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Chapter 1

Introduction

We investigate the decision problem for consequence relations which are complex
combinations of simple and well understood components. The obtained results
can be interpreted as preservation theorems for mappings which take a sequence
(F1,...,Fn) of logics and produce a combined system Com(Fq,...,F,). Re-
sults of this type have been of increasing importance since it became clear that
application domains mostly require rather complex hybrid description or speci-
fication languages while theoretical results and implementable algorithms are at
hand only for simple basic components. This direction has manifested itself in a
number of international conferences (e.g. “Frontiers of Combined Systems” and
subsequent volumes [Baader and Schurz 1996], [Gabbay and de Rijke 1999]),
and special issues on combined systems of Studia Logica [Gabbay and Pirri
1997] and Notre Dame Journal of Formal Logic [De Rijke and Blackburn 1995].

Our main concern in this monograph are combined modal logics, where the
term ‘modal logic’ is understood in a broad sense, covering among others tem-
poral, epistemic, deontic, dynamic, and provability logic—based both on propo-
sitional and first-order logic—as well as knowledge representation formalisms
like description logics. Mostly those families of logics have been studied sepa-
rately focusing on one-dimensional relatively simple ones. In realistic applica-
tion domains, however, those pure modal formalisms are not flexible enough and
hybrids like temporal epistemic logics, bimodal provability logics, and modal de-
scription logics are required. For hybrids of this type we investigate the decision
problem. More precisely, we consider the following families of logics:

¢ fusions of modal logics,

e logics closely related to bimodal provability logics,

logics with the converse operator (alias tense logics),

products of modal logics,

modal logics based on description logics,

7



8 CHAPTER 1. INTRODUCTION

e fragments of first-order modal logics,
e fragments of first-order temporal logics.
The decision problem for a logical system F is formulated as follows:

Does an algorithm exist that is capable of deciding, given any two
formulas ¢ and ¢ of the system under consideration, whether ¢ = ¢ ?

From the very early days of mathematical logic this problem has been distin-
guished as one of the most important and fundamental. Indeed, to a large extent
logic is concerned with constructing syntactic characterizations of semantically
defined consequence relations, and decision procedures can be regarded as ef-
fective characterizations of that sort.

This aspect—effectiveness (or programmability) of logical systems—makes
the decision problem fundamental in Artificial Intelligence and Computer Sci-
ence as well. However, the practical use of decidability results in these disciplines
is not that obvious.

Undecidability results are clearly useful: they warn us not waste time trying
to implement a complete decision algorithm. A ‘negative’ solution to the de-
cision problem for I opens then a new research programme: (1) to find sound
(but incomplete) algorithms deciding -, (2) to search for decidable fragments
of I, (3) to modify F making it decidable, etc.

On the other hand, a positive decidability result does not guarantee yet that
trying to implement a decision procedure is not a waste of time. It may seem
that the only use of a positive solution to the decision problem consists in the
conclusion that it is not provable (with the existing concepts in recursion and
complexity theory) that implementing a decision procedure is hopeless.! This
interpretation of decidability results can hardly justify spending an enormous
amount, of energy for obtaining them.

Actually, it is not only the result itself and not only an indication how to
implement a decision procedure which motivates the researcher, but also a deep
insight into properties of the logical system that can be extracted from the
decidability proof® (see e.g. [Gurevich 1990, 1995] for a similar position). To
conclude this discussion: we believe that the decidability theorems we present
in this monograph are of interest mainly because the proofs provide a better
understanding of the properties of the logics under consideration and are often
useful for the design of implementable procedures. Of course, it would be useful
to refine the decidability results by means of investigating the complexity of

IEven this cautious claim may appear too strong. For example, here is a citation from
[Johnson 1990]: “Even those unimpressed with the difficulty of problems in 2- or 3-EXPTIME
will have to admit that if a problem is decidable but not in ELEMENTARY, it might as well
not be decidable at all.” So, according to Johnson, there are concepts in complexity theory
which allow us to classify certain decidable problems as “non-implementable” ones. We do
not agree with this for the simple reason that even a non-elementary problem may be solvable
in polynomial time in all practical cases. For certain non-elementary problems a useful and
complete decision algorithm may exist.

2That is why decidability results obtained by means of embeddings into extremely expres-
sive calculi (like monadic second-order logic S15 or SwS) are often rather disappointing.
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the decision problems. This will not be done explicitly in the present work.
It suffices to say that the complexity of the problem often follows immediately
from the decision procedure delivered.

We briefly introduce the combined logics which are investigated in this mono-
graph.

1.1 Fusions of Modal Logics

Chronologically, fusions of modal logics were probably the first type of com-
bined modal systems successfully investigated in a systematic manner, see e.g.
[Kracht and Wolter 1991], [Fine and Schurz 1996], [Spaan 1993]. One reason
for this is that the formation of fusions is the simplest and most frequently
used way of combining logics: multi-agent logics of knowledge are often nothing
else but fusions of single-agent systems of knowledge (see the discussion below);
PDL (propositional dynamic logic) without iteration based on atomic programs
a;,i € N, is the infinite fusion of the unimodal logics based on the single pro-
grams «;; basic temporal epistemic logics are fusions of temporal and epistemic
logics; and so on. But we first give a rough definition: consider two modal
logics L; and Ly formulated in languages £1 and £, with disjoint sets of modal
operators (but the same non-modal base). Then the fusion Ly ® Ly of Ly and
L is the smallest modal logic L containing Li U Lo. In other words, if L; is
axiomatized by a set of axioms Az; and L is axiomatized by Az, then L; ® Lo
is axiomatized by the union Az, U Azs. This means that no axioms contain-
ing operators from both languages, £ and L», are required to axiomatize the
fusion of L and L,. The operators in £; and L, remain independent, they do
not interact. Here are two well-known applications of fusions:

e Consider an agent A and a modal epistemic logic L4 with the modal
operator [agent A knows] intended for reasoning about the knowledge of
A. Suppose now that Lp is another modal epistemic logic formalizing the
knowledge of agent B by means of the operator [agent B knows]. Suppose
we are looking for a formalism with the capacity of representing not only
the knowledge about “objects” of A and B but also, say, their knowledge
about each other’s knowledge.

Naturally, we then take the bimodal epistemic language with both opera-
tors [agent A knows] and [agent B knows]. How to design the underlying
logic for reasoning in the combined language? Of course, the logic should
contain L4 U Lg, since the principles governing a single knowledge opera-
tor should remain the same in the bimodal case. So it should contain the
fusion L4 ® Lp. If nothing is known about the relation between A and
B then certainly we should not add any axiom containing both operators
[agent A knows] and [agent B knows]. This means that the fusion L4 ® Lp
is the modal epistemic logic for reasoning about knowledge for the two
agents A and B. Actually, all standard multi-agent logics of knowledge
are composed from single-agent logics of knowledge in this way, consult
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e.g. [Fagin et al. 1995] and [Meyer and van der Hoek 1995].

e Modal epistemic logics are of interest in order to formalize reasoning about
knowledge in a situation when agents have incomplete information. How-
ever, they can describe static domains only, and do not have the expressive
power to reason about, for example, changes of knowledge when new infor-
mation is available or certain facts are forgotten. To construct a language
which captures various dynamic features of knowledge, a new temporal or
dynamic dimension has to be added to the epistemic one. Let us consider
the case when the temporal operator ¢/ (until) is added to a modal epis-
temic logic. Our language now has the modal operators [agent A knows]
and . And again, it seems natural to start constructing an axiomati-
zation of the desirable combination of epistemic and temporal logic by
taking their fusion. When doing that, we assume no interaction between
time and knowledge: so agents may forget, may learn, etc. Actually such
a fusion is the basic temporal epistemic logic introduced in [Fagin et al.
1995] and many other approaches.

In conclusion, at least implicitly fusions of modal logics have been studied for a
long time already.

So far we considered fusions only from the syntactic viewpoint. However, at
least for Kripke-complete logics, fusions have a very natural semantic interpreta-
tion as well: consider two classes Iy and K, of frames with n and m accessibility
relations, respectively, both of which are closed under disjoint unions and iso-
morphic copies. The fusion K1 ® Ky of K1 and Ky is the class of structures of
the form

(W,R1,... ,Rp,S1,.-.,Sm)

such that (W, Ry ... ,R,) € K1 and (W,Sy,...,Sn) € K. Thus, £; ® Ky
consists of arbitrary combinations of structures from C; and Ks. It should
be clear that if Xy and Ky determine logics Ly and Ls, respectively, then all
structures in Ky ® Ks validate the fusion Ly ® Ls. It is, however, non-trivial to
prove that actually the converse also holds, i.e., K1 ® Ky determines L; ® Ls.
This was established in [Kracht and Wolter 1991] and [Fine and Schurz 1996],
and provides a semantic equivalent to the syntactic notion of fusions, at least
as far as complete logics are concerned.
In Chapter 2 the following transfer results are proved:

e The fusion of two decidable normal polyadic polymodal logics is decidable
as well.

e The fusion of two normal polyadic polymodal logics with the (uniform)
interpolation property has the (uniform) interpolation property as well.

e The global consequence relation of the fusion of two arbitrary polyadic
polymodal logics is decidable whenever the global consequence relations
of its components are decidable.
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Thus, Chapter 2 solves a number of preservation problems which remained open
in [Kracht and Wolter 91] and [Fine and Schurz 1996] and we have, as far as
decidability is concerned, a complete reduction of fusions to their fragments.

This result relies heavily upon the fact that we combine modal languages
and not, say, first-order theories, where such a result is not available®. The
nice behavior of fusions for modal languages is useful in Description Logic as
well: having, say, a decidable description logic with one transitive role, another
decidable description logic with one functional role, and one more description
logic with one ordinary role, and taking a suitable fusion of them, we can con-
struct a decidable description logic with arbitrarily many transitive, functional,
and ordinary roles. While first-order logic does not behave well under forming
fusions description logic does.

1.2 Bimodal provability logics

The definition of fusions is motivated intrinsically as a natural and useful way
to combine modal logics. In this chapter we study a different type of combined
modal logics: we semantically define a class of bimodal logics which contains
all standard bimodal provability logics and prove the decidability of all finitely
axiomatizable logics in that class.

First recall some facts about the behavior of provability predicates: suppose
the predicate Pry(-) represents provability in a formal system T of, say, arith-
metic or set-theory. Say that a mapping ¢ from the set of modal formulas (in the
language with the modal operator O) into the language of T' is an interpretation
iff ¢(p;) is an arbitary formula, for every propositional variable p;, and

tlp ) = tp) At(),
t(—p) —(t(p)),
t(@p) = Prr(y).

Now, the set of T-valid Prr(-)—schemata is

{x : for all interpretations ¢, T F t(x)}.

According to Solovay’s completeness theorem [Solovay 1976] (see also [Boolos
1993] for a survey), for almost all interesting and reasonably expressive theories,
e.g. for PA (Peano Arithmetic), PRA (Primitive Recursive Arithmetic), and
ZF (Zermelo Fraenkel Set-theory), the set of valid schemata coincides with the
modal logic GL. In particular, the behavior of the provability predicate does not
reflect properties of the underlying theory. The situation is different when the
interaction between two provability predicates induced by two different theories
is taken into account. Consider, for example, the theories PRA and PA, the
induced provability logics of which are equal (and coincide with GL). Certainly

3For example, the first-order theory of one equivalence relation ~ has the finite model
property and is decidable. However, the first-order theory of two equivalence relations ~; and
~9 is undecidable, see [Janiczak 1953].
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the bimodal logic of the PRL-valid schemata for both Prpg,(-) and Prp,(:)
contains the fusion GL ® GL. It is not difficult to prove, however,

PRL F Proga(@) = Prea(y) and

PRL F Pros(Prega(e) — ¢).

So it contains at least the interaction axioms O;p — Oop and Oy (Osp — p) as
well and is a proper extension of the fusion. Moreover, PA F Prpg, () — ¢ but
PRA  Pregra(p) — ¢, and so the set of valid PA-schemata does not coincide
with the set of valid PRA-schemata. In a similar manner a variety of systems
of bimodal provability logic can be discovered the modal operators in which
interact in a non-trivial way, see [Visser 1995]. Hence bimodal provability logics
form a subtler class of combined systems than fusions, and it is of interest both
from the “combining systems” viewpoint as well as the viewpoint of provability
logic to obtain a uniform decision procedure for the resulting systems.

In this chapter we prove that all finitely axiomatizable subframe logics con-
taining the basic bimodal provability logic CSM, (named so by Visser after
Carlsson, Smorynski, and Montagna) are decidable. Observe that all the sys-
tems introduced in [Visser 1995] are in fact subframe logics containing CSMj.
It is worth mentioning that from a technical viewpoint this result is of inter-
est because most of those logics are not determined by Kripke frames. We
are forced to work with general frames in the sense of [Goldblatt 1976] and
[Goldblatt 1989].

1.3 Adding the converse operator

Form, for a class K of frames of the form (W, Ry, ..., R,) the class of frames
Kt={(W,Ry,...,Ro,R;",... ,R,*) : (W,Ry,... ,Ry) € K}.

So K.t results from K by adding the converse relation Ri_1 for each accessi-
bility relation R;. While structures in K interpret languages with n operators
Oy,...,0, the structures in K.t interpret the language with 2 - n operators
0;, Dgl, for i < n, where Df is interpreted by R;l in the standard manner.
Switching from a logic determined by K to a logic determined by K.t appears
quite frequently:

e Suppose K consists of flows of time (T, <) in which < is interpreted as the
precedence relation between points in time. ¢t = Oy is interpreted as “p
holds always in the future of t”. The unimodal language with O can make
assertions about the future only, reference to points of time in the past
is impossible. By adding the backward modality O~! to this unimodal
language we can reason about the past as well. We refer the reader to the
appendix for a brief introduction to some temporal logics.

e Similarly, one can increase the expressive power of PDL by adding (for
every program «) the operator [a~'] to the language. While modalities of
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the form [«] are used to express weakest preconditions backward modalities
[@!] can be used to express strongest postconditions, see [Vardi 1985],
[Lichtenstein et al. 1985], [Henzinger et al. 1998], and [De Giacomo and
Masacci 1996]. We refer the reader to the appendix for a brief introduction
to PDL and converse PDL.

e The addition of inverse roles Rl_l, ..., R! to astandard description logic
corresponds to the addition of converse modal operators Dl_l, N 7
a modal logic. (The appendix provides a brief introduction to description
logic.) So, results for modal logics with the converse operator apply to
description logics with inverse roles. We refer the reader to [De Giacomo
and Lenzerini 1996] and [Horrocks and Sattler 1998] for applications of
inverse roles in description logic.

In Chapter 3 we investigate the transfer of properties from L(K) to L(K.t).

General positive results are available only under a number of conditions:
firstly, the investigation is restricted to unimodal logics. This seems justified
because mostly a combination with the preservation results about fusions allows
the transfer to the polymodal case: for suppose that L = L; ® --- ® L, is the
n-fusion of modal logics Ly,...,L, and we can show (1) the decidability of
every L; and (2) that the mappings L; — L;.t preserves decidability (here L;.t
denotes L; plus converse), for all ¢ < n. Then, by the preservation result for
fusions, L.t = L1.t®---® Ly.t is decidable. This argument applies, for example,
to PDL without iteration and various description logics.

More severe is another restriction of our investigation: we confine ourselves
with unimodal logics which are determined by transitive frames. This is mostly
not justified for description and propositional dynamic logics. However, since
precedence relations are mostly assumed to be transitive, we still cover temporal
logics.

But actually the restriction to transitive frames has turned out to be ex-
tremely fruitful: it allows us to obtain a number of surprising and beautiful
results about the transfer of properties from L(K) to L(K.t). We will be con-
cerned with transfer of decidability, the finite model property, and axiomati-
zations. Throughout the following brief survey of the obtained results assume
that X is a modally definable class of transitive frames. We are going to show:

e The logic L = L(K.t) is axiomatized by adding the axioms p — OO 1p
and p — O 1¢p to L(K) @ K whenever K is closed under forming cofinal
substructures, is of finite width, or is of finite depth. It is shown as well
that this does not hold in general.

e L(K.t) is decidable whenever L(K) is finitely axiomatizable and K is closed
under forming cofinal substructures.

e In this case L(K.t) has the finite model property iff K is a first-order
definable class of structures.
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Various extensions of these results are discussed. Observe that the presented
results cover basically all interesting classes of transitive frames, in Table A.1
all logics containing K4 turn out to be cofinal subframe logics.

1.4 Products of Modal Logics

This chapter investigates the decision problem for propositional modal logics
interpreted in (cartesian) products of Kripke frames: the product

FXS=(WXxV,Ry,..., R, S1,...,Sm)

of two Kripke frames § = (W, Ry,... ,R,) and & = (V, Sy,...,Sy,) is defined
by putting
(w,v) R; (w',v") iff v = 0" and wR;w’

and
(w,v) S; (w',v') iff w=w"and vS;v'.

The product L; x Ly of two modal logics Ly and L is the logic determined
by the class of products § x & such that § and & validate L; and Ls, respec-
tively. In contrast to “flat” modal logics products enable us to model different
dimensions of an application domain in one formalism, a typical example is a
domain comprising both a spatial and a temporal dimension. In this case L;
is a temporal logic while L, is a modal logic for space*. We mention also the
“temporal logics of agency” in [Fagin et al. 1995], where a temporal dimension
is combined with a dimension consisting of the states which are believed to be
possible or impossible by certain agents. Here L is again a temporal logic while
L5 is a modal epistemic logic. In contrast to the fusion L; ® Lo discussed above
in L; x Ly we have interaction between the epistemic and temporal operators:
the formula

[always][agent A knows|p <> [agent A knows][always]ep,

for example, is valid in all products. The reason is that the accessibility relations
interpreting the epistemic operators at each moment of time are independent
from the temporal dimension. Thus, in contrast to the “fusion-model” in prod-
ucts agents cannot forget, do not learn, and know time.

Products also form (fragments of ) modal predicate logics, where the “object—
dimension” is represented by models of first-order predicate logic and the inten-
sional (or dynamic, or temporal) dimension by means of accessibility relations
interpreting modal operators. Recently, products have found applications in
Knowledge Representation, where they are used to add a dynamic (or epis-
temic) dimension to static description languages, see e.g. [Baader and Ohlbach
1995], [Wolter and Zakharyaschev 1998]. The latter aspect of products will be

4For Ly we can choose, for example, the logic S4 determined by the class of topological
spaces in which O is interpreted as the interior operator. Taking the product L; X S4 means
that the structure of the topological space is independent from the temporal dimension.
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considered in the next chapter. We refer the reader to [Gabbay and Shehtman
1998] for references to further applications.

Consequently, products of modal logics have been investigated intensively in
the last years, see e.g. [Marx and Venema 1997], [Reynolds 1997], [Gabbay and
Shehtman 1998, 1999], [Marx and Reynolds 1999], [Reynolds and Zakharyaschev
1999], [Kurucz 1999], and [Marx 1999]. Early references are [Segerberg 1973]
and [Shehtman 1978, 1987].

It turned out, however, that from a technical viewpoint products of modal
logics are mostly considerably more complex than their “flat” fragments. We
are alluding here to various undecidability results for products of rather well
behaved modal logics. For example, the following products are undecidable:

e K4.3 x K4.3, i.e., the bimodal logic determined by frames of the form
§ x & such that § and & are transitive and weakly linear, see [Reynolds
and Zakharyaschev 1999].

e K, xK,, i.e., the 4—modal logic determined by products of frames of the
form (W, R,W x W), see [Marx 1999].

Positive results turned out to be hard to obtain, we refer the reader to the
decidability proof for the products K, x K, and S5 x K,, in [Gabbay and
Shehtman 1998], here K,,, denotes polymodal K with m modal operators.

In this chapter we are going to prove the decidability of products of the form
L x K,,, for a number of expressive modal logics L. The main result states that
the product of converse PDL (CPDL, for short) and K,, is decidable.

The decidability of various other logics interpreted in products of Kripke
frames follows immediately from our result, or can be proved by means of
straightforward modifications of the method presented: the decidability of the
products S4 xK,,, and K4 x K, is an obvious corollary. The product 555 x K,
of the modal logic of common knowledge for n agents 552 and K,,, is embedded
in our system, and so decidable. Moreover, for a number of products of temporal
logics and polymodal K we obtain decidability by combining the method pre-
sented in the present monograph with the technique developed in [Wolter and
Zakharyaschev 1999¢]; this applies, for example, to the temporal logic PTL con-
sisting of all formulas composed from propositional variables by means of the
boolean operations and the binary operators Until and Since which are valid in
(N, <).

The listed products can be interpreted in different ways. For example, SSS X
K is a fragment of the temporal logic of agency of [Fagin et al. 1995] in which
agents do not forget, do not learn, and know time. In contrast to the full system
it is decidable.

Our main interest, however, in products of the form L x K, relies on the fact
that they form natural fragments of modal predicate logics: recall that K,, can
be regarded as a fragment of first-order predicate logic (consult [van Benthem
1985], where the connection between modal and predicate logic is investigated
in detail). Thus, products of the form L x K,,,, L a modal logic, can be regarded
as fragments of modal predicate logics the modal part of which coincides with
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L. More precisely, they are fragments of modal predicate logics interpreted in
models with constant domain with globally interpreted binary predicates (the
accessibility relations).

So, by forming the products mentioned above, we obtain rather expressive
but still decidable fragments of modal predicate logics: recall that propositional
dynamic logic PDL and its extensions like CPDL were introduced for reason-
ing about the behavior of non—deterministic programs, see e.g. [Harel 1984].
Moreover, this formalism turned out to be useful also as a basis for logics of
action and for deontic logics, see e.g., [Segerberg 1980], [Prendinger and Schurz
1996], [de Giacomo and Lenzerini 1995], and [Meyer 1988]. Hence, the product
of converse PDL and polymodal K is a decidable basis for a first-order logic
of action. 555 is a propositional logic for reasoning about common knowledge,
see [Fagin et al. 1995]. So, SSS x K, is an expressive and decidable first-order
logic of common knowledge. And products of temporal logics with K,,, can be
regarded as decidable formalisms for representing processes.

1.5 Modal description Logics

Description logics are often characterized as logic-based formalisms intended
for representing knowledge about relations between concepts and supplied with
effective reasoning procedures and a Tarski-style declarative semantics. A stan-
dard example is the description logic ALC (see [Schmidt-Schaufl and Smolka
1991]) in the syntax of which the “definition” above can be represented as fol-
lows:

Description_logic = Knowledge_representation_language A
Logic A Jis_decided_by.Algorithm A
Thas. Tarski_semantics.

ALC : Description_logic.

Here Description_logic, Knowledge_representation_language, Logic, Algorithm, Tar-
ski_semantics are concept names (unary predicates), is_decided_by and has are role
names (binary predicates) and ALC is an object name (individual constant).

Created in the 1980s as a direct successor of semantic networks and Min-
sky frames, description logic has found a wide range of applications (e.g. to
information systems [Catarci and Lenzerini 1993], databases [Borgida 1995],
software engineering [Wright et al. 1993]), a dozen knowledge representation
systems based on various description logics have been implemented (e.g. BACK
[Quantz and Kindermann 1990], [Peltason 1991]), CLASSIC [Borgida et al.
1989], [Brachman et al. 1991], DLP [Patel-Schneider 1998], FACT [Horrocks
1998], KRIS [Baader and Hollunder 1991], and SB-ONE [Kobsa 1989], and a
rich family of description languages of different expressive power and complexity
has been constructed (see e.g. [Brachman and Schmolze 1985], [Donini et al.
1996], and [Calvanese et al. 1999]).
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Although the existing description languages provide a wide choice of con-
structors usually they are suitable to represent only static knowledge and are
not able to express various dynamic aspects such as time-dependence, beliefs
of different agents, obligations, action etc. For example, in every standard de-
scription language we can define a concept “good car” as, say, a car with an
airconditioner:

good car = car A Jpart. airconditioner. (L.1)

However, we have no means to represent the subtler knowledge that only agent
A believes (1.1) to be the case, while agent B does not think so:

[agent A believes](1.1) A —[agent B believes](1.1).

Nor can we express the fact that (1.1) holds now but in future the notion of a
good car may change (since, for instance, all cars will have airconditioners):

(1.1) A {(eventually) =(1.1).

A way to bridge this gap seems to be quite clear: while description logics are
suitable to represent static domains modal logics are designed for reasoning
about dynamic and intensional ones; a combination of both should be capable
of representing domains comprising both dynamic as well as static aspects.
However, it turns out that there are several ways to combine the two languages
and a number of parameters that determine the design of a modal extension of
a given description language:

(I) First, modal operators can be applied to different kinds of well-formed
expressions of the description language.

One can apply them only to conceptual and assertional axioms thereby form-
ing new axioms of the form:

[agent A believes]( good car = car A Jpart. airconditioner),

[agent A believes](rich(John)).

Modal operators can be applied to concepts in order to form new ones:
[agent A believes|expensive

(i.e., the concept of all objects A believes to be expensive).
By allowing applications of modal operators to both concepts and axioms
we obtain expressions of the form

[agent A believes]|(good car = [agent B believes]good car)

(i.e., A believes that a car is good if and only if B thinks so).

Finally, one can supplement the options above with modal operators appli-
cable to roles. For instance, to describe the class of people always voting for the
same party we can use the axiom

Faithful_voter = human_being A J[always]votes.Party.
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(By swapping 3 and [always] we get the class of people always voting for some
party.)

(IT) All these languages are interpreted with the help of the possible world
semantics in which the accessibility relations between worlds treat the modal
operators, and the worlds themselves consist of domains in which the concepts,
role names and object names of the description component are interpreted.

So the modal description logic depends both on the set of selected modal
(alias temporal, epistemic, deontic, dynamic etc.) operators and the conditions
we impose on the corresponding accessibility relations.

(III) When connecting worlds—that is ordinary models of the pure descrip-
tion language—bhy accessibility relations, we are facing the problem of connect-
ing their objects. Depending on the particular application, we may assume
worlds to have arbitrary domains (the varying domain assumption), or we may
assume that the domain of a world accessible from a world w contains the do-
main of w (the ezpanding domain assumption), or that all the worlds share the
same domain (the constant domain assumption). Consider, for instance, the
following axioms:

—[agent A knows](unicorn = L),

[agent A knows]—-unicorn = T.

The former means that agent A does not know that unicorns do not exist, while
according to the latter, for every existing object, A knows that it is not a unicorn.
Such a situation can be modeled under the expanding domain assumption, but
these two formulas cannot be simultaneously satisfied in a model with constant
domains.

(IV) Following [Calvanese 1996], one can distinguish between models with
finite and infinite domains. In various applications of pure description logics
finite domains seem preferable: after all the real world a knowledge base is
talking about is finite.

(V) Finally, one should take into account the difference between global and
local symbols. In our context, the former are the symbols having the same
extension in every world in the model under consideration, while the latter
are those whose interpretation is not fixed. For example, while ‘Manchester
United’ should be interpreted as a global name (alias rigid designator) the name
‘Champions league winner’ should (hopefully) be local; ‘loves’ seems to be a
typical local role, while ‘mother_of” is global.

The choice of those parameters determines the properties of the resulting
system. Chapter 5 provides an analysis of the decision problem for nearly all
possible combinations. We consider two different types of satisfaction problems:

o the satisfaction problem for formulas®; that is to say, the problem whether
for a given formula ¢ there exists a model and a world w in it in which ¢
is true, and

5Here and in what follows the axioms of ordinary description logic as well as the expressions
obtained by applying boolean and modal operators to them are called formulas; the term axiom
does not make sense in this general context.
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e the satisfaction problem for concepts; that is to say, the problem whether
for a given concept C' there exists a model and a world w in it in which
the concept has a nonempty extension.

Roughly speaking, the results are as follows (we summarize here the results
for models with constant and possibly infinite domains, information about the
decision problem in other models will be discussed later):

MD1 The first main result is proved by applying the decidability result for prod-
ucts: it says that for languages with modal operators applied to concepts
(and not to roles), and global as well as local roles the satisfaction prob-
lem for concepts is decidable for rather expressive modal logics (e.g., the
dynamic logic CPDL, the epistemic logic 855, and the temporal logic
PTL) based on ALC.

MD2 The second series of results shows that for languages with modal opera-
tors applied to formulas, concepts, and roles the satisfaction problem for
formulas is decidable for weak modal logics like K,,, and S5,, based on
ALC. Tt is undecidable, however, for the logics PDL, 855, n > 1, and
PTL based on ALC.

MD3 The third series of results shows that for languages with modal operators
applied to formulas as well as concepts (but not to roles) and local roles
only the satisfaction problem for formulas is decidable for combinations of
rather expressive modal and description logics; e.g., whenever the modal
logic is one of CPDL, 555, or PTL and the description logic is CZQ.

Some combinations of modal and description logics have been considered else-
where already, we mention [Laux 1994], [Schild 1993], [Baader and Laux 1995],
and [Baader and Ohlbach 1995]. Those logics and their relation to our logics
will be discussed in the chapter as well.

1.6 Fragments of first-order modal logics

The products L x K,, as well as the modal description logics considered in
the previous chapter are fragments of modal predicate logics (possibly extended
by means of the transitive closure of binary relations). Though motivated by
possible applications the definitions of those fragments remain somewhat ad
hoc, at least from the viewpoint of modal predicate logic. In this and the final
chapter of this monograph we are concerned with more uniform strategies to
single out decidable fragments of modal and temporal predicate logics. This
question is quite similar to the classical decision problem, i.e., the problem to
find expressive and decidable fragments of first-order logic. Here are only three
examples (out of dozens) of fragments of first-order logic which turned out to
be decidable (the choice is not accidental—we shall use these results later on):

e the fragment containing only monadic predicate symbols [Behmann 1922];
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e the fragment with only two individual variables [Scott 1962], [Mortimer
1975]; ¢

e the guarded fragment containing formulas of the form

W (G(Z,9) A e(T,7)),
where the guard G(7,7) is atomic” [Andreka et al. 1998].

The current state of art in this field is presented in the recent monograph [Borger
et al. 1997].

On the other hand, for modal logicians the decision problem in fragments
of first-order modal logics seemed almost hopeless. The following list covers
almost all known results (save those obtained in the two preceding chapters)
and seemed to leave not much space for a maneuver:

e the monadic fragment (even with a single unary predicate symbol) of prac-
tically all modal predicate logics is undecidable [Kripke 1962] (see also
[Hughes and Cresswell 1996]);

e the two-variable fragment of practically all modal predicate logics with
constant domains (without equality and function symbols) is undecid-
able [Gabbay and Shehtman 1993]; for example, such is the two-variable
fragment of the predicate logics based on K, K4, S4, etc. Only the one-
variable fragment of various standard modal predicate logics turns out to
be decidable (see [Fischer-Servi 1978], [Segerberg 1973], [Shehtman 1987],
[Artemov and Dzhaparidze 1990]);

e the definition of the guarded fragment of first-order logic can be lifted in a
straightforward manner to define the guarded fragment of modal predicate
logics. Theorem 7.13 below shows that this fragment is not recursively
axiomatizable, for many natural modal predicate logics.

The main aim of the final two chapters is to define and investigate a new, un-
orthodox kind of sub-languages of the first-order modal and temporal language
which, on the one hand, is considerably more expressive than the one-variable
fragment, yet on the other hand gives rise to decidable fragments of first-order
temporal logics. Roughly speaking, these fragments are obtained by:

(1) restricting the pure classical (non-modal) part of the language to an arbi-
trary decidable fragment of first-order logic, and

(2) restricting the modal part of the language to monodic formulas, i.e., for-
mulas whose subformulas beginning with a modal operator have at most
one free variable. (In other words, we restrict modalities de re to formulas
of one free variable and impose no restrictions whatsoever on modalities
de dicto.) In what follows we denote the set of monodic formulas by PL;.

6The fragment with binary predicates and three variables is undecidable [Suranyi 1943].
"For a precise definition see Section 7.5.
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Condition (1) allows the use of classical decidability results to select a suitable
first-order part of the language, while (2) leaves enough room for non-trivial
interactions between quantifiers and modal operators (as in the Barcan formula,
JzOp(z) < OJwp(x))®. Within this framework we obtain, for instance, the
decidability of the one-variable fragment of various modal predicate logics simply
by using the fact that the corresponding non-modal fragment is decidable. Other
examples are

e the two-variable fragment of PL;,

e the monadic fragment of PLy,

e the guarded fragment of PL;, and

e the modal description logics described in [MD3] above®.

It is not our aim in this chapter to prove the decidability of fragments of as
many modal predicate logics as possible (actually, that might be quite boring;
modal logic has already passed through this experience). Instead we deal with
only one sufficiently representative polymodal logic QK* with two necessity
operators: O interpreted in models (with constant and expanding domains) by
an arbitrary binary relation < and O* interpreted by the transitive and reflexive
closure of <. The reason for selecting QK™ is purely technical. First, it is
complex enough to show how our method works. On the other hand, it is not
too sophisticated to involve too many technical details and special cases. For
example, we could have taken quantified CPDL or 555, but this would require
to explain details that are not necessary to understand the method. Actually
the investigation of the product CPDL x K,, shows how the method can be
extended to more expressive logics.

1.7 Fragments of first-order temporal logics
In this chapter we consider the monodic fragment (called 7 £;) of the first-order

temporal language with the binary operators Since and Until (denoted by T L)
interpreted in flows of time which are strict linear orderings. The motivation

8 Actually various formulas which are known to “cause” incompleteness of standard modal
predicate logics are in the monodic fragment. For example, the formula OVz(P(z) —
OP(z)) — OVz(OP(z) — P(z)) can be used to show the incompleteness of the minimal
predicate extensions of various standard propositional modal logics containing S4, see [Ghi-
lardi 1991] and the survey [van Benthem 1996, page 332]. So we observe in the monodic
fragment already most of the interesting phenomena arising in modal predicate logic.

90bserve that the application of modal operators to roles, concepts, and formulas in modal
description logics corresponds to the application of modal operators to formulas with two, one,
and zero free variables in first-order modal logic, respectively. So modalized roles are not in
PL; and the modal description logics of [MD2] are not covered. Observe as well that global
roles are not definable in PL; so that the modal description logics of [MD1] are not in PL.
The situation will be discussed in more detail in the chapter.
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for this investigation is similar to the previous chapter: even more than stan-
dard modal logic temporal logic has found numerous applications in CS, rang-
ing from the traditional and well-developed fields of program specification and
verification [Pnueli 1986], [Manna and Pnueli 1992, 1995], temporal databases
[Chomicki 1994], [Chomicki and Niwinski 1995], [Abiteboul et al. 1995, 1996],
[Sernadas 1980], [Gabbay et al. 1999], and distributed and multi-agent systems
[Fagin et al. 1995], to more recent uses in knowledge representation and reason-
ing, see the chapter on modal and temporal description logics. This is true of
both propositional and first-order temporal logic. However, the mainstream of
theoretical studies in the discipline has—like in Modal Logic—mostly been re-
stricted to the propositional case, witness the surveys [Emerson 1990], [Stirling
1992], and [van Benthem 1996] , or the two-volume monograph [Gabbay et al.
1994, 1999] where only one chapter is devoted to first-order temporal logics.

Apparently, the reason for this situation is similar to the modal case: though
some axiomatizations of first-order temporal logics are known (see e.g., [Reynolds
1996]), a series of incompleteness theorems [Abadi 1987], [Andreka et al. 1979],
[Gabbay et al. 1994], [Garson 1984], [Kroger 1990], [Merz 1992], [Szalas 1986,
and [Szalas and Holenderski 1988] started by unpublished results of Scott and
Lindstrém in the 1960s, show that many of the first-order temporal logics most
useful in CS are not even recursively enumerable. Standard fragments turned
out to be undecidable.

The bulk of this chapter is devoted to showing that the restriction to monodic
formulas allows the construction of decidable fragments over various flows of
time. We obtain, for instance, that the two-variable monodic fragment and the
guarded monodic fragment are decidable when the flow of time is arbitrary,
finite, (N, <), (Q,<) and the domain is arbitrary but constant. For (N, <)
we will consider models with finite constant domain as well. While the proofs
for the flow of time N provide explicit and elementary satisfiability—checking
algorithms, the proofs for the remaining classes of flows of time are conducted
by means of a reduction to Biichi’s and Rabin’s decidability theorems. More
decidability results, in particular for R, can be found in [Hodkinson et al. 1999].

Our results also apply to two-sorted first-order languages in which one sort
is specially intended for talking about time. The predicate temporal language
T L provides only ‘implicit’ access to time: quantification over points in time in
the sense of first-order logic is not permitted, and the only means of expressing
temporal properties is by the temporal operators Since and Until. A common
alternative is to reason about time explicitly, using first-order logic. Following
this approach in the propositional case yields monadic first-order logic inter-
preted in strict linear orders, while in the predicate case it leads to a two-sorted
first-order language, called ‘7S’ in what follows, one sort of which refers to
points in time and the other to the first-order domain.

The relation between 7L and 7S has been investigated intensively in the
context of temporal databases (see, e.g., [Abiteboul et al. 1995, 1996], [Chomicki
1994], and [Chomicki and Niwinski 1995] . In the propositional case, both
languages are known to have the same expressive power over most classes of
flows of time, i.e., the temporal propositional language is expressively complete,
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see [Kamp 1968], [Gabbay et al. 1994], and the appendix. This turns out not
to be so in the first-order case: the formula

Eltlatg(tl <ta A Vf(P(tl,f) L d P(tg,.’t)))

is not expressible in 7L over any interesting class of flows of time [Abiteboul et
al. 1995, 1996], [Chomicki 1994]. However, it remained open in the literature on
temporal databases whether there is a natural characterization of the fragment
of TS for which T L is expressively complete. We will show that a natural such
fragment—called T S1;—consists of all formulas in which ‘domain’ quantifiers Va
are applied to formulas with at most one free temporal variable (observe that
this condition, approximately dual to monodicity, is violated in the formula
above). Moreover, the fragment 7L£; of monodic 7 £-formulas turns out to be
expressively complete for the fragment 7S of monodic 7 Sys-formulas. The
translation from 7Sy into 7L is effective, so all our decidability results for
fragments of 7Ly carry over to the corresponding fragments of 7S;.

We close the introduction with a brief remark concerned with what we believe
is the main technical contribution of this monograph: none of the decidability
proofs we present, is based on the finite model property; in fact, nearly all logics
we consider lack the fmp and standard model-theoretic techniques to proof
decidability—filtration, reduction to Rabin’s theorem, etc.—play a minor role
only. On the contrary, about four or five new methodologies to establish the
decidability are developed.

Notation and prerequisites

Throughout this monograph we use standard notation of Logic. Most of the
notation is fixed in the appendix. The only exception is Chapter 2 which is,
in contrast to the other chapters, based on algebraic methods. For that reason
in Chapter 2 the notation is slightly different from the remaining part of the
monograph.

The monograph is self-contained. However, the reader is assumed to have
basic knowledge of propositional, first-order, and modal logic (as well as its
variants). For background information about Modal, Epistemic, Dynamic, and
Temporal Logic we refer the reader to the following textbooks and survey ar-
ticles: [Chagrov and Zakharyaschev 1997], [Chellas 1980], [Fagin et al. 1995],
[Gabbay et al. 1994], [Garson 1984], [Goldblatt 1992], [Harel 1984], [Hughes and
Cresswell 1996], [Kracht 1999], [Van Benthem 1983, 1985, 1996], [Zakharyaschev
et al. 1999]. More references can be found in the appendix.
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Chapter 2

Fusions of Modal Logics
revisited

The first who explicitly discussed fusions of modal logics was S. Thomason. In
[Thomason 1980] he proved that fusions of modal logics are conservative exten-
sions of their unimodal fragments by using the fact that any two countably in-
finite atomless boolean algebras are isomorphic (cf. [Koppelberg 1988]). About
ten years later the transfer of properties under forming fusions was investigated
in detail in [Fine and Schurz 1996], [Kracht and Wolter 1991], and [Spaan 1993].
Quite a few results were also obtained in [Goranko and Passy 1992] and [Gabbay
1996]. All those investigations, however, are technically based on Kripke seman-
tics and prove general results only for logics which are determined by Kripke
frames and have unary modal operators only. For instance, transfer of decidabil-
ity and interpolation for Kripke-complete logics (with unary operators only) was
proved independently in [Fine and Schurz 1996] and [Kracht and Wolter 1991],
but the method did not provide any positive result for incomplete logics. In
this chapter we shall combine Thomason’s use of the Ny-categoricity of atomless
boolean algebras with a technique introduced in [Kracht and Wolter 1991] to
prove that decidability, interpolation, and uniform interpolation in the sense of
[Pitts 1992] are preserved in general for normal polyadic polymodal logics. It is
proved as well that decidability is preserved under forming fusions of abritrary
modal consequence relations I satisfying, for all operators f of arity p(f):

P11y D) Qpr) F (D1, D) € F(D1, -0 D))

In this part of the monograph we do not use Kripke semantics but only algebraic
methods.

In fact, also from an algebraic viewpoint fusions are easily characterized.
Recall that every modal logic corresponds to an equational theory of boolean
algebras with operators, see e.g. [Goldblatt 1989]. This implies that the question
whether decidability is preserved under forming the fusion of two modal logics
(in languages with disjoint sets of modal operators) is — in a sense — an instance of

25
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the following more general question: under which conditions is the decidability of
two equational theories T} and T preserved under forming the union 73 UT5? Tt
would be nice if preservation results for fusions could be obtained from general
results about the behavior of joins of equational theories. Unfortunately, no
applicable results are known. The first rather general condition was formulated
by Pigozzi who proved that decidability is preserved whenever the languages
of T; and T are disjoint, see [Pigozzi 1974]. This result cannot be applied
to obtain preservation results for fusions: the boolean operators conjunction
and negation are always shared by equational theories of modal algebras with
operators. A number of preservation results for the join of equational theories
with shared symbols exist, however, see e.g. [Baader and Tinelli 1997, 1998]
and [Domenjoud et al. 1994]. But again, because of the special conditions they
impose upon the equational theories, the results are not applicable to fusions.
Certainly a general “non-modal” preservation theorem covering the modal case
of joins of equational theories would be desirable. In what follows, however, we
confine ourselves to the fusions of modal logics and their consequence relations.

2.1 Syntax

A modal similarity type S = (F, p) consists of a set F' of modal operators and a
map p : F' — w assigning to each f € F a finite arity p(f) € w. The propositional
modal language £(S) over S is defined in the usual manner by using countably
many propositional variables, the operators in F' and the boolean connectives
AV, =, e, LT,

Let us fix a modal similarity type S = (F,p). An S-consequence relation
F is a finitary structural consequence relation! over £(S) with the following
properties.

e | ¢, for each classical tautology .

*p,p—>qkq.
e Forallf e F,

P11y Dpf) © Qor) F D1, Dp) € (D1, D))

We call a subset L of £(S) an S-logic iff there exists an S-consequence relation
F such that L = A(F), where
AR)={p e L(S): DF ¢}
1Recall that a finitary structural consequence relation - over a propositional language £
is a relation - between sets of formulas and formulas satisfying
e peI'=>TFo.
o IfT"y C Ty and I'1 + ¢, then T’y - .
e IfT'y Ty and T's F ¢, then T'1 F .
e I'F ¢ = sI' - sy, for all substitutions s.
o If T ¢, then there exists a finite subset T of " with T I .
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Conversely, denote by cons(L) the set of all S-consequence relations F satis-
fying L = A(F). Tt is known that cons(L) contains a smallest and a largest
consequence relation: the consequence relation Fy which is defined by putting
I' ki ¢ iff ¢ is derivable from I' U L by using the rules above and the conse-
quence relation ¢ determined by the set of all L-admissible rules, i.e., all rules
©1,--- ¢k /% under which L is closed.

Call an S-logic L normal if the following holds for all f € F and 1 < i < p(f):

fP1,-- iV, Do) & fP1, Dy Do)
Vf(p17 s iy 7pp(f)) €L
and —f(p1,... ,pi-1, L, pit1,--- ,Pp(r)) € L. This definition is a natural gen-
eralization of the well-known notion of a normal modal logic when all modal

operators are unary. Let us now consider two disjoint modal similarity types S;
and S, and take the language £ = £(S; U S;). Then the fusion

F® b,

of an S;-consequence relation F; and an S,.-consequence relation I, is the small-
est S;US,.-consequence relation containing F; U ... Correspondingly, the fusion

LZ®LT

of a Sj-logic L; and a Sy-logic L, is the smallest S;US,.-logic containing L; U L,.
Here [ abbreviates the logic on the left and r abbreviates the logic on the right.
In what follows we shall assume that the similarity types S; = (E,l) and S, =
(G,r) are fixed and disjoint and that t;, L;, ., and L, are formulated in £(S;)
and L(S,), respectively. Fusions of consequence relations and fusions of logics
are connected as follows.

Theorem 2.1. (1) For all -y and +,
Albr @ Fr) = A(b) @ AE).
(2) For all modal logics L; and L,,
Li®L, =A(F;, ® F1,).

Certainly (2) is a consequence of (1) and obviously we have the inclusion
Al ® F,) D A(H) ® A(F). The proof of the other inclusion is not so easy and
will be delivered in the section Decidability of the consequence relation.

2.2 Semantics

S-consequence relations (and S-logics) are interpreted in S-algebras, i.e., alge-
bras
A=(A,v,—, T,L,(f*:f € F))
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in which the boolean reduct (A,V,—,T, L) is a boolean algebra and the f%,
f € F, are functions of arity p(f). A valuation v in 2l is a homomorphism from
the algebra of formulas £(S) into 2. Quite often we shall specify a valuation
v only for a certain set V of propositional variables. In all those cases it is
assumed that v is defined arbitrarily but fixed for all the variables not in V.
With 2( we associate a (not always finitary) consequence relation o defined by

I'Eap & (VW)(T) C{T}=v(p) =T).

