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Abstra
t

We 
onstru
t a normal extension of K4 with the �nite model property whose

minimal tense extension is not 
omplete with respe
t to Kripke semanti
s.

Call a normal bimodal logi
 in the propositional language with 2

+

and 2

�

a tense logi


if it 
ontains the tense axioms

tense = fp! 2

+

3

�

p; p! 2

�

3

+

pg:

With ea
h normal modal logi
 � 
ontaining K4 we asso
iate its minimal tense extension

�

+

:t whi
h is the smallest tense logi
 
ontaining � formulated in 2

+

. Re
all that a modal

logi
 is 
alled 
omplete (has the �nite model property) i� the following is equivalent for

all formulas �: � 2 �, hg;Ri j= �, for all (�nite) frames hg;Ri validating �. This paper

provides a 
ounterexample to the natural assumption that 
ompleteness is transferable

when moving to the minimal tense extension. The problem whether 
ompleteness transfers

from � to �

+

:t 
an also be des
ribed as an axiomatization problem. Indeed, the existen
e

of a 
omplete logi
 � su
h that �

+

:t is in
omplete is equivalent to the existen
e of a

modally de�nable 
lass of transitive Kripke-frames M su
h that the theory of

M

t

= fhg;R;R

�1

ij hg;Ri 2Mg

is not axiomatizable by a set of formulas formulated in 2

+

and tense. (Here the theory

of a 
lass of frames F is the set of all formulas whi
h are valid in all frames in F ).

It is easy to 
onstru
t modal logi
s 
ontainingK4 with the �nite model property (fmp,

for short) whose minimal tense extensions do not enjoy fmp. Take for instan
e provability

logi
 G = K4 � 2(2p ! p) ! 2p. G is known as the theory of the 
lass of inverse

well-founded frames and has fmp (
f. [2℄). But G

+

:t does not have fmp sin
e the tense

logi
 determined by the �nite inverse well-founded frames is

G

+

:t�2

�

(2

�

p! p)! 2

�

p:

1



2

(
f. [3℄). Note however that G

+

:t is 
omplete, by item 3 of Theorem 1 below. [3℄ and

[4℄ deliver general positive results as 
on
erns transfer properties of the map � 7! �

+

:t.

The following theorem summarizes some results of those papers. First re
all the following

de�nitions. All frames are assumed to be transitive. For a frame hg;Ri we write x

~

Ry i�

xRy and x 6= y. Let x 2 g and suppose that there is a longest �nite 
hain x = x

0

~

R : : :

~

Rx

n

in hg;Ri. Then the depth of x in hg;Ri is dp(x) = n and x is said to be of �nite depth.

We say that a modal logi
 � 
ontaining K4 has �nite depth if there exists an n 2 ! su
h

that all points in all frames validating � have depth � n.

Theorem 1 Let � be a logi
 above K4. Then

� If � has �nite depth, then �

+

:t has fmp.

� If � has �nite width (in the sense of [1℄), then �

+

:t is 
omplete. Espe
ially, �

+

:t is


omplete whenever � � K4:3.

� If � is a (
o�nal) subframe logi
 (in the sense of [6℄ and [2℄, respe
tively), then �

+

:t

is 
omplete. �

+

:t has the fmp i� the frames validating � form a �rst order de�nable


lass.

Given that this result 
overs all natural extensions of K4 it is 
lear that our example is

(in some sense) similar to the 
onstru
tion of in
omplete logi
s above K4. Let us start

with the de�nition of the frames involved in the 
onstru
tion. De�ne hg;Ri by putting:

g =

[

f! � figj1 � i � 7g [ fug

and R as the transitive 
losure of R

1

with

R

1

= f(x; y)j x 2 ! � fig; y 2 ! � fjg; j < i � 5g

[ f((m; i); (n; i))j m < n; i = 2; 5g

[ f((m; i); (n; i))j m > n; i = 1; 3; 4g

[ f(x; x)j x 2 ! � f6; 7gg [ f(u; u)g

[ f((m; 5); (m; 6))j m 2 !g [ f((m; 4); (m; 7))j m 2 !g

[ f((m; 6); (m; 1))j m 2 !g [ f((m; 7); (m; 2))j m 2 !g

[ f(x; u)j x 2 ! � f3; 4; 5gg:

See the �gure below. We draw frames in su
h a way that � represents a re
exive point

and x represents an irre
exive point.
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Denote by G

n

the subframe of hg;Ri indu
ed by

g

n

= f(m; i)j m � n; i = 1; 3; 5; 6g [ fug

and denote by � the theory of the set of frames fG

n

jn 2 !g. We are going to show

Theorem 2 � has the fmp and �

+

:t is in
omplete.

