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Abstra
t

Tense logi
s in the bimodal propositional language are investigated with respe
t to

the Finite Model Property (FMP). In order to prove positive results te
hniques from

investigations of modal logi
s above K4 are extended to tense logi
. General negative

results show the limits of this transfer. The main result is that the minimal tense

extension of a 
on�nal subframe logi
 � above K4 has the FMP if and only if the

�-frames form an elementary 
lass.

Tense logi
s in the bimodal propositional language belong to the basi
 systems des
ribing

relational stru
tures. It is easy to �nd both tense logi
s with the FMP as well as tense

logi
s without this property; indeed, a lot of systems have been investigated with respe
t

to FMP [5℄. Nevertheless, general results are not known so far. In this paper we try to

�ll this gap to some extent. Sin
e the latti
e of tense logi
s is too 
omplex as a whole,

the investigation has to be restri
ted to a suitable sub
lass. The framework of this paper

is given by those tense logi
s whose monomodal fragments are 
o�nal subframe logi
s

in the sense of Zakharyas
hev [8℄ and whose axioms 
onne
ting the future and the past

modality are subframe axioms. This is a natural 
ondition on tense logi
s: Only those

tense logi
s are 
onsidered whi
h do not express the existen
e of non�nal points. The

methods applied in order to derive the results are mostly K4-based; indeed, some of the

theorems 
an be regarded as transfer theorems from extensions of K4 to tense logi
s in

the sense of Kra
ht & Wolter [4℄. For a reader familiar with the methods of K. Fine [1℄,[2℄

or M. Zakharyas
hev [8℄,[9℄ the proofs of the positive results of this paper will appear

quite natural. New te
hniques have to be developed in order to prove that these results

are optimal.

L denotes the propositional bimodal language with primitive 
onne
tives 2

+

;2

�

;^;:

and L

+

, L

�

denote the monomodal languages with 2

+

and 2

�

. For a formula � in

a monomodal language �

+

is the translation of � into L

+

and �

�

is the translation of

� into L

�

. Normal mono- or bimodal logi
s are de�ned as usual. We will 
all normal

logi
s simply logi
s. Given a logi
 � and a set of formulae � the smallest logi
 above �


ontaining � is denoted by ���. K4:t denotes the smallest bimodal logi
 whi
h 
ontains

1
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fp ! 2

+

3

�

p; p ! 2

�

3

+

p;2

+

p ! 2

+

2

+

pg. Extensions of K4:t are 
alled tense logi
s.

For a monomodal logi
 � � K4 in the language L

+

the smallest tense logi
 
ontaining

� is denoted by �

+

:t. The logi
s �

�

:t and �

+

1

:�

�

2

:t are de�ned in the obvious way. The

monomodal fragments of a tense logi
 � are �

+

:= � \ L

+

and �

�

:= � \ L

�

. Clearly

(�

+

:t)

+

= � for a 
omplete monomodal logi
 �.

A tense frame G is a stru
ture hg;R

+

; R

�

; Ai with R

+

= (R

�

)

�1

and A � 2

g

so that A

is 
losed under �nite interse
tions, 
omplements and 2a := fx 2 gj8y 2 g : xRy ) y 2 ag

for (2; R) = (2

+

; R

+

); (2

�

; R

�

). G is a Kripke-frame if A = 2

g

; in this 
ase we write g

instead of G. Valuations of frames are de�ned as usual and are denoted by V . A frame G

is re�ned if

8x; y 2 g : x = y , 8a 2 A : x 2 a, y 2 a;

8x; y 2 g : xRy , 8a 2 A : x 2 2a) y 2 a

for (2; R) = (2

+

; R

+

); (2

�

; R

�

): A frame G is des
riptive if G is re�ned and

T

U 6= ; for

all ultra�lters U in A. For a des
riptive frame G and an ultra�lter U there exists x 2 g

with

T

U = fxg.

1 Subframe Logi
s and Co�nal Logi
s

We de�ne subframe logi
s only in the monomodal 
ase. All the 
on
epts and theorems

extend without any problem to polymodal logi
s. Consider a frame G = hg;R;Ai and

b 2 A. De�ne G

b

:= hb;R\ (b� b); fb\ aja 2 Agi. It is easy to show that G

b

is a frame. G

b

is 
alled a subframe of G. A logi
 � is a subframe logi
 if the 
lass of �-frames is 
losed

under subframes. The following properties of subframe logi
s are proved in Wolter [7℄.

Theorem 1 (1) The subframe logi
s form a 
omplete sublatti
e of the latti
e of normal

modal logi
s. (2) A logi
 � is a subframe logi
 i� it is 
omplete with respe
t to a 
lass of

frames 
losed under subframes. (3) The 
lass of subframe logi
s above K4 
oin
ides with

the subframe logi
s de�ned by K.Fine [2℄. Hen
e, by the result of Fine, all subframe logi
s

above K4 have the FMP.

For a subframe logi
 � the latti
e of subframe logi
s above � is denoted by S�. It follows

from (2) that a 
omplete logi
 is a subframe logi
 i� its Kripke-frames are 
losed under

subframes. Now 
all a logi
 � 
ompa
t if for all sets � 
onsistent with � there is a �-frame

g, a valuation V and x 2 g with g; V; x j= �. A logi
 � is R-persistent (D-persistent) if for

all re�ned (des
riptive) �-frames hg;Ai the frame g is a �-frame as well. � is elementary

if its frames form an elementary 
lass. The following equivalen
es are proved in Wolter

[7℄.

Theorem 2 For a subframe logi
 � the following 
onditions are equivalent:

(1) � is 
omplete and elementary. (2) � is 
ompa
t.

(3) � is R-persistent. (4) � is D-persistent.
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Examples. Clearly K4:t is a D-persistent subframe logi
. Call a set of formulas � � L

su
h that K4:t � � is a subframe logi
, a set of subframe axioms. Then it follows that

�

+

1

:�

�

2

:t�� is a subframe logi
 if �

1

;�

2

� K4 are monomodal subframe logi
s and � is a

set of subframe axioms. We start with examples of elementary subframe logi
s above K4.

Forming �

+

1

:�

�

2

:t from the following lists gives us nearly all standard tense systems.

K4:T = S4 = K4�2p! p.

K4:T:B = S5 = S4� p! 23p.

K4:I

n

= K4�

V

h3p

i

ji � ni !

W

h3(p

i

^(p

j

_3p

j

))ji 6= ji. Note that K4:3 = K4:I

1

.

K4:B

n

= K4�B

n

where B

1

= 32p

1

! p

1

; B

n+1

= 3(2p

n+1

^ :B

n

)! p

n+1

.

K4:Alt

n

= K4� alt

n

= K4 +

V

h3p

i

j1 � i � n+ 1i !

W

h3(p

i

^ p

j

)ji 6= ji.

Examples of non-elementary subframe logi
s are

G = K4�2(2p! p)! 2p.

Grz = K4�2(2(p! 2p)! p)! p.

K4Z = K4�2(2p! p)! (32p! 2p).

Dum = S4�2(2(p! 2p)! p)! (32p! p).

Co�nal subframe logi
s above K4 were de�ned by M. Zakharyas
hev [8℄. Let G

b

be a

subframe of a transitive frame G. Then G

b

is a 
o�nal subframe of G if b is a 
o�nal subset

of g : 8x 2 g8y 2 b : yRx ) x 2 b _ 9z 2 b : xRz. A logi
 � above K4 is a 
o�nal

subframe logi
 if its frames are 
losed under 
o�nal subframes. Clearly all subframe logi
s

above K4 are 
o�nal subframe logi
s. The following two theorems are proved in [9℄.

Theorem 3 All 
o�nal subframe logi
s above K4 have the FMP. The 
o�nal subframe

logi
s form a 
omplete sublatti
e of the latti
e of extensions of K4.

The latti
e of 
o�nal subframe logi
s is denoted by CK4.

Theorem 4 For a 
o�nal subframe logi
 � above K4 the following properties are equiva-

lent:

(1) � is elementary. (2) � is 
ompa
t.

(3) � is D-persistent.

Note that for 
o�nal subframe logi
s D-persisten
e does not imply R-persisten
e. S4:1 is

a 
ounterexample. It is readily 
he
ked that these equivalen
es also hold for �

+

:t with

� 2 CK4. Examples of elementary 
o�nal subframe logi
s whi
h are not subframe logi
s

are
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K4:D = K4�3(p! p).

