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Abstract

Tense logics in the bimodal propositional language are investigated with respect to
the Finite Model Property (FMP). In order to prove positive results techniques from
investigations of modal logics above K4 are extended to tense logic. General negative
results show the limits of this transfer. The main result is that the minimal tense
extension of a confinal subframe logic A above K4 has the FMP if and only if the
A-frames form an elementary class.

Tense logics in the bimodal propositional language belong to the basic systems describing
relational structures. It is easy to find both tense logics with the FMP as well as tense
logics without this property; indeed, a lot of systems have been investigated with respect
to FMP [5]. Nevertheless, general results are not known so far. In this paper we try to
fill this gap to some extent. Since the lattice of tense logics is too complex as a whole,
the investigation has to be restricted to a suitable subclass. The framework of this paper
is given by those tense logics whose monomodal fragments are cofinal subframe logics
in the sense of Zakharyaschev [8] and whose axioms connecting the future and the past
modality are subframe axioms. This is a natural condition on tense logics: Only those
tense logics are considered which do not express the existence of nonfinal points. The
methods applied in order to derive the results are mostly K4-based; indeed, some of the
theorems can be regarded as transfer theorems from extensions of K4 to tense logics in
the sense of Kracht & Wolter [4]. For a reader familiar with the methods of K. Fine [1],[2]
or M. Zakharyaschev [8],[9] the proofs of the positive results of this paper will appear
quite natural. New techniques have to be developed in order to prove that these results
are optimal.

L denotes the propositional bimodal language with primitive connectives OF, 07, A, =
and LT, £~ denote the monomodal languages with O and O~. For a formula ¢ in
a monomodal language ¢ is the translation of ¢ into £ and ¢~ is the translation of
¢ into L. Normal mono- or bimodal logics are defined as usual. We will call normal
logics simply logics. Given a logic A and a set of formulae I' the smallest logic above A
containing I" is denoted by A @ T'. K4.t denotes the smallest bimodal logic which contains
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{p = 0OTC p,p— O OTp OFp — OTO p}. Extensions of K4.t are called tense logics.
For a monomodal logic A D K4 in the language £1 the smallest tense logic containing
A is denoted by A*.t. The logics A~.t and A .A; .t are defined in the obvious way. The
monomodal fragments of a tense logic A are Ay := AN LT and A_ := AN L . Clearly
(A*.t), = A for a complete monomodal logic A.

A tense frame § is a structure (g, R*, R, A) with RT = (R~) ! and A C 29 so that A

is closed under finite intersections, complements and Oa := {x € ¢g|Vy € g : xRy = y € a}
for (O,R) = (OF,R"),(0°,R ). G is a Kripke-frame if A = 29; in this case we write g
instead of G. Valuations of frames are defined as usual and are denoted by V. A frame G
is refined if

Ve,yeg:z=yoVaeA:z€EasyEa,

Ve,y€g: 2Ry VYa€e A:x€elda=>y€E€a
for (O,R) = (O, RT), (07, R™). A frame G is descriptive if G is refined and NU # 0 for
all ultrafilters U in A. For a descriptive frame G and an ultrafilter U there exists = € g
with NU = {z}.

1 Subframe Logics and Cofinal Logics

We define subframe logics only in the monomodal case. All the concepts and theorems
extend without any problem to polymodal logics. Consider a frame G = (g, R, A) and
b € A. Define Gy, := (b, RN (bxb),{bNala € A}). It is easy to show that G, is a frame. G,
is called a subframe of G. A logic A is a subframe logic if the class of A-frames is closed
under subframes. The following properties of subframe logics are proved in Wolter [7].

Theorem 1 (1) The subframe logics form a complete sublattice of the lattice of normal
modal logics. (2) A logic A is a subframe logic iff it is complete with respect to a class of
frames closed under subframes. (3) The class of subframe logics above K4 coincides with
the subframe logics defined by K.Fine [2]. Hence, by the result of Fine, all subframe logics
above K4 have the FMP.

For a subframe logic A the lattice of subframe logics above A is denoted by SA. Tt follows
from (2) that a complete logic is a subframe logic iff its Kripke-frames are closed under
subframes. Now call a logic A compact if for all sets " consistent with A there is a A-frame
g, a valuation V and z € g with ¢, V,z |=T. A logic A is R-persistent (D-persistent) if for
all refined (descriptive) A-frames (g, A) the frame ¢ is a A-frame as well. A is elementary
if its frames form an elementary class. The following equivalences are proved in Wolter

[7].
Theorem 2 For a subframe logic A the following conditions are equivalent:

(1) A is complete and elementary. (2) A is compact.
(3) A is R-persistent. (4) A is D-persistent.
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Examples. Clearly K4.t is a D-persistent subframe logic. Call a set of formulas I' C £
such that K4.t & I" is a subframe logic, a set of subframe axioms. Then it follows that
AT.AQ t@T is a subframe logic if A1, Ay D K4 are monomodal subframe logics and I is a
set of subframe axioms. We start with examples of elementary subframe logics above K4.
Forming A{.A; .t from the following lists gives us nearly all standard tense systems.

K4.T = S4 = K4 @ Op — p.
K4T.B=S5=S4@®p— O0p.

KA4.I, = KA N(Opili < n) — V{O(piA(pjVOp,))|i # 7). Note that K4.3 = K4.1.
K4.B,, = K4 ® B,, where By = ¢0py — p1, Byy1 = O(Oppyt A —=By) = pryt-
K4.Alt, = KA® alt, = K4+ N(Opi]1 <i <n+1) = V(O(pi Apj)li # 7).

Examples of non-elementary subframe logics are

G = K4® O(Op — p) — Op.
Grz = K4® O(O(p — Op) — p) — p.
K4Z = K49 O(Op — p) — (COp — Op).

Dum = S4® 0(0(p — Op) — p) = (O0p = p).

Cofinal subframe logics above K4 were defined by M. Zakharyaschev [8]. Let G, be a
subframe of a transitive frame G. Then G, is a cofinal subframe of G if b is a cofinal subset
of g: Vx € gVy € b: yRr = ¢ € bV dz € b: xRz. A logic A above K4 is a cofinal
subframe logic if its frames are closed under cofinal subframes. Clearly all subframe logics
above K4 are cofinal subframe logics. The following two theorems are proved in [9].

Theorem 3 All cofinal subframe logics above K4 have the FMP. The cofinal subframe
logics form a complete sublattice of the lattice of extensions of K4.

The lattice of cofinal subframe logics is denoted by CK4.