That � has the fmp follows from the de�nition. To prove that �

+

:t is in
omplete we need

a general tense frame validating �

+

:t and refuting a formula � whi
h holds in all Kripke

frames validating �

+

:t. (Consult e.g. [3℄ for the de�nition of general frames). We �rst

de�ne a general monomodal frame G = hg;R;Ai by de�ning A as the boolean 
losure of

C � 2

g

, where 
 2 C i�

� 
 � ! � f3g or

� 
 � ! � fi; jg and 
 is �nite or 
o�nite relative to ! � fi; jg and fi; jg = f1; 2g,

f4; 5g, f6; 7g.

It is readily 
he
ked that G is a general monomodal frame and also that

G

t

= hg;R;R

�1

; Ai

is a general tense frame (i.e., that A is also 
losed under

2

�

a := fx 2 g : (8y 2 g)(yRx) y 2 a)g):

Lemma 3 G j= �.

Proof. Suppose G refutes a formula :�. We show that there is an n 2 ! su
h that G

n

refutes :�. Take a valuation � so that hG; �i 6j= :�. Call a point x 2 g �-maximal i�

there is a subformula  of � su
h that x 2 �( ) but no proper R-su

essor of x is in

�( ). Denote by g

r

the set of �-maximal points whi
h are in ! � f1; : : : ; 5g. Now de�ne

an ordering � on ! � f6; 7g by putting

(m; i) � (n; j) i� i < j

or i = j = 6 and m � n

or i = j = 7 and m � n:

Denote by h

r

the set of �-maximal points in ! � f6; 7g relative to �. (We say that

y 2 ! � f6; 7g is �-maximal in ! � f6; 7g relative to � i� there exists a subformula  of

� su
h that y 2 �( ) and su
h that there does not exist a z 2 �( ) \ (! � f6; 7g) with

y 6= z and y � z). Put

M := maxfn 2 !j(9i)(1 � i � 7 and (n; i) 2 g

r

[ h

r

)g
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Using the de�nition of A it is readily 
he
ked that M 2 !. Put

h = fug [ f(m; i)j m �M; i = 1; : : : ; 7g [ f(m; 3)jm � 2M + 1g

De�ne H = hh;R \ (h � h)i and 
(p) = �(p) \ h. A straightforward indu
tion shows for

all x 2 h and subformulas  of �

hH; 
; xi j=  , hG; �; xi j=  :

Hen
e H refutes :� and H ' G

2M+1

. a

It follows that G

t

j= �

+

:t.

We are now going to write down some important formulas belonging to �. In what

follows we shall assume that � is formulated in the monomodal language with 2. Put

2

(1)

 =  ^2 . With ea
h �nite and rooted frame hh; Si we 
an asso
iate the formula

W (hh; Si) =

^

hp

x

! 3p

y

jxSyi

^

^

hp

x

! :3p

y

jx 6= y;:(xSy)i

^

^

hp

x

! :p

y

jx 6= yi

(Here p

x

denotes a propositional variable atta
hed to a point x 2 h). Put D

m

:=

hf0; : : : ;mg; <i and

dp

�

m

= p

0

^2

(1)

W (D

m

):

Clearly dp

�

m

is satis�able in a point x in a frame f i� x has depth � m in f . By extending

the formula W (hh; Si) to

�(hh; Si) =W (hh; Si) ^

^

hp

x

! :3p

y

j:(xSy)i

we get the well-known subframe-formula �(hh; Si) = 2

(1)

�(hh; Si) ! :p

r

, where r de-

notes a root of hh; Si (
f. [2℄). The following axioms belong to �. (In the frames below 0

is intended to be the root r).

� �

1

= �(hf0; 1; 2g; f(0; 1); (0; 2)gi)

� �

2

= �(hf0; 1; 2g; f(0; 1); (0; 2); (0; 0)gi)

� �

3

= �(hf0; 1g; f0; 1g � f0; 1gi)

� �

4

= �(hf0; 1g; f(0; 1); (0; 0); (1; 1)gi)

�

1

^�

2

says that there are no two in
omparable irre
exive points with a 
ommon an
estor.

