all m € w there exists a non
degenerate cluster C; in [z, C[ such that ¢*C| = m and such that there is an interval T
of irreflexive points of length > m in ¢ so that (C} < I) is an interval in g.

Then take a non degenerate cluster D in g such that ¢™D = m. Put Hy = G p|
and Ha = Gip,c)- We show that ThG C Th(H? < G[0,C(m)]), for H? = (H1 < C(1)). By
Proposition 8 and Proposition 5 it is enough to show that

Ha = dgp[C(1), G0, C(m)]], (= F(C(1), C(0)*F, [1,—™])).

for k € w. So let k € w. Take a non degenerate cluster C; with ¢tC; = m in H, such that
Ci <1 is an interval in hy and I = ({z1} < {z2} < ... < {xk41}) is a chain of irreflexive
points. Then

M, ([D,C1], I]we 41, C)) = (C(1), C(0)*F!, [, »™)).

Case 3. Not Case 1 and Case 2 and there exists an n > 0 which is maximal with the
following property: For all x € g with zRC there exists a non degenerate cluster C in
[z, C[ with ¢*C; = m such that there exists an interval I of irreflexive points of length
n — 1 such that (C} < I) is an interval in g.

Take an n > 0 with this property and take a non degenerate cluster D with ¢c™D = m
Define H? = Q[OO,D[ and H; = Q[D,C}. We show that

Th(G) C Th(H” < G[n,C(m)]).
Again it suffices to show that
Hi |= dgi[Gn, C(m)]],

for £k € w. So let k € w. But clearly there exists a sequence of non degenerate clusters
C% (C;,CH,0 < i <k withec™C; =m, for 0 < i < k and ¢ctC* = m, for 0 <4 < k such
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that there are intervals (or empty sets if n = 1) of irreflexive points I;,0 < i < k of length
n — 1 so that

hi = ([D,C < Ip <[Cy,C < [ Q... It—y < [Cy, C¥] < Iy, C),
where zj is the endpoint of I}. But this sequence shows H; |= dg[n, C(m)].

If m > 1 then #” and G[n, C(m)] are as in (2). Otherwise we have Thin,C(m)] C ThC(1).
Hence H” and C(1) are as required for m = 1.

Case 4. Otherwise. Then it is readily checked that there exists y € g such that for
all z € [y, C[ there exists an irreflexive point in [z, C] and if z € [y, C] is irreflexive then
there exists an interval I in g with 2z € I and I ~ w~(0).

Take a non degenerate cluster D in [y, C] with ¢”D = m. Define H” = G, p[ and
put Hy = Gip o). We show that

Th(G) € Th(H” < G[(C(1),0] < G[0, C(m))).
By Proposition 5 and Proposition 8 it is enough to show that
H1 = dgi[G[C(1),0], G[0, C(m)]]) (= F([«", ], C(0)"*2, [7,=™])).

for k € w. Let k € w. Take any interval of irreflexive points I = {z1,...,Zot42}. Then
([D,zo[, I,]zax, C]) is as required. -

Recall that an element a in a complete lattice D is called a coatom in D if [a,1] =
{c € D|a < ¢ <1} = {a,1}, for 1 the maximal element of D. Certainly all coatoms in
ELin.t are [)-irreducible. So we have to describe them.

Lemma 10 (Coatoms) Let G be a descriptive frame. Then the theory of G is included
in the theory of one of the following frames, for some my,ms € w.

[0,C(1)] <my),

G )
G[0,C(1),0].

Proof. Take a maximal ordinal o such that g = (o~ <h]), for a h]. Now take a maximal
ordinal 3 such that h] = (k7 < 37), for a h?. Then g = (= <4 hY < 37).

Case 1. a = my, 3 = my, for my,my € w. Then ThG C Th(m; < C(1)” amsy).

Case 2. a =m1,3 > w, for an my € w. Then ThG C Th(my < G[C(1),0]).

Case 3. a > w,3 =my, for an m; € w. Then ThG C Th(G[0,C(1)] < mT).