Theorem 4 For a cofinal subframe logic A above K4 the following properties are equiva-

lent:
(1) A is elementary.  (2) A is compact.

(8) A is D-persistent.

Note that for cofinal subframe logics D-persistence does not imply R-persistence. S4.1 is
a counterexample. It is readily checked that these equivalences also hold for A™.t with
A € CK4. Examples of elementary cofinal subframe logics which are not subframe logics
are
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K4.D = K4® O(p — p).
K41 = K4@® OOp — ©Op.
S4.1 = S4 @ OCp — <Op.

S4.2 = S4@ ©Op — OOp.

We call a logic A D K4.t a cofinal logic iff there exist cofinal monomodal subframe logics
A1, As and a set of subframe axioms I' with A = A{.A; .t ® . Thus, cofinal logics are
those tense systems whose monomodal fragments are cofinal subframe logics above K4
and whose axioms connecting the future and the past modality are subframe axioms.

2 Splittings

Both K. Fine as well as M. Zakharyaschev apply splittings (alias subframe formulas or
canonical formulas) in order to investigate the lattices CK4 and SK4. Let D denote a
complete sublattice of the lattice of monomodal or bimodal logics and let g denote a finite
and rooted frame. Then g splits D iff there exists a smallest logic A € D so that ¢ is not
a A-frame. In this case A is denoted by D/g and is called a splitting of D. A set of finite
and rooted frames F splits D if there exists a smallest logic A € D so that none of the
frames in F is a A-frame. Then A is denoted by D/F and is called a \/-splitting of D. All
finite and rooted frames split the lattice of extensions of K4. Hence all finite and rooted
frames split each complete sublattice of the lattice of extensions of K4. Contrary to this
situation above K4 not all finite and rooted tense frames split the lattice of extensions
of K4.t. Kracht [3] shows that only the irreflexive point splits this lattice. The frames
splitting SK4.t are characterized in [7]. Splittings are connected with formulas describing
finite rooted frames. From now on we assume that r always denotes a root of a frame.
For a finite and transitive monomodal frame (g, R) define

a, = /\(py — Op,|lyRz)
A Ny = ~Op.|-(yR2))
/\/\<py — |y # 2)

It can be shown that Do, AcgAp, is satisfiable in a transitive frame H iff there is a subframe
H' of H so that g is a p-morphic image H'. We also say that H is subreducible onto g.
Now define V, := ay AV (py V Opsl|z € g). For V, it can be shown that OV, AV, A p,
is satisfiable in a transitive frame H iff there is a cofinal subframe H' of H so that g is
a p-morphic image H'. We also say that # is cofinally subreducible onto g. For a finite

tense frame (g, R™, R™) define Ay g+ p-y = a@ Ry Ny gy Fora formula ¢ € L define

inductively 0% := ¢, 0™ := OFtO™p A O-0O™¢ and O™ ¢ := A(O'Pli < m). The
following theorem summarizes the results we need about splittings.



3 TENSE LOGICS WITH FMP )

Theorem 5 (1) [Fine] All subframe logics above K4 are \/-splittings of SK4. For all sets
of finite and rooted frames F : SK4/F = K4 ® {ay A Oag — —pylg € F}.

(2) [Zakharyaschev] All cofinal subframe logics above K4 are \/-splittings of CK4. For all
sets of finite and rooted frames F : CK4/F = K4® {V,A0OV, — —p,|g € F}.

(3) [Wolter] For a subframe logic A above K4 the logic AT .t is a \/-splitting of SK4.t iff
A is elementary. If F is a set of finite rooted tense frames which splits SK4.t, then there
exist my € w for g € F so that SK4.t/F = K4.t ® {OMI)A, — —p,|g € F}.

Theorem 5 (3) shows that in tense logic there is a crucial difference with respect to lattice
theoretic behaviour between an elementary subframe logic and a non-elementary one.
This will also be the case for FMP. In order to develop this difference a characterization
of elementary cofinal subframe logics is needed. For a transitive frames (g, R) and a set
g’ C g define the following property: ¢’ is unique in g if for allz € g — ¢ :

(Fy € ¢')yRx = (Vz € ¢)2Rz & (Fy € ¢ )zRy = (Vz € ¢')xRz. If ¢ satisfies this
property, then ¢’ Rz and zRg’ have the obvious meaning for z € g —¢’. Note that a cluster
U in g is always unique in g. Now suppose that ¢’ is unique in g and take a frame (h, S).
Then define the replacement of ¢’ by h in g as follows: (g, R)[(h,S)/¢'] := ((9—9¢') Uh, R')
where

R :=RN(g—¢)USUhx{z€g—¢|gRz}U{x €g—g|zRg'} x h.

Let 7, denote the strictly ascending chain of length n + 1 and let 7, denote the strictly
ascending chain with reflexive points of lenght n 4 1. Recall the following characterization
of elementary cofinal subframe logics from Zakharyaschev [9].

Theorem 6 Let A € SK4. Then the following conditions are equivalent:

(1) A is elementary.

(2) For all finite and rooted frames g and clusters U in g: If g[T,</U] or g[T,=/U] are
A-frames for all n € w, then g is a A-frame.

Let A € CK4. Then the following conditions are equivalent:

(1) A is elementary.

(2) For all finite and rooted frames g and non-final clusters U in g: If g[T,~ /U] or g[T,= /U]
are A-frames for all n € w, then g is a A-frame.

3 Tense Logics with FMP

Consider a transitive frame G = (g, R, A) and a € A. Define zRy iff zRy and —(yRx).
The set of R-maximal a-points is defined by

y € max(R,a) iff y € a and for all z with yﬁz : 2 € a.

Given a point z € g the set of R-maximal a-points above z is
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max(z, R, a) := Trr(z) Nmax(R,a),

where Trr(z) := {y € glx = y or zRy}. The following theorem generalizes a theorem
from Fine [1].

Theorem 7 Let G = (g, R, A) be a transitive descriptive frame and © € a € A. Then
maz(z, R,a) # (.

Proof. Suppose that max(z,R,a) = (. Then h = Tr(z) N a contains no maximal
element. By Zorn’s Lemma there is a maximal R-chain C C h. Define FF C A by
F:={be Ay € CVz € Tr(y) N C : z € b}. F has the finite intersection property, since
h contains no maximal element. Hence there exists an ultrafilter U D F. Let U = {z}.
Clearly we have z € a. Now suppose that y € C and y € Ob for a b € A. Then b € F and
therefore z € b. But then yRz since G is descriptive. It follows that z is maximal in C
and we have a contradiction.

