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Abstract

This paper shows that non—normal modal logics can be simulated by certain
polymodal normal logics and that polymodal normal logics can be simulated
by monomodal (normal) logics. Many properties of logics are shown to be
reflected and preserved by such simulations. As a consequence many old and
new results in modal logic can be derived in a straightforward way, sheding
new light on the power of normal monomodal logic.
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This paper is dedicated to our teacher, Wolfgang Rautenberyg
§1. INTRODUCTION.

A simulation of a logic A by a logic ® is a translation of the expressions of
the language for A into the language of @ such that the consequence relation
defined by A is reflected under the translation by the consequence relation of
0O. A well-known case is provided by the Gdédel translation, which simulates
intuitionistic logic by Grzegorczyk’s logic (cf. [11] and [5]). Such simulations
not only yield technical results but may also provide a deeper understanding
of the simulated logic. This is certainly the case with Gddel’s translation
which in effect translates the intuitionistic connectives by a modal rendering
of the semantic acceptance clauses. In this paper we will use the simulation
technique to obtain two types of reductions. One is the reduction of normal
logics with several operators to mono—-modal logics. The other is a reduction
of non—normal logics to normal bimodal logics.

The first results concerning simulations of modal logics were the results
of [28] and [29] where simulations are used to obtain substantial negative
results in modal logic. Thomason shows how to simulate polymodal logics —
even second order logic — in monomodal logic. Since counterexamples can
be constructed much easier using several operators, this offers a rather easy
method for systematically creating counterexamples in monomodal logic.
Unfortunately, simulations were shown to preserve only negative properties
of logics such as incompleteness, lack of finite model property etc. There is
an array of problems raised in [14] and [13] which cannot be attacked this
way because they require completeness properties to be preserved as well.
We show here that this is in fact the case. We will apply this to solve some
open problems in modal logic. Moreover, using these techniques it is proved
in [18] that there exist logics which have finite model property locally but are
globally incomplete. Other problems, such as the decidability of finite model
property or of decidability itself have a straightforward solution in bimodal
logics (using word problems). By appealing to the simulation method, the
same is proved for monomodal logic. (See also [17].) This shows quite clearly
the usefulness of simulations as a tool in modal logic. Moreover, we will
show that the simulation defined by Thomason gives rise to an isomorphism
from the lattice of bimodal normal logics onto an interval in the lattice of
monomodal normal logics.

Not much is known about non—normal modal logics. Neighbourhood-
semantics, which is usually applied to investigate them, does not allow to
analyse modal formulas as first order properties. General completeness re-
sults, as for Sahlqvist—logics in the case of normal polymodal logics, are not
known so far. In this situation it seems reasonable to investigate non—normal
modal logics by simulating them as polymodal normal ones. This paper de-
fines simulations of this type for all monotonic modal logics as well as a
large class of classical modal logics. By applying Sahlqvist’s Theorem to the
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bimodal interpretations we get a general completeness result for monotonic
modal logics. Applied to normal logics the simulation gives us new insights
into the relation between Kripke—semantics and neighbourhood—semantics.
Conversely, undecidability results for monotonic modal logics can be used to
derive corresponding results for normal bimodal systems. To obtain the re-
quired undecidability results for monotonic modal logics equational theories
of lattices are interpreted in them.

The positive results on simulations show that there is no essential dif-
ference between the classes of monomodal normal logics, monotonic logics,
and polymodal logics.

This paper is structured as follows. We begin by defining the notion of
a simulation of a consequence by another and prove some general results.
After that we define our notions and notation from modal logic. The paper
then splits into two parts. The first is dedicated to the reduction of non—
normal logics to bimodal normal logics. The second treats Thomason—type
reductions of polymodal logics.

Acknowledgments. The first to thank is an anonymous referee for a num-
ber of helpful remarks and suggestions for improvement of the paper. We
also wish to express our thanks to Mark Brown and Timothy Surendonk for
fruitful discussions.

§2. SIMULATIONS.

A propositional language consists of a (mostly) denumerable set of propo-
sitional variables p1,po,... and a finite set of connectives fi, fa,..., fu. For
propositional languages £, £? over the same set of variables an interpreta-
tion of £! in £? is a map which assigns to the variables uniformly a formula

of £? and to each formula f(P,..., P;) of £ uniformly a formula of £2.
More precisely, an interpretation (—)F : L1 — £? must satisfy

(F(Proo o P = (fpr )T IPE [p1s o, PE k]

for all connectives f of L1, Py,..., P € L', and variables py,...,pr. And it
must satisfy, for all variables p, ¢,
¢" = p"a/p).

These definitions have some noteworthy consequences. First of all, a variable
p is translated into an expression pf which contains at most the variable
p, that is, var(p’) C {p}. For if ¢ # p we have p'" = ¢%'[p/q], and so we
find that p € var(p") iff ¢ € var(¢"). Moreover, for 7 ¢ {p, ¢} we also have
r € var(pt) iff r € var(¢"). This can only hold if var(p™) = {p} for all p.
Likewise, for any expression P we have var(PF) C var(P).

A consequence (relation) over a language L is a relation F between
subsets of £ and individual formulas satisfying the following postulates.
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(ax) If P € X then X - P.

(mon) If X CY and X F P then Y F P.

(trs) IfXFPforall PeY and Y F @ then X F Q.
(str) If X F P and o is a substitution then o(X)F o(P).

The consequence F satisfies replacement if
(rep) Py 4F Py implies Q[P /p] 4 Q[ P2/p].

(Here and in what follows P, 4 P; abbreviates the conjunction of Py F P,
and P, F P1.) Now consider a consequence F; over L', a consequence b

over £? and an interpretation F of £' in £2. Then I, simulates -; with
respect to F,if forall I' C L1 and P € L4,

Ik PIfTE =, PE.
The following is a fundamental property of simulations.

Proposition 1 Suppose that by simulates by with respect to some interpre-
tation F. Then if Fo is decidable, so is F1. Moreover, the complexity class
of the decision problem for 1 is at most that of F.

For a proof just observe that by definition the problem I' -y P is equiva-
lent to T¥ 5 PF. Since the translation is linear in the size and increases
the length only by a constant factor, the complexity class of the simulated
problem is (at most) that of F3.

A priori, any connective can be translated by an arbitary expression. How-
ever, under mild conditions we can show that the interpretation of boolean
connectives must be an expression equivalent to that boolean connective.
In the case of modal logics this means that under these conditions only the
modal operators receive a nontrivial interpretation. Call an interpretation
F atomic if p!" = p for all propositional variables p. In this case we will
often write fr(P1,...Py) instead of the somewhat longwinded

f(plv' . '7pk)F[P1/p17' . 7Pk/Pk]

Proposition 2 Suppose that A,~ € L' and that &; are consequences over
L, for i € {1,2}. Assume that \;, i € {1,2}, restricted to the language
with connectives {A\, —} both coincide with classical propositional logic, and
that o simulates 1 with respect to an atomic interpretation F'. Then (i)
pAq-be pArq and (i) —p 43 —pp.

Proof. (i) We have p A q 2 {p,q} b2 pArq 2 {p,q} F2 pA g (i)
It is readily checked that P is Fi—inconsistent iff P¥ is F,-inconsistent.
Hence, {p, ~pp} is Fo—inconsistent, since {p, =p} is Fy—inconsistent. Hence
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—pp Fo —p. It remains to show that {=—pp, -p} is Fo—inconsistent. Using
gy ((pAq@)V (mpAg))F and (i) we have

—|—|Fp/\ —|p
Fo (p AR (m=Fp A=p)) VE (mFp AR (72 FP A —p))
Fo (p AR —p) VE (RFp AF 22 ED).

But the last formula is Fo—inconsistent since both pAp —p as well as “ppAfp
——pp are Fo—inconsistent.

§3. Basic FacTs AND TERMINOLOGY.
§3.1. CLASSICAL AND MoNoTONIC LocIics.

The language £, of n—modal propositional logic has the connectives A, = and
Od;, ¢ < n. The symbols V, —, T, and L have the usual meaning. Sometimes
we use fancy symbols such as B, 8 etc. instead of indexed boxes. A classical
(n—)modal logic is a subset of £,, which contains all classical tautologies and
is closed under substitutions, modus ponens and p < ¢/0;p < T;q (i < n).
The smallest classical n—modal logic is denoted by E,,. The smallest classical
modal logic containing a classical modal logic A and a set of formulas I is
denoted by A + I'. Classical (n—)modal logics containing

Di(p A q) — O;q, for @ < n,

are called monotonic (n—)modal logics. The smallest (n—)monotonic logic
is denoted by M,,. Monotonic (n—)modal logics containing

O,p A0 — O;(pAg)and O;T,for i < n,

are called normal (n—)modal logics. The smallest n—modal logic is denoted
by K,,. We shall often write K for Ky, E for E; and M for M;. Recall that
normal modal logics are precisely those classical modal logics which contain
0,(p — ¢q) — (O;p — O;¢) and are closed under (mn): p/0;p, i < n.

The consequence relation associated with a classical modal logic A is defined

by
I'Fp Piff P is derivable from A U T by modus ponens.

Clearly t, satisfies replacement and we can apply Proposition 2. A
modal logic ® simulates a modal logic A with respect to an interpretation
F if Fg simulates 5 with respect to F.

We shall introduce neighbourhood semantics for monotonic 1-modal log-
ics (monotonic modal logics, for short). (For more detailed introductions
into neighbourhood semantics consult e.g. [7] and [8].) Let ¢ be a set and
N a map with domain ¢ which assigns to each & € ¢ a set of subsets of
g. Then (g, N) is called a neighbourhood—frame (N -frame). The set of
neighbourhoods of (g, N) is defined by putting

Cllg, N)]:={a C g: (3w e g)la= N(z))}.
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Now let G be a set of subsets of ¢ with C[(¢g, N)] C G which is closed under
intersection, complement and

0%a:= {y € g|(3b € N(1))(b C )}. (1)

Then G = (¢, N, G) is called a general neighbourhood—frame (general
N—frame). (Clearly, N—frames are identified with general N—frames satis-
fying G = 29.) Valuations 3 in general N-frames are homomorphisms from
the algebra of formulas into the boolean algebra of sets, G, which satisfy
V(Q¢) = 09V (¢). Mostly we shall consider general N"—frames, i.e. general
N—frames satisfying

(Va,be G)(Yy € g)(ae N(y)Aa Cb=be N(y)). (2)

Note that in N*—frames we have the following equation, for all a € G.

0% = {y € gla € N(y)}. (3)

Completeness of a classical modal logic with respect to general N—frames is
defined as usual and we have

Proposition 3 Fach monotonic modal logic is determind by a class of gen-
eral N"—frames. Conversely, each class of general N —frames determines a
monotonic modal logic.

As usual, a monotonic logic is called complete if it is determined by N—
frames (or, equivalently, by N"—frames). It is readily checked that a mono-
tonic modal logic A is complete with respect to a class K of general N—frames
iff for all finite I' C £4 and P € Lq: ' 5 P iff for all G € K, for all valua-
tions g and all z € ¢: (G,8,2) T = (G, 53,z) E P.

§3.2. NorMAL Loaics.

For normal modal logics the semantics reduces considerably in its complex-
ity as we can now have relations instead of neighbourhoods. A 1-frame is a
generalized monomodal frame, a 2—frame is a generalized bimodal frame. A
similar convention is used for 3—frames, polyframes. A kripke n—frame
is a pair f := (f, (<1;]i < n)), where fis a set and <1; C f* a binary relation
over f for each i < n. An n—frame is a pair (f, F) where f = (f, (<]t < n)) is
an kripke n—frame, and IF a system of subsets of f closed under intersection,
complements and the operations

Oia = {t|(Vu)(t < u = u € a)}

A subset of f is called internal in J if it is a member of F. A valuation
into ¥ is a function 3 assigning to each variable an internal set. In the usual
way, (g, 5,z) F P is defined by induction over P. Furthermore, we write
(§,z) | P if for all valuations 3, (§,3,2) = P, and § | P if (§,z) = P for
all z € f. Given a point z € f we call the transit of z in F the set of points



6 M. Kracht & F. Wolter January 22, 1997

y such that there exists a chain (i < p) with @ = 2o, y = 2,1 and such
that for all 7 < p — 1 there exists a j; < n with 2; <, ;41. If the transit of
x is the entire underlying set, f, then z is called a root of F and §F is called
rooted at z; ¥ is rooted if there exists a root. An n—morphism between
n—frames § and & is a map ¢ : f — ¢ satisfying three conditions. (pl) If
x<d;yforz,y € fthen ¢p(a)<d;¢(y). (p2) If ¢p(a) < w for z € f, w € g there
exists a y € f such that z <;y and ¢(y) = w. (p3) For each internal set b of
® the preimage ¢~1[b] := {x|¢(z) € b} is an internal set of . An n-modal
algebra is a structure 2 = (A,1,—,N,(0;|¢ < n)) for which the reduct to
{N,—,1} is a boolean algebra, and such that for every ¢ < n and a,b € A
we have [0;1 = 1 and O;(e¢Nb) = O;aN0;b. Valuations are functions 3 from
the set of variables into A. § can be naturally extended to a homomorphism
from the free algebra of formulae into 2, which we also denote by f. If
a formula P receives the value 1 under § we write (2, 3) = P; moreover,
A Pif for all g, (U,8) = P. We put Th2 := {P| |= P}; this is called
the theory of 2l. For a class & of algebras we put

Tha:= () Tha

PASES

This is a normal n—modal logic. Conversely, given an n—modal logic O, we
let Alg©® be the class of algebras 2 such that % = P for all P € 0. Alg®
is a variety; in other words, it is closed under products, taking subalgebras,
and taking homomorphic images. The map Alg defines a dual isomorphism
from the lattice of n—modal logics onto the lattice of varieties of n—modal
algebras; its inverse is Th.