K4:1 = K4�23p! 32p.

S4:1 = S4�23p! 32p.

S4:2 = S4�32p! 23p.

We 
all a logi
 � � K4:t a 
o�nal logi
 i� there exist 
o�nal monomodal subframe logi
s

�

1

;�

2

and a set of subframe axioms � with � = �

+

1

:�

�

2

:t � �. Thus, 
o�nal logi
s are

those tense systems whose monomodal fragments are 
o�nal subframe logi
s above K4

and whose axioms 
onne
ting the future and the past modality are subframe axioms.

2 Splittings

Both K. Fine as well as M. Zakharyas
hev apply splittings (alias subframe formulas or


anoni
al formulas) in order to investigate the latti
es CK4 and SK4. Let D denote a


omplete sublatti
e of the latti
e of monomodal or bimodal logi
s and let g denote a �nite

and rooted frame. Then g splits D i� there exists a smallest logi
 � 2 D so that g is not

a �-frame. In this 
ase � is denoted by D=g and is 
alled a splitting of D. A set of �nite

and rooted frames F splits D if there exists a smallest logi
 � 2 D so that none of the

frames in F is a �-frame. Then � is denoted by D=F and is 
alled a

W

-splitting of D. All

�nite and rooted frames split the latti
e of extensions of K4. Hen
e all �nite and rooted

frames split ea
h 
omplete sublatti
e of the latti
e of extensions of K4. Contrary to this

situation above K4 not all �nite and rooted tense frames split the latti
e of extensions

of K4:t. Kra
ht [3℄ shows that only the irre
exive point splits this latti
e. The frames

splitting SK4:t are 
hara
terized in [7℄. Splittings are 
onne
ted with formulas des
ribing

�nite rooted frames. From now on we assume that r always denotes a root of a frame.

For a �nite and transitive monomodal frame hg;Ri de�ne

�

g

=

^

hp

y

! 3p

z

jyRzi

^

^

hp

y

! :3p

z

j:(yRz)i

^

^

hp

y

! :p

z

jy 6= zi

It 
an be shown that 2�

g

^�

g

^p

r

is satis�able in a transitive frameH i� there is a subframe

H

0

of H so that g is a p-morphi
 image H

0

. We also say that H is subredu
ible onto g.

Now de�ne r

g

:= �

g

^

W

hp

x

_ 3p

x

jx 2 gi. For r

g

it 
an be shown that 2r

g

^ r

g

^ p

r

is satis�able in a transitive frame H i� there is a 
o�nal subframe H

0

of H so that g is

a p-morphi
 image H

0

. We also say that H is 
o�nally subredu
ible onto g. For a �nite

tense frame hg;R

+

; R

�

i de�ne �

hg;R

+

;R

�

i

= �

+

hg;R

+

i

^�

�

hg;R

�

i

. For a formula � 2 L de�ne

indu
tively 2

0

� := �;2

m+1

� := 2

+

2

m

� ^ 2

�

2

m

� and 2

(m)

� :=

V

h2

i

�ji � mi. The

following theorem summarizes the results we need about splittings.
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Theorem 5 (1) [Fine℄ All subframe logi
s above K4 are

W

-splittings of SK4. For all sets

of �nite and rooted frames F : SK4=F = K4� f�

g

^2�

g

! :p

r

jg 2 Fg.

(2) [Zakharyas
hev℄ All 
o�nal subframe logi
s above K4 are

W

-splittings of CK4. For all

sets of �nite and rooted frames F : CK4=F = K4� fr

g

^2r

g

! :p

r

jg 2 Fg.

(3) [Wolter℄ For a subframe logi
 � above K4 the logi
 �

+

:t is a

W

-splitting of SK4:t i�

� is elementary. If F is a set of �nite rooted tense frames whi
h splits SK4:t, then there

exist m

g

2 ! for g 2 F so that SK4:t=F = K4:t� f2

(m

g

)

�

g

! :p

r

jg 2 Fg.

Theorem 5 (3) shows that in tense logi
 there is a 
ru
ial di�eren
e with respe
t to latti
e

theoreti
 behaviour between an elementary subframe logi
 and a non-elementary one.

This will also be the 
ase for FMP. In order to develop this di�eren
e a 
hara
terization

of elementary 
o�nal subframe logi
s is needed. For a transitive frames hg;Ri and a set

g

0

� g de�ne the following property: g

0

is unique in g if for all x 2 g � g

0

:

(9y 2 g

0

)yRx ) (8z 2 g

0

)zRx & (9y 2 g

0

)xRy ) (8z 2 g

0

)xRz. If g

0

satis�es this

property, then g

0

Rx and xRg

0

have the obvious meaning for x 2 g�g

0

. Note that a 
luster

U in g is always unique in g. Now suppose that g

0

is unique in g and take a frame hh; Si.

Then de�ne the repla
ement of g

0

by h in g as follows: hg;Ri[hh; Si=g

0

℄ := h(g�g

0

)[h;R

0

i

where

R

0

:= R \ (g � g

0

)

2

[ S [ h� fx 2 g � g

0

jg

0

Rxg [ fx 2 g � g

0

jxRg

0

g � h.

Let T

<

n

denote the stri
tly as
ending 
hain of length n+ 1 and let T

�

n

denote the stri
tly

as
ending 
hain with re
exive points of lenght n+1. Re
all the following 
hara
terization

of elementary 
o�nal subframe logi
s from Zakharyas
hev [9℄.

Theorem 6 Let � 2 SK4. Then the following 
onditions are equivalent:

(1) � is elementary.

(2) For all �nite and rooted frames g and 
lusters U in g: If g[T

<

n

=U ℄ or g[T

�

n

=U ℄ are

�-frames for all n 2 !, then g is a �-frame.

Let � 2 CK4. Then the following 
onditions are equivalent:

(1) � is elementary.

(2) For all �nite and rooted frames g and non-�nal 
lusters U in g: If g[T

<

n

=U ℄ or g[T

�

n

=U ℄

are �-frames for all n 2 !, then g is a �-frame.

3 Tense Logi
s with FMP

Consider a transitive frame G = hg;R;Ai and a 2 A. De�ne x

~

Ry i� xRy and :(yRx).

The set of R-maximal a-points is de�ned by

y 2 max(R; a) i� y 2 a and for all z with y

~

Rz : z 62 a.

Given a point x 2 g the set of R-maximal a-points above x is
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max(x;R; a) := Tr

R

(x) \max(R; a),

where Tr

R

(x) := fy 2 gjx = y or xRyg. The following theorem generalizes a theorem

from Fine [1℄.

Theorem 7 Let G = hg;R;Ai be a transitive des
riptive frame and x 2 a 2 A. Then

max(x;R; a) 6= ;.

Proof. Suppose that max(x;R; a) = ;. Then h = Tr(x) \ a 
ontains no maximal

element. By Zorn's Lemma there is a maximal R-
hain C � h. De�ne F � A by

F := fb 2 Aj9y 2 C8z 2 Tr(y) \ C : z 2 bg. F has the �nite interse
tion property, sin
e

h 
ontains no maximal element. Hen
e there exists an ultra�lter U � F . Let

T

U = fzg.

Clearly we have z 2 a. Now suppose that y 2 C and y 2 2b for a b 2 A. Then b 2 F and

therefore z 2 b. But then yRz sin
e G is des
riptive. It follows that z is maximal in C

and we have a 
ontradi
tion.a

For a set B � A de�ne max(R;B) :=

S

fmax(R; a)ja 2 Bg. For a formula � the set

of subformulas of � is de�ned as usual and denoted by sb(�). The free boolean algebra

generated by sb(�) is denoted by Bo(�). For a des
riptive frame G = hg;R

+

; R

�

; Ai, a

valuation V and � 2 L 
all a set Rd

�

g � g a �-redu
t set of hG; V i i�

(1) Rd

�

g � max(R

+

; V [Bo(�)℄) [max(R

�

; V [Bo(�)℄).

(2) for all 
lusters U in G and a 2 V [Bo(�)℄ the set Rd

�

g 
ontains pre
isely one

point x 2 a \ U if max(R; a) \ U 6= ; for R = R

+

or R = R

�

.