For a set B C A define max(R, B) := J{max(R,a)|a € B}. For a formula ¢ the set
of subformulas of ¢ is defined as usual and denoted by sb(¢). The free boolean algebra
generated by sb(¢) is denoted by Bo(¢). For a descriptive frame G = (g, R", R, A), a
valuation V and ¢ € L call a set Rdsg C g a ¢-reduct set of (G, V) iff

(1) Rdyg € max(R", V[Bo(¢)]) Umax(R™, V[Bo(¢)))-

(2) for all clusters U in G and a € V[Bo(¢)] the set Rdyg contains precisely one
point z € a NU if max(R,a) NU # () for R=R" or R=R".

The ¢-reduct of (G, V) is RdyG := (Rdgg, BT N (Rdyg)?, R~ N (Rdyg)?). We will often
write R instead of RN (Rdgg)?. For a valuation V of g and i C g the valuation V|h of h
is defined by V|h(p) := V(p) N h. Again we will write V instead of V|h.

Lemma 8 Let G = (g,RT,R, A) be a descriptive frame for a D-persistent cofinal tense
logic A and let V be a valuation and ¢ € L. Then

(1) Vo € Rdyg Vo € sb(¢) : RdyG,V,z =4 iff G, V,z = 1.
(2) RdyG is a A-frame.

Proof. (1) The proof is by induction on ¢ € sb(¢). We check the step 1 = OTy.
RdyG.V.z = OFx = G, V,z = OTx follows from the induction hypothesis and the fact
that Rdsg C g. Now suppose that G,V,z = OTx. Then there exists a y € g with zRTy
and G,V,y = x. By Theorem 7 exists y' € Rdgg with ¢’ € Trg+(y) and G,V,y = x.
Hence zR*y' and, by induction hypothesis, RdsG,V,y' = x.

(2) Rd,( is a subframe of (g, R™, R™). Hence it is enough to show that Rdsg is a R"- and
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R™-cofinal subset of g. We prove this for R*. Let z € Rdyg and zR"y and y ¢ Rdyg. If
9. V,y = ¢, then max(y, R*,V(¢$)) # 0, by Theorem 7. Hence there is a z € Rdsg with
yR*z. The case g,V,y | —¢ it can be checked analogously using the fact that —¢ € Bo(¢).
_|

Lemma 9 Let G be a descriptive tense frame and ¢ € L. For m = |Bo(¢)|:

(Cly) If U is a cluster in RdyG, then |U| < m.

(dpm) If {xoéxlﬁ. .. ﬁxn} C Rdgg, then n < 2m.

The simple proof is left to the reader. Call a transitive tense frame g for which there exists
m € w with (Cl,,) and (dp,,) a quasi-finite tense frame.

Theorem 10 All D-persistent cofinal tense logics are complete with respect to quasi-finite
tense frames.

Proof. Suppose that ¢ € A. Take a descriptive A-frame G, a valuation V and = € g so
that G,V,z = —¢. We may assume that z € Rdsg. Rd,G is a A-frame and (RdyG,V)
satisfies —¢ in z.

We need some notation. For a transitive frame (g, R) define the depth of z € ¢ by
induction: dp(R,z) = 0 iff Vy € g : 2Ry = yRz; dp(R,z) = n + 1 iff dp(R,z) # n and
Jy : xRy with dp(R,y) = n and Yy : xRy = dp(R,y) < n.

The modal depth dp(¢) of a formula ¢ is defined as usual. Let S be a relation on g and
a C g. Then define the m-transit of a in g by induction:

TR'a,S,g] = aU{ycg|3z ca:zSy}
TR™"'a,8,9] := TR'TR™a,S,g],S.g].

Theorem 11 Let A = A+ ® I} @ I, ®T be a D-persistent tense logic, where Ay is a
cofinal subframe logic above K4 and T is a set of subframe azioms in L. Then A has the
FMP.

Proof. Suppose that ¢ ¢ A. Take a quasi-finite A-frame (g, R™, R™), a valuation V and
r € g so that g,V,z |= ~¢. Assume that dp(¢) = k. Now let f := TRF[z, Rt U R™,g]
and then form h := TR![f, Rt g]. We show that (1) h is finite, (2) h is a A-frame, (3)
h,V]h,z = —¢.

(1) follows if TR'[y, R, g] is finite for R = RT, R~ and y € g. Let g satisfy (Clp,), (dpp)-
Now (TR'[y, R, g], R) is a one generated transitive frame with depth < 2m, width < n
so that all clusters have cardinality < m. It is readily checked that frames with theses
properties are finite.
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(2) h is a subframe of g. Hence h |=I'. It remains to show that (h, R™) = A;. But this
follows from the fact that (h, RT) is a generated subframe of (g, R™).
(3) follows drom dp(¢) = k and h D TR*[z, Rt UR™,g]. -

Corollary 12 All complete and elementary subframe logics above K4.t ® I,7 & I, have
the FMP.

Given Theorem 11 it is reasonable to conjecture that all D-persistent logics A{.A5 .t @
IFe I, &T for Aj,As cofinal subframe logics and T' a set of subframe axioms have the
FMP. This conjecture is refuted in Theorem 29 even for tabular Ay, Ao. The following
Proposition follows immediately from the characterization of elementary cofinal subframe
logics in Theorem 6 and the fact that all cofinal subframe logics are \/-splittings of CK4
(Theorem 5).

Proposition 13 Let A be a cofinal subframe logic above G. Then there is a set of D-
persistent azioms I' with A =G ®T.

Finally the following Proposition is proved in [7].

Proposition 14 Let (g, A) be a refined tense frame with (g, A) & alt} A alt, for an
n € w. Then g = ¢ iff (9, A) = ¢ for all ¢ € L.

Theorem 15 Suppose that A = AT +dT D GY.G~td I © I, with Ay a cofinal subframe
logic and T' a set of subframe azioms. Then A has the FMP.

Proof. Suppose that ¢ ¢ A. Take a descriptive A-frame G = (g, R, R, A), a valuation
V and z € g with G,V,z [~ ¢. Now form Rd,G and define h C Rdyg as in the proof of
Theorem 11. It remains to show that A is a A-frame. Let Ay = G.I,, ® Ty with T’y a set of
D-persistent axioms (these exist by Prop. 13.)