With an n—frame (f,(<; : ¢ < n),F) we associate a n—algebra §; =
(F,1,—,N,(0;] < n)) and a kripke (n-)frame Fy = (f,(<d; : i < n)). For a
kripke frame f, f* = (f,27) is an n—frame. n—frames of this form are called
full. An n-algebra 2 defines a canonical n—frame over the set pt(2) of
ultrafilters (‘points’) by letting U <1; V & (VO;a € U)a € V. Furthermore,
the system of sets is the system of all sets of the form a = {U € pt(A)|a € U}.
This frame is denoted by 2AT. This representation of algebras by frames is
known as Stone Representation. Tt is known that (f*); = f and (2AF)y = 9.
An n—frame is differentiated if whenever @ # y there exists an internal set
a such that # € a but y € a. §is called tight if whenever & 4; y there exists
an internal set ¢ such that € O;a but y € a; and § is compact if for every
U € pt(F4+) we have U # 0. An n—frame is refined if it is differentiated
and tight, and descriptive if it is refined and compact. As is well known,
an n—frame is descriptive iff it is isomorphic to a frame of the form AT. The
classes of diffentiated, tight, refined, full (=kripke), finite and descriptive
n—frames are denoted by "Df, "Ti, "R, "Aep, "Fin and "D. Finally, the class
of all n—modal is denoted by "&. We will drop the superscripts whenever
possible.

A logic A is a subset of the set of formulae over a fixed set V of variables.
We can always take V., = {p;|¢ < Kk}, k some cardinal number. Defined in
this way, A depends on k. It should be clear, however, that we can always
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choose a presentation of A in the form K& X, for some X with var(X) C Vy,.
We call A n-axiomatizable if there exists a set X such that var(X)CV,
and A = K& X. A is finitely (recursively) axiomatizable if X can be
chosen finite (recursive).

Definition 4 Let X be a class of n—frames and A an n—-modal logic. A is
called compact (complete) with respect to X if for every (finite) set X and
every formula P, if X ¥o P there exists a model (F,3,z) such that § € X,
and § = A and (3,5,2) E X;-P.

A logic is compact iff it is compact with respect to "&p in the sense of
the definition above. Let us also discuss some other specializations of this
definition. Every logic is compact with respect to "®, the class of descriptive
frames, by Stone representation and the fact that for every consistent set X
there exists a A—algebra 2, a valuation § and a point U such that §(X ) C U.
Hence every logic is complete with respect to "®.

With a logic A we can associate another deducibility relation that also
has A as its set of theorems. It is denoted by IFpx and called the global
consequence relation, as opposed to the local consequence relation,
which is Fp. We put X Ikp P if P can be deduced from X using the rules of
modus ponens and (mn): X I+ Q/X IF 0,Q, ¢ < n. Thus, while (mn) is in
general only an admissible rule of normal modal logics, it is a derived rule of
IFa. To understand the meaning of the term global, let us note the following.
Denote by X" the closure of X under (mn). It consists of all formulae of
the form aP, where a is a sequence of modal operators and P € X.

Proposition 5 Let A be a normal modal logic. Then X IFp P iff XU 5 P.

A proof can be found in [24]. Now we say that X holds globally in a
model (F,8,z) if (F,3,2) | XZ. This is the same as saying that X holds
everywhere in the submodel generated by z.

Definition 6 Let A be an n—modal normal logic and X a class of n—frames.
A is called globally compact (complete) with respect to X if for every
(finite) set X and every formula P the following holds. If X W P there
exists a model (F,[3,x) such that F € X, = A and (3,3,2) |= X";-P.

In general, if a logic is globally complete with respect to a class X it is also
locally complete. This is easy to show. However, the converse may fail
to hold. For example, there exist logics which have the local finite model
property but not the global finite model property. (See [33].) However, the
following has been shown in [32].

Theorem 7 A logic is globally compact iff it is locally compact.
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Further, a logic A is globally decidable if the problem ‘P Ik5 @7 is de-
cidable for every pair P and ) of formulae. The notion of persistence with
respect to sets of formulas, which arises from correspondence theory, also
allows to distinguish global from local notions. A logic A is called locally
X-persistent if for every § = (f,F) from X if (F,2) E A then (f,z) F A.
And A is called globally X-persistent if (f,F) = A implies | = A for all
(f,IF) € X. Here the local property implies the global one. For if A is locally
X-persistent and (f,F) = A, then for every z ({f,¥),z) | A, from which
(f,z) E A for every z and so j = A. A logic A is k—canonical for x a
given cardinal number, if for every A < x the frame underlying the Stone
representation of the freely A-generated A-algebra satisfies the theorems of
A. A logic is canonical if it is xk—canonical for every x. By a theorem of
[26], a logic is canonical iff it is D—persistent.

§ 4. SIMULATIONS oF MoNoToNIC Locics.

We call a monotonic modal logic A N-compact if, for all I' C £y and
P e Lq: Ty Piff, for all N—frames ¢g for A and all valuations 8 and © € g,

(G,B,2) E T implies (G, 3,z) = P.

Proposition 8 Suppose that a monotonic modal logic © simulates a mono-
tonic modal logic A with respect to an atomic interpretation I and let P be
one of the following properties:

decidability,

completeness with respect to N —frames,
finite model property,

N —compaciness.

Then A has P if © has P.

Proof. Decidability is clear. Let now © be complete. We may assume that
boolean connectives are interpreted as boolean connectives, by Proposition
2. Suppose now that =P ¢ A. Then -PF ¢ © and there exists a ©@-frame
(g, N') such that ({g, N"),3,z) = P¥. We define a function N on g as

follows. For y € g and a C g let

a € N(y) < (9. N'), 3. y) E Orp,

where (3’ is a valuation such that 5'(p) := a. It follows by induction that

<<ng>777y> |: Q iff <<ng/>777y> |: QFv

for all valuations v, all y € ¢ and all @ € £4. Hence ({(g,N),3,2) | P and
(g, N)is a A-frame. The other statements can be proved analogously. -

Let D : Ly — L5 be the atomic interpretation defined by

(pAQP =prg, (=p)P = -p, (Op)P = O10Op.
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For a monotonic modal logic A let S(A) denote the set of normal bimodal
logics which simulate A with respect to D. The aim of the following inves-
tigation is to get some insight into the structure of the map A — S(A). We
start with three simulations of N—frames (g, N) as bimodal Kripke-frames,
which we denote by (g, N)™", for ¢ = 1,2, 3. The idea of the construction is
as follows. Put C = C[(g, N)]. The set of points of (g, N)™" is gUC and the
relations are defined by zRyy iff y € N(x) and yRqx iff # € y. Then each
neighbourhood C' € C is interpreted as a new point and the term z € Oa
in (g, N) corresponds to z € $103a in (g, N)™™, for ¢ C g and z € g. It
follows that a point in g satisfies a formula P in (g, N) iff it satisfies pP
in (g, N)™™. So everything is fine with the points in g. There remains,
however, a difficulty with the new points in C. For suppose that we want to
simulate @ = M 4+ OT. Then, for a ©—frame (g, N), the frame (g, N)™™
should satisfy OT” = <10,T, which is certainly not the case with the
points in C in (g, N)™"* since they have no Rj-successors. For this reason
we have to add new points in order to obtain appropriate frames (g, N)™",
¢ = 2,3. In order to obtain those new successors we will need the following
result (see [24]).

Proposition 9 Fach consistent monotonic logic is included in the theory
of one of the following N —frames:

Fi=({0},0), F2 = {{0},(0,{0})), Fs = ({0},(0,{{0}}))

We remark that two of these theories are well-known. Namely, the theory of
F; coincides with the theory of the irreflexive point (in relational semantics)
and the theory of F3 coincides with the theory of the reflexive point (in
relational semantics). So the only non normal logic among those theories is
the theory of F; which coincides with M + $p. Now define

$1 = <{0}7®7®>
F2 = <{07172}7{<07 1>7<172>7<271>}7®>
33 (W, {(n,n+n € v}, {(n+1,n)n € w})

Lemma 10 For allT' C Lq:

If Fi =T then g = TP,
If 7o =T then &y |= TP,
If F5 =T then g3 |= T'P.

We omit the simple proof. Of course, F5 has a finite simulation. We have
chosen this simulation because we will need the fact, that 0 has no prede-
cessor in the first relation and no successor in the second relation in F;.

We now come to the exact definition of the simulating frames (g, N )",

i=1,2,3. ({g9,N)™ was defined above. In order to have a homogeneous
notation we shall introduce an isomorphic copy below.) Let (g, N) be an
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N—frame and put C = C[(g, N)]. Take a Kripke-frame §; = (f, 51, 52) from
Lemma 10 and define (® f, ®57, ®52) by

®f = Cxf.
@S] = {<<Cv y>7<072>>|06 vaslz}‘
@Sy = {<<Cv y>7<072>>|06 vaSQZ}‘

Now let (g, N)™" = (h, Ry, R3), where

h = gU®S.
Ry = {(z,(C,0)[z € 9,0 € N(x)}U D55,
By = {{(C.0),a)C €Coa € CYUES,.

For a frame h with valuation 8 and a subframe ¢ of h we denote the valuation
v(p) := B(p)N g by Flg and call it the restriction of 5 to g.

Lemma 11 Let i € {1,2,3}. For all valuations 5 in (g, N)™™ and Q € L4
the following holds:
(1) Forallz €g
({9, N), Blg, ) = Q iff (g, N)™™, 3,z) = Q
(2) Foralze®f
<<®f7®517®52>7ﬁ|®f7$> |: QD Zﬂ‘<<ng>mmvﬁ7$> |: QD

Proof. Assume that (g, N)™" = (h, Ry, R2). (1) By induction on Q.
The interesting step is ¢ = OP. Suppose that (g,8|g,2) | OP. Then
there exists a €' € N(z) with (g,8|g,y) = P for all y € C. Consider
(C,0) € h. The Ry—successors of (C,0) are precisely the points in C. By
induction hypothesis we have (h,3,y) | PP for all y € C. Tt follows
that (h,3,(C,0)) = O,PP. Hence (h,B,2) = ©10,PP = QY. Con-
versely, assume that (h,3,2) |= ©10,PP. Then there exists C € N(z)
with (h,3,(C,0)) = Oy,PP. Then (h,3,y) = PP for all y € C and, by
induction hypothesis, (g, 3|g,y) |E P for all y € C. Thus (g,5|g,z) E OP.
(2) is proved analogously. One only has to use the fact that (C,0) has no
S1—predecessor. A

Theorem 12 For a monotonic modal logic A the following properties are
equivalent:
(i) A is complete with respect to neighbourhood-semantics.
(11)  S(A) contains a logic which is complete with respect to Kripke-semantics.
(iii) There is an atomic interpretation I' and a logic © simulating A
with respect to F which is complete with respect to Kripke—semantics.

Proof. (i) = (ii) Choose an 7 such that A is included in the theory of F;.
Such a frame exists, by Proposition 9. Now form the the class

K ={{g, N)"" : (g, N) |= A}.
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We show that ©® € S(A), for the theory © of K. Let (g, N)™" = (g U
@ f, Ri, Ra) and suppose that ((g, N)™™ 3 z) = PP. If x € g, then P & A,
by Lemma 11 (1). If 2 € @f, then P ¢ A, by Lemma 11 (2) and Lemma
10. Thus, © € S(A). O is complete with respect to Kripke semantics, by
the definition. (ii) = (iii) is trivial and (iii) = (i) is Proposition 8. 4

If we apply this result to a normal monomodal logic A it has the con-
sequence that A is complete with respect to neighbourhood—semantics iff a
bimodal simulation is complete with respect to Kripke-semantics. Recall
now that there are normal modal logics which are complete with respect
to neighbourhood—semantics but incomplete with respect to Kripke seman-
tics (consult [10]). Hence there are Kripke-incomplete normal logics which
have a bimodal simulation which is Kripke—complete. The explanation of
this phenomenon is simple: A normal modal logic is complete with respect
to neighbourhood—semantics iff the corresponding variety of modal logics
is generated by full modal algebras, that is algebras (29,Nn,—,0), where
Og = g and O(a Nb) = Ja N Ob. But a logic is complete with respect to
Kripke—semantics iff the corresponding variety is generated by full algebras
which satisfy the continuity axiom

(Con) O( [aili € I} = [{Oaili € I}

Now there are bimodal algebras (29,N, —, 0, 03) such that Oy, Oy satisfy
(Con) while ©10; does not satisfy (Con).

Our next step is to show that S(A) is always non—empty. To prove this
we simulate general N"—frames. Let G = (g, N,G) be a general N—frame
and take (g, N)™"™ = (h, Ry, Rz}, for some ¢ € {1,2,3}. It remains to define
the internal sets B on this frame. We shall need a set B such that

{bng:be B} =G. (4)

We start with the definition of the restriction of B to @ f. Define B; C 2Cx {0}
as follows: b € By iff there exist finite subsets Iy,..., Iy and Jy,...,Jp of G
with b = by U ...U by, where

bj = NG, 0[CCa,Celllac I}
N {{(C,0)|CNa#0,CeClacJ;}
Here C = C[(g, N)]. Now take the smallest set By C 20/=(x{0}) guch that
©F 1= (Qf, 051,08, {bUclb € By,c € By})

is a general frame. (Clearly, By U Bjy is the closure of By under the operations
0%/, intersection, and complement.) Finally define

B:={aUbUcla € G, b€ By,c€ By}.

and let G™" := § = (h, Ry, R2, B).
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Lemma 13 If G is a general N"—frame then § = G™™ is a general frame,
for all i € {1,2,3}.