Case 4. o, > w. Then ThG C ThG[0,C(1),0].
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The proofs are straightforward by checking the corresponding k-diagrams. -

Proof of Proposition 7. Suppose H = S, Take a sequence I = (I1,...,I,) such that
H, T = S. Now let 1 < i < n. Suppose S; = [+, —"™]. Then put G; = C(m). Suppose
S; = C(0). Then put G; = C(0). If S; = Jok then take a frame G; from Lemma 10 with
ThH;, C ThG;. If S; = [J,—™] then take a H” and G[n,C(m)] or C'(m) from Lemma 9
such that (1) ThH;, C Th(HY < C(m)) or (2) ThH;, C Th(HY < G[n,C(m)]). T HY =0
then put

g { G[n,C(m)] : if (2)

C(m) : otherwise

Otherwise take a frame G;y from Lemma 10 with ThH? C ThG;, and put

G, = Gio < G[n,C(m)] : if (2)
o Gio <C(m) : otherwise

The case S; = [«-™, J] is considered analogously. Now it is clear that G = (G1<4...<4G,) |
#S and _we easily obtain a sequence F e SBD with G = [.7-"] such that R(]—") < 21(S)
and CI(F) < CI(S) and so that there exists I < F with [F],I = S. By Proposition 5
ThH C ThG. 4

We are now going to fine-tune this completeness result. Let G = (G;|1 < i < n). Call a
subsequence of G of the form (Gili <i < k) for some 1 < j <k <n an infix subsequence of
G. It will turn out that some infix subsequences of sequences in SBD are superflous. The
following Lemma, is readily checked by using the k-diagrams of the corresponding frames.

Lemma 11 Let n > 0. Then

e ThG[0,C(1),0] < G[0,C(n)] = ThG[0, C(n)].
e ThG[C(n),0] < G[0,C(1),0] = ThG[C(n),0].
e ThG[0,C(1),0] < G[0,C(1),0] = ThG[0, C(1),0].

The Lemma tells us that the frames to the left are superflous. Define by induction
(_‘C’(O))0 =0, (C(0))"*t = ((C(0))™,C(0)). Now we denote by SyBD the set of sequences
G € SBD which do not contain infix subsequences of the form

(G[0,C(1),0], (C(0))", G[0,C(k)]) and (G[C(k), 0], (C(0))", G[0, C(1),0]) and
(G[0,C(1),0], (C(0))", G[0, C(1), 0]).

Of course we can also omit infix subsequences of the form (C'(0), G[0, C]) and many others.
For this situation another notation is useful. Consider a sequence G = (G;|1 < i < n) €
SoBD. (The length of such a sequence is n). Then it is readily checked that there exists
a uniquely determined sequence F € SyBD of minimal length such that [G] = [F]. So let
us call F the minimal representation of [C;] and let us denote the set of F € SyBD so that
F is the minimal representation of [F] by S,,BD.
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Recall that a lattice D is called strongly coatomic iff, for all a,b € D with a < b there
exists a coatom in the sublattice [a,b] = {¢ € D|a < ¢ < b}. The notion of a strongly
coatomic lattice is related to the notion of independent axiomatizability. Call a logic
A € £Lin.t independently axiomatizable iff there exists ® C —~Ly with A = Lin.t & ®
such that Lin.t & ®; # A, for all proper subsets ®; of ®. Now we can formulate

Theorem 12 (Irreducible Basis and Independent Axiomatizability) (1) All log-
ics A € ELint are determined by a set {[G G € K} with K C SoBD.  Moreover,
if =S & A then there exists G € S,BD with G 7] = A such that R(G) < 2I(S) and
CI(G) < CI(S) and [G],T =S for a sequence I with T < G.

(2) Th[G] is N-irreducible in ELin.t, for all G € SyBD.

(3) Th[G] = Th[H] iff [G] ~ [H], for all G,H € SyBD.

(4) There ezists no infinite strictly ascending chain of (-irreducible logics in ELin.t.
(5) The lattice ELin.t is strongly coatomic.

(6) All logics in ELin.t are independently aziomatizable.

(7) Let G € SBD. Then there exists no infinite Kripke frame validating Th[G]. Th[G] is
Kripke complete iff [G] is a finite frame.