The �-redu
t of hG; V i is Rd

�

G := hRd

�

g;R

+

\ (Rd

�

g)

2

; R

�

\ (Rd

�

g)

2

i. We will often

write R instead of R \ (Rd

�

g)

2

. For a valuation V of g and h � g the valuation V jh of h

is de�ned by V jh(p) := V (p) \ h. Again we will write V instead of V jh.

Lemma 8 Let G = hg;R

+

; R

�

; Ai be a des
riptive frame for a D-persistent 
o�nal tense

logi
 � and let V be a valuation and � 2 L. Then

(1) 8x 2 Rd

�

g 8 2 sb(�) : Rd

�

G; V; x j=  i� G; V; x j=  .

(2) Rd

�

G is a �-frame.

Proof. (1) The proof is by indu
tion on  2 sb(�). We 
he
k the step  = 3

+

�.

Rd

�

G; V; x j= 3

+

� ) G; V; x j= 3

+

� follows from the indu
tion hypothesis and the fa
t

that Rd

�

g � g. Now suppose that G; V; x j= 3

+

�. Then there exists a y 2 g with xR

+

y

and G; V; y j= �. By Theorem 7 exists y

0

2 Rd

�

g with y

0

2 Tr

R

+(y) and G; V; y

0

j= �.

Hen
e xR

+

y

0

and, by indu
tion hypothesis, Rd

�

G; V; y

0

j= �.

(2) Rd

�

G is a subframe of hg;R

+

; R

�

i. Hen
e it is enough to show that Rd

�

g is a R

+

- and
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R

�

-
o�nal subset of g. We prove this for R

+

. Let x 2 Rd

�

g and xR

+

y and y 62 Rd

�

g. If

g; V; y j= �, then max(y;R

+

; V (�)) 6= ;, by Theorem 7. Hen
e there is a z 2 Rd

�

g with

yR

+

z. The 
ase g; V; y j= :� it 
an be 
he
ked analogously using the fa
t that :� 2 Bo(�).

a

Lemma 9 Let G be a des
riptive tense frame and � 2 L: For m = jBo(�)j:

(Cl

m

) If U is a 
luster in Rd

�

G, then jU j � m.

(dp

m

) If fx

0

~

Rx

1

~

R : : :

~

Rx

n

g � Rd

�

g, then n � 2m.

The simple proof is left to the reader. Call a transitive tense frame g for whi
h there exists

m 2 ! with (Cl

m

) and (dp

m

) a quasi-�nite tense frame.

Theorem 10 All D-persistent 
o�nal tense logi
s are 
omplete with respe
t to quasi-�nite

tense frames.

Proof. Suppose that � 62 �. Take a des
riptive �-frame G, a valuation V and x 2 g so

that G; V; x j= :�. We may assume that x 2 Rd

�

g. Rd

�

G is a �-frame and hRd

�

G; V i

satis�es :� in x. a

We need some notation. For a transitive frame hg;Ri de�ne the depth of x 2 g by

indu
tion: dp(R; x) = 0 i� 8y 2 g : xRy ) yRx; dp(R; x) = n + 1 i� dp(R; x) 6= n and

9y : xRy with dp(R; y) = n and 8y : x

~

Ry ) dp(R; y) � n.

The modal depth dp(�) of a formula � is de�ned as usual. Let S be a relation on g and

a � g. Then de�ne the m-transit of a in g by indu
tion:

TR

1

[a; S; g℄ := a [ fy 2 gj9x 2 a : xSyg

TR

m+1

[a; S; g℄ := TR

1

[TR

m

[a; S; g℄; S; g℄:

Theorem 11 Let � = �

+

1

:t � I

+

n

� I

�

n

� � be a D-persistent tense logi
, where �

1

is a


o�nal subframe logi
 above K4 and � is a set of subframe axioms in L. Then � has the

FMP.

Proof. Suppose that � 62 �. Take a quasi-�nite �-frame hg;R

+

; R

�

i, a valuation V and

x 2 g so that g; V; x j= :�. Assume that dp(�) = k. Now let f := TR

k

[x;R

+

[ R

�

; g℄

and then form h := TR

1

[f;R

+

; g℄. We show that (1) h is �nite, (2) h is a �-frame, (3)

h; V jh; x j= :�.

(1) follows if TR

1

[y;R; g℄ is �nite for R = R

+

; R

�

and y 2 g. Let g satisfy (Cl

m

); (dp

m

):

Now hTR

1

[y;R; g℄; Ri is a one generated transitive frame with depth � 2m; width � n

so that all 
lusters have 
ardinality � m. It is readily 
he
ked that frames with theses

properties are �nite.
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(2) h is a subframe of g. Hen
e h j= �. It remains to show that hh;R

+

i j= �

1

. But this

follows from the fa
t that hh;R

+

i is a generated subframe of hg;R

+

i.

(3) follows drom dp(�) = k and h � TR

k

[x;R

+

[R

�

; g℄. a

Corollary 12 All 
omplete and elementary subframe logi
s above K4:t � I

+

n

� I

�

n

have

the FMP.

Given Theorem 11 it is reasonable to 
onje
ture that all D-persistent logi
s �

+

1

:�

�

2

:t �

I

+

n

� I

�

n

� � for �

1

;�

2


o�nal subframe logi
s and � a set of subframe axioms have the

FMP. This 
onje
ture is refuted in Theorem 29 even for tabular �

1

;�

2

. The following

Proposition follows immediately from the 
hara
terization of elementary 
o�nal subframe

logi
s in Theorem 6 and the fa
t that all 
o�nal subframe logi
s are

W

-splittings of CK4

(Theorem 5).

Proposition 13 Let � be a 
o�nal subframe logi
 above G. Then there is a set of D-

persistent axioms � with � = G� �.

Finally the following Proposition is proved in [7℄.

Proposition 14 Let hg;Ai be a re�ned tense frame with hg;Ai j= alt

+

n

^ alt

�

n

for an

n 2 !. Then g j= � i� hg;Ai j= � for all � 2 L.

Theorem 15 Suppose that � = �

+

1

:t�� � G

+

:G

�

:t�I

+

n

�I

�

n

with �

1

a 
o�nal subframe

logi
 and � a set of subframe axioms. Then � has the FMP.

Proof. Suppose that � 62 �. Take a des
riptive �-frame G = hg;R

+

; R

�

; Ai, a valuation

V and x 2 g with G; V; x 6j= �. Now form Rd

�

G and de�ne h � Rd

�

g as in the proof of

Theorem 11. It remains to show that h is a �-frame. Let �

1

= G:I

n

��

1

with �

1

a set of

D-persistent axioms (these exist by Prop. 13.)

Claim 1. h j= G

+

:G

�

:t

This 
laim follows if Rd

�

G j= G

+

:G

�

:t. Now Rd

�

G satis�es (dp

m

) for an m 2 !. Hen
e

it is enough to show that all points in Rd

�

G are irre
exive. Let x 2 Rd

�

G. Then there is

an a 2 A and an R 2 fR

+

; R

�

g so that x is R-maximal in a. G

a

j= G

+

:G

�

:t sin
e G is a

subframe logi
. Thus x is irre
exive sin
e the R-su

essors of x in G

a

form a 
luster.

Claim 2. h j= �

1

Rd

�

G j= �

1

sin
e K4� �

1

is a D-persistent 
o�nal subframe logi
. Now h j= �

1

be
ause

h is an R

+

-generated subframe of Rd

�

G.

Claim 3. h j= �.

All points in h are irre
exive. Hen
e we 
an take a

x

2 A with x 2 a

x

;3

�

a

x

= 3

+

a

x

= ;

for all x 2 h. a :=

S

fa

x

jx 2 hg 2 A sin
e h is �nite. Hen
e G

a

j= � and a � h. Let

G

a

= ha; S

+

; S

�

; Bi. Claim 3 follows if ha; S

+

; S

�

i j= �. But ha; Si has depth � jhj and

width � n for S = S

+

; S

�

. Hen
e ha; S

+

; S

�

i j= alt

+

l

^ alt

�

l

for an l 2 ! and Prop. 14


an be applied sin
e G

a

is re�ned. a



3 TENSE LOGICS WITH FMP 9

Corollary 16 All subframe logi
s above G

+

:G

�

:t� I

+

n

� I

�

n

have the FMP.