Define for a class of S-algebras Q the consequence relation

Fa=[{Fa:%eQ}

and call it the consequence relation determined by Q. Correspondingly, define

Log = {¢: 0 o ¢} and LogQ = ﬂ{LogQ( :2 € Q},
and call LogQ the logic determined by Q. Conversely, we put
AlgE={2: Fo D F}.
Members of Alg F are called F-algebras. For a S-logic L we put
AlgL={A: AEL},

where 2 |= L abbreviates =g ¢, for all ¢ € L. The following result is well-
known and easy to prove. (For information about varieties and quasivarieties
consult [Maltsev 1973], for example.)

Theorem 2.2. For each class Q of S-algebras the following conditions are
equivalent:

1. There exists a S-consequence relation - with Q = Alg F.
2. Q is a quasivariety.
Also the following conditions are equivalent:
1. There exists an S-logic L such that Q = AlgL.
2. Q is a variety.
Call an element a of a boolean algebra 2 an atom if a # L and
{reA:z<a}={L,a}.

2 is called atomless iff 2 contains no atoms. In what follows we shall call a
S-algebra 21 a c.i.a. algebra iff the boolean reduct of 2 is a countably infinite
atomless boolean algebra. Denote the class of c.i.a. algebras in Alg - by Atg -
and denote the class of c.i.a. algebras in AlgL by AtgL. The following result
states that S-consequences are determined by c.i.a. algebras.
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Theorem 2.3. (1) For each S-consequence relation +,
F = Fag- = Fag- -
(2) For each S-logic L,
L = LogAlgL = LogAtgL.

Proof (1) It suffices to show that for T I/ ¢ there exists an 20 € Atgh such
that T' j£g . Certainly we may assume that for each formula ¢ there is a
propositional variable p which is not in I and not in . Define a congruence
relation on the algebra of formulas £(S) by putting

X1~ x2 &'k x1 < xe.

Now it is well-known (and easy to check) that 2 = £(S)/~ € Algk and that
A refutes I' F . It remains to show that 2( is countably infinite and atomless.
Clearly 2l is countably infinite whenever it is atomless. So it suffices to show that
2 is atomless. Denote by [x] the equivalence class containing x. Let ¢ € L(S)
with [¢)] # L and take a propositional variable p which is not in I'" and not in
Y. It follows immediately that

L <Al <9

So [¢] is not an atom of 2 and we conclude that 2 is atomless. (2) is proved
similarly. a

Suppose that Q; is a class of Sj-algebras and Q,. is a class of S,-algebras.
The fusion
Ql & Qr

of Q; and Q, is the class of all S; U S,.-algebras the S;- and S,.-reducts of which
are in Q; and Q,., respectively. The following model theoretic characterization
of fusions follows immediately from Theorem 2.3.

Theorem 2.4. (1) For all consistent -y and +,.,
Alg(F) ® Alg(F,) = Alg(k; ® ).
(2) For all consistent L; and L.,

Alg(L;) © Alg(L,) = Alg(Ly & L,).

2.3 Basic Results

First recall some basic facts about atomless boolean algebras. (See [Koppelberg
1988] for details.) For a boolean algebra 2 = (4,V,—, T, L) and a € A recall
that the algebra

A, =({anb:be A}, v*, —% a,l)
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is a boolean algebra as well which is called the relative of . Here we put
by V@ by = by Vby and —*b = a A —b. A finite set {a; : i € I} is called a partition
of A iff it is pairwise disjoint, i.e., a; # L, for all ¢ € I, a; Aaj = L, for all
i,j € I such that ¢ # j, and \/{a; : i € I} = T. The following is well known.

Lemma 2.1. Suppose that {a; : i € I} is a partition of 2. Then
U:?Zl—>H(Qlai eIy,
defined by o(a) = {(a AN a; : i € I, is a surjective isomorphism.
Clearly b < a is an atom in 2 iff it is an atom in 2,. So we have
Lemma 2.2. If % is atomless, then A, is atomless, for each a € A with a # 1.

In what follows we shall use the following conventions for mappings. If
mappings o; : A; — By, i € I, are given, then o = [[(0; : ¢ € I) denotes
the mapping from [ (4; : ¢ € I) into [[(B; : i € I} which is defined by putting
o{a; i € I) = (0i(a;) : i € I). For a sequence of valuations v, in algebras 2,
n € I, however, we denote by v = [[ (v, : n € I) the valuation in [[ (%, : n € I)
which is defined by putting v(p) = (v,(p) : n € I).

Proposition 2.1. Suppose that A and B are c.i.a. boolean algebras and {a; :
i € It and {b; : i € I} are partitions of A and B, respectively. Then there exists
an isomorphism o from 2 onto B such that

a(ai) = bi,
foralli € 1.

Proof By Lemma 2.2, the algebras 2,;, By,, ¢ € I, are c.i.a.. Hence there are
isomorphisms o; from 2,, onto B;,. We get an isomorphism

o:H(ai:iED:H(Q[M:iEI)—)H(%bi:iEI)

By Lemma 2.1, ¢ is as required. a

The second part of the following theorem was already proved in [Thomason
1980].

Theorem 2.5. (1) For all consistent b; and -, the fusion b; ® b, is a conser-
vative extension of both by and .. (2) For all consistent L; and L, the fusion
L; ® L, is a conservative extension of both L; and L,.

Proof (1) Put F = ® F,.. Suppose that T';o C £(S;) and T I/, ¢. By
Theorem 2.3 there exists

A= (A,v,-,T,L,(f*:feE)) € Aghy
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and a valuation v in A such that v(I') C {T} and v(¢) # T. Take any
B=(B,VE B T® 1% (% .gcG))chAtgh,.

Such an algebra exists since I, is consistent. Now the boolean reducts of 2 and
B are isomorphic. Hence we may assume that A = B and that the boolean
operations of 2 and B coincide, i.e. V =V® and — = —%. But then

D=(AV,—,T,L(f":fecE) (g% :g€G)) cAlgh

refutes ' - . (2) is proved similarly. a

2.4 Decidability of the consequence relation

For each formula ¢ of the form t(p1,...,¢,1) € L(S;US,), t € EUG, we
reserve a new variable g, which will be called the surrogate of . We assume
that the surrogate variables are different from our original set of variables. If
@ € L(S; U S,) then varP(p) denotes the set of variables in ¢ which are not
surrogates. For a formula ¢ without surrogate variables denote by ¢! € £(S;) the
formula which results from ¢ when all occurences of formulas g(p1, ... ,©,(g))s
g € GG, which are not within the scope of a g € GG are replaced by their surrogate
variable gg(,, ... o))" For a set ' of formulas put IV = {¢' : ¢ € T'} and define
¢" as well as '™ correspondingly. For instance, if S; consists of two operators f;
and fy of arity 1 and S, consists of one operator g of arity 1, then

(gp A Fip Ag(p A fap))! = dgp A LD A Gg(pnsap)-

(gp Afip Ag(pAfap))” =gp A grp AP A Ghop)-

Denote by sf(I") the set of subformulas of formulas in T and by sf /(") the set of
variables of formulas in T' as well as all subformulas of g(¢1,... @) € sf(T'),
g € GG. Formally we can define

sf!(T) = sf{¢) : g € var(T")} Uvar?(T).

Define sf "(T") correspondingly. Suppose now that ' C £(S; U S,.) is a finite set
of formulas closed under subformulas. Define the consistency-set of I' by

C(T) ={¢ec:cCT},
where for ¢ C T,
ve= Ax:xeadAN\(-x:xeT—0).

We abbreviate CI(I') = C(sf'(T")) and Cr(T) = C(st"(I)).

Theorem 2.6. Suppose that b; and -, are consequence relations in Sy and S,.,
respectively, and that @, € L(S;US,). Putt+ =+, ® k.. The following
conditions are equivalent.
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1. ot/
2. There exists D C Cl({p,v}) such that
o' (\/ D) ot (2.1)
and, for all x € D,
o', (\/ DYt ~x' and (\/ D)" tfr ~x" (2:2)

3. There exists D C Cr({p,v}) such that ¢",(\/ D)" W, ¥" and, for all
X €D,

¢, (\/ D)" o ~x" and (\/ D) t; =x".
If D satisfies 2., then ¢,\/ Dt/ and \/ D I/ —x, for all x € D.

Proof 2. = 1. Take a D C Cli({¢,v}) satisfying (2.1) and (2.2). By Theorem
2.3 for each x € DU {—¢} there exists a A, € Atg F; and a valuation v, in 2,
such that

’UX((\/ D) A@h) =T and vy (x') > L.
Put
A=l :xeDU{-v})

and define a valuation v’ in 2 by
ot = [ (v : x € DU{~4}).
We have 2 € Atg F;, vl (¢!) = T, o' (') # T, and the set
{v'(xX') : x € D}

is a partition of 2. On the other hand we get in a similar way from (\/ D)" /.
—x", for all x € D, a B € Atg I, with a valuation v" such that the set

{v"(x") : x € D}

is a partition of 8. By Proposition 2.1 there exists an isomorphism o from the
boolean reduct of B onto the boolean reduct of 2 such that

a(v"(x") = v'(x"),

for all x € D. Hence we may assume, by identifying B with A, that we have an
algebra
D= (AV,—,T,L{(f°:feE) (g°:geG))cAlgr

with two valuation ' and v" satisfying

o"(x") = o' (),
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for all Y € D, and such that v’ still has the properties mentioned above. By using
the properties of Cl({¢,1}) it is now easily shown that for all a € sfl({gi),z/J}),

vlal) = \/ {(v'(x") : x € D, ais a conjunct of x)
= \/ (v"(x") : x € D, ais a conjunct of x)
= v"(a").
We define a new valuation v in ® by putting, for all non-surrogate variables p

in ¢, 4,
v(p) =v'(p) (=" (p)).

Claim. v(a) = v'(a!) (= v"(a")), for all a € st'({$,¥}).
The proof of this claim, which is almost trivial now, is by induction on

the subformulas of a. The interesting steps are for a = f(p1,... ,p,)) and
a=g(p1, - ,Ppg)), for f € £ and g € G. Let us consider f. Then
v(f(pr-- s 0m)) = (1), 0(ppm))
= 20 (p ) A
= 0 (f(@1,-- 5 0p(h))-
The case a = g(p1,...,¥P,(g) is dual by using the induction hypothesis for v".

Clearly, by the Claim above, v(p) = v'(¢!) = T and v(v)) = v (¢!) # T.
Hence ¢ t/ 1), as required.

1. = 2. Suppose that ¢ I/ 1. There is an A € Alg F with a valuation v such
that v(p) = T and v(¢)) # T. Put

D ={x e Cl({e,¥}) : v(x) > L}.

Certainly D is as required in 2.
The equivalence of 1. and 3. can be proved in the same way. a

Corollary 2.1. Suppose that ; and +,. are consistent. Then b; ® b, is decid-
able iff both -, and \; are decidable.

Proof PuttF =F; ® k.. One direction follows immediately from the fact that
F is a conservative extension of both +; and F,. The other direction follows
from Theorem 2.6 and the observation that CI({¢,}) is finite. a

Corollary 2.2. Suppose that Q; and Q, are nontrivial quasivarieties. Then
the set of quasi-identities valid in Q; ® Q, is recursive iff both the set of quasi-
identies valid in Q; and the set of quasi-identities valid in Q, are recursive.

Define for a consequence relation - in £(S;US,.) the following subsets of Cl({p})

and Cr({¢}):
iy (@) = {x : x €Cl(p), B/ ~x}

Yo (0) ={x: x € Cr(p), D ~x}.
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Correspondingly, put for a logic L,

El(L) () = El(m)(‘ﬁ) and Er(L) () = Er(n)(‘»@)-

Notice that = \/ ¥ (¢) and that \/ ¥y (@) I x, for all x € ¥y (¢). Thus,
if I/ ¢ then

(\/ Bi) (@) 7 =x" and (\/ Sy ()" &' and (\/ Sip) ()" 7 ¢",

for all x € ¥y1)(¢). So we obtain from Theorem 2.6 by putting D = ¥;)(¢)
the following

Corollary 2.3. Suppose that F; and -, are consistent and p € L(S;US,.). Put
F=F; ® k.. Then the following conditions are equivalent.

1. Dk .
2. (V El()—) (‘P))l Fi <Pl-

3. (VE (@) Fr e

We shall first use Corollary 2.3 to prove Theorem 2.1. In a certain sense all
the formulas in ¥, (p) or all the formulas in ¥ () are less complex than
 itself so that the corollary above allows us to prove results by induction on
a measure of this complexity, namely the alternation depth. First define the
left-alternation-depth a'(p) € w of a formula . It is the length of a longest
sequence (g1,f1, g2, f2,...) such that

gl(fl(gg((f2( ...... ))))

occurs in ¢ and g1,g2,... € G and f1,fs,... € E. Correspondingly the right-
alternation-depth a” () € w is the length of a longest sequence (f1, g1, f2, g2, -.)
such that

fl(gl(fg((gg( ...... ))))

occurs in o and gy,go,... € G and f1,fs,... € E. The alternation depth of ¢ is
a(p) = al(¢) + a”(p). The following Lemma is easily shown.

Lemma 2.3. For all p € L(S; U S,) which contain a modal operator,

a(p) > a(x), for all x € Cl(yp),

or
a(p) > a(x), for all x € Cr(p).

Proof of Theorem 2.1. It remains to show, for every formula ¢, ¢ € A(H,
)®A(F,) whenever ¢ € A(F; ® ;). The proof is by induction on a(p). The case
a(p) = 0 is trivial. Now suppose that a(¢) = n > 0 and that the implication
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holds for all x with a(x) < n. Then, by Lemma 2.3, we may assume w.l.o.g.
that a(p) > a(x), for all x € Cl(p). So, by induction hypothesis,
ko) (@) = Zia-) o)) (9)-
Hence
(V Siiemn @) Fre' & (V) Siag-noac) (@) Fi @'

and we conclude (with Corollary 2.3) that ¢ € A(F; ® F,.) if and only if ¢ €
A(F) ® A(Fy). a

2.5 Decidability of normal logics

This section deals with the problem whether [; ® L, is decidable whenever
both L; and L, are decidable. Here we found an answer in the positive only
for normal S-logics, the question of transfer of decidability for subnormal logics
remains open. So in this section we assume that all logics and algebras are
normal. Corollary 2.3 shows already the way we choose to prove transfer of
decidability.

The smallest normal S-logic is denoted by K(S). For each f € F define a
new modal operator fo by putting

fo(pr-- - ppry) = N\ (F(T,oo i, T) 2 1< < p(f)).
Then we have for all f € F
o fa(PiAqL, .- Py ANp(r)) < (Fa(pis .o o)) Afolar, - o)) € K(S).
o fo(T,...,T) e K(S).

Notice that when f a unary operator this definition of fg is the usual definition
of the necessity operator in terms of the possibility operator. Define, for each
p € L(S), the formula

Ds<p=/\(fg(<p,... ,p):f€F)

and put inductively

<0 _ <m+1 _ < +1
O p=¢and O3"" o =05"p A0 .

The crucial and easily proved property of Og is stated in the following

Lemma 2.4. For all normal S-algebras A and all f € F and c,a1, by ... , ays),
bp(f) S A, Zf
a; ANc=b;Ac,

for all 1 < i < p(f), then

C.

WA

fm(al,... ,ap(f)) A Og C:fm(bl,... ,bp(f)) AO
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One can also show the following deduction theorem.

Proposition 2.2. Suppose that L is a normal S-logic. Then
bt & (Gm ew)(OF™p » 1 € L),

The proof is left to the reader, however, since we shall not use this proposi-
tion. But it motivates our next steps. For suppose that L, and L; are decidable
and assume that we have an algorithm which decides ‘a € L; ® L,’, for all a
with a(a) < n. Take a ¢ with a(p) = n. By Lemma 2.3 we may assume w.l.0.g.
that a(x) < a(y), for all x € Ci(p). Hence we can construct ¥;(y). Now, if we
can effectively determine m € w such that

(\V/=r (@) Fr, ¢t & 05"\ Zu(e) = ¢ € Ly,

then we can decide whether ¢ € L, ® L;, by Corollary 2.3. Here and in what
follows ¥;(¢) = Sy1,0r,)(¢) and X.(p) = X, (1,0L,)(¢). It will turn out that
the left-depth and the right-depth of o, in symbols d'(p) and d"(p), are as
required for m. Define inductively

d'(p 0
d(eAy) = max{d(p),d )}
d' (¢ d' ()

= max{d'(¢1),... ,dl(wl(f))} +1, forfe F
= max{dl(gol),... ,dl(wp(g))}, forge E

d (F(e1, .- i
d(g(1s- - Ppe)

T2 =
Il

d"(y) is defined correspondingly.

Theorem 2.7. Suppose that L; and L, are consistent normal logics. Let ¢ €
L(S;US,) and put m = d'(p), n = d" (). Then the following conditions are
equivalent.

1. p€ L;®L,.
2. mglm(\/ (o) = ¢l e L.

9. O5"(VSe())" = ¢ € L.

In what follows we shall write 0; and O, for Og, and Og,, respectively. For
the proof of Theorem 2.7 we shall need two Lemmas.

Lemma 2.5. Suppose that Dlgm(\/ Yi(e) = o' & L;. Then there exists
2 € AtgL; such that there is a valuation v' and a sequence {(a, :0 <n < m)
satisfying

(a1) apm < O5'ap_y <O'ay, 5 < ... < O5'aq.

(a2) apn <o(TF"(V Zi(p))!), for all 0 <n < m.
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(a8) am Av(=p) # L.
(a4) The set {v'(x') A am : x € Zi(p)} is a partition of A,,, .

(a5) The sets {v'(x') A (an — any1) : x € Si(p)} are partitions of A,
for all n < m.

—Qn41)7

Proof Certainly there exists a ®8 € AtgL; and a valuation v such that
—|(p A D* \/ Si(p
We put for 0 < n < m,

07" (V Zi(e)))

Now take for each n < m an algebra 2,, € AtgL; with a valuation w,, such that

{wn(x")  x € Ti(p)}

is a partition of 2,. Put
le‘BxH(Q[n:ngm),vlzva(wn:ngm)
and put for 0 < n < m,

—_—
an={bp, L,...,L,T,...,T}.

m—+1

We show that (a, : 0 <n < m) and v! are as required. (al) follows from

J

—_——
an A Ojan, = <bn+1,J_,... I ,T>.
m‘;l
(a2) follows from v (O="(\/ £;(¢)")) = (b, T,..., T) and (a3) follows from
Am /\vl(—upl) = <bm A v(—-tpl),J_, e, L, TA wm(—-tpl)>

and by, Av(=p') > L.

(a4) v' (%) A am and v!(x}) A ap, are disjoint for different x; and y2, by the
definition of ¥;(¢). By the definition of a,, we have v!(x!) A a,, > L, for all
X € Zi(y), and it is also clear that \/{v!(X) Aam : X € ¥} = . (ab) is proved
similarly to (a4) and is left to the reader. a

Lemma 2.6. Suppose that Dlgm(\/ Si(p) — o' & Ly. Then there exists A €
AtgL;®L, such that there are valuations vl and v" and a sequence (an :0<n<m)
satisfying the conditions (al), ..., (a5) and
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(a6) V' (X') Aag = v"(x") A ag, for all x € ().
(a7) For allg € G, all0 <n <m, and all by, ... b, € A,

gm(bl, e ,br(g)) Nap, = gm(bl Nap,-.- ,br(g) Aap).

Proof For each n < m take an ,, € AtgL, and a valuation v,, such that

{on(X") s x € Zi(p)}

is a partition of 2,,. Also take an arbitrary 21_; € AtgL, and an arbitrary valua-
tion v_; of A_;. Define a valuation v" of the product B = [[ (A, : —1 <n < m)
by putting

vr:H(vn:—lgngm).

Take an 2 € Atgl; with a valuation v! and a sequence (a, : 0 < n < m) so that
the conditions (al), ..., (a5) are satisfied. Put a_; = T* — ap and assume
w.l.o.g. that a_1 # L. Now there are surjective boolean isomorphisms

Om A — g,

on Ay = Ay,

—Qn+41)

such that

(" (X)) = v () Ay and 0, (0" (") = o' () A (@0 — ans):

for all n < m and all x € ¥;(¢). Take also an arbitrary boolean isomorphism
o_1 from A_; onto A,_,. We get a boolean isomorphism o from 8 onto 2 by
putting

a:H(an:—1§n§m>:H(an:—lgngm)—)%.

Using this isomorphism we can identify B with A in the obvious way and get
the required algebra ©. (a6) is satisfied by the properties of o. (a7) follows
from the fact that the S,-reduct of ® is isomorphic to a product of S,-algebras
based on the relative boolean algebras ®,, and ®+_,,, for all 0 < n < m.
a

Proof of Theorem 2.7.

1. = 2. Suppose that DlSm(V i) — ¢! ¢ L;. Take A € AtgL; ® L, and
valuations v! and v” and a sequence (a,, : 0 < n < m) satisfying the conditions
(al), ..., (a7).

By using the properties of ¥;({¢}) and (ad), (a5), (aB) it is easily shown
that for all a € sf'({¢})

ap Avl(@) = ag A \/ (v'(x") : x € (), a is a conjunct of x)

= ap /A \/ (" (x") : x € Zi(p), «ais a conjunct of x)

= apAv"(a").
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We define a new valuation v in 2 by putting for all variables p in ¢,
v(p) =o' (p).
Claim. For 0 < k < m and all a € sf({¢}) such that d'(a) <k :
ar Av(a) = a, Avl(ad).

The proof of this claim is by induction on k.

Suppose that £k = 0. The proof is by induction on the subformulas of «
for d'(a) = 0. For propositional variables this follows from the definition. The
boolean steps are trivial. So, assume that o = g(¢1,... ,¢r(g)), for a g € G.
Notice that there do not occur f € E in ¢; since d' (o) = 0. Hence o = o” and the
equality v(a)Aag = v"(a")Aag follows immediately. Hence v(a)Aag = v!(al)Aag
since v" (") A ag = v!(al) A ay.

From k to k + 1. The proof is again by induction on the subformulas of «
for d'(a) < k + 1. The interesting steps are for

a="f(p1,...,py1n) and a =g(p1,--. , Pp(g))

for f € E and g € G. Let us first consider f. By induction hypothesis, we have
ar Av(p;) = ap Avl(p), for all 1 < i < p(f). Hence, by Lemma 2.4,

Dlglak ANv(a) = f Yag A2 (w(p1), ... (@)
= fap AP0 ()), - 7vl(90i)(f)))
= Dlglak Av (Oél)

Now api1 Av(a) = app1 Av'(al) follows from aj,; < Dlglak, i.e. condition
(al).

Assume a = g(@1,-..,¥rg)). We know, by induction hypothesis, agy1 A
v(p;) = a1 Av"(pf). Hence
Margr Av(@r), .- apg1 Av(©p())
H((arer AVT(@D), -y arrn AV (P)g))-

g
g
Using condition (a7) we conclude
arp1r AgR(0(e1),- -, v(Ppg)) = arsr AgH W7 (@]), - 0" () g)),
which gives ag11 A v(a) = agr1 Av"(a”) and we conclude
apr1 Av(a) = aper Avl(ad)
since a1 Avl(al) = app1 Av"(ah).

2. = 1. is clear.
3. & 1. can be proved similarly. a

We get the following Corollary, as explained above.
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Corollary 2.4. Suppose that L, and L; are consistent normal logics. Then
L; ® L, is decidable iff both L; and L, are decidable.

By var¢ (varT') we denote the set of variables in ¢ (in formulas in T'). Recall
that a logic L has the interpolation property iff for all ¢ — 1 € L there exists a
formula x in vareNvary such that both ¢ — x € Land x — ¢ € L. We remind
the reader that in classical logic the interpolation property was introduced and
investigated in [Craig 1957]. For information about the interpolation property
for propositional modal logics we refer the reader to [Maksimova 1979] and the
textbook [Chagrov and Zakharyaschev 1997]. L is Halldén-complete iff oV € L
implies ¢ € L or ¢p € L whenever ¢ and ¢ have no common propositional
variables. Semantic criteria for Halldén completeness can be found in [van
Benthem and Humberstone 1983] and [Maksimova 1995]. For more references
on Halldén-completeness the reader should consult [Chagrov and Zakharyaschev
1997].

Corollary 2.5. (i) Suppose that L, and L; are normal modal logics with the
interpolation property. Then L;® L, has the interpolation property. (ii) Suppose
that L, and L; are normal modal logics which are Halldén-complete. Then
L; ® L, is Halldén-complete.

Proof The proof uses Theorem 2.7 in the same way as this was done in [Kracht
and Wolter 1991] for Kripke-complete logics. a

It follows, for example, that K ® S5 and S4 ® GL have the interpolation
property.

We say that a modal logic L has uniform interpolation if for any formula ¢
and variables ¢ = {q, ..., gk} there exists a uniform interpolant 3¢y for p, i.e.,

e p—3IGpeL,
e varddy C varp — q,
e ¢y — 1 € L whenever ¢ — ¢ € L and vary) N ¢ = 0.

[Pitts 1992] proves that intuitionistic propositional logic has uniform interpo-
lation. [Ghilardi 1995] and [Visser 1996] prove that K, provability logic GL
and Grzegorzcyk’s system Grz have uniform interpolation but that S4 lacks
it, see also [Ghilardi and Zawadowski 1995]. It is easily proved that a normal
modal logic L has uniform interpolation whenever it has interpolation and AlgL
is locally finite, i.e. each finitely generated algebra in AlgL is finite. (Take as
the uniform interpolant for ¢ the conjunction over all interpolants for ¢ — v,
@ — 1 € L.) Hence S5 has uniform interpolation has uniform interpolation
since it has interpolation and AlgS5 is locally finite. To prove that L; ® L, has
uniform interpolation whenever both L; and L, have uniform interpolation we
require the following observations. Let

Vip,¥) = {1 = =1 1 o1 € Bi(p), 1 € % (Y), o1 = 1 € L1 ® L, }.
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Then \ (¢ — 1) equals (modulo boolean transformations) \/ X; () A\ Zi(¥)A
A V(p, ). Now the proof of Theorem 2.7 is easily extended to show the follow-
ing, for any two formulas ¢, 1: ¢ — 1 € L; ® L, if and only if, for n; = d'(p)
and ny = d'(¢)), the following formula is in L;:

@F" (\ i) ATE"(\/ Zu@)' AOE" (A Vg, 9)) = (= )"

We refer to this statement by using (}).

Theorem 2.8. L = L; ® L, has uniform interpolation whenever both L; and
L, have uniform interpolation.

Proof Let us fix ¢ = {qi,...,qr}. We prove by induction on a(y) that there
exists a uniform interpolant gl for . This is clear if ¢ contains no modal
operators. Assume now that ¢ contains modal operators and that uniform
interpolants exist for all x with a(yp) > a(x). We may assume that a(p) > a(y),
for all x € Cl(y), and take uniform interpolants gy for those y. Let, for
m = d'(p),

Q=N "\ i) ATE™ A{x = 3x : x € Si(9)},

F=qU{¢a:a=glx1, -, Xo@) € sfle), g € G, gNnvara £ B}.

L; has uniform interpolation. Thus we can take a uniform interpolant 37Q" for
Q' in the logic L;. Certainly there exists a (uniquely determined) formula 3Gy
such that
37Q" = (3gp)".

Note that § N varddpy = ( by the definition of 7. We show that IGp is a
uniform interpolant for ¢. We have Q' — 37FQ' € L;. Thus Q — 3qp € L
and so ¢ — 3¢y € L since @ <> ¢ € L. Assume now that ¢ — ¢ € L and
vary N ¢ = 0. We show 3G — ¢ € L. It follows from (1) that, for ny = d! (1)),
Q' — R! € L;, where

R= (07" \/Si(@) ATE™ N(3dpr = w1 c o1 = =1 € V(p,)}) = v

So 3FQ' — R' € L; since #NvarR' = (). But then 37 — R € L and so
¢ — ¢ € L since ¢ & R € L. a

It follows that, for example, K(S) and S5 ® S5 have uniform interpolation.
(For K(S) this was first proved in [D’Agostino and Hollenberg 1997].)
2.6 Conclusion

We have shown that decidability, decidability of the consequence relation Fp,
interpolation, uniform interpolation, and Halldén-completeness are preserved
under forming fusions of normal modal logics. [Kracht and Wolter 1991] and
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[Fine and Schurz 1996] established preservation of FMP, Kripke completeness,
and strong Kripke completeness and [Spaan 1993] clarifies the behavior of the
complexity of the decision problem for fusions. In conclusion the behavior of
fusions of normal modal logics is well understood now.

We mention, however, at least one open problem: Is the decidability of
admissible rules preserved under fusions of normal modal logic? We conjecture
that the answer is in the negative but have found no way to prove this.

The situation is different for fusions of modal logics not required to be nor-
mal. In this case we have been able to prove preservation of the decidability of
the consequence relation -y, under fusions. Preservation of decidability, inter-
polation, and FMP remain interesting open problems.



Chapter 3

Bimodal Provability Logics

Recall from the introduction that bimodal provability logics emerge when com-
binations of two different provability predicates are investigated, for example, if
0O, is understood as “it is provable in PA” and O, as “it is provable in ZF”. In
contrast to the situation in unimodal provability logic, where almost all prov-
ability predicates behave like the necessity operator O in GL, there exist quite a
lot of different types of bimodal provability logics. Various completeness results
extending Solovay’s completeness theorem for GL to the bimodal case were es-
tablished by [Smoryriski 1985], [Montagna 1987], [Beklemishev 1994, 1996], and
[Visser 1995]. Here we will not deal directly with the interpretation of modal
operators as provability predicates but prove the decidability of all finitely ax-
iomatizable (normal and quasi-normal) subframe logics containing the bimodal
provability logic
CSMy = (GL® GL) ® Oyp — Oop ® Oap — Oy Oap.

A number of provability logics is included in this class, witness the list below. As
in unimodal provability logic we have quasi-normal logics among them, i.e., sets
of formulas containing K5 and closed under modus ponens and substitutions but
not necessarily under ¢/0;¢. In what follows L + ¢ denotes the smallest quasi-

normal logic containing L and ¢; consult the appendix for more information
about quasi-normal logics.

e CSM,; = CSM, ® Oy(0;p — p). (This is PRLzp in [Smoryniski 1985]
and F in [Montagna 1987].)

e NB; = CSM, @ (~O;p A Op) — O(019 — q).

e CSM, = CSM;+0,p — p. (Thisis PRLzp + Reflectiong, in [Smoryriski
1985] and F; in [Montagna 1987].)

e CSM;3 = CSM,+0yp — p. (This is PRLzp + Reflectionn, in [Smoryniski
1985].)

e NBs = NB; + Osp = p+ Oop — Oy p.

43
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To illustrate the meaning of some of those systems we mention the following
completenes result from [Smoryniski 1985], see also the other articles mentioned
above.

Theorem 3.1. Let (T1,T>) be one of the pairs:
e (PRA, PA), (PA, ZF), (ZF,ZF + there exists an inaccessible cardinal).
Then

e CSM,; coincides with the set of T\ —valid schemata (where the operators
Oy and Os are translated as Prr, and Prr,, respectively).

e CSM, coincides with the set of To—valid schemata (where the operators
Oy and Os are translated as Prr, and Prr,, respectively).

e CSM3 coincides with the set of true schemata (where the operators O,
and Os are translated as Prr, and Prr,, respectively).

In the remaining part of this chapter we are concerned with the decidabil-
ity of subframe logics containing CSMj. All the provability logics introduced
above turn out to be subframe logics, so we obtain a uniform proof of their
decidability. An interesting property of those logics is that (as a rule) they
are Kripke incomplete; in the list above such are CSM;, ¢ = 1,2, 3, and NB;,
i=1,2.

3.1 Preliminaries

Call a (quasi-)normal bimodal logic containing CSMg a (quasi-)normal csm-
logic. For every descriptive frame & = (W, Ry, Ry, P), the conditions Ry D R»
and Ry o Ry C R, i.e.,

VaVyVz(xRiy A yRez — xR22), (3.1)

correspond to the two axioms O;p — Ogp and Ogp — O 05p of CSM. So we
have the following general completeness result for csm-logics:

Theorem 3.2. Each normal csm-logic is determined by a class of descriptive
frames. All descriptive frames validating CSMy satisfy R» C Ry and (3.1).
Each quasi-normal csm-logic is determined by a class of descriptive pointed
frames (&, z) such that & = CSMj.

From now on in this chapter all frames are assumed to be transitive and to
satisfy Ry C Ry and (3.1).

Consider now a frame & = (W, Ry, R, P) and a set a € P which is non-
empty. The relativization &, of & to a, defined by

&, =(a,RiNaxa,RxNaxa,{anb:be P}),
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is a frame as well and we call it a subframe of &. A normal csm-logic L is
called a subframe logic iff the class of frames validating L is closed under forming
subframes. For a pointed frame (&, z) we call (&,,z), a € P, a pointed subframe
of & whenever x € a. A quasi-normal csm-logic is called a subframe logic iff the
class of pointed frames validating L is closed under forming pointed subframes.
It is easily checked that both definitions coincide for quasi-normal logics which
are normal. The following completeness result follows from the investigation of
subframe logics in [Wolter 1997c].

Theorem 3.3. (i) A normal csm-logic is a subframe logic iff it is determined by
a class of frames closed under forming subframes. The normal subframe logics
containing CSMy form a complete sublattice of the lattice of normal csm-logic.

(i) A quasi-normal csm-logic is a subframe logic iff it is determined by a
class of pointed frames closed under forming pointed subframes. The quasi-
normal subframe logics containing CSMy form a complete sublattice of the lat-
tice of quasi-normal csm-logics.

We refer the reader to Section 4.2, [Fine 1985], [Zakharyaschev 1996], and
[Wolter 1997¢c] for more information about subframe logics. Notice that the
unimodal logic GL (which may be defined as the unimodal fragment of CSMy),
is a subframe logic (cf. [Fine 1985]). Hence CSMj is easily seen to be a subframe
logic, as well.

3.2 The Results

In this section we formulate the results of this chapter. Roughly speaking, the
following will be proved:

e For every subframe logic CSMj + ¢ one can effectively compute a canoni-
cal axiomatization which shows the geometrical and topological conditions
described by the logic.

e Every finitely axiomatizable subframe logic containing CSM, is deter-
mined by a class of “effectively describable” general frames.

e The decidability of all finitely axiomatizable subframe logics containing
CSMj follows as a corollary.

In order to formulate the results more precisely some notation is required. For
a non-degenerate Rp-cluster C' and a point x we write C' Rex whenever there
exists y € C' with yRax. This notation is justified by the condition (3.1), since
we can infer zRyz, for all z € C.

A frame & = (W, Ry, Ry) is called a surrogate frame iff it is finite, has pre-
cisely one root r, and all points different from r are Ro-irreflexive. A normal sur-
rogate frame (W, Ry, Ry) is a surrogate frame the root of which is R-irreflexive.
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With each surrogate frame & we associate the formula

5®) = Alps > O1py) : sRiy;z,y € WA
/\{pz — Oopy ¢ zRyy;z,y € WA
Nips = —py: 2 £y;2,y e WA
Npe = =©1py : ~(@Riy);z,y € WA
Nip: = =opy : ~(@Roy);z,y € W}

and put for the root r of &,
a(B) =6(6) A016(6) — —p,.

Remark 3.1. Notice that a(®) is the splitting formula (or subframe formula)
associated with & in the lattice of normal subframe logics containing CSM,
whenever & contains no R;-cluster. Here we call ¢ the splitting formula asso-
ciated with & if CSMy @ ¢ is the smallest normal subframe logic containing
CSM, which is refuted in &. For information about splittings we refer the
reader to [Jankov 1968], [Kracht 1990, 1999], and [Wolter 1997c].

We now briefly explain the meaning of the formulas a(®) in general. Given
a frame H = (V, 51, 52, Q) validating CSM, we say that a mapping h from V
onto W is a weak reduction of $ to & if for i € {1,2} and all z,y € V,

e zS;y implies h(z)R;h(y),
o h(z)R;h(y) implies 3z € V(2S;2 A h(z) = h(y)),
e hl(a) €@, foralla CW.

Observe that the standard definition of a reduction (alias p-morphism!) is re-
laxed here in the second condition. A frame §) is said to be weakly subreducible
to a surrogate frame & if a subframe of §) is weakly reducible to &. The fol-
lowing lemma explains the meaning of the canonical formulas by means of weak
subreductions.

Lemma 3.1. For each surrogate frame & and each CSMy-frame $, 9 £ a(®)
iff 9 is weakly subreducible to &.

We leave the straightforward proof of this lemma to the reader. This result
will not be required in what follows. However, using it one can is easily check
that CSMy @ a(®) and CSMj + a(®) are always subframe logics. Conversely,
we have

LConsult the appendix for a definition of p-morphisms.
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[ ]
csM, — CSMy & a( 4)
CSM, + Oip = p = CSMj + afe)
CSMO + Dgp —p = CSMO + a( cl))

1

CSM + Oop —» Oip = CSM) + af il)

.—1>. [ ] [ ]
NB, = CSMO@a(\/)@a(\/)@

.—1>. o——0
1 1

Table 3.1: Axiomatizations of provability logics

Theorem 3.4. (i) There is an algorithm which, given a formula ¢ such that
CSMy + ¢ is a subframe logic, returns surrogate frames &1,... ,®,, such that

CSM + ¢ = CSMj + a(B1) +... + a(8,).

There is an algorithm which, given a formula ¢ such that CSMy @ ¢ is a
subframe logic, returns normal surrogate frames &q,... ,®,, such that

CSMy @ =CSMy @ a(B;) ®... 0 a(S&,).

The proof will be delivered in Section 4. Table 3.1 shows axiomatizations
of the logics introduced above by means of formulas of the form «(F). In this
monograph we adopt the convention that in figures for every point x represented
by o there is an arrow from 2z to z. The remaining points are represented by e.
A special convention is required in this chapter: in figures we place the number
1 nearby an arrow from z to y if zR;y and ~zRsy. An arrow without a number
means that zRsy (and therefore 2Ry as well).

We prove the correctness of the equation for CSMg + Osp — O;p. Denote
by a the formula on the right side of the equation. Clearly CSMg+ Oop — Oy p
contains a. So it suffices to show for all descriptive (9, r) = {((V, S1,S2,Q),r),
(9,7) = Oap — Oyp implies (H,r) £ a. The condition (9, r) = Dop — Oyp
implies that there exists € V such that rRyz but =(rRax).

Case 1. = # r. By (3.1) we have =(zR>z) and so it is easily checked that
(9,7) i a.

Case 2. x = r. We reduce this case to the first one. By —(rRyr) we find
a € @ such that r € b = a N ~<Cea. On the other hand there exists y € b
different from 7 such that rRyy, since r is R;-reflexive. We do not have rR»y,
since y € b.

The other axiomatizations are proved similarly and are left to the reader.
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A quasi-normal csm-logic L is called finitely aziomatizable iff there exists a
finite set of formulas I" such that L = CSM, + I". Notice that a normal csm-
logic is finitely axiomatizable iff there exists a finite set of formulas T" such that
L =CSMj @ T. This follows immediately from the easily proved fact that

CSM()@F:CSMO—FF-F{Dl(p:@GF}.

Theorem 3.5. (i) All finitely aziomatizable normal subframe logics containing
CSM, are decidable.

(11) All finitely aziomatizable quasi-normal subframe logics containing CSMy
are decidable.

The proof will be delivered in the last section. It is based on a rather
strong completeness result for subframe logics. To formulate this result we have
to manipulate some frames. In what follows we shall assume that for each
surrogate frame & and each non-degenerate R;-cluster C of cardinality m = |C]|
we have a fixed enumeration j(C), 0 < j < m, of the elements of C.

Suppose that & = (W, Ry, R2) is a surrogate frame and let a € w + 1 (i.e.,
a € wor a=w). With & we shall associate a finite set of frames

Exta® = {&% : A € Seq®}

(Seq® will be defined below). Let us first assume that the root 7 of & is Ra-
irreflexive. Then, roughly speaking, the frames in Ext,® are obtained from
& by inserting an Rj-chain C[a] of length a between each non-degenerate R;-
cluster C' and its successors. As concerns the relation R; there will be only
one way to do this. We get (a finite) set of frames Ext,® since a point which
Rs-sees a point in C need not, (but may) Ra-see certain points in the chain Cla].
Here is the formal definition: denote, for each non-degenerate R;-cluster C' by
Cla] the set {(n,C) : n € a}. Mostly we shall write n¢ for (n,C). Denoting
elements of C' by n(C), n < |C|, and elements of Cla] by n¢ (or (n,C)) will
turn out to be quite convenient. We hope that the similarity does not cause any
confusion. Define the set Seq® as follows:
Seq® consists of all sequences A of the form

A= (Ap i 2Rz, € W),

where A, C {y € W —C(z) : yRazx} satisfies the following closure condition for
ally,z e W:
y € A, and zRyy imply z € A,.

For each A € Seq® and o € w+1 the structure 6% = (V, So, S1) is the (uniquely
determined) frame satisfying the following conditions:

e V=WUU{Clea] : C anon-degenerate R;-cluster in &}.
e R, =5,Nn(W xW), forie {1,2}.

e The non-degenerate R;-clusters coincide with the non-degenerate S;-clusters,
for i € {1,2}.
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Figure 3.1:

e 5 satisfies the following conditions, for all non-degenerate R;-clusters C'

1. for all z € Cla]: CShz,

2. for all nc,me € Cla]: neSime iff n > m,

3. forally e W —C and z € Cla]: zS1y & CRyy and ySiz < yR,C,
4. forallz € Clajandy e V —W : zS1y & CSyy.

o S, satisfies the following conditions, for all non-degenerate R;-clusters C'

1. (ClejUC) x (Cla]UC))N Sy =0,
2. forally e W — C and z € C[a]: 2S2y < CRyy,
3. forally e W—C and C = {j(C) : j <m} and z € C|a]:

(ySez) & (Few)Fj<m)(z=(>i-m+j,C)Ay€ Ajc)),

4. forallz € Cla]jand y € V — W : 2Ssy < CSay.
We illustrate this technical definition by a simple example.

Example 3.1. Construct Ext, (&) for the frame & in Fig. 3.1 (a). In this case
we have two Rj-reflexive points, namely ¢ and d. So, Seq® consists of pairs
(A, Ag). There are four different pairs and so we have four frames in Ext,, (&):
the frame in Fig. 3.1 (b) is' &, gy and that in (c) 15‘6‘({&}7{”). &, (y) is obtained
from 05“({&},{,)}) by omitting the Ro-arrows starting from a, save the arrow to
¢, and (’5“({&},0) is obtained from (’5?{(1},{1;}) by omitting the Rp-arrows starting
from b, save the arrow to d.

Suppose now that the root r of & = (W, Ry, R») is Ra-reflexive. Put D =
{r}. We define & by inserting an Ry-chain D[] between r and its successors.

More precisely, define for A € Seq® the frame &9 = (V', 8], S5) as follows: first,
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form §% = (V, S1, S2) for the surrogate frame § = (W, Ry — {(r,r)}, Ry — {(r,7)})
as above and then put

V' =V UD|a], where D[a] = {np :n € a}

S, = S;u{(r,n}u{(np,mp):n>m}uU
{(z,y) :x € Dla],y € V,zSiy} U
D x Dla],
fori=1,2.
Clearly, for a # w all the frames in Ext,® are finite, and the frames Qﬁ}

are infinite. In order to formulate the completeness result we define descriptive
frames based on &« Namely, define for & = (V,81,52) the frame G[@‘A}] =

(V, Sy, Ss, P) as follows: for each non-degenerate R;-cluster C = {j(C) : j < m}
in & let

Po={{j(C)}U{Gi-m+jC):icew}:j=0,...,m—1}.
Then P denotes the closure of
{{z}: =(2S12)} U{Pc : C is a non-degenerate R;-cluster in &}

under intersections and complements. The proof of the following result is
straightforward but a bit tedious.

Theorem 3.6. For all surrogate frames &, all structures in {G[@f}] LA e
Seq®} are descriptive frames.

Denote by sfp the set of subformulas of a formula ¢. The following com-
pleteness result will be proved in Section 5.

Theorem 3.7. (i) Fach normal subframe logic L containing CSMy is deter-
mined by a set of frames of the form G[(’ﬁ}], where & is a normal surrogate

frame and Ae Seq®. Moreover, for each © € L there exists a normal surrogate
frame & of cardinality < Z?igl(Qk)i such that G[&%] = L and G[&%] [~ ¢,

for an A € Seq®. Here k = |sfp|.
(11) Each quasi-normal subframe logic containing CSMy is determined by a

set of pointed frames of the form <G[QS‘}], r>, where & is a surrogate frame with
root r and A € Seq®. Moreover, for each ¢ € L there exists a surrogate frame
& of cardinality < Z?io(ﬂc)i such that <G[ ‘;’Y],r> =L and <G[Q5‘:¥],r> K o,
for an A € Seq® and the root v of . Here k = |sfp|.

3.3 Canonical Formulas

The following lemma follows immediately from Theorem A.1 and the condition
GL ® GL C CSMj,.
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Lemma 3.2. Let & = (W, Ry, Ro, P) be descriptive and assume & |= CSMy.
For all b € P and i € {1,2} the following holds: (i) All x € maxg,(b) are
R;-irreflexive. (ii) For all y € b there exists an x € maxg, (b) with yRY¥z.

A valuation U in a surrogate frame & = (W, Ry, Rs) is p-good if for each
Y € sfp and each non-degenerate R;-cluster C' with (1)) N C # B there exists

ay € V() with CRy.

Lemma 3.3. Let § = (W, Ry, Ro, P) be descriptive and assume $) = CSMy.
Suppose (9,0, x) = ¢ and denote by k the cardinality of sfp.

(i) There exists a mormal surrogate frame & of cardinality < 2320_1(216)’
which is a subframe of the underlying Kripke-frame of $ such that there is a
p-good valuation BV* in & which refutes .