Claim 1. h = GT.G .t

This claim follows if RdsG = G1.G~.t. Now Rd4G satisfies (dpy,) for an m € w. Hence
it is enough to show that all points in Rd4G are irreflexive. Let x € Rd4G. Then there is
ana € A and an R € {R", R™} so that z is R-maximal in a. G, = GT.G" .t since G is a
subframe logic. Thus z is irreflexive since the R-successors of = in G, form a cluster.
Claim 2. h =T

Rd4G =T’y since K4 ® T is a D-persistent cofinal subframe logic. Now h = I'1 because
h is an R*-generated subframe of RdyG.

Claim 3. h =T.

All points in h are irreflexive. Hence we can take a, € A with z € a;, 0 a, = OTa, =0
for all z € h. a := J{agz|r € h} € A since h is finite. Hence G, =T and a O h. Let
Go = (a,S1,5,B). Claim 3 follows if (a,S*,S) ET. But (a,S) has depth < |h| and
width < n for S = ST, S~. Hence {a,ST,S™) | alt;” Aalt; for an | € w and Prop. 14
can be applied since G, is refined. 4
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Corollary 16 All subframe logics above GT.G~.t & I} & I, have the FMP.

Theorem 17 Let A be a D-persistent and cofinal subframe logic above K4. Then AT.t
has the FMP.

Proof. Let ¢ ¢ AT.t. Take a quasi-finite A-frame (g, Ry, Rs), a valuation V and u € g
with g, V,u |= —~¢. First let z ~y y iff g, V2 E 4 & ¢,V,y =« for all ¢y € Bo(¢). The
cluster containg an x € g is denoted by U(z). Define another equivalence relation on g by
induction on dp(R™, ).

z ~ y iff (1) dp(R,2) = dp(R",y) (2) z ~4 y (3) if zR"z for a z with dp(R*,z) <
dp(R™,z), then there exists 2’ with yR™2" and z ~ 2/. (4) if yR™ 2 for a z with dp(R™, 2) <
dp(R*,y), then there exists 2’ with zR*2" and z ~ 2/. (5) for all ¢y € Bo(¢) : 3z € U(z) :
z,VEyiff 3z € U(y): 2,V =1, (6) U(z) is an irreflexive point iff U(y) is an irreflexive
point.

Let [z] denote the ~-equivalence-class of z € g and define h = {[z]|z € g}. Using the
assumption that g is quasi-finite a simple induction on the depth of [z] shows that h
is finite. Define ST on h by [z]S™[y] iff there exist ' € [z],y € [y] with zRTy. Let
S~ :=(ST) L and V'(p) := {[z] € hlz € V(p)} for p € sb(¢).

Claim 1. z > [z] is a p-morphism from (g, R") onto (h, S™).

TRy = [z]ST[y] follows from the definition. Now suppose that [z]ST[y]. Then there
exist 2,9y’ € g with z ~ 2,y ~ 3/ and z’R™y’. Case 1. y' € U(z'). Then, by (5) and
(6) there is a z € U(z) with z ~4 3’ and zR*z. It follows immediately from z ~ 2’ that
z ~ 1. Hence xRz and [z] = [y]. Case 2. dp(R",z') > dp(R™,y’). Then, by condition
(3), there exists z € [y'] with zR™ 2.

Claim 2. For all ¢ € sb(¢),z € g:¢9,V,z E ¢ < h, V' [z] | 9.

The proof is by induction on 1. We prove the step ¢y = &7 x. Suppose that g, V, z = 7.
Then there exists y € g withzR y and g,V,y E x. Now [2]S~ [y] and h, V', [y] = x. Hence
h, V' [z] E ©~x. Suppose that h, V' [z] E &7 x. Then there exists [y] € h with [2]S™[y]
and h, V' [y] = x. By the definition of ~ there exist z’ ~ z,y ~ y with 2’R™y'. Now, by
induction hypothesis, g, V,4' = x. Thus g,V, 2’ = O7x and then g, V,z E O™ .

By Claim 1, (h,S*) is a A-frame. Hence (h,S",S ) is a AT.t frame. By Claim 2,
(h,ST,87), V' [u] & —¢. -

We introduce another reduction of quasi-finite frames. In this case only those maximal
points are selected which are necessary in order to satisfy a formula ¢. Let (g, RT,R™)
be a quasi-finite frame, V' a valuation and ¢ € L. Tt follows immediately from (dp,,) that
max(z, R,V (¢)) # 0 for all z € V(),% € Bo(¢) and R = R",R~. Take R = RT, R~
and a finite set h C g. Then let fr(h,¢)) C g denote a minimal set so that for all
z € h and x € Bo(¢) with max(z, R,V (x)) # 0 and max(z, R,V (x)) N h = 0 it follows
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fr(h,¢) Nmax(z, R,V (x)) # 0. It is readily checked that for h C g finite |fr(h,$)| <
| Bo(¢)||h|. Define by induction

Fy(h,¢) = f(h,¢)Uh.
Fptl(h,¢) = fr(Fp(h, ), ).

The R-closure of h is defined by Cg(h, ¢) := U{Fgi(h,¢)|n € w}.

Lemma 18 Let (g, R™, R™) be a quasi-finite frame,R € {RT,R™},z € g and V a valua-
tion. Then Cgr(z, ) is finite.

Proof. For all z € Fj(x,¢) there is an R-path z = zoRz1R... Rz, = z with z;4; €
max(z;, R, x;) for 0 < i < n with x; € Bo(¢). Clearly a x € Bo(¢) can occur only once
among the x;. Hence Fj'tt(z, ¢) = F'(z, ¢) for m = |Bo(¢)|. Thus Cg(z, ¢) = FE(z, $)
is finite.

Now define inductively for h C g sets C™(h, ¢) by C°(h, ¢) := Cr+(h, })

C*"*2(h,¢) = Cr+(C**(h,¢),
C*" ' (h,¢) = Cpr-(C*"(h,¢).

The total ¢-closure of h is C(h, ¢) := U{C™(h, ¢p)|m € w}. The following lemma follows
by induction on the subformulas of ¢.

Lemma 19 Let (g, R*,R™) be a quasi-finite frame and g,V,z = ¢ for a ¢ € L. Then
(C(z,4),R",R™),V,z = ¢.

Theorem 20 Let A = A] 1@ be a D-persistent logic with Ay O K4.3 a cofinal subframe
logic and T' a set of subframe azioms. Then A has the FMP.

Proof. Take a one-generated quasi-finite A-frame (g, R™, R ), a valuation V andan z € g
with ¢, V,z = —¢. By condition (dp,,) for an m € w and g = K4.37.t, there is a point
r € g so that r is a R"-root of g. Consider the frame (C(r,¢), R, R™). C(r,$) is a R -
confinal subset of g since r € C(r, ¢). Hence (C(r,$), RT, R™) is a A-frame. By Lemma
19 there exists y € C(r, ¢) so that (C(r,¢), R*,R"),V,y = ¢. Now the theorem follows if
C(r, ¢) is finite.