Theorem 17 Let � be a D-persistent and 
o�nal subframe logi
 above K4. Then �

+

:t

has the FMP.

Proof. Let � 62 �

+

:t: Take a quasi-�nite �-frame hg;R

1

; R

2

i, a valuation V and u 2 g

with g; V; u j= :�. First let x �

�

y i� g; V; x j=  , g; V; y j=  for all  2 Bo(�). The


luster 
ontaing an x 2 g is denoted by U(x). De�ne another equivalen
e relation on g by

indu
tion on dp(R

+

; x).

x � y i� (1) dp(R

+

; x) = dp(R

+

; y) (2) x �

�

y (3) if xR

+

z for a z with dp(R

+

; z) <

dp(R

+

; x), then there exists z

0

with yR

+

z

0

and z � z

0

. (4) if yR

+

z for a z with dp(R

+

; z) <

dp(R

+

; y), then there exists z

0

with xR

+

z

0

and z � z

0

. (5) for all  2 Bo(�) : 9z 2 U(x) :

z; V j=  i� 9z 2 U(y) : z; V j=  , (6) U(x) is an irre
exive point i� U(y) is an irre
exive

point.

Let [x℄ denote the �-equivalen
e-
lass of x 2 g and de�ne h = f[x℄jx 2 gg. Using the

assumption that g is quasi-�nite a simple indu
tion on the depth of [x℄ shows that h

is �nite. De�ne S

+

on h by [x℄S

+

[y℄ i� there exist x

0

2 [x℄; y

0

2 [y℄ with xR

+

y. Let

S

�

:= (S

+

)

�1

and V

0

(p) := f[x℄ 2 hjx 2 V (p)g for p 2 sb(�).

Claim 1. x 7! [x℄ is a p-morphism from hg;R

+

i onto hh; S

+

i.

xR

+

y ) [x℄S

+

[y℄ follows from the de�nition. Now suppose that [x℄S

+

[y℄. Then there

exist x

0

; y

0

2 g with x � x

0

; y � y

0

and x

0

R

+

y

0

. Case 1. y

0

2 U(x

0

). Then, by (5) and

(6) there is a z 2 U(x) with z �

�

y

0

and xR

+

z. It follows immediately from x � x

0

that

z � y

0

. Hen
e xR

+

z and [z℄ = [y℄. Case 2. dp(R

+

; x

0

) > dp(R

+

; y

0

). Then, by 
ondition

(3), there exists z 2 [y

0

℄ with xR

+

z.

Claim 2. For all  2 sb(�); x 2 g : g; V; x j=  , h; V

0

; [x℄ j=  .

The proof is by indu
tion on  . We prove the step  = 3

�

�. Suppose that g; V; x j= 3

�

�.

Then there exists y 2 g with xR

�

y and g; V; y j= �. Now [x℄S

�

[y℄ and h; V

0

; [y℄ j= �. Hen
e

h; V

0

; [x℄ j= 3

�

�. Suppose that h; V

0

; [x℄ j= 3

�

�. Then there exists [y℄ 2 h with [x℄S

�

[y℄

and h; V

0

; [y℄ j= �. By the de�nition of � there exist x

0

� x; y

0

� y with x

0

R

�

y

0

. Now, by

indu
tion hypothesis, g; V; y

0

j= �. Thus g; V; x

0

j= 3

�

� and then g; V; x j= 3

�

�.

By Claim 1, hh; S

+

i is a �-frame. Hen
e hh; S

+

; S

�

i is a �

+

:t frame. By Claim 2,

hh; S

+

; S

�

i; V

0

; [u℄ j= :�. a

We introdu
e another redu
tion of quasi-�nite frames. In this 
ase only those maximal

points are sele
ted whi
h are ne
essary in order to satisfy a formula �. Let hg;R

+

; R

�

i

be a quasi-�nite frame, V a valuation and � 2 L. It follows immediately from (dp

m

) that

max(x;R; V ( )) 6= ; for all x 2 V ( );  2 Bo(�) and R = R

+

; R

�

. Take R = R

+

; R

�

and a �nite set h � g. Then let f

R

(h; �)) � g denote a minimal set so that for all

x 2 h and � 2 Bo(�) with max(x;R; V (�)) 6= ; and max(x;R; V (�)) \ h = ; it follows



3 TENSE LOGICS WITH FMP 10

f

R

(h; �) \ max(x;R; V (�)) 6= ;: It is readily 
he
ked that for h � g �nite jf

R

(h; �)j �

jBo(�)jjhj. De�ne by indu
tion

F

0

R

(h; �) = f(h; �) [ h:

F

n+1

R

(h; �) = f

R

(F

n

R

(h; �); �):

The R-
losure of h is de�ned by C

R

(h; �) :=

S

fF

n

R

(h; �)jn 2 !g.

Lemma 18 Let hg;R

+

; R

�

i be a quasi-�nite frame,R 2 fR

+

; R

�

g; x 2 g and V a valua-

tion. Then C

R

(x; �) is �nite.

Proof. For all z 2 F

n

R

(x; �) there is an R-path x = x

0

Rx

1

R : : : Rx

n

= z with x

i+1

2

max(x

i

; R; �

i

) for 0 < i < n with �

i

2 Bo(�). Clearly a � 2 Bo(�) 
an o

ur only on
e

among the �

i

. Hen
e F

m+1

R

(x; �) = F

m

R

(x; �) for m = jBo(�)j. Thus C

R

(x; �) = F

m

R

(x; �)

is �nite. a

Now de�ne indu
tively for h � g sets C

m

(h; �) by C

0

(h; �) := C

R

+
(h; �)

C

2n+2

(h; �) := C

R

+
(C

2n+1

(h; �);

C

2n+1

(h; �) := C

R

�(C

2n

(h; �):

The total �-
losure of h is C(h; �) :=

S

fC

m

(h; �)jm 2 !g. The following lemma follows

by indu
tion on the subformulas of �.

Lemma 19 Let hg;R

+

; R

�

i be a quasi-�nite frame and g; V; x j= � for a � 2 L. Then

hC(x; �); R

+

; R

�

i; V; x j= �.

Theorem 20 Let � = �

�

1

:t�� be a D-persistent logi
 with �

1

� K4:3 a 
o�nal subframe

logi
 and � a set of subframe axioms. Then � has the FMP.

Proof. Take a one-generated quasi-�nite �-frame hg;R

+

; R

�

i, a valuation V and an x 2 g

with g; V; x j= :�. By 
ondition (dp

m

) for an m 2 ! and g j= K4:3

�

:t, there is a point

r 2 g so that r is a R

+

-root of g. Consider the frame hC(r; �); R

+

; R

�

i. C(r; �) is a R

�

-


on�nal subset of g sin
e r 2 C(r; �). Hen
e hC(r; �); R

+

; R

�

i is a �-frame. By Lemma

19 there exists y 2 C(r; �) so that hC(r; �); R

+

; R

�

i; V; y j= �. Now the theorem follows if

C(r; �) is �nite.

By Lemma 18 it is enough to show that C(r; �) = C

m

(r; �) for an m 2 !. In order to

derive a 
ontradi
tion assume that there is a sequen
e x

n

2 C

n

(r; �) � C

n�1

(r; �); n 2 !,

so that rR

+

x

0

and x

2m

R

�

x

2m+1

R

+

x

2m+2

for all m 2 !. We derive (1) x

2m+1

R

+

x

2m+3

for all m 2 !:

Let m 2 ! and x

2m+1

R

+

x

2m+2

R

�

x

2m+3

. Then x

2m+2

R

�

x

2m+1

and x

2m+2

R

�

x

2m+3

.

Now �

1

� K4:3. Hen
e (2) x

2m+3

R

�

x

2m+1

or (3) x

2m+1

R

�

x

2m+3

. From (2) follows

x

2m+1

R

+

x

2m+3

. Assume (3). There is a  2 Bo(�) so that x

2m+3

; V j=  but for all
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z 2 C

2m+1

(r; �) with x

2m+2

R

�

z : z 62 V ( ). But, by (3), max(x

2m+1

; R

�

;  ) 6= ;. Hen
e

there is a z 2 C

2m+1

(r; �) with x

2m+1

R

�

z and z; V j=  . But x

2m+2

R

�

x

2m+1

. Thus

x

2m+2

R

�

z and we have a 
ontradi
tion. By (1) exists an in�nite R

+

-sequen
e whi
h


ontradi
ts to (dp

m

). a

Corollary 12 and Theorem 20 together 
annot be improved. This is shown in Theorem

30 by giving an example of a D-persistent subframe logi
 above K4:t � I

+

2

without the

FMP.