(ii) There exists a surrogate frame & of cardinality < Z?jO(Qk)i which is o
subframe of the underlying Kripke-frame of $) containing x such that there is a
p-good valuation B* in & with (&,T*,z) £ ¢.

Proof (i) By Lemma 3.2 we can take a z € maxg, (B(—yp)). Define V induc-
tively as follows: First put Fo = {z}. Suppose now that Fj, is defined. For each
y € Fy, R € {R1,R>}, ¢ € sfp such that there exists y' € B(¢) with yRy'
select a y" € maxg(U(¢)) with yRy". This is possible by Lemma 3.2. We take
y" from F,, whenever possible. Denote by D, 1 the set of new points selected
in this way and put

Foy1 =F,UD,; and V = U{F" 'n € wl.

We show that Fy,_1 = Fb. To this end suppose that z' € Fsp, — Fy,_q. There is
a Ry-path (z; : 0 < j < 2k) such that z = xp and 2z’ = x2;, and such that for each
xj4+1 there exists a subformula v of ¢ and a i € {1,2} with z,;4+1 € maxg, (B(¥))
and z;R;xj41. But then there exists ¢ € sfp and 2,24, € maxg, (U (y)) with
I > Osuch that z;4;—1 Roz ;4. Hence, by (3.1), 2; Roz;4;. But this is impossible,
since both z; as well as z;; are in maxg, (B(¢)).

Hence the cardinality of V' is bounded by Zfial (2k)!. Define & = (V, Sy, Sa),
where S; and S5 are the restrictions of R; and R to W. & is a normal surro-
gate frame: indeed, all points in V' are Ry-maximal, hence all points in V' are
So-irreflexive, by Lemma 3.2. We also know that z is Rj;-maximal. Hence z is
Sp-irreflexive and the only root of &.

Define a valuation * in & by putting U*(p) = B(p)NV, for all propositional
variables p. One easily proves by induction

U* () =V NYB(yY), for all ¢ € sfop.

Hence (&,0*, z) [~ ¢ and U* is p-good. So (i) is proved.

(ii) The construction of & is similar. This time, however, we put Fy = {z}
and then proceed with the definition of F},, n > 0, &, and 0* as above. Note
that in this case zRzx or (zRix and —(zRax)) is not excluded, and so & is
possibly only a surrogate frame but not normal. a
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The R;-depth of a point z in a finite frame (W, Ry, R») is the length of the
longest R}—path (z; : 1 <i<n) with z = 2.

Lemma 3.4. Suppose that $§ = (W, Ry, Ro, P) is descriptive and assume $) |=
CSMy. Suppose & = (V,S1,S2) is a surrogate frame which is a subframe of the
underlying Kripke frame of ). Then there exists a valuation U in § such that

e z€U(p,), forallz €V.
e (9,9) = 4(8).

Proof For each pair (z,y) € V xV with z # y take ¢, , € P such that & € ¢,
and y & c;,y. For each pair (z,y) € V x V and ¢ € {1,2} with =(zR;y) take
b., € P such that » € O;b, , and y & b. . Sets with these properties exist
since §) is refined. Now we define a, by induction on the R;-depth of z in &.
Suppose that a, is defined for all y of R;-depth < n and suppose that z has
Ri-depth n + 1. Put

a, = ﬂ{cmy N—cyo:y#zz,ycVin
ﬂ{Dib;,y :o(zRy);z,y € VN
ﬂ{—b;,z co(yRix);z,y € VEN
ﬂ{Oiay 2Ry, 2,y € V)

Define a valuation U in $ by putting U(p,) = a,, for all z € V. It is easily
checked that 2 is as required. a

Lemma 3.5. Suppose ) = (W, Ry, Ra, P) and H = CSMy. Let & = (V, Sy, Ss)
be a surrogate frame with root r and assume (9, z) = a(®) and (&,0,7) £ @,

for a @-good valuation B. Then there is a pointed subframe ($)',z) of (9,z)
such that (9',z) & ».

Proof Suppose (9,4, 2) = 6(8) A 0,5(&) A p,. Define

b= J{Up.):z eV}

and define a valuation U4* in §' = §; by putting

#4(p) = (H{up2) : @ € B(p)}.

One easily proves by induction (by using that U is ¢-good)

4 () = [ J{thlps) 1 2 € B(y)}, for all ¢ € sfp .

Hence (§',4*, z) [~ . a
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Proof of Theorem 3.4

(ii) Suppose CSMy @ ¢ is a subframe logic containing CSM,. Put k = |sfy].
Let &;, 1 < i < n, be the collection of normal surrogate frames satisfying the
following conditions:

e The cardinality of &; is < Y70~ (2k)".
e There exists a ¢-good valuation in &; which refutes .

We show that a(®;), 1 <i < n, is as required. To this end it suffices to prove
for all descriptive $) validating CSMy,

9' | o, for all subframes $)' of
& HEFa®;), forall1<i<n.

Suppose §’ }£ ¢, for a subframe $)' of §). By Lemma 3.3 there exists ¢ with
1 <i < n such that &; is (isomorphic to) a subframe of the underlying Kripke
frame of $'. We conclude 9’ [~ a(®;), by Lemma 3.4. But then 9 £ a(®;), as
well. Conversely, suppose that §) £ «(®;), for an 1 < i < n. Then, by Lemma
3.5 9' £ @, for a subframe $' of 9.

(i) Suppose that CSMy + ¢ is a subframe logic containing CSMy. Put
k = |sfp|. This time let &;, 1 < ¢ < n, be the collection of surrogate frames
satisfying the following conditions:

e The cardinality of &; is < Z?io (2k)".

e There exists a p-good valuation ¥ in &; such that (&;,0,r) [~ ¢, for the
root r of &;.

The proof that a(®;), 1 < i < n, is as required is similar to the proof above
and left to the reader.

3.4 Completeness

Lemma 3.6. Suppose $ = (W, Ry, Ro, P) is descriptive and assume that §) =
CSMy. Suppose that & = (V,S1,S2) is a surrogate frame which is a subframe
of the underlying Kripke frame of $ and suppose that n € w. Then there exists
an A € Seq® and a valuation B in §H such that

e £ €Y(p,), forallz € V.
o (9,) F 5(60).

Proof Let n € w. We first assume that the root of & is Rs-irreflexive. By
Lemma 3.4 we can take a valuation  in $ such that

o z € U(p,), forall z € V.

o (9H,4) E ().
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Call a subset V; of V' closed iff x € Vi and zR 1y imply y € Vi. Let V; be a
closed subset of V' and put § = (V1,51 NV; x V1,52 NV; x ;). Consider the
following conditions on a valuation Uy, in $). Here we denote by Cl(V}) the set
of non-degenerate R;-clusters in V.

(T1) 4(ps) D B, (p,), for all z € V.
(T2) z € By, (p,), for all z € V.
(T3) For all C = {j(C): j <|C|} € CI(V1) and y € C[n], x € C:
By, (p,) CUp,) & (3 <ICNEi €Wy = (i-1C] +5,C) Az = j(C)).

(T4) There exists A = (4, : 2R, z,z € V) € Seq® such that for
ANV =4, NV 12 €C, CeCl(W))

we have
<~67 mV1> |: 6(3’?1&‘0‘/1))7
and forallz e V-V, C = {j(C):j <|C|} € Cl(V1), and y € C[n]:
z € 02y, (py) & (T <|C))(EFi €w)(y = (i-|C] +5,C) Az € Ajc))-
We show by induction on the cardinality of the closed sets V; that there always
exists a valuation Uy, satisfying conditions [T1]-[T4].
The case Vi = () is trivial.
Suppose now that By, (V; possibly empty) is defined and @ is a R;-cluster

such that all proper R;-successors of @ arein V;. Put Vo = V3 UQ. We are going
to define a valuation Uy, satisfying the conditions [T1]-[T4] for V5. Abbreviate

T(z,y) = (3C € CIV1))(Fi € w)(3j < |C)(y = (i-|C| +,C) Aw € Aj(cy).
and put for z € Q,
b, = DBy, (p)N
{0iBv. (py) : 2Siy,y € V1,i € {1,2}}n
({02DBvi (py) : T(x,y),y € C,C € CL(Vi)} N
({=©2Bvi () : =T'(2,y),y € C,C € CI(11)}

We now distinguish two cases.
Case 1. @ = {z}, for an R;-irreflexive z. In this case put

Bi(p) = { Ty €GN OUChCe i)

Clearly Uy, satisfies conditions [T1]-[T4] for V5.
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Case 2 @ is a non-degenerate R;-cluster. Assume @ = {j(Q) : j < m} and
let t € w.

Claim. There is a set of R;-irreflexive points x(i), ¢ < t 4+ 1, such that
z(i + 1)Ryz(7) for all i < ¢, QRyz(t), and such that, for all z € Q and k < t:

z(k)€b, & @Giew)Fj<m)k=i-m+jAz=;Q)).

Proof of the claim. The case |@Q| =1 is easy and left to the reader. Suppose
now that |@| > 2 and take two z,y € Q. Then the claim follows by induction
if we can prove that there exist Ri-irreflexive z; € b, and z» € b, such that
22R221. To this end take an Rj-irreflexive z| € b, such that QR z{. Such a z{
exists by Lemma 3.2. We can choose a, C b,, a, € P, with 2| € a, N —<qa,.
Put ay = b, N <¢ra,. By Lemma 3.2 there exists an R;-irreflexive 2z € a, with
QR1z>. We find an R;-irreflexive z; € a, with 2o R;2;. These two points are as
required and so the claim is proved.

Assume now that {z(7) : ¢ < t+ 1} has the properties described in the claim.
Notice that

R2N(gxg) =0, for g=QU{x(0),...,z(t)} .

This follows immediately from condition (3.1) and ¢ C J{(p.) : = € Q}.
Hence we find a valuation $* in §) such that (9,4*) = d({(g, R1 Ng X g,0)) and

U (Pa(im+j)) € bj(), forall j <m —Tandi-m+j <t,

x € U (pgy) C by, for all z € Q.

By choosing t € w large enough we find a subsequence {z(ng),... ,z(n,—1)} of
{z(0),... ,2z(t)} such that

T(Nimij) € bjq), forall j <mandi-m+j<n
and for each y € V — Q and j(Q) € Q with yR25(Q),
(Firm+j <n)(y € Coll* (Pe(nimyy))) = (Virm+j <n)(y € G2l (Patnimy)))-

In other words, we find sets B, C {y € V : ySaz}, x € @, and a valuation U**
in § such that (9, 4**) = 6((Q,Q x Q,0)y),

U (P(im+j,0)) C bj(@), for all j <m and all i-m +j < n,
x € U**(p,) C by, for all xz € Q,
and for all y € V — @ and j(Q) € Q with yR2j(Q),
(Vi-m+j <n)ly € Oo™*(Pim14.0) € Y € Bjo)-
We define

A, : ze(C, CeClV)
B T EQ

AV2 = T
@ : otherwise
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and put

ng(px) _ { Q]V1(pm) . T E (V — Q) U U{C[n] -C e cl(v'l)}

U (p) ¢ weQUQn]

It is easy (but a bit tedious) to check that Uy, satisfies [T1]-[T4], where in
[T4] we choose A = Ay,.

For Vi =V the valuation Uy, is as required in the lemma, by [T2] and [T4].

It remains to consider the case that the root r of & is Ry-reflexive: put
Vi =V —{r} and D = {r}. Then we take a valuation Uy, in § satisfying [T1]-
[T4] for V. Define b, as above. r € b, is Ra-reflexive. One easily proves that
there exists a chain {z(n — 1)Ry...2(1)Re2(0)} C b, of R;-irreflexive points
with rRaz(n — 1). We find a valuation {4* in § with r € U4*(p,.),

(9,47 = 6((D U D[nl, S, 5)),
and U*(p;) C by, for all z € D U D[n]. Here
S =A{(rr)}u{lr, (kD)) :k <nyU{((j,D),(iD)):i <j<n}
Finally we put

[ Wy(pa) : zeViUUICIN]: C € CI)}
”(p“—{ () + »cDUDM

0 is as required in the lemma. a

Corollary 3.1. Suppose that $§ = (W, Ry, Ry, P) is descriptive and assume
$H = CSMy. Suppose & = (V,S1,S2) is a surrogate frame with root r which is

a subframe of the underlying Kripke frame of $. Then there exists an Ae Seq®
such that (9,7) = a(®"), for alln € w.

Proof Follows immediately from Lemma 3.6 by using the fact that Seq® is
finite. a

Lemma 3.7. Let & be a surrogate frame with root r, n € w, and Ae Seq®.
For all :

(i) G[&4] & ¢ whenever there is a @-good valuation B in & with <6ZY’ ‘1]> =
®.
(ii) <G[Q§}],r> ~ » whenever there is a p-good valuation U in &". with

<Q§},Q3,r> ¥~ .

Proof (i)+(ii) Suppose <®},m,z> £ o, B is p-good. Let G = (V,51,55)
and G[G4] = (W, Ry, Rz, P). We define a valuation i in G[G%] by putting
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U(ps) = {z} : x €V is Ry-irreflexive
Pe {GEOyYru{@ECl+4,C):ilCl+j>n} :+ x=j5(C), C cluster in &

It is easy to check now that
UiB@.) :zevi=w

and <G[®f¥]’ 7, r> E a(@}). Hence, by the proof of Lemma 3.5, there exists a
valuation 4* in G[&“] such that <G[Q5‘:Y],il*,z>  p. a

Lemma 3.8. Let & be a surrogate frame with root r and A€ Seq®. Put
t = 2k|C|, where C' is a mazimal cluster in & and k is the cardinality of sfop.
(i) For all n > t:

G[&%] £ v = there is a p-good valuation B in 8" such that <®},m> .
(ii) For all n > t:

<G[Q5“:¥],r> ¥ @ = there is a p-good valuation B in &7 such that <Q5’Z¥,‘,U,r> E .

Proof (i) + (ii) Let n > ¢. Suppose that <G[Q§],ﬂ,x> = . Following the

proof of Lemma 3.3 we find a subframe § of (’5“3. which does not contain K-
chains of length > 2k such that the restriction v* of v to § refutes ¢ in z. But
then we can certainly transform $* into a ¢-good valuation U in &" which
refutes o in x, whenever z in &, and in some y € C[n], whenever z € Cw], for
a non-degenerate R;-cluster C in ®. a0

Corollary 3.2. (i) For all surrogate frames & with root r and all Ae Seq®.
o The logic determined by G[&%] is decidable.

e The logic determined by <G[(’5“:Y],r> is decidable.

Proof Follows immediately from Lemma 3.7 and Lemma 3.8. a

Proof of Theorem 3.7 (i) Let L be a normal subframe logic containing
CSM, and ¢ ¢ L. Take a descriptive frame §) validating L such that ) & ¢.
By Lemma 3.3 we find a normal surrogate frame & of cardinality < Z?io_l (2k)
which is a subframe of the underlying Kripke-frame of §) such that there is a
¢-good valuation U* in & which refutes . By Lemma 3.7, G[&%] [~ ¢, for

all 4 € Seq®. Hence it suffices to show that tbere exists 4 € Seq® such that
G[&4] £ L. By Corollary 3.1 we can take an A € Seq® such that § = ("),



58 CHAPTER 3. BIMODAL PROVABILITY LOGICS

for all n € w. We show that this A is as required. To this end assume that
G[&“] [~ ¢. By Lemma 3.8 there exists n € w and a ¢-good valuation 9 in
Q} which refutes ¢ in Qﬁ}. But then a subframe of H refutes 1, by Lemma 3.5.
Hence ¢ & L.

(ii) The proof of (ii) is similar and left to the reader. a

Proof of Theorem 3.5
Follows immediately from Theorem 3.7 and Corollary 3.2. a

The question arises whether all frames of the form G[&%] are required in
Theorem 3.7, or whether some subclass suffices to prove completeness. To an-
swer this question call a (normal) surrogate frame & = (V, Ry, R») with root r
selected iff for all © # r with zRyx there exists y € V' such that yﬁga:. Define
a set Seqy® by putting Ae Seq,® iff Ae Seq® and for all z # r there exists
y € V such that yﬁgx and y € A,. Now the following holds:

Theorem 3.8. (i) Fach normal subframe logic L containing CSMy is deter-
mined by a set of frames of the form G[Qﬁ}], where & is a selected normal

surrogate frame and Ae Seqy®.
(i1) Each quasi-normal subframe logic containing CSMy is determined by a

set of pointed frames of the form <G[®;§],r>, where & is a selected surrogate

frame with root r and A € Seqy®.

For the proof notice that in the construction of & in the proof of Lemma 3.3
a R;-reflexive point z was selected only in the case that (i) there exists ¢ € sfp
such that z € maxg,(B(y)) and (ii) there exists an already selected y € &
such that yRox. Hence all frames & constructed in Lemma 3.3 are selected.
Moreover, we may assume that we select an R;-irreflexive point x with yRsx
and = € maxp, ((y)) whenever this is possible. In other words, we may assume
that an R;-reflexive point = was selected in the construction of & iff

e there exists ¢ € sfy such that z € maxg, (U(¢)) and

e there exists an already selected y € & such that yR,x and such that there
does not exist an Ry-irreflexive point z with yRyz and z € maxg, (B(v))).

The construction of (’5} in Lemma 3.6 shows that for such a subframe & of the

underlying Kripke frame of §) we have Ae Seqy®. A rather tedious proof shows
now that the class of frames

M = {G[&%] : G a normal selected surrogate frame, A € Seq,®}

is minimal, i.e., for each proper subclass IN of M closed under isomorphic images
there exists a normal subframe logic L which is not determined by a subclass of
N. Hence no further simplification of the completeness theorem is possible. For
specific systems, however, we easily derive completeness with respect to smaller
classes. As an illustration we prove that the logic CSMj has the finite model
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property: suppose @ & CSMj. There exists a normal surrogate frame & with
a ¢-good valuation U such that (&,0) & ¢. Replace all R;-clusters in & by
sets of Ry-irreflexive points of the same cardinality and denote the result by &’.
Then &' validates CSMj but (&',2) still refutes .
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Chapter 4

Adding the converse
operator

We investigate the preservation properties of the mapping
LK)~ L(K.t),

for modally definable classes K of transitive frames. While research concerned
with unimodal logics determined by transitive frames was extremely successful
(culminating in the theory of canonical formulas [Zakharyaschev 1992, 1996,
1997a, 1997b]), there was no comparable development for logics of transitive
frames with the converse operator. In fact, after the early results obtained in
[Bull 1968], [Segerberg 1970], and [Gabbay 1975, 1976] we find no successful
attempt to develop a theory for logics with converse operators. Modern proofs
of the results of those papers can be found in [van Benthem 1983, 1996], [Burgess
1984], [Gabbay et al. 1994], and [Goldblatt 1992], but in contrast to Unimodal
Logic only specific logics are considered and no general results are obtained.
Apparently, the reason for this situation is the fact that logics with the converse
operator are considerably more complex than their unimodal companions. For
example, while basically all interesting unimodal logics have the finite model
property, this is a quite rare feature for logics with the converse operator (see
the results of the present chapter).

Surprisingly, it will turn out that studying the preservation properties of
the mapping above (and some variants thereof) allows us to obtain a number
of rather general decidability and axiomatizability results which together with
the results of [Wolter 1996b, 1996¢] about logics determined by linear orderings
clarify the behavior of logics with the converse operator to a considerable extent.

Our main concern here will be decidability, axiomatizability, and the finite
model property. Here are the results we are going to prove, explained in more
detail than in the introduction:

61
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Axiomatization
Observe that, for L = L(K) (K modally definable), the logic L(K.t) coincides
with the syntactically defined logic

Lt=(LK)eK)@ep—00'pop—-0'Op

whenever L.t is determined by Kripke frames. So, we would have a syntactic
characterization of the mapping introduced above if Kripke completeness would
be preserved under the mapping

Lw— L.t.

Unfortunately, this turns out to be not the case; a counterexample is provided in
Section 4.8. Nevertheless, it is certainly important to find large and interesting
classes of logics of the form L(K), K modally definable, for which L(K).t is
Kripke complete and L(K).t = L(K.t). This is proved in the present chapter for

e all logics of finite width in the sense of [Fine 1974b],
e all logics of finite depth,

e all cofinal subframe logic in the sense of [Fine 1985] and [Zakharyaschev
1992, 1996],

and for various variants of those logics. Recall that a cofinal subframe logic is a
logic which is determined by a class of transitive frames which is closed under
forming cofinal substructures. (A cofinal substructure of a frame (W, R) is a
substructure the domain V' of which is cofinal in (W, R), i.e., for all v € V' and
w € W with vRw, w € V or ' € V(wRv').) The logics K4, S4, K4.1, K4.2,
K4.3, GL, Grz, K4.1,, L({(N,<)}), and all normal modal logics containing
S4.3 are cofinal subframe logics, cf. [Zakharyaschev 1996].

Decidability

It is proved that L.t is decidable whenever L is a finitely axiomatizable
cofinal subframe logic. Again a number of useful variations of this result are
presented. Consequently, we have a uniform decidability proof for almost all
interesting logics of the form L(K.t), K modally definable.

Finite Model Property

It is proved that, for every cofinal subframe logic L, L.t has the finite model
property iff L is determined by a first-order definable class of frames. This is
the first general result which connects the finite model property with first-order
definability. It follows that, e.g, K4.t, S4.t, K4.1.t, K4.2.t, and K4.3.t have
the finite model property while GL.t, Grz.t, and L({(N, <)}) do not.

Some remarks about the methodology we develop in order to obtain the
results: because of the negative results about the finite model property we
cannot reduce the completeness and decidability proofs to proofs of the finite
model property, and the central part of the present chapter deals with the
investigation of suitable substitutes of the notion of a finite frame and a finite
model. I shall briefly explain the idea by a simple example. Denote by L the
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logic determined by the frames <W, R, R*1> such that R is noetherian. L turns
out to coincide with GL.t. This logic does not have the finite model property.
But it is determined by the following class of frames M: call irreflexive points
as well as infinite descending chains (w, >, <) blocks'. Then a frame g belongs
to M if and only if there exists a finite transitive frame h such that g is obtained
from h by replacing all clusters in h by mutually disjoint blocks. The frames
in M behave basically like finite frames and it is, for instance, easy to deduce
the decidability of L from this completeness result. In general, we will have the
situation that more than two non-isomorphic types of blocks are required, that
the blocks are general frames, and that the replacement of clusters by blocks is
restricted. Also, it is not always possible to work with a finite frame f but only
with frames of finite depth. These constraints will be organized by so-called
type assignments to clusters. The process of replacement will be organized by
so-called replacement functions. Nearly all proofs in this chapter are centered
arround these two notions. We shall now give a survey of the chapter:

Section 4.1 is concerned with logics of finite width and finite depth and
introduces some concepts required later in the chapter.

Section 4.2 introduces cofinal subframe logics. Sections 4.3 and 4.4 introduce
type assignments and replacement functions. We shall not formulate the results
as general as possible but try to explain the method in such a way that it easy
to apply it to a logic in question. In Section 4.5 the axiomatization results
are proved (Theorem 4.6). In Section 4.6 the decidability results are proved
(Theorems 4.7 and 4.8). Section 4.7 is concerned with the finite model property
and Section 4.8 provides a modally definable class K such that L(K.t) # L(K).t.

Some notation for this chapter is required. Recall that L2 denotes the propo-
sitional bimodal language with boolean connectives A and — and modal opera-
tors O; and Oy. £' and £? denote the unimodal languages with operators Oy
and O, respectively. For a formula ¢ in a unimodal language denote by ¢! and
©? the translation of ¢ into £! and £2, respectively. For unimodal logics L and
M formulated in £ and £2, respectively, let

e Lt=Kit®IL,
e KMt=Kta M,
o LMt=KtoL® M.

L.t is called the minimal t-extension of L. A t—frame & is a bimodal frame of
the form (W, R, R™!, A), where R interprets 0; and R™' interprets Oy. The
unimodal reducts of & are &' = (W, R, A) and &> = (W, R, A).

Observe that, conversely, given a unimodal frame & = (W, R, A) the object
(W,R,R™", A) is not necessarily a frame since A need not be closed under the
operation Os.

I The reader should not confuse the notion of a block used in the present chapter with the
blocks introduced in the subsequent chapters.
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4.1 Finite width and finite depth

In this section we prove an axiomatization result for the minimal t-extensions
of logics of finite depth and finite width.

Firstly, two results about differentiated and descriptive frames are required.
Recall that every frame can be transformed into a differentiated one validating
the same formulas, see e.g. [Sambin and Vaccaro 1989]: the differentiation
D6 = (Wy, Rq, Ag) of a frame & = (W, R, A) is defined as follows. Define an
equivalence relation ~4 on W by putting

x~ayiffVa€e A(z €Easy € a).

Now put Wy = {[z] : « € W}, where [z] = {y € W : © ~4 y}. Define Ry by
putting [z]Rq[y] iff there exist 2’ € [z] and y' € [y] such that 2’ Ry'. Finally, let
Ag = {a : a € A} with a? = {[z] : © € a}. Tt is readily checked that D& is a
differentiated frame the induced algebra of which is isomorphic with &*. So &
and D& determine the same logic.

The transformation of an arbitrary frame into a descriptive one is given by
the Stone representation® ST (®) = (U(A),U(R), B[A]) of &, where

o $I(A) is the set of ultrafilters in the algebra (A4,N, —, 0, W).
o U1U(R)Us iff Va € A (Oa € Uy = a € Us).
e Forac€ A, Bla) ={U € U(A) :a € U} and B[A] = {B(a) : a € A}.

[ is an isomorphism from the algebra induced by & onto the algebra induced
by ST ®. The following lemma applies those two constructions.

Lemma 4.1. Let & = (W, R, A) and let T' C Ly be closed with respect to sub-
formulas. Suppose U is a valuation into <W,R,R’1> such that B(p) € A for
all p € T. Let D& = (W4, R4, Agq) and ST® = (U(A),U(R), B[A]).

1. Define a valuation B’ into <Wd,Rd,R;1> by putting
Y'(p) = {[z] : = € B(p)},

for all propositional variables p. Then [x] € B'(p) iff z € B(p), for all
p €T and x € W. Hence U'(p) € Ay, for all ¢ € T.

2. Define a valuation U’ into ({U(A),U(R),U(R)~") by putting

for all propositional variables p. Then U € B'(p) iff U € B(B(p)), for all
p €T and U € U(A). Hence B'(p) € B[A], for all p € T.

20f course, originally Stone developed duality theory for Boolean algebras without modal
operators. We believe, however, that the term Stone representation is justified because the
basic idea of the representation does not depend on the modal operators.
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Proof (1.) By a simple induction on the subformulas of ¢ € T

(2.) By induction on the subformulas of ¢ € T'. The interesting step is
¢ = Oatp. Suppose that U € U'(Caep). Then there exists U' € U(A) with
U'SI(R)U and U’ € U'(y)). Hence, by induction hypothesis, U’ € B(0(vy)) C
BB(T1029)). But then U € B(B(0215)) since (01 B(01)) = BIB(T1 O21))
and since 3 is an isomorphism.

Now suppose that U € §(0(<$21)). We first show that

X:{OlaaEU}U{Q}W’)}

has the finite intersection property in A. To this end consider aq,... ,a, € U.
Then ({a; : i < n}NY(Cryp) € U and therefore there exists © € W with
z € (a; : i < n}NY(Crep). But then there exists y € W with yRz and
y € V(). Clearly y € N{<C1a; : i < n} and the finite intersection property
follows.

Now take an ultrafilter U’ D X'. Then U'(R)U and, by induction hypoth-

esis, U’ € U'(+)). Hence U € V' (Oq1)). a

For a set of formulas ' C L5 closed under subformulas denote by £(T') the
minimal set of formulas containing I and closed under the connectives A, -, and
O, of the language £'. For a valuation ¥ into & = (W, R, R™*, A) define the
[-reduct oy = <W, R,Am([‘)> of & by putting

Ay = {B(p) : p € L)}

Observe that the algebra <Am(1") ,N,—, 0y, W> is a subalgebra of (4,N, —, Oy, W)
and Ggy () is a unimodal frame. The set Ay r), however, is not necessarily closed
under the operation Oy in (W, R, R*1>.

Call a frame (W, R, A) ((W,R,R_l,A>) finitely generated if there exists a
finite set B C A such that A is the closure of B under the boolean operations
and O; (O; and Oy). A logic L is called locally finite iff &7 is finite, for all
finitely generated frames & validating L. There exist locally finite unimodal
logics the minimal t-extensions of which are not locally finite, an example is the
logic K4 ¢ O0OL. But we have

Proposition 4.1. Let L be a locally finite unimodal logic. Then L.t has the
global finite model property.

Proof Suppose ¢ is not globally derivable from ) in L.t. Then there exists a t-
frame & = (W, R, R™', A) validating L.t and a valuation U such that the model
M = (6,9) refutes ¢ - . Form the frame Gy = (W, R, Ayy(ry), where T
is the set of subformulas of ¢,1). Then &gy and U satisfy the conditions of
Lemma 4.1 for I". Form D®‘B(F) = <Wd, Rd, (A‘B(F))d> Then DQSQ}(F) |= L and,
by Lemma 4.1, there exists a valuation 20’ such that <<Wd, Ry, Rd_1> ,Q]’) refutes
Y . Agr) is finite since it is generated by a finite set. But then (Ayr))a
coincides with 2" since D&yr) is differentiated. Hence (Wy, Rq, R;") | L.t.

O
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In what follows we assume frames to be transitive. Consider (W, R) and
x € W such that there exists a longest finite chain z = xoﬁxl ﬁxn in W.
The depth of z is dp(R,z) = n. A frame (W, R) has depth < n iff all points in
W have depth < n. It has finite depth iff there is an n € w such that all points
in W have depth < n. A t-frame (W, R, R™") has finite depth iff (W, R) has
finite depth. A logic L has finite depth if there exists an n € w such that all
frames validating L have depth < n.

Corollary 4.1. Suppose L has finite depth. Then L.t has the global finite model
property.

Proof Alllogics L containing K4 of finite depth are locally finite (cf. [Chagrov
and Zakharyachev 1997]). a

We immediately obtain

Corollary 4.2. Suppose K is a modally definable class of frames all of which
are of depth < n, for a fited n € w. Then L(K.t) = L(K).t

We now come to logics of finite width. Recall that a logic is said to have
finite width if it contains K4.I,,, for some n > 0; consult the appendix for the
definition of the formula I,,. Equivalently, a logic L has finite width iff there
exists an n > 0 such that all descriptive frames validating L have width < n.
Here, a frame has finite width n if no point in it has more than n incomparable
successors. Kit Fine in [Fine 1974b] proved that all logics of finite width are
complete. The proof of this result is still one of the most difficult exercises
in Modal Logic, we refer the reader to [Chagrov and Zakharyaschev 1997] and
[Kracht 1999] for modern proofs. In this section we use two lemmata proved in
[Fine 1974b] in order to establish the completeness of minimal t-extensions of
logics of finite width.

A frame & = (W, R, A) has the mazimal point property (mpp, for short) iff
max(z, R,a) # 0, for all z € a € A. Clearly all frames of finite depth have the
mpp. Also all frames without infinite strictly ascending chains have the mpp.
More interesting is the following result from the appendix.

Theorem 4.1. Each transitive and descriptive frame has the mpp.

Say that a t-frame & has the mpp iff both &' and &2 have the mpp. It
follows from the definition that all transitive and descriptive t—frames have the
mpp. Theorem 4.1 will be the basic technical tool in this chapter. For VC W
we denote the subframe <V,Rﬂ V2> simply by (V,R) and write V' N A for
{aNV :a € A}. If & has mpp then denote by maxe (W) the set of maximal
points (alias non-eliminable points in [Fine 1985]) in &. That is to say,

maxe (W) ={z € W :3a € Az € maxg(a)}.

The following two lemmata are immediate consequences of the completeness
proof for logics of finite width in [Fine 1974b)].
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Lemma 4.2. Let & = (W, R, A) be a finitely generated and descriptive frame
validating a unimodal logic L of finite width. Then the following holds:

1. The frame (maxe (W), R) validates L.

2. The frame (maxg (W), R) contains no infinite strictly ascending chains.

Lemma 4.3. Let & = (W, R, A) be a descriptive frame of finite width. Let d
be a finite subset of maxg (W) and y € W such that yRx holds for all x € d.
Then the following holds:

1. there exists b € A such that y € b and zRx holds for all x € d and all
z € Trr(y)Nb.

2. There exists z € maxg (W) such that yR*z and zR™x hold, for all z € d.

Theorem 4.2. Let L be a unimodal logic containing K4 of finite width. Then
L.t is globally complete. Moreover, L.t is globally complete with respect to frames
without infinite strictly ascending R-chains.

Proof Suppose that ¢ is not globally derivable from v in the logic L.t. Let
6 = <W, R, Rfl,A> be a frame validating L.t and % a valuation in & such
that (&,0) refutes ¢ F ¢. Denote by I' the set of subformulas of ¢, 1. Form
(W, R, Ayyry) and then the Stone representation ST ((W, R, Ay r)). Denote
this frame by $ = (V, S, B). 9 is a descriptive and finitely generated L-frame.
By Lemma 4.1, there is a valuation %' in (V, S, S=') such that ((h,S,S™') , ')
refutes ¢ F ¢ and such that 6'(x) € B for all x € T

Now consider (maxg(V'),S). By Lemma 4.2, (maxg(V),S) is an L-frame
without infinite strictly ascending chains.

Define a valuation 4 in (maxg(V),S,S~"') by putting

U(p) = Y'(p) Nmaxg (V), for every variable p.
Claim. For all z € maxg(V) and x € I':
z €W (x) iff x € U(x).

The proof is by induction on the subformulas of y € I'. The interesting step is
x = Oox1 and the direction z € U/ (Cax1) = = € U(OCax1). (Observe that the
induction step for y = ¢1x1 follows immediately from Theorem 4.1). Suppose
that z € ' (Cax1) and z € maxg (V). Then there exists ay € V with ySx and
y € B'(x1). By Lemma 4.3 and since U'(x1) € B there exists a z € maxg (V)
with z € 0'(x1) and zSz. Hence, by induction hypothesis, z € $(x1). But then
x € U(Oax1). The claim is proved.

It follows immediately that ((maxg(V),S,S™"),4l) refutes ¢ - . m}

We easily obtain the following reformulation in terms of an axiomatization
result.

Corollary 4.3. Suppose K is a modally definable class of transitive frames and
there exists n € w such that all frames in K have width < n. Then L(K.t) =
L(K).t.
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4.2 Cofinal subframe logics

We introduce some notation and results about subframe and cofinal subframe
logics. More about this type of modal logics can be found in [Fine 1985], [Za-
kharyaschev 1996], and [Wolter 1997c].

Subframe logics are defined here only in the unimodal case, but all concepts
and theorems can be extended without any problem to polymodal logics. For a
frame & = (W, R, A) and b € A non-empty put

&, = (b, R,bN A)

and call &, the subframe of & induced by b. A logic L is a subframe logic if the
class of frames validating L is closed under forming subframes. Recall that all
subframe logics containing K4 have the finite model property [Fine 1985] but
that in general there are many incomplete subframe logics, e.g., there exist 2%0
unimodal subframe logics which are validated by a given Kripke frame if and
only if it is transitive [Wolter 1997c].

For subframe logics a number of important properties turn out to be equiv-
alent. We say that a logic L has the finite embedding property iff it is complete
and the class of Kripke frames validating L has the finite embedding property;
that is to say, a Kripke frame g validates L iff all finite subframes of g validate
L. For a proof of the following result see [Wolter 1997c].

Theorem 4.3. For every subframe logic L the following conditions are equiva-
lent:

o L is first-order definable.?

e L is compact (alias strongly complete).
o L has the finite embedding property.

e L is d—persistent.

Example 4.1. Examples of unimodal first-order definable subframe logics are
K, T, K4, S4, K4.3, K4.1,,, for i > 1, and S5.

Examples of unimodal not first-order definable subframe logics are GL and
Grz, see [Zakharyaschev 1996].

Certainly the t-extension of every (first-order definable) subframe logic is a
(first-order definable) subframe logic as well. Call a formula ¢ € Ly a (first-
order definable) subframe aziom iff K4.t® ¢ is a (first-order definable) subframe
logic. Observe that, for every set of subframe axioms ® and unimodal subframe
logic L the logic L.t & ® is a subframe logic, as well.

Let &, be a subframe of a transitive frame &. It is called a cofinal subframe
of & if b is a cofinal subset of W that is to say, if

(Ve e W)(Vy € b)yRx = x € bV (Iz € b)(zRz).

3Recall that first-order definability implies completeness according to the definition in the
appendix.



4.2. COFINAL SUBFRAME LOGICS 69

A logic L containing K4 is a cofinal subframe logic if the frames validating L are
closed under forming cofinal subframes. Certainly all subframe logics containing
K4 are cofinal subframe logics. A unimodal formula ¢ is called a (first-order
definable) cofinal subframe axiom iff K4 @ ¢ is a (first-order definable) cofinal
subframe logic.

Example 4.2. K4.D, K4.1, and K4.2 are first-order definable cofinal sub-
frame logics which are not subframe logics. L({(N,<)}) is a non-first-order
definable cofinal subframe logic. All normal unimodal logics containing S4.3
are cofinal subframe logics, see [Zakharyaschev 1996].

Subframe logics containing K4 as well as cofinal subframe logics can be
axiomatized in a canonical manner [Fine 1985], [Zakharyaschev 1992, 1996].
In the present investigation, however, only the description of subreductions and
cofinal subreductions by means of formulas is required: for a finite and transitive
unimodal frame g = (W, R) fix (mutually different) variables p,,z € W, and
define

a(g) = Nfpy = Op: :yRz,y,2€ W}A
/\{py — =0p, : ~(yRz2),y,z€ W} A
/\{Py = .ty #F2,y,2€ W

If (9,0) = a(g) and B(p,) # O, for all x € W, then there is a subframe )’ of
$ such that g is a p-morphic image of $§'* (cf. [Fine 1985]). In this case § is
said to be subreducible to g. $’ and the p-morphism can be obtained as follows:
assume that a; = U(p;), for all variables p; of a(g). Abbreviate by

9 = alg)as|z € W]

the statement (£),0) |= «(g). This algebraic notation will be used rather often
in the present chapter. Then put £ = $j¢s,:0ew} and the p-morphism o is
defined by putting o(y) =z iff y € a,.

A similar procedure works for cofinal subframe logics (cf. [Zakharyaschev
1992, 1996]). Put

V(g) = alg) A \/{px VOp, iz € W

If (9,9) E V(g) and B(p.) # 0, for all 2z € W, then there is a cofinal subframe
$H' of H such that g is a p-morphic image of §'. In this case ) is said to be
cofinally subreducible to g.

Also the following formula will be used: define the weak description a,(g)
of g by putting

awl@) = Nipy = Op-:yRz, y,2€ WA
/\{py — =Op, : (yR2), y,z € W}A
Nipy = —p- 1y # 2, y,2}.

4Consult the appendix for a definition of p-morphisms.
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Observe that the first condition of a(g) is relaxed here. a,,(g) is deductively
equivalent to a(g) whenever g is a frame without non—degenerate clusters.

4.3 Replacement functions

We come to another basic technical tool for obtaining insight into logics with
the converse operator. A frame & has finite clusters (fc, for short) iff there
exists an n € w such that all clusters in & have cardinality < n. All differ-
entiated and finitely generated t-frames have finite clusters; more precisely, if
® = (W,R,R™", A) is a differentiated frame and A is generated by a set B C A
of cardinality m, then all clusters have cardinality < 2.

Consider a t-frame g = (W, R, R™') and a set C of non-degenerate clusters
in g. Suppose that with every C' € C there is associated a frame

9 =(Ve,Sc,S5", Ac)

in such a way that Vo, NV, = 0, for any two different C; and Cs in C. Assume
also that all Vi are disjoint from W — | JC. Then the replacement frame induced
by {$H¢ :C € C}is

g9/C:CeCl=(V,8,57" A),
where
o V=(W-UOUU{Ve:Cec},

xRy : x,y €W,
xScy : z,y € Ve, CeC,

xSy & xRC : zeW,yeVe,CeC,
CRy : ze€Vo,yeW,C e,
CRD : z€Veo,yeVp,C,DeC.

eacAiff anVy € Ag, for all C € C.

We leave the easy proof that g[y”/C : C € C] is a frame to the reader. Ob-
viously it is a Kripke frame iff all the ¢ are Kripke frames. The corresponding
concepts for transitive unimodal frames are defined in the obvious way.

We first use replacement in order to characterize the d-persistent cofinal
subframe logics. Suppose & = (W, R, A) is a frame with mpp and fc. For all
points € W there exists a final cluster C' with zRC. (A cluster is called final
iff it has not proper successors.)

Denote by TOPg the set of all final clusters in & and put BOTg =
W — |JTOPg. (Note that BOT s consists of points while TOPg consists
of clusters). The following two frames m< and m< are required:

m< = {{0,...,m}, <), m==({0,...,m},<).

Now recall the following (extended version) of a result from [Zakharyaschev
1996].
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Theorem 4.4. For every cofinal subframe logic L the following conditions are
equivalent:

e L is first-order definable.

e [ is compact.

e L is complete and has the finite cofinal embedding property. That is to
say, for all finite frames g and all clusters C in BOT 4:

~ (Vm €wgm</C] E L) = gl(w, <) /C] - L
~ (Vm € wglm=/C] E L) = gl(w, <) /C] |- L.

L is complete and, for all finite and rooted frames g and all clusters C' €
BOT g, the following holds:

- (Vmewgm=</ClEL) =gk L
— (YmewgmS/C]EL)=gkE L.

e L is d-persistent.

A replacement function for g = <W, R, R_1> is a partial function f from
the set of non-degenerate clusters of g into the class of copies of a finite set of
frames {&y,...,®,} such that the fC' are mutually disjoint and disjoint from
W — |Jdomf, where domf denotes the domain of f. The replacement frame
induced by f is

gf = g[fC/C : C € domf].

We will mostly simply write fC' = &;, ignoring disjointness considerations. For
C & domf we will often write fC instead of C, for simplicity. Also, for clusters
C1 and (s, the terms fC; RfCy and C; RfCy have the canonical meaning. For
a non-empty subset d of a cluster C' let fd = fC'. For a subframe h of g the
restriction of f to § is denoted by f, as well.

Replacement functions for unimodal frames are defined analogously. Let
f be a replacement function for a frame g = (W, R) of finite depth and with
finite clusters. For a finite subset h of BOT (= BOT ) we define an equivalence
relation ~ ¢y on TOP(= TOPy). Put, for Cy,Cy € TOP,

Cr ~ng) C2 & fCy ~ fC5 and CRC iff CRCy, for all clusters C' in h.
Denote by TOPM™E the set of ~ (h,£)-equivalence-classes, i.e.,
TOP™ = {[C]: C € TOP}, where [0] = {C": C ~yp C'}.
T(’)P<)h7f> is finite since h is finite and the range of f is finite (up to isomorphic
copies).

Now call a finite subframe h = (V, R) of g a finite f—cofinal subframe of g iff
both
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1. for all C' € TOP with C NV # § it follows that C NV = C,

2. for all A € TOP™E there exists an # € V such that C(z) € A. Here
h=VnNnBOT.

Of course, condition (2.) is essential and (1.) has only notational reasons. The
use of the concept of finite f-cofinal subframes is the following: quite often we
will meet the situation that we have to check whether a frame (W, R)f validates
a formula ¢. The following proposition says that it suffices to check the validaty
of ¢ in all frames (V, R) such that (V, R) is a finite f-cofinal subframe of (W, R);
this is of course much easier than the first problem.

If (V, R) is a finite f-cofinal subframe of (W, R), then we call

(VNBOT, {{C" e TOP : C ~wrpor,s C',C'NV #£0}: C € TOP})
the representation of (V, R) with respect to f.

Proposition 4.2. Let g = (W, R) be a frame of finite depth with finite clusters
and let £ be a replacement function. The following holds:

1. g is cofinally subreducible to bt for every finite f-cofinal subframe b of g.

2. For all formulas p: if bf |= @, for all finite £-cofinal subframes b of g,
then gf | ¢.

Proof (1.) Let h = (V, R) be a finite f-cofinal subframe of g with represen-
tation (h,B). For each C € TOP — |JB fix a cluster C' € |JB such that
C ~(hg C" and let so,cr be an isomorphism from fC' onto fC'. Now define a

mapping .
o <hU UT(’)P,R> S (VR

by putting

o(z) r : xeVE
| sc(e),cay(®) : otherwise.

It is readily checked that o is a cofinal subreduction from gf onto hf.
(2) Suppose (gf, B, z) = ¢. We are going to construct a finite f-cofinal subframe

(V,R) of g such that <(V, R)f,Q],ac> = . V will consist of points y selected
inductively in the following manner: assume that D is a set of clusters in g. For

C € D let D(C) be a minimal set of clusters D in g with the following property:
for all x € sf(yp),

(1) if there exists a cluster D # C in g with CRD and U(x) N fD # 0,
then there exists a cluster D € D U D(C) such that C # D, CRD and
B(x)NED # 0.
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(Here, again we assume that fC' = C, for all clusters C' not in domf.)

Put F(D) =DUU{D(C) : C € D}. Certainly F(D) is finite whenever D is
finite.

We now proceed by induction. Put Fy(z) = {C(2)} and Fy41(x) = Fy(z) U
F(F,(x)), for all n € w. Clearly F,,(z) = Fp11(x), where m € w is the depth
of g. It is also clear that d = |J F,,(z) is finite. Let h = d N BOT. For each
B e TOP™D take a cluster C € B and denote by d’ be the set of all selected
clusters. Then (dU|Jd', R) is a finite f-cofinal subframe of g. It follows from

the construction of d that <(d ulUd,R)", v, :E> E . a

We are going to define the notion of a type assignment. Fix symbols m,1i,
and r.