By Lemma 18 it is enough to show that C(r,¢) = C™(r,¢) for an m € w. In order to
derive a contradiction assume that there is a sequence z,, € C™(r,¢) — C"~(r, $),n € w,
so that rRTzg and 2o, R Tom i1 R om0 for all m € w. We derive (1) xopm 1 R Tom3
for all m € w:

Let m € w and zomi1 R Tom 2R Tomis3. Then zop oR Tomy1 and TomioR Topmis.
Now Ay D K4.3. Hence (2) zom+3R zoms1 or (3) xomi1 R Tomes. From (2) follows
Tomi1 R Tom 3. Assume (3). There is a ¢ € Bo(¢) so that zo,43,V | 1 but for all
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z € C?™*(r ¢) with 29, 20R™ 2 : 2 € V(¢). But, by (3), max(zomi1, R™,9) # 0. Hence
there is a z € C?™*(r ¢) with T3, 1R 2 and 2,V |= 9. But z2,:2R Zomy1. Thus
Tomi2R™ 2 and we have a contradiction. By (1) exists an infinite RT-sequence which
contradicts to (dpy,). -

Corollary 12 and Theorem 20 together cannot be improved. This is shown in Theorem
30 by giving an example of a D-persistent subframe logic above K4.t ® I;' without the
FMP.

Theorem 21 All subframe logics above G.37.G~.t have the FMP and are finitely aziom-
atizable.

Proof. The finite and rooted G.37.G~.t-frames are precisely the finite trees. It is proved
in [7] that all finite trees split SK4.t. It follows that all subframe logics above G.37.G™.t
have the FMP iff all \/-splittings of SG.37.G .t have the FMP. In this case all subframe
logics above G.37.G™.t are \/-splittings of SG.37.G™.t. Now it is proved in [7] that
SK4.t/g is D-persistent for all finite trees g. Hence all \/-splittings of SG.37.G .t are
of the form G.37.G™.t ® T for a set I' of D-persistent subframe axioms. Connecting the
techniques applied in the proofs of Theorem 15 and Theorem 20 gives a proof of the FMP
of these logics. It remains to show the finite axiomatizability. Recall the definition of a
well partial order. A structure (D, C) is a well partial order iff it is a partial order which
contains no infinite strictly descending chains and no infinite set of mutually incomparable
elements. Since all subframe logics above G.37.G~.t are \/-splittings of this logic, it is
enough to show that the finite trees form a well partial order with respect to the relation
g C f defined by g C f iff g is a subframe of f. But this is the content of a theorem
proved by Kruskal [6]. -

The proof of the following Theorem is completely analogous.

Theorem 22 All subframe logics above Grz.3".Grz .t have the FMP and are finitely
aziomatizable.

One might be tempted to conclude that not only the subframe logics above G.37.G™.t
behave well but that the lattice of all extensions of this logic should be simple because the
Kripke-frames are precisely the finite trees. This is far from being true. Using standard
splitting techniques it is easily shown that there exist uncountably many incomplete logics
even above G.37.G.37.t

4 Tense Logics without the FMP

Lemma 23 Let (g, R") be a transitive frame, U a cluster in g, and ¢ € LT. Then

(1) If (g, R*)[T,° /U] |= ¢ for all n, then (g, R")[(w,>)/U] = ¢.
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(2) If (9. RN)[T;= /U] | ¢ for all n, then (g, R*)[{w, >)/U] = ¢.

The simple proof is left to the reader. The quotient frame of a transitive frame g with
respect to the clusters is denoted by Sk(g) and is called the skeleton of g. For a formula
¢ define Ot := pA O P, D" "¢ := p A O~ ¢ and O*¢ := O g,

Theorem 24 Let A be a cofinal subframe logic which is not elementary. Then AT.t does
not have the FMP.

Proof. Let A be a cofinal subframe logic which is not elementary. Then, by Theorem 6,
there exist a finite and rooted frame (g, R™) and a non-final cluster U in g so that g is not
a A-frame but (i) g[7,~/U] |= A for all n € w or (ii) g[T,=/U] = A for all n € w. Assume
that (i) holds. The proof in the case (ii) is completely analogous. In order to keep the
proof transparent we start with the simplest case. Case 1. U has no proper predecessor in
(9, R"). By Lemma 23, (g, RT, R )[(w,>,<)/U] E A*.t. Reserve a variable p, for each
z € g and let 0 € U. Now define

¢ = oz(_g’R_>[px|x € ¢g]
A V(Z,U,R+>[Pz|$ €g—U]
Ny = Otpely € U,z € g — U,yRTz)

>

Then O%$ A po is AT .t-consistent since it is satisfiable in (g, RT, R™)[{w, >, <)/U]. Let
F = (f,S87,5) be a finite AT.t-frame and suppose that there are sets {b, C f|z € g}
and y € f with y € O A polby|z € g]. Take an = € max(y,S™,by) and let F, denote
the monomodal frame (TR![z,S*, f],S*). Clearly the roots of F, form a cluster U’
so that b, NU" # 0 for all z € U. Define a valuation V of F, by V(p,) := U Nb,
for » € U and V(p,) := TR'[z,S*,f]Nb, for z € g — U. Tt is readily checked that
Fe,Vix = BTV gty Apo. Thus F, is confinally subreducible onto (g, R*). Hence
F = ATt since Fy £ A.

Now assume that U has proper RT-predecessors and assume that A™.t has the FMP.
Let a := {z € glzR"U,z ¢ U} and let T = (t,<) be a finite frame so that Sk(T) is
a tree and there exists a surjective p-morphism s : 7 — (a, R™). We assume that the
cardinality of A is minimal with this property. Then, for C a cluster in a, the set s (C)
is a set of clusters in 7 which are all isomorphic to C. Let Cy,...C) denote the maximal
clusters in 7. Let T (i,n) denote strictly ascending chains of length n + 1 for 1 < i < k
and let U(z) denote clusters isomorphic to U for 1 <7 < k. We need some formulas: Fix
variables p, for z € tUU{U (1)|1 <i < k}UU{T (i,n)|]1 <i<Ek}U(9— (UUa)).