Proof. (1) follows from Proposition 9 and Lemma 11.
(2) and (3) (Sketch). Let G = (Gi|1 <i <n) € S,,BD. By (1) we have proved both (2)
and (3) if there exists a formula P € Ly with [G] = P such that for all € S,,BD with
Th[G] C Th[#] we have

H = Pif H=G.
We show that dg;[G] is such a formula. Let dg,[G;] = 3S’, 1 <i < n, and suppose

—,

[H], (I',...,I") = IS, ...,5™).

Let I; denote the union of the intervals in ﬁ, for 1 <4 < n. Then it is enough to show
that [7-_[][1 ~ G;, for 1 <4 < n. But is readily checked that we have ThG; C Th[?-_[][i, for
1 <4 < n, and the existence of the isomorphisms follows with Proposition 8.

(4) (Sketch) Let N(G) denote the number of G; in G which are not clusters. Now assume
that there is an infinite strictly ascending chain of (}-irreducibles logics. Then it is readily
checked that there is an infinite sequence G' € S,,BD, i € w, such that N (@) is constant
and such that Th[G?] € Th[Gi*1], for i € w. Certainly we get an infinite subsequence so that
R(@) is constant, for all members Gt of this subsequence. Now within this subsequence
at each step the cardinality of a non degenerate clusters becomes smaller. This is possible
only finitely many times and we have a contradiction.

(5) and (6) are lattice theoretic consequences of (4). Since proofs are hardly available in
the literature on lattice theory we shall deliver proofs for the special case. (5) Suppose
that A C ©. There exists a ()-irreducible logic ©; with A C ©7 and © Z ©;. By (4) there
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exists a maximal O with this property. But then © N Oy is a coatom in [A, ©)].

(6) Let ©® € ELin.t. Clearly © is independently axiomatizable if it is finitely axiomatizable.
So we may assume that © is not finitely axiomatizable. Take a well ordering (G;|i € w) of
sequences G; € SoBD such that {© NTh[G;]|i € w} is the set of coatoms in [Lin.t, ©]. We
define, by induction, sequences (k(n),m(n) € w|n € w) such that, for

P = {_'dgk(n) [gm(n)]|n € w}a
the set ® is independent and Lin.t & & = 6.

n = 0. Take a k(0) € w such that ~dg;, [go] € 0 and put m(0) = 0. (By Proposition 8
there exists such a k(0)).

n + 1. Suppose k(i),m(i) € w have been defined for i < n. Then let m(n + 1) € w be
minimal such that
[gm(n—l—l 1= —dgp (i [gm ] for all 7 < n.

Now take k(n + 1) € w such that —ndgk(n+1)[gm(n+1)] € O and such that

[Goniy) E =gk (ni1)[Gimn1ys for all i < n.

By Proposition 8 there exists a k(n+ 1) with this property. By definition, Lin..t® ® C ©.
Also, by the definition of the sequence m(n),n € w, we have [G,] £ @, for all n € w.
Hence © = Lin.t & @, by (5). We also have

—

{=dgi(s) [Gmnlli € M} = ~dgi(r) [Gonr)]

for all finite M C w and r € w — M since
[Gonry)] = d8k(r) [Gon(r]; {—dgr(i) [Gonci]li € M.

(7) Let ¢ € SBD and put m = CI(G). Now consider an infinite frame h. Then h |=
([ J, —>m+1]) or h &= §|p<[<_m+1 J]). Let us assume, w.l.o.g., the first case. Clearly we
have [G] = —=37([J, —™1]). Hence h does not validate the theory of [G]. The second part
follows with (2). 4

Example. Let us prove that Th((R,<,>)) = A, for
A=LIN.t® Gap ®Dens, O T @ O T.

Certainly we have that Th((R,<,>)) D A. Suppose now that =3”S & A. Then there
exists G € SBD with [G] = A such that there is an T with [G],T =S and T < §. Now
replace all G; in G which are not irreflexive points by copies of (R, <,>) and denote the
result by h. It is readily checked that h = 3S and h ~ (R, <,>).