Theorem 21 All subframe logi
s above G:3

+

:G

�

:t have the FMP and are �nitely axiom-

atizable.

Proof. The �nite and rooted G:3

+

:G

�

:t-frames are pre
isely the �nite trees. It is proved

in [7℄ that all �nite trees split SK4:t. It follows that all subframe logi
s above G:3

+

:G

�

:t

have the FMP i� all

W

-splittings of SG:3

+

:G

�

:t have the FMP. In this 
ase all subframe

logi
s above G:3

+

:G

�

:t are

W

-splittings of SG:3

+

:G

�

:t. Now it is proved in [7℄ that

SK4:t=g is D-persistent for all �nite trees g. Hen
e all

W

-splittings of SG:3

+

:G

�

:t are

of the form G:3

+

:G

�

:t � � for a set � of D-persistent subframe axioms. Conne
ting the

te
hniques applied in the proofs of Theorem 15 and Theorem 20 gives a proof of the FMP

of these logi
s. It remains to show the �nite axiomatizability. Re
all the de�nition of a

well partial order. A stru
ture hD;vi is a well partial order i� it is a partial order whi
h


ontains no in�nite stri
tly des
ending 
hains and no in�nite set of mutually in
omparable

elements. Sin
e all subframe logi
s above G:3

+

:G

�

:t are

W

-splittings of this logi
, it is

enough to show that the �nite trees form a well partial order with respe
t to the relation

g v f de�ned by g v f i� g is a subframe of f . But this is the 
ontent of a theorem

proved by Kruskal [6℄. a

The proof of the following Theorem is 
ompletely analogous.

Theorem 22 All subframe logi
s above Grz :3

+

:Grz

�

:t have the FMP and are �nitely

axiomatizable.

One might be tempted to 
on
lude that not only the subframe logi
s above G:3

+

:G

�

:t

behave well but that the latti
e of all extensions of this logi
 should be simple be
ause the

Kripke-frames are pre
isely the �nite trees. This is far from being true. Using standard

splitting te
hniques it is easily shown that there exist un
ountably many in
omplete logi
s

even above G:3

+

:G:3

�

:t

4 Tense Logi
s without the FMP

Lemma 23 Let hg;R

+

i be a transitive frame, U a 
luster in g, and � 2 L

+

. Then

(1) If hg;R

+

i[T

<

n

=U ℄ j= � for all n, then hg;R

+

i[h!;>i=U ℄ j= �.
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(2) If hg;R

+

i[T

�

n

=U ℄ j= � for all n, then hg;R

+

i[h!;�i=U ℄ j= �.

The simple proof is left to the reader. The quotient frame of a transitive frame g with

respe
t to the 
lusters is denoted by Sk(g) and is 
alled the skeleton of g. For a formula

� de�ne 2

++

� := � ^2

+

�;2

��

� := � ^2

�

� and 2

�

� := 2

(2)

�.

Theorem 24 Let � be a 
o�nal subframe logi
 whi
h is not elementary. Then �

+

:t does

not have the FMP.

Proof. Let � be a 
o�nal subframe logi
 whi
h is not elementary. Then, by Theorem 6,

there exist a �nite and rooted frame hg;R

+

i and a non-�nal 
luster U in g so that g is not

a �-frame but (i) g[T

<

n

=U ℄ j= � for all n 2 ! or (ii) g[T

�

n

=U ℄ j= � for all n 2 !. Assume

that (i) holds. The proof in the 
ase (ii) is 
ompletely analogous. In order to keep the

proof transparent we start with the simplest 
ase. Case 1. U has no proper prede
essor in

hg;R

+

i. By Lemma 23, hg;R

+

; R

�

i[h!;>;<i=U ℄ j= �

+

:t. Reserve a variable p

x

for ea
h

x 2 g and let 0 2 U . Now de�ne

� := �

�

hg;R

�

i

[p

x

jx 2 g℄

^ r

+

hg�U;R

+

i

[p

x

jx 2 g � U ℄

^

^

hp

y

! 3

+

p

x

jy 2 U; x 2 g � U; yR

+

xi

Then 2

�

� ^ p

0

is �

+

:t-
onsistent sin
e it is satis�able in hg;R

+

; R

�

i[h!;>;<i=U ℄. Let

F = hf; S

+

; S

�

i be a �nite �

+

:t-frame and suppose that there are sets fb

x

� f jx 2 gg

and y 2 f with y 2 2

�

� ^ p

0

[b

x

jx 2 g℄. Take an x 2 max(y; S

�

; b

0

) and let F

x

denote

the monomodal frame hTR

1

[x; S

+

; f ℄; S

+

i. Clearly the roots of F

x

form a 
luster U

0

so that b

z

\ U

0

6= ; for all z 2 U . De�ne a valuation V of F

x

by V (p

z

) := U

0

\ b

z

for z 2 U and V (p

z

) := TR

1

[x; S

+

; f ℄ \ b

z

for z 2 g � U . It is readily 
he
ked that

F

x

; V; x j= 2

++

r

hg;R

+

i

^ p

0

. Thus F

x

is 
on�nally subredu
ible onto hg;R

+

i. Hen
e

F 6j= �

+

:t sin
e F

x

6j= �.

Now assume that U has proper R

+

-prede
essors and assume that �

+

:t has the FMP.

Let a := fx 2 gjxR

+

U; x 62 Ug and let T = ht;�i be a �nite frame so that Sk(T ) is

a tree and there exists a surje
tive p-morphism s : T �! ha;R

+

i. We assume that the


ardinality of h is minimal with this property. Then, for C a 
luster in a, the set s

�1

(C)

is a set of 
lusters in T whi
h are all isomorphi
 to C. Let C

1

; : : : C

k

denote the maximal


lusters in T . Let T (i; n) denote stri
tly as
ending 
hains of length n + 1 for 1 � i � k

and let U(i) denote 
lusters isomorphi
 to U for 1 � i � k. We need some formulas: Fix

variables p

x

for x 2 t [

S

fU(i)j1 � i � kg [

S

fT (i; n)j1 � i � kg [ (g � (U [ a)).

F

T

:=

^

hp

y

! 3

+

p

x

jy; x 2 t; y � xi

^

^

hp

y

! :3

+

p

x

jy; x 2 t;:(s(y)R

+

s(x))i

^

^

hp

y

! :p

x

jy; x 2 t; s(y) 6= s(x)i
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^

^

hp

y

! 3

+

p

x

jy 2 t; x 2 g � (U [ a); s(y)R

+

xi

^

^

hp

y

! :3

+

p

x

jy 2 t; x 2 g � (U [ a);:(s(y)R

+

x)i

^

^

hp

y

! :p

x

jy 2 t; x 2 g � (U [ a)i

Cl

i

:= �

+

U(i)

[p

x

jx 2 U(i)℄

^

^

hp

y

! 3

+

p

x

jy 2 U(i); x 2 g � (U [ a); UR

+

xi

^

^

hp

y

! :3

+

p

x

jy 2 U(i); x 2 g � (U [ a);:(UR

+

x)i

^

^

hp

y

! :p

x

jy 2 U(i); x 2 t [ (g � (U [ a))i

^

^

hp

y

! :3

+

p

x

jy 2 U(i); x 2 ti

T

n

i

:= �

+

T (i;n)

[p

x

jx 2 T (i; n)℄

^

^

hp

y

! 3

+

p

x

jy 2 T (i; n); x 2 g � (U [ a); UR

+

xi

^

^

hp

y

! :3

+

p

x

jy 2 T (i; n); x 2 g � (U [ a);:(UR

+

x)i

^

^

hp

y

! :p

x

jy 2 T (i; n); x 2 t [ (g � (U [ a))i

^

^

hp

y

! :3

+

p

x

jy 2 T (i; n); x 2 ti

Up := �

+

hg�(U[a);R

+

i

[p

x

jx 2 g � (U [ a)℄

For sets I; J � f1; : : : kg with I[J = f1; : : : kg and n 2 ! de�ne T (I; J; n) := t[

S

fU(i)ji 2

Ig [

S

fT (j; n)jj 2 Jg [ (g � (U [ a)).