Proof. Closure of B with respect to intersection and complement is obvious.
Suppose that aUbUc € B with a € G, b € By, ¢ € B;. We denote <>;45 by
&7 =1,2.

(1) Closure under <5. We have

<>2((Z Ubu C) = <>2(Z U <>2(b U C)
Coa = {{C,0)CelC,CNna#0} e B
Oo(bUc) = OF5(buc)e{bUclbe By,c€ By}.

(2) Closure under 4. Clearly ¢qa = () and $ye = Oi@gc. Let b = b1 U...Ubg
with
b, = H{{(C,0)|C Ca,C €Clacel;}
N MNH{{C,0)|[Cna#0,CeClac J}

Then
x € Opb;
< (3C € N(2))(Va € J)(C CNILand CNna#0)
& (Vae J)(NL € N(z)and NLNa #0).
There are two cases.
Case 1. There is an a € J; with N I; N a = (). Then $1b; = 0.
Case 2. Else. Then &1, = {a € g|N1; € N(z)} = o9N1 e G H

Theorem 14 Let A = M+ T be a monotonic logic. Then © = Ky + ro
stmulates A with respect to D.

Proof. The implication P € A = P € O follows immediately from the
fact that © is closed with respect to the rule p — ¢/<109p — <&105¢. Now
suppose that =P & A. Then there is a general N"-frame G = (g, N, G)
for A, a valuation § and z € ¢ with (G,5,z) E P. Take an ¢ € {1,2,3}
such that F; is a frame for A and consider the frame G = (h, Ry, Ry, B).
Then, by the construction of B, # is a valuation of G”". By Lemma 11,
(g™ B,z) = PP. So the theorem is shown if G™™ is a frame for @. Let
Q € A. By Lemma 10 and Lemma 11 (2), Q” is valid in all new points (i.e.,
the points which are not in ¢) in G”". QP holds in all points in g since
each valuation of G”™ can be restricted to G, by the definition of B, and
we can apply Lemma 11 (1). -

Corollary 15 Let I' C L1 be a set of formulas of the form P — (), where P
is of the form A(Qp;li < n) A N{q|i < m) and Q is built from propositional
variables by using A,V, 0, only. Then M+ 1 is N—compact. Also, M+ T
is complete with respect to N —frames.

Proof. It follows from the proof in [16] that Sahlqvist’s Theorem [25] holds
for normal polymodal logics. For P — @ € I' the formula (P — Q)D is a
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polymodal Sahlqvist—formula. Hence M 4 I' is N—compact, by Proposition
8.

As examples of complete (and even N-compact) modal logics we get the
standard systems M+ Op — Op, M4+ 0p — p, M+ p — O0Op, M+ Op —
Odp.

Corollary 16 Let I' C Ly be a finite set of constant formulae. Then M+ 1T
has the finite model property.

Proof. In this case T'P is a finite set of constant formulae. It is shown in
[17] that Ky + I'P has the finite model property. -

A simple observation allows us to improve Corollary 15. Let (=) : £ — £y
be the atomic interpretation defined by (Dp)d = Op. Then M 4T simulates
M+ T, for all I' and M + I' is complete iff M + I is complete. Now
let T be a set of formulas of the form P — (), where P is of the form
ACpili < n) AA{gi]i < m) and ) is built from propositional variables by
using A, V,0,<$ only. Then M + T is complete with respect to N—frames,
by Corollary 15.

§ 5. SIMULATIONS BY TENSE LOGICS.

In general it is rather difficult to describe the set S(A). Here we show
that an interesting part of the lattice of monotonic logics can be simulated
by tense logics. (Consult e.g. [3], [12], or [34] for information on tense
logics.) Recall that the smallest tense logic is the normal bimodal logic
Kt := Ko+ {p — 0,09, p — O0301p}. Clearly all monotonic modal
logics which are simulated by tense logics contain the axioms Op — p and
Op — OOp. Our aim is to prove that the converse holds as well. Define
MT4 := M + {Odp — p,0p — OOp}. All extensions of MT4 are complete
with respect to general N'—frames G = (g, N,G) satisfying the following
conditions:

(i)Foralz €g: C e N(z)=>z € (.

(ii) Forall z € g : C' € N(2) = {y € g|C € N(y)} € N(z).

Note that {y € ¢|C € N(y)} = O9C, for all C' € G, by equation (3). Put
C =C[{g, N)] and define C* := {09C|C € C} and let G' := (g, N*, G), where
D e N'(2)iff D e Ctand 2 € D. G has the following properties.

(s1) Forall z € g: N'(z) C N(x)

(s2) Forall x € g,C' € N(z) thereis a D € N'(z) with D C C.
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(s2) is clear. Now (s1). Suppose that D € N%(z). Then there exists ay € g
with C' € N(y) and D = 09C. We have z € D. Hence

reC =009C ={z € g|09C € N(2)}.

Thus OC" € N(z). It follows immediately from (s1) and (s2) that the
theories of G and G' coincide. Note, however, that G' is not a Nhfframe, in
general. Let us call a frame of the form G' a special general frame. Then
we get

Proposition 17 All extensions of M T4 are complete with respect to special
general N —frames. If an extension of M T4 is complete with respect to N—
frames then it is complete with respect to special N —frames.

Theorem 18 Suppose that A is a monotonic modal logic above M T4 and
that A is complete with respect to N—frames. Then there is a Kripke—
complete logic containing K.t in S(A).

Proof. Let A D MT4 and take an ¢ € {1,2,3} such that 7; = A. Clearly
i # 2 since Op — p € A. Now put

K= {<!]7Nt>mni (g, NYE A, (g, N)is a N'—frame 1.

Denote by © the theory of K. We have, as in the proof of Theorem 12, that
0 € S(A). Moreover, Ry = Ry, for all (g, Ry, Ry) € K since C' € N¥(x)
iff # € C and C € C! and since both F; and F3 are tense frames. Hence
0 D K.t A

Theorem 19 Suppose that A = MT4 + 1. Then K.t + I'P simulates A
with respect to D.

Proof. The proof is completely analogous to the proof of Theorem 14. The
only difference is in the proof that (g, N, G)™" is a general frame whenever
(g, N,G) is a N'—frame satisfying (i) and (ii). The crucial step is to show
that $qb; € B for

b, = N{{(C,0)|C C a,C €C'}a€ I}
N N{{{C,0|CNna#0,CeCllac ]}

But we have z € Ogb; & 3C € Ni(z) : € C NI and CNa # ( for all
a€J; 0N € N(z)and N L Na # ( for all a € J;.

Case 1. There is an a € J; with O [; Na = . Then O1b; = 0.

Case 2. Else. Then O1b; = {2|09 N1, € N(2)} =009 [; € G.

The frames of the form (g, N%,G)™™ are, in a certain sense, quite simple.
Suppose that (g, N, Q)™ = (g, Ry, Ry, B). Then R; = R;' and y has
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no Rj-successor whenever z Ryy, for some z. So we have (g, N',G)™™ |=

0,0 L. Define
G.Jl.t =K.t + \:‘1\:|1J_.

Note that the monomodal fragments of G.J;.t are almost trivial: they have
the finite model property and all their proper extensions are determined by
finite frames (i.e. G.J;.t is pretabular), as is easily shown. We immediately
get the following corollary, which shows the complexity of the lattice of tense
logics.

Theorem 20 Suppose that A = MT4 + I' is a monotonic logic with A C
M+ Op. Then G.Jq.t+ 'Y simulates A with respect to D.

§ 6. SIMULATING EQUATIONAL THEORIES OF LATTICES.

Extensions of MT4 are suitable as modal descriptions of closure operators.
Let Cl be a closure operator on a set g. Then we have for & := (I that
a C b implies ¢Ca € Ob and a C <Ca and OOCa = Ca. It follows that the
theory of (29,N,—,<) is a monotonic logic above MT4. Conversely, if the
theory of a neighbourhood—frame (g, N) is above MT4, then (g,C!) with
Clla) == Ca =4z € glanC # ( for all C' € N(z)} is a closure operator
on g. We use this observation to get some undecidability results for tense
logics.

Define the following translation of the language of lattices £ into the
language of modal logic:

pMod — <>p
(P/\Q)Mod — PMod/\QMod
(P\/Q)MOd — O(PMOd\/QMOd)

For a closure operator Clon a set g let Ly denote the lattice of Cl-closed
subsets of g. A simple induction proves

Lemma 21 Let Cl be a closure operator on g and x1,x2 € L. Let &= CL.
Then L ¢y |: X1 = X2 Zﬂ <2g7 n, _7<>> |: X{WOd N XJQWOd'

Let L denote the equations in L defining lattices. For @ a set of equations
in £ and y1, x2 € £ we write LU® |= yy = x2 iff x4 = x2 follows from LU®
in equational logic. The closure of L U ® under |= is denoted by L + ®. In
order to simulate equational theories of lattices as modal logics we need the
following observation.

Proposition 22 All varieties of lattices are generated by complete lattices.
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Proof. It is readily checked that all varieties of lattices are generated
by lattices with maximal and minimal elements. Consider a lattice A
with maximal and minimal elements. There is an embedding of A into
the complete lattice I(A) of ideals of .A. Hence the proposition is shown
if AE P =@Q = I(A) E P = @ holds for all P, € L. Assume
Al P =@ but I(A) £ P < (. Then there exist Iy,...,I; € I(A)
with P[,...,Ix] € Q[I1,...1x]. Take an a € P[Iy,..., ] which is not in
Q[I1,...,Ix]. There exist a; € I; with a < Play,...,a;]. But then a <
Play,...,ar) = Qlay,...,ax] € Q[I1,...,I;] and therefore a € Q[I4,..., I§].
We have a contradiction. A

Theorem 23 For all equational theories of lattices L+ ® the following prop-
erties are equivalent:

(Z) X1 = X2 eL+o.

(ii) X'l = xg'ot € MT4+A{PMt — QMlP = Q € 3.

(i) (M= Y € Kt 4 {(PM— QMoD|p = € 9.

(iv) (Mot = )P e Gyt 4 {(PMod — QMoh)D|Pp = @ € o}

Proof. It is easy to see that MT4 + {PMod . QMed|p = () ¢ &) C
MT4 + Op. Hence (i) ,(iil) and (iv) are equivalent. The implication from
(i) to (ii) is clear. Now suppose that xy; = x2 ¢ L + ®. By Proposition 22,
there exists a complete lattice D satisfying ® with D [£ y1 = xo. Take a set
g and a closure operator Clon ¢ with D ~ L. (Such a closure operator
exists for complete lattices; consult [2].) Let & = Cl. Then (29,0, —, ) £
xMed o yMed by Lemma 21. Hence (ii) implies (i).

One can use this result in both directions. From the decidability of K.t
follows the decidability of the equational theory of lattices. Furthermore,
the finite model property of K.t implies that the variety of all lattices is
generated by finite lattices. But, of course, these results are well-known in
lattice theory. The above theorem together with the proof show however that
in principle we can investigate strong tense logics in order to analyse varieties
of lattices. Conversely, the theorem shows once more the complexity of tense
logic. Recall that there exist 2% varieties of lattices. Hence there exist 2%
normal extensions of G.Jy.t.

Corollary 24 For all normal bimodal logics A with Ko C A C G.Jq.t the
logic A4 ((pA(qV (pArI)IYMND — ((pAq)V (pAr)MONP s undecidable.

Proof. L+{pA(qV(pAr))=(pAq)V(pAr)} corresponds to the variety of

modular lattices. By a result of Freese [9] the equational theory of modular
lattices is undecidable. Now the corollary follows from Theorem 23. A

§ 7. SIMULATING CLASSICAL MODAL LOGICS.

We have shown that monotonic modal logics can be simulated by normal



Normal monomodal logics can simulate all others 17

bimodal logics in a natural way. The question arises whether similar tech-
niques can be applied to classical systems. Here we have partial results only.
To define semantics for classical modal logics we just have to put

Oa={r€g:a€e N(z)},

for any N-frame (g, N) and ¢ C g. A valuation V' is now a homomorphism
from the algebra of formulas into the boolean algebra of subsets of g such
that V(O¢) = OV (¢). Completeness of a classical modal logics with re-
spect to N—frames is defined as usual. E is the logic of all N—frames, as is
well known. We define an atomic interpretation F of £ into the 3—modal
language L3 with 07,05 and Os.

Pl =

(PAQ)T = PIAQF

(-P)F = -PF

(opP)r = Oy(0yPF A O3-PF)

Theorem 25 (1) Let A be a classical logic contained in a monotonic modal
logic. Then the following properties are equivalent.

(i) A is complete with respect to N —frames.

(i)  There is a 3-modal normal logic which simulates A with respect to F

and which is complete with respect to Kripke—semantics.

(2) Let A = E+ T' be complete with respect to N —frames. Further suppose
that A is a subset of a monotonic logic. Then Ks + I't' simulates A with
respect to F'.

Proof. Let (¢, N) be a N—frame for A and C = C[{g,N)]. Take an i €
{1,2,3} such that F; = A. Now construct § = (g, N)™"™ = (¢gUR [, R1, R2).
We define a relation Rs on ¢ U @f by putting zRsy iff = (C,0) and
yeg—C,foraC eC. It follows by induction that for all @ € £; and
valuations 8 of h:

Forall z € g: ({9,N),3,2) F Q iff ((h, Ry, R2, R3),[|g,2) = Qr.

Now the proof is analogous to the proof in the monotonic case and left to
the reader. 4

§ 8 THE THOMASON—SIMULATION.