The meaning of �

3

^�

4

is that there is no in�nite stri
tly as
ending 
hain, no 
luster with

more than one element and no re
exive point whi
h sees a re
exive point. We now 
ome

to the axioms whi
h for
e the in
ompleteness of �

+

:t. De�ne, for i 2 !,

�

0

= 2?; �

i+1

= 2

i+2

? ^ :2

i+1

?;



6

�

i

= 33�

i

^ :3�

i+1

;




0

= :�

0

^3�

0

; 


i+1

= :�

i+1

^3�

i+1

^ :


i

^ :3


i

:

In G

m

the formulas �

i

hold pre
isely in (i; 1); i � m, the formulas �

i

hold pre
isely in

(i; 6); i � m, and the formulas 


i

hold pre
isely in (i; 5); i � m. So we have, for allm 2 !,

d

m

:= dp

�

3m+2

^ 


0

! 2

(1)

^

h


i

! 3


i+1

ji < mi 2 �:

For a monomodal formula  formulated in the language with 2 let  

+

and  

�

denote the

translation of  into the language with 2

+

and 2

�

respe
tively. Put

� = 3

�

:�

�

(h(f0; 1g; f0; 1g � f0; 1gi)

^ 2

�

((p

0

_ p

1

)! 3

�




+

0

^3

+

(3

+

> ^2

+

3

+

>))

Lemma 4 :� 62 �

+

:t.

Proof. De�ne a valuation � of G

t

so that �(p

0

); �(p

1

) � ! � f3g are disjoint and so that

both sets are 
o�nal in ! � f3g with respe
t to R

�1

(i.e., 8x 2 �(p

i

)9y 2 �(p

i

)(yRx)).

Clearly hG

t

; �; (0; 1)i j= �. a

Lemma 5 :� holds in all Kripke-frames for �

+

:t.

Proof. Suppose there is a Kripke-frame H = hh; S

+

; S

�

i for �

+

:t su
h thatM; x j= � for

a model M = hH; �i. By �

3

2 � and M; x j= �, there is an in�nite S

�

-
hain hy

i

ji 2 !i

with xS

�

y

0

and M; y

i

j= p

0

_ p

1

, for i 2 !: Furthermore, M; y

0

j= 3

+

(3

+

> ^2

+

3

+

>).

We may assume, by �

3

; �

4

2 �, that all y

i

; i 2 !, are irre
exive. There are points z

i

; i 2 !,

with z

i

S

+

y

i

and M; z

i

j= 


+

0

.

Claim. There is a z

i

; i 2 !, of in�nite S

+

-depth.

Assume there is no z

i

of in�nite depth. Then y

0

has �nite depth, say m 2 !. There is

a z

i

; i 2 !, of depth � 3m + 2, sin
e the depth of y

i

is in
reasing. Hen
e there exists y

with z

i

S

+

y and M; y j= �

+

m

. y has depth m, y is irre
exive and y is in
omparable with

y

0

sin
e M; y

0

j= 3

+

(3

+

>^2

+

3

+

>). But this 
ontradi
ts �

1

^ �

2

2 �.

Take a z

i

; i 2 !, of in�nite depth. Then M; z

i

j= (2

+

)

(1)

(


j

! 3


j+1

)

+

, for all j 2 !,

sin
e D

m

2 �. H 
ontains an in�nite stri
tly as
ending S

+

-
hain whi
h 
ontradi
ts to

�

3

2 �. a

By Lemma 4 and 5 the logi
 �

+

:t is in
omplete and the Theorem is shown.

One 
an prove that � is not �nitely axiomatizable. Hen
e the following remains open.

Problem. Is there a �nitely axiomatizable 
omplete logi
 whose minimal tense extension

is in
omplete?
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Let us �nally note another question about transfer from � to �

+

:t.

Problem. Does de
idability transfer from � to �

+

:t?

Although we believe that there is a 
ounterexample the 
onstru
tion of su
h an example

seems to be quite diÆ
ult. Again for all standard systems de
idability transfers as follows

from the results of [4℄ and [5℄.
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