R(I; J; n) :=

^

hp

y

! :3

+

p

x

jy 2 g � (U [ a); x 2 T (I; J; n)� g)i

^

^

hp

y

! :p

x

jy 2 U(i); x 2 T (j; n); i 2 I; j 2 Ji

F (I; J; n) :=

^

hp

y

! 3

+

p

x

jy 2 C

i

; x 2 U(i); i 2 Ii

^

^

hp

y

! 3

+

p

x

jy 2 C

j

; x 2 T (j; n); j 2 Ji

S(I; J; n) :=

_

hp

x

jx 2 T (I; J; n)i

Con(I; J; n) := F

T

^

^

hCl

i

ji 2 Ii ^

^

hT

n

i

ji 2 Ji

^ Up ^R(I; J; n) ^ F (I; J; n) ^ S(I; J; n):

The formula F

T

des
ribes frames whi
h are subredu
ible onto ha;R

+

i. T is introdu
ed

in order to have variables des
ribing a tree-like stru
ture. Cl

i

des
ribes frames whi
h are

subredu
ible onto U and T

n

i

des
ribes frames whi
h are subredu
ible onto T

<

n

. Finally

the formula Up des
ribes frames whi
h are subredu
ible onto hg � (U [ a); R

+

i. All the

other 
onjun
ts 
oordinate these frames. Essentially Con(I; J; n) gives a des
ription of

the repla
ement of U in g by the 
lusters U(i); i 2 I, and the 
hains T (j; n); j 2 J . But

note that a lot of 
onjun
ts are omitted so that we do not have a 
omplete des
ription.

Take an r 2 s

�1

(x) for a root x of hg;R

+

i.

Claim. For all m � k there exists I � f1; : : : kg with jIj � m so that 2

++

Con(I; J; n)^p

r

is �-
onsistent for J = f1; : : : ; kg � I and all n 2 !.
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The proof is by indu
tion on m.

m = 0. hg;R

+

i[T

<

n

=U ℄ j= � for all n 2 !. Let s

n

i

: T (i; n) �! T

<

n

be isomorphisms for

n 2 ! and 1 � i � k. De�ne for n 2 ! valuations V

n

of g[T

<

n

=U ℄ by:

V

n

(p

x

) := fxg; x 2 g � (U [ a);

V

n

(p

x

) := fs(x)g; x 2 t;

V

n

(p

x

) := fs

n

i

(x)g; x 2 T (i; n); 1 � i � k:

It is readily 
he
ked that g[T

<

n

=U ℄; V

n

; s(r) j= 2

++

Con(;; f1; : : : ; kg; n)^ p

r

for all n 2 !.

Assume that the 
laim holds for k > m � 0. We show that it holds for m + 1. We may

assume that there is an I with jIj = m so that 2

++

Con(I; J; n)^p

r

is �-
onsistent for all

n 2 !. Hen
e there exists a sequen
e g

n

of �nite �-frames with valuations V

n

and points

x

n

2 g

n

so that g

n

; V

n

; x

n

j= 2

++

Con(I; J; n)^p

r

. It is easy but tedious to show that there

exist images g

0

n

of 
on�nal subredu
tions of g

n

so that g

0

n

�

S

fV

n

(p

x

)jx 2 T (i; n); i 2 Jg has


ardinality smaller than an M 2 ! for all n 2 ! and g

0

n

; V

n

; x

n

j= 2

++

Con(I; J; n) ^ p

r

for all n 2 !. Hen
e there is a subsequen
e g

0

f(n)

of g

0

n

so that the models hg

0

f(n)

�

S

fV

f(n)

(p

x

)jx 2 T (i; f(n)); i 2 Jg; V

f(n)

i are isomorphi
 for all n 2 !. Assume that these

models are equal to hhh; Si; V

0

i: Now we 
an redu
e this sequen
e on
e more: There exists

an 1 � N � k �m so that there exists a sequen
e of �-frames hf

n

; S

n

i; n 2 !; with the

following properties:

(1) f

n

= h [

S

ft

n

j

j1 � j � Ng:

(2) S

n

= S [

S

f<

n

j

j1 � j � Ng [ S

0

n

.

(3) For all 1 � j � N;n 2 ! : ht

n

j

; <

n

j

i; 1 � j � N is a stri
tly as
ending 
hain of

length n+ 1.

(4) For all x; y 2 f

n

; n 2 ! : xS

0

n

y ) x; y 62 h and x; y 62

S

ft

n

i

j1 � j � Ng.

(5) For all x 2 h; 1 � j � N;n; l 2 !; y 2 t

n

j

; z 2 t

l

j

: xS

0

n

y , xS

0

l

z and yS

0

n

x ,

zS

0

l

x.

(6) For all n 2 ! and a root z of hf

n

; S

n

i : hf

n

; S

n

i; V

1

n

; z j= 2

++

Con(I; J; n) ^ p

r

with V

1

n

(p

x

) := V

0

(p

x

) for x 2 T (I; J; n)�

S

fT (i; n)ji 2 Jg and V

1

n

(p

x

) 2

S

ft

n

i

j1 �

i � Ng for x 2

S

fT (i; n)ji 2 Jg.

Again the proof of the existen
e of su
h a sequen
e is easy but tedious.

Take an l 2 J and the maximal path P in T from the root of T to C

l

. By the de�nition

of the formula F

T

there exists a set b � h so that f : hb; Si �! P with f(x) = y i� x 2 b

and x 2 V

0

(p

y

) is an isomorphism. Another redu
tion is needed. De�ne

h

n

:= b [

S

fV

1

n

(p

x

)jx 2 T (I; J; n)� Pg.

V

2

n

(p

x

) := V

1

n

(p

x

) for x 2 T (I;J; n) � P .
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V

2

n

(p

x

) := V

1

n

(p

x

) \ b for x 2 P .

It follows from the assumption that Sk(T ) is a tree that hh

n

; S

n

; V

2

n

i has the properties

(1), : : :,(6). But now also hh

n

; S

+

n

; S

�

n

i; V

2

n

j= �

�

P

[p

x

jx 2 P ℄.

For all n 2 ! : hh

n

; S

n

i; V

2

n

; f

�1

(C

l

) j= F (I; J; n) ^ 2

+

T

n

i

. Thus there exists an m(l)

with 1 � m(l) � N so that f

�1

(C

l

)S

n

t

n

m(l)

for all n 2 !. By 
ondition (5), t

n

m(l)

is

unique in hh

n

; S

n

i. Hen
e hh

n

; S

n

i[h!;>i=t

n

m(l)

℄ is well de�ned for all n 2 ! and, by

Lemma 23, H

n

= hh

n

; S

+

n

; S

�

n

i[h!;>;<i=t

n

m(l)

℄ j= �

+

:t. De�ne valuations V

3

n

of H

n

for

n 2 !. Assume that hfn; : : : ; 0g; >i = t

n

m(l)

for all n 2 !. Let V

3

n

(p

x

) := V

2

n

(p

x

) for all

x 2 T (I; J; n) and let V

3

n

(p

x

) � ! be a 
o�nal set in ! for all x 2 U(l). It 
an be arranged

that ! � f0; : : : ; ng =

S

fV

3

n

(p

x

)jx 2 U(l)g. De�ne the formula

Con(n) := �

�

U(l)

[p

x

jx 2 U(l)℄

^ �

�

P

[p

x

jx 2 P ℄

^

^

hp

x

! 3

�

p

y

jx 2 U(l); y 2 P i

^ F

T

^ Up

^

^

hCl

i

ji 2 I [ flgi

^

^

hT

n

i

ji 2 Ji

^ R(I [ flg; J; n) ^ F (I; J; n) ^ S(I [ flg; J; n):

Note that the last four 
onjun
ts 
oin
ide with Con(I [ flg; J; n) with the ex
eption of

F (I; J; n). Now take a z 2 U(l) and u

n

2 V

3

n

(p

z

). Then H

n

; V

3

n

; u

n

j= p

z

^2

�

Con(n) for

all n 2 !. Hen
e p

z

^2

�

Con(n) is �

+

:t-
onsistent for all n 2 !. Let n 2 !. We now use

this result to prove that 2

�

Con(I[flg; J�flg; n)^p

r

is �-
onsistent under the assumption

that �

+

:t has the FMP. Take a �nite �

+

:t frame hh; S

+

; S

�

i with h; V; x j= p

z

^2

�

Con(n).