In a series of papers, S. K. Thomason has shown how to simulate normal
polymodal logics by normal monomodal logics. We will present this con-
struction and prove some very strong theorems about it. Take a bimodal
frame § = (f, <1, <, F). Then put f57 := f x {w,b} U {*}, where w, b, *
are new symbols. We write 2 instead of (z,w) and 2° instead of (z,b).
We also put f* := {x} and use the notation z! for . This will shorten a
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lot of casewise distinctions. The names are mnemonic; w for white, b for
black and t for terminal. We let a and 3 range over the set {w,b,t}. Also,
for subsets a C f we write a* for a x {w} and a® for a x {b}. a' will on
this convention be empty if @ is, and otherwise ' = {*}. (There is a small
quirk concerning the possibility that f is empty. In that case, f* and f°
are empty as well, while f! = {x}. This exceptional case never causes any
trouble in the theorems. So it will never be excluded, although one has to
take care with the notation here.) On f* we define the relation < as the
union of three relations, <V, <° and <°.

< = <Vu=<°u<*

<V = {@ )| e fyu{(ev, et e fYu{(a’,2¥)]e € f}
< = {2,y <y}

<* = @) ay}

<V provides a skeleton for the monomodal frame in which <° codes <1 and
<* codes «. Finally, we put F*** to be all unions of sets of the form a",
a’, at where a € T. (If fis empty, the set of internal sets is simply p({*}).
Then §*'™ is a Kripke—frame.)

Proposition 26 F* = (f*" < ") is a (generalized) monomodal frame.
Proof. Assume f # (). A set of F*™ can be written as a union
a’ Ubd Ut

where a,b, ¢ € F. Closure under union and complement is now straightfor-
ward. For closure under ¢ observe that

$a¥ = U (0a)

6B = BvU(#b)
o ifes0

e = {@ ife=0

Thus F*“" is closed under &. -

We call frames of the form F* simply simulation frames. It is worth
remembering that simulation frames are always connected via <, and so
they are not decomposable into a disjoint union. Moreover, any point in a
simulation frame sees a dead end (i. e. a point without successors) in at
most two steps. The sets f¥, f* and f! are definable in any of the thus
constructed frames by a formula without variables, hence they are always
internal. Consider, namely, the following formulae.

t = HL
w = 6t
b -t A —w
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Notice that tVwVb € K. It is not hard to verify that (3°™, z) |z tiff z € f*,
that (35, z) = wiff z € f* and (3°™,z) |= b iff 2 € f°. Note that if we
have a 1-morphism ¢ : § — & and a constant formula d then (F,z) |= d
iff (&,0(z)) = d. It follows that if § and & are nonempty 2-frames and
¢ : 3™ — & then ¢[f*] C ¥, ¢[f*] C g* and ¢[f'] Cg". f ¢:F — & is

a 2-morphism, we define its simulation, ¢, via
¢sim($a) = ¢($)a

Theorem 27 (—)Sm is a covariant functor from the category *Frm of 2-
frames into the category 'Fem of 1-frames.

Proof. Let § and & be 2-frames and ¢ : §F — & a 2-morphism. We
have to show that ¢*™ : f5™ — ¢ as defined above is a 1-morphism.
The cases where ¥ or & is empty are easily handled, so we assume now
that they are nonempty. To check (pl), let 2% < y? for some z,y € f.
Then, by a straightforward checking of cases we get ¢(z)* < ¢(y)?, whence
¢ (2%) < ¢*™(y?). Now for the second condition, (p2), let ¢*™(z%) <
u”, that is, ¢(z)® < u’. We have to find a y” such that z® < 3 and
" (y) = é(y)” = u’. Clearly, v = 3. By the construction of F*", a # t.
Suppose that & = w. If § = t, then we can put y° := z!. For we have
zv < ot and ¢*"(2t) = u”, as required. Assume now § # t. If 3 = b, then
u = ¢(x), by construction of %™, Let y := . Since 2% < y°, that case
is finished as well. Let finally be # = w. Then, by construction, ¢(z) < u.
Since ¢ is a 2-morphism, there exists a y such that ¢(y) = v and = < y.
Then 2 < y*, and ¢*™(y") = u", as required. The case a = b is similar.
Thus (p2) is proved. Now, finally we have to show (p3). To that end, let
d:=a" Ub®Uc! be an internal set of . Then

(") d] = (¢~ [a]) U (&7 b)) U (67 ),

which is internal. For by assumption ¢ is a 2-morphism, and so ¢~'[a]
as well as ¢~'[b] are internal in T, and so (¢~ '[a])” as well as (¢~'[b])" is
internal in . Moreover, (¢~[¢])! is internal in F* for any c.

Theorem 28 3 is refined (compact, full) iff § is.

Proof. The case where § is empty is easily dealt with; thus we assume
from now on that it is not empty. Suppose that § is refined. We show that
35 is refined. (1.) %™ is differentiated. Let z®,y” € f5™ and 2® # y°.
Then either @ # y or a # 3. The case where a =t or § = t is easily dealt
with. Assume next o = § (# ¢). Then @ # y and so there exists a set
c € f such that © € ¢, y € —c. Then 2% € ¢, y* € (—¢)* C —c®. Thus
the case @ # [ remains. Here we may assume without loss of generality
o = w. Then 2 € f* but y ¢ f*, and f* is internal. This shows that F*™
is differentiated. (2.) %™ is refined. Let 2@ £ y®. We have to find a set
a such that 2 € Ba but y® € —a. If & = ¢ then a := 0 is a good choice,
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and if # =t and & = b then a := f* U f® is a good choice. Thus we are left
with a, 8 # t. If a = f = w then we must have & ¢4 y and so there exists a
set ¢ € T such that z € Oc but y € —c. Now put a := ¢* U f° U f!. Then
y*¥ € —a but % € Ha. If @« = f = b then not » 4 y and so there exists a ¢
such that y € —c and = € We. Put a := fYUc’. Then 2° € Ba but y* € —a.
The case a # 3 remains (and both are # t). Here we have 2 £ y” exactly
when @ # y. Assume that o = w and § = b; the other case is analogous.
Since ¥ is differentiated we have a set ¢ such that x € ¢ but y € —¢. Put
a:= fYUc U ft we get 2 € Ba and y® ¢ a, as required. Hence 3™ is
tight, and thus refined. Now assume conversely that 3™ is refined. Then
3 is refined as well. For if 2 # y, then in particular ¥ # y* and we get by
assumption a set ¢ such that ¥ € ¢ but y* ¢ c. Let ¢ = a’ UajUd}, for some
ay,ag,az € F. It follows that « € ay but y ¢ ay, and so § is differentiated.
Next, if ¢ ¢4 y then 2™ £ y" and we get a set ¢ such that 2" € Be but y* € c.
Decompose ¢ in the same way as before. Then it follows that € Oay but
y € ay. The case of « is similar. Next we take compactness. Assume that §
is compact; let U C F*™ be an ultrafilter. Then three cases can arise. (1.)
ft € U. In that case U = {a|* € a}. Clearly, NU # 0. (2.) f* € U. Then
fi, f° ¢ U, and so there exists an ultrafilter V on I such that ¢ € U exactly
if c=cUchuch with ¢y €V, e2,¢3 € F. It is then clear that if 2 € |V we
must have z* € M U. Since § is compact, there exists such a 2. (3.) foer.
Reason as in the case (2.). Now assume conversely that 3™ is compact,
and take an ultrafilter V C F. Then U := {a UajUa}|ay € V,aq,a3 € T} is
an ultrafilter on F*. By assumption, there exists v € (JU. It is not hard
to see that u = 2™ for some x € f. Hence & € (V. Thus § is compact. It
remains the property of fullness. However, this is straightforward. -

Now let 2 be a 2-algebra. Then we may define 25 by ((A1)*"),. How-
ever, we can actually spell out this construction as follows. Assume that
A= (A, 1,—,n,0,m); then we put A% := A x A x 2 and

) (bnOa,anmb, {1}) ifec={1}
B{a,b,e):= { (0,a nmb, {1}) ife=10

Then let A5 := (A% 1,—.N,8). That A" as just defined is indeed
isomorphic to ((2F)*"), is a matter of direct verification. Namely, At is
based on the set pt(2). (AT)*™ contains the points U*, U® for U € pt(2A),
and an additional point denoted by U!. (If 2 has one element only, A"
is empty. That case is to be treated separately.) A general internal set is
of the form @* U b® U ¢!, where a,b,c € B, by construction. Hence define
h:{a,b,c)— a” U b U ¢, This map is an isomorphism between 2% and
((At)*™),. We will use w, b and t and A%, a € {w,b,t}, in an analogous
way for algebras.

Now we will axiomatize the modal theory of the simulation frames. To
do this, we introduce a shorthand notation. We write 8,,P for B(w — P)
as well as ¢, P for ¢(w A P). A similar notation is used with respect to b
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and ¢. Since wV bVt is a theorem of K we have in K the following theorems

8P — A B.P OP— \/ 6.P
ae{w,b,t} ae{w,b,t}

Take the following formulae:

(a) w.— .9pp < Byp, b. — .6.,p < Bup
(b) wAp. — .BpByp, bAp. — .8y, Bp
(¢) ©p— Bp, WA Q. — By Op

WA QL0 — .0p, WASp. — .8, 8,8, Op

Denote by Sim the logic obtained by adding these formulae as normal ax-
ioms to K. If § is a frame for Sim, we denote by f% (fb, /1) the set of points
satisfying w (b, t).

Proposition 29 Let § be a nonempty refined frame for Sim. Suppose that
3§ is rooted. Then there exists a bimodal frame & such that § is isomorphic
to &' . Moreover, & is unique up to isomorphism.

Proof. Since § is not empty, there exists a point = € f. First we show
that for every point z in f* there exists a unique point y in f° such that
x < gy, and that then also y < x. The existence of y is immediate from
the first postulate of (a) (e. g. by substituting T for p). However, assume
there exists a y' # y such that @ < 3y’ and ' € f°. Then there is a set ¢
such that y € ¢ but 3 ¢ ¢. Now put 3(p) := ¢. Then (F,5,2) = wA Oup,
but (F,5,z) F = B p. This violates the first axiom of (a). Now, given y
there exists by the second axiom of (a) a z such that y < z and z € f*. By
the first axiom of (b) and the fact that the frame is refined we obtain that
z = z. Analogously we show that for every point y from f° there exists a
unique z € f* such that y < z, and that for this z we have z < y as well.

Now we show that there is exactly one point in f!. Let us first prove
FU#£0. If f' = f then f!is nonempty, since f is rooted. Now assume that
there exists a @ € f— fi. Then 2 € f* U f°. If 2 € f* then z < y for a
y € ftand if 2 € f° then there exists a y € f* such that 2 < y. Thus f? is
nonempty.

We show that f' contains not more than one point. To that end, let r
be the oot of §. If r € f!, we have succeeded. For then § contains only one
point. If » € f* then there exists z € f such that r < z < r, and so z is a
root of F as well. Thus let us assume that r € f*. We will show that for all
z € f¥ and all z, 2/ from f

(1): Hr<zeflo<z¢cfl thenz=2.

From (1) we immediately obtain that f! contains only one point. To prove
(1) let z € f*. Then by the fact that there is a path from r to 2 (and
the previous considerations concerning the constitution of §) there exists a
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sequence (y;|¢ < n) such that yo = r, y, = @ and such that all y; are in f*,
and either y; < y;41 (a link of type ()) or there exists z;, 2,41 € f° such
that y; < 2 < zi41 < ¥it1 (a link of type ()). We prove that for all ¢ < n,
the points y; and ;1 have the same successors in f'. Case 1. y; and y;41
form a link of type (a). Then y; < yi41. The axiom w. — .6, 0p — Op
forces that each successor of g1 in f! is also a successor of y; and the
second (c) postulate shows that each successor of y; in f7 is also a successor
of yi41. Case 2. y; and y;11 form a link of type (). Then the axiom
wA &p. — .8y By By &:p shows that each successor of y; in f! is also a
successor of y;11. Hence y; and y;11 have the same successors in f! since
both have precisely one successor in f7, by the first (c) postulate. It follows
by induction that z and r have the same successors in f*. (1) follows from
the fact that all point in f* have not more than one successor in f°.

Now put
g fv
4 = =<y
<« = {{z.)|FTge M) a<T<T=<y)}In (/)
G {aNgla € F}

It is easy to verify that & is isomorphic to 3. -

§ 9. UNSIMULATION.

It is clear that there exist frames for Sim which are not simulation frames;
simply take the disjoint union of two simulation frames. However, this is in
some sense the only exception.

Proposition 30 A refined Stm—frame § is a simulation frame iff t can
be satisfied at exactly one point iff § is not a disjoint union of two proper
generated subframes. A Swvm—algebra 2 is a simulation algebra iff t is an
atom iff A is directly indecomposable.

Proof. If § is empty, or if the algebra is trivial, the above equivalences
hold. So this case will not be considered below. The interesting part is the
following. Assume that t is satisfiable at more than one point, say at zy
and x5, where z1 # x5. Since § is refined, there exists a set ¢ such that
#1 € cbut 29 € ¢. Put a:=tNcand b:=t—c. Then and = 0 and
aUb= f'. Nowput g; ;= aUbaUbba, go:=bU SbU &6b. g; and gy are
internal. Both are successor closed sets. Moreover, it is straightforwardly
checked that g1 U g3 = f as well as g1 N g = (. (By duality, each point
sees in at most two steps a point in t. Moreover, each point can see at most
one such point.) Hence we have a decomposition of ¥ into a disjoint union
of two generated subframes. From this the first equivalences follow. The
agsertion concerning the algebra 20 are proved analogously. If t is not an
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atom there exists a set a such that 0 < a < t. Now put b :=tNn(—a). Now
put dy ;= aU€alU$Ca,dy:=bUQbU$Ob. The maps hy : x — xNdy and
ho : & — x N dy are boolean homomorphisms and can be shown to be also
homomorphisms of the modal algebras. Finally, 2 = y iff hy(2) = hi(y) as

well as ha(2) = ha(y), as can be verified. Hence, 2 is directly decomposable.
_|

(A note on the proof. That 2 is directly decomposable is seen in some
more detail as follows. We have two homomorphisms, hy and hy, with
corresponding congruences 01 and ©3. We have 01 N0y = {{z,2) : 2 € A},
the least congruence, and 0 0 @, = A X A, the largest congruence. The
congruences permute, since the variety of modal algebras has permuting
congruences. Thus 2 is a direct product of 2/0; and 2A/0;.) The next
proposition shows that the defect of a Sim—frame is rather easily removed.