The Theorem above states that there is a function s depending only on S € M such
that for all tense logics A with -~3rS ¢ A we can find G € SyBD satisfying S such that
R(G),CI(G) < s(S) and [G] = A. So, roughly speaking only the existence of irreflexive
points is forced by axioms and the investigation of decidability and finite axiomatizability
reduces, in a sense, to the investigation of the behaviour of irreflexive points.
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5 Finite Axiomatizability and Decidability

We shall start with a list of further reductions.
Lemma 13 Lein > 0,1 € w. Then

1. Thy ,Glk +2,C(n)] = Thy ,G[m,C(n)], for allm > k+1 > 0.
ThiwG[0, C(1),0] = Thyw((k + 1)<) = Thyw(m<), for all m > k > 0.
Thy, xG[l,C(k)] = Thy, ,G[l,C(m)], for all m >k > 0.

ThG[l, C(m)] C ThG[l, C(k)], for all m > k > 0.

Th(G[l,C(m1)] <H < G[l,C(m2)]) C ThGIl, C(k)], for all mi,ms >k > 0 and all

frames H.

Proof. Straightforward with Proposition 8.

2. will allow to eliminate sequences containing G[0, C'(1), 0] for finitely axiomatizable tense
logics. So let us define
BDy = Df U{C(m)|m € w}.

2. will also allow to bound the length of infix subsequences of the form (C(0))™. So denote
by IR(G) € w the length of the maximal infix subsequence of the form (C(0))" in G. 1. will
allow to bound the maximal n such that there is a G; of type G[n,C(m)] or G[C(m),n] in
G. So denote by S(G) the maximal n such that G; = G[n,C] or G; = G[C,n], for a G; in
G. Clearly there exist only finitely many sequences ¢ € SBD with bounded R(G), CI(G),
IR(G) and S(G). For a tense logic A denote by EA the set of all tense logics containing A.

Theorem 14 (Finite axiomatizability and decidability) (1) All finitely aziomatiz-
able tense logics are determined by a class {[G)|G € K} with K C SBDg. Moreover, if
A = Lint @ ® with ® C =Lm(n,w) and —=FS & A then there ezists G € SBDy with

—

R(G) < 21(S), CI(G) < CI(S), IR(G) < max(I(S) + 1,n+1), and S(G) < n+ 2 such that

=

[G] = A and such that there is a sequence T < G with [G),T = S.

(2) If G € SyBD and G ¢ SBDy, then Th[C;] is not finitely aziomatizable.
(3) Th(G] is decidable, for all G € SBD.

(4) All finitely axiomatizable tense logics are decidable.

(5) Let A be a finitely aziomatizable logzc Suppose that there exists r € w such that all
logics in EA are determined by classes {[G 711G € K} with K C SBDy such that S(G), IR(G) <
r, for all G € K. Then all logics in EAN are finitely axiomatizable. For instance, all
logics in E(Lin.t ® Dens,), for an n > 0, all logics in ELimOrd.t, and all logics in
E(Lin.t ® RDisc), are finitely aziomatizable and decidable.
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Proof. (1) It is enough to show the moreover part. Let A = Lin.t®® with ® C =Ly (n,w)
and suppose that =3S & A. Put k = 2I(S) and m = CI(S). Then, by Theorem 12 (1), there
exists Gy € SoBD with R(Gy) < k and CI(Gy) < m such that [G5] = A and such that there
is a sequence I < Gy with [Go], T = S. Now replace all occurences of G[0,C(1),0] in G, by
(C(0))*! and replace all occurences of G[ny,C] and G[C,n1] by G[nz, C] and G[C,ns]
respectively, where ny = min{n + 2,n;}. Denote by G the result. By Lemma 13 (1)
and (2) we still have [G)] = A. Now replace all occurences of maximal infix subsequences
(C(0))™, m >n+1, in G; by (C(0))"*! and denote by G the result. Clearly G € SBDy.
All the other required properties are readily checked by using Lemma 13 (2).

(2) Follows from (1) and Theorem 12 (2).

(3) This is obvious. One algorithm is as follows: Let ¢ € SBD and IS € Lvim,n)-

Decompose G as follows. First replace all occurences of G[0,C(1),0] in G by (C(0))™*!.