It follows from

h; V; x j= p

z

^2

��

(�

�

U(l)

[p

x

jx 2 U(l)℄ ^ �

�

P

[p

x

jx 2 P ℄)

^ 2

��

^

hp

x

! 3

�

p

y

jx 2 U(l); y 2 P i

that there exists a set d � h so that f : hd; S

+

i �! (P < U(l)), de�ned by f(y) = z i�

y 2 d and y 2 V (p

z

), is an isomorphism. ((P < U(l)) denotes the frame formed from P

and U(l) so that all points in P have the points in U(l) as su

essors.) Take TR

1

[x; S

+

; h℄

for a root x of hd; S

+

i with x 2 V (p

r

) and de�ne a set b � h and a valuation V

0

by

b := Tr

1

[x; S

+

; h℄ \ (d [

S

fV (p

y

)jy 2 T (I; J; n)� (P [ T (l; n)g):

V

0

(p

y

) := V (p

y

) \ b for y 2 T (I; J; n)� (P [ T (l; n)).

V

0

(p

y

) := V (p

y

) \ d for y 2 P [ U(l).

hb; S

+

i is a 
o�nal subframe of a generated subframe of hh; S

+

i. Hen
e hb; S

+

i j= �. It is

readily 
he
ked that hb; S

+

i; V

0

; x j= 2

�

Con(I [ flg; J � flg; n) ^ p

r

.
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The 
laim holds for all m � k. Hen
e p

r

^ 2

++

Con(f1; : : : kg; ;; n) is �-
onsistent

(note that this formula does not depend on n.) Hen
e there exists a �nite �-frame hh; S

+

i

with root z so that hh; S

+

i; V; z j= p

r

^ 2

++

Con(f1; : : : kg; ;; n). For all 
lusters C in h

with C �

S

fV (p

x

)jx 2 U(i) for an i with 1 � i � kg and jCj � jU j �x a map F

C

: C �! U

onto. De�ne a partial map f : h �! g by f(y) = F

C

(y) i� y 2 C for a 
luster for whi
h

F

C

is de�ned, f(y) = x i� y 2 V (p

x

) for an x 2 g � (U [ a); f(y) = s(x) i� y 2 V (p

x

) for

an x 2 t.

Claim. f : hh; S

+

i �! hg;R

+

i is a 
o�nal subredu
tion.

Let Con := Con(f1; : : : ; kg; ;; n) and T := T (f1; : : : kg; ;; n). f is well de�ned sin
e Con


ontains the 
onjun
ts p

x

! :p

y

for (1) x; y 2 t and s(x) 6= s(y), (2) x; y 2 g � (U [ a)

with x 6= y, (3) x 2 t and y 2 T � t, (4) x 2 g � (U [ a) and y 2 T � (g � (U [ a))).

Let b denote the domain of f . Using the 
onjun
t S(f1; : : : ; kg; ;; n) it is readily 
he
ked

that b is a 
o�nal subset of h. Now suppose that z

1

S

+

z

2

and z

1

; V j= p

x

for an x 2 t.

(1) z

2

; V j= p

y

for a y 2 t. Then f(z

1

)R

+

f(z

2

) follows from the 
onjun
ts p

x

! :3

+

p

y

for :(s(x)R

+

s(y)). (2) z

2

; V j= p

y

for a y 2 U(i). f(z

1

)R

+

f(z

2

) follows from xR

+

U . (3)

z

2

; V j= p

y

for a y 2 g�(U[a). Then f(z

1

)R

+

f(z

2

) follows from the 
onjun
t p

x

! :3

+

p

y

for x 2 t; y 2 g � (U [ a) with :(s(x)R

+

y). The 
ases z

1

; V j= p

x

for an x 2 U(i) or

an x 2 g � (U [ a) are proved analogously. Suppose that f(z

1

)R

+

f(z

2

) and f(z

1

) 2 a.

(1) f(z

2

) 2 a. Then z

1

; V j= p

x

and z

2

; V j= p

y

for x; y 2 t with s(x)R

+

s(y). Hen
e

there exists y

0

2 t with x � y

0

and s(y) = s(y

0

). Now p

x

! 3

+

p

y

0

is a 
onjun
t of Con.

Hen
e there exists z

3

2 h with z

1

S

+

z

3

and f(z

3

) = s(y

0

) = s(y) = f(z

2

). (2) f(z

2

) 2 U .

z

1

; V j= p

x

for an x 2 t. Hen
e, by the 
onjun
t

V

hp

x

! 3p

y

jx � yi, exists a maximal


luster C

l

in T with z

1

; V j= p

z

_3

+

p

z

for z 2 C

l

. Using the 
onjun
ts F (f1; : : : ; kg; ;; n)

and �

+

U(l)

[p

x

jx 2 U(l)℄ and the fa
t that h is �nite it follows that there exists a 
luster C

in h with z

1

R

+

C and C �

S

fV (p

x

)jx 2 U(i) for an 1 � i � kg and jCj � jU j. Take a

z

3

2 C with f

C

(z

3

) = f(z

2

). (3) f(z

2

) 2 g � (U [ a) 
an be 
he
ked analogously. The


ases f(z

1

) 2 U and f(z

1

) 2 g � (U [ a) are left to the reader.

A 
ontradi
tion is derived sin
e hh; S

+

i j= � but hg;R

+

i 6j= �. a

Let us summarize the surprising equivalen
es for tense logi
s of type �

+

:t.

Theorem 25 Let � be a 
o�nal tense logi
 above K4. The following 
onditions are equiv-

alent.

(1) � is elementary (2) �

+

:t is elementary

(3) � is D-persistent (4) �

+

:t is D-persistent

(5) � is 
ompa
t (6) �

+

:t is 
ompa
t

(7) �

+

:t has the FMP.

If � is a subframe logi
, then we 
an add

(8) � is R-persistent

(9) �

+

:t is R-persistent

(10) �

+

:t is a

W

-splitting of SK4:t

(11) There is no subframe logi
 � 2 SK4:t di�erent from � with the same Kripke-frames

as �.
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All these properties are de
idable for �nitely axiomatizable �.

Proof. All the equivalen
es with the ex
eption of (11) are stated in this paper. The

equivalen
e of (1) and (11) is proved in [7℄ for subframe logi
s. Finally the de
idability

follows from the de
idability of elementarity for 
o�nal subframe logi
s above K4 proved

in [9℄. a

In [9℄ it is shown that all extensions of S4:3 are 
o�nal subframe logi
s. Hen
e we get

from Theorem 25

Corollary 26 Let � be an extension of S4:3. Then the 
onditions (1), : : :,(7) of Theorem

25 are equivalent for �.

Theorem 24 
an be generalized in several ways. Here we note only the following

Theorem 27 Let � = �

+

1

:t � � with �

1

a non-elementary 
o�nal subframe logi
 and �

a set of elementary subframe axioms so that �

+

= �

1

: Then � does not have the FMP if

there are a �nite frame hg;R

+

i so that Sk(g) is a transitive tree and a non-�nal 
luster

U in g so that (1) g 6j= �

1

and (2) (i) g[T

<

n

=U ℄ j= �

1

for all n 2 ! or (ii) g[T

�

n

=U ℄ j= �

1

for all n 2 !.

Proof. Following the proof of Theorem 24 it is enough to show that

(i) hg;R

+

; R

�

i[h!;>;<i=U ℄ j= � or

(ii) hg;R

+

; R

�

i[h!;�;�i=U ℄ j= �.

Suppose that (2)(i) holds. Then hg;R

+

; R

�

i[h!;>;<i=U ℄ j= �

1

, by Lemma 23. It remains

to show that hg;R

+

; R

�

i[h!;>;<i=U ℄ j= �. The logi
 K4:t�� is an elementary subframe

logi
. Hen
e the Kripke-frames of K4:t � � have the �nite embedding property, i.e. a

tense frame h j= � i� f j= � for all �nite subframes f of h. The �nite subframes of

hg;R

+

; R

�

i[h!;>;<i=U ℄ are pre
isely the subframes of hg;R

+

; R

�

i[T

<

n

=U ℄ for n 2 !.