Fr = Ny — Otpily,z € t,y <az)
A Ny = =0t paly,z € t,=(s(y) R s(2)))
A Ny = paly,z € t,5(y) # s(z))
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A /\(py — OTpelyet,r € g— (UUa),s(y)RMz)
A Ny = =0Tply etz € g = (UUa),=(s(y) R )
A /\(py—>—|px|y€t,:1:€g—(UUa))
Cli = oy lpalz € U(D)]
A /\(py—><>+px|y€U() ze€g—(UUa),UR"z)
A Nlpy = =0T paly € U(i),z € g — (U Ua),~(URTz))
A Nlpy = —paly € U(i),z € tU (g — (U Ua)))
A Ny = =0T pely € UG),z € 1)
T = apy,pole € T(i,n)]

A /\(py—><>+pxye7'(zn)xeg—(UUa) UR"z)
A Npy = =0T pely € T(i,n),z € g — (UUa), ~(UR )
A Ny = —pely € T(iyn),z € tU (g — (U Ua)))
A /\(p — O pely € T(iyn),z € t)
Up =, yiwyplpele € 9= (U Ua)]

Forsets I, J C {1,...k} withTUJ = {1,...k} and n € wdefine T'(I, J,n) := tUJY{U (7)|i €
ITOUU{T(n)lj € JYU (g — (U Ua)).

R(I,J,n) := — =OYply€g— (UUa),z € T(I,J,n) - g))

A py = wely €U(i),z € T(j,n),i€1,j€J)

Ny
A
F(I,J,n) = Ny — Opely € Ci,z € U(i),i € I)
A
Vip

A py = OTpuly € Cjoz € T(4,n),5 € J)

S(I,J,n) = 2|z € T(I,J,n))
Con(I,J,n) = FrAN\(ClLli e I) A N\(T]i € J)
A UpAR(I,J,n) AF(I,J,n)AS(I,J,n).

The formula F7 describes frames which are subreducible onto (a, R™). T is introduced
in order to have variables describing a tree-like structure. Cl; describes frames which are
subreducible onto U and T describes frames which are subreducible onto 7,<. Finally
the formula Up describes frames which are subreducible onto (g — (U Ua), RT). All the
other conjuncts coordinate these frames. Essentially Con(I,J,n) gives a description of
the replacement of U in g by the clusters U(%),7 € I, and the chains 7(j,n),j € J. But
note that a lot of conjuncts are omitted so that we do not have a complete description.

Take an r € s !(z) for a root = of (g, R").

Claim. For all m < k there exists I C {1,...k} with |I| > m so that Ot *Con(I, J,n)Ap,
is A-consistent for J = {1,...,k} — [ and all n € w.
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The proof is by induction on m.
m =0. {g,R")[T,~/U] E A for all n € w. Let s? : T(i,n) — 7,= be isomorphisms for
n € w and 1 < i < k. Define for n € w valuations V,, of g[7,</U] by:

Volpz) = {z}, z€g—(UUa),
Vn(pz) = {S(I)}v x €1,
Volpz) = {si(z)}, z€T(@,n), 1 <i<k.

It is readily checked that g[7,~ /U], Vy,s(r) = O Con(0, {1,...,k},n) Ap, for alln € w.

Assume that the claim holds for £ > m > 0. We show that it holds for m + 1. We may
assume that there is an I with |I| = m so that 07T Con(I, J,n) Ap, is A-consistent for all
n € w. Hence there exists a sequence g, of finite A-frames with valuations V,, and points
T € gn s0 that g,, Vi, z, E OTTCon(I, J,n)Ap,. It is easy but tedious to show that there
exist images g/, of confinal subreductions of g, so that g/, —U{V, (pz)|z € T (¢,n),7 € J} has
cardinality smaller than an M € w for all n € w and g, V,,,z, E O T Con(I, J,n) A p,
for all n € w. Hence there is a subsequence g}(n) of g/, so that the models (g}(n) -
UVim) (pz)lz € T (i, f(n)),i € J}, Vj(n)) are isomorphic for all n € w. Assume that these
models are equal to ((h,S), V'). Now we can reduce this sequence once more: There exists
an 1 < N < k —m so that there exists a sequence of A-frames (f,,S,),n € w, with the
following properties:

(1) fn=hUU{H1 <j < N}
(2) Sn=SUU{<F 1 <j<N}US,.

(3) Forall1 <j < N,n€w: (t7,<}),1 <j <N is a strictly ascending chain of
length n + 1.

(4) For all z,y € fp,nm € w: xS,y = z,y € h and z,y ¢ U{t7']1 <j < N}

(5) For all z € h,1 < j < N,n,l € w,y € t},z € th: 28y & 28]z and ySjz &
zS|z.

(6) For all n € w and a root z of (fn,Spn) : (fu,Sn), VI, 2 E OF T Con(I,J,n) A p,
with V! (p;) := V'(py) for x € T(I, J,n) — U{T (i,n)|i € J} and V,! (p,) € U{t?|1 <
i < N} for x € U{T (i,n)]i € J}.

Again the proof of the existence of such a sequence is easy but tedious.
Take an [ € J and the maximal path P in 7 from the root of 7 to Cj. By the definition
of the formula Fr there exists a set b C h so that f : (b,S) — P with f(z) =y iff x € b
and z € V'(p,) is an isomorphism. Another reduction is needed. Define

hy :=bUU{V,, (pz)|z € T(I,J,n) — P}.
V.2(py) == V,}(p;) for x € T(I;J,n) — P.
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V2(pg) := V, (ps) Nb for z € P.

It follows from the assumption that Sk(T) is a tree that (h,, S,,V,?) has the properties
(1), ...,(6). But now also (hy, S/, S;), V;2 E aplps|z € P).

For all n € w: (hy, Sp), V.2, fHC)) | F(I,J,n) AOTT". Thus there exists an m(l)
with 1 < m(l) < N so that f_l(Cl)Snt%(l) for all n € w. By condition (5), 7, is
unique in (h,,S,). Hence (hn,Sn>[(w,>>/t%(l)] is well defined for all n € w and, by
Lemma 23, H,, = (h,, S, S, [(w, >, D/tmay] E A*.t. Define valuations V3 of H,, for
n € w. Assume that ({n,...,0},>) = tmq) for alln € w. Let V3(pz) := V,2(pg) for all

x € T(I,J,n) and let V;3(p,) C w be a cofinal set in w for all z € U(I). It can be arranged
that w — {0,...,n} = U{V,2(ps)|z € U(l)}. Define the formula
Con(n) := ) [pe|z € U(1)]
aplpglz € P
Npe = O7pylz € U(l),y € P)
FrANUp
N(Clili e TU{1})
NI € J)
R(IU{l}, J,n) NF(I,J,n) AS(IU{l},J,n).