Proposition 31 Let § be a refined nonempty frame for Stm. The mapping
collapsing the sett into a single point is a p—morphism of § onto a simulation
frame.

Proof. t is a generated subset. Hence the mapping is a p—morphism on
the underlying kripke—frame. Moreover, since t is internal, the mapping is
actually a p—morphism of the frame. The image of the map is a simulation
frame by Proposition 30. 4

We now define the unsimulation of a refined Sim—frame ¥ as follows. We
put

fsim = fw

< = = m(fsim)2

<« = {{.ylET7e ) <T<F <y} (foim)?
Fsim = {an foaml|a € T}

Ssim = <fsim7 <]7<7Fsim>

This is immediately verified to be a 2—frame. This is well-defined even if J is
empty. In that case the unsimulation is also empty. This case is exceptional
insofar as the simulation of J;,, is not isomorphic to §. So, that case has to
be taken care of independently. Next, if we have a 1-morphism ¢ : § — &,
where F and & are Sim—frames, we put ¢g, = ¢ | feim. This is a 2—
morphism. For let 2 < y. Then 2 < y, from which ¢(z) < ¢(y), since ¢ is a
1-morphism. Hence, by definition of @i, @sim(@) <4 @sim(y). Likewise for
r 4 y. Now assume that ¢, (2) < w. Then, as ¢(z) < u, we know that
there exists a y € f such that z < y and ¢(y) = u. It is clear that y must be
in fY, since w is in g*. Hence 2 <y, and ¢ (y) = u, as required. Similarly
for «.

Proposition 32 The unsimulation map (= )sim s a covariant functor from
the category of nonempty refined Stm—frames onto the category of refined
2-frames. Moreover, for every 2-frame we have (F*™)gim = F.
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Proposition 33 The category of nonempty simulation frames and the cat-
egory of 2-frames are isomorphic.

This last proposition is not a direct consequence of Proposition 32; we can
only show that these categories are equivalent (which would be sufficient for
our purposes). But the construction of 3 in set theoretic terms can be
done in such a way that (), is always the same as §.

In addition, if § is a simulation frame and ¢ : & — F, then & is a
simulation frame and there exists a 2-morphism ¢ such that ¢ = ¢*; and
if ¢t : §F — & then & is a simulation frame and there exists a 2-morphism ¢
such that ¢ = ¢*™. (We employ the convention that — denotes an injective
and — a surjective map.)

In a similar fashion the unsimulation is defined for algebras. If 2 =
(A,1,—,Nn,8)is a Sim-algebra, then let Ay, := {ala < w}. Then Uy, 1=
(Asim, 1,=',0",0,W), where aN'b:=anb, —'a:=wn(—a) and

Oa := B(w—a)
me = B(b—B8(b—B(w—a)))

It is not hard to see that for a Sim-algebra 2, ()T =2 (AT )gim, unless
20 = 1. It is also not hard to see that 1., = 1, while 15" is the two—
element algebra of subsets of [¢]. We denote this algebra by 2°. Using
the duality between descriptive frames and modal algebras we can prove
analogous theorems for algebras. One consequence is worth noting. Let
Sub(2A) denote the lattice of subalgebras of 2, and Con(2) the lattice of
congruences of 2. In Con(2) the element A := {(a, a)|a € A} is the bottom
element and V := A X A the top element. 2 is called subdirectly irreducible
if in Con(2) the set of congruences different from A has a lowest element.
This congruence is called the monolith of A. Given a lattice £ we denote
by £+ 1 the lattice obtained from £ by adjoining a new element as a top
element.

Theorem 34 Let 2 be a simulation algebra. Then Sub(Us;m) = Sub(A) and
Con(Usim ) + 12 Con(). In particular, A is subdirectly irreducible iff Us;p,
18.

Proof. Consider a homomorphism h : 8 — 2 based on the inclusion map
h: B C A. Then by definition of hgm, hsim @ Bsim — Usim is the natural
inclusion. Conversely, assume that ¢ : € — g, is an inclusion map. We
show that ¢ is a simulation algebra. For that we have to show that ty is
an atom of €. We certainly have i(tg) = ty_,, because t is constant and te
and tg_,,  are the respective values of t in the algebras. Now, since tq_,  is
an atom, ty must be nonzero, and an atom too, since ¢ is injective. So, € is
a simulation algebra. There exists a 9B such that ¢ = 8. Furthermore,
tsim : Coim — (lem)sm. Let ¢ : (lem)sm — A : 2¥ — z. This is an
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isomorphism, and &k := ¢ | (Bsm)sm : (%Sim)sim — 9B is an isomorphism as
well. Then ¢ o i, 0 k™' : €4y — 2 is an inclusion map. This shows that
B — B, induces a bijection between subalgebras of 20 and subalgebras of
Wgim. For congruences it is actually better to switch to the dual category
of descriptive frames. Consider § := 2A". F is a descriptive Sim—frame.
Now let ¢ : & ~— F. Then either & is empty (and so not a simulation
frame), or it contains f! (since the latter consists of a single point). Then
Goim * Ggim — Toim. Conversely, let ¥ : § — Fsim. Then %7 : §5m —
(&m)“’m. Fix an isomorphism ¢ : (&Z»m)sim — 3. Then ¢ o™ : 9™ — 3,
Hence ¢ — ¢4, induces an inclusion preserving bijection between nonempty
generated subframes of § and generated subframes of F,;,,. By duality
(identifying (Fsim )+ With (F4)sim in a natural way) there exists an inclusion
preserving isomorphism from Con(A) — {V} to Con(s;,). -

The next important step is to extend the simulation and unsimulation
maps to varieties. For a class K of 2—algebras put L7 := {22 € K}
and for a class £ of Sim—-algebras put Ly, := {Asm|2 € L}.

Corollary 35 Fora class L of 1-algebras, (H L) sip, = H (Lsim) and (S L) sim
S(Lsim). For a class K of 2-algebras, H(K*™) = {1} U (HK)*™ and

This immediately follows from the proof of the previous theorem, by duality.
Now, let V be a variety of 2-algebras. Then let V¥ be the variety of 1-
algebras generated by V*". By a theorem of Birkhoff, V¥ = HSP(V*'™).
Likewise, for a variety W of Sim-algebras we let W, := HSP(W,,;,,,). We
want to show that the maps (—)* and (—), are inverses of each other. Since
they are both order preserving with respect to inclusion it follows from this
fact that the lattice of varieties of 2—algebras is isomorphic to the lattice of
nontrivial varieties of Sim—algebras. Here, a variety V is nontrivial if V
contains an algebra different from 1. As it turns out, this is equivalent to
requiring that 2° is contained in V.

Proposition 36 Let W be a class of 1-algebras. Then Wy, is a variety if
W is.

Proof. We have to show that W,;,, is closed under H, S and P. By Corol-
lary 35 W is closed under H and S. Closure under products is also rel-
atively straightforward. If %%, i € I, is of the form ('), for some 27,
then J[;c; %B° is isomorphic to (TLier A')yim, since unsimulation is basically
a projection. 4

So, if W is a variety then W, = Wy;,,. The case of simulation is not as
simple. However, by a theorem of Birkhoff, two varieties are equal iff they
contain the same subdirectly irreducible algebras. Now denote by si(V)
the class of subdirectly irreducible members of V. The variety of n—modal
algebras is congruence distributive. Consequently, by Jénsson’s Lemma, for
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a class K of n-modal algebras, si(K) C HSUp(K). It is not hard to verify
that for 2;, ¢ € I, 2-algebras and F’ an ultrafilter on I we have

(H Q[i)sim ~ H(Q[z)mm
F F
Hence, Up(K)*™ = Up(K*™). So, if V is a variety,

HSUp(V*™™) = {1} U (HSUp(V))*™ = {1} U V*"™

Hence
si(VY) si(HSUp(V*'™)) =
si({1yuysm) =

si(VoIm) = (si(V))*m

Lemma 37 Let W be a variety of 1-algebras, and V be a variety of 2-
algebras. Then si((VY),) = si(V) and si(W,)") = si(W).

Proof. We have seen that si(V?) = (si(V))*". Furthermore, si(W,) =
$i(Wsim ) by Proposition 36 and si(Wsm ) = (81(W))sim, by Theorem 34.

si(Wo)*) - = (i)™ = (5i(Wsim))*™

= ((siV))sim )™ = si(W)
si((V')) = si((V)sim) = (5i(V"))sim

= ((si(V)*")gim, = si(V). a

The following can now be concluded.

Theorem 38 The map (—)" is a bijection between the varieties of 2-algebras
and the varieties of Stm—algebras containing the algebra 2°*. -

Given a bimodal logic A we will write A*™ for the logic Th (Alg A)*™, and
given a monomodal logic @ we write O, for the logic Th(Alg©)g;,,. We
call the map A — A®" the Thomason-Simulation.

Theorem 39 The Thomason—Simulation is an isomorphism from the lat-
tice EK5 onto the interval [Stm, Th 2¢] in the lattice EK;.

A lot of conclusions can be drawn. For example, if A is a bimodal logic,
then £ A®™ = £ A+ 1. Moreover, by the previous theorems, if A is complete
with respect to a class X of refined 2-frames then so is A**™ with respect
to X*. And conversely, if A*™ is complete with respect to a class 9 of
refined 1-frames then A is complete with respect to Q4. In the next two
sections we will improve these results drastically.

The simulation can be generalized in a straightforward way to obtain an
isomorphism from the lattice £ K,, onto the interval [Sim(n,1), Theh, ;]
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in the lattice £ Ky, where Sim(n,1) is some monomodal logic and ch, =
({0,1,...,n—1},>) denotes the transitive, irreflexive n—element chain. The
details will only be sketched. Namely, given | = (f, (<;|i < n)), " will
be defined thus. Each point z will be multiplied into distinct copies z*, one
per basic operator; a copy of ¢h,, is added. The ' are kept distinct by the
points in the chains that they can see. Moreover, we let 2' < 27 iff i # j.
The sets f* are then definable by constant formulae, as are the individual
points of ch,. Once this is done, we can encode <; into the set f*. This
construction is lifted to general frames, and the theorems proved so far are
proved in the same way for this general construction. One can also gener-
alize the Thomason—Simulation to a map from & K,,4+,, m,n > 0, onto an
interval [©, Th[e]] in £ K,,, where [e]is the one-point m—frame in which
all relations are empty.

§ 10. PROPERTIES OF THE SIMULATION.

The simulation has been established on an abstract level. We have shown
that for a bimodal logic A there exists a simulation A*™ and for every
monomodal logic © there exists an unsimulation @g;,,. In this section and
the next we will show how to axiomatize the simulations and unsimulations,
respectively, and determine what properties are transferred back and forth
under this simulation. We start with the case of simulation. An axiomati-
zation of A*™ can be given on the basis of an axiomatization of A. Define
the following translation.

T

p p

Py =
(PAQY = PTAQT
(@P) = BLP
(.P)T = B,8,8,P

Lemma 40 Let § be a 2-frame, and P a bimodal formula. Let (3, 3,z) =
P. Assume that v is a valuation on ™ such that v(p)0 f* = B(p)*. Then

EB.2) P & (T, y, 2"y | PT

Proof. By induction on the complexity of P. -

Let § be a bimodal frame, 3 a valuation on . Then put 35™(p) := B3(p)*.
This defines a valuation on . The following now holds for any set X of
bimodal formulae. (Here, w — X7 denotes the set {w — P7|P € X}.)

<8;7 ﬁ7 $>|IX o <Ssim7ﬁsim7 $w>|IXT
<8;7ﬁ>|:X =N <8;52m7ﬁ527'n>|zw . XT
8;|:X o 8;52m|:W — X7

The first is the content of the previous lemma. The second easily follows
from the first. For the third equivalence note that if v; and 75 are valuations
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on a 1-frame & = 3™ such that y1(p) N f¥ = y2(p) N f¥ for all p then
(6,v1,2) = wA P iff (8,72,2) = w A P7, so that if there exists a model
for w A P7 it can always be based on a valuation of the form 5™ for some
0 on F. The first equivalence asserts that local satisfiability in a frame
is equivalent to local satisfiability of X7 in ™ in the simulating frame at
‘white’ points, the second asserts that global satisfiability of X7 is equivalent
to global satisfiability of w — X7 in the simulating frame. The third asserts
that validity of X in a frame is equivalent to validity of w — X7 in its
simulation.

Corollary 41 Let A = Ky @ X. Then A*™ = Stm @ {w — P7|P € X}.
In particular, if A is n—aziomatizable, so is A®.

Proof. Put © := Sim ¢ {w — P7|P € X}. We show that the rooted re-
fined frames validating ® coincide with the rooted refined frames validating
A®™. This establishes the first part of the theorem. The second follows
immediately. Now let § be a rooted frame which is not a frame for A5,
Let z be a root of . Then there exists a bimodal rooted frame & such that
57 is isomorphic to §. We then have that & is not a frame for A, and thus
there exists a P € X such that & £ P. By the lemma above, F ¥ w — P7.
Hence §F is not a frame for ©. The argument can be run backwards as well.
Assume that § is a rooted refined frame which is not a frame for ®. Then
FEw — P7 for some P € X. §is asimulation frame and so we may assume
that for some &, § = &, By the previous lemma, (&, 3,y) ¥ P. So & is
not a frame for A. By definition of A*™ ¥ (which is *™) is not a frame

for Astm, A

The next theorem provides one half of the simulation theorem. Before we
can state it, we have to provide some more definitions. An n-modal logic
A is elementary (A-elementary) if the class of kripke—frames of A is
elementary (A—elementary). Here, the language to speak about n—frames is
first—order predicate logic with equality (=) and binary relation symbols <,
t < n, which get interpreted by the corresponding relations in the frame.
The following so—called restricted quantifiers are defined.