Consider the formula p

r

^2

++

�

+

h

for h = hg;R

+

i[T

<

n

=U ℄ and r a root of h. This formula

is �-
onsistent sin
e �

+

= �

1

. Assume that p

r

^2

++

�

+

h

is satis�able in a �nite �-frame

f . (Otherwise � does not have the FMP and we are done.) Then, using the fa
t that

Sk(h) is a tree sin
e Sk(g) is a tree, it is readily 
he
ked that f 
ontains a subframe whi
h

is isomorphi
 to h. Hen
e h j= �.

(2)(ii) 
an be 
onsidered analogously. In this 
ase hg;R

+

; R

�

i[h!;�;�i=U ℄ j= �. a

Corollary 28 Suppose that � = �

+

1

:t � � � K4:3:t with �

1

a non-elementary 
on�nal

subframe logi
 and � a set of elementary subframe axioms so that �

+

= �

1

. Then � does

not have the FMP.
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Proof. By the 
hara
terization of non-elementary 
o�nal subframe logi
s above K4 there

exists a �nite and rooted frame g with a non-�nal 
luster U and g j= K4:3; g 6j= �

1

so

that (i) g[T

<

n

=U ℄ j= �

1

for all n 2 ! or (ii) g[T

�

n

=U ℄ j= �

1

for all n 2 !. We 
an apply

Theorem 27 sin
e Sk(g) is a tree. a

Note that the elementarity of � is essential. Take for instan
e G:3

+

:G:3

�

:t. This logi
 has

the FMP and is a 
onservative extension of G:3.

For a frame hg;Ri we draw g in su
h a way that � represents a re
exive point and x

represents an irre
exive point. De�ne Q

m

i

:=

V

hq

j

j0 � j � m; i 6= ji ^ :q

i

for m 2 ! and

i � m.

Theorem 29 There are tabular and 
o�nal subframe logi
s �

1

;�

2

above K4 and a set of

subframe axioms � � L so that �

+

1

:�

�

2

:t� � does not have the FMP.

Proof. Let �

1

be the theory of the two frames

F

1

:=

�

�

�

��

�

�R

�

x

and F

2

:=

x

�

��

�

�R

�

x

and let �

2

be the theory of the two frames

F

3

:=

�

�

��

�

�R

�

�

x

and F

4

:=

x

�

��

�

�R

�

�

x

.

Clearly both of these logi
s are 
o�nal subframe logi
s. �

1

and �

2

are not subframe

logi
s sin
e a point with a stri
t su

essor x in a �

i

-frame has a se
ond stri
t su

essor

in
omparable with x whi
h is irre
exive i� x is re
exive. De�ne N

4

:=

V

h3

+

Q

4

i

j0 �

i � 3i. De�ne indu
tively for m � 2n + 1 the formulas P

0

:= Q

m

0

^ p and P

2n+1

:=

Q

m

2n+1

^ 3

�

P

2n

, P

2n

:= Q

m

2n

^ 3

+

P

2n�1

. Now de�ne � := fP

n+2

[N

4

=p℄ ! 2

(n)

:N

4

jn 2

!g. A frame hg;R

+

; R

�

i satis�es � i� for all m 2 ! : if fx

0

; : : : ; x

m+2

g are mutually

di�erent and x

0

R

�

x

1

R

+

x

2

R

�

: : : R

+=�

x

m+2

and x

0

has four R

+

-su

essors, then no point

in TR

m

[x

m+2

; R

+

[ R

�

; g℄ has four R

+

-su

essors. Clearly � is a set of D-persistent

subframe axioms. De�ne � := �

+

1

:�

�

2

:t� �.

Claim. N

4

is �-
onsistent but :N

4

holds in all �nite �-frames.

Let Z denote the set of integers and de�ne g := Z [ f0

0

g. De�ne

R

+

:= f(0

0

; 0

0

); (0; 0

0

); (0

0

; 0); (0

0

; 1); (0

0

;�1)g

[ f(2z; 2z + 1)jz 2 Zg [ f(2z; 2z � 1)jz 2 Zg

[ f(4z + 1; 4z + 1)jz 2 Zg [ f(4z; 4z)jz 2 Zg

It is readily 
he
ked that hg;R

+

; R

�

i is a �-frame. N

4

is satis�able in 0 and 0

0

sin
e these

points have four R

+

-su

essors. The simple proof that all rooted �-frames with a point

with four R

+

-su

essors are isomorphi
 to g is left to the reader. a
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Note that � is a D-persistent 
o�nal logi
 with � � K4:t � B

+

2

� I

+

2

� I

�

2

. Hen
e

Theorem 11 
annot be extended to all D-persistent 
o�nal logi
s of �nite width in both

dire
tions.

Theorem 30 There is a D-persistent subframe logi
 above K4:t � I

�

2

� B

�

3

without the

FMP.

Let �

1

be the theory of the subframes of the following two frames:

F

1

:=

�

�

��

�

�R

�

�

�

�R

�

��

�

and F

2

:=

x

-

�

-

�

For b � f0; : : : ; 4g de�ne N

b

:=

V

h3

+

Q

4

i

ji 2 bi ^

V

h3

�

Q

4

i

ji 2 f0; : : : ; 4g � bi and let

D

5

:=

W

hN

b

jb � f0; : : : ; 4gi. De�ne  := D

5

^ 2

+

p ! (p ^ 2

�

p ^ 2

+

2

�

p). A transitive

rooted frame hg;R

+

; R

�

i satis�es  i� all points with � 5 R

+

[R

�

-su

essors are re
exive

and are R

+

-roots of g. Together with �

�

1

this implies that there is not more than one

point in g with � 5 R

+

[R

�

- su

essors. De�ne � = �

�

1

:t� . Clearly � is a D-persistent

subframe logi
. Now let

� := D

0

5

^ :(Q

3

0

_Q

3

1

_Q

3

2

_Q

3

3

)

^ 3

+

(Q

3

0

^2

+

p ^ :p)

^ 2

+

(Q

3

0

! 3

�

Q

3

1

^Q

3

1

! 3

+

Q

3

2

^Q

3

2

! 3

�

Q

3

3

^Q

3

3

! 3

+

Q

3

0

);

where D

0

5

results from a suitable renaming of the variables of D

5

so that Q

3

0

and D

0

5

have

no 
ommon variables.

Claim. � is �-
onsistent but :� holds in all �nite �-frames.

Let g := ! and

R

+

:= f(0; n)jn 2 !g [ f(n; n)jn > 1g

[ f2n; 2n+ 1)jn � 1g [ f(2n; 2n � 1)jn � 1g:

Clearly hg;R

+

; R

�

i is a �-frame and � is satis�able in g. Now suppose that there is

a �-frame with root x and hh; S

+

; S

�

i; V; x j= �. Then g = fxg [ fyjxS

+

yg sin
e x

has � 5 su

essors. There is a sequen
e x

m

;m 2 !, in g � fxg with x

0

irre
exive and

x

4m+i

; V j= Q

3

i

for 0 � i � 3 and x

2m

S

�

x

2m+1

; x

2m+1

S

+

x

2m+2

for m 2 !. It is enough

to show that x

m

6= x

k

for k 6= m. Assume to the 
ontrary that there is a minimal m 2 !

so that there is a k < m with x

k

= x

m

. Case 1. k = 0. Then h would not be a �-frame

sin
e the subframes of F

2

are the only rooted �

1

-frames with an irre
exive point. Case 2.

k 6= 0. Then h would not be a �-frame sin
e x

k

would have � 5 su

essors. a

Note that K4:t�B

+

n

= K4:t�B

�

n

= K4:t�B

+

n

�B

�

n

. Hen
e one of the fragments of

� is tabular and the other fragment is lo
ally �nite (more pre
isely, the variety of modal

algebras 
orresponding to the fragment is lo
ally �nite.) It follows that � is a very strong

logi
 whi
h shows that Corollary 12 and Theorem 20 are optimal. Nevertheless, two open
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problems remain 
on
erning the FMP of 
o�nal tense logi
s. (1) Does �

+

1

:�

�

2

:t have the

FMP for all D-persistent subframe logi
s �

1

;�

2

above K4? (2) The same question for

D-persistent 
o�nal subframe logi
s �

1

;�

2

.
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