Definition 4.1. Let = (g, R, A) be a frame with mpp and fc. A map t from
the clusters of & into {m,i,r} is a type assignment if tC' = m, for all clusters
C with C' € TOPg or C degenerate. Now let & = (W, R,R71, A) be a t-frame
with mpp and fc. If t! is a type assignment for &' and t2 is a type assignment
for &2, then the mapping t = (t',t?), defined by tC' = (t'C,t>C), is a type
assignment for &. (&, t) is called a frame with types.

Hence type assignments for t-frames are mappings t from the set of clusters
into {m,i,r}? which can always be represented as t = (t',t?). Type assign-
ments provide information about the status of a cluster in a frame. For instance,
they state whether a cluster has to be replaced by another frame and of which
type the frame should be by which the cluster should be replaced. Roughly
speaking, tC' = (m,m) means that C' is a good cluster and that there is no
need to replace it by another frame. tC' = (i,m) means that C' has to be
replaced by an infinite descending chain of irreflexive points (or some similar
frame) and tC = (r,m) means that C has to be replaced by an infinite descend-
ing chain of reflexive points (or some similar frame). This explains the choice
of the letters 1 and r. The symbol m is taken from “maximal cluster” and will
be explained in the next section. In this investigation the types in

m™~ = {(i,m), (r,m)}

will be the most important ones since only clusters C with tC € m~ will be
replaced by other frames.

We are now going to define the frames by which clusters will be replaced.
For a cluster C and a frame g = (W, R, R~') define the frame C' < g by putting

C<ag=({0,1},<,>)[C/{0},a/{1}];
that is to say, C < g is defined by putting C' to the left of g. Abbreviate
w” = (w,>,<) and w? = (w,>,<).

Definition 4.2. Put G[C<qw”] = (W, S, S, A), where (W, 5,5 1) = C<w™
and A is defined as follows: let C = {xo,...2nm—1} and put

bj ={z;}U{i-m+j :i€cw} forall j <m.
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Then A is the closure of
{b; : j<m}U{a Cw : afinite }

under the boolean operations and under O; and Oy. G[C < w?] is defined
correspondingly.

Observe that G[C' < w~] is descriptive.

For a frame ® = (W, R, R~', A} with mpp and fc let TOP' = TOPg: and
BOT! = BOT g:. The sets TOP? and BOT? are defined symmetrically.

The following definition connects type assignments with replacement func-
tions. Observe that there are a lot of other possibilities to define this connection,

and so to extend the results we are going to prove to other logics (see also The-
orem 4.9).

Definition 4.3. Let (g,t) = ((W,R,R™'),t) be a t-frame with types and
finite clusters. Let f be a replacement function for g. Then
(1) fis the w>-replacement function for (g, t) iff domf = {C' : tC € m~} and

fC = w~, for tC = (i,m),
fC = w2, for tC = (r,m).

(2) fis the cofinal w-replacement function for (g, t) iff domf = {C' : tC € m~}
and

fC = w”, for tC = (i,m), C € BOT?,
fC = w2, for tC = (r,m), C € BOT?,
fC = G[C <dw”], for tC = (i,m),C € TOP?,
fC = G[C <dw?], for tC = (r,m),C € TOP.

(3) f is the m-replacement function for (g, t) iff domf = {C': tC € m~} and

fC = m<, for tC = (i,m),
fC = m=, for tC = (r,m).

(4) f is the cofinal m-replacement function for (g,t) if domf = {C : tC € m~}
and

fC = m<, for tC = (i,m),C € BOT?,
fC = m<, for tC = (r,m),C € BOT?,
fC = C<am<, for tC = (i,m),C € TOP?,
fC = CamS, for tC = (r,m),C € TOP>.
The frames in the range of the w>-and cofinal w”-replacement functions will

form the blocks of the frames to be constructed. The m-replacement-functions
are required only for technical reasons. Observe that, depending on the context,



4.3. REPLACEMENT FUNCTIONS 75

tC = (i, m) abbreviates the instruction to replace C' by w> or by G[C'<lw~], and
tC = (r,m) abbreviates the instruction to replace C' by w? or by G[C' < w?].

We have defined replacement function, type assigments, and their connec-
tion. Now we consider the following problem: how to obtain from a descriptive
frame & validating L.t and refuting ¢ F ¢ a finite frame g with a type assign-
ment t such that, for the w>-replacement function f for (g,t), gf validates L.t
and refutes ¢ F 9?7 The first step is the definition of g:

Let & = (W, R, A) be a frame with mpp and fc and let T’ be a finite set
of unimodal formulas closed under subformulas and containing T. Let U be a
valuation in &. Define

Rdyr® = (Rder) (W), R),

where Rdyr)(W) = U{maxr(UB(p)) : ¢ € T'}. Note that Rdyr)® consists
of maximal points (alias non-eliminable points in [Fine 1985]) only. In contrast
to the constructions in [Fine 1974b, 1985] we do not take all maximal points
but only those which are maximal with respect to sets in {U(y) : ¢ € T'}. The
following lemma lists the main properties of Rdyr)®.

Lemma 4.4. Let Ry (W) CV C W and let U’ be the restriction of U to
V.

1. Forallz € V and p €T, ((V,R), V', z) |= ¢ iff (6,0,z) = ¢.
2. The depth of Rdyr)® is bounded by |T|.
3. Rdyr)® is a cofinal subframe of (W, R).

Proof (1) follows immediately from Theorem 4.1. (2) is trivial. (3) follows
from the assumption that T € I'. a

A similar construction can be conducted for a t-frame & = <W, R, Rfl,A>
with mpp and fc. Let I' C £, be a finite set of formulas closed under subformulas
and containing T. For a valuation U define Rdyr)® = (RdgyW, R,R™!),
where

Rdyr) (W) = | J{maxp(B(p)) : ¢ € T}U | J{maxz-1 (V(y)) : ¢ € T}.

Lemma 4.5. Let Ry (W) CV C W and let U’ be the restriction of U to
V.

1. Forallz €V and p €T, ((V,R,R7') 0", z) = ¢ iff (6,D,2) E ¢.
2. The depth of Rdyr)® is bounded by 2|T|.
3. Rdyr)® is a cofinal subframe of <W,R,R_1>.

Example 4.3. Consider the frame g = Rdyr)® for the descriptive frame
& = G[C <dw”]. & validates GL.t but g contains a non-degenerate cluster
and so does not validate GL.t. In order to obtain from g a frame validating
GL.t this cluster has to be replaced by an infinite descending chain, and the
type assignment for g should instruct us to do so.
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A technical lemma is required. Based on the two lemmata above it will
establish the connection between w>-replacement functions and m-replacement
functions. It will be used in order to check whether a formula is valid in some
9. In what follows sb() denotes the set of subformulas of ¢ plus {T}. Also,
sb(¢, 1) denotes the set of subformulas of p, ¢ plus {T}. The length of a formula
®, in symbols (), is the cardinality of sb(y).

Lemma 4.6. Let g = <W, R, R_1> be a frame of finite depth with finite clusters
and let t be a type assignment. Let ¢ be a unimodal formula and m = 1(p).

1. If £ is the w” -replacement function for (g,t) and £, is the m-replacement
function for (g,t) and ¢ is a cofinal subframe formula, then gt = @' iff
g™ =l

2. If f is the cofinal w™ -replacement function for (g,t) and £, is the cofinal
m-replacement function for (g,t) and ¢ is a d-persistent cofinal subframe

formula, then gf = ©? iff gt | 2.

3. If £ is the cofinal w”-replacement function for (g,t) and f,, is the m-
replacement function for {(g,t) and ¢ is a cofinal subframe formula, then

o Eotiff g™ ot
4. If £ is the cofinal w” -replacement function for (g,t) and g is the w”-
replacement function for {(g,t) and ¢ is a cofinal subframe formula, then

" E ol iff g8 o'
5. Let ¢ € Ly be a d-persistent subframe formula and n = 2l(y)). If £ is the

w” -replacement for (g,t) and f,, is the n-replacement function for (g,t),

then g* = ¢ iff g™ |= 1.

6. Let ¢ € Lo be a d-persistent subframe formula and n = 21(¢). If f is
the cofinal w” -replacement for (g,t) and £, is the cofinal n-replacement

function for (g,t), then gf = o iff g £ .

Proof We prove (1), (2), and (5). (1) (W, R)" is cofinally subreducible onto
(W, R)fm. One direction follows immediately from this observation. Now sup-
pose that (W, R)® }£ ¢'. (W, R)T has no infinite strictly ascending chains. Thus
(W, R)f has the mpp and therefore, by Lemma 4.4, (W, R)f’“ ol

(2) (W, R’1>f is cofinally subreducible onto (W, R*1>fm. The implication
from gf |= ¢? to gf» |= ¢? follows. Now suppose that (¥, R*1>f W~ ©%. Then,
by Lemma 4.2, there exists a finite f-cofinal subframe (V, R_1> of <W, R_1>
such that (V, R_1>f = 2. (V,R™') is also a f,-cofinal subframe of (W, R™'),
where f,, is the cofinal n-replacement function for (g,t) and n € w. K4 ® ¢ has
the finite cofinal embedding property. Hence <V, R’1>f" K ©?, for an n € w.
But then, by Lemma 4.4, (V, R*1>fm W~ ©?. Hence <W,R,R’1>f'“ 2.

(5) gf = = g = ¢ is clear. K4.t ) has the finite embedding property
since K4.t @ is d-persistent. Suppose g £ 1. Then there is a finite subframe
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b of gf with h [~ ¢. By Lemma 4.5, there is a subframe b’ of b of depth < n
with b [~ 1. Clearly b’ is a subframe of gf~.
(3) can be proved analogously to (1). (4) follows from (1) and (3). (6) can

be proved analogously to (5). a

4.4 Canonical Replacement Functions

We are now going to describe how the required type assignments are obtained.
Define the canonical type assignment c of a transitive descriptive frame & =
(W, R, A) with finite clusters as follows. For any cluster C in & put

e cC = m iff there exists z € C and a € A with € maxg(a).

e cC =iiff, foralln € wand a € A with CNa # 0, there exists d, C a such
that (d,, R) is isomorphic with n< and CRd, (i.e., CRz, for all z € d,).

e cC =riff cC ¢ {i,m}.

(8, c) is called a descriptive frame with canonical types. The following is easily
checked:

e cC = m, for all degenerate clusters C.
e cC = m, for all clusters C € TOPg.
e cC =miff, for all z € C, there exists a € A with z € max(R, a).

e cC = r iff cC' # m and there exists a € A with C Na # 0 such that
there exists an m € w so that Trgr(z) N a contains no chain of irreflexive
points of length > m, for all z € C, and such that there exists d,, C a
with (d,, R) ~ n< and CRd,, for all n € w.

Hence c satisfies the conditions for a type assignment. Let & = <g, R,R’l,A>
be a descriptive and finitely generated t-frame and let ¢' and ¢? denote the
canonical type assignments for the reducts &' and &>. Then ¢ = (c',c?) is
called the canonical type assignment for &. c is a type assignment since ¢! and

c? are type assignments.

Example 4.4. Consider the frame g = Rdyr)®, for a descriptive frame &
validating GL.t. The required type assignment for g will be the restriction ¢ of
the canonical type assignment for & to g. Suppose ¢!C' = m, for a cluster C in
g. Then C' is an irreflexive point since & validates GL.t. There is no need to
replace C' by anything else. If ¢!C' = i, however, then C' is non-degenerate and
we have to replace C by the frame w”. After all such clusters in g are replaced
by w> we obtain a frame validating GL.t. Observe that ¢'C' = r cannot happen.
Let, for example, & = G[C' < w”]. Then, ¢!C =i and c'{z} = m, for z € w.

Lemma 4.7. Let & = (W, R, A) be a descriptive and transitive frame with finite
clusters and let a € A. Let ¢ and ¢’ be the canonical type assignments for & and
&, respectively. Then cC = c'(C Na), for all clusters C in & with C Na # 0.
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We omit the simple proof. Note that a subframe of a descriptive frame is
descriptive, as well. The following lemma can be checked by standard methods
from [Fine 1985].

Lemma 4.8. Let & = (W, R, A) be a transitive and descriptive frame with fc
and let ¢ be the canonical type assignment for &. Let C be a cluster in &. Then
the following holds:

1. If cC = m, then there exist sets {b, : © € C} C A such that

o x €b,, forall x € C,
e & = a((C,R))b.|z € C].

2. If cC =1, then, for all n € w, there exist d,, CW such that

o CRd, (i.e., CRy, for all y € dy),
e (d,,R) ~n<

such that there exist {b, : x € dp,} C A with

oz €b,, forall x € dy,
e & = a((dy, R))[b.|z € dy].

3. If cC =r, then, for all n € w, there exist d, CW such that

. Cﬁdn,

e (d,,R) ~n=
such that c{z} = m, for all © € dy, and such that there exist {b, : z €
dn} C A with

o €b,, forall x € dy,

o & |= a((dy, R))[bz|z € dy].

Lemma 4.9. Let & = <W, R, Ril,A> be a descriptive frame with fc. Let h

denote a finite subset of BOT"' and suppose there exists no y € |JTOP' such
that xRy holds for all x € h. Then there exists a finite set B C A of mutually
disjoint sets with \|JB D JTOP' and a set {b, : x € h} C A with x € b, for
all x € h, such that for all b € B there exists x € h with b, N <$1b = 0.

Proof We prove the lemma for h = {z1,22}. Suppose that there exists no
y € JTOP! with z; Ry and z»Ry. Put

X ={Csa: 1 €a,a € A}U{Cza: 22 € a,a € A}

Then X does not have the finite intersection property. Hence there exist a;, a2 €
A with z1 € a1, 2 € as and Csa; N Oras = 0. Now define

B = {<>20,1, 02&2, —l(<>20,1 U 0202)}.

Then B and {a,as} are as required. a
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The following theorem is the essential step in our proofs. Firstly we explain
its contents. Let g = Rdym®, for & = G[C <w”]. Let c be the canonical type
assignment for &. We should like to generalize to other frames and logics the
obvious fact that the frame gf validates GL.t, where f is the w>-replacement
function for (g,c). To this end the following argument for GL.¢ is lifted to
the general case (using Lemma 4.6 (1)); namely, in order to prove gf &= GL.t
it suffices to observe that gf= |= GL.t, for all m € w, where f,, is the m-
replacement function for (g, c).

For a frame (V,R) call a set V! C V R-closed iff (V' R) is a generated
subframe of (V, R). Call a type assignment t an m-type assignment if the range
of t is a subset of

m" = {(m, i), (m,r), (m,m), (i,m), (r, m)}.

Observe that the canonical type assignment is not necessarily a m-type assign-
ment.

Theorem 4.5. Let Ly, Ly be cofinal subframe logics and ® a set of d-persistent
subframe azioms. Suppose & = <W,R,R’1,A> is a finitely generated and de-
scriptive frame and that c is the canonical type assignment for &. Suppose
V. C W such that (V,R) and <V, R*1> are cofinal subframes of finite depth
of (W,R) and (W,R™'), respectively. Put ) = (V,R,R™") and assume that
c (restricted to h) is a m-type assignment for . The following holds for all
me w:

1. If & |= Ly t, then b |= Ly.t, where £, is the m-replacement function for
(b, c).

2. If & |= K.Ly.t and Ly D K4.3 is d-persistent, then h'~ |= K.Ly.t, where
£, is the cofinal m-replacement function for (h,c).

3. Let Ly be d-persistent and suppose & validates K.Ly.t ® ®. Assume that
(W, R) has finite width. Then h'~ = K.Ly.t © ®, where £, is the cofinal
m-replacement function for (b, c).

Proof (1) Let (V, R) be the cofinal subframe of (W, R) of finite depth such that
c is a m-type assignment for h. We may assume that TOPg1 = TOP (v gy.
Let m € w and let f,, be the m-replacement function for (&,c). By Lemma
4.2, it suffices to show that (V', R)™ |= Ly, for all finite f,-cofinal subframes
(V',R) of (V,R). Let (V', R) be such a frame. We are going to show that & is
cofinally subreducible onto (V', RY™. Let (d, B) be the representation of (V', R)
with respect to f,,, and define top = |JJ B.

Using Lemma 4.8 (1) and Lemma 4.9 and standard techniques from [Fine
1985] or [Wolter 1997¢] it is readily checked that there exist sets {b, : x € V'} C
A with the following properties (here again TOP! = TOPg1):

e x E€by, forall xzeV'.

o &' = au((V',R))[ba|z € V).
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o U{b,:x €top} D UTOP.
e &' E a((C, R))[b.|z € C], for all clusters C € |JB.

Now we prove by induction on the cardinality of R-closed subsets d’ of (d, R)
the following: there exist sets

{a, sz € (d Utop)=} C A

with a, = b, for all x € top, and a, C |J{b, : y € C}, for all z € £,,,C" and all
clusters C in d’, such that

(a) B [ a((d Utop, BY™)[ala € (@' Utop)™].

(b) For all clusters C' in d—d’ and all clusters D in d': if CEf,, D and z € £, D,
then C' C ©ja,. (Recall that we denote a cluster C' with C' ¢ domf,,, also
by £,,C.)

Suppose that the claim holds for d' C d and let C' be a cluster in d — d' such
that all strict successors of C' in (V’, R) are in d' U top. Define

a= (U{bs : 2z € C}H) NN{C1a, : CRE,C  x € £,C', C' cluster in d’ Utop},

§=(a,R,anA).

Case 1. ¢!C = m. Then, by Lemma 4.7 and Lemma 4.8 (1) applied to F,
there exist {a, : 2 € C} CanN A C A with z € a,, for all z € C, and

8 F a((C, R))az|x € C].

Then
® = a((C, R))[az|z € C].

It is readily checked that {a, : x € (d' U C U top)f=} satisfies (a) and (b).

Case 2. ¢'C = i. Then, by Lemma 4.7 and Lemma 4.8 (2) applied to
3, there exist d,, C a with C’ffdm and (d,, RY ~ m< such that there exist
{a :z €dp} CANa C A with z € a,, for all z € d,,, and

3 E a({dm, R))[az]z € dn].

Again
& = a((dm, R))[az|z € dn]

and {a, : ¢ € (d' UC UJtop)~} satisfies (a) and (b), where we put f,,C =
(dm, R).

Case 3. c!C' = r. Is consider analogously to case (2) with the help of Lemma
4.7 and Lemma 4.8 (3).

The claim is proved for d' U C.

We have established the existence of a set {a, : z € (V/)f»} C A such that

6! = a((V', R))ae|z € (V)™].
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We also have |J{a, : € top} D |JTOP*. Hence &' is cofinally subreducible
onto (V', R)™.

(3) Let (V,R™') be the cofinal subframe of (W, R~') of finite depth such
that ¢ is a m-type assignment for h = <V, R, R*1>. We may assume that
TOP? = TOP v,r-1y- Let f, be the cofinal m-repacement function for (&, c).

By Lemma 4.2, it is enough to show that <V’,R*1>fm E Lo, for all finite
f,,-cofinal subframes (V/,R™1) of (V,R™'). Let (V,R™!') be such a frame.
Let (d,B) be the representation of <V’,R*1> with respect to f,, and define

top” =UUB.
There exist sets {b, : z € V'} C A with
e x E€by, forall xzeV'.
o &k a,(V,R))bslz € V')
o U{b.:x €top } D UTOP.
e &2 E a((C,R))[b.|z € C], for all C € |JB.

We prove by induction on the cardinality of the R-closed subsets V' of (V' R)
the following: there exists an embedding

o (V",R)™ - (W,R)
such that

(a) o[C] = C, for all clusters C' with ¢!C' = m, (here and in what follows
o[C] = {o(z) : x € C}).

(b) CRo[C®] for all clusters C' with ¢*C € {i,r} and C' € BOT>.
(c) If £,C € {C am=<, C <m=<} then C' No[C™]=C.

(d) o[Ct] C U{bs : z € C}, for all clusters C.

(e) c'{o(z)} =m, for all z € (V" Nd)t.

Suppose that V"' is R-closed and let C' be a cluster in V' — V"' such that all
strict successors of C' are in V"', Assume that the claim is shown for V.
Case 1. ¢'C = m. Then put

(z) = r : xe€C,
L) = o(z) : ze (V"
Case 2. ¢'C # m. Let

F ={o(z): CRf,C",z € £,,C",C" cluster in V"}.
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Then C’ﬁy and ¢{y} = m, for all y € F, by (e). By Lemma 4.3, there exists
be Awith C Cband zRz, for all x € F and all z € bNTrr(C). Now let
a=bnNJ{b; : 2 € C} and form § = (a, R,a N A).

Case 2.1. ¢'C = i. Then, by Lemma 4.7 and Lemma 4.8 (2) applied
to §, there exists d,, C a with CRd,, and (dm,R) ~ m<. For C € BOT?
let s : (C,R)™ — (dn, R) be a surjective isomorphism. For C' € TOP? let
s:(C,RY™ = (C'Ud,, R) be a surjective isomorphism. Now define

s(z) : zelf,

o1(z) = { olx) : ze (V")

Case 2.2. ¢!C = r. This case is considered analogously to Case 2.1. Note
that one can choose a chain d,, of reflexive points z with ¢'{z} = m, by using
Lemma 4.8.

It is readily checked that oy satisfies the conditions (a), ... ,(e). The induc-
tive proof is finished.

Now consider the embedding o : (V/,R)™ — (W,R) with the properties
(a),...,(e). Let b= {o(z) :z € (V')f} and define
8

s <bU UTOP2,R*1> S (VR

as follows. Let s(z) = o~ '(z), for z € b. For z ¢ b we have C(z) C |JTOP?*—b.
Choose a C € | B with C(x) ~(4,¢) C and let s¢(,),c : C(x) — C be a surjective
isomorphism. Then put s(y) = s¢(s),c(y), for all y € C(x). s is a cofinal
subreduction of (W, R™) onto <V’,R*1>fm. Hence <V’,R*1>fm E L, (since
L, is d-persistent).

It also follows immediately from the proof that each finite subframe of
(W, R, R*1>fm is a subframe of (W, R, R™'). Hence (W, R, R*1>fm E & (since
® is d-persistent).

(2) is proved by means of a combination of the arguments for (1) and (3).
a

4.5 Completeness

We summarize the results obtained so far. We have defined frames g = Rdyr) &,
for all valuations 20 in descriptive frames & and finite sets of formulas I" closed
under subformulas. Also, we have type assignments ¢ on & and g. We now
show that every formula in T' which is refuted in (&,%) is refuted in gf as
well, where f is the w”- or cofinal w”-replacement function for (g, c). To this
end valuations U’ in g are required so that formulas in I' which are refuted in
(®,9) are refuted in (gf,%’) as well. We have a valuation {l in g, namely the
restriction of the valuation U in & to g. This valuation will be transformed into
a valuation 0’ in gf in a canonical manner. A transformation of {1 is possible
since i respects the type assignment c. Here, roughly speaking, I respects c
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iff we are not forced to replace a proper cluster by an infinite descending chain
whenever the cluster is maximal in (yp), for a formula ¢ € T'. Here are the
precise definitions.

Let g = (W, R, R™") be a frame of finite depth with finite clusters and let U
be a valuation in g. Let t be a type assignment for g and suppose that I' C Lo
is finite and closed under forming subformulas. Now the triple (g, 2, t) is called
w”-good for T iff

() for all clusters C, if t'C' # m then C N maxg(V(p)) =0, for all p € T.

Let f be the w”- or cofinal w”-replacement function for {(g,t). Then there exist
p-morphisms
fo: (£C)* - (C,R™)

onto C, for all clusters C' with tC' € {(i,m), (r, m)}. Define a valuation Uf in
gf by putting

B (p) = (BV(p) — U domf) U U{fgl(m(p)) : C' € domf},
for all propositional variables p.

Lemma 4.10. Let g be a frame of finite depth with finite clusters and let t be
a type assignment for g. Let o, € Lo and suppose (g,0,t) is w”-good for
sb(p,1). Let £ be the w”- or cofinal w™ -replacement function for (g,t). Then
(gf, %) refutes 1 - ¢ whenever (g, ) refutes i F .

Proof Using the condition that (g,2,t) is w”—good for sb(p,) it can be
shown by induction that

B (x) = (B(x) - | Jdomf) U J{£5' (B(x)) : C € domf},
for all x € sb(yp, ). a

Lemma 4.11. Let & = (W,R,R’%A) be a finitely generated and descriptive
frame and let ¢ be the canonical type assignment. Let U be a valuation and
suppose that T C Ly is closed under forming subformulas and contains T. Then

1. c is a m-type assignment for Rdyr)®.

2. Let ' be the restriction of U to Rdyr)®. Then <Rdm(p)®,%’,c> is
w” -good for T.

Proof (1) follows from the definition, Lemma 4.5, and the fact that Rdyr)®
is a cofinal subframe of &. (2) Suppose that ¢!C' # m and z € U'(y)NC, 1 € T.
Then z € () and V() € A and therefore there is a y € max(z, R, B(¢))
such that zRy. But then y € Rdyry (W) N W' (¢). a

In as sense, the following corollary is the main result of this chapter. We
obtain completeness with respect to a rather well-behaved class of models for a
large class of logics.
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Corollary 4.4. Let L1, Ly be cofinal subframe logics and let ® be a set of d-
persistent subframe axioms. Let

o L=1L4.t or

o L=IL1t®1I2 or

o L =1L1.Ly.t ® P, where Ly is of finite width and Lo is d-persistent, or
o [ =1Ly.Ls.t, where L1 D K4.3 is d-persistent.

Suppose that ¢ V1, p. Then there exists a frame g = <W, R, R*1> of finite depth
and with finite clusters with a type assignment t and a valuation B such that

e (9,0, t) is w” -good for sb(p, ).

o (g,B) refutes Y - .

° <gf,‘1]f> and {g8,08) refute ¢ - @, where £ and g are the cofinal w” - and
the w” -replacement function for (g,t), respectively.

e gf = L, where f is the cofinal w™-replacement function for (g,t).

Proof Let L be one of these logics and suppose that ¢ Ff ¢. Let & be a
finitely generated and descriptive frame validating L and U a valuation such
that (&,0) refutes ¢ F ¢. Let ¢ be the canonical type assignment for &. Define
0 = Rdwy(sp(p,0)® and let U also denote the restriction of U to g. Then, by
Lemma 4.11, (g,%0, c) is w”-good for sb(p, 1) and ¢ is an m-type assignment
for . By Lemma 4.5, g has finite depth and (g, %) refutes ) - ¢. Hence, by
Lemma, 4.10, gf and g& refute 1 - ¢. By Lemma 4.6 and Theorem 4.5, gf = L
in all cases with the exception of L = L;.t ® I2. But this case is settled by the
observation that g |= I2 iff ¢f = I2. a

Theorem 4.6. Let Ly be a cofinal subframe logic. Then:
1. Lit and L1t ® 12, n € w, are globally complete.

2. If Ly has finite width and ® is a set of d-persistent subframe azxioms then
Ly.t ® ® is globally complete.

3. If Ly O K4.3 is a d-persistent subframe logic then Li.Lo.t is globally
complete.

Proof (1) follows immediately from Corollary 4.4 and Lemma 4.6 (4). (2) and
(3) follow from Corollary 4.4 and Lemma 4.6 (5) and (6). a

It is easy to extend this theorem to various logics. Take, for example, the
logic L determined by the class of frames of the form (W, R, R~') such that R
is noetherian and has the confluence—property:

CR =VaVyVz(zR™ 'y AzR™ 'z = 3/ (yR™'2' A zR™'2")).
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How to axiomatize L? It is readily checked that the construction of &f as well
as &2 in the proof of Corollary 4.4 does not destroy the property CR. Hence
M.K4.2.t is complete, for all cofinal subframe logics M. But then GL.K4.2.¢
coincides with L. Note that one has to be rather careful when applying argu-
ments of this type. For instance, a slightly different argument proves the com-
pleteness of all M.S4.1.t, where M is a cofinal subframe logic; but GL.K4.1.¢
is known (and easily shown) to be incomplete.

4.6 Decidability

To prove decidability completeness with respect to frames of finite depth is not
enough. We refer the reader to [Kracht and Wolter 1999], where it is shown that
all equational theories of lattices can be uniformly and effectively interpreted
in logics containing K4.t & 0;0; L. Hence there exist finitely axiomatizable
undecidable logics containing this logic and the structure of the lattice of its
extensions is quite complex.

Frames of finite depth have to be reduced once more. This time we will not
take substructures but certain types of filtrations. Let g be a frame of finite
depth with finite clusters, I" a set of formulas closed with respect to subformulas
and finite, and let U be a valuation such that (g,%,t) is w”-good for T, t a
type assignment. We define an equivalence relation ~ on W. First let  ~p y
iff

(6, 0,2y Ev < (9,0,y) = ¢, forall ¢ €T.
Now define by induction on dp(R,z): x ~ y iff the following conditions hold:

e dp(R,z) = dp(R,y) and x ~r y.

e if 2Rz for a z € W then there exists 2z’ with yﬁz’ and z ~ 2/, If yffz for
a z € W then there exists 2z’ with zRz' and z ~ 2’.

e (VzeC(y)(32' € C(x))(z ~r 2') and (Vz € C(z))(32' € C(y))(z ~r 2').
e (C(z) is degenerate iff C'(y) degenerate.
o tC(z) = tC(y).

Let [z] denote the ~-equivalence-class generated by = € W and define V =
{[z] : € W}. Using the assumption that g has finite depth, a simple induction
on the depth of [z] shows that V' is finite. Define a relation S on V' by putting
[2]S[y] iff there exist 2’ € [z],y" € [y] with 'Ry’ and put h = (V,5,571),
B'(p)={[z] €V :2eB(p)}, forpel.

Fact 1. s : x — [z] is a p-morphism from (W, R) onto (V, S).

Fact 2. Forall p e T,z € W : (g,0,z) Ev < (h,D,[z]) E .

Let U be a cluster in h. Then s~ (U) is a set of cluster in g and tC; = tCs,
for all clusters Cy,Cy € s71(U). Define a type assignment t’ for b by putting
t'U := tC, where C is a cluster in s~ (U).

Fact 8. t' is a type assignment and (h, ', t') is w>-good for T.
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Fact 4. Let f be the cofinal w”-replacement function for (g,t) and let g be the
cofinal w”-replacement function for (h,t’). Then (h&)! is a p-morphic image of
(a9)".

The following lemma now follows immediately from Corollary 4.4.

Lemma 4.12. Let L be a cofinal subframe logic and suppose that ¢ is not glob-
ally derivable from ) in L.t. Then there exists a finite frame g with a type
assignment t and a valuation U such that

e (9,0, t) is w” -good for sb(p, ).
e of = L.t, where f is the cofinal w>-replacement function for (g,t).

o (g,B) refutes Y - .

Theorem 4.7. Let Ly be a cofinal subframe logic. Then L = Lq.t is globally
decidable whenever Ly is finitely aziomatizable.

Proof We may assume that L1 = K4 & ¢. It is enough to show that both
o L ={(x1,x2) : xa Fz x2} and

o {(x1,x2) : x1 V& x2}

are recursively enumerable. This is clear for L. Put m = I(y). Then x1 /1 x2
iff there exists a finite frame g, a valuation 2, and a type assignment t such
that

b (ga ma t> is w>_g00d for Sb(Xl: X2)7
e (g,) refutes x1 F xo,
e g = ¢!, where f,, is the m-replacement function for (g, t).

This follows from Lemma 4.12 and Lemma 4.6. It follows that {(x1, x2) : x1 V&
X2} is recursively enumerable. a

The result above can be extended in several ways. Consider, for example,
the logic GL.K4.2.t introduced above. In general, the reduction of gf to h%
destroys the property CR. But we can work with a rooted frame g and then
it is readily checked that the reduct h® validates CR as well. Hence L. K4.2.t
is decidable, for all finitely axiomatizable cofinal subframe logics L. Another
example of interest is the incomplete logic GL.K4.1.t. Again all operations
required to produce h& preserve the validatity of O:Cop — OoOsp. Hence
L.K4.1.t is decidable, for all finitely axiomatizable cofinal subframe logics L.
This also shows that the proof-method does not depend on the completeness of
the logic in question. The reason is that the cofinal w~-replacement function
works as well as the w”-replacement function.

We are now going to prove one more decidability result. In this case we have
not been able to prove global decidability but only local decidability. The modal
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depth dp(p) of a formula ¢ is defined as usual. Let S be a relation on W and
a C W. Then define the m-transit of a in W by induction:

TR'a,S,W] = aU{y€ W :(3z € a)zSy}
TR™a,S,W] = TR TR™[a,S,W],S,W].

Let g = (W, R, R™") be a finite frame and let t be a type assignment and U
a valuation in g. Suppose z € W, ¢ € L, and dp(¢) = m. Then (g,0,t,z) is
weakly good for sb(y) iff, for all n < m and all clusters C C TR"[z, RUR™!, W],
the following holds:

If tC' € m~ then C Nmaxg(V(x)) =0, for all x € sb(p) with dp(x) <m —n.

Fact. Suppose (g,,t,z) is weakly good for sb(p) and that (g, U, z) | ¢.
Then (g, 0%, y) = ¢, for ay € fC(z), where f is the cofinal w>-replacement
function for (g, t).

Lemma 4.13. Let Ly, Ly be cofinal subframe logics of finite width and let ® be
a set of d-persistent subframe axioms. Let

e L=L1t®®DL or
o LL=1L.Ly.t®®, where Ly is a subframe logic and Ly is d-persistent.

Suppose that o € L. Then there exists a finite frame g, a type assignment t, an
x € W, and a valuation U such that (g,B,z) E —p, (g9,D,t,x) is weakly good
for sb(), and such that gt |= L, where £ is the cofinal w™ -replacement function

for (g, t).

Proof We prove the lemma for L of the first type. Suppose that ¢ ¢ L and
let m = dp(¢). By Corollary 4.4, there exists a frame h = (V, S, S~} of finite
depth with a type assignment t and a valuation U such that (h,0) refutes ¢
in an z € V, (h,,t) is good for sb(y), and such that hf = L, where f is the
cofinal w~- replacement function for (h,t). Consider

W =TR'[TR™[{z},SuS~',V],S V]

W is finite since h has finite depth, finite clusters, and finite width in “both
directions”. By definition, (W, S) is a cofinal subframe of (V,S). Let t also
denote the restriction of t to g = <W, S, S*1> and let g denote the cofinal w=-
replacement function for (g,t). Clearly (g8)' is a cofinal subframe of (hf)!.
Hence g8 = L. Let U’ denote the restriction of U to g. It follows by induction
on the depth of the subformulas of ¢ that (g, U’,t,z) is weakly good for sb(ip)

and that (g, U’ z) = —. a

Theorem 4.8. Let Li,Ls be cofinal subframe logics of finite width and let ®
be a set of d-persistent subframe axioms. Let

e L=Lit® I} or
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o L =L .Ly.t ® P, where Ly is a subframe logic and Ly is d-persistent.

If L is finitely axziomatizable, then L is decidable.

Proof Let L be of the first type and assume that L; = K4 ® ¢, & = {¢},
and m = 2max{l(p),l(¢)}. Tt is enough to show that £ — L is recursively
enumerable. But x ¢ L iff there exists a finite frame g validating I3, a valuation
0, and a type assignment t such that

* (9,0,2) F -
e (g, t,x) is weakly good for sb(x).
e g = ! A1), where £, is the m-replacement function for (g, t).

This follows from Lemma 4.13 and Lemma 4.6.

Now assume that L is of the second type. Let L1 = K4 ® ¢, ® = {¢},
Ly =K4® p, m =1(p), and n = 2max(l(¢),l(p)}. Then x & L iff there exists
a finite frame g with valuation U and a type assignment t such that

e (8,0, 7) F -

e (g, t,x) is weakly good for sb(x).

e g = ¢!, where f,, is the m-replacement function for (g, t).

e g8 =9 A p?, where g, is the cofinal n-replacement function for (g, t).

This follows from Lemma 4.13 and Lemma 4.6. a

The formulation of this theorem is certainly a bit strange. Formulated for
subframe logics it states that under the condition of finite width finitely axiom-
atizable subframe logics are decidable whenever the axioms “in one direction”
are first-order definable. The reason for this limitation is the choice of the re-
placement function. Only the frames G[C <w”] and G[C <wZ] occur as blocks.
But if we have non-elementarity in “both directions” then also the mirror im-
ages G[w< < C] and G[w< <1 C] of those frames are required. Define for a type
assignment t of a finite frame g the w-replacement function f of (g,t) by putting
domf = {C : tC € {(m,r), (m,1), (i, m), (r,m)}} and

fC = Glw< <], for tC = (m,i),

fC = G[wS (), for tC = (m,r),

fC = G[C qw?], for tC = (i, m),
(

fC = GI[C <dw?], for tC = (r,m).

Instead of iterating the procedure for this type of replacement functions let us
only state one output.
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Theorem 4.9. Suppose Ly and Ly are cofinal subframe logics and L; O K4.3.
Put L = Ly.Lo.t. For ¢ & L there exist a finite frame g with a type assignment
t such that gf = L and gt refutes ¢, where f is the w-replacement function for
(g,t). If L is finitely aziomatizable, then L is decidable.

The decision procedures delivered above are not optimal. It is always pos-
sible to determine effectively from the size of a satisfiable formula ¢ an upper
bound for the size of the model required in order to refute ¢. But the com-
plexity of the satisfaction problem for the logics listed in the theorems above
remains open. We note that for a number of standard logics of the form L.t
the complexity is known; for example, the satisfaction problem for S4.t, K4.t,
and S4.3.t is known to be PSPACE-complete, see [Spaan 1991]. We observe
an interesting phenomenon: while K4 and S4 and their t-extensions K4.t and
S4.t have the same complexity, S4.3—which is known to be NP-complete—is
(probably) less complex than S4.3.t (see [Ladner 1977], [Ono and Nakamura
1980] and [Spaan 1991]). So we close with two problems:

Problem. (1) What is the complexity of the provability problem for the logics
listed in the theorems above? (2) How is the complexity of L.t related to the
complexity of L%, for logics L D K47?

4.7 The finite model property

We start with two easy consequences of the section about completeness:

Theorem 4.10. Let L be a first-order definable cofinal subframe logic. Then
L.t has the global finite model property.

Proof L.tis a subframe logic and so it is d-persistent iff it is first-order defin-
able. Suppose ¢ is not globally derivable from ¢ in L.t. By Lemma 4.12 there
exists a finite frame g with a type assignment t and a valuation % such that

e gf = L.t, where f is the cofinal w>-replacement function for (g, t),

e (g,V) refutes ¢ F .

Now g! is a cofinal subframe of the underlying Kripke frame of (gf)'. gf is

descriptive and so the underlying Kripke frame of gf validates L. Hence g
validates L.t and is as required. a

Theorem 4.11. Suppose Ly is a d-persistent subframe logic, Lo is a d-persistent
cofinal subframe logic, and ® is a set of d-persistent subframe azxioms. Then
L =1Ly.Ly.t ®® has the finite model property.

5 A similar question has been investigated for fusions in [Spaan 1993]: how is the complexity
of L1 ® L» related to the complexity of L; and Lo. In this case S5® S5 is an example of a logic
the satisfaction problem of which is PSPACE-hard but whose fragments have an NP-complete
satisfaction problem.
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Proof Suppose ¢ ¢ L. By Lemma 4.13 there exists a finite frame g with a
point z, a type assignment t, and a valuation 2 such that (g,0,z) E —¢ and
gt |= L, where f is the cofinal w™-replacement function for t. But then g is a
cofinal subframe of the underlying Kripke frame of (gf)2. L is d-persistent and
gf is descriptive, and so g validates L and is as required. a

Theorem 4.12. Let L be a cofinal subframe logic which is not first-order de-
finable. Then L.t does not have the finite model property.

Proof Some notation is required. Define the skeleton (V,S) of a transitive
frame g = (W, R) as follows: V consists of the set of all clusters in g and C;SC4
iff C1 RCs, for any two clusters Cy,C» in g. For a formula o put OF ¢ = pAD;p,
for i € {1,2}, and let

<
OF 3¢ = Di0ap A Da 010 A O @ A OF .

Now let L be a cofinal subframe logic which is not first-order definable. Then,
by Theorem 4.4, there exist a finite and rooted frame g = (W, R) and a non-
final cluster C' in g such that g does not validate L but (i) g[n</C] [ L, for all
n € w, or (i) g[n</C] E L, for all n € w. Assume that (i) holds. The proof
in the case (ii) is conducted analogously and is left to the reader. To keep the
proof transparent we start with the simplest case.

Case 1. C has no proper R-predecessor in g.

By Lemma 4.6 (1.), (W,R,R™")[w>/C] | L.t. Reserve a variable p, for
each x € W and let 0 € C'. Now put

¢ = alyp-npelr € WIA
Viw_c.py [Pzl € W = C] A

/\{py—><>1px :yeC,x € W—C,yRz}

Then po A OF 5 is L.t-consistent since it is satisfiable in (W, R, R™1) [w>/C].
Let § = (V,S,S7") be a finite frame such that there is a set {b, C V : z €
W}and y € V with y € po A D%(p[bﬂx € W]. We show that § does not
validate L.t. Take an x € max(y,S™',by) and let F, denote the unimodal
frame (TR'[{z},S,V],S). Clearly the roots of §, form a cluster C’ such that
b. NC" £, for all z € C. Define a valuation U in §, by putting

B(p.) = c'nb, : zeC,
P=) =1 TR'|{z},S,V]nb, : zeW —C.

It is readily checked that (,,%,z) = po A Of Viw, gy [pe|lz € W]. So §, is
cofinally subreducible to (W, R) and § & L.t since §, ~ L.

Case 2. Assume now that C has proper R-predecessors and L.t has the
finite model property. Let a = {& € W : mﬁC} and let ¥ = (T, <) be a
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finite frame the skeleton of which is a transitive tree such that there exists a
surjective p-morphism s : ¥ — (a, R). We assume that there exists no frame
of smaller cardinality than ¥ with this property. Then, for every cluster D in
(a, R), the set s71(D) is a set of clusters in T all of which are isomorphic with
D. Let C4,...,C) be the <-maximal clusters in . Let T(i,n) = (T(i,n), <jn)
denote strictly ascending chains of length n + 1, for 1 < i < k, and let D(i) =
(D(i),<1(i)) be clusters isomorphic with C, for 1 <i < k.
A number of formulas are required. Fix variables p, for every z in

Tu| J{P():1<i<k}U| J{T(i,n):1<i<k}U(W - (CUQ)).

Now put
Fr = /\{py = Oy, z €T, y<da} A
N{py = =O1ps 1y, 2 € T, ~(s(y) Rs(x)) } A
Nipy = e y,2 € T, 5(y) # s(2)} A
/\{py > OpriyeT,x eW —(CUa),s(y)Rz} A
/\{py = -O1p iy €T,z e W —(CUa),~(s(y)Rx)} A
Nipy = —pz iy €T,z e W = (CUQ)},
Cli = apglpele € D) A
N{py = ©1pe :y € D(i),x € W — (CUa), CRz} A
\{py = =O1ps 1y € D(i),2 € W = (C Ua),~(CRx)} A
/\{py =,y €D,z eTUW —(CUa))}A
/\{py = =O1p, ty € D(1),x € T},
D(%(i,n)) = aglp:lr € T(i,n)]A
N{py = ©1ps :y € T(iyn),z € W — (CUa),CRz} A
Nipy = =O1ps :y € T(i,n),z € W = (CUa),~(CRz)} A
/\{py = p, iy €T(i,n),r e TU(W —(CUa))} A
/\{py — =O1py ty € T(i,n),z € T},
Up = alw_(cua,mlPzlz €W = (CUQ).

For sets I,J C {1,... ,k} with TUJ ={1,... ,k} and n € w put

T(I,J,m) =T U| J{DG):i € TYU|J{T(j,n) : j € TFU(W = (CUa)).



92 CHAPTER 4. ADDING THE CONVERSE OPERATOR

Now let
R(I,J,n) = N{py—=-Cps:y €W —(CUa),z € T(I,J,n) — W)} A
N{py = =ps :y € D(i),z € T(j,n),i € I,j € J},
F(I,7,n) = N{py— O1pe:y € Ciyw € D(i),i € T} A
NPy = ©1pe :y € Cjoz € T(j,n),j € T},
ST, Jn) = \/p.:2z€T(,Jn)},
Con(I,.J,n) = FrAN\{Cli:ieI}A \{D(Z(i,n)):i€ J}A

Up AR(I, J,n) AF(I,J,n) AS(, J,n).

The formula Fr describes frames which are subreducible to (a, R). ¥ is intro-
duced in order to have variables describing a tree-like structure. Cl; describes
frames which are subreducible to C' and D(%(i,n)) describes frames which are
subreducible to n<. Finally, the formula Up describes frames which are subre-
ducible to (W — (C'Ua), R). All the other conjuncts coordinate these frames.
Roughly speaking, Con(I, J,n) gives a description of the resulting frame when
the cluster C' in (W, R) is replaced by the clusters (i), € I, and the chains
%(j4,n),7 € J. But observe that a lot of conjuncts are omitted so that we do
not have a complete description.

Take an r € s~'(0) for a root o of (W, R).
Claim. For all m < k there exists I C {1,...k} with |I| > m such that
p, A O Con(1,.J,n) is L-consistent for J = {1,... ,k} — I and all n € w.

The proof is by induction on m.

Let m =0. (W,R)[n</C] E L, for all n € w. Let

s?:%(i,n) — n=

be isomorphisms, for n € w and 1 < i < k. Define, for n € w, valuations %, in
(W, R) [n</C] by putting

{z} : zeW - (CUa),
B, (ps) = {s(z)} : =z€T,
{sPM(x)} : zeT(i,n), 1<i<k.

It is easily seen that
((W,R) [n</C],Bn,s(r)) | pr AO} Con(0, {1,... ,k},n),

for all n € w.