(Vy j2)f = (Vy)(z <y — .5)
(Fy )6 = (Fy)eQy.A.6)
For the elementary language, too, we can define a translation on formulae.
tw) = (Vy=a2)-(y=y)
w(z) = (Jy>a)t x)

(
bz) = —t(x)A(Vy > z)-t(x)

These formulae define the sets f°, f* and f* in a Sim-frame. Now put

af = /\ w(z). — .of

acEf’UaT(oz)
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(x=y) = 2=y

(x < y)! = r=<y

(z4y) = Qv 2)Fw = y)bv) Abw)Av < w)
(ay Aag) = af Aaf

(-a)! = -af

(Fz)a) = (Fz)(w(z)Aal)

It is not difficult to show that for a sentence «,
ks |: o o Ssim |: af

It is not hard to see that the class of Sim—kripke frames is elementary. This
also follows from the fact that axioms for Sim are Sahlgvist.

An n-modal formula is Sahlqgvist if it is of the form ®(P — Q) where ®
is a prefix of box—like operators, P is strongly positive and () is positive. Here
a formula is positive if it is built from variable free formulae and variables
with the help of A, V and the operators O;, ¢;, ¢ < n. A formula is strongly
positive if it is positive and no formula of the form By V Rq, ¢;R1, © < n,
which contains a variable is contained in the scope of a O;, 7 < n. By a well-
known theorem of Sahlqvist, logics axiomatizable by a Sahlgvist formula are
locally D—persistent and elementary. Let us call a logic Sahlgvist if it is
axiomatizable by a set of Sahlqvist formulae. As is well-known, a Sahlqvist
logic is ®—persistent and A—elementary. By a theorem of VAN BENTHEM
[31], if a modal axiom P determines an elementary condition é on kripke—
frames then 6 is equivalent to a formula of the form Vz.a(z), where a(z)
is obtained from (positive) atomic formulae z = y, z <; y, ¢ < n, using A,
V, and the restricted quantifiers. In [31] the following class of formulae is
defined. Call an n—modal formula P a Sahlgqvist—van Benthem formula
if it is composed from variables and constants using -, A, V, O; and ¢;
(j < n) such that for all variables p either (i) no positive occurrence of p is
in a subformula of P of the form @ A R or 0;Q), j < n, if that formula is
in the scope of a Oy, k < n, or (ii) no negative occurrence of p in P is in
a subformula of the form ¢ A R or 0;Q), ¢ < n, if that occurrence is in the
scope of some O, k < n. This describes a wider class of formulae. However,
for every Sahlgvist—van Benthem formula P there exists a Sahlqvist—formula

Q) such that K¢ P =K & Q. (See [18].)

Definition 42 An n—modal logic A has local interpolation if whenever
P Fa Q there exists a formula R such that var(R) C var(P) N var(Q) and
PlEax REA Q. A has global interpolation if whenever P I-y @) there exists
a R such that var(R) C var(P) Nwvar(Q) and Py RFp Q.

Theorem 43 The simulation map preserves the following properties of log-
ics.

o n—axiomatizability, finite axiomatizability, recursive axiomatizability,
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o B-persistence, R-persistence, D—persistence,
o being Sahlquist,

o clementarity, A—elementarity.
The simulation reflects the following properties of logics.

e local/ global completeness with respect to kripke frames (finite kripke
frames),

e local/global interpolation.

Proof. The first set of properties is clear. For persistence only &—persistence
is not a direct consequence. However, by a theorem of vaAN BENTHEM [31],
a logic is &—persistent iff it is 0—axiomatizable. So the claim follows from
the first set. For Sahlqvist logics, it is enough if we show that if P is a
Sahlqvist—van Benthem formula, so is w — P7 (viewed as a formula in the
language with B, ¢). Now, it is checked that the translation is such that
occurrences of variables in P are in one—to—one correspondence with occur-
rences of variables in w — P7. Moreover, if p occurs positively (negatively)
in P, its related occurrence in w — P7 is also positive (negative). Also, if
p occurs in a subformula @ A R (0@, BQ ) within a formula ¢.5 (4.5) then
its related occurrence in w — P isin Q" A R” (BT for T =w — Q7, 8T
for T'=b — By By, Q) within the subformula ¢ U, where U = w A S7
(within the subformula ¢ U, where U = b A ©49,,57). Hence w — P7 is
a Sahlqvist-van Benthem formula. Next assume that A is (A-)elementary.
Then the class of kripke frames is determined by some condition « (set I' of
conditions). Then the class of kripke frames for A*™ is determined by some
sentence characterizing the Sim-kripke frames plus a® (I'°). Now we turn
to interpolation. We make use of the following criteria.

Definition 44 A variety V of n—-modal algebras has the amalgamation
property if for any three algebras Up, U1, Ao € V and embeddings 11 : Ay —
A1 and 19 : AUy — AUs there exists an algebra As in'V and embeddings €1 : Ay —
A3, €3 : Ay — Az such that €011 = ¢3013. V has the superamalgamation
property if under the same conditions the ¢; can be required to have the
property that whenever €1(a1) < €x(az) for ay € Ay and ay € Ay then there
exists an ag € Ag such that a; < 11(ag) and t3(ag) < as.

Theorem 45 (Maksimova) A has local interpolation iff it has the supera-
malgamation property. A has global interpolation iff it has the amalgamation

property.

The proof is an immediate generalization of [20]. Now assume that A*™ has
global interpolation. We have to show that A has global interpolation as well.
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It is enough to show that Alg A has the amalgamation property. Suppose
that B, B1 and By are in the variety of A-algebras, and ¢; : By — By,
Ly : B — By. Then (4;)%™ : (Bg)*™ — (B1)*™, i = 1,2. By assumption on
A" there exists a 23 and maps k1 : (B1)"" — As, Ky : (B2)*" — A such
that & o(Ll)Sim = RQO(LQ)S””. Put B3 := (Us)sim and € := (K )sim, ¢ = 1,2.
Then ¢ : B; — Bz and €; 041 = (K1) sim © ((61)"™ )sim = (K1 0 (¢1)*™ )i =
(kg o (Lg)sm)sm = (K2)sim © ((Ll)sm)sm = €3 0 13. Thus the variety of A
algebras has the amalgamation property. Now assume that the variety of
A®" algebras has the superamalgamation property. Then in addition we
can have 23 and the embeddings in such a way that if x1(a1) < Ka(az) then
there exists a ag € Ag such that a; < (11)*™(ag) and (12)*"™(ag) < az. Now
let by € Bi, by € By be such that €;(b1) < €2(b2). Then put aq := (by)"
and ap := (02)*. Then ri(ar) = (a(b1))” < (€(b2))" = Ka(az) and so
there exists ag € Ag such that a; < (11)*™(ag) and (:2)*""(ag) < az. Put
bo :=wNag. Then by =wna; <wn (1) (ag) = wn (t1(bo))*™ = t1(bo),
and likewise 13(bg) < by is proved. -

§ 11. PROPERTIES OF THE UNSIMULATION.

Now we will show how to axiomatize the unsimulation of a logic on the basis
of an axiomatization for it. The proof is rather longwinded. Before we enter
it, we need some terminology. Let P be a formula and ¢ a subformula of
P. Fix an occurrence of ¢) in P. A modal cover of that occurrence of ()
is a minimal subformula R of modal degree greater than ) containing that
occurrence of (). We also say that that particular occurrence of R modally
covers (). If () has a modal cover, it is unique and a formula beginning with
a modal operator. (We will often speak of formulae rather than occurrences
of formulae, whenever the context allows this.) Now let P be a formula of
the language with operators B,, ©,, @ € {w,b,t}. Let us agree to say that
an occurrence of a formula ¢) in P is a—covered if it modally covered by
a formula of the form B, R or €,R. Call P and @) white—equivalent if
w Fgim P < @ and black—equivalent if b Fg;, P < @. Given a formula,
we say that a subformula occurs white if it is not in the scope of a modal
operator or else is w—covered. A subformula occurs black if it is b—covered.
If P occurs white (black) in R, and P is white-equivalent (black—equivalent)
to ¢}, then that occurrence of P may be replaced in R by ) preserving white—
equivalence. By axioms (a) of § 8, By M is white-equivalent to ¢, M and
B, M is black—equivalent to ¢, M.

Lemma 46 Let P be a formula in the language with B, and $,, a €
{w,b,t}. There exists a finite number n and formulae Q; and R;, i < n,
such that ¢); is nonmodal for all © < n, and R; is in the language with
B, By, €0 and &y for all t < n, and P is white—equivalent to the formula

\/ (9:Q:) N R;

<n
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Proof. By a straightforward semantic argument one sees that for every n

w; 8,Q IFsim B:Q

Take S C var(P). Put

x($):=Apen N\ -p
peS  pevar(P)-s
Then

whgm P < \/ PAGx(S9)
SCvar(P)

Now by the above consideration, any occurrence of ¢,y (.9) as a subformula
of P can be replaced by T in the formula PA ¢ ,x(.5). It remains to be shown
that any subformula 8;@) is of this type. Clearly, by some Sim—equivalences,
any subformula B;Q can be transformed into a subformula 5;Q’ where Q’
is nonmodal. Moreover, we are allowed to replace @' by x(5) A Q'. The
latter reduces via some equivalences to either x(9) or to L. Therefore, the
subformulae of the form H; L need to be treated. Several cases need to be
distinguished. (a) B;L is t—covered. Then B;L can be replaced by T. (b)
B¢L is w—covered. Then B;L can be replaced by L. (¢) BT is b-covered.
Then it can be replaced by T. (d) B;L is not in the scope of an operator.
Then it can be replaced by L. All these replacements are Sim—equivalences.
This shows the lemma. -

Definition 47 A monomodal formula P is called simulation transparent
if it is of the form p, —p, Owp, ~Cpp, Cp, O P, p a variable, or of the
form QAR, QV R, 0,0, B,0Q, 000,00 or By By B,,Q where () and R

are simulation transparent.

Definition 48 Call a formula P white based if there do not ewist occur-
rences of subformulae (), R, S and T such that Q b—covers R, R b-covers
S, and S b—covers T.

Lemma 49 For every formula P there exists a formula @ which is white—
based and white—equivalent to P.

Proof. Suppose that there is a quadruple (@, R, S,T) of occurrences of
subformulae such that ¢ b—covers R, R b—covers 5, and .5 b—covers T'. Then
there exists such a quadruple in which ¢ occurs white. Now replace the
occurrence of 7" by B, 8, T'. Since T is black equivalent with B,, 8, T, this
replacement yields a formula P’ which is white equivalent to P. Now repeat
this procedure with P’. It is not hard to see that this process terminates
with a white based formula. (For example, count the number of occurrences
of quadruples (@, R, S,T) such that @ b—covers R, R b—covers S, and 5 b
covers T. It decreases by at least one in passing from P to P’. If it is zero,
the formula is white based.) -
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Lemma 50 Let P be a monomodal formula. Then there exists a simulation
transparent formula S such that

wlkgim P < S

Proof. First we simplify the problem somewhat. Namely, by some standard
manipulations we can achieve it that no operator occurs in the scope of
negation. We call a formula in such a form basic. So, let us assume P to
be basic. By Lemma 46 we can assume P to be a disjunction of formulae
of the form U A R, where U = $;5, for a nonmodal 5, and R contains only
Bu, ©w, By and €. In general, if the claim holds for Py and P, then it
also holds for PV P, and P; A P,. Therefore, we have two cases to consider:
(i) P contains no occurrences of ¢, By, €, or By, or (ii) P contains no
occurrences of ¢, and B,. In case (i), we know that ¢, distributes over Vv
and A, so that we can reduce P (modulo white-equivalence) to the form
©:p, and ©;—p. Now we have

W bgim ©:mp = 20w

So in Case (i) P is white—equivalent to a simulation transparent formula.
From now on we can assume to be in Case (ii). Furthermore, by Lemma 49,
we can assume that P is white based, and (inspecting the proof of that
lemma) that P is built from variables and negated variables, using A, V,
and the modal operators ¢,,, ¢35, 8, and 8.

Let p3( P) denote the maximum of nested black operators (¢, B ) in P.
Call P thinner than @) if either pp(P) < pp(Q) or P is a subformula of Q).
We will show that for given white based basic P there exists a simulation
transparent formula ) which is white—equivalent to P on the condition that
this holds already for all white based basic formulae P’ thinner than P.