> > > > > >

Note that the last four conjuncts coincide with Con(7 U {l}, .J,n) with the exception of
F(I,J,n). Now take a z € U(l) and u,, € V,3(p,). Then H,,V,2,u, = p, A O*Con(n) for
all n € w. Hence p, A 0*Con(n) is At .t-consistent for all n € w. Let n € w. We now use
this result to prove that 0*Con(IU{l}, J—{l},n)Ap, is A-consistent under the assumption
that A™.t has the FMP. Take a finite A™.t frame (h, ST, S™) with h, V. z |= p,AO*Con(n).
It follows from

h,Viz |E p, A D__(a(;(l)[px|x e U(D)] A ap[pz|z € P)
A O~ /\(px — O pylz € U(l),y € P)

that there exists a set d C h so that f : (d,ST) — (P < U(l)), defined by f(y) = z iff
y € d and y € V(p,), is an isomorphism. ((P < U(I)) denotes the frame formed from P
and U(]) so that all points in P have the points in U(l) as successors.) Take TR'[z, S, h]
for a root z of (d,S™) with z € V(p,) and define a set b C h and a valuation V' by

b:=Tr'[z,ST,h) N (dUU{V(py)ly € T(I,J,n) — (PUT(l,n)}).
V'(py) :==V(py) Nbfory e T(I,J,n) — (PUT(,n)).
V'(py) :==V(py) Nd for y e PUU(I).

(b, ST) is a cofinal subframe of a generated subframe of (h, ST). Hence (b, ST) = A. Tt is
readily checked that (b, ST), V', x = O0*Con(I U {l},J — {I},n) A p,.
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The claim holds for all m < k. Hence p, A O"TCon({1,...k},0,n) is A-consistent
(note that this formula does not depend on n.) Hence there exists a finite A-frame (h, S™)
with root 2z so that (h,S™),V,z E p, AOTTCon({1,...k},0,n). For all clusters C in h
with C C U{V (pg)|z € U(i) for an i with 1 < i < k} and |C| > |U| fixamap Fo : C — U
onto. Define a partial map f : h — g by f(y) = Fe(y) iff y € C for a cluster for which
F¢ is defined, f(y) =z iff y € V(p,) foran z € g — (U Ua), f(y) = s(x) iff y € V(p,) for
an r € t.

Claim. f: (h,S*) — (g, R") is a cofinal subreduction.

Let Con:= Con({1,...,k},0,n) and T :=T({1,...k},0,n). f is well defined since Con
contains the conjuncts p, — —p, for (1) z,y € t and s(z) # s(y), (2) z,y € g — (U Ua)
withz #y, Q) z €tandyeT —t, () x € g—(UUa) andy € T — (g — (U Ua))).
Let b denote the domain of f. Using the conjunct S({1,...,k},0,n) it is readily checked
that b is a cofinal subset of h. Now suppose that 215" 25 and 21,V |= p, for an z € t.
(1) 22,V = py for ay € t. Then f(z1)R™ f(22) follows from the conjuncts p, — =<tp,
for =(s(z)RTs(y)). (2) 22,V = py foray € U(i). f(z1)R" f(z2) follows from zRTU. (3)
29,V = pyforay € g—(UUa). Then f(z1)RT f(22) follows from the conjunct p, — = p,
for z € t,y € g — (U Ua) with =(s(z)R"y). The cases 21,V [ p, for an z € U(i) or
an £ € g — (U Ua) are proved analogously. Suppose that f(z1)R" f(22) and f(z1) € a.
(1) f(z2) € a. Then 2,V |= p, and 22,V = p, for z,y € t with s(z)R"s(y). Hence
there exists ' € t with z < ¢ and s(y) = s(y'). Now p, — OTpy is a conjunct of Con.
Hence there exists z3 € h with 205723 and f(z3) = s(¢') = s(y) = f(z2). (2) f(22) € U.
21,V |= pp for an z € t. Hence, by the conjunct A(p, — Opylz < y), exists a maximal
cluster C; in T with 2,V | p, vV Otp, for 2 € C). Using the conjuncts F({1,...,k},0,n)
and azr,(l) [pz|z € U(l)] and the fact that A is finite it follows that there exists a cluster C
in h with 21 RTC and C C U{V(pz)|z € U(i) for an 1 < i < k} and |C| > |U|. Take a
z3 € C with fo(z3) = f(22). (3) f(22) € g — (U Ua) can be checked analogously. The
cases f(z1) € U and f(z1) € g — (U Ua) are left to the reader.

A contradiction is derived since (h, S*) E A but (g, RT) = A. 4

Let us summarize the surprising equivalences for tense logics of type A*.t.

Theorem 25 Let A be a cofinal tense logic above K4. The following conditions are equiv-
alent.

(1) A is elementary (2) A*.t is elementary
(3) A is D-persistent (4) AT .t is D-persistent
(5) A is compact (6) AT .t is compact

(7) A*.t has the FMP.
If A is a subframe logic, then we can add
(8) A is R-persistent
(9) A*.t is R-persistent
(10) A™ .t is a \/-splitting of SK4.t
(11) There is no subframe logic © € SK4.t different from A with the same Kripke-frames
as A.
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All these properties are decidable for finitely aziomatizable A.

Proof. All the equivalences with the exception of (11) are stated in this paper. The
equivalence of (1) and (11) is proved in [7] for subframe logics. Finally the decidability
follows from the decidability of elementarity for cofinal subframe logics above K4 proved
in [9]. 4

In [9] it is shown that all extensions of S4.3 are cofinal subframe logics. Hence we get
from Theorem 25

Corollary 26 Let A be an extension of S4.3. Then the conditions (1), ...,(7) of Theorem
25 are equivalent for A.

Theorem 24 can be generalized in several ways. Here we note only the following

Theorem 27 Let A = A .t ®T with Ay a non-elementary cofinal subframe logic and T
a set of elementary subframe azioms so that Ay = Ay. Then A does not have the FMP if
there are a finite frame (g, R™) so that Sk(g) is a transitive tree and a non-final cluster
U in g so that (1) g = A1 and (2) (i) g[T,= /U] |= A1 for all n € w or (ii) g[T,=/U] = Ay

for allm € w.
Proof. Following the proof of Theorem 24 it is enough to show that

(i) (¢, R*, R )[(w,>,<)/U] E A or
(i) {9, B", R™)[(w, >, <)/U]  A.