Now replace all occurences of G[0, C(k)] by ((C'(0))™*!, G[0, C(k)]) and all occurences of
GI[l,C(k)],1 > 0, by {(C(1),(C(0)):~ 1)m+1,G[l,C(k)]>. Do the same with occurences of
G[C(k),!] and denote the result by Ql It follows from Proposition 8 that [G] = S if
and only if there exists T with [gl] T'=Sand I < G,. Now there exists only a bounded
number of sequences I with I < G; and we can check whether [G;],] = S.

(4) Follows immediately from (1) and (3).

(5) Suppose that A and r have the properties described in the Theorem. We shall apply
Kruskal’s Tree Theorem [10]. For that reason we need another representation of the

=

G € SBD, with S(G),IR(G) < r. Let (g,<) = {zg < ... < z,} be a finite strict ordering.
An assignment is a map

f:{xo,...,{fn}—>A1UA2UA3UA4
such that (fx;, fr;11) & (A4, Ay), for all i < n, where

Ay = {G[m,C(k)]lm <rk >0},

Ay = {G[C(k),m]|m <rk >0},

As = {C(k)|k >0},

Ay = {50 <k <r).
Now define a frame ¢f by putting ¢f = (fzo <... < fz,). Certainly all logics above A are
determined by a set of frames K so that all H € K are of the form ¢f with (g, f) a strict

ordering with an assignment. For G, H € J{4;|i <4} put G < H iIf G € A; & H € A;,
for 1 <4 <4, and (1) CI(G) < CI(H), if G & Ay, and (2) G = H, if G € Ay

Now we define a partial ordering < on the set of strict orderings with assignments.
Let g1 = ({0,...n1},<) and g2 = ({0,...,n2},<) and let £,y be assignments for g; and
g2 respectively. Then put (g1, f;) < (go, f5) iff there exists an embedding o : g1 — g2 such
that

o fix < fho(x), for all z € g;.
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e 7(0) =0 and o(n1) = ne.
o f1(i+1) <fr(o(i) +1), for all i < ny.
o £1(1 —1) <fh(o(i) — 1), for all 0 < i < ny.

A straightforward application of Kruskal’s Tree Theorem shows that there is no infinite
set M of finite strict orderings with assignments such that all elements of M are mutually
=<-incomparable.

Claim. Suppose (g;,f;), i = 1,2, are strict orderings with assignments with (g1,f;) <
(92,£2). Then Th(gf?) C Th(gf!).

Proof. Let g1 = {0,...,n1} and go = {0,...,n2}. The Claim follows immediately from
Proposition 5 if

o Th(fao(i) ... afa(o(i +1) — 1)) C Th(fi(4)), if £1(i) & As.

The first item follows from fy (i) = f5(o (7)), for fi(i) € A4. Now suppose that fi(i) & Aj.
Then fy0(i) & A4 and £ (i) < fy0(7). We also have £ (i) < fo(o(i +1) — 1) ¢ A4. But then
the inclusion follows from Lemma 13 (5).

Now suppose that there exists a © € EA which is not finitely axiomatizable. Then there
exists an infinite strictly ascending chain of logics (A,|n € w) in EA. Hence there exists
a sequence of strict orderings with assignments ((g,,f,)|n € w) such that ¢gf» |= A, but
g £ Ay, for all n € w. Clearly there exists a subsequence (m(n) € w|n € w) such that
the length of g,,(,,) is strictly smaller than the length of g,,(,41), for all n € w. But then,
by the Claim above, {(gm(n), fmn))|In € w} is an infinite set of mutually < incomparable
strict orderings with assignments. We have a contradiction.