If P = p we are done; for P is simulation transparent. Likewise, if
P = —p. Suppose P = P A P,. Py and P, are thinner than P. Therefore
there exist simulation transparent formulae ()1 and ()9 such that ); is white—
equivalent to P;, ¢ € {1,2}. Then @ A Q2 is white—equivalent to P; A P;.
Similarly for P = PV Py. If P = ¢, P there exists a simulation transparent
@) which is white—equivalent to P;. Sow — Py 4Fgj, W — @, and therefore
O whP1 AFgim ©.,@; it follows that €,,¢) is white—equivalent to P. Similarly
for P = 8, P;. We are left with the case that P is either ¢, R or &, R. By
inductive hypothesis, for every basic white based @) such that p(Q) < p(P)
there is a simulation transparent 5 such that S is white—equivalent to ). As
P occurs white, we can distribute By and ¢, over A and V, and so reduce
R to the form p, =p or B, N or ¢,N, with a € {w,b} and N basic. This
reduction does not alter p(P). Case 1. R = p. Then P is simulation
transparent. Case 2. R = —-p. Observe that ¢,—p is white equivalent to
-9pp. So we are done. Case 3. R =8,N or R = ¢, N. Then P is white—
equivalent to V. The claim follows by induction hypothesis for V. Case 4.
R =8,Nor R = 9,N, N basic. Now let us look at N. N occurs black.
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Furthermore, N is the result of applying a lattice polynomial to formulae
of the form p, -p, By A, ¢, B, B,C, ¢, D. (Here, a lattice polynomial is
an expression formed from variables and constants using only A and V, but
no other functions. It turns out that T and L can be eliminated from this
polynomial as long as it contains at least one variable. It it does not contain
a variable, it is equivalent to either T or L. Finally, T may be replaced by
pV —pand L by p A —-p, so we may assume that the polynomial does not
contain any occurrences of T and L.) However, as P is white based, formulae
of the form ¢4 A or By B do not occur. Furthermore, if ji,(N) > 0, we replace
the occurrences of p by B, B p, and the occurrences of —p by B, 8,, —p.
This replacement does not change pi5(N). (The case pp(N) = 0 needs some
attention. Here we replace N by B,, By N. Then P is white equivalent to
either 8, 8,8, 8y, N or 94949, 8, N, N nonmodal. Now we are down to
the case of a formula of the form 8, N. By commutes with A and Vv, which
leaves the cases Byp and B, —p to consider. These are immediate.) Now, after
this replacement, N is a lattice polynomial over formulae of the form B,,C,
©.wD. The latter occur black, so B,,C' is intersubstitutable with ¢ ,C and
© ., D is intersubstitutable with 8, D. Finally, ¢, T is intersubstitutable
(modulo equivalence) with T. So N is without loss of generality of the
form f((ByE:|i < n)) for some lattice polynomial f. Thus, N can be
substituted by the formula 8,, f({£;|¢ < n)). Therefore, N can be reduced
to the form B, F for some basic £. F is white based. Therefore, by induction
hypothesis, I is white—equivalent to a simulation transparent formula G'. R
has the form B, 8, £ (Case A) or ¢, 8, FF (Case B), so P is white-
equivalent to either ()1 := B, 8, B,,G (Case A) or B9, B, G (Case B).
The latter is white—equivalent to 5 := €;¢,0,G. Both @1 and ()5 are
simulation transparent, by assumption on G. -

Lemma 51 Let P be a monomodal formula in the variables {p;|i < n}.
There exists a bimodal formula Q in the variables {p?,p?, psli < n} such
that

(1) : w bsim P = Q7 [pi/pf. Qupi/ D3, 91pi/pi]i < n]
Q is called an unstmulation of P. Moreover, if P is a Sahlquist—van Ben-
them formula, then () can be chosen to be a Sahlqvist-van Benthem formula
as well.

Proof. The first part of the proof is straightforward. There exists a simu-
lation transparent S which is white—equivalent to P. () is obtained from 5
by applying the following translation outside in.

(@1 A Q2)r = (Q1)r N (Q2)r (Q1V Q2)r = (Q1):V(Q2)r
( ) = 00~ ( ) = 0@
(05030u@)r = Q- (Elb B, 8,Q), = WQ,
( ) = p* ( ) = —|p*
(9op)r = p° E—'ebp) = p

T = p - ) = —|po
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The formula 5 is of course not uniquely determined by P, but is unique
only up to equivalence. The proof of Lemma 50 is actually a construction
of 5, and so let us denote by P, the particular formula that is obtained by
performing that construction.

For the second claim, assume that P is a Sahlqvist—-van Benthem formula.
Then there exists a simulation transparent P® which is white equivalent to
P. Inspection of the actual construction shows that the transformation of
P to P? preserves positive and negative occurrences of variables. Moreover,
suppose that (PS)T is not Sahlqvist—-van Benthem. Then it contains a pos-
itive occurrence of a variable p in a subformula of the form Q@ A R, OQ or
B() in the scope of a ¢ or ¢, and likewise a negative occurrence of that same
variable in a subformula of such kind. It is not hard to see that the corre-
sponding occurrences of p in P? are in a similar configuration, and that —
finally — there are corresponding occurrences in P which are also in such a
configuration. Thus P is not Sahlqvist-van Benthem. (A remark. This last
step is not straightforward to prove, the details are cuambersome, since a lot
of elementary transformations are being made to pass from P to P®. The
interested reader may simply note that each of these transformations takes a
Sahlqvist—van Benthem formula into a Sahlqvist—van Benthem formula (and
back). Spelling out these details is rather unrevealing.)

Now take a set X of monomodal formulae; put X, := {P,|P € X}.
Assume that § is a simulation frame and (F, 5, z) = w; X. Then we have

(8, 8,2) | wio((X-)7),

where o is a substitution satisfying o(p°) = p, a(p®) = Qp, o(p*) = Op.
Now define a valuation 5° of the set {p°, p°®, p*|p € var(X)} by

Be(p°) = Bp)N [, BP°) = 0uBp)N [, B(p7) = 0B(p)N [

By definition of 3°,

8 8,2) Fwio(@) & (30%2) Fwd

Thus we conclude
<Sv ﬁov $> |: W3 (XT)T

Define a valuation Ss;m on Fsim by Bsim(q) := 5°(q). z is of the form y* for
some Yy € fsim; in fact, by construction, y* = z. By the previous results,

<8:7ﬁ<>7$> |: W; (XT)T <~ <Ssim7ﬁsim7$> |: XT‘

It therefore turns out that the satisfaction of X in a simulation frame at a
white point is equivalent to the satisfaction of X, in the unsimulation of the
frame. The satisfaction of X at a black point is equivalent to the satisfaction
of B, X := {8, P|P € X} at a white point. The satisfaction of X at f*is
likewise reducible to satisfaction of H; X, which is defined analogously.
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Now let A be a monomodal logic contained in the interval [Sim, Th[e]].
We will show that it can be axiomatized by formulae of the form w — Q.
To that end, let A = K& X and let P € X. For simplicity we may
actually assume that X = {P}. Then A = K& {t — P,w — P,b — P}.
Since [e] is a frame for A, t — P can only be a theorem if it becomes
a boolean tautology after substituting T for maximal subformulae of the
form BQ (and L for maximal subformulae of the form ¢@). Hence, t — P
is in A only if P is an instance of a boolean tautology. However, in that
case P is a theorem of K. b — P is Sim—equivalent to w — B P. So,
A=Kd{w — Pw — ByP}, as promised. So we can always assume
that an axiom is of the form ¢ := w — P for some P. (This follows
independently from the surjectivity of the simulation map and the fact that
an axiomatization of this form for simulation logics has been given above.)
Now () is rejected in a model based on § iff P is rejected at a white point
of § iff P; is rejected in a model based on Fgim -

We summarize our findings as follows. Given a monomodal rooted Sim-—
frame &, a set X, a valuation 3, we define By, by Bsim(q) := 5°(q), where
¢ is a variable of the form p°, p® or p*.

<®7ﬁ7$>|:W/\X < <®sim7ﬁsim7$>|:XT
<®7ﬁ>|:X < <®Sim7ﬁ5im>|:XT;(EbX)T;(EtX)T
®|:X < Ssim |:XT7 (Ele)7'7 (EltX)T

Two cases may arise. Suppose that & contains only one point. Then &g,
is empty, and no formula is satisfiable in it. This case has to be dealt
with separately. FElse, let & have more than point, and be rooted. Then
satisfiability of X in & is reducible to satisfiability of either w; X, or w; 8, X,
or w; ;X ;. All problems are reducible to satisfiability of a set Y in &;,,.
Global satisfiability of X in (&, ) is equivalent to the global satisfiability of
{w— P|P € XT}, where XT = X;5,X;8,X.

Theorem 52 Let A be a monomodal logic in the interval [Stm, Thle].
Then A is aziomatizable as A := Stm ® {w — P|P € X} for some X.
Furthermore, Agip, = Ko ® X, 4

The case of unsimulating elementary properties is likewise more complex
than the simulating part. Take a formula ¢ in the first—order language for
1-modal frames. We may assume (to save some notation) that the formula
does not contain V. Furthermore, we may assume that the formula is a
sentence, that is, contains no free variables. Finally, we do not assume that
structures are nonempty. We introduce new quantifiers 3%, a € {b, w,t},

which are defined by

(F*2)o(2) := (Fz)(a(z) A ¢(2))

Furthermore, for each variable # we introduce three new variables, 2%, a €
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{b,w,t}. Now define a translation (=)' as follows.

(oA )T = gt Al

(¢vw) = ¢l vyl

(=)t =t

(Fz)p(e))t = (3a)p(x) v (FP2")p(2")T v (312 )p(a!)

It is clear that ¢ and ¢! are deductively equivalent. In a next step replace

(F"a")p(ab) by

(Fvz) (2 > 2)p(2b)

and (F'z")p(z?) by
(F¥a™) (2! = 2¥)o(a?)

Call 9° the result of applying this replacement to . It turns out that (in
the first—order logic of simulation frames)

(Fe)w(z) Fv°

That means, the two are equivalent on all frames &*™ where & is not empty.
In ¥° the variables z® and 2! are bound by a restricted quantifier with
restrictor z*; * in turn is bound by 3. To see whether such formulae are
valid in a frame we may restrict ourselves to assignments h of the variables
in which 2 is in the a-region for each a and each z, and furthermore
h(x*) = h(z®). In a final step, translate as follows

(6N D) = gy
(¢ V) = ¢tvet
(—¢)* ) = ¢t
((3v2")p(a™))F = (Fz)p(z")
(37" - a)d(a" )t = o)t
(32! = a)g(a"))? $(a')?

For atomic formulae, ¢t is computed as follows:

xa<yﬁ‘ w b t xa:yﬁ‘ w b t
wledy z=9y T w|lx =y L L
bla=y 24y L b 1 r=y 1
t 1 1 1 t 1 1 T

Let 7 be a subformula of ¢!® for some sentence ¢. Let & be a 1-modal
simulation frame. Then & is isomorphic to " for some bimodal frame
§ (for example, § := &g, ) and therefore & has exactly one point in the
t-region. Suppose & |= t[h]. Then we may assume that h(z®) is in the
a-region for each a, and that h(z") < h(z%). Now put k(z) := h(z¥). It
is verified by induction on ¢ that & |= ¥[h] iff &4, = ¥Hk]. On the other
hand, if k is given, define h as follows: h(z") := k(x), h(x®) is the unique
world w in the b-region such that k(z) = u, and h(z") is the unique world
in the t—region. h is uniquely determined by k, and again it is verified that
& |= ¥[h] iff G4, |= K], In particular, for ¢ = ¢! we get & |= o iff
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Gsim = . Now we return to 6. We have ¢ = ¢ A (Va)t(z) V ¢ A (3z)~t(z).
The first formula is either equivalent to L (Case 1) or to (Va)t(z) (Case
2). Case 1. Put ¢, := (¢T5)¢_ Then & |= ¢ iff &4, = . Case 2. Put
Ve 1= ((Ya)=(a = 2)) v (¢10)F,

Proposition 53 Let X be a class of simulation frames. If X is elementary
(A—elementary) so is Xgim .

Now say that a property P transfers under simulation if A has 5 iff A%
has .

Theorem 54 (Simulation Theorem) The following properties transfer
under simulation.

o O—axiomatizability, finite axiomatizability, recursive axiomatizability,
o B-persistence, R-persistence, D—persistence,

o being Sahlquist,

o clementarity, A—elementarity,

e local (global) completeness with respect to kripke frames (finite frames),

e local (global) interpolation.

Proof. In view of the results of the preceding section we only need to
prove one direction in each of the cases. Finite and recursive axiomatizabil-
ity are clear. Likewise fR—persistence and D—persistence. For &—persistence
note that it is equivalent with 0—axiomatizability. For the property of being
Sahlqvist, we have established that if w — P is a Sahlqvist—van Benthem
formula, so is P,. Now suppose that A*™ is (A-)elementary and let X
be the class of kripke frames for it. Then the class of simulation frames
in X is elementary (since such a frame is a simulation frame iff it satisfies
(Vay)(t(z)At(y) — = = y)). Then Xy, is (A-)elementary as well by Propo-
sition 53, and it is the class of A frames. Hence A is (A-)elementary. The
case of completeness is clear. Now for the proof of interpolation. Assume
that A has local interpolation. Put F := Fjsim. Assume P - ¢). Then we
have (a) w — P +w — (). Moreover, we also have (b) b — PFb — @ and
(c)t = PFt— (. (b) can be reformulated into (d) w — ¢, P - w — ¢,0).
The cases (a) and (d) are now similar. Take (a). We have P, Fp ();. There
exists by assumption on A an R such that var(R) C var(P;)N var(Q,) and
P.-Fyx REp Ry, Thenw — (P;)" Fw— R Fw — (P;)". Now take the

substitution o as defined above. Then
w—o(P))Fw—=o(R)Fw—o((Q;)7).

while by Lemma 51
w— PAFw—a((Pr)")
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as well as

w—Qdw—o((Q;))
Put A := o(R7). Then we have var(w — A) C var(P) N var(Q)) and

w—PFw—AFw— (@
Similarly, we find a formula B such that
w— o, Ptw— BtFw— 6,Q

In case (¢) we can appeal to the fact that classical logic has interpolation to

find a €' such that
w— o PFw— ¢,CFw— 0,0

(For by Lemma 46, in the scope of ¢4, P and @ reduce to nonmodal formu-
lae.) Then put

Ni=(w—=A)A(b—=0,B)A(t—=C)

It follows that P+ N + Q. Thus A**™ has interpolation. Exactly the same
proof can be used for global interpolation (no use of the deduction theorem
has been made). -

Not all properties are transferred under simulation. A case in point is
Halldén—completeness. Recall that a logic A is Halldén—complete if from
Pv @ € A and var(P)Nvar(Q) = 0 we can infer that P € A or @) € A.
For a monomodal logic to be Halldén—complete it must be the case that
either 5L € A or T € A. It follows that no logic A*™ is Halldén—complete
except if A is inconsistent. For since HL V = B L is a theorem of A®™,
Halldén—completeness of A*" implies that either 1 or =8 L is a theorem.
But the latter cannot hold. Hence HL € Asm, and so A = Ky @ L. On
the other hand, there are monomodal logics which are both complete and
Halldén—complete (e. g. S4). Denote by A ® © the bimodal logic whose first
operator satisfies the postulates of A and whose second operator satisfies the
postulates of ®. This is called the independent join or fusion of A and
©. Now let A be both Halldén—complete and complete. Then, by a theorem
of [19], A @ A is Halldén—complete as well, while (A @ A)*™ is not.