The claim is proved for m = 0. Assume now that the claim holds for some m
with & > m > 0. We show the claim for m+1. We may assume that there is an T
with |I| = m such that p, AOf Con(I, J,n) is L-consistent, for all n € w. Hence
there exists a sequence g, = (W), Ry,), n € w, of finite L-frames with valuations
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2, and points z,, € W, such that (gn, 0., z,) E p. A OF Con(I,J,n). Tt is
easy but tedious to show that there exist images g/, = (W), R} ) under cofinal
subreductions of g,,, valuations U}, in g/,, and z!, € W/, for n € w, such that

bn =W, — | {1V}, (pa) : 2 € T(i,m),i € J}

has cardinality smaller than some fixed M € w, for alln € w, and {(g/,, 0", x},) |=
pr A O Con(I, J,n), for all n € w. Hence there is a subsequence g’f(n), n € w,
of the sequence g, such that the induced models based on the set bs(,) are
isomorphic, for all n € w. Assume that the induced models equal ((V,S),20').

Now we can cofinally subreduce the frames in this sequence once more: there
exists an NV with 1 < N < k — m such that there exists a sequence of frames
(Vi, Sn) ,n € w, with the following properties:

(1) Vi =V UU{T} : 1 < j < N}, for some sets T} disjoint from V.

(2) Sp=SUU{<}:1<j < N}US,, for some binary relations <} C T} x T}
and S,.

(3) Forall 1 <j < N and n € w the frame (T}, <?) is a strictly ascending
chain of length n + 1.

(4) For all z,y € V,, and n € w we have =(zS],y) whenever z,y are both in V
or z,y are both in ([ J{T}" : 1 < j < N}.

(5) Forallz € V,1<j<N,n,le€w yeT}, and z € T}:
xSy < ©S;z and yS,z & 2S]z.
(6) For all n € w and a root z of (V,,,S,) there exists a valuation B such

that
<<Vna Sn) ,Q]i,z) = pr A DTCOH(L Jyn),

B! (pz) = V' (pg), for all z € T(I,J,n) — J{T(i,n) : i € J}, and

V. (p:) € JT:1<i <N}, forz €| J{T(i,n) i€ T}

Again the proof of the existence of such a sequence is easy but tedious.
Take an I € J and the maximal path P = (P, <) in ¥ from the root of T
to the cluster C;. By the definition of the formula Fs there exists a set b C V

such that f : b — P defined by putting f(z) = y iff x € b and = € L'(p,), is
an isomorphism from (b, S) onto B. Another reduction is required. Put

Vi =bU| {0, (pa) 12 € T(I,J,n) — P}

and

Bl (p,) : zeT(;Jn)—P
2 _ n\Mz s ¢y 9
Ty (p2) _{ Bl (p.)Nb : z€P
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The skeleton of ¥ is a tree, and so <(V,§,Sn) ,Q]%) still has the properties
(1), ...,(6). But now we also have

<<VriaSnasr:1> ami> ': a%P,q*l)[p”x € P]
For all n € w and z € f~(C}) we have
(Vs Sn), B3, x) |= F(I,J,n) AOY D(Z(n,1)).

Hence there exists an m(l) with 1 < m(l) < N such that f~'(C1)S, Ty,
for all n € w. By condition (4) and (5) we have, for all z,y € T and all
z €V — Tr’é(l), zSpy iff 2S,x and =S,z iff yS,z. Hence we can replace, in
a canonical manner, Trrrlz(l) in (V!.S,) by w>. Denote the resulting t-frame by
9 = (V. 5., 5, 1) [w>/Tr’}L(l)]. By Lemma 4.6 (1.), 9, = L.t.

Define valuations Q]fl in 9,, for n € w: to this end assume n< = T”(l) for

m
all n € w and define U3 in such a way that

e U3 (p,) = B2 (p,), for all x € T(I, J,n),

e U2 (p,) C wis a cofinal set in w, for all z € D(I), and w — {0,... ,n} =
U{%5 () sz € D)}

Define the formula

Con(n) = 0253(1) [pz|z € D(I)] A
ap q-1y[pzlz € P A
/\{pm — Oopy iz € D(1),y € P} A
FxANUpA
N{ClLizieTu{i}}A
N{D(E(i,n)) ri € T} A
R(ITU{l}, J,n) AF(I,J,n) AS(IU{l}, ] n).

Note that the last four conjuncts coincide with Con(7U{l}, J,n) with the excep-
tion of F(I, J,n). Now take a z € D(l) and u,, € B3 (p.). Then (9,03, u,) |=
Dz A DE%Con(n), for all n € w. Hence p, A DE%Con(n) is L.t-consistent, for all
n e w.

Let n € w. We now use this result to prove that p, AO} Con(TU{l}, J—{I},n)
is L-consistent under the assumption that L.t has the finite model property:

Take a finite frame h = (V,S,S~") validating L.t with (h,D,z) E p. A
ngCon(n), for some valuation U and z € V. Observe

(0,,2) = s AOf o lpalz € DOIA Of @y pale € P]) A

0F A{p. = ©apy :2 € D(1),y € P},
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and so there exists a set d C V such that f : (d,S) — P <1D(I), defined by
putting f(y) = z iff y € d and y € V(p.), is an isomorphism. Here P <1 D(I)
denotes the frame with domain PUD(I) in which all points in D(I) are successors
of all points in P.

Take TR'[{y},S,V] for a root y of (d,S) with y € V(p,) and define a set
b C V and a valuation 2’ by putting

b=TR'[{y},S,VIn(dU| J{B(p,) : y € T(I,J,n) = (PUT(I,n))})

and

/ _ [ Bp.)nb : zeT,J,n)—(PUT(,n)),
QjO’”‘{Q}(ﬁi)md . ze€ PUD().

(b, S) is a cofinal subframe of (V,S) and so (b, S) = L. Tt is readily checked
that ((b,S),0',z) | p, AOf Con(ITU {1}, J — {I},n).

The claim is proved.

So p, A OF Con({1,...,k},0,n) is L-consistent. Observe that this formula
does not depend on n. There exists a finite frame (V, S) validating L with root
' such that ((V,S),%,r") = p. A O] Con({1,...,k},0,n). For all clusters D
in V with

D |J {B.):ze D)}
1<i<k

and |D| > |C| fix a surjective mapping Fp : D — C'. Define a partial mapping
f:V — W by putting

Fp(y) : y € D and Fp is defined,

fly) = z : y€eY(p,) forazeW —(CUa),
s(z) : yeB(py) forazeT.

Claim. f:(V,8) — (W, R) is a cofinal subreduction.

Let x = Con({1,...,k},0,n) and B = T({1,...,k},0,n). f is well-defined
since x contains the conjuncts p, — —p, for (1) z,y € T and s(x) # s(y), (2)
z,y EW —(CUa) withz#y, )z eTandye B-T,(4) zeW —(CUa)
and y € B— (W — (C Ua))).

By domf we denote the domain of the function f. Now, using the con-
junct S({1,...,k},0,n) it is readily checked that domf is a cofinal subset of V.
Suppose z1.5z3. We have to show f(z1)Rf(z2).

Assume first that (0, 21) = p,, foran xz € T

Case 1. (U,z2) = py, for ay € T. Then f(z1)Rf(22) follows from the
conjuncts p, — =<1py for ~(s(z)Rs(y)).

Case 2. (B, z2) |= py, for ay € D(i). f(z1)Rf(22) follows from zRC.

Case 3. (U,z2) = py, foray € W —(CUa). Then f(z1)Rf(22) follows from
the conjunct p, = —Cipy, for z € T and y € W — (C' U a) with —(s(z)Ry).
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The cases (,z1) = pg, for an 2 € D(GE) U W — (C U a), are considered
analogously and are left to the reader.

Suppose now f(z1)Rf(z2). We show that there exists z3 with z;Sz3 and
f(22) = f(z3). Assume first that f(z1) € a.

Case 1. f(z2) € a. Then (U, z) |= p, and (Y, z2) = p, for some z,y € T
with s(z)Rs(y). Hence there exists y' € T with = <y’ and s(y) = s(y’). Now
ps — <1py is a conjunct of . Hence there exists z3 € V with 2,523 and
fz3) = s(y") = s(y) = f(z2).

Case 2. f(z2) € C. (B,z1) = ps, for an & € T. Then, by the conjunct
Apz: — <ipy @ © <y}, there exists a maximal cluster C; in ¥ such that
(V,21) E p, V O1ps, for z € C;. Using the conjuncts F({1,...,k},0,n) and
a%(l) [pz|z € D(I)] and the fact that V is finite it can be shown that there exists
a cluster D in (V,S) with z; RD,

Dc |J {Bp.):ze D)},
1<i<k
and |D| > |C|. Take a z3 € C with fo(z3) = f(22).

Case 3. The case f(z2) € W — (C'Ua) can be checked analogously.

The cases f(z1) € C and f(z1) € W — (C U a) are left to the reader. The
claim is proved and a contradiction is derived since (V,S) = L but (W, R) }~= L.

a

4.8 A counterexample

We construct a normal modal logic L O K4 with the finite model property such
that L.t is incomplete.

Given that the results proved so far cover all natural logics determined by
transitive frames it should be clear that our example will (in some sense) be
similar to the construction of incomplete logics containing K4, see e.g. [Fine
1974a] and [Chagrov and Zakharyascev 1997]. For example, the frames required
for the construction will be of infinite width and depth.

We start with the definition of the frames involved in the construction. Let
(W, R) be a frame with

W= J{wx{i}:1<i<7 U {u}.

and R the transitive closure of R, where

R’ {(z,y): vewx{i}, yewx{j}, j <i<5}
{((m,1),(n,7)): m<mn,i=2,5}
(m,i),(n,i)): m>n,i=1,34}
z,x) : ¢ €wx{6,7}H} U{(u,u)}
,5),(m,6)) : m € whU{((m,4),(m, 7)) : m €w}
,6),(m,1)): m € w}U{((m,7),(m,2)): m e w}
z,u): ¢ €wx {3,4,5}}.

CcC C Cc cCccc
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The frame is drawn in Figure 4.1. Recall that we draw frames in such a way
that o represents a reflexive and e represents an irreflexive point.
Denote by g, the subframe of (W, R) induced by

Wy, ={(m,i):m <n,i=1,3,56}U{u}

and denote by L the logic determined by the set of frames {g,, : n € w}. We
are going to show

Theorem 4.13. L has the finite model property and L.t is incomplete.

That L has the finite model property follows from the definition. To prove
that L.t is incomplete we need a general frame validating L.t and refuting a
formula ¢ which is valid in all Kripke frames validating L.t. To this end consider
the unimodal general frame & = (W, R, A), where A is the boolean closure of
set C' C 2" which is defined as follows: ¢ € C'iff one of the following conditions
holds:

e c Cwx {3},

e c is finite and there exists {i,j} € {{1,2},{4,5},{6,7}} such that ¢ C
w x {i,j},

e there exists {i,j} € {{1,2},{4,5},{6,7}} such that ¢ C w x {i,j} and ¢
is cofinite relative to w x {i,5}.

It is readily checked that & and &' = (W, R, R~", A) are frames.
Lemma 4.14. & = L.

Proof Suppose & refutes a formula —p from £;. We show that there is an
n € w such that g, refutes —p. Take a valuation U such that (&,B) £ —p.
Call a point x € W p-maximal iff there is a subformula ¢ of ¢ such that
x € maxg(B(y)). Denote by W the set of all p-maximal points which are in
wx {1,...,5}. Now define an ordering < on w x {6, 7} by putting

(m,i) X (n,j) i i<y,
or i=j=06andm<n,

or i=j=7and m > n.

Denote by h" the set of p-maximal points in w x {6, 7} relative to <. (We say
that y € w x {6,7} is p-maximal in w x {6, 7} relative to < iff there exists a
subformula 1 of ¢ such that y € () and such that there does not exist a
z €B(Y) N (wx {6,7}) with y # z and y < z). Put

M =max{n € w: ()1 <i<T7and (n,i) e WUR")}
Using the definition of A it is readily checked that M € w. Put

h={u}lu{(m,i)  m<M,i=1,...,7}U{(m,3) :m <2M + 1}
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wx {1}

N

w x {2}

w x {3}

w x {4}

w x {5}

Figure 4.1:
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Define h = (h,R) and U'(p) = V(p) N h, for all propositional variables p. A
straightforward induction shows for all € h and subformulas ¥ of ¢

(h,%',2) Ev & (6,9,7) ¢
Hence b refutes = and § ~ gopry1- a

We are now going to introduce some formulas belonging to L. In what follows
we assume that L is formulated in the unimodal language with the operator O.
Let 0% =4 A Oy and
dp = po A 0T a,(m=).

Clearly dp;, is satisfiable in a point z in a frame f iff # has depth > m in f.
For a finite frame § with root r put

Vi (f) = V(§) = —pr.

The following formulas belong to L:

o ¢1 = Vo({{0,1,2},{(0,1),(0,2)})),
® Y2 = v0(<{07 1, 2}7 {(07 1)7 (07 2)7 (070)}»7
® Y3 = v0(<{07 1}7 {07 ]-} X {07 1}>)a

(

& Py = Vo <{07 1}7 {(07 1)7 (07 0)7 (17 1)}»

1 Aps says that there are no two incomparable irreflexive points with a common
ancestor. The meaning of @3 A ¢, is that there is no infinite strictly ascending
chain, no cluster with more than one element, and no reflexive point which sees
a reflexive point. We now come to the axioms which force the incompleteness
of L.t. Define, for i € w,

ap = OL1; ajpq = O L A=D1
Bi = OCa; A =Oait1;

Yo = =80 A CBo; Vi1 = Bit1 A OBiyr Ay A =0

In g, the formulas a; hold precisely in (i,1), ¢ < m, the formulas §; hold
precisely in (i,6), ¢ < m, and the formulas ~y; hold precisely in (Z,5), i < m. So
we have, for all m € w,

pm = AP in Ao = O \{yi = Ovipa si<m} e L.
Put

Y = <>2_'v(2)(<{07 1}7 {07 ]-} X {07 1}>) A
Oa((po V p1) = Cayg A O1(O1 T AD1OT)).
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Lemma 4.15. —¢p ¢ L.t.

Proof Define a valuation U in & such that U (py), B(p1) C wx {3} are disjoint
and cofinal in w x {3} with respect to R™! (i.e., Vo € B(p;)Iy € V(p;)(yRx)).
Clearly (&!,%,(0,1)) |= . ]

Lemma 4.16. —y is valid in all Kripke-frames validating L.t.

Proof Suppose there is a Kripke-frame h = <V, S, S*1> validating L.t such
that (9, x) = ¢ for a model M = (h, V). By p3 € L and (M, z) |= ¢, there
is an infinite sequence (y; : i € w) such that y;S™'y;11, i € w, 2S5 'yp, and
(M, y;) E poV p1, for all i € w. Furthermore, (M, yo) = C1(C1T A O O4T).
We may assume, by @3, p4 € L, that all y;,7 € w, are irreflexive. For all i € w
there exists a point z; such that z;Sy; and (O, z;) E 4.
Claim. There exists a z;,i € w, which does not have finite S-depth.
Agsume that all z; have finite S-depth. Then yq has finite S-depth, say m € w.
There is a z;,¢ € w, of depth > 3m + 2, since the depth of y; is increasing.
Hence there exists y with 2;Sy and (90, y) = ol,. y has depth m, y is irreflexive
and y is incomparable with yo since (I, yo) = <C1(O1T A OO T). But this
contradicts ¢1 A o € L. The claim is proved.

Take a z;,i € w, which does not have finite S-depth. Then (9, z;) |=
O (v; = Ovj1)t, for all j € w, since pp, € L. So b contains an infinite strictly

ascending S-chain which contradicts @3 € L. a

By Lemma 4.15 and 4.16 the logic L.t is incomplete and the theorem is shown.
One can easily prove that L is not finitely axiomatizable. Hence the following
remains open.
Problem. Is there a finitely axiomatizable complete logic whose minimal tense
extension is incomplete?
We finally note another question about transfer from L to L.t.
Problem. Does the mapping L — L.t preserve decidability?
Although we believe that there is a counterexample the construction of such
an example seems to be quite difficult.



Chapter 5

Products of Modal Logics

We are going to prove the decidability of products of the form L x K,,, for a
number of expressive modal logics L. The main result states that the product
of converse PDL (CPDL, for short) and K,, is decidable.

Before considering the technical details we briefly explain the methodology.
In contrast to the path followed in [Gabbay and Shehtman 1998], here we do
not prove the finite model property in order to establish decidability. Actually
most of the products of temporal logics and polymodal K do not have the finite
model property and it is open whether the product of converse PDL and K,, is
determined by its finite models. The decidability proof developed in the present
chapter is based on two ideas: the first ingredient is the notion of a quasimodel
for a formula . It enables us to encode the K,,—dimension of a model based
on a product by means of finite labelled trees in such a way that the resulting
quasimodels are equivalent—modulo ¢—to the original ones. Quasimodels for
a given formula ¢ are not finite, and it is easy to see that the logics considered
in the present chapter do not have the finite model property with respect to
quasimodels. So a second step is required to provide a decision procedure: it
will be shown that a formula ¢ is satisfiable in a quasimodel for ¢ iff there exists
a finite set of finite partial quasimodels (called blocks for ) satisfying a number
of natural conditions. Moreover, if such a satisfying set of blocks exists, then
there exists a satisfying set C such that both the cardinality of C, as well as the
size of each block § € C does not exceed a number effectively computable from
. The decidability will follow from this result. Observe that the second step is
closely related to the mosaic-method, see [Nemeti 1995] and [Venema and Marx
1998].

The chapter is organized in the following manner: the second section intro-
duces the syntax and semantics of the product of converse PDL and polymodal
K. Sections 5.2, 5.3, and 5.4 together establish the decidability of this prod-
uct. In Section 5.3 the notion of a quasimodel is introduced and Section 5.4
establishes the decidability of the product by applying a variant of the mosaic—
technique to quasimodels. In Section 5.5 the decidability of related systems is
discussed. The final section of this chapter formulates various further research
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directions.

5.1 Syntax and Semantics of CPDL x K,,

In this section we are going to introduce the syntax and semantics of the logic
CPDL x K,,,. Readers unfamiliar with PDL and CPDL should consult the
appendix for an introduction to propositional dynamic logics.

Definition 5.1 (Alphabet). The language LcpDLxK,, has the following al-
phabet:

a set of propositional variables: pg,p1,...,
e the booleans: N and —,

e modal operators: Oy, ... Oy,

e action variables: aj,as ...,

e action term constructors: U (alternation), ; (composition), * (iteration),
? (test), — (converse).

Definition 5.2. The formulas and action terms of the language LocpPDLXK,,
are defined by simultaneous induction:

e all propositional variables are formulas,

e if ¢ and ¢ are formulas and « is an action term, then —p, O;p, [a]p, and
@ AN are formulas,

e all action variables o; are action terms,
e if a and (B are action terms, then a; 3, aU B, a*, a~ are action terms,
e if v is a formula, then ©? is an action term.

In what follows <;9 and {«) ¢ abbreviate =0;—) and —[a]—), respectively.
Formulas in LcppLxK,, are interpreted in products

0 = (I A Tuy B )
of PDL-structures
§= <WaTa1aTa2"">’

where the T,, are binary relations for any action variable a;, and K,,-structures
6 == <A,R1,... 7Rm>

Definition 5.3. A valuation U into F X & is a mapping from the set of propo-
sitional variables into 2V X2, The pair (F x &,9) is called a product model.
By simultaneous induction we define the satisfaction—relation = between pairs
(w,z) € W x A and formulas, and the relations T, C (W x A) x (W x A), a
an action term:
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) E piff (w,z) € B(p).

) E o AN iff (w, ) | ¢ and (w,z) = 1.
o (w,z) E —p iff (w,z) £ .

)

)

°
=
3

°
¥
8

E Do iff (w,y) E @, for ally € A with zR;y.

°
E
8

°
=
3

o T =T," (the reflexive and transitive closure).

o T, =T, ' (the converse relation).
o Tyr = {{{w,2), (w,x)) : (w, ) |= )}

A formula ¢ is satisfiable iff there exists a product model (§F x &,0) and (w,x) €
W x A such that (w,x) |= ¢. The set of formulas ¢ such that — is not satisfiable
is denoted by CPDL x K,,.

Every formula ¢ is equivalent—modulo CPDL x K,,,—to a formula in which
the converse-operator is applied to action variables only. This follows by induc-
tion from the following

Lemma 5.1. Let p be a propositional variable, o, 3 action terms, and v a for-
mula. Then the following formulas belong to CPDL x K, :

o [(ar;02)7]p & [y 500 ]p, [(a1 Uan)TIp & [y Uay ]p,
o [(@)7lp & [(a7)]p, [(¥7)"Ip & [¥7]p.

The straightforward proof is left to the reader. In what follows we consider
only formulas in which the converse-operator is applied to action variables only.

Observe that the relation T, does not depend on the A-dimension whenever
a does not contain “test”. We are in the position now to formulate the main
result of this chapter:

Theorem 5.1. CPDL x K,,, is decidable.

Observe that this result does not extend to the global consequence relation
E=* associated with CPDL x K,,,. Here, for formulas ¢ and ¢ we write ¢ |=* ¢
iff, for all models § x &,

(V(w,z) e W x A) (w,z) Ep = (V{(w,z) e W xA) (w,z) = .

The global consequence relation associated with K x K is undecidable, see [Marx
1999], hence the global consequence associated with CPDL x K,,, is undecidable
as well, by the embedding discussed below.
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In what follows we assume for simplicity that we have only one modal opera-
tor O in the K-dimension. The language LcppLxk, and the logic CPDL x K,
are denoted by Lopprxk and CPDL x K, respectively. This simplification will
pay off in the rather technical proof of Theorem 5.1, but it will be clear how to
extend the results to K,,.!

We close this section with the observation that CPDL x K does not have
the finite product-model property; that is to say, there exists a formula ¢ which
is satisfiable in an infinite product but not in a finite one.?

Theorem 5.2. CPDL x K does not have the finite product-model property.

Proof Put ¢ = [a]op A ([af]3(p — (a1) [ai]-p)). Let § = (N = {0}, Ta,),
where N denotes the set of natural numbers and

iTaj e j=i+]1.

Let & = (N, R), where R = N x N. Let U be a valuation in § x & defined by
B(p) = {(i,i) : i € N—{0}}. Then (1,0) |= ¢ but it is easy to see that ¢ is not
satisfiable in a finite product. a

Observe that ¢ contains the operator [af] only. So S4 x K does not have the
finite product-model property, by the embedding discussed below. Observe also
that & validates S5. So S4 x L does not have the finite product-model property,
for every L between K and S5.

5.2 Trees

We prepare the proof of Theorem 5.1. We remind the reader that a frame
R = (A, R) is a tree iff & has a root, i.e, there is a © € A such that A = {y €
A : xR*y}, and, for every z € A, the set {y € A : yR*z} is finite and linearly
ordered by R*. R is intransitive iff all x € A are irreflexive and all y € A, save
the root, have precisely one predecessor, i.e., the cardinality of {z € A : zRy} is
one. A path from x to y in R is a sequence xy, ... ,x such that zo = z, z =y,
and z;Rx; 1, for i < k. The co-depth dp(z) of a point z in an intransitive tree

I More precisely, to extend the proof from K; to K, one (i) has to extend the notion of an
intransitive tree to the notion of an intransitive m-tree: call (A, R1,... , Rmn) an intransitive
m-tree iff (A,J{R; : i < m}) is an intransitive tree and R; N R; = 0, for all 4 # j. (ii) One
has to extend the unravelling technique applied in the proof of Theorem 5.3 to the polymodal
case. One can use, for example, the construction of [Gabbay and Shehtman 1998]. (iii) In the
remaining part of the proof one just has to replace in each step R and O by R;,i < m, and
0,4 < m, respectively.

20bserve that the finite product-model property does not coincide with the usual definition
of the finite model property (FMP) in modal logic: according to the standard definition
CPDL x K would have the FMP iff, for every formula ¢ ¢ CPDL x K there exists a finite
frame $ = (V,Ta,,... , R) validating CPDL x K and refuting ¢ in a point v € V under a
valuation . $) is not necessarily a product and so the problem whether CPDL x K has the
FMP remains open.
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R = (A, R) is the length of the path from the root of (A, R) to z. If the set
{dp(z) : x € A} is bounded, then the depth dp(R) of R is defined by putting

dp(R) = max{dp(z) : x € A}.

Definition 5.4. The modal depth d(¢) of a formula ¢ and d(a) of a action
term « is defined inductively as follows:

d(p) 0
dleANy) = max{d(p),d(¥)}
d(~p) = d(p)
d(Op) = d(p)+1
d([lp) = d(a)+d(p)
dla;) =d(a;) = 0
d(a; 3) = max{d(a),d(B)}
dlaup) = max{d(a),d()}
da*) = d(a)
d@?) = d(¥)

Theorem 5.3. Suppose ¢ is satisfiable. Then @ is satisfiable in a product § x K
such that § is a PDL-structure and £ is an intransitive tree of depth < d(yp).

Proof The proof applies the unravelling technique (we refer the reader to
[Chagrov and Zakharyaschev 1997] and [Gabbay and Shehtman 1998], where
this technique is also applied to investigate products.) We give a sketch only:
assume that 9 is a valuation in § X & such that (w,z0) £ ¢. Let & = (A, R)
and m = d(p). Then we put & = (A', R'), where

A" = {(zo,...,z) € AFY ik <m, Vi < k(z;Rzi11)},

(0,...,zx) Rz Ty (2= (z0,...,7k,Y)).

The structure £ is an intransitive tree of depth < d(y). Define a valuation U’
in § x K by putting

(w, (zo,... ,2k)) € V' (p) & (w,xx) € V(p).
It is easy to check that for all ¢ with d(y) < m and all ¢ with 0 < i <m —d():
<’LU, <l’0, .. aml» |:Qi’ ¢ a4 <’LU,CEZ> '=Q3 ¢

So (w, (o)) [ . o
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5.3 Quasimodels

We introduce the notion of a quasimodel for a given formula ¢. To understand
the definition it is useful to consider the following representation of product
models: for two structures § = (W, Ty, ,...) and & = (A, R) consider a function
f which associates with every w € W a K-model (&,,,%,,) such that &, = &,
for all w € W. From the valuations *U,,, w € W, we obtain a valuation U into
§ x & by putting

V(p) = {{w,z) e W x A:z € V,(p)}

Conversely, from a valuation ¥ into § X & we obtain valuations U,, in &,,,
w € W, by putting

Do (p) = {z € A: (w,z) € B(p)}.

Of course, the representation of product models by means of pairs (g, f) is
equivalent to the original one. Thus, we may assume that product models
consist of slices f(w), w € W, of K-models. In general, since CPDL x K
does not have the finite product-model property, the underlying frame of the
model f(w) is infinite. Now, in the construction of quasimodels for a formula ¢
the structure § is not manipulated, but the models f(w) are replaced by finite
labelled trees g(w) (called quasistates) which encode the model f(w) modulo .
The underlying trees of f(w),w € W, are not identical any more, and so the
price we have to pay for this finite encoding is that the points 2z € A have to be
encoded by runs, i.e., functions r which map every w € W to an r(w) from the
underlying tree of ¢(w).

We come to the precise definitions. As usual for the investigation of logics
related to PDL we require a modified notion of the set of subformulas of a
formula:

Definition 5.5 (Fischer—Ladner—Closure). The Fischer—Ladner—Closure
sub(p) of a formula ¢ is the smallest set of formulas closed under (ordinary)
subformulas satisfying:

o [a; B € sub(yp) implies [a][BlY € ¢,
[ U Bl € sub(yp) implies [a]y € sub(p) and [BlY € sub(p),
[a*| € sub(p) implies [a][a*]Y € sub(yp),

[a; |¥ € sub(yp) implies [a;] € sub(y),

[V?]x € sub(yp) implies 1 € sub(yp).

Definition 5.6 (type). Let ¢ be a formula. A p—type t is a subset of sub(p)
satisfying the following conditions:

(t1) —p €t iff » & t, for all —p € sub(yp),
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(t2) o Ny et iff o €t and yp € t, for all p A € sub(p),

(t3) [a; B¢ € t iff [a][B]Y € ¢, for all [a; BlY € sub(yp),

(t4) [a*|¢ € t iff ¢ € t and [a][a*]|Y € t, for all [a*|) € sub(yp),

(t5) [a U By € t iff [a]y € t and By € t, for all [aU By € sub(yp).
(t6) [x?Y €t iff €t or x €t, for all [x?|W € sub(p).

The set of p—types is denoted by T(¢).

Definition 5.7 (quasistate). A quasistate q for ¢ is a structure

q=(T,<),0)

such that T = (T, <) is a finite intransitive tree of depth < d(p) and l is a
labelling function associating with each member x of T an element I(z) of T(p)
such that the following conditions hold:

e Forallz € T and Oy € sub(yp) we have:

Oy € l(z) iff Vy € T(z <y = ¢ € l(y)).

e For all z,x1,22 in T with x < x1, * < x2, and 1 # x3, the subtrees
(T (z1),12,) and (T (z2),l.,) of T generated by x1 and xzs, respectively,
are not isomorphic®.

Let n(yp) = 2/**()l be an upper bound for the number of different p—types.
Define inductively:

no() = nle), nip1(p) =n(p) 2",

and put b(p) = S0 ni(i9) and p(p) = b(p) ¥

Lemma 5.2. b(p) is an upper bound for the number of different quasistates for
. p(p) is an upper bound for the number of points in a quasistate for .

Proof Using the fact that every generated subtree (7 (z),l;) of a quasistate
T for ¢ is a quasistate for ¢ as well, the following two claims are easily proved
by induction, for all k¥ < d(p): (1) the number of quasistates for ¢ of co-depth
< k is bounded by Zf:o ni(¢). (2) The number of points in a quasistate for ¢

of co-depth < k is bounded by b(p)*. a

In what follows we assume that the domains of non-isomorphic quasistates
are disjoint and that isomorphic quasistates actually coincide.

3In this definition the generated subtree (7 (z),lz) of T is the subtree of T based on
T(z) ={y € T :x <* y} together with the restriction I, of | to T'(z).
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Definition 5.8 (basic structure for ¢). Let ¢ be a formula. Consider a
PDL-structure § = (W,Tu,,...,Ta,) (where ai,...,a, is an enumeration
of all action variables in ) with a function q associating with each w € W a
quasistate

q(w) = ((Tw, <w) , lw)

for ¢ such that the depth of all q(w) equals m. Then we say that (F,q) is a
basic structure for ¢ of depth m.

Basic structures of the form (§,q) encode models (g, f). However, we still
require an analogue of the points z € f(w):

Definition 5.9 (run, suitable sequence). Let (§,q) be a basic structure for
@ of depth m and let k < m.

A k-run r is a function associating with each w € W an r(w) € Ty, of
co-depth k. FEvery k—-run is called a run.

Let r,r' be runs such that r(w) <y r'(w) holds for all w € W. Then r' is
called a companion of v, in symbols r < r'.

Consider a sequence of sets of runs R = (Ro, ... , Rm) such that all r € Ry,
are k-runs, for 0 < k <m. Then R is called suitable for (F,q) iff

(S1) Ry consists of the function which associates with each w € W the root of
Tw.

(S2) For all v' € Ry there exists r € Ry, with r < r'.

(S3) Forallr € Ry, w € W, and zz € Ty, with r(w) <, x there exists r' € Ry41
such that r'(w) =z and r < r'.

In what follows we denote the run in Ro by ro.

The relation < between runs encodes the relation R between points in A. Tt
remains to define an analogue of the truth condition:

“(w, @) b= ol i Vo € W((w, ) To (0,3) = (v,2) |= )"

To this end, define, for each run r in (g, ¢), the relations T, (r) on W as follows:

o wl,,(r)viff wT,,v,

o wl,- (r)v iff vT,, (r)w,

o wTy.p(r)v iff w(Ty(r) o Ta(r))v,

o WTaup(r)v i w(Ta(r) U Ts(r))o,

o Wy (r)v iff w(Th(r)*)v,

o wly»(r)v iff w=v and ¢ € I, (r(w)).

Observe that (similar to the definition of T,) the relation T,(r) depends on
r only when a contains “test”. Here now is the “translation” of the truth
condition:
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Definition 5.10 (saturated and coherent runs). Call a runr saturated and
coherent iff the following holds for all w € W and all [a]y € sub(yp):

o [a]Y € Ly(r(w)) iff Vo € W(wTy(r)v = ¢ € 1,(r(v))).
If r satisfies the direction from left to right only, then it is called a coherent run.

Definition 5.11 (quasimodel for ¢). A basic structure (§,q) for ¢ is called
a quasimodel for o iff there exists a sequence of sets of coherent and saturated
runs R which is suitable for (F,q).

A formula ¢ is satisfied in a quasimodel (F,q) for ¢ iff ¢ € lw(ro(w)), for
some w € W.

Theorem 5.4. For every formula @, ¢ is satisfiable iff it is satisfiable in a
quasimodel for .

Proof Consider a quasimodel (F,q) for ¢ of depth m with ¢ € 1, (ro(wp)).
Let § = (W, To,,.-.,Ta,), ¢(w) = ({(Tw,<w),lw), and let R = (Ro,... ,Rm)
be a sequence of coherent and saturated runs which is suitable for (F,q). We
define = (A, R) by putting:

A:U{Ri:igm},

rRrl &r <.

Define a valuation U in § x & by putting for all propositional variables p, all
runs 7 in A and all w € W:

(w,r) € B(p) & p € Ly(r(w)).
The following two equivalences are checked by induction for all w,v € W:

e for all ¢ € sub(p) and all r € A:
(w,r) F ¢ &1 € ly(r(w)),
e for all action terms « in sub(p) and all r € A:

wTa(r)v & (w,r) Ty (v,7) .

We show the steps » = Oy and ¢ = [a]x:

(w,r) FOx it I € Alr <r' Aw, ') F~ X)
iff I e Alr <r' Ax € ly(r(w)))
iff 3z e Ty(r(w) <w xAXx € ly(z))
iff Oy ¢ L,(r(w)).

Here the third equivalence follows from (S3).
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(w,r) Elalx it V(v,r) ((w,r) Ta (v,7) = (v,7) FX)
iff  Vo(wTy(r)v = (v,r) E X)
iff  Vo(wTa(r)v = x € l,(r(v)))
iff  [alx € ly(r(w)).
The last equivalence follows from the coherence and saturatedness of runs. So
(wo,r0) = ¢ and ¢ is satisfiable in § x &.
For the converse direction assume that ¢ is satisfied in

3% =(WxAT,. . Tu,RY,

where § is a PDL-structure and & = (A, R) is a tree of depth m < d(p). (The
existence of such a model satisfying ¢ follows from Theorem 5.3.) Assume that
(wo, o) [E ¢ for the root x¢ of &. We are going to construct a quasimodel (F, ¢)
for ¢ such that ¢ € Iy, (ro(wo)). Put, for (w,z) € W x A

t(w,z) = {¢ € sub(p) : (w,z) |= ¢}

Clearly t(w,z) is a p-type. Define, for w € W equivalence relations ~% on A
by putting
z ~y Y & tw,x) = tw,y).

We refine, for w € W, the relation ~2 to an equivalence relation ~! by induction
from m down to 0:

(a) Put x ~L y whenever dp(x) = dp(y) = m and z ~0 y.

(b) Suppose that ~. is defined for points of co-depth k + 1. Then we put
x ~L y for z,y € A with dp(z) = dp(y) = k whenever = ~% y and (a) for
all z € A with zRz there exists 2’ € A such that z ~. 2’ and yRz', (b)

for all z € A with yRz there exists 2’ € A such that z ~! 2’ and zR2'.

Denote, for w € W, by [z],, the ~! —equivalence class generated by z and put
Ay = {[z]w : & € A}. Put [x]y Ry[y]w iff there exists z € [y], such that zRz.
R, is well-defined by clauses (a) and (b) above. Observe that the mappings
fw : © = [z], are p—morphisms from (A, R) onto (A,,, R,,). We now define, by
means of unravelling, the trees (T, <u):

Tw = {([-TO]UM s 7[xk]w> : k < m, [l'o]wa[l'l]wa v Rw[xk]wa dp(l‘o) = 0}7

([xo]wa tee [xk]w> <w 2

iff there exists xy41 such that [2g]w Ruw[Ti+1]w and 2 = {[Xo]w, - - - [Tk]ws [Trr1]w)-
Let, for each w € W,

Lo({[zo]ws - - - » [Tk]w)) = tlw, z).
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Of course, g(w) = ((Tw, <w) ,lw) is a quasistate for ¢, for any w € W. Moreover,
© € Ly, (ro(wp)). It remains to show that (F,q) is a quasimodel for .

To this end we define a sequence of sets of saturated and coherent runs
R = (Ro,-.-,Ryi) which is suitable for (F, ¢)

For every sequence (zg, ..., ) in A such that zoR... Rz the set Ry con-
tains the mapping

riw e ([To)w, - s [T]w)

and nothing else. Clearly each Ry consists only of saturated and coherent runs.
It remains to show that R is suitable. Items (S1) and (S2) are clear, so we
concentrate on (S3). Let r € Ry, w € W, and z € T, with r(w) <,, 2. We have
to show that there exists r' € Ry41 with r» < 7' and r'(w) = z.

Assume r : w = ([zo]w,- -, [Tr]w) and z = ([2o]w,- - [Zk]w, [Zk+1]w)-
There exists 241 with zpRxg41 such that 2g41 € [2g41]w. The run

' rw e ([To]w, -« s [Thws [Thtt |w)

is as required. a

5.4 Decidability

We provide an effective criterion for satisfiability in quasimodels. Observe that
we have obtained, for a given formula ¢, a finite encoding of the K-dimension of
product models by means of finite labelled trees. The structure § in the CPDL-
dimension may be infinite, however, and so we still have to take care of §. This
is done by decomposing § into a finite number of finite blocks. Blocks are basic
structures but not necessarily quasimodels since only the root is required to be
saturated:

Definition 5.12 (block for ¢). Let (§,q) with §= W, Ta,,...,Ts,) be a fi-
nite basic structure for ¢ and fix a wo € W. Say that a run r in (F,q) is
wo-saturated (or simply root-saturated) iff

Via]y € sub(e)([at) & L, (r(wo))) = Fv € W(woTu(r)v & ¢ & 1,(r(v))).
Now we say that (F,q) is a block for ¢ (with root wo) iff
(Bl) To, NTy, =0, for alli,j <n with i # j,
(B2) T,, N Ta]_— =0, for all i,j <n,

(B3) |{v: 3B € {ay,a; :i <n}vTgw}| <2, for allw € W with w # wo,

(B4) for every v € W there exists precisely one sequence (vg,v1,... ,Vm) such
that the v; are mutually different, wy = vg, v = vy, and such that for any

i <m there exists 3 € {a;j,a; 1 j <n} with v;Tvit1,

(B5) there exists a sequence of sets of wo-saturated and coherent runs R which
is suitable for (F,q).
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It is worth mentioning that condition (B5) is the important item in the
definition above. The distinction between a basic structure and a block consists
mainly in the requirement that there are “enough” wgp-saturated runs in blocks.
The conditions (B1)-(B4) just state that § has a very simple structure, but will
not be used in the proofs.

Definition 5.13 (satisfying set). A set S of blocks for ¢ is satisfying if (i)
it contains a block with root wo such that ¢ € ly,(ro(wo)) and (i) for every
state w in every block (F1,q1) in S there exists a block (F2,q2) in S such that

q1(w) = g2(v) for the root v of Fo.
Our aim is to show that ¢ is satisfiable iff there is a satisfying set for ¢ whose
blocks contain at most N states, for some N(p) < w effectively determined by

®.
To determine N (yp) we require the notion of the length |a| of an action term
a without iteration. Define inductively

o |ail = la; | =1, [¢7] = 0;
¢ |aU g =max{|al,|B}; |a; 8] = |af + [6].

Now for every n > 0 and any action term a we put
o o;(n) =y, a; (n) =a, Y?(n) =P7;
e (aUB)(n) =a(n) U B(n);
o (& 8)(n) = a(n); B(n);
. a*(n) = as"(n),
where
A" =a;...;a, aS"=T?2UaU(a)U---Ua™.
W—/

n

In other words, a(n) results from « by replacing every occurrence of an action
term of the form ~* (which is not in the scope of a test 1?) with y<". In
particular, a(n) contains no occurrence of * and we can compute the length of
a(n).

Finally, we put

1(p) = max{la(b(p) - p(p))| : [al € sub(p)}.

(Recall that b(¢) and p(p) are the upper bounds for the number of different
quasistates for ¢ and the number of different points in a quasistate for ¢, re-
spectively.) We are in a position now to formulate and prove the main theorem
of this chapter.

Theorem 5.5 (satisfiability criterion). A formula ¢ is satisfiable iff there
is a satisfying set for ¢ each block in which contains at most

N = (d(p) + 1) - 1() - p(p) - [sub(ep)]

states.
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The decidability of CPDL x K follows immediately since (1) the number
of blocks for ¢ with < N states is (effectively) bounded, (2) it can be checked
effectively whether a basic structure (g, ¢) is a block, and (3) it can be checked
effectively whether a finite set of blocks for ¢ is a satisfying set for ¢.

For the proof of Theorem 5.5 we require the following concept and two
technical lemmata. Given a quasimodel (§,¢) and a run r in it we define for
every « occuring in sub(y) the set Path,(«) inductively as follows:

Path,(a;) = {{w,a;v): wTl,,(r)v}
Pathy(o;) = {{w,o; ,v): wT, - (r)v}
Path,(a«UB) = Path,(a)U Path,.(5)
Path,.(o; 8) = {{(w,...,v,...,u):

(w,...,v) € Path,(a),(v,... ,u) € Path,.(3)}
Path,(a*) = {{w):we W}

J{Path.(a™) :n > 0}
Path,(67) = {(w): ¢ € Ly(r(w))}

A path of the form (w) is called degenerate.

The use of the set Path,(a) will be clear from the lemma below. Observe
that for any action term a without iteration the length of all sequences we ob-
tain by deleting all action terms in sequences @ € Path,(«) is bounded by the

length || of . For a path & = (wg, B, . - - , Br—1, wr) we put start(w) = wy and
end(w) = wy,. For twovi = (wo, Bo, - - , Br—1,wr) and U3 = (wg, Bi, - -+ , Bn-1, Wn)
we put

’U_i * ’U_é = <w07ﬂ07 .. 7ﬁk—17wk7ﬁk7 N 7ﬂn—17wn> .

Lemma 5.3. Let (§,q) be a quasimodel for ¢, [a]tp € sub(yp), w € W, and
suppose r is a run. Then

[l € Ly(r(w)) & (Vi € Path,(a)) (w = start() = ¢ € lepq(w) (r(end(i)))).
Proof A straightforward induction. a

Let (F, ¢) be a quasimodel with § = (W, T,,,...). Two worlds w,w' € W are
called twins iff they are non-distinguishable in the following sense: ¢(w) = ¢q(w'),
and for all v € W and action variables a;: vT,,w iff vT,,w" and wTy, v iff w'Ty,v.

The following lemma states that every state in a quasimodel can be dupli-
cated without changing anything else.

Lemma 5.4 (Twins). Let (F,q) be a quasimodel for ¢, § = (W, T,,,...), w €
W, and suppose V is a set disjoint from W. Then there exists a quasimodel
(F',q') based on the set of worlds W UV whose restriction to W coincides with
(3,q) and such that all pairs (v,w), v € V, are twins.
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Proof Define ¢’ and T/, by putting

oy (w) : vew,
Q(U)_{qq(w) : veEV.

’UlTain V1,V € W,
WTy,va : vy €V, vg €W,
fUlToI,fU2 o a; V2 1 y U2 )
i vlTaiw o m eV, v eW,
wly,w : wv,v2 €V.
Then (§',¢') is as required. a

Proof of Theorem 5.5. We start with the direction from left to right. Suppose
 is satisfiable. By Theorem 5.4, we can take a quasimodel (g, q) satisfying ¢
and having quasistates of depth < d(¢). Put m = d(p), let R = (Ro,... , Rm)
be a sequence of sets of saturated and coherent runs which is suitable for (F, ¢).
Assume § = (W, Ty, ..., T, ) and suppose Rg = {ro}. To construct a satisfy-
ing set S we will associate with each quasistate w € W a block (Fw,Gw) such
that g, (w) = ¢(w). Finally we will put S = {(Fw, qu) : w € W}.

Fix wo € W. The construction of (§u,,qu,) consists of two steps: (Step 1)
a block (Fo, o) is constructed which has all the required properties but might
be too large. (Step 2) From (Fo,qo) the “small” block (Fuw,, Guw,) is extracted.

Step 1. Define sets of runs Qp C Ry, 0 < k < m, by induction:
e Qo = {ro},

o Q41 is constructed as follows: for every run r € Q and x € T, with
r(wp) <w,  put an 1’ € Rg4q with r < v and r'(wp) = z into Q41

° Q:{legm}
For every r € Q and every [a]y) € sub(p) put
SAT(r,[a]y) = {W € Path,(a) : start(@) = wo, ¥ & lenags) (r(end(w)))}.

Observe that, by Lemma 5.3, [a]) & Ly, (r(wo)) iff SAT(r,[a]tp) # 0. Intu-
itively, in order to saturate a run r € Q we need a path & € SAT(r, [a]y), for
every [a]y refuted in r(wp). For technical reasons we require m+1 such paths.
More precisely, for every » € Q and every [a]i such that SAT (r, [a]y) # 0 and
does not coincide with {(w)} take a set SAT,(r, [a]y) C SAT(r, [a]y) of cardi-
nality m + 1 which does not contain (w). (Note that, by Lemma 5.4, we may
assume that there are m + 1 such paths.) By Lemma 5.4 we may assume that
SAT,(r, [a]y) is disjoint from SAT, (', [a']¢") whenever (r, [a]y) # (', [&/]¥").
Denote by SEL the set of all & such that there is an r in Q and an [a]i € sub(p)
with @ € SAT,(r, [a]). Again, because of Lemma 5.4, we may assume that no
w; occurs more than once in a path from SEL and that no w;, i # 0, occurs in
two different paths from SEL.
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The cardinality of SEL is bounded by (d(¢) + 1) - p(¢p) - |sub(p)|.