6 Kripke complete logics

Denote the set of Kripke complete logics by Eg Lin.t. This set is is closed under arbitrary
intersections, hence the Kripke complete logics form a complete lattice induced by C. But
ELin.t is not a sublattice of £Lin.t since, for instance, both Ord.t as well as MK.t¢ are
in &rLin.t but Ord.t U Mk.t ¢ ErLin.t (where U denots the join in £Lin.t) . As a
rule, Kripke complete logics are surrounded by Kripke incomplete logics. We have already
shown that a (-irreducible logic is either incomplete or the theory of a finite frame. This
result can be extended to

Proposition 15 Suppose that all logics in EA are Kripke complete. Then there exists no
Kripke frame g of infinite length with g = A.
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Proof. (Sketch) Assume that there is a Kripke frame ¢ of infinite length with ¢ |= A.
Then there is an interval of type [J,—] or of type [+, .J] in g. Take, w.l.o.g., an interval
I € [J,—]. Now consider the Stone representation Stg™ of g and the interval 3(I) in
Stg™. (See Remark 2). We have B(I) € [J,—™], for all m > 0. The proof of Proposition
7 shows that there exists a sequence J € SyBD such that [j] is infinite and such that
Th(g) = ThSt(¢™) C Th[G]. But Th[G] is incomplete.

In other words, for tense logics there is no non-trivial result of the form that all logics con-
taining a given logic are complete or have the fmp. So tense logics behave in a completely
different way if compared with logics above K4. From the other side we have

Proposition 16 Let g be a Kripke frame. Then there exist 280 logics A € ELin.t with
Mode. (1) = Mode (Th(g)).

Proof. (Sketch) For M C w put
Ay = Th(g) N Th{(G[0,C(1)] <«m<)|m € M}.

If g = —37(—,[C(0)]"), for an n > 0 then the set {Ay/|M C w—{0,...n + 1}} has the
required properties. Otherwise we can take {Ay/|M C w}. The proof is left to the reader.
_|

In other words, there exist 2% logics which cannot be distinguished from Th(g) by
Kripke frames. But we shall soon find some syntactic conditions which force Kripke
completeness. Define the set of basic Kripke frame BK by

BK = {C(m)|m € w} U{w<(n)|n € w} U{w”(n)|n € w}.

We shall first relate sequences in SBK to sequences in SBDp,ny,. It turns out that we can
represent the theory of each frame [§],§ € SBK, in a canonical way as the intersection of
(N-irreducible logics in £Lin.t. In order to do so we associate with each frame g € BK a
sequence (Dfr,(g)|n > 0) C Gfpym U {C(m)|m € w}. Define, for n > 0,

Dfr,(C(m)) = C(m),
Dfr,(w<(m)) = G[m,C(n)],
Dfrp(w” (m)) = G[C(n),m],

and put Dfr,(g) = (Dfrn(g0),-..Dfrn(gm)), for all sequences § = (go,...,9m) € SBK.
Now the following Lemma, follows immediately from Proposotion 5 and Proposition 8.

Lemma 17 (1) For all § € SBK and m >n >0

Thw,n([g]) = Thw,n[Dfrn(g)] = Thw,n[Dfrm(g)]-

(2) For all m > 0, Th[g] = N{Th[Gfr,(g)]|n > m}.
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Theorem 18 (Irreducible Basis) (1) All logics in Ep Lin.t are determined by a set
{9]lg € K} with K C SBK.

(2) All logics Th([g]) with § € SBK are (-irreducible in Eg Lin.t.
(3) Thig] = Thh] iff [§] ~ [1], for all §,h € SBK.

(4) Thig] is decidable, for all § € SBK.

Proof. The proof of (1),(2) and (3) is analogously to the proof for ELin.t. It is left to
the reader. (4) follows from Lemma 17 and the decidability of all (-irreducible logics in
ELin.t. .

Corollary 19 (1) If A is Kripke complete then A is determined by a class of frames
{[Gl|G € K} with K C SBDy.
(2) All Kripke complete logics are determined by Kripke frames of size < V.