Suppose that (2)(i) holds. Then (g, R™, R™)[{w, >, <)/U] E A1, by Lemma 23. It remains
to show that (g, R, R™)[{w,>,<)/U] ET. The logic K4.t®T is an elementary subframe
logic. Hence the Kripke-frames of K4.t ® I' have the finite embedding property, i.e. a
tense frame h |= T iff f = T for all finite subframes f of h. The finite subframes of
(9,RT, R™)[{w,>, <)/U] are precisely the subframes of (g, R*, R™)[7,~/U] for n € w.
Consider the formula p, A 07" for b = (g, RT)[T,°/U] and r a root of h. This formula
is A-consistent since Ay = A;. Assume that p, A D‘H'oz;{ is satisfiable in a finite A-frame
f. (Otherwise A does not have the FMP and we are done.) Then, using the fact that
Sk(h) is a tree since Sk(g) is a tree, it is readily checked that f contains a subframe which
is isomorphic to h. Hence h =T

(2)(ii) can be considered analogously. In this case (g, R*, R™)[(w,>,<)/U] E A. -

Corollary 28 Suppose that A = ATt @ T D K4.3.t with Ay a non-elementary confinal
subframe logic and T' a set of elementary subframe azioms so that A, = Ay. Then A does
not have the FMP.
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Proof. By the characterization of non-elementary cofinal subframe logics above K4 there
exists a finite and rooted frame g with a non-final cluster U and g = K4.3,9 [~ Ay so
that (i) ¢[7,</U] | Ay for all n € w or (ii) ¢g[7,=/U] = A; for all n € w. We can apply
Theorem 27 since Sk(g) is a tree.

Note that the elementarity of T' is essential. Take for instance G.3".G.3~.t. This logic has
the FMP and is a conservative extension of G.3.

For a frame (g, R) we draw ¢ in such a way that e represents a reflexive point and x
represents an irreflexive point. Define Q7" := A(g;|0 < j < m,i # j) A ~g; for m € w and
7 < m.

Theorem 29 There are tabular and cofinal subframe logics A1, Ao above K4 and a set of
subframe azioms T C L so that AT .A; .t ®T does not have the FMP.

Proof. Let A; be the theory of the two frames

Fp = '< and Fp := X<
X X

and let Ay be the theory of the two frames

H H
F3 = °< and F, = X<
X X

Clearly both of these logics are cofinal subframe logics. A; and As are not subframe
logics since a point with a strict successor x in a A;-frame has a second strict successor
incomparable with z which is irreflexive iff z is reflexive. Define Ny := A(OTQ}0 <
i < 3). Define inductively for m > 2n + 1 the formulas Py := Qf' A p and Pop4q =
Q4 A O Pay, Poy i= QA OF Py, 1. Now define I' := {P,12[Ny/p] = OM-Nyjn €
w}. A frame (g, RT, R™) satisfies T iff for all m € w : if {zg,...,Tmi2} are mutually
different and zgR™ 21 R 29oR™ ... R™/~ 42 and z( has four RT-successors, then no point
in TR™[zp12, RT U R, g] has four R™-successors. Clearly T' is a set of D-persistent
subframe axioms. Define A := A].A; .t ®T.

Claim. N, is A-consistent but =N, holds in all finite A-frames.
Let Z denote the set of integers and define g := Z U {0'}. Define

Rt = {(0,0),(0,0"),(0",0), (0, 1), (0", 1)}
U {(22,22+1)|z € Z} U{(22,22 — 1)|z € Z}
U {(dz+ 1,42+ 1)|z € Z} U{(42,42)|z € Z}
It is readily checked that (g, R, R™) is a A-frame. Ny is satisfiable in 0 and (' since these

points have four RT-successors. The simple proof that all rooted A-frames with a point
with four RT-successors are isomorphic to ¢ is left to the reader. -
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Note that A is a D-persistent cofinal logic with A O K4.t ® By & I, & I, . Hence
Theorem 11 cannot be extended to all D-persistent cofinal logics of finite width in both
directions.

Theorem 30 There is a D-persistent subframe logic above K4.t ® I, @ By without the
FMP.

Let A1 be the theory of the subframes of the following two frames:

[ ]
Fi:= °< > i and Fp := X—~eo—o
[ ]

For b C {0,...,4} define Ny := A(CTQ}|i € b) A AN(O~Q}i € {0,...,4} —b) and let
D5 := \/(Ny|b C {0,...,4}). Define ¢ := Ds AO p — (pAO pAOTO p). A transitive
rooted frame (g, R™, R™) satisfies 1) iff all points with > 5 R U R™-successors are reflexive
and are RT-roots of g. Together with A this implies that there is not more than one
point in g with > 5 RTUR™ - successors. Define A = AT.t®1. Clearly A is a D-persistent
subframe logic. Now let

¢ = DyA=(QFVQIVQ3VQE
OT(QFATTpA-p)
0 Q) = 0 QIAQT - OTRIANQS — ORI A QS — OTQ}),

A
A

where DY results from a suitable renaming of the variables of Dy so that Q3 and D} have
no common variables.

Claim. ¢ is A-consistent but —¢ holds in all finite A-frames.
Let g := w and

RT = {(0,n)|n € w}U{(n,n)|n > 1}
U {2n,2n+1)|n > 1} U{(2n,2n — 1)|n > 1}.

Clearly (g, R™,R™) is a A-frame and ¢ is satisfiable in g. Now suppose that there is
a A-frame with root z and (h,S*,S ),V,z = ¢. Then g = {z} U {y|zSTy} since x
has > 5 successors. There is a sequence z,,,m € w, in g — {z} with z irreflexive and
Tam+i, V E Q? for 0 < i < 3 and 29, S ZTomi1, Tom 1S T Tomyo for m € w. Tt is enough
to show that z,, # z for kK # m. Assume to the contrary that there is a minimal m € w
so that there is a & < m with 2, = x,,. Case 1. £ = 0. Then h would not be a A-frame
since the subframes of F5 are the only rooted Ai-frames with an irreflexive point. Case 2.
k # 0. Then h would not be a A-frame since x; would have > 5 successors.

Note that K4.t® B;f = K4.t® B;, = K4.t ® B,} ® B,,. Hence one of the fragments of
A is tabular and the other fragment is locally finite (more precisely, the variety of modal
algebras corresponding to the fragment is locally finite.) It follows that A is a very strong
logic which shows that Corollary 12 and Theorem 20 are optimal. Nevertheless, two open



REFERENCES 20

problems remain concerning the FMP of cofinal tense logics. (1) Does A .A; .t have the
FMP for all D-persistent subframe logics Ay, Ay above K47 (2) The same question for
D-persistent cofinal subframe logics Ay, As.
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