Define (3o, qo) by putting w € Wy iff w = wq or there exists @ € SEL such
that w occurs in @. For wy,w; € Wy let w, T}, wy iff there exists ¥ € SEL such
that

U= <’LUO,... , W1, 0, W2, - . . ,wm> -

Finally define, for w € Wy, go(w) = q(w) and let Fo = (Wo,T%,,... T4 ).

Claim 1. (Fo,qo) is a block with root wy.

Proof of Claim 1. Clearly (Fo,qo) satisfies the conditions (B1) ... (B4) in
the definition of a block. Thus it remains to check (B5). To this end we have
to construct a sequence P = (Py, ... ,Pn) of sets of wo-saturated and coherent
runs which is suitable for (o, qo)-

In what follows we use the facts that (i) the restriction of every r € Ry, to Wy
is coherent and (ii) this restriction is wy-saturated whenever r € Q. However,
possibly there are not yet enough wg-saturated and coherent runs in Q, because
there might exist a w € Wy and ¢t € T, which is not in the range of an r from Q.
To define the required sequence P new runs have to be composed from old ones:
let k < m, W € SEL and suppose that r and 7’ are functions (whose domains
contain Wy) such that r(wg) = r'(wp). Define the function r 4z r' with domain
Wy by putting, for v € Wy,

r g () = r(v) : v occurs in W,
v | r(v) : otherwise.

Using this composition function we now define a sequence of sets of runs
P =(P§,...,P.). For every uwh,... ,wy € SEL, r1,...,r, € Ry, and r € Qy,
such that r(wg) = r;(wp), for 1 < i < k, put

s=1r +U71 (7“2 +u7’2 ((Tk +u?k ’I"))
into Pj,.

Claim 1.1. Every s of this form is coherent and wg-saturated.

Proof of Claim 1.1. Clearly s is coherent. But it is also wy-saturated:
suppose [@]t) & Ly, (s(wo)). If (wo) € Path, (o) and ¢ & Ly, (s(wo)), then there is
nothing to show. Otherwise there exists a non—degenerate 7 € SAT,(r, [a]¢) C
SEL which is not in {7, ... ,uw}}. Here we use the fact that we have put m+1
paths into SAT,(r, [a]y) to saturate [a]y relative to r. end(¥) saturates [a]y)
with respect to s and Claim 1.1 is proved.

The sequence P’ = (Pf,...,P;,) is nearly suitable for (o, qo), only (S2)
does not necessarily hold. Now it is transformed into a sequence P = (Po, ... , Pm)
with P; C P}, for 0 < i < m, which satisfies (S2) as well. The construction is
by induction: put Py = P} = {ro}.

Suppose Py, C P}, is defined. For every @ € SEL,

s=r1 +u (7"24-“72 (...(’I"k-Fﬁk’l")...)e,Pk,
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all re € Ryy1 such that s(v) <, re(v), for all v in W, all 7{,... ,r} € Ryy1 such
that r; <7}, for 1 <i<k,and all » < r' € Qg4 put

s' =7 + (7",1 +ur (7“’2 + i ( .. (7“;c + 7"') .. )

into Pr41. Observe that s < s'. We check (S1), (S2), (S3).

(S1) is clear.

(S2) follows from the construction: s’ is put into Pj41 only when there exists
s € P, with s < 5.

(S3) Let v € Wy, s = 11+, (12 4y (-2 (1k +u, 7)-..) € Pg, and z € T,
such that s(v) <, x. Take the @ € SEL in which v occurs. We find ry € Rj11
such that re(v) = 2 and s(w) <, 7e(w), for all w in . This follows from the
condition (S3) for R. We find r{,... ,r}, € Rg41 such that r; < rf, for1 <i <k,
This follows again from condition (S3) for R. By the construction of Q we find
r' € Qpyq with r < r'. Put

' =1e ta (1t (M +an (- (0 Fa 7))

Then s" € Pry1, s < ¢, and §'(v) = re(v) = 2. Claim 1 is proved and so Step 1
is finished.

Step 2. Observe that there does not exist an upper bound for the length of
the @ € SEL depending on ¢ only. Thus, we have no upper bound for the
size of (Fo,qo) depending on ¢ only and it remains to extract from (Fo,qo)
a substructure (Fuw,, quw,) Which is still a block with root wy but satisfies the
cardinality restrictions of the theorem. Consider a sequence @ € SAT,(r, [a]))
for an r in @ and an [a]iy € sub(p). We define a truncated version ¢rf, («f) of .
tr’, () is defined by induction on the complexity of a. If a does not contain an
occurence of * then, since & € Path,(«a), the length of & is at most |a|. In this
case we put trh, (W) = .
Suppose now that « contains iteration. If « = 8 U+, then

v _ | trp(@d) W € Path,(B)
tra, (1) _{ trr (@) : otherwise

If « = B3;7, then @ = W) * wy with w; € Path,(8) and w> € Path,(y) and
we put
try (W) = tri(wh) * trl (ws).

Let o = B*. Then there exists n € w and w7, ...w, such that w; € Path,(5)
and

—

W= *...%xWw),.
If n < b(p) - p(p), then we put
tro (W) = tri(wh) * ... x trg(wy).

Otherwise there must be i,j < n with i + 1 < j such that we have for vy =
end(w;) and v1 = start(w;):
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e ¢(vo) = q(v1) and r(vo) = r(v1).
In this case we put
tro (W) = tri(wh) * ... x trp (W) * tri(w)y) * ... % tri(wh).

Finally, if & = ¢? then tr" (@) = .

It should be clear that in this way we obtain a ¢rf, (@) the length of which
is bounded by I(¢). Denote by SEL' the set of all ¢r% () such that there is
an r in Q and an [a]y € sub(p) with @ € SAT,(r,[a]y). We construct from
SEL' the required block (Fuw,, qw,) as the following substructure of (Fo, go): let
w € Wy, iff w = wg or there exists W € SEL' such that w occurs in @. For
wy,wa € Wy, put wy Sy, we iff there exists ¥ € SEL' such that

37—
U= <UJ0,... y Wi, A, W2, ..« 7wm>'

Finally define, for w € W, qu, (w) = q(w) and let &,y = Wiy, Says--- San,)-
It is easy but tedious to show that (&, , uw,) is a block. This is left to the reader.
Observe now that &,,, is constructed from |SEL'| < (d(¢) + 1) - p(¢) - |sub(p)|
paths of length < I(p). So the upper bound for the cardinality of ., is as
required. Step 2 is proved.

For every w € W we construct (§u,qw) in absolutely the same manner as
for w = wy. The required satisfying set S for ¢ is the set of all blocks (Fw, Gw),
weWw.

We come to the proof of the direction from right to left. Let S be a satisfying
set for p. We are going to construct a quasimodel (§F,q) as the limit of an
inductively defined sequence of basic structures

((Sm,qm) : m € w).

Let (Fo,q0) be a block with root wg such that ¢ € l,,(ro(wp)). Such a block
exists by condition (i). Suppose now that we have constructed (Fm,qm) with
Zm = (Wn, T, ... , T/ already. For every w € Wy, — Wp,_1 (here and in
what follows W_; = {wp}) select a block (Fy,qw) from S with root w such
that g, (w) = g¢m(w). Blocks with this property exist by condition (ii). Let
Tw = <Ww,Tgy"1, e ,Tfﬂ). We may assume that all the selected blocks are

mutually disjoint and that W,, N W,,, = {w}, for w € W,,, — W,,_1. Define
(&m+1, Gm+1) by putting

Wina1 = Wi U J{W0 :w € Wiy = Wi 1},

Tt =T U T w € Wi — Wi},

qu(v) v E Wy — Wy,
The limit (§ = (W, Ta,,.--Ta, ), q) is defined by putting

Qm+1(v) — { Qm(v) NS Wma

W=U{Wm:m€w}, Tai=U{ng:m€w},
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gw) = | JHgm(w) : m € w, we Wy}

It remains to show that (F,¢) is a quasimodel for . To this end we construct

a sequence of sets of saturated and coherent runs R = (Ry,... ,Rm) which is
suitable for (§,q). For every (§., qw) € S which was used to construct § take a
sequence of sets of w-saturated and coherent runs RY = (RY,... ,R¥) which

is suitable for (Fu, qw). Take k with 0 < k < m. Then Ry, consists of all runs r
which can be constructed inductively by putting r = [J{r™ : m € w}, where the
r"™ are k—runs in (§n, ¢m ), for m € w, constructed in the following manner: take
r? € RY® and suppose that r™ has been defined. For every w € W,,, — Wy, 4
take r,, € R} such that r™(w) = r,(w) and put for v € Wi, 11

mat _f rm(v) v e Wy,
r (v)—{ (V) v €Wy — W

Claim. All runs in Ry, 0 < k < m, are coherent and saturated.
Proof of the Claim. We prove by induction on the construction of a:

[a]Y € 1y (r(w)) & Vv € W(wTy(r)v = ¢ € L,(r(v))),

for all w € W, all r € Ry, and all [a]y € sub(y).

For the inductive steps fix w € W, r € Ry, and [a]y € sub(p). Fix as well
the (uniquely determined) block (§,qw) with root w such that (F.,,q.) € S
is a substructure of (§,q), and the run r,, from R* which coincides with the
restriction of r to W,,.

Case I: a = «;, a; an action variable. Suppose [a]y & I, (r(w)). By the
definition of blocks there exists v € W, such that wT ¥ (ry)v and 1 & L, (ry (v)).
Hence wT,(r)v and ¢ & 1,(r(v)). Now suppose [a]) € [, (r(w)) and wT,(r)v.
Let (Fw', qu') be a block from S such that both w and v are in the domain of
Sw - Let ry be the restriction of r to Fyr. Then ¢ € Ly(ry (v)) = ly(r(v))
follows from the condition that r, is coherent.

Case 2: a = a; , a; an action variable. This case is considered analogously
to case 1.

Case 8 a = x?. The equivalence follows from the condition ([x?]y € I, (z)
iff x € ly(z) = ¢ € ly(x)), for all v € W and z € T,, in the definition of
quasistates.

Case 4: a = ;7. Then we have [B][y]¢ € sub(p) (by the definition of the
Fischer—Ladner closure) and the equivalence follows by the induction hypothesis
from the condition [8;~v]y € I, (z) iff [B][y]¥ € l,(x), for all v € W and z € T,
in the definition of quasistates.

Case 5 a = BU~. Then [B]¢, [y]Y € sub(p) and the equivalence follows
immediately from the condition [8 U~y € l,(z) iff [B]y, [v]¥ € ly(x), for all
v € W and z € T}, and the induction hypothesis.

Case 6: o = *. Suppose [a]Y & l,,(r(w)). There exists v € W, such that
wWTY (ry)v with ¢ & 1, (ry(v)). Hence wT,(r)v and ¢ & 1, (r(v)). To show the
converse observe first that [3][8*]¢ € sub(y). The required implication now
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follows from the condition [8*|¢ € I,(z) iff ¢ € I,(x) and [B][B*]¢ € I,(z), for
allv € W and all z € T),, and the induction hypothesis.

The claim is proved. That R is suitable follows immediately from the con-
struction. a

5.5 Related Logics

We discuss decidability results for products which either follow directly from the
decidability of CPDL x K,, or can be proved by similar methods. We intro-
duce some notation first: Given two propositional modal languages £, and Lo
interpreted in frames of the form § = (W, Sy,...,S,) and & = (V, Ry, ..., Ry),
formulas in £ ® Ly are interpreted in products

Fx&6=(WxV,S1,... ,5,Ri,...,Rmm)

in the obvious manner; that is to say, the relations Si,...,S, interpret the
connectives of £; and the relations Ry, ... , Ry, interpret the connectives of L».
Given two modal logics L; and Lo in languages £1 and Ls, respectively, we
denote by L; x Lo the set of all formulas in £; ® £2 which are valid in all
members of

{(Fx6:F L, &= L)}

We are in the position now to formulate various decidability results of interest.
Recall from the previous chapter and the appendix the definition of the logics
S4, K4, S4.t, and K4.t.

Theorem 5.6. The logics S4 x K,,,, S4.t x K,,, K4 x K,,,, and K4.t x K,,
are decidable.

Proof S4xK,, as well as S4.t x K,,, are embedded in CPDL x K,,, by means
of the translation which replaces the modal operators O and O~ of S4t with
[a3] and [(aq )*], respectively. So they are decidable. The translation which
replaces the modal operators O and O~ of K4.t with [a][af] and [a] |[(a])*]
gives embeddings of K4 x K, and K4.t x K into CPDL x K,,,, respectively.
a

Various decidability results for products of Epistemic Logics and K,,, can be
obtained by extending the embeddings from the appendix (cf. Theorem B.6) to
the corresponding products:

Theorem 5.7. The products K42 x Ko, S4S x Ko, KD45§ x Ky, and
552 x K., are decidable.

Proof Forj < 4, extend the translations ¢; from the language £S into £L(CPDL)
to translations
t LS ® L = LoPDLXK,,

by putting
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e 13(0;p) = Oit}(p),

for < m. Now it is easy to extend the proof of Theorem B.6 to show, for all
0 € LS R L,

e p e K4¢ xK,, iff t|(¢) € PDL x K,,,

o p€84Y x K,, iff th(¢) € PDL x K,,,

e v €85Y x K, iff t4(p) € CPDL x K,,,

e p € KD45Y x K,, iff [y*]x — #,(¢) € CPDL x K,,,.

Observe that the translations t; are similar to the translation defined in [Fischer
and Immerman 1987]. a

We finally come to decidability results for products of temporal logics with
K, which do not immediately follow from the decidability of CPDL x K,,, but
which can be proved by combining in a straightforward manner the notion of a
quasimodel introduced in the present chapter with the technique introduced in
[Wolter and Zakharyaschev 1999¢] “Temporalizing Description Logics”, called
(WZ) in what follows.

Recall from the appendix that by Lin we denote the bimodal logic deter-
mined by the class of frames <W, R, R*1> such that R is a strict linear ordering.
By LQ we denote the bimodal logic determined by the frame <Q, <, <t >, where
Q denotes the set, of rational numbers. We refer the reader to the appendix for
some information about these two logics.

Theorem 5.8. The logics Lin x K,,, and LQ x K,,, are decidable.

Proof (Sketch) The reader should have at hand (WZ), where a variant of the
concept of quasimodels and the mosaic technique is used to prove the decidabil-
ity of Lin and LQ based on description logics. To present the idea of the proof
of Theorem 5.8 we indicate the required modifications of the proof in (WZ). Fix
® in the language with temporal operators 0; and Os, and the modal operator
O for the K-dimension*. We use the following variants of the Definitions 5.5,
5.6, and 5.7. By sub(yp) we now denote the set of subformulas of ¢ in the ordi-
nary sense, the @-types T'(¢) are also defined in the standard manner; that is
to say, we require the conditions (t1) and (t2) only from Definition 5.6. Now,
quasistates ((T', <),1) for ¢ are defined as in Definition 5.7 with T(yp) replaced
by T'(p). With the help of quasistates for ¢ the appropriate concept of quasi-
models for Lin x K is defined by means of straightforward modifications of the
definition of quasimodels for CPDL x K. Also an analogue of Theorem 5.4
is easily established. The role of quasistates (and quasimodels) in the present
context corresponds to the role of quasiworlds (and quasimodels in the sense of
(WZ)) in (WZ). However, quasiworlds are just sets of ¢-types while quasistates

4We sketch the proof for K only, Footnote 1 above explains how to generalize the proof to
cover Ky, .
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are trees the nodes of which are labelled by ¢-types. The required modifications
of (WZ) are caused by this difference. In (WZ) the concepts of a suitable triple
and a satisfying set are introduced to formulate the decision procedure. Here
are the modified definitions:

A suitable triple for ¢ is a triple (p,q,0) such that p = (T, <p,l,) and
q = (T}, <g,lq) are quasistates for p and o C T), x T, has the following properties:

if t1ota, then the co-depth of ¢; and t5 coincides.

T2) rpory, where r, and r, are the roots of p and g, respectively.

(T1)
(T2)
(T3) If tiots and t1 <, ¢1, then there exists ¢, with tjoth and t2 <, t}.
(T4) If tiots and t2 <, th, then there exists ¢} with ¢joth and ¢1 <, ).
(T5)

T5 (th eT )(Vtg eT, )(Volw S sub(tp))(tlotg A Oldl g lp(tl) = w g lq(t2) A

1t & 1y(t2))-

( ) (th eT )(Vtg eT, )(VOQw S sub(tp))(tlotg A Ogd] g lq(tg) = w g lp(tl) A
Ootp & 1p(t1)).

Observe that (T2)-(T4) correspond to conditions one and two in (WZ, Def. 25),
and (T5) and (T6) correspond to conditions four and five in (WZ, Def. 25).
A satisfying set for @ is a set of suitable triples S for ¢ such that

(S1’) there is a triple in S with a quasistate p such that ¢ € I,(r,), for the root
rp of p.

(S4°) if (p,q,0) € S, and O € 14(t1), t1 € Ty, then there are (q,s,7) € S and
to € T such that 1 € I4(t2) and ¢y 7ts.

(85°) if (p,q,0) € S, and Ootp € I,(t1), t1 € T, then there are (s,p,7) € S and
to € T such that 1 € l4(t2) and ta7t;.

(877) if <}J, q,o) € S, and <>1’¢ € lp(tl), t10't2, 11] g lq(tg) and <>1’¢ g lq(tz), then
there exist s and t3 € T such that ¢ € I5(t3), (p,s,7) € S, (s,q,p) € S,
for some 7 and p, t17t3pts, and T o p = 0.

(88’) if (}J, q,o) S S, and Ogl[] € lq(tg), tiota, 11] g lp(tl) and Ogd] g lp(tl), then
there exist s and t3 € Ts such that ¢ € l5(t3), (p,s,7) € S, (s,q,p) € S,
for some 7 and p, t1Tt3pts, and T o p = 0.

Here (Si’) correponds to (Si) in (WZ, Def. 26).

Now one can prove in basically the same manner as in (WZ) that ¢ ¢
Lin x K iff there exists a satisfying set for =@ or ¢ is refuted in a product
({0},0,0) x (V,R), for some K-frame (V,R). Certainly both conditions are
decidable.

For the decidability of LQ x K the notion of a Q-satisfying set S is required.
The definition of a Q-satisfying set can be found in (WZ). a
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We come the product of the temporal logic PTL and K,,, see the appendix
for the syntax and semantics of PTL.

Theorem 5.9. The logic PTL x K,,, is decidable.

Proof (Sketch) Again the reader should have at hand (WZ), where the de-
cidability of PTL based on description logics is proved. The modifications of
(WZ) required to prove Theorem 5.9 are again caused by the difference between
quasistates in the present chapter and quasiworlds in (WZ). Fix ¢ in the lan-
guage with &/ and O. The required modifications of the Definitions 5.5, 5.6, and
5.7 should be clear now. Quasimodels for PTL x K are defined by means of
straightforward modifications of the definition of quasimodels for CPDL x K,
and an analogue of Theorem 5.4 is easily established as well. Again the role of
quasistates (and quasimodels) in the present chapter corresponds to the role of
quasiworlds (and quasimodels in the sense of (WZ)) in (WZ).

In (WZ, Def. 22) the concept of a suitable pair is defined. This “local”
concept has to be replaced by a “global” one, because quasistates are not just
sets of types but sets of types together with a tree order. The global version
turns out to be basically the same as the concept of a suitable triple in the
proof of Theorem 5.8: a U-suitable triple for ¢ is a triple (p,q, o) such that
p = ((Tp, <p),lp) and q = ((Ty, <q),l4) are quasistates for ¢, o C T}, x Ty,
the conditions (T1)—(T4) of the definition of a suitable triple in the proof of
Theorem 5.8 hold, and

(T5’) (th € Tp)(‘v’t2 € Tq)(V’QZJlZ/{’(ﬁQ € sub(go))(tlatg =

(D1lUps € Lp(t1) & b2 € Iy(t2) or i1 € Iy(t2) and h1ldaps € 1,(t2)))

Now the correct translation of (WZ, Theorem 24) is as follows:

A formula ¢ is satisfiable in a product (N, <) x (V,R) iff there are two
sequences Q1 = q1,- .. ,qn and Q2 = qnt1,- .- , gn+m Of quasistates for ¢ and a
sequence o1, ... ,0p+m Of relations such that

e ¢ € lg (s0), for the root sg of qq,
e (qi,qiv1,0;) is a U-suitable triple, for 1 <i < n + m,
® (Gn+m,qn+1,Ontm) 18 a U—suitable triple,

e for every i < n + 1 and every t; € Ty, and 1lUrps € 1y, (¢;) there are
tit1,-..,tr with & <n 4+ m such that tjojtiyt, forall j <k, € lth (tk),
and o1 € [y, (t;), for all j with i < j <k.

e n < b(yp), where b(p) is an upper bound for the number of different qua-
sistates for ¢ (computed in the same manner as in Lemma, 5.2),

o m < b(p) + |suby| - b(p) - p?(v), where p(p) is an upper bound for the
number of different points in a quasistate for ¢ (computed in the same
manner as in Lemma 5.2).
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This equivalence can be proved in basically the same manner as in (WZ). Cer-
tainly it can be checked effectively whether two such sequences exist for .
a

5.6 Discussion

(1) In this chapter we have shown the decidability of L x K, for various rather
expressive modal logics L. In conclusion, we can say that for the most important
modal logics L the product L x K,, is decidable. However, in contrast to
the chapters above we did not obtain a structural general transfer result for
products. In fact, even for products with K various decidability problems remain
unsolved. The most interesting open question is whether the logic (K x K) x K
is decidable. If logics different from K are considered even more questions are
open:

e Is K4 x K4 decidable?
o Is S4 x S4 decidable?

We believe that the method presented in the present monograph can be useful
to attack those problems.

(2) We did not consider the complexity of the decision problems. In fact, not
much is know about the complexity of products: [Marx 1999] shows that the
satisfaction problem for almost all interesting products is NEXPTIME-hard.
This applies to K x K, S4 x K, S5 x K, etc. The logic S5 x S5 is NEXPTIME-
complete. But for the remaining logics in the list no elementary algorithms are
known. All the decision procedures in this chapter are non-elementary, and,
as far as PDL x K,,, and PTL x K,,, are concerned, the satisfaction problem
is non-elementary. This can be proved using a technique similar to the one
introduced in [Halpern and Vardi 1989]. We conjecture that this is the case for
SSg x K, and the other epistemic logics considered above as well, but lack a
strict proof. We have no specific conjecture for the complexity of K x K and
S4 x K.

(3) The system CPDL x K,,, is certainly not yet fine-tuned enough to serve
as a logic of action. It would be of interest to investigate extensions of this logic
by means of operations considered already in the propositional case, see e.g.,
[Prendinger and Schurz 1996] and [de Giacomo and Lenzerini 1995]

(4) Tt follows from the proof of Theorem 5.2 that CPDL x K is properly
contained in the set CPDL x ; K of all formulas which are valid in products of
the form § x & such that & is based on a finite domain A. Given that in many
application domains the states are assumed to be finite, the logic CPDL x ;s K
is certainly of interest and it would be desirable to have a decision procedure for
it. The same applies to the products 855 x K,, and the products of temporal
logics and polymodal K.

(5) In this chapter we have considered the decision problem only. The finite
model property remains open and (non—trivial) axiomatizations would be de-
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sirable. We believe that the technique developed so far is also helpful to attack
those problems.



Chapter 6

Modal description logics

In this chapter we are going to investigate the decision problem for various
modal extensions of description logics. In particular, we consider extensions of
ALC (and more expressive description languages like CZQ) by epistemic opera-
tors, by the most important temporal operators, and by the dynamic operators
of CPDL. The chapter is organized as follows. In Section 6.1 the syntax and
semantics of modal description logics is defined. In Section 6.2 we discuss the
definition and investigate the relation between different types of modal descrip-
tion logics: for example, we relate logics determined by models with expanding
domains to logics determined by models with constant domain and we prove
that global concepts can be simulated by means of local ones (in contrast to
roles). In Sections 6.3, 6.4, and 6.5 we prove positive results concerned with the
decision problem for three different types of modal description languages. Sec-
tion 6.3 considers the decidability of the satisfiability of concepts while Sections
6.4 and 6.5 are concerned with the satisfiability of formulas. In Section 6.6 a
number of undecidability results is presented. They show that most of the pos-
itive results of the previous sections are optimal: even very weak extensions of
the decidable calculi have undecidable satisfaction problems. Finally, in Section
6.7 the results are discussed and compared with the literature.

In this chapter we assume some background knowledge about description
logic, in particular about ALC and CZQ. The reader can find the relevant
information in the appendix, where the notation is fixed as well.

6.1 The modal description languages L 4,¢

We introduce the modal extensions of the description logic ALC we are going
to investigate in this chapter.

For simplicity, in this section we consider the modal language with n unary
operators Oy,...,0,. In subsequent sections we shall combine CPDL and
PTL with CZQ which will require some extensions of this language.

125
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Definition 6.1 (language). The primitive symbols of the modal description
language L 5rc are:
e concept names: Cy,Cq,...;

7

e global role names: Ry, Ry, .. .;

local role names: Sy, S1,-.-;
e object names: ag,ai,-.-;
e modal operators: Oy, ... 0,1, ..., On.

Starting from these we construct compound concepts and roles inductively in
the following way:

e all role names are roles;
e if Ris a role, then O0;R and ;R are roles.

e if C, D are concepts and R is a role, then T, C A D, =C, O0;C, for i < n,
and dR.C are concepts.

Formulas are defined inductively as follows: atomic formulas are expressions of
the form

e T,C =D, aRb,a:C, where a and b are object names.

All atomic formulas are formulas and if ¢ and ¢ are formulas then so are O;p,
=, and @ A .

Other boolean operators and the “possibility” operators <; (for concepts and
formulas) are defined as abbreviations in the standard way. For concepts C' and
D we abbreviate by C C D the formula C - D =T.

Example 6.1. How might a knowledge base in £ 4¢ look like? Imagine, for
instance, a car salesman who, trying to understand the development of the car
market, implements a knowledge base about his customers. Besides of standard

formulas like
Golf : VW

VW C Car
Male_customer = Male A Customer
Modern_car = Car A Jhas.Computer

etc.,

it may now contain also “modalized” formulas, e.g.,

Customer = Homo_sapiens A (sometime in the past) Ibuys.Car
Potential_customer = (eventually) Customer

Faithful_customer = Customer A J[always|buys.Car

(next year) (Male_customer C Jbuys.Modern_car)
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The meaning of the first two formulas with modalized concepts should be clear.
The third one means that a faithful customer always buys a car of the same
type. And the fourth formula says that next year every male customer will buy a
modern car. So, modalized concepts, formulas, and roles allow the introduction
of concepts the extension of which depends on the future and the past.

For a formula ¢, let us denote by oby, cony, rolp and suby the sets of all
object names, concepts, roles, and subformulas occurring in ¢, respectively.

Definition 6.2 (model). Let & = (W, <y,...,<,) be a frame. An L4¢c-
model based on & is a pair 9t = (&, I) in which I is a function associating with
each w € W an ALC-model

I,w I,w I,w I,w
I(w)=<A,R0 R P O ,...>,

where
e A is a non-empty set, the domain of 9,
e R are binary relations on A such that Rf’“ = Rf’”, for any u,v € W,

(3

I . .
S, are binary relations on A,

Ch are subsets of A, and

(3

I,w

¥ are objects in A such that a* = a"”, for any u,v € W.

e a
Remark 6.1. Without loss of generality we may identify af ' with a;, thus as-
suming that all object names belong to A. The definition of a model given
above implies that we assume constant domain, that the constants are rigid
designators, and that we do not have global concepts, but local concepts only.
We shall discuss those assumptions in detail in the next section.

Definition 6.3 (satisfaction). For a model 9t = (&,]) and a world w in it,
the wvalues CT of a concept C' and R""™ of a role R in w and the satisfaction-
relation (M, w) |= ¢ (or simply w = ¢, if M is understood) are defined induc-
tively as follows:

1. Thw=A, Clw = C{’“’, RIw — R;"”, for C = Cs, R = R;;
2(0;R) vy iff Vo >; w 2RTy;

2(O;R) Wy iff v >; w xRy;

(C AD)lw =clwnDphw,

(-C)Iw = A —Ch;

r € (0;C)0v iff Vo > w x € CTY;

NS ok wN

r € (AR.C)v iff Iy € CTw xR vy,
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8. wl=C =D iff 0w = plw,
9. w=a:Ciff alv € CTY;
10. w = aRb iff alw REwplw,
11 w = O iff Yo s w v = o
12. wE oAy iff w = @ and w = o
13. w =~ iff w £ p.

A formula ¢ is satisfiable in & if there is a model based on & and a world w
in it such that w |= .

A concept C is satisfiable in & if there is a model based on & and a world
w in it such that CT% #£ ().

Let L be a complete normal modal logic. The formula—satisfaction problem
for L 4rc consists of the problem whether, for a given formula ¢ there exists a
structure & validating L in which ¢ is satisfiable.

The concept—satisfaction problem for L 4r¢ consists of the problem whether,
for a given concept C', there exists a structure & validating L in which C' is
satisfiable.

In this chapter we are concerned with the decidability of the concept- and
the formula—satisfaction problem for modal description logics. We discuss in
the next section the relation between these reasoning tasks and others known
from the literature.

The following notation will be applied: in order to avoid double-subscripts
we write L(n)azc instead of (L,)acc- For example, S5(n)acc denotes S5,
based on ALC.
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6.2 Observations

In the previous section we have fixed a number of parameters for the modal
description logics we are going to consider. In this section we shall briefly
justify and discuss our choice.

First, in the introduction we have discussed briefly the possibility to consider
models with varying, expanding, and constant domains. From now on we will
restrict ourselves to models with constant domain. This is justified as far as the
decision problem is concerned because the satisfaction problem for models with
expanding domains can be reduced to that problem for models with constant
domain. Moreover, if we do not allow the application of modal operators to roles,
then the satisfaction problem for models with varying domain is reducible to that
for models with constant domain as well. We establish here the first claim only,
the second one can be proved similarly, see [Wolter and Zakharyaschev 1998]. A
similar result will also be proved in the context of modal predicate logic in the
next chapter, see Proposition 7.1. To conduct the proof we introduce a concept
ex the intended meaning of which is to contain in each world precisely those
objects that are assumed to exist (under the expanding domain assumption) in
this world. By relativizing all concepts and formulas to the concept ex, one can
simulate expanding domains using constant ones. For simplicity, in this section
we shall work with the unimodal language with modal operators O and <. The
results are easily generalized to polymodal logics.

In the proof we shall be using the notion of the modal depth of a formula ¢,
md(p) in symbols. Informally, md(yp) is the length of the longest chain of nested
modal operators in ¢ (including those in the concepts and roles occurring in ).
Here is a more precise inductive definition:

md(R;) = md(C;) =1,
md(C AD) = max{md(C),md(D)},
md(-C) = md(C),
md(¢C) = md(C) +1,
md(3IR.C) = max{md(R),md(C)},
md(OR) = md(OR) =md(R) + 1,
md(a:C) = md(C),
md(aRb) = md(R),
md(C = D) = max{md(C),md(D)},
md(p Av) = max{md(p),md()},
md(~p) = md(g),
md(Cp) = md(p) + 1.

Given a formula ¢, we define inductively the formula O<"¢ by taking
D504p = ¢ and D§m+14p = DSmcp A Dm+14p,
We require as well the notion of the role depth rd(C) of a concept C. It is
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defined inductively as follows:

rd(Cs) = 1,
rd(C AD) = max{rd(C),rd(D)},
rd(-C) = rd(C),
rd(CC) = rd(C),
rd(3R.C) = rd(C)+1.

Given a concept C we define inductively
role’ (C) = {C},
role™ ™ (C) = {VR.D : R occurs in C and D € role™(C)},
role<™C = \{role™(C) : n. < m}.

Theorem 6.1. Let L be a complete normal modal logic.
(1) If the formula—satisfaction problem for L arc is decidable in models with
constant domain, then it is decidable in models with expanding domains as well.
(2) If the concept—satisfaction problem for L arcc is decidable in models with
constant domain, then it is decidable in models with expanding domains as well.

Proof (1) Assuming we are given a formula ¢, let ex be a concept name having
no occurrences in . By induction on the construction of a concept C' define its
relativization C | ex:

Cilex = (C;ANex, C; a concept name,
(CAD)lex = (Clex)A(Dl]ex),
(=C)lex = exA—=(Clex),
(3R.C)lex = exA3IR.(Clex),

(CC)lex = exAO(Clex).

The relativization of ¢ is then defined inductively as follows:

(aRb)lex = aRbA (a:ex)A (b:ex),
(a:C)lex = a:(Clex),
(C=D)lex = ((Clex)=(Diex)),
p)lex = —(plex),
(pAP)lex = (plex) A (Plex),
(Op)lex = O(plex).

Suppose now that § = (W, <) is a frame and m = md(p). Then ¢ is satisfied
in a model based on § and having expanding domains iff the formula

¢ =plexA—(ex=1L)ADS"((ex = OStex) = T A /\ a:ex)
a€oby
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is satisfied in a model based on § and having constant domains. Indeed, assume
that ¢ is satisfied in a model 9t = (§, I) with expanding domains and that

_ Iow Iw Iw Iw
I(w)—<A SRy, .. 00", ag ,...>,

for every w € W (so that A% C Al*Y whenever u </ v). Then we construct a
model 9t = (§, J) with constant domains by taking

_ Tow plw I,w Jw Tw
J(w)—<U ADY Ry, CyY, L ex Y ag ,...>,

weWw

where ex”® = A%, Tt is readily checked by induction that for any ¢ € subyp
and any w € W, (M, w) = ¢ iff (M, w) =1 ex. Tt follows that ¢’ is satisfied
in N.

Conversely, suppose ¢ is satisfied in a world v in a model 9N = (F, J) with
constant domain and that

J(w) = <A,Rg7w, .. ,C(')]’w, .. ,exJ””,ag””, .. > ,
for w € W. Consider the model 9t = (§, I) in which

I, 1, J,
I(w):<exJ7"’,R0“J,...,C'0 w,...,aow,...>,

where Rf’w and C’iI’w are the restrictions of Rij’w and C’g”w to ex?, respectively,
for every w accessible from v in < m steps, and I(w) = J(w) for all the other
worlds w in §. Since (M,v) = =(ex = L), the domains of worlds in 9t are not
empty, and the conjunct (ex — OS'ex) = T ensures that they are expanding.
Now, using the fact that the truth-value of ¢ in v depends only on the worlds
accessible from v in < m steps, one can show by induction that for every ¢ €
subp, (M, v) = P lexiff (M, v) = 9.

(2) We only define the required formula: a concept C is satisfiable in a model
based on a frame & with expanding domains iff

C | ex A OS™ U@ pole<rd(?) (ex — Dex)

is satisfiable in a model based on & with constant domain. a

Our second observation concerns the distinction between models with arbi-
trary constant domain and finite constant domain. Notice that for most of the
modal description logics considered in this monograph the set of formulas and
concepts satisfiable in models with finite constant domain is properly contained
in the set of those which are satisfiable in models with arbitrary constant do-
main. This applies, even for concepts without modalized roles, to all logics listed
in Theorem 6.3 (this follows from the proof of Theorem 5.2 above). As far as
formulas are concerned, this applies to all logics listed in Theorem 6.3 as well,
even when we restrict ourselves to the fragment consisting of formulas without
modalized and global roles (this is proved in [Wolter and Zakharyaschev 1998]).
There are exceptions, however. For example,
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e for S5(m)acc and K(m) azc the set of concepts without modalized roles
satisfiable in models with finite constant domain coincides with those sat-
isfiable in models with arbitrary constant domain. This is an easy conse-
quence of the decidability proof for K x K and S5 x K in the previous
chapter;

o for S5(m) acc and K(m) 4¢ the set of formulas without global and modal-
ized roles satisfiable in models with finite constant domain coincides with
those satisfiable in models with arbitrary constant domain. This is proved
in [Wolter and Zakhararyaschev 1998].

We note that is an open problem whether for K 4-¢ the set of all formulas satis-
fiable in models with arbitrary constant domain coincides with those satisfiable
in models with finite constant domain.

In this chapter we consider the satisfaction problem for models with arbitrary
constant domains only. The main reason for this restriction is that much less is
known about the decision problem for models with finite constant domain. For
example, the following problems are open:

e the satisfaction problem for PDL 4.¢ and S5(2)4 - for concepts without
modalized roles in models with finite constant domain.

e the satisfaction problem for PDL 4.¢ and S5(2)4 - for formulas without
global and modalized roles in models with finite constant domain.

It is worth mentioning, however, that some positive results will be obtained
in Chapter 8. For instance, it follows from Theorem 8.7 that for PTL 4-¢ the
set of formulas without global and modalized roles satisfiable in models with
finite constant domain is decidable.

Our third observation concerns the reasoning tasks that are regarded to be
important in knowledge representation systems. For description logics with-
out modal operators these are, among others, (relativized) concept satisfiability,
(relativized) subsumption, and instance checking, we refer the reader to the ap-
pendix.

Those tasks can be generalized to the modal context in various ways. Sup-
pose L is a normal modal logic. A knowledge base ¥ is a finite set of L 4rc-
formulas.

e Relativized concept satisfiability: ¥ = C = L, i.e. is there a model (&, I)
and a world w in it such that & = L, w |= %, and CPv # ().

e Concept satisfiability: = C = L, i.e. is there a model (&, ) and a world
w in it such that & = L and C1 # ().

e Global relativized concept satisfiability: ¥ E* C = L, i.e. is there a model
(&,I) and a world v in it such that & = L, w = X, for all worlds w, and
CI,U ;é @

e Relativized subsumption: ¥ = C C D, ie. C1% C DI, for every model
(6,1I) and every world w such that & = L and w |= X.
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e Subsumption: = C C D, i.e. C'¥ C D% for every model (&, ) and
world w in it such that ® = L.

e Global relativized subsumption: ¥ =* C C D, ie. C1? C DI, for every
model (&, T) and every world v such that & | L and w = X, for all worlds
w.

e Instance Checking: ¥ | (a : O), i.e., al¥ € CT¥ for every model (&, I)
and world w in it such that ® = L and w | .

Observe that we now have two natural but different types of relativized sub-
sumption and satisfaction, a gobal and a local type. In the global case the
knowledge base is assumed to be applied to all worlds in a model while in the
local case we consider one world only. The following should be clear:

Proposition 6.1. Let L be a normal logic.

1. If the formula-satisfaction problem for Larc is decidable, then the (rel-
ativized) concept-satisfaction, the (relativized) subsumption, and the in-
stance checking problem are decidable.

2. If the concept-satisfaction problem for Larc is decidable, then the sub-
sumption problem is decidable.

3. If the global relativized concept-satisfaction problem for L acc is decidable,
then the global relativized subsumption problem is decidable.

Observe, however, that we can’t infer from the decidability of the formula-
satisfaction problem the decidability of the global concept-satisfaction problem.
This phenomenon reflects the fact that there are decidable propositional modal
logics the global consequence relation of which is undecidable, consult the ap-
pendix.

Example 6.2. Theorem 6.5 below states that the formula-satisfaction prob-
lem for K 4.¢ is decidable. However, the global relativized concept-satisfaction
problem for K 4,¢ is undecidable. This follows from the easily proved fact that
the decision problem for the global consequence associated with the product
K x K (which is undecidable, see e.g. [Marx 1999]) can be reduced to the global
relativized concept-satisfiability problem for K 4.¢.

However, for many logics the global relativized concept-satisfaction problem
can easily be reduced to the formula-satisfaction problem. This applies, for
example, to CPDL, S4, K4, 855, and PTL. Here is the reduction for S4: for
any finite knowledge base ¥ we have ¥ £* C = L iff (OAE)A-(C = 1) is
satisfiable.

Finally, recall that we have introduced the distinction between global and
local symbols. In the models we are going to consider we explicitly distinguish
between global roles and local roles, but we do not work with local names (alias
non-rigid designators) nor global concepts. As far as names are concerned the
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omission of local ones is for notational simplicity only. Every decidability result
we prove holds also when we have non-rigid designators in the language. For
concepts we can even prove a formal result which allows us to reduce global
concepts to local ones. The following theorem says that the addition of global
concepts would not increase the expressive power of our languages.

Theorem 6.2. Let L be a complete a normal logic.

(1) Let Cy,...,Cy be a selection of concepts in a formula ¢. Then ¢ is
satisfiable in a model based on a frame validating L in which Cy,...,C} are
interpreted globally iff the conjunction of ¢ and

T =0 A{C; - 0C; i <k} AOSm M) N {=Cy = O-C; i < k}

is satisfiable in a model based on a frame validating L.

(2) Let Cy,...,Ck be a selection of subconcepts of a concept C. Then C
is satisfiable in a model based on a frame validating L in which the concepts
Ci,...,Cy are interpreted globally iff the conjunction of

C A QSO pplesrd(©) /\{C’l — 0C; :i <k} and

O<md()pole=<rd(©) /\{—ICi = 0-C; i <k}

is satisfiable in a model based on a frame validating L.

6.3 Concept—satisfiability

In this section we are concerned with the satisfiability of concepts without
modalized roles. We are going to prove the following result:

Theorem 6.3. Satisfiability of concepts without modalized roles is decidable for
the following logics:

1. the dynamic logic CPDL 4.¢,

2. the standard logics S44cc, K4 arc, S4.tarc, Kd.tare,

3. the epistemic logic S4(n)% c, K4(n)% o, KD45(n)G s, and S5(n)% cc»
4. the temporal logics PTL 4cc, Linace, LQ 4.c-

The logics listed in the theorem above are very expressive. CPDL based on
ALC, for example, allows us to represent concepts involving actions.

Example 6.3. Consider atomic actions submit and accept. We can specify the
concept published_paper by means of, say,

published_paper C (accept™ ) submitted_paper
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and specify submitted_paper by
submitted_paper C (submit™ ) manuscript.

The contents of the first implication should be interpreted as follows: if an object
is currently a published paper, then there is a state in which it is a submitted
paper and from which the current state is reachable by means of the action
accept. The second implication can be interpreted similarly. Suppose now, that
author_of is a global role. Then we can derive from the two sentences above:

Jauthor_of .published_paper C ((submit; accept) ~ ) Jauthor_of .manuscript,

which should be interpreted as follows: if somebody is currently the author of a
published paper, then there is a state in which he is the author of a manuscript
and from which the current state is reachable by means of a submit action
followed by an accept action. CPDL 4.¢ is certainly not yet an applicable logic
of action. The main reason is that we can’t express in it to which object an
action is applied. In the example above this means that we can’t say that accept
is applied to a specific submitted paper.

Observe that the logics CPDL and PTL are not normal modal logics. Thus,
strictly speaking, the underlying languages and models for those logics have not
yet been defined. For PTL the definition of concepts will be a straightforward
extension of the definition above, see Definition 6.6.

For CPDL 4,¢, however, we face a small problem: we should like to allow
the application of the test operator “?” to concepts in order to form new action
terms and concepts. E.g., we should like to be able to form the action term (3
expressing “While C' do &” for any concept C and action term «. For a concept
D we can then form the new concept

(81D

which comprises—in a given state w—all objects x with the property that z
belongs to D whenever the action “While 2 € C' do «” is executed in w. The
transition relation T2 corresponding to C'?7 is not a relation between states but
between objects within a state. Consequently, the transition relations corre-
sponding to action terms containing tests applied to concepts will not be rela-
tions between states but relations between pairs (w,z) of states and objects, in
general. This makes sense for the interpretation of concepts of the form [a]C.
However, for an action term « containing a test applied to a concept it would
not be possible to interpret the expression [a]p, ¢ a formula, as a closed formula,
since it contains an implicit free variable. In the framework of description logic
we would have to interpret [a]p as a concept. Following this path causes no
problem, in principle, but for simplicity we shall allow the application of [@] to
a formula only under the condition that a contains no tests applied to concepts.

We now give the precise definition of the syntax and semantics for the lan-
guage L(CPDL) 4.¢ underlying the logic CPDL 4.¢. For simplicity we do not
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consider modalized roles in this language!.

Definition 6.4 (Alphabet). The language L(CPDL)4cc has the following
alphabet:

e q set of concept names: Cy,C1, ...,
e the booleans: A, -, T,

e a set of global role names: Ry, ...,
e a set of local role names: Sy,...,

e action variables: ay,as ...,

e object names: aq,. ..,

e action term constructors: U (alternation), ; (composition), * (iteration),
? (test), — (converse).

Definition 6.5 (Concept, action term, formula). The definition of action
terms, concepts, and formulas L(CPDL) szc is as follows:

e any concept name is a concept.
e if C1, Csy are concepts, then —=Cy and Cy; A Cy are concepts.

e if R is a (local or global) role name and C' a concept, then IR.C is a
concept.

e if C is a concept and « an action term, then [a]C is a concept.
e cvery action variable is an action term.

e if a, B are action terms, then o; 3, a U3, o*

, and o~ are action terms.
e if C is a concept, then C? is an action term.

e aRb, a:C, and C = D are formulas.

e if v and ¢ are formulas, then ¢ Ay and —p are formulas.

e if a is an action term not containing action terms of the form C?7 and ¢
is a formula, then [a]y is a formula.