Proof. (1) follows from Theorem 18 (1) and Lemma 17 (2) since Dfr,(g) € SBDy, for all
G € SBK and n > 1. (2) follows from Theorem 18 (1). -

When looking at the list of axiomatizations of standard systems one realizes that all of
them are axiomatized by formulas in =Ly, 2) and that all of them which are determined
by strict orderings are axiomatized by formulas in =Ly, ;). We shall now explain this
phenomenon. Denote by &,Lin.t the set of logics which can be axiomatized by formulas
in = Ly(y,n), n > 0. We need some operations on sequences SeMand G € SBD. Define,
for Se M,n > 0,

S S € M(w,n),
S|n— [«", —="] S=[«™ =", m >n,
[J,—"] S=[J,—="],m >n,
[«", J] S=[«™J,m >n,

and put S|"= (Sod™,...Snl™), for all sequences S= (So,---,Sm)- So SJ" is the canonical
reduction of a sequence S to a sequence in M(w,n) and we certainly have

IS "= TS,
Define a corresponding notion for G € BD by putting, for n > 0,

G : ClG <n,
Gl C(n) : G=0C(m),m>n,
Glk,C(n)] G = Glk,C(m)],m > n,
G[C(n),k] : G=G[C(m),k],m > n,

and put G |"= (God™...Gm i"),_for all sequences G = (Goy---,Gm). So G |™ is the

-,

canonical reduction of a sequence G € SBD to a sequence in SBDp,,, with Cl(G) < n.
By Proposition 5 and Lemma 13 we have Thy, ,,([G]) = Thy, ,[G |"] and Th([G]) C Th[G]"].
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Proposition 20 Let A € ELin.t. The following properties are equivalent.

(1) A € &, Lin.t.
(2)[G1"] = A= [G] = A, for all G € SBD.
(3) =S € A = —FFS|"e A, for all S € M.

Proof. (1) = (2) is clear. (2) = (3). Suppose that ~37S |"¢ A. There exists, by Theorem
12, H € SBD with CI(#) < n and [H] |= A such that [H] = 3*S|". Clearly there exists a
G € SBD with G|"= 7 and so that [G] = 3*S. By (2) [G] = A. Hence -3S £ A. (3) =
(1). Put ® = A N —~Ly(y,n). We show that A = Lin.t & ®. Suppose that -3”S € A. Then
-~3rS|"e ®. But ~I*S "= —3S and therefore =3*S € Lin.t & ®.

(3) is a very useful characterization of logics in £,Lin.t. It states that a logic is in
EpLin.t if and only if it is closed under the rule

—~FPS /-S|

So, if a logic A is given as the theory of a class of frames K then for proving that A € £,Lin.t
it suffices to show that if g = FPS|" for a g € K then there exists h € K with A = 3PS.

Proposition 21 &,Lin.t is a complete sublattice of ELin.t, for n > 0.

Proof. That the infinite joins coincide follows from the definition. Suppose that {A;|i €
I} C &,Lin.t and suppose that -5 € N{A;|i € I}. Then IS € A;, for all i € I. By
Proposition 20, =37S |"€ A;, for all i € I, and therefore ~3PS |"€ N{A;li € I'}. Closure
under intersections follows from Proposition 20. -

Proposition 22 (1) EsLin.t C & Lin.t and (2) EoLin.t C £(Lin.t @ Dens;) N & Lin.t.

Proof. (1) Let A € EgLin.t. Suppose that ﬂ@&g{ A. Then there exists a strict ordering
g € Mod(A) with g Elpgil. But for strict orderings g it is clear that g = S if and only
if g = S|, for all S. Hence —3*S ¢ A. Now apply Propostion 20. (2) can be proved
analogously.

In order to apply the inclusions of the Proposition above we associate in a cononical
way Kripke frames with descriptive frames. For G € BDg define KrG € BK by putting

G : @G isa cluster,
KrG =< w<(n) : G=GIn,C]|,
w”(n) : G=G[C,n],

and put KrG = (KrGo, . .. KrG,), for all sequences G = (Go,...,Gn) € SBDy. Certainly we
have Th[G] D Th[KrG], for all G € SBDy. Note that we did not define KrG for sequences
containing G[0,C(1),0].
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Proposition 23 (1) Suppose A € & Lint. Then A is Kripke complete if and only if A
is the theory of a class {[G]|G € K} with K C SBDy. All finitely aziomatizable logics in
&1Lin.t are Kripke complete.

(2) All logics in €(Lin.t ® Dens,,) N &Lin.t are Kripke complete, n > 0.