§12. APPLICATIONS TO DECIDABILITY PROBLEMS.

In [6] it is shown that a great many properties of logics are undecidable
even for logics containing K4. The results of that paper are proved using a
technique which is rather involved. Here we will present some results which
can easily be derived from known ones using the special simulations we have
developed here. The results are based on the fact that it is possible to
encode word—problems in modal logic. Let us review the basic facts. Given
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an alphabet A, A* denotes the set of finite strings over A, a member of which
we denote by vector arrow, e. g. @. The empty string is denoted by € the
concatenation of @ and ¢ by i-7. A Thue—processis a finite set of equations
¥ &~ W, where #,@% € A*. A Thue—process ¥ can be viewed as a finite
presentation of a (finitely generated) semigroup. Given an alphabet over two
letters, Thue processes thus are presentations of 2-generated semigroups.
The word problem of ¥ is the problem to decide whether in the semigroup
presented by ¥ the equation # & i holds for arbitrary given &,y € A*. The
following is known.

Theorem 55 Let A be a two—letter alphabet.

1. ([22]) There exist Thue-processes over A with undecidable word prob-
lem.

2. ([21]) 1t is undecidable whether a Thue-process over A has a decidable
word problem.

3. It is undecidable whether two Thue—processes over A present the same
semigroup.

4. ([23]) It is undecidable whether a Thue-process over A is trivial, that
s, whether it presents the one—element semigroup.

5. It is undecidable whether a Thue—process over A presents a finite semi-
group.

The first actually follows from the second, and the third from the fourth
assertion. The fifth can be seen as follows. Suppose we can decide whether
% presents a finite semigroup. Then we can decide whether ¥ presents the
one—element semigroup in the following way. With ¥ given, decide whether
it presents an infinite semigroup. If yes, then that semigroup is not the one—
element semigroup. If not, ¥ is decidable. For the set of equations derivable
from ¥ is recursively enumerable. Its complement is now also recursively
enumerable, since an equation fails in ¥ iff it fails in a finite semigroup
validating all equations of ¥.

Let us note that the above theorem would be false if A had only one
symbol. In that case, every Thue process is decidable. With a Thue—process
over {w,b} we associate a modal logic as follows. A word is translated as a
sequence of modalities.

[e] P = P (e)P = P
[b]P = WP (b)P = 4P
[w]P = 0Opr (w) P = P
@AP = [@AP)  {3-BP = (DDP)

We translate an equation £ = # & ¢ by the axiom

B = (#)p. — [y
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This axiom is first—order and says that for every point s every successor
t related by an #—path from s and every successor u related by a §—path
from s we have t = u. Here, an Z¥—path is a path formed by & under the
identification of b (= black) with <« and of w (= white) with <. The axiom
contains restricted universal quantifiers only and is a subframe axiom (see
[32] or [17]), which is the fact expressed in (4.) of the theorem below. Now
let ¥ be given. Then with ¥ we associate two logics

$(%) = KAl 0 KAl & {E™|E € T)
AZ) = B(I)BOT S 6T
Let §, ® be n—modal frames. & is asubframeof §if¢g € F, <17 = Zfﬂ(gxg)

and G = {aNg:a € F}. In other words, subframes are relational reducts to
internal subsets of a frame. For the purpose of this definition, kripke—frames
are identified with the corresponding full frames. A suframe logic is a logic
whose class of frames is closed under taking subframes. (See [32].)

Proposition 56 Let T be a Thue-process over A = {w,b} and ¥ := ¥(%)
and A := A(%) be as above. The following holds.

1. ¥ and A are finitely axiomatizable by one—letter axioms.
2. % and A are complete.
3. FAP UfOT; 6T by P.
4. X is a subframe logic.

5. X has the local finite model property and is locally decidable.

The first claim is straightforward since alt; can be axiomatized by ¢p —
Op, and the second follows from a theorem of [32], which states that any
extension of polymodal K.Alt; is complete; this generalizes a theorem of
Bellissima [1]. The third claim is straightforward. A proof can be found in
[17]. The fourth follows by inspection on the elementary condition imposed
by the axioms of Y. The axioms Alt; are preserved when passing to a
subframe, and so are the axioms E™. The last claim now follows easily.
Assume that P ¢ Y. Then there exists a model (f,3,z) | =P, since ¥ is
complete. Now let d be the maximum nesting of modal operators in P, and
let g be the subset of all points reachable from « in at most d steps following
the relations <1 or 4. Then ¢ is finite, containing at most 2t1 — 1 points.
The subframe based on g, g, is a frame for ¥. Let v(p) := B(p) N g. Then
(g,7,z) = ~P. The local decidability of ¥ is an immediate consequence.

Now take a Thue—process . Denote by Frsa(A)/T the semigroup pre-
sented by ¥. Then this semigroup can be turned into a kripke frame as
follows. Let & =4 ¥ if the equation & ~ ¥ is derivable in ¥. Furthermore,
let [#]:={y: =g &}. Put [Z] < [9] iff T w € [g] G VT € [7] : V- w € [§]),
and [Z] « [9]iff -0 € [7] (iff VT € [Z] : T-b € [§]). We denote by &Sgr(T) the
frame ({[Z]|7 € A*}, <, 4). Then the following holds (see [15]).
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Proposition 57 (Grefe) A(%) = ThSg(%) = Th(Sge(%),[e]). A(T) is
decidable iff ¥ is decidable. A(%) is tabular iff ¥ presents a finite semigroup.

Proof. First of all, (&gr(%), [¢]) E A(%), and so A(%) C Th(Sgr(%), [¢]), as
is easily checked. Now, take a rooted kripke frame (f, ) such that (f,z) |=
A(%). We claim that there is a p-morphism 7 : Sgr(¥) — f such that
7([€]) = x. Namely, put 7([¢]) := z. Furthermore, assume 7 is defined on
[4] and 7([d]) = y. If y< 2z put n([di-w]) := 2. If y « 2z put 7([&-b]) := =.
In this way, 7 is defined on all strings and is onto. Now we show that it is a
p—morphism. Let [@] <1 [¥]. Then [¢] = [@-w]. Furthermore, n([#-w]) = =z for
the unique z such that 7([@]) < z. Hence n([@])<dn([#]). Similarly if [@] < [7].
Next assume that y = 7([@]) and that y < z. Then put ¢ := @-w. With this
choice we get [i@]<1[v] and 7([#])<d7([7]). Likewise for 4. This shows that 7 is
a p-morphism. Moreover, 7([€¢]) = z, by definition of 7. By Proposition 56,
A(%) is complete. Hence, if P ¢ A(T) there exists a rooted kripke model
(f, 8, ) such that (f,z) = A(%) and (f, 8, x) ¢ P. Then let 7 : Sge(T) — f be
a p—morphism such that x([e]) = x. Put v(p) := {[d] : 7([@]) € B(p)}. With
this valuation, (Sge(%),v,[e]) E P. The first claim is now proved, since we
also note that (&gr(%),z) = A(T). It follows that if T is undecidable, so is
A(%). And if T is decidable, so is A(%). The facts about tabularity are also
straightforward. -

[k ikl 1

For the statement of the next theorem, recall that an element = in a modular
lattice £ with top element T has codimension n if there exists a sequence
Y = (y;: ¢t <n+1)such that yo = 2z, y, = T, and for all ¢ < n y; < yi41
and there is no z such that y, < z < y;41. The condition of modularity
guarantees that n —- if it exists — is independent of the sequence Y. The
lattices £ K, are distributive, and therefore modular.

Theorem 58 The following properties of logics are undecidable for finitely
azxiomatizable monomodal logics on the basis of a finite axiomatization

1. local decidability,

2. local finite model property,

3. global finite model property,

4. tabularity,

5. being of finite codimension in £ K.
Proof. By the Simulation Theorem and the fact that these properties are
undecidable for bimodal logics. That they are undecidable for bimodal logic
we will show now. Local decidability is undecidable by Theorem 55 and
Proposition 57, likewise tabularity. For logics of the form A(%), tabular-

ity and finite codimension coincide. The undecidability of the finite model
property is proved thus. Suppose that the finite model property is decidable.



Normal monomodal logics can simulate all others 43

Then a decision procedure can be given that decides whether ¥ presents a
one-element semigroup. Namely, take T. If A(%) fails to have the finite
model property, it is anyway not tabular. If A(%) has the finite model prop-
erty, however, it is decidable, because not only the theorems are recursively
enumerable, but also the nontheorems. (Namely, A(%) is finitely axiomati-
zable, and so the finite frames are enumerable.) Now, by Proposition 57,
T is trivial exactly when Op < p € A(T) as well as #p < p € A(%). Since
both problems are decidable, it can be decided whether or not ¥ is trivial.
Contradiction. Therefore, the finite model property is not decidable. The
same argument can be given for the global finite model property of X(%).
Since (%) has the local finite model property, it follows that the global
finite model property is not decidable. 4

We remark that what we have shown in fact is that it is not even decidable
whether a logic has the global finite model property when we know that the
logic has the local finite model property. That tabularity is undecidable has
independently been proved by ALEXANDER CHAGROV in [4].

Theorem 59 The following properties are undecidable for finitely axioma-
tizable bimodal logics on the basis of a finite axiomatization:

1. independent axiomatizability,
2. consistency,

3. containment of a given tabular logic.

Proof. (1.) Take the logics A(%). Suppose A(%) is independently axiom-
atizable. Then it is decidable, for it is the fusion of monomodal extensions
of K.Alty, which are all decidable. Hence if independent axiomatizability
is decidable, so is the problem whether A(%) presents a one—element semi-

group. Contradiction. (2.) Let @ be the one—element kripke frame with
both relations empty. Consider the logic X(T)UTh El This logic is consis-

tent iff Sgr(¥) contains a point which is irreflexive in both relations. This is
the case exactly when neither [e] = [w] nor [¢] = [b] iff neither w = enor b = ¢
are derivable in T. For in that case, neither [¢] < [¢] nor [¢] « [¢]. The latter
problem, however, is undecidable. Suppose otherwise. Then the problem
‘w s bor ba cis derivable’ is also decidable. That in turn is equivalent to
the problem whether A(%) is the fusion of two monomodal logics ©1 = A(4)
and Oy = A(4y) where 4 and iy are one-letter Thue processes. (One of
01 and O3 is actually trivial.) Since ©1 and O, are decidable and complete
(this is shown in [27]) their fusion, A(%), is decidable, by a theorem of [19].
A(%) is trivial if both © and Oy are trivial. This now is decidable. Hence
we can decide whether ¥ is trivial. But we cannot. So the supposition fails.
(3.) Assume that containment of © is decidable, and O is tabular, ® = Thf
for a finite kripke frame. We show that it follows that consistency is decid-
able. To that end, take a bimodal logic A. Test first whether it contains ©.
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If not, it is consistent. If yes, test all generated subframes of § whether they
are frames for A. If none of them is, A is inconsistent, otherwise consistent.

_|

Corollary 60 For a monomodal logic it is undecidable whether it is a sub-
frame logic.

Proof. This claim follows from the fact that for an extension © of Sim, O is
a subframe logic iff it is inconsistent or A = Th2®. (For let § be a O—frame.
If © is a subframe logic, the subframe & based on f* U f? is a frame for ©.
But & |= 6T. Hence f* U f* = (. So, the only Oframes are the empty
frame and the one-point frame.) It follows that for a bimodal logic A, A
is consistent iff A*™ is a subframe logic. Since the first is undecidable, the
latter is undecidable as well. A

The last two parts of the above theorem have also been shown by ALEXAN-
DER CHAGROV in [4]. With these results in our hands we can use the tech-
nique of fusion to obtain a number of cardinality and undecidability results.
The method has already been established with respect to decidability in [30].
Suppose that P is a property of logics such that the inconsistent n—modal
logics have 93, and which is reflected under fusion in the following sense. If
A®O has 5, then both A and © have . Now take a logic A that fails to have
PB. Then A ® O fails to have P iff @ is consistent. It follows that to have P is
undecidable, and that there exist 2% logics without 9. Such properties are
G—persistence, R—persistence, D—persistence, completeness, the finite model
property, elementarity, Sahlqvist, Halldén—completeness, interpolation and
many more. (To show this, one needs to establish that these properties
are reflected under fusion in each of these cases. It is enough to take A a
monomodal and © a bimodal logic. Reflection of 9B is straightforward for
the listed properties, see for example [19]. The preservation of 9 is in many
cases much harder to show, but not needed here.) However, this argument
does not allow to deduce that there are 2% logics with 9. In the case of tab-
ularity this is false. This scheme is therefore asymmetrical in this respect.
We will not spell out the results in detail; once the way to obtain them is
known, the results become of lesser importance.
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