1Tt seems that under any natural definition of modalized roles in CPDL 4,¢ the satisfia-
bility of concepts with modalized roles would be undecidable, see [Wolter 1999b] for a brief
discussion.
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We obtain models for this language as follows: suppose that § = (W, T,,,...)
is a PDL-structure, A is a set of objects, and I is a function associating with
every w € W an ALC—model

I(w) = <A,C{’“’,... R st ,a{,...>,

satisfying the conditions of Definition 6.2. Then (F, I) is called a CPDL 4r¢c—
model. For any w € W and concept C the set C1* C A, the relation T, a an
action term, and the satisfaction relation |= are defined as follows:

o CTw =" whenever C = C;,
o (CAD)Yw =Clwnplhw,

o (O)Yw =A—Chv,

e ARO)"W={reA:Tye AR "yAyeCT")},

o ([O)w ={zeA:VoeW (w,z) T (v,2) =z € CT7)}.
o T, = {{{w,z),(v,2)) : wTov, @ € A}.

[ ] T()Iz,ﬁ =

TO{OTBI.
o 71, =TIUTI
o TI = (T~

a* T

o T = (T({i)_l.

* TCI"7 = {<<wax> ) (w,x)) RS Cl’waw € W}

* TW'-? = {<<wax> ) (w,x)) Fw ': », T € A}
w = C = D iff 1 = DI,

wl=a:Ciff alv € O,

w = aRb iff al Y RTWHTY,

w = [a)p iff Vo(Ve((w, z) Ty, (v, 2)) = v E @);
e wEeAYiff wl=pand w E Y

o w =g iff wlE p.

A concept C' in L(CPDL) 4.¢ is CPDL 4.c-satisfiable iff there exists a model
(F,1) and a state w in it such that CT% # ().

A formula ¢ in L(CPDL) ¢ is CPDL 4.c-satisfiable iff there exists a
model (§, I) and a state w in it such that w | ¢.

We are going to prove Theorem 6.3 (1.). Actually, given the decidability of
CPDL x K,,, proved in the previous chapter not much is left to be done. For
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observe that the translation T from the modal language £ into ALC defined in the
appendix is easily extended to a translation from LeppLge into L(CPDL) 4.¢
by putting

pI = C;
Ap)t = of Ay,
(o)t = o,
(Oip)t = VR,
([a]e)t = [af]ef,
Olj; = @,
(@)t = (ah)f, for fe{, "},
(agB)t = afgpt, for g € {o,U},
@)t = o7

Recall that the R; are global roles. Now it is readily checked that a formula
¢ is satisfiable in a CPDL x K,,~model iff o' is CPDL 4 ¢-satisfiable. The
concepts in L(CPDL) 4.¢ without local role names just form a syntactic variant
of CPDL x K,,,. We obtain

Corollary 6.1. It is decidable whether a concept C' without local and modalized
role names is satisfiable in a CPDL 4,-¢c-model.

Consequently, the only new ingredients of CPDL 4-¢ are the local role
names. We are now going to show that local roles can be simulated by means
of concepts and global roles.

For any local role name S take a new concept name reachg and a new global
role name Rg. Define the following translation o from the set of arbitrary
concepts and action terms into the set of concepts and action terms containing
global roles only:

o(C)) = (i,
oc(CAD) = o(C)ANo(D),
o(=C) = =-o(C),
o([a]C) = lo(a)]o(C),
o(3R.C) = 3TR.0(C), R is a global role name,
0(35.C) = 3FRgs.(reachg Ao (C)), S is a local role name,
ola;) =
alaf) = (o()f, for fe{, "},
olagB) = o(a)go(B), for g € {o,U},
)

= o(0)?.
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Theorem 6.4. A concept C without modalized roles is satisfiable in a CPDL 40—
model iff 0(C) is satisfiable in a CPDL gzc—model. It is decidable whether a
concept C' without modalized roles is satisfiable in a CPDL 4,c—model.

To prove this theorem we require the following lemma.

Lemma 6.1. If a concept C is satisfiable, then it is satisfiable in a model (§,I)
such that for any x € A and (global or local) role name R:

{y € A: 3w e W(yR ™)} < 1.

Proof Suppose that C is satisfiable in a model (§,I). Assume z, € CT%,
S=(W,Ta,,---,Ta,), and

I(w) = <A,C’{7’”,... RV ,s{ﬂ”,...>.

For each S; let
R[S = J{S{" 1w eW}.

Put Q2; = RE™ and Q2i+1 = R[S;]!, for i € w. We unravel the resulting model

(3

by putting for w € W:
J(w) = <A’,Cf7’”,... RV ,sfﬂ”,...>,
where
A" ={(20,Qiyy -, QipsTm) i m Ew, Vj(1 < j<m =5 1Qix))},

R’ is defined by putting (xo, Qi - .-, Qi,., Tm) Rij’wx iff

A (2= (70, Qivy e » Qi 7ms R )),
S is defined by putting (zo, Qi,,- .. , Qi,., Tm) S}z iff
Jy (z= <x0,Qi1, . ,Qim,xm,R[S’i]I,w and meiI’wy),
and le]’w is defined by putting
(20, Qiyy--- Qi s Tm) € C'lfj’w & xy, € C’iI’w.

Obviously (F, J) satisfies the condition formulated in Lemma, 6.1. By induction
one can prove for every concept D:

I
<:E07Qi17--- 7Qimawm> eDJ7w iS4 ITm ED 7'u1-

Hence (zo) € C7%. Q
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Proof of Theorem 6.4. It suffices to prove the first claim. Suppose first that
C is satisfiable. Then C is satisfiable in a model (§, I} satisfying the condition
formulated in Lemma 6.1. Let § = (W, T,,,...,T,,) and

I(w) = <A,c{’w,... R ,s{’“’,...>.
We define a model (§, J) with
J(w) = <A, ol ,reachéf”, R ,Rg’lw, .. >
by putting;:
e for any concept name C; not of the form reachg:
cr=cp,
e for any concept of the form reachg;:
reaché’iw ={zeA:TyeAyS ),
e for any local role S;:

REY = J{S/" vew},

e for any global role R;:
R} =R}™.

2

Now DT = (¢(D))”¥, for all concepts D and w € W, follows by induction. We
show the induction step for C = 35;.D: suppose € CT>. Then there exists y
with 25"y and y € DT*". By induction hypothesis, xRé’iwy, y € reaché’iw, and
y € o(D)”7™. Hence y € (Rs,.(reachs, A a(D))) .

Conversely, suppose that z € o(C)”*. Then we find y € reaché’iw with
acRé’iwy and y € o(D)”". By the definition of Ré;_w, there exists v € W such
that £S]""y, and, by the definition of reaché’iw, we find z' with 2'S/"y. By
the condition formulated in Lemma 6.1, x = 2’ and so xSiI’wy. By induction
hypothesis, y € DT*  and so we obtain 2 € CT.

We come to the other direction. Suppose that o(C) is satisfiable in a model
(&, I) of the form

Iw I,w 1w 1w
I(w)=<A,C1 yoo-,reachg ™ o RPY, R ,>

Define
J(w) = <A,C’1J’“’,... R ,S{ﬂ”,...>

by leaving the interpretations of concepts C; and global role names R; unchanged
and putting for any local role name S:

287"y & rRL"My and y € reach".

Again, D% = (a(D))", for all concepts D and w € W, follows by induction.
a
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We have proved Theorem 6.3 (1.). Observe that in the proof we did not
make use of any specific properties of CPDL. Hence we obtain immediately,
using Theorems 5.6, 5.7, 5.8, and 5.9 from the previous chapter, a proof of the
remaining claims of Theorem 6.3.

Above it was claimed that the definition of the language £L(PTL) 4z¢ un-
derlying PTL 4.¢ is a straightforward extension of the definition of £ 4,¢. To
avoid confusion, we close this section with a precise definition of the syntax
and semantics of L(PTL) az¢. As in the definition of L(CPDL) 4z¢ we do not
consider modalized roles.

Definition 6.6 (language). The concepts, formulas, and roles of L(PTL) 4r¢
are defined inductively starting from concept names and (global and local) role
names: If R is a role and C, D are concepts, then T, C A D, =-C', CUD, CSD,
and JR.C are concepts. Atomic formulas are expressions of the form T, C = D,
aRb, a : C, where a and b are object names. All atomic formulas are formulas.
If o and v are formulas then so are Uy, S, —p, and @ A .

Definition 6.7 (model). A PTL 4.¢c-model with domain A is a pair
m= (N, <), I)
in which I a function associating with each w € W an ALC-model
I(w) = <A,Ré’w,...,5’é’w,... ,Cé’w,...,aé’w,...>

satisfying the conditions of Definition 6.2.

Definition 6.8 (satisfaction). Given a PTL 4¢-model 9t = ((N, <), I) and
a “world” w in it, the values CT* and RT* and the satisfaction relation |= are
computed inductively according to the rules of Definition 6.3 and the following
clauses:

1. € (CUD)!* iff there is v > w such that * € D*? and = € CP for
every u in the interval (w,v) = {u € N: w < u < v};

2. z € (CSD)! iff there is v < w such that € DY and z € C1:* for every
u € (v,w);

3. w | YUy iff there is v > w such that v E x and v | ¢ for every
u € (w,v);

4. w E ¢Sy iff there is v < w such that v | x and u | ¢ for every
u € (v,w).

A concept C in L(PTL) 4rc is PTL 4cc-satisfiable iff there exists a PTL 4.c¢-
model 9 and a state w in it such that CT-% # (.

A formula ¢ in L(PTL) grc is PTL 4cc-satisfiable iff there exists a model
20 and a state w in it such that w = ¢.
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6.4 General formula—satisfiability

In this section we consider the formula—satisfaction problem for languages with
modal operators applied to concepts, roles, and formulas. We will allow global
and local roles. Thus, we consider the most difficult satisfaction problem for
the most expressive combination of modal and description logics introduced.
The price we have to pay for this high expressive power is that only a limited
number of logics in this language enjoy decidability. We will show, for instance,
that the satisfaction problems for formulas with global roles for PTL 4.¢ (even
in the language with the temporal operator [always] only) and S5(2)5 .. are
undecidable. Here is the positive result we are going to establish:

Theorem 6.5. Formula-satisfiability is decidable for
1. K(n)ace, for alln > 1.
2. 85(n)acc, for alln > 1.

To simplify presentation, we will be considering first description logics with
only one modal operator and only local roles. Then we will generalize the
obtained results to systems of multimodal description logic with both local and
global roles.

The organization of this section is as follows: in Section 6.4.1 we represent
L 4rc-models in the form of quasimodels and then, in Section 6.4.2, show that
these quasimodels can be constructed like mosaics from a finite number of finite
pattern pieces (which are called blocks). Section 6.4.3 proves Theorem 6.5.

A number of notions—types, quasimodels, runs, blocks, etc.— which were
introduced in the previous chapter will be used here as well. While their role
in the present decidability proof is quite similar to the role they played in the
proof of the previous chapter, the definitions do not coincide. The definitions of
the present chapter overwrite the definitions of the previous chapter. The use of
the same name for different objects in different chapters turns out to be rather
helpful, since they help clarifying the similarities (and the differences) between
the decidability proofs. These remarks also apply to the notation used in the
next two chapters.

We require the following result which can be proved in the same manner as
Theorem 5.3.

Lemma 6.2. Every formula satisfiable in a K(m)acc—model is satisfied in a
K(m) acc-model based on an intransitive tree of depth < md(p) (but possibly
with infinitely many branches).

6.4.1 Quasimodels

Let us fix an arbitrary £ 4,¢-formula . In general, £ 4,¢c-models are rather
complex structures with rich interactions between worlds, concepts and roles.
That is why standard methods of establishing decidability (say, filtration) do
not go through for them. The idea is again to factorize the models modulo ¢ in
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such a way that the resulting structures can be constructed as mosaics from a
finite number of relatively small blocks.

To introduce the notion of a quasimodel, we require a number of auxiliary
definitions.

Definition 6.9 (types). A concept type for ¢ is a subset ¢ of cony such that
e CANDetiff C,D €t, for every C A D € cony;
e ~C etiff C ¢t, for every =C € conep.

A named concept type is the pair t, = (t,a) in which ¢ is a concept type and
a € obp. A formula type for ¢ is a subset = of suby such that

e Y Ax €eZiff ¢, x € E, for every ¥ A x € suby;
e —p € Ziff ¢ ¢ =, for every ) € subyp.

A named formula type is the pair Z, = (=, a) in which = is a formula type and
a € obp. Finally, by a type for ¢ we will mean the pair 7 = (¢,Z), ¢ a concept
type and = a formula type for ¢; 7, = (ta, =) is a named type for .

To simplify notation we will write C € 7 and ¢» € 7 whenever 7 = (¢,Z),
C € t and ¢ € 2 (in case of named types C € 7, and ¢ € 7, mean that
To = (ta,Za), ta = (t,a), 2, = (E,a), and C € t, ¢p € E). This should not
cause any ambiguity. Two types 71 = (¢;,Z;) and 72 = (f2,Z2) are said to be
formula-equivalent if =1 = =s.

Definition 6.10 (type tree). By a type tree for p we mean a structure of the
form ¥ = (T, <), where T is a finite set of labelled types for ¢ (so that one type
may have many occurrences in T' with different labels) and < an intransitive
tree order on T such that

(a) for all 7 € T and OC € conyp, we have OC e Tiff 37" > 7 C € 7';

(b) for all 7 € T and Ot € subyp, we have O € 7 iff 37" > 7 4p € 75

(c) ¥ is of depth < md(p);

(d) if 7 < 7', 7 <7" and 7" # 7" then the subtrees of T generated by 7" and
7" are not isomorphic.

Type trees are intended to represent the “behavior” of a single object in
standard models modulo .

It should be clear that there exist at most Ny(¢) pairwise non-isomorphic
type trees of depth d, where

Nl(‘P) — 2\con<p| _2\subw\, Nn—&-l(ﬁp) — 2|comp\ _2|sub<p| . 2Nn(ap)_

So the number of types in each type tree for ¢ does not exceed

md(p)—1

=1 0<j<i
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Definition 6.11 (type forest). Let A be a non-empty set. A type forest of
depth m over A is a set

F=1{%,:z €A}

where all ¥, = (T}, <,) are type trees for ¢ of the same depth m, and ¥, for
every a € A Noby, consists of only named types of the form .

To represent worlds in models with their inner complex structure we require
the following definition.

Definition 6.12 (run). A run of co-depth d through a type forest § = {%, :
xz € A} over A is a pair of the form

r = (A, {R, : R € roly})

in which A, is a set containing precisely one type r(z) € T, of co-depth d for
every € A (so that A, = {r(z) : x € A}) and R, C A, x A, such that:

e) all types in A, are formula-equivalent to each other;

If only the (<)-part of (f) holds, we call r a weak run of co-depth d. And if
a weak run r satisfies (f) for some particular z in A, then r is called a weak
z-saturated run of co-depth d. Instead of ¢ € r(x) we will write r |= 1.

Definition 6.13 (quasimodel). A triple m = (§,R, <) is a quasimodel for ¢
if § is a type forest of depth m < md(p) for ¢ over some A D obyp, R a set of
runs through § and <« is an intransitive tree order on R such that the following
conditions hold:

(j) for every d < m, the set R?¢ of runs of co-depth d in R is non-empty;
(k) for any r,r' € R, if r <7 then r(z) <, r'(z) for all z € A;

(1) forall r € R?, z € A, and 7 € Ty, if r(z) <, 7 then there is 7' € RIF!
such that 7'(z) = 7 and r < r';

(m) for all z,y € A, d < m, OR € rolp, and r € R%, we have r(z)(OR),r(y)
iff I o> or ()R’ (y);

(n) for all z,y € A, d < m, OR € rolp, and r € RY, we have r(z)(OR),r(y)
it Vo' > r ' (2) Ry’ (y).

We say m satisfies ¢ if r |= ¢ for some r € R.
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Remark 6.2. Tt follows from (1) that for all r € R, z,y € A, the types r(z) and
r(y) are of the same depth in, respectively, T, and T,,.

Theorem 6.6. A formula ¢ is satisfied in an L acc-model iff p is satisfied in
some quasimodel for ¢.

Proof (<) Suppose ¢ is satisfied in a quasimodel m = (F, R, <1} over domain
A. Construct a standard model 9t = (&, I) based on a frame & = (W, <) by
taking:

w=JR, I(r) = <A,Ré””,...,Oé””,...,aé7’”,...>, for r € R,
eRI"y iff r(z)(Ry),r(y), =€ ClTiff C; e r(z), al” =a;.

(3

By a straightforward induction on the construction of concepts, roles and for-
mulas one can check that for all C' € cony, R € rolp, 1 € subp, z,y € A, we
have:

cRT"y iff r(z)Ror(y),
zeClriff C er(x),
(M, r) [= o iff (m,7) [= 9.

(=) Suppose now that Mt = (&, I) is a model with domain A D obyp satisfy-
ing . In view of Lemma 6.2, we may assume that & = (W, <) is an intransitive
tree of depth < md(y). For every pair z € A, w € W, let
w) = {C € conyp : x € CTV},

(w) = {1 € subp : w = Y},
7(z,w) = (t(z,w),E(w)).

~
—~
B

[1]

Clearly, 7(x,w) is a type for ¢; 7(a,w) is regarded to be a type named by a, for
a € obp. Fix some x € A and define an equivalence relation u ~, v for u,v € W
by induction on depth:

e if d(u) = d(v) =1 then u ~, v iff 7(z,u) = 7(z,v);
e if d(u) = d(v) =d+ 1 then u ~, v iff

= 7(z,u) = 7(z,v),
— Yw >udw' > v w ~,; w',

— Vo' >v3w >uw ~, w'.

Let [u], denote the ~,-equivalence class generated by u. We construct a type
tree T, = (Ty, <) by induction. First we put 7(x,wp) in Ty, wo the root of &.
Suppose now that we have already put the type 7(z,u) in T, and are looking for
its successors. Then we take all non-empty sets of the form [v], N {w : w > u}
and select one representative in each of them; it will be called the trace of all
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the worlds in the set. All the selected traces are put into T, as <,-successors
of 7(z,u). Clearly, T, is a type tree, and so § = {%, : © € A} is a type forest.

To construct runs through §, we require the following inductive extension of
the notion of trace. Let u be the trace of v’ in ¥, and v' > u’. Then we take
the (unique) v > u such that v € T, v ~, v’ and declare it to be the trace of v’
in ¥,. Thus every world in W has its trace in ¥,. Moreover, if u < v, u, is the
trace of u and v, the trace of v in ¥, then u, < v,.

Now, with every world v € W we associate the pair

ry = (A, ,{R,, : R € roly})

by taking r,(z) = 7(z, v, ), where v, is the trace of v in T, and r, ()R, 7y (y)
iff zRTy. It should be clear that r, is a run through §.

Finally, we put ® = {r, : w € W} and, for all r,r' € R, define r < ' iff
there are u,v € W such that v < v, r = r, and ' = r,. Let us show that
m = (§, R, <) is a quasimodel for ¢.

It should be clear that condition (j) holds. To prove (k), suppose r <ir'. This
means that there are u,v € W for which v < v, r = r, and ' = r,. Take any
x € A. Let u, and v, be the traces in ¥, of u and v, respectively. Then, as we
know, u, < v, and so r(z) <, r'(z).

Let us now consider (1). Suppose r,(z) < 7(z,v). Then u, < v in &. As
U~z Uy, there is w € W such that v < w and w ~, v. By definition, v is the
trace of w. It follows that r, < r, and r,(z) = 7(z,v).

Of conditions (m) and (n) we check only the latter; the former is treated
analogously. Suppose that r(z)(OR),r(y) and r' t>r. Then we have some v > u
such that ' = r,, r = ry, 2(OR)" %y, and so zR""Vy. Tt follows by definition that
ry(z) Ry, 7y (y). Conversely, suppose that 7' (z) R, r'(y) holds for every ' >r, but
r(x)(OR),r(y) does not hold. Let r = r, for some u € W. Then —z(OR)!"y,
and so ~zR!Yy for some v > u. Therefore, r, > r, and r,(z)R,,r,(y) does not
hold, which is a contradiction. a

Suppose m = (F,R, <) is a quasimodel (for ) over A, z € A, R € rolp
and R = MR; for some (possibly empty) string M of ¢ and O, R; a role name.
Consider the type tree ¥, = (T, <) as a usual Kripke frame. If we have
(%2, r(z)) E ML, for r € R, then let us say that R is r-universal. This name is
explained by the fact that if R is r-universal then R, = A, x A,., which can be
easily established by induction on the length of the string M.

We also say that objects y,z € A are twins relative to z € A if (i) T, and
%, are isomorphic, and (ii) for all » € R and R € roly, we have r(y) = r(z) and
r(z)Ryr(y) iff r(z)R,r(z).

Lemma 6.3. Every satisfiable L acc-formula o is satisfied in a quasimodel
m* = (F*, R*, <*) for ¢ over some A* such that the following conditions hold:

e for any distinct x,y € A*, the object y has infinitely many twins relative
to x;
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o {{(z,y) : z,y & obp, IRIAr € R*(r(z)R,r(y) & R is not r-universal)} is
an intransitive forest order on the set A — obyp.

Proof Suppose ¢ is satisfied in a quasimodel m = (§, R, <) for ¢ over A.
For each € A we take an infinite set X, containing = so that X, N X, = 0
whenever y # z. For every y € X, let ¥, be an isomorphic copy of T,, and
let A’ = J{X, : x € A}. Thus we have got a type forest §' over A’. Now we
extend every run r € R to a run r’ through § simply by taking r'(y) = r(z)
for all y € X,, and #'(y")Rp7'(2) iff 7(y)R,r(2), for all y' € X, 2/ € X,.
The resulting set of runs is denoted by R'; we put r] <’ rl iff r; < ry, for all
r1, 72 € R. It is readily seen that m’' = (F', R, <) is a quasimodel satisfying ¢
and the former condition of the lemma. To satisfy the latter, we apply to m'
the unraveling technique.

Denote by A* the set of all finite n-tuples (z1,...,z,) of objects in A’
n < w, such that x; ¢ obyp for i # 1, and let T, . ..y = %,,, which yields us
a type forest F* over A*. Given a run r € R', we construct r* by taking

r*((z1,...,2n)) = r(z,)
and, for every R € rolp, r*({(x1,... , ) Rer*({y1,. .. ,ym)) iff either R is r-
universal or (x1,...,2,) = Y1,--- ,Ym—1) and r(z,)Ryr(ym). It is not hard to

check that r* is a run through §*. Finally, we put r§ <* 3 iff r1 <' ro, for all
r1,r2 € R'. The structure m* = (F*,R*, <*) is then a quasimodel satisfying ¢
and both conditions of the lemma as well. a

6.4.2 Constructing mosaics

We are in a position now to show that a formula ¢ is satisfiable iff one can
construct a (possibly infinite) quasimodel satisfying ¢ out of a finite set of finite
pattern blocks.

Definition 6.14 (block). Let § be a type forest for ¢ of depth m over a finite
A which is disjoint from obp, £ € A, R a set of weak z-saturated runs through
§ such that

{{z,y) : AR € rolpar € R (r(xz)R,r(y) & R is not r-universal)}

is an intransitive tree order on A with root z, and let <1 be a binary relation
on R. We say b = (F, R, Q) is a T,-block for p if it satisfies conditions (j)—(n).
The tree ¥, is called then the root of b.

Definition 6.15 (kernel block). A kernel block over obp # ) is a structure
of the form b, = (F,,Ro, <,) in which §, is a type forest over obp of depth m
(it contains only type trees named by elements in oby), R, a set of weak runs
through §, and <, an intransitive tree order on R, satisfying (j)—(n).

Definition 6.16 (satisfying set). A non-empty set of blocks S for ¢ is called
a satisfying set for ¢ if
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(0) S contains one kernel block for ¢ whenever oby # 0);
(p) in every block (F,R, <) € S there is r € R such that r = ¢;

(q) for every (§,R, <) in S and every ¥, € §, there is precisely one ¥,-block
in S;

(v) if obp # O then, for every ¥, € §,, there is precisely one ¥,-block in &
such that ¥, is isomorphic to ¥, (but types in ¥, are not named).

Theorem 6.7. A L rc-formula ¢ is satisfiable iff there is a satisfying set for
@ the domain of each (non-kernel) block in which contains at most

8(¢) - lcong| - (md(p) +1) +1
objects.

Proof (=) Suppose ¢ is satisfiable. Then there is a quasimodel (F,%R, <)
satisfying ¢ and meeting the conditions of Lemma 6.3. Let | = J;-, R’ for
some m < mdyp (we remind the reader that R’ is the set of runs in R of co-
depth ). With every type tree ¥, = (T,, <), for z € A — obp, we are going to
associate a T,-block by = (F, Rz, <u)-

We begin the construction by defining auxiliary sets of runs 9QF, for i < m.
Let Q' consist of the unique run in R'. Now suppose QF has been constructed.
Then for every run r € Q¥ and every 7 >, r(z), we select (in accordance with
(1)) one run r' € R*¥*+1 such that r < ', r'(z) = 7 and add it to Q. Thus

U
i=1

To construct b,, we first define its domain A?. For every r € QF, k < m, and
every R € roly with AR.C € r(x) we select (by Lemma 6.3 and (f)) n=m +1
twins y1,...,yn € A relative to x such that C' € r(y;) and r(z)R,r(y;), i €
[1,n].2 Without loss of generality we may assume that, for every pair r € Q

and R € roly with 3R.C € r(z), we choose a new n-tuple of twins. All these
objects together with  form A®. And then we take §, = {¥,: 2z € A*}. So

< B(e).

|AT] = [8z| < () - [cong| - (md(p) +1) + 1.

According to Lemma 6.3 we may assume that for every run r € R and every
R € rol(p), we have:

o if (T,,7(z)) & ML then, for all y,z € A", r(2)R,r(y) implies z = x and
r #y;

o if (T,,7(z)) E ML then R, = A, x A,.

2Here and below [i,j] = {4,i +1,...,35}, (5,5] ={i +1,...,5}.
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Given runs r,r’ € R? such that r(z) = r'(z) and given an object y € A”
different from z, construct a run s = r(y) + ' by taking, for every z € A%,

o= {70 ey

r'(z) otherwise
and by defining Ry C A? x A% for every R € rolyp, as follows:
e R, = A” x AT whenever R is r-universal (and so r'-universal as well),
o s(x)Rss(z)iff z = y and r(z)R,r(2), or z # y and ' (z) R, ' (2), otherwise.
It should be clear that
s = (AY,{Rs: R € roly})

is a weak run of co-depth d through §, which behaves like r on the pair z,y
and like 7' on other pairs.

Now let us construct sets Q1,... , Q™. To begin with, we put Q' C Q¢ for
i € [1,m], and QL = Q.

Suppose now that d € (1,m], y1, ...,y are distinct objects in A”* for some
1 €[0,d], z #yi, r1,...,m € R4 r € Q4 and ri(z) = r(z), for all i € [1,1].
Then we form the weak run

s=ri(y1) + (r2(y2) + -+ (r(y) +7)...)) (6.1)

and add it to QZ. Since r € Q9 and [ < n, the restriction of s to A? is an
z-saturated weak run of co-depth d through F.
Let R, i € [1,m], consist of the restrictions of runs in Q! to A®, and let

n, =)o,
i=1

Finally, given two weak z-saturated runs s and s’ of, respectively, the form (6.1)
and

s =) + (P (55) + (o () + 7)) (62)

such that s € R%, s € R we put s <, 8" iff | <k, y; =y} and r; < r} for
i€ L], rar;forjell+1,k],and r <r'.

Let us prove that the constructed triple b, = (§.,R., <) is a T,-block.
Clearly, it satisfies (j) and (k).

(1) Suppose s of the form (6.1) is in R¢, z € A® 7 € T, and s(z) <, T.

Case I: z = y; for some i € [1,1]. By (1) we have r; € R4*! such that r; <17/
and ri(y;) = 7. For j # i we take, again by (1), r’ > r; in R such that
ri(z) = ri(x). And by the definition of Q**!, in this set we have some ' > r

with #'(z) = r}(x). Then (the restriction of)

s'=ri(y) + (5 (y2) + (- + () +77)-.))
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is in R+, s'(2) = ri(y;) = 7 and s <, §'.
Case 2: z # y; for any i € [1,1]. By (l) we select a run r;,, > r in RA+1
such that 7], (z) = 7. Then we choose runs r} > r; in R, i € [1,1], with
!

ri(z) =1}, (z), and finally, we take in Q" a run r' > r with r'(z) = r|, (2).

Then
s'=ri(y1) + (ra(y2) + (- + (71 (Wi1) +77).0)

is in RIT!, s'(2) =74 (2) =7 and s <, 5.

(m) Suppose s € R is of the form (6.1) and s(z)(OR)ss(z), for some z € A®.
Let us assume first that OR is not s-universal.

Case 1. z = y; for some i € [1,1]. By (m) we have a run 7} > r; in R?*! such
that r(z) R, r(y;). For j # i we select by (1) a run r} >r; in R such that
ri(z) = rj(z). And we also take in Q%! a run r' > r with r'(z) = rj(z). Then

s =ri(y) + (ry(y2) + (- + (m(w) +17)-..)

is in WA+, s <, 8" and s'(2) Ry 8'(2).

Case 2: z # y; for any i € [1,1]. By (m) we have a run r|,; > in R such
that 7, (z)R,;, rj,,(2). Then we choose runs ri >r; in R+ i € [1,1] with
ri(z) = r,(z), and also we take in Q% a run »' > r with »'(z) = rj,,(2).

And then

s'=ri(y1) + (ra(y2) + (- + (71 (Wi1) +77).0)

is in R4t s <, s’ and s'(z) Ry s'(2).

Assume now that OR is s-universal and s(y)(OR)ss(2), y,z € A", s being of
the form (6.1). Then OR is r;- and r-universal too. Suppose R = MR;, R; arole
name. Then there exists 7 € T, such that r(z) <, 7 and (%,,7) = ML. Take
r' 7 in Q%! such that /() = r(z) and also 7} > r; in R with rl(z) = ri(z).
Then

' =ri(y) + (o) + (- + (ri(w) +17) )

is in M4+, s <, s’ and R is s-universal.

Thus we have proved the (=)-part of (m). To show the converse, suppose
s and s’ are of the form (6.1) and (6.2), respectively, s <1, s’ and s'(z) Ry s'(z),
for some OR € roly that is not s-universal.

If z = y;, for some ¢ € [1,[], then we have r; < r} and so, in view of (m),
ri(z)(OR)r;7i(2), from which s(z)(OR)ss(z). Let z = y; for j € [l +1,k]. Then
r<drj, r(z)(OR),r(z) and so s(z)(OR)ss(z). Finally, if z # y; for any i € [1, k]
then 7 < 7', and we again have r(z)(OR),r(z), from which s(z)(OR)ss(2).

The case of s-universal ¢R is trivial.

(n) is treated similarly to (m).

It remains to construct a kernel block b, = (F,,R,, <o) for  provided that
obp £ 0. Let §, = {T, : a € obp}, let R, contain the restrictions of runs in R
to §, (now they become weak runs), and let 1 [§, <, r2[ &, iff 71 <79, for all
ri1,ry € R. It is readily seen that b, is a kernel block for ¢.
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(<) Let S be a satisfying set for . We are going to construct a quasimodel
m = (§, R, <) satisfying ¢ as a limit of a sequence of structures m; = (F;, R;, <;)
over some domains A;, i > 0.

Step 1. Let Ag =0, m; = b, if obp # 0 and let m; be some other block in
S if obp = 0, A; being the domain of m;.

Step n > 1. For every x € A, — Ap_1, © ¢ obp, we take the ¥,-block
by = (82, Rz, <) € S over A”. And if z € obyp, we take a T,-block b, in S
such that T, is an isomorphic copy of ¥, and replace T, in it with T,. Without
loss of generality we may assume that all A%, the domains of the selected blocks,
are disjoint from each other and A* N A, = {z}. We then define A, to be
the union of A,, and the domains A” of the selected blocks. §pt1 is the set of
the corresponding type trees.

Now, suppose that we have weak runs r € R, and r, € R,, for every
x € Ay, — A,_q, such that r(z) = ry(z). Then we construct a weak run
s = [r,Ur,], called an extension of r, by taking s = (A4, {Rs: R € rolp}),

where
[ r(r) ifzeA,,
s(z) = { ry(z) if z € A7,

Ry = Ay x Ay if R is r- or rp-universal for some z € A, — A,,_; and

. r(y)R,r(z) ify,z€e A,
s(y) Rs(2) iff { re(Y) Ry, 12 (2) fy,z €A

otherwise. The set of all weak runs of this sort is denoted by R, +1. And finally,
let us put [r,Ury] <ppq [P, Urk] iff r <’ and r, <, 7l forall z € A, — Ay,
This defines m, 1. It is easily seen that it satisfies conditions (g)—(n) and (e).

Step w. Finally, we define A and § to be the unions of all A; and §; for
i < w, respectively. For every sequence of weak runs ¢ = ry,72,... such that
rit1 € Riq1 is an extension of r; € R;, we define a run r, by taking

A, = J{An irie o),

R,., = A, x A, if R, is r;-universal for some i < w and

R, = U{R” iri€o}

otherwise. Clearly, r, is a run through §. Let R be the set of all runs of that

sort. And for runs r,, v, (0! =7},7},...) in R we put r, <7y iff r; Q; v} for
all i < w.
It is not hard to see that m is a quasimodel for ¢. a0

6.4.3 Decidability

Since one can effectively check, given a unimodal £ 4,¢-formula ¢ without global
roles, whether there exists a satisfying set for ¢, as an immediate consequence of
Theorem 6.7 we obtain a proof of Theorem 6.5 (1.) for n =1 and for formulas
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not containing global roles. It should be noted, however, that the obvious
“brute-force” algorithm is extremely complex, it is even non-elementary?. It is
not hard to adopt the developed technique for proving Theorem 6.5 (2.) for
n = 1 and formulas not containing global roles: we sketch here only the most
important modifications of the proof above for the case of S5-frames. First of
all, instead of type trees we use now type clusters € which are simply sets of
distinct types for a given formula ¢ such that

e VT e eVOC € conp (OC eT & I e C e1');
e VT e eVOY € subp (O e T AT ey ).

A type forest consists now of type clusters. And quasimodels have the form
m = (§,R), where § is a type forest over some A D obyp, and R a set of runs
through § such that:

e Vz e AVr € €, 3r e Rr(z) =

o for all z,y € A, OR € rolp, and r € R, we have r(z)(OR),r(y) iff
I e R (z)Rpr' (y);

e for all z,y € A, OR € rolp, and r € R, we have r(z)(OR),r(y) iff
Vr' € R r'(z2)Ryr'(y).

The remaining part of the proof is similar to that of Theorem 6.7. It may be
worth noting that now to construct A® only two twins y;, Y2 are enough.

It is straightforward as well to modify the proofs above in order to show
Theorem 6.5 for n = 1 and arbitrary formulas (possibly containing global roles).
Namely, for every global role we require in the definition of quasimodels that
r(z)R,r(y) implies 7' (z) R, r'(y) for all z,y € A, and r,r’" € R; in other words,
global roles correspond to binary relations between type trees.

We have delivered the proof of Theorem 6.5 for unimodal K and S5 only. The
generalization to polymodal K is straightforward, even the details are not more
complex in the polymodal case. The generalization to polymodal S5 is more
tedious since the notion of a quasistate becomes considerably more complex. We
will not give the proof here, however, since the generalization is conceptually
simple and since no new ideas are required.

6.5 Restricted formula-satisfiability

We consider the satisfaction problem for formulas without modalized and global
roles. It turns out that in this case decidability can be proved for description
logics which are considerably more expressive than ALC. We shall formulate
the results here for the very expressive language CZQ, the reader should consult
the appendix for a discussion of this language.

3The complexity of the satisfaction problem for £ 4,c-formulas remains open. Recall that
even for K X K—which is embedded in our logic—no elementary algorithm is known.
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The languages Lc7g, L(PTL)czg, and L(CPDL)¢zgo are obtained from
Lacc, LPTL) arc, and L(CPDL) 4zc, respectively, by admitting the use of
arbitrary CZ Q-concepts instead of ALC-concepts only.

Theorem 6.8. Satisfiability of formulas without global roles and modalized roles
is decidable for the following logics:

1. the dynamic logic CPDL¢zo,

2. the standard logics S4c70, K4cro, S4.tcro, Kd.tezo,

3. the epistemic logic S5(n)57q, K4(n)Srg, S4(n)sro, KD45(n)g7e,
4. the temporal logics PTLczg, Linczg, LQezg.

We omit the proof. A direct proof of Theorem 6.8 (4.) can be found in
[Wolter and Zakharyaschev 1999¢]. But (4.) also follows from the investiga-
tion of the decidability of fragments of first-order temporal logics in Chapter 8,
see Theorem 8.14. The embeddings discussed in Chapter 5 are easily general-
ized to embeddings of the logics S4¢70, K4czo, S4.tcro, Kd.tezo, S5(n)gIQ,
K4(n)S7 0, S4(n)S70, and KD45(n)S7 4 into CPDLezg. So (2.) and (3.) fol-
low from (1.) and it remains to consider (1.). The decidability of the satisfaction
problem for PDL¢7¢o for formulas without global and modalized roles is proved
in [Wolter and Zakharyaschev 1999a]. In the present context it remains to take

care of the converse operator. This can be done in a similar manner as in the
proof of the decidability of CPDL x K,, in Chapter 5.

6.6 Negative Results

In this section we are going to show that most of the positive results of the
previous sections are optimal: by adding just a small piece of expressivity to
the decidable calculi we obtain undecidable ones.

Recall that, for a unimodal logic L, we denote by L(2)¢ the modal logic
with operators Oy, 0y, and C which is determined by the class

{<Wa <1, <2, (<]1 U <]2)*> : <W7 <]1> ': L7 <Wa <]2> |: L}

Theorem 6.9. Let L be a normal unimodal logic such that & |= L, where &
is the two-element cluster, i.e., & = ({0,1},{0,1} x {0,1}). Then the following
problems are undecidable.

1. The satisfaction problem for L(2)§EC for formulas without modalized roles.
2. The satisfaction problem for L(2)3£C for formulas without global roles.
3. The satisfaction problem for L(Q)gIQ for concepts without modalized roles.

4. The satisfaction problem for L(Q)gIQ for concepts without global roles.
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Proof We show this by reducing the tiling problem for Nx N to the satisfiability
problem in those fragments. We present a sketch of the reduction only which
is based actually on the same idea as the reductions of [Spaan 1993] and [Marx
1999].

We remind the reader that a tile T" is a 1 x 1 square with fixed orientation and
colored edges right(T), left(T), up(T), and down(T). The Nx N-tiling problem
is formulated as follows: given a finite set 7 of tiles, to determine whether there
is a tiling of N x N by 7. More precisely, the problem is to find out whether
there exists a function f from N x N into 7 such that, for all m,n € N,

o right(f(n,m)) =left(f(n+1,m)),
e up(f(n,m)) = down(f(n,m +1)),

Recall that the N x N-tiling problem is known to be undecidable [Robinson
1971], see also [Harel 1983, 1986].

Proof of (1.). Given a finite set of tiles 7 = {T1,...,T} take concepts
Ci,...,Ck, and D, and a global role R. Put, for every concept C,

ac = Dl(—'D — DQ(D — C)), OC = -0-C.
Let o7 denote the conjunction of the following set of formulas:
e C(D=TV-D=T)

ST =T);

Vi< =T);

/\1<l<]<k —(CiNCj) =T);

Ci = VR ioni(ry=tesecr;) Ci) = T);
Ci = OV up)=down(r;) Ci) = T);

¢ CERT =T).

e C((
* C((

C(
C(
C(
(
(
(

We show that o7 is satisfiable in a L(2)9 .-model iff there is a tiling of
N x N by 7.

Suppose f : N x N — T defines a tiling. Put W = NU ({r} x N), where
r ¢ N is new, and let A = N. Define relations <} and <} on W by putting:

o wy <) ws iff In € N(wy =n Awy = (r,n)).
e wy < wsy iff In € N(wy = (r,n) and wy =n + 1).

Denote by <1y and <5 the transitive, symmetric, and reflexive closure of <1} and
<b, respectively. § = (W, <11, <I») validates L(2)¢. Define, for w € W,

RI’“’:{ {{n,n+1y:neN} : weN
{{{ry,n) ,{r,n+1)):neN} : we{r}xN
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and put

plw _ A : dneNuw =n),
1l 0 : dneNw =(rn)).

Let, for n,m € N and i < k, (n,m) € C’if’m & f(n,m) = T;. Tt is easy to
show that 0 = ¢7.

Conversely, suppose o7 is satisfiable in a model (F,I) in a world wg such
that § = (W, <1, <2) validates L(2) and such that, for w € W

I(w) = <A,Cf’“’,... ,DI’“J,RI’“J,...>,

and RTY = RT¥ for all v,u € W. We may assume that all v € W are accessible
from wo by means of the transitive and reflexive closure of <1; U <. By the first
conjunct of 7, DI = A or DI = (), for all w € W. Define a relation < on
W by putting, for a fixed z € A,

wdve ueWwdudsvAz € DIV Az g DI Az e DTY).

Now, by the second conjunct of ¢ we find a sequence wg,ws,... such that
w; dw;yq, for all i € N. Take a sequence xg, 1 ... in A such that xiRI’“’OxiH,
for all i € N. Such a sequence exists because of the last conjunct of ¢7. Define
a function f : N x N — 7 by putting, for n,m € N,

fn,m) =T; & x, € C;".
It is easy to show that f defines a tiling of N x N. (1.) is proved.

(2.), (3.), and (4.) can be proved in a similar way. To show (2.) replace
in 7 the global role R by the modalized role CS, S a local role, and denote
the resulting formula by 7. Clearly, ¢ is satisfiable whenever T can tile
N x N. Conversely, observe that CS behaves very similar to a global role;
namely, we have for every model, (CS)"*t C (CS)"*2, for all worlds wy,ws
with wy (<1 U <a)*we. With this observation the same proof as for (1.) goes
through.

To prove (3.) and (4.) concepts instead of formulas are required. Denote by
C'1 the conjunction of the following concepts:

e C(VR*.(D - VYR.D A =D — VR.-D);
e COT;

o CVR*. \/SS Cy);

(
o CVR".(A\i<icj<k ~(Ci A Cj));
(
(

CVR*.(Ci = VRV vigni(ry)=tesu(ry) Ci))s

CVR*.(C; — DVup (T)= down(T)Cj));
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e CYR*.(3R.T).

It is easy to show that C'r is satisfiable iff T tiles Nx N. To show (4.) replace, in
the concept C, the role R by the modalized role CS and R* by S*, respectively
(S alocal role). The resulting concept is as required. a

Corollary 6.2. The following decision problems are undecidable, for n > 2:

e The satisfaction problem for formulas without modalized roles for SS(n)iEC,
K4(n)G e, S4(n)5cc, KD45(n) G c;

e The satisfaction problem for formulas without global roles for S5(n)% s,
K4(n)%zc» S4(n)% e, and KD45(n)G pc;

e The satisfaction problem for concepts without modalized roles for SS(n)gIQ,
K4(n)g7q, S4(n)¢ro, KD45(n)Gro;

e The satisfaction problem for concepts without global roles for S5(n)gIQ,
K4(n)G7q, S4(n)¢zo, KD45(n)Gro;

Theorem 6.10. The following decision problems are undecidable:

1. The satisfaction problem for formulas without modalized roles for the logics
L{(N,<)Nacc, PTLacc, K4.34cc, and Lingcc;

2. The satisfaction problem for formulas without global roles for the logics
L({(N, <> })ALC, PTL src, K4.3 4zc, and Lin 4.c.

Proof We prove (1.) for L({(N, <)}), the unimodal logic determined by (N, <).
The remaining claims of the theorem can be proved similarly and are left to the
reader.

The idea of the proof is borrowed again from [Spaan 1993] (Section 6.4).
The undecidable problem we are going to reduce to the formula-satisfaction
problem for L({(N, <}}).acc—concepts is as follows: given a Turing machine, to
determine whether it comes to a stop having started from the empty tape.

Let 2 be a single-tape right-infinite deterministic Turing machine with state
space S, initial state sq, tape alphabet A (b € A stands for blank) and transition
function §. The configurations of 2 will be represented by infinite words of the
form fag ...a;...a,b*, where § marks the left side of the tape, all ao,...,a,
save one, say a;, are in A, while a; belongs to S x A and represents the active
cell and the current state. The start configuration, for instance, looks as follows:
#(s0,0)b”. Let A" = AU {4} U (S x A).

Our aim is to construct a £ 4rc-formula g which is satisfiable in a model
based on N iff, started from £(so, b)b”, 2 never comes to a stop.

Let 9 = ((N, <), I) be a L4zc-model with domain A. To begin with, we
partition the worlds in N into an infinite number of disjoint intervals. This can
be done using the concept name I'n and the formulas

Ot (In=TvIn=1), (6.3)
O ((In = O=In) A (=In — OIn) = T).
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(Here and below OTE = EAOE, OTE = EV OF, E a formula or a concept.)
Without loss of generality we may assume that if the conjunction of these two
formulas is true in 9% then the time line 0,1, ... is partitioned into an infinite
sequence of intervals 49, i1, ... such that ig = {0,...,k}, i1 = {k+1,...,1}, etc.,
InT™m = T, for all m € i, with even n, and In’"™ = L otherwise. To simplify
notation, we will say that € C' (somewhere) in the interval i; whenever 2 € C"
for all (some) n € i .

Suppose now that C' and D are concept names and In,(C, D) is the con-
junction of the concepts:

ot
Ot (C A In — O(=In — O=C)),
Ot (C A-In — O(In — O=0)),
Ot (In A OC A=O(-InAOC) — O),
OF (=In AOC A =O(In A OC) = C),
Ot (C A In — &(D A —In)),
Ot (C A =In — (D A In)),
Ot (D A In — OF (=In — OT=D)),
Ot (D A -In — O (In — O"=D)),
Ot (C - O (=D AOD = C)).