Proof. (1) If A is Kripke complete then, by Corollary 19, A is determined by a class
of frames {[G]|G € K} with K C SBD,. Now suppose that A is is determined by such
a class. Then it sufficient to show that, for all G e SBDy, Thw,l[j] = Thwyl[Krg_']. But
this follows with Lemma 17. That all finitely axiomatizable logics in £ Lin.t are Kripke
complete follows with Theorem 14 (1).

(2) Suppose that A € £(Lin.t ® Dens,) N &Lin.t. Then A is determined by a class
{[G]IG € K} such that K C SBDg and such that there exists no frame of type G[0, C(m)]
and G[C(m),0] in a sequence in K. But then we have m > 1, for all G[l,C(m)] and
G[C(m),l] in a sequence in K. Hence we have for G € K that Thw,g[g] = Th, Q[Krg]
Lemma 17. 4

Together with Theorem 18 this completeness result reduces axiomatization problems
to small correpondence calculations. Roughly speaking, it is not so easy to have a wrong
conjecture concerning the axiomatization of a class of strict orderings or of a class of
orderings. In a sense, this is surprising since we have seen that there exist 2% logics having
the same Kripke frames as the theory of a given strict ordering. But the Proposition above
states that all finitely axiomatizable ones among them are not in £ Lin.t, thus they are
seperated from the theory of g by means of a syntactic criterion. Note also that the only
frame responsible for the huge number of non-finitely axiomatizable incomplete logics in
&1 Lin.t is the frame GI[0,C(1),0]. Indeed ThGJ[0,C(1),0] itself is an example of such a
logic.

Examples. (1) Th(w<) = A, where
A = Lin.t ® N((—, [+, J])) ® N((—, C(0))) & N([J, =']?).

<

This is clear since A is Kripke complete (by Proposition 23) and since w< is, up to iso-

morphisms, the only frame of the form [¢] with § € SBK and [g] = A.

(2) Th({Z,<,>)) = A, where
A = LIN.t  LDisc @ RDisc @ N((Jok, [+, J])) ® N(([J, =], Jok)).

A is complete, by Proposition 23. The frames of the form [g] with [§] = A and § €
SBK are, up to ismorphisms, precisely (Z, <,>) and C(m),m > 0. But Th((Z, <,>)) C
Th(C(m)), for m € w. Hence A = Th((Z, <, >)).

Let us finally, just for fun, describe the lattice of Kripke complete logics above Ord.t,

or equivalently, the lattice of tense logics of classes of ordinals. Denote by (w + 1)* the
lattice (w + 1,>) and denote by 2 the lattice ({0, 1}, <).

Proposition 24 ErLin.tNEOrd.t ~ ((w+ 1)*)¥ x 2.
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Proof. Define for A a tense logic in the lattice

s(A) = ({on(A)[n € w), (Wm(A)n € w)) € ((w+1)7)% x 27

by putting
w (W)™ <anSEA forallm >0,
on(A) = 0 : (wS<am=)FEA,
max{m > 0| (w<)"™ <n<|=A} : otherwise.

1 DT
%(A)_{ 0 : otherwise.

Using Lemme 13 (5) it is easy to show that s is an ismorphism. -

7 Outlook

A number of problems concerning tense logic arise. (1) We did not try to establish the
complexity of the provability problem for finitely axiomatizable tense logics. So this re-
mains open. Nevertheless the algorithms delivered in this paper seem to be a good basis
for solving this problem. (2) Another problem is how far the method developed in this
paper can be extended to tense logics not validating one of the linearity axioms. Although
we believe that similar results can be obtained for logics without .3 in one direction, i.e.
logics of frames which are based on trees, we don’t have significant results so far.

Finally there are a number of problems concerning the decidability of properties of tense
logics. Based on the results of this paper some problems of this type will be solved in a
forthcoming paper. For example, we shall deliver algorithms which decide for a f.a. tense
logic (1) whether it is Kripke complete (2) whether it is strongly complete with respect to
Kripke frames (3) whether its Kripke frames form a first order definable class (4) whether
it has the interpolation property.
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