It is easy to see that if « € In;(C, D) in the world 0 then there is an interval i;
such that ¢ € C in i;, « ¢ C outside ij, € D somewhere in i;11, and ¢ D
outside ¢j41. It follows in particular that if = belongs to the concept

Inn(Cl,...,C,H_l) = [Tbl(Cl,CQ) /\I’nl(CQ,Cg) /\---/\Inl(Cn,CnH)

in the world 0 then there are n consecutive intervals i;,, ..., 4;, such that z € C\,
for k € [1,n], only in ij,, while 2 € C},41 only somewhere in 4;, _, .
With every a € A’ we associate a concept name C,. The formula

ot(\/ (Can= \/ Co)=T) (6.5)

acA’ a#BeA’

true in (9, 0) means that every object in every world belongs precisely to one
of the concepts Cy, for o € A’.
To encode the initial configuration we use an object name e and the formula

e: Cﬂ A [ng(Cﬁ,C(SO,b),CI) A DJF(Cﬂ \ C(SO,{,) \ Cb). (6.6)

It says that e € C} in ig, e € U4, p) in i1, and e € C} in all other intervals.
To simulate the transition function we “mark” every object z in some inter-
vals by one of the three concept names L, S, or R by means of the following



158 CHAPTER 6. MODAL DESCRIPTION LOGICS

formulas

Ing(L,S R,D) = (6.7)
Cloay & S) =T). (6.8)

s7a)eA’

Thus, if # € C(, ) in i then z € Linij 1,z € Sinij, and x € R in ij4,.
The transition from one configuration to another is simulated by a global
role name 7" with the help of the formulas:

(OT(LACL)AOT(SACE) ASOT(RAC,) —
IT.TAOT(L = VT.Cou) ANOT(S = VT.Cz) AOT(R — VT.C,/)) = T, (6.9)

for all §(a, B,7) = (o, 8',7'),
(OT(LACL)AOT(SAC) ASCT(RAC,) —» -3T.T) =T, (6.10)
for all triples a, 8,7 € A’, B € S x A, such that §(«, 8,7) is not defined, and

/\ OF(=LA=SA=RAC, - VT.Cy) =T. (6.11)
acA’

It remains only to ensure that there is an infinite chain of T-arrows starting
from e. This can be done using the formulas:

e:C, O(C—0OC)=T), (6.12)
O+ (C = 3T.~C = T), OF((=C = OC) = T). (6.13)

Let @9 be the conjunction of (6.3)-(6.13). We leave it to the reader to check
that g is satisfied in a model based on (N, <) iff 2 has an infinite computation
which starts from the empty tape. If we do not have global roles then we can
easily modify the formulas above using OT instead of T'. a

6.7 Discussion

We start with a brief comparison of the modal description logics introduced here
with those that have been studied in the literature. [Laux 1994] and [Gréber
et al. 1995] constructed multi-agent logics of belief in which the belief opera-
tors apply only to axioms (alias formulas) but neither to concepts nor to roles.
Most of them are weak fragments of the epistemic description logics considered
in this chapter. As far as decidability is concerned this language presents no
serious technical difficulties: in those languages there is no interaction between
epistemic operators and the “quantifiers” VR and 3R of ALC and so the sat-
isfaction problem is easily reduced to two separate satisfaction problems: the
satisfaction problem for the underlying propositional modal language and the
satisfaction problem for ALC. The deeper reason for the possibility of such a
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reduction is that modal description languages in which modal operators are ap-
plied to axioms only correspond to fragments of modal predicate logics the modal
operators in which are applied to closed formulas only. Thus, no modalities de
re are allowed in the corresponding fragments. The well known semantical and
syntactical difficulties related to modalities de re do not arise. In the context
of temporal predicate logic fragments of this type have been studied in [Finger
and Gabbay 1992]. The situation is investigated in detail in the next two chap-
ters of this monograph. There we consider fragments of modal predicate logics
which consist of formulas only which do not contain subformulas of the form
Op(z1,--- ,Zn), n > 1.

[Schild 1993] introduced description logics with temporal operators applica-
ble only to concepts, without global roles, and interpreted in (N, <). In the
center of his investigation is (formulated in the terms of this chapter and very
roughly) the satisfaction problem for PTL¢7o for concepts without global and
modalized roles. So the results of [Schild 1993] are covered by both, Theorem
6.3—since decidability of the formula-satisfaction problem implies decidability
of concept-satisfiability—and Theorem 6.8. Actually, even for arbitrary normal
modal logics L the satisfaction problem for Lezg for concepts without modal-
ized and global roles does not provide any new technical difficulties: it basically
reduces to the satisfaction problem for the fusion of L and (the modal logic cor-
responding to) CZQ and so the preservation results of Chapter 2 are applicable
(this was essentially already observed in [Schild 1993]).

[Baader and Laux 1995] consider the satisfaction problem for the logic K(m) azc
for formulas without global and modalized roles. They consider models with ex-
panding domains and prove—by means of constructing a tableau-calculus— the
decidability of this satisfaction problem. Their algorithm does not provide any
decision procedure under the constant domain assumption?.

[Baader and Ohlbach 1995] consider the most expressive combination of
modal and description logics. The satisfaction problem considered there is
closely related to the satisfaction problem for K(m) 4.¢ for concepts with modal-
ized as well as global roles. There is, however, one important difference between
the two formalisms: Baader and Ohlbach do not distinguish the modal and the
description logic part of the language. This means (in our terminology) that
they allow both the application of modal operators to roles and the “application
of VR to the modal accessibility relations”. In this approach the modal and the
description logic dimension become symmetric. This results in a logic which
is more expressive than K(m)cc. In general the satisfaction problem turns
out to be undecidable for that logic and, as far as “symmetric fragments” (i.e.
fragments in which we still allow the mutual application of the operators of one
dimension to the accessibility relations of the other) of the full language are
concerned, no positive decidability results are known.

Our formalism as well as those discussed so far can be characterized as frag-
ments of standard modal predicate logics; we refer the reader to the following

4 Actually, the problem to find a decision procedure for the language considered there
under the constant domain assumption was one reason to start the investigation reported in
this chapter.
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chapters for an explicit discussion of this viewpoint. There are, however, other
approaches to the problem of adding a dynamic, temporal, or epistemic dimen-
sion to description logic. Still rather close is the work of [Donini et al. 1992]
who add an epistemic operator—which can be applied to concepts and roles—
to the description logic ALC. However, they are not concerned with a logic of
knowledge based on description logic but with the possibility to add, by using
epistemic operators, non-monotonic reasoning mechanisms to description logic.
So the reasoning tasks they investigate are completely different from the ones
considered here.

Quite a few temporal description logics different from ours have been pro-
posed. [Schmiedel 1990] defines a very expressive temporal description logic
based on intervals as introduced in [Halpern and Shoham 1991]; however, it
turned out to be undecidable. [Devanbu and Litman 1991], [Weida and Litman
1992, 1994], and [Artale and Franconi 1994] continued this work by weakening
Schmiedel’s logic. For a survey about temporal description logic we refer the
reader to [Artale and Franconi 1999].



Chapter 7

Fragments of modal
predicate logics

In this chapter we are going provide a rather general criterion for the decidability
of fragments of the modal predicate logic QK*. The chapter is organized in the
following way. The next section defines the syntax and semantics of the first-
order modal logics we consider in this chapter. In Section 7.2 we discuss briefly
an embedding of the modal description logics of the previous chapter into the
modal predicate logic considered here. It contains also two technical results:
we show that the two-variable monadic fragment of QK* is not recursively
enumerable, and that in many cases satisfiability in models with expanding
domains can be reduced to satisfiability in models with constant domains.

In Section 7.3 we codify Kripke models satisfying a given formula ¢, the
“boxed” subformulas in which contain at most one free variable in structures
called quasimodels and intended to “take care” of the modal contexts in . In
Section 7.4 we use the mosaic method to prove a rather general satisfiability
criterion for such formulas, and in Section 7.5 we apply it to single out several
decidable fragments of first-order modal logics.

7.1 First-order modal logic

In this chapter, we deal with the first-order polymodal language P L constructed
in the standard way from the following alphabet:

e predicate symbols Py, Py, ...,

individual variables xg, 1, ...,

individual constants cg,cy,...,

the booleans A, —,

e the universal quantifier Yz for each individual variable z,

161
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e the necessity operators Oy, ..., 0, 1 > 1.

As usual, we assume that the set of predicate symbols in PL is nonempty and
that each of them is of some fixed arity; O-ary predicates are called propositional
variables and denoted by pg, p1,.... It will be assumed that we have a sufficient
supply of those variables, unary predicate symbols, and an infinite set var of
individual variables. Formulas in PL will be denoted by small Greek letters ¢,
1, etc. Finally, by £ we mean the classical (non-modal) first-order language
that results from PL by omitting all formulas containing necessity operators.

PL is interpreted in first-order Kripke models, which are structures of the
form M = (F, D, I}, where § = (W, <y, ..., <) is the underlying (propositional)
polymodal Kripke frame (<; a binary relation on a nonempty set of worlds W),
D is a nonempty set, the domain of 91, and I is a function associating with
every world w € W a first-order L-structure

I(w) = <D,pg’w,...,cgw,...>,

in which PiI’w, for each i, is a predicate on D of the same arity as P; (for a
propositional variable p;, the predicate pf ' is simply one of the propositional
constants T, “truth”, or L, “falsehood”), and cf’w is an element in D such that
cf’“ = cf’” for any u,v € W. To simplify notation we will omit the superscript
I and write P}, p’, c¥¥, etc., if this does not involve ambiguity.

An assignment in D is a function a from var to D. The satisfaction relation
(M, w) E* ¢ (or simply w E° ¢, if M is understood) in the model 9 under
the assignment a is defined inductively in the standard manner:

o wE" Pi(y1,...,yn) iff PP(a(y1),...,a(yy)) is true in I(w) (this fact will
also be written as I(w) E* Pi(y1,..-,yn) or I(w) = Pila(y1), ..., a(yn)]);

wEY Ay iff w E* ¢ and w E° x;
w b~ i w e

w = Va(z,yr, ..., yn) iff w E° Y(x,91,...,y,) for every assignment b
in D that may differ from a only on z;

o w =" 0O, iff v E* ¢ for all v such that w <; v.

The set of PL-formulas that are true in all models under all assignments will
be denoted by QK.

Remark 7.1. (i) The models introduced above are known as models with con-
stant domains. To define models with expanding domains we need one more
function, say 0, such that d(w) C D and o(u) C 9(v) whenever uR;v. The only
difference from the models with constant domains is in the truth-definition of
Vi which now looks as follows:

o w = Vah(x,y1, ..., yn) iff w =" (2,y1,...,yn) for every assignment b
that may differ from a only on z, provided that b(z) € d(w).
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Thus, ?(w) is regarded as the true domain of I(w). (For more details consult
[Hughes and Cresswell 1996].) Actually, later in this section we will show that
expanding domains can be reduced to constant ones, at least as far as the
decidability of the fragments we are interested in is concerned.

(ii) We deal with models having rigid designators (in the sense that for any
u,v € W, we have ¢} = ¢!). But again, everything we prove in this chapter
holds for the non-rigid case as well.

Syntactically the logic QK can be represented by the calculus Q K containing
all the axiom schemata and inference rules of classical predicate calculus, the
Barcan formula

Vr;O;0 — OV,

the modal axiom schemata

Oi(p = ¢) = (O — O9)

and the necessitation rules ¢/O¢. (The Barcan formula is not an axiom if we
consider models with expanding domains.)

By adding to QK the standard modal axiom schemata of, for example,
K4, and S4, we obtain modal predicate calculi QK4 and ()S4 representing
the corresponding logics QK4, QS4 that are known to be characterized by the
classes of all transitive and quasi-ordered models, respectively (see e.g. [Hughes
and Cresswell 1996]).

One more modal predicate logic, QK*, we consider in this paper is formu-
lated in the language PL with 2 necessity operators O and O*. As before, O
is interpreted in models by an arbitrary accessibility relation <1, while O* is
interpreted by the reflexive and transitive closure <1* of <. Since <1* is uniquely
determined by <1, we may denote frames for this language as before: § = (W, <).
To simplify notation we will assume that o is either blank or %, so that O° ranges
over {00,0*} and <1° over {1, <*}.

The logic QK™ is the set of all formulas that are true in all models for this
language. Tt is easy to see that QK, QK4, QS4 are embeddable into QK*. So
from now on we will be concentrating mainly on QK*.

Definition 7.1 (Monodic Formulas). Denote by PL; the set of PL-formulas
o such that every subformula of ¢ of the form 0O°t contains at most one free
variable. In other words, PL; allows quantification into modal contexts only
with one free variable. Formulas in PL; are called monodic formulas.

Remark 7.2. It is worth noting that, in contrast to the one-variable fragment
of first-order modal logic, only modalities de re are restricted in PL;, while
modalities de dicto are arbitrary.

7.2 Observations

The modal description language £ 4,¢ with two modal operators O and O* can
be embedded into PL in a straightfoward manner:
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Fix variables  and y. The translation CT of a concept C' is a formula with
at most one free variable defined by taking

¢l = Pi(x)
T = 71
(cAD)Y = ¢t ADT
(- = =7

(AR.C)T = 3z(RT(z,2) ACT{z/z})
(DOC)T — DOCT

where z is a new variable. The translation R of a (possibly modalized role) is
defined inductively as follows:

(DOR)T — DORT
(OOR)T — <>0RT

The translation ¢ of a £ 4,c—formula ¢ with modal operators O and O* is a
‘PL-sentence defined in the following way:

(C=D)T = vz(CT « DT)

(a:C)" = C"{a/z}
aR;b)T = R;(a,b
((aS b;T = Si((a,b))
(AT = o AypT
(~e)" = "
(@%p)7 = %"

The following is easily proved:

Theorem 7.1. Let ¢ be a formula in L rc with modal operators O and O,
and suppose Ry,..., Ry are the global roles in p. Then ¢ is satisfiable in a
frame & iff

” =" A0" N\ (Va,y(Ri(z,y) » ORi(x,y) A=Ri(z,y) = O-Ri(z,y)))
1<i<k

is satisfiable in &.
Let C be a concept in L e with modal operators O and O*, and suppose
Ry, ..., Ry are the global roles in C'. Then C is satisfiable in a frame & iff

CE = EGCT AO* /\ (Vx,y(Rl(ac,y) — DRz(xay) A _'Rz(xay) - D_'Rz(xay)))
1<i<k

is satisfiable in &.
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Observe that o? & PL;, for any formula (or concept) containing modalized
roles. Also, ¥ ¢ PL; whenever ¢ contains global roles. Thus, formulas and
concepts with modalized or global roles are not in PL;. On the other hand, we
have:

Theorem 7.2. If ¢ does not contain modalized nor global roles, then ©T € PL;
and @ is satisfiable in a frame & iff T is satisfiable in &.

Thus, £ 4rc without global and modalized roles can be regarded as a frag-
ment of PLy.

Why should we investigate fragments of modal predicate logic which do not
contain products or modalized roles? The answer is this: if we would allow
global or modalized roles in our fragment we would obtain highy undecidable
fragments of QK" even when we restrict ourselves to two-variable fragments.
Here is the formal formulation of this claim:

Theorem 7.3. (1) The two-variable monadic fragment of QK™ (no matter with
constant or expanding domains) is not recursively enumerable.

(2) The two-variable fragment of QK* N'PLy extended by one global binary
relation is not recursively enumerable.

(8) The two-variable fragment of QK*NPLy extended by one binary relation
of the form O*R(z,y) is not recursively enumerable.

Proof One can show this by reducing the recurrent tiling problem for N x N
(which is known to be X1-complete; see [Harel 1986]) to the satisfiability problem
in those fragments. Here is a sketch of the proof which is actually very similar
to the proof of Theorem 6.9 and the reductions of [Spaan 1993] and [Marx 1999].
In what follows we use the notation of the proof of Theorem 6.9. The N x N—
recurrent tiling problem is formulated as follows: given a finite set T of tiles
and a tile tg € 7, to determine whether there is a tiling of N x N by 7 such
that ty occurs infinitely often in the first row. More precisely, the problem is to
find out whether there exists a function f from N x N into 7 such that, for all
m,n € N,

o right(f(n,m)) =left(f(n+ 1,m)),
o up(f(n,m)) = down(f(n,m + 1)),
e the set {n € N: f(n,0) = to} is infinite.

Suppose we are given a set T = {to,...,t,} of tiles. Let R be a binary predicate
and Py, ..., P, unary predicates. Define a first-order modal formula ¢ in this
language as the conjunction of the following formulas:

Az(Py(z) A O*O*(Py(z) AOT)),

O*VzdyR(z,y),

Oz, y((R(z,y) — O R(z,y)),

OV (Visg Pi(@) A Nz (Pi(x) = =F;(2))),

OV (Pi(z) = YY(R(,9) = Vight(w)=testcy,) Pi®)))s
O0*Vz(P;(x) — O Vup(ti):down(tj) Pj(x)).
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Lemma 7.1. The formula @7 is satisfiable in a model with constant or expand-
ing domains iff there is a recurrent tiling of N x N by T .

Proof Tt should be clear how to satisfy o7 if T recurrently tiles N x N. Con-
versely, suppose 7 is satisfied at the root wp in a model (F,D,0,T) (with
constant or expanding domains), where § = (W, S) and

I(w) = <D,RI””,PJ’w,...,P,{’w>,

for w € W. Without loss of generality we may assume that (W, S) is an in-
transitive tree! and <D,RI ’“’°> is an intransitive forest (if this is not the case,
we can use the standard unravelling technique). By the first conjunct of o7,
we have ag € ?(wp) for which wy | Py[ag], and an infinite sequence of worlds
woSw1Sws ... such that {w; : w; |E Polap]} is infinite. According to the sec-
ond conjunct, we have an infinite sequence agR!""°a; R"°a, ... of elements in
9(wp). By the third conjunct, for all w € W and i,j € N, we have a;R!"Va;
implies a;R7""a; whenever vSw. Now define a function f by putting, for all
i,j €N, f(i,j) = t&, whenever I(w;) = Pla;]. It is straightforward to check

that f is a recurrent tiling of N x N. a

@7 is not yet as required to prove the theorem. However, only minor vari-
ations of w7 will do the job. We leave it to the reader to verify that the proof
of Lemma 7.1 still goes through for them.

e Denote by <p%— the formula which is obtained from @7 when the third
conjunct is deleted and everywhere else R(z,y) is replaced with O*(Q4 (z)V
Q2(y)). ¢* is in the two-variable monadic fragment of P£ and Lemma
7.1 holds for ¢} as well.

e Denote by ¢ the formula which is obtained from ¢ when the third
conjunct is deleted. Then ¢% is in the two-variable fragment of PL;. @3
is satisfiable in a model in which R is interpreted globally iff there is a
recurrent tiling of N x N by 7.

e Denote by ¢? the formula which is obtained from @7 when the third
conjunct is deleted and everywhere else R(z,y) is replaced with O*R(z, y).
©3- is in the two-variable fragment of PL; extended by a binary relation
of the form O*R(z,y) and Lemma 7.1 holds for - as well.

a

Let us see now how satisfiability in models with expanding domains can
be reduced to satisfiability in models with constant domains. Of course, the
reduction is similar to the one described in Theorem 6.1. Denote by md(y) the
modal depth of ¢, i.e., the maximal number of nested necessity operators in .

LA definition of an intransitive tree can be found at the beginning of Section 7.4.
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Let E(x) be a unary predicate which does not occur in ¢. By induction on the
construction of ¢ we define its relativization ¢ | E:

Pi(s1,-.-,8){E = E(s1)A---ANE(sp) A Pi(s1,-..,8n),
JLE = (WLE)A(XLE),
(~)LE = /\{E(y> y is free in Y} A =(Y L B),
(Vay)LE = (z) = (YLE)),

) ) :

V(B
(E°YLE = N{E():yis free in Y} AO°($ L E).

Here each s; is either an individual variable or a constant.

Proposition 7.1. For every Kripke frame § = (W, ), a formula ¢ is satisfied
in a model on § with expanding domains iff the formula

¢ =l EAND*Vz(E —>/\DE

is satisfied in a model based on § and having constant domain.

Proof Without loss of generality we may consider ¢ to be a sentence.
Assuming that ¢ is satisfied in a model 9 = (F, D,0,I) with expanding

domains and that
I(w) = <D,P(f’w,...,cé’w,...>

for w € W, we construct a model M = (F, D, J) with constant domain D by
taking

J(w) = <D,E"””,POI”” cg“’,...>,

where E/% = d(w). It is readily checked by induction that (90, w) E® ¢
ff (M, w) E* ¢ | E, for every w € W, every subformula ¢ of ¢, and every
assignment a : var — 0(w). By the truth-definition for Vz, the definition of the
relativization to E, and since ¢ is a sentence, this should be enough to conclude
that ¢ | F is satisfied in M. For its truth-value (as well as that of ¢ in 91) can
be computed in every world w using only assignments into ?(w). It follows that
@' is satisfied in M.

Conversely, suppose ¢’ is satisfied in a world v in a model M = (F, D, J)
(with constant domain D) under an assignment a, and

J(w) =<D,EJ’“’,P0J7’” cgw,...>,
for w € W. Consider the model 9t = (§, D, 0, I) such that d(w) = E/* and

I(w):<D,POI’w cgw,...>,

where each P/*" is the restrictions of P;*" to E7*, for every w accessible from
v. Now, one can easily show that (9,v) E* ¢. a
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Remark 7.3. It is to be noted that ¢ and ¢’ are of different forms. So when
proving decidability of a fragment in PL we should always check that ¢ and ¢
belong to it simultaneously. Fortunately that will always be the case for all the
fragments we deal with in this paper. From now on we will be considering only
models with constant domains.

Given a set of PL-formulas I', denote by sub,I" the closure under negation
of the set of all subformulas of formulas in T containing < n free variables; suby
is the set of all subformulas in a formula ¢, and cony the set of all constants
in . Without loss of generality we may identify ¢ and ——1; so sub,I is finite
whenever T is finite.

For every formula ¢(z) = O°(x) with one free variable x, we reserve a
unary predicate and denote it by Py(x). Likewise, for every sentence ¢ = O°¢p
we fix a propositional variable py. Py(z) and py will be called the surrogates
for ¢ (z) and 9, respectively.

Given a formula ¢, denote by @ the formula that results from ¢ by replacing
all subformulas of the form O°t(z), which are not within the scope of another
box, with their surrogates. Thus, P contains no occurrences of modal operators,
i.e., it is an L-formula; we will call @ the L-reduct of . For a set of PL;-formulas
T, weput T = {1 :¢ € T}.

7.3 Quasimodels

Suppose we are given an PL;-sentence o and asked whether it is satisfiable.
Being only modal logicians, we would like to assume, at least for a moment,
that we have an access to a classical oracle that is capable of providing us
with an L-structure satisfying the L-reduct of ¢, if it exists. Suppose we have
got such a structure. Our task then is to try to expand it to a Kripke model
satisfying (. This means, in particular, that we should take care of only the
“boxed” subformulas of ¢, which, recall, have at most one free variable.

The aim of this section is to show that modulo those subformulas every such
Kripke model can be codified in a structure, called a quasimodel?, that may be
thought of as a model the worlds in which have disjoint domains with a bounded
number of elements (depending on ), each element satisfies some specified set
of subformulas of ¢, and the correspondence between those elements in different
worlds is established by special functions called runs.

Fix a variable z not occurring in ¢ and put

subzp = {p{z/y} : Y(y) € subip}.

Definition 7.2 (types). By a type for ¢ we mean any boolean-saturated sub-
set t of sub,p: that is,

2We use the same terms—quasimodel, type, run, block, etc.—as in the previous two chap-
ters. Their role in decidability proofs will be similar to their role in the previous two chapters.
But their definitions are different. We refer the reader to the remarks following Theorem 6.5
for a brief discussion of this “naming—strategy”.
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e YAx€tiff ¢ €tand x €t, for every ¢ A x € sub,y;
o —p €tiff ¢ ¢t for every ¥ € sub,p.

We say that two types t and t' agree on subgyp if t N subgp = t' N subyp. Given
a type t for ¢ and a constant ¢ € conyp, the pair (¢, ¢) will be called an indezed
type for ¢ (indexed by ¢) and denoted by t¢.(z) or simply ¢..

There are only finitely many types for ¢p—at most
() = 2004,

to be more precise. To a certain extent, every world w in a model under a given
assignment can be characterized (modulo ¢, of course) by the set of types that
are realized in this state and the set of types that hold on its constants. This
motivates the following definition.

Definition 7.3 (world candidate). Suppose that T is a set of types for ¢
that agree on subgyp, and T°°" = {(t,c¢) : ¢ € conp} a set of indexed types such
that {t : (t,¢) € T°"} C T. Then the pair ¥ = (T,7°") is called a world
candidate for .

Not all world candidates can represent worlds in models. To single out those
that can, we require one more definition.

Definition 7.4 (realizable world candidate). Consider a first-order £-struc-
ture

D =(D,PY,...,c5,...) (7.1)
and suppose that a € D. The set
t2(a) = {¢ € subyp : D |= P[a]}

is clearly a type for ¢. Say that D realizes a world candidate (T, T¢°") if the
following conditions hold:

e T={t°(a):ac D},
o Teom = {{t®(c®),c) : ¢ € conyp}.

Denote by f(y) the number of distinct realizable world candidates for ¢. It
should be clear that
1) < 229 () leomel,

Lemma 7.2. A world candidate ¥ = (T,T°°") for ¢ is realizable iff the L-
formula

ax = N3z t(z) : t € T} AVx \[{E(z) : t € T} A N\{E(e) = (t,¢) € T*"}

is satisfied in some L-structure.
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Proof Follows immediately from the definitions. a

Lemma 7.3. Let k be a cardinal, k > Rg. Then every realizable world candidate
(T, Tc°") is realized in an L-structure © of the form (7.1) such that, for every
t €T, the set

D;={aeD:D Eta]}

is of cardinality k.

Proof Follows from classical model theory, since the language £ is countable
and does not contain equality. a

We are in a position now to define the central notion of this section, that of
a quasimodel. Consider a frame § = (W, <) and a map f associating with each
w € W a realizable world candidate f(w) = (T, TS™).

Definition 7.5 (run). A runin (§, f) is a function r from W into the set of
types for ¢ such that

e r(w) € Ty, for all w € W, and

e for every 0°¢ € sub,p and every w € W, we have 0% € r(w) iff y € r(v)
for all v € W such that w <° v.

Definition 7.6 (quasimodel). The pair (§, f) is called a quasimodel for ¢
(based on §) if the following conditions hold:

e for every ¢ € cony, the function r, defined by r.(w) = ¢, for (t,c) € T",
w € W,isarunin (§, f);

e for every pair w € W and t € T, there exists a run r in (F, f) such that
r(w) =1t
Say that ¢ is satisfied in the quasimodel (F, f) if there is w € W such that ¢ € ¢,

for some (or, equivalently, all) ¢t € T,,.

Example 7.1. Consider the formula
¢ =y (OP(y) A -BVzP(z)).

Let § = (W, <) contain two worlds, say v and v, such that uRv. Define realizable
world candidates ¥, = (T, T¢°™) and ¥, = (T, T5°") by taking
Tw = {t1,t2}, Ty, = {t3,84}, T =T =0,
t1 = {OP(z) A -OVzP(z), OP(z), ~P(z)} U Dy,
to = {~(OP(xz) A-0OVzP(z)), ~OP(z), ~P(z)} Uy,
o, = {p, "OVzP(z), =VzP(2)},
ts = {~(OP(z) A -OVzP(z)), OP(z), P(z)} U ®,,
ty = {~(OP(z) A -OVzP(z)), OP(z), ~P(x)} U ®,,
&, = {—p, OVzP(z), "VzP(2)},
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and let f(u) = %y, f(v) =%,. The functions r; and ry defined by
ri(u) =ty, r1(v) =ta, ro(u) =t3, r2(v) =14
are clearly runs in (§, f). So this pair is a quasimodel satisfying .

Theorem 7.4. A sentence ¢ is satisfied in a model based on a frame § iff it is
satisfied in a quasimodel for ¢ based on §.

Proof Suppose ¢ is satisfied in a model M = (F, D, I), § = (W, ). For every
w € W, define f(w) = (T, TSP™) by taking

T, = {t'")(a) : a € D},

Tg)on — {<t1(w) (0)7 C> 1 CcE CO’nﬁp}-

It is easy to see that (g, f) is a quasimodel satisfying ¢ (for every a € D, the
function r(w) = ') (a), w € W, is clearly a run in (g, f)).

Conversely, suppose that ¢ is satisfied in a quasimodel (g, f) for p. Take a
cardinal k¥ > Ny exceeding the cardinality of the set Q of all runs in (g, f) and
put

D ={(r¢  reQ¢<k}

By Lemma, 7.3, for every w € W there exists an £-structure I(w) with domain
D realizing f(w) and such that ¢ = (r.,0), for every ¢ € conyp, and

r(w) = {¢ € subyp : I(w) E ¥[(r, )]},

for all r € Q and £ < k. Let 9 = (F, D, I) and let a be an arbitrary assignment
in D. We show by induction that, for all ¢y € subp and w € W,

I(w) E° ¢ iff (M, w) E° 3.

The basis of induction, i.e., the case when ¢ = Pi(zy,...,z,) is clear; for then
¥ = 1. The induction step for ¢ = 11 A, Y = =)y, and ¢ = V), follows by
the induction hypothesis from the obvious equations:

1 Ahy =1 Ao, iy = 1, Vaihy = VYair.
Let ¢ = 0°x(y) and assume a(y) = (r,£). We then have ¢) = Pqo,, and so
I(w) E® Paoy(y) iff  O°x € r(w)
iff Vo (w<®v—xer()
iff Vo (w<®v—Iw) ="Y)
iff Vo (w<®v— (M,v) E* x(v))
if (9, w) E° O°x(y).

Since ¢ € r(w), for some w € W, it follows that (9, w) | ¢, as required.
a
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7.4 Satisfiability criterion

In this section we prove an effective satisfiability criterion for those sentences
p € PL; that have an oracle capable of deciding the realizability problem for the
world candidates for ¢. The idea is to represent quasimodels for ¢ as possibly
infinite mosaics consisting of repeating finite patterns we call blocks.

By a tree quasimodel for ¢ we mean a quasimodel for ¢ based on an intransi-
tive tree. Using the standard unravelling technique of modal logic (see e.g. the
proof of Theorem 5.3) one can prove the following theorem.

Theorem 7.5 (tree quasimodel completeness). A formula ¢ is satisfiable
iff it is satisfiable in a tree quasimodel for .

Fix again a sentence ¢ € PL;. To introduce the notion of a block for ¢,
we require two auxiliary definitions. Suppose that § is a frame as above and
f is a map from W into the set of realizable world candidates for ¢, so that
f(w) = (T, TE™). Tt will be convenient for us not to distinguish between w
and f(w), i.e., we will assume that the worlds w in § are the realizable world
candidates (Ty,, T5™).

Definition 7.7 (weak run). A weak runin (§, f) is a function r from W into
Uwew Tw such that

o 7(w) € Ty, for all w € W, and

e for every 0% € sub,p and every w € W, if O%°) € r(w) then ¢ € r(v) for
all v such that w <° v.

The difference between runs and weak runs is only that the latter do not
necessarily contain witnesses for formulas of the form —0°) € r(w) (in a run
we must have a “witness” v such that w <° v and - € r(v)). The difference
between quasimodels and weak quasimodels to be defined below is of the same
sort.

Definition 7.8 (weak quasimodel). The pair (§, f) is called a weak quasi-
model for ¢ if the following holds:

e for every ¢ € cony, the function r. is a weak run in (F, f);

e for all w € W and t € T, there exists a weak run r in (g, f) such that
r(w) =t.

Say that an intransitive tree § = (W, <) is a bouquet if no point in W different
from its root has more than one < successor.

Definition 7.9 (block). Let B = (F, f) be a weak quasimodel based on a
finite bouquet § with root wg. A weak run 7 in B is called root-saturated if,
for every O°9(x) € subyp, whenever 0°¢(x) ¢ r(wo) then there is w € W such
that wo <1° w and (x) & r(w).

Now, we say B is a block for ¢ if it satisfies conditions (a)—(b) below:
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(a) for every w € W and every ¢ € T, there is a root-saturated weak run r in
B such that r(w) = t;

(b) every weak run r. in B, for ¢ € cony, is root-saturated;

The following notion will be used for organizing blocks in a mosaic-like struc-
ture that is intended to represent a quasimodel satisfying ¢.

Definition 7.10 (satisfying set). A set S of blocks for ¢ is called a satisfying
set for ¢ if (i) it contains a block with root wg such that wg |= ¢ (i.e, ¢ € ¢, for
all t € Ty, ) and (ii) for every realizable world candidate ¥ in every block in S,
there exists a block in & having ¥ as its root.

We are going to show now that ¢ is satisfiable iff there is a satisfying set for ¢
whose blocks contain at most N worlds, where N < w is effectively determined

by .

Theorem 7.6 (satisfiability criterion). An PL;-sentence ¢ is satisfiable iff
there is a satisfying set for o, each block in which contains at most

N = #(p) - 2|subygp|? - 215ub=¢
worlds.

Proof (=) Suppose ¢ is satisfiable. Then, by Theorem 7.5, there is a tree
quasimodel m = (g, f) for ¢ satisfying ¢ at its root. Moreover, without loss
of generality we may also assume that if wRu in § then there are sufficiently
many worlds v € W, called twins of u, such that wRv, f(u) = f(v) and the
subquasimodel of m generated by u and v are isomorphic. In any case, we
can achieve this by duplicating (as many times as we need) the subtree of m
generated by u and connecting it with w by R. The resulting structure will
clearly be again a tree quasimodel satisfying ¢ (for it can be “p-morphically”
mapped onto the original quasimodel).

We begin our construction of a satisfying set for ¢ by associating with each
world w € W a block B, = (Fuw, fu), Tw = (W, <uw).

For every type t € T, we fix a run r in m coming through t; if t. € T;;°",
¢ € congp, then we take r = r.. Then, for every O°¢)(z) € sub,p such that
O°y(z) ¢ r(w), we select a world w' € W for which w <° w', ¥(z) ¢ r(w') and
put it in an auxiliary set Sel(w) together with one of its twins w"”. The number
of the selected worlds does not exceed

2 - |suby(g)] - 2151b= (),

Without loss of generality we may assume all of them to be pairwise distinct.
For each selected w' there is a unique path from w to w', namely the set
(w,w") = {wy : w <* wy <* w'}. Again, without loss of generality we assume
that distinct paths (w,w’) and (w,w') (for w' # w') have no common worlds
save w (otherwise the duplication technique will do the job).
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Finally, we define W, to be the set of all worlds in the paths (w,w'), for
w' € Sel(w), <, to be the restriction of < to W,,, and f,, the restriction of f
to W, (taking into account all the duplications, of course).

The constructed structure 28, is a block. Indeed, it is clearly a weak quasi-
model for ¢ based on a finite bouquet, having root w (for it can be regarded as a
subquasimodel of m) and satisfying condition (b) by the construction. To show
that it satisfies (a) as well, suppose that u € Wy, t € T,, and let r be a weak
run in B, coming through ¢, i.e., r(u) = t. Consider the type r(w) and the set
B of formulas y = 0°) € sub,p for which x ¢ r(w). For each of them there is
a weak run r, such that r, (w) = r(w), ¥ ¢ r,(w,), for some w, € Sel(w), and
u ¢ (w,w,). Using these weak runs and r we can define a function ' by taking,
for every w' € Wy,

Y (') = r(w') ifw' ¢ (w,wy), for any x € B,
| ry(w') otherwise.

Clearly, r' is a root-saturated weak run in B,, coming through ¢, which estab-
lishes (a).

The problem now is that the branches in 28,, may be too long. So our next
step is to extract from 9B,, a substructure 2, which is still a block for ¢ and
whose branches are of length < #(¢) - |sub,p|. We will do this by cutting out
certain fragments of branches in B,,.

Consider a branch (w,w’) and suppose that w' was selected to “saturate”
Oy(xz) € subyp in w by means of a weak run r. Since w < w', the branch
(w,w") = {w,w'} does not need “truncation”: we simply leave it as it is.

Suppose now that w' in the branch (w, w") was selected to “saturate” O*y(z) €
subgp by means of a weak run r.

The “truncation” of (w,w') can be done in the following way. Let wy,...,w,
be all the worlds in (w,w') such that w = w; <¥ we <Y ... <Y w, = w'. If
n < #(p) - |subyp| then we do nothing with this branch. Otherwise let r be the
weak run in 9B, such that r(w) =t and ¢(z) € r(w'); since n > §(p) - |suby |,
there must be two worlds w; and w;, 1 < i < j < n such that f(w;) = f(w;)
and r(w;) = r(w;). Then we cut out from (w,w') all the worlds in the interval
(w;, w;) save w; and put w; Rw' iff w; Rw', for all wf € W¥. Tt should be clear
that the resulting structure is still a block for ¢, and so by deleting repeating
worlds in the branches of 98,, we can construct a block 2, for ¢ whose branches
are of length < #(¢p) - [subs(p)].

The satisfying set for ¢ we are looking for can be constructed now by taking
the blocks A, for all w € W.

(<) Let S be a satisfying set for ¢. We are going to construct a quasimodel
m satisfying ¢ as the limit of a sequence of weak quasimodels

mn:<3’nafn>, S:'n,: <Wn7<n>7 ’I'L=1,2,...,

the first of which, my, is a block in § satisfying ¢ at its root. Suppose we have
already constructed a weak quasimodel m,,. For every world w € W,, — W,,_1
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(Wo = 0) select a block B, € S such that f,(w) = fu(w'). Without loss of
generality we may assume all the selected blocks and the weak quasimodel m,,
to be disjoint. The weak quasimodel m, 1 is then the result of hooking the
selected blocks 9B, to m, by identifying their roots w’ with w € W,, — W,,_1.

Define the limit m = (3, f), § = (W, <), of the constructed sequence by
taking

W:U{Wn:nzl}, <l:U{<In:n21}, f:U{fn:nzl},

and show that m is a quasimodel for ¢ indeed.

We have to show that there are enough runs in m. To this end it suffices to
observe that any r constructed in the following manner is a run in m. Let ! be
an arbitrary weak root-saturated run in m;, and suppose that we have already
defined r™. For any w € W,,, — W,,,_1 take a weak root-saturated run r,, in B,
such that ™ (w) = ry (w) and put for w' € Wy11

mats o form(w') i w € Wy
" (w)—{ r(w') ifw € Wy — W,

Finally, let r = J{r™ : m > 0}. Similarly to the proof above it can be shown
that r is a run in m. a

As an immediate consequence we obtain the following satisfiability criterion.

Theorem 7.7. Let PL C PLy and suppose that there is an algorithm that is
capable of deciding, given ¢ € PL' and a world candidate T = (T, T°°™) for ¢,
whether T is realizable, or equivalently, whether the formula ax is satisfiable.
Then the fragment QK* N'PL' is decidable.

In other words, this theorem reduces the satisfiability problem for formulas
in QK* N'PL to the satisfiability problem for £-formulas of the form ag, T =
(T, Tc°"), where T and T'°°" are just (arbitrary) sets of subsets of sub,p. A few
examples of the use of this reduction will be given in the next section.

7.5 Decidable fragments

Now we apply the criterion of Theorem 7.7 to single out a number of decidable
fragments of QK*, QK, QK4, and QS4. But before that let us observe that
QK is just a fragment of QK*, QS4 is embedded into QK" by the transla-
tion replacing O with O*, and QK4 is embedded into QK" by the translation
replacing O with OO*.

Denote by PL? the set of all PL-formulas containing at most two individual
variables, and let PL? = PL; NPL% That is to say, PL} consists of all PL-
formulas with at most two variables, the modal operators in which are applied
to subformulas with at most one free variable.

Theorem 7.8. The fragments L N PL2, for L € {QK*, QK, QK4, QS4}, are
decidable.
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Proof The L-formula ag, corresponding to a world candidate ¥ for a formula
p € Pﬁf, contains not more than two individual variables. As was mentioned
in the introduction, the satisfiability problem for such formulas is decidable. It
remains to use the criterion of Theorem 7.7. a

And since PL7] contains the set PL" of PL-formulas with at most one vari-
able, we also have:

Corollary 7.1. The fragments LNPL', for L € {QK*, QK, QK4, QS4}, are
decidable.

We have obtained this result using the mosaic technique, which in general
constructs only an infinite model satisfying a given formula. The more fa-
miliar way of establishing decidability in (propositional) modal logic—proving
the finite model property, that is the existence of finite models for satisfiable
formulas—does not work for the fragments mentioned in Corollary 7.1. To show
this, let us note first that in the predicate modal case one should distinguish
between two types of finite model property.

Say that a fragment L’ of a first-order modal logic L has the finite frame
property if every formula in L' satisfiable in some model for L can be satisfied in
a model for L based on a finite Kripke frame. L' has the finite domain property
if every satisfiable formula in L’ can be satisfied in a model for L with finite
domain.

Theorem 7.9. The one-variable fragments of QK*, QK4, and QS4 with a
single unary predicate have neither the finite frame nor the finite domain prop-
erty.

Proof Consider the conjunction ¢ of the following formulas:
Az P(z), Y2O(P(z) — OP(z)), O3z—P(x), OVz(-P(z) - OP(z)).

One can readily check that ¢ is satisfied in the model 9 = (F, N, I) based on
F=N,<) or = (N, <), where for each n € N,

I(n) =(N,P""), P ={0,...,n...}.

It is not hard to see, however, that every transitive model satisfying ¢ has both
an infinite underlying Kripke frame and an infinite domain. a

Remark 7.4. The same result holds, of course, in the case of expanding domains
(the finite domain property means then that the universe D is finite).

The transitivity of the underlying frames was essential in the proof above.
For we have the following:

Theorem 7.10. The fragment PL1 NQK of QK has the finite frame property.
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Proof The proof of Theorem 7.6 shows that every satisfiable formula ¢ € PL;
is satisfied at the root of a tree quasimodel, the set of <1-successors of every
world w in which is finite. By transforming this quasimodel (in accordance
with Theorem 7.4) into a real model and then taking the submodel of the latter
consisting of the worlds accessible from the root in < md(p) steps, we construct

a model based on a finite Kripke frame and still satisfying ¢ at its root. a

PL1NQK contains full classical first-order logic. So it cannot have the finite
domain property. The following observation shows how one can extract frag-
ments of this logic with both the finite frame and the finite domain properties.

Theorem 7.11. Let PL' C PL; and suppose that for every ¢ € PL' and every
realizable world candidate ¥ for ¢, the formula ax is satisfiable in a finite first-
order structure. Then QKNPL' has both the finite frame and the finite domain

property.

Proof The result follows immediately from Theorem 7.10 and the fact that if
ag, T = (T,T°"), is satisfiable in a finite first-order structure then there exists
m € w such that, for every n > m, ¥ is realized in an L-structure © of the form
(7.1) in which || = n, for every t € T. a

Corollary 7.2. QKN Pﬁ% and QK NPL' have both the finite frame and the
finite domain properties.

Proof It is well known that the two-variable fragment of first-order logic has
the finite model property (see [Borger et al. 1997]. a

One more interesting fragment of PL is the set of monadic formulas, all
predicate symbols in which are at most unary. Denote this fragment by PL™?,
and let PL = PLy N ML™. In this case the formula ag, corresponding to
a world candidate ¥ for ¢ € PLT", is a monadic L-formula. As is well-known,
the monadic fragment of first-order logic is decidable, which yields us:

Theorem 7.12. The fragments L NPLT’, for L € {QK", QK, QK4, QS4},
are decidable.

J. van Benthem suggested the following natural generalization of guarded
formulas of [Andreka et al. 1998] to the modal case.

Definition 7.11 (guarded fragment). Denote by MGF the smallest set of
‘P L-formulas such that

e cvery atomic formula is in MGF;
e if p and ¢ are in MGZF, then so are p A, =, Op and O*p;

e if T,y are tuples of variables, G(Z,y) is atomic, ¢(Z,7y) € MGF, and
every free variable occurring in ¢(Z,y) occurs in G(Z,y) as well, then
(G(Z,7) A ¢(T,7)) is in MGF.
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The set MGF is called the guarded fragment of first-order modal logic.

Theorem 7.13. The two-variable fragment of QK™ N MGF is not recursively
aziomatizable.

Proof The prove is similar to the proof of Theorem 7.3. Again the N x N
recurrent tiling problem can be embedded. We just define the formula @1
associated with a set of tiles T = {to,...,t,}: take unary predicate symbols
Py,...,P,, @, and a binary relation symbol R and let @7 be the conjunction
of the following formulas.

Az(Q(z) A Po(x) A O*O*(Py(z) AOT)),

D*Vz(Q(z) = (Fy(R(z,y) A Q(Y))),

O*vz,y((R(z,y) — O"R(z,y)),

0*Vz(Q(z) — 0Q(z)),

D"V = (Vizo Pi() A N\ (Pi(z) = —Pj(2)))),
(2) = VYR, Y) = Vrsaneor—tesec B W),

O*Vz(P;(xz) — O \/up(ti):down(t]_) Pj(x)).

Let MGF1 = MGFNPL;.

Lemma 7.4. (1) There is an algorithm that is capable of deciding, given ¢ €
MGF, and a world-candidate T = (T, T°™) for ¢, whether ¥ is realizable. (2)
Let o € MGFy and let ¥ = (T, T°") be a realizable world-candidate for .
Then ¥ is finitely realizable.

Proof Let ¢ € MGF; and let ¥ = (T,T°") be a world candidate for .
The guarded fragment of first-order logics is decidable and has the finite model
property, see [Andreka et al. 1998] and [Gradel 1999]. So it suffices to show

that
ay = /\ Az t(z) A Vr \/ t(z) A /\ t(c)

teT teT (t,cyeTeon

is satisfiable in a (finite) model iff a formula in the guarded fragment of first
order logic is satisfiable. The formulas #(z), t(c) are in GF, but ag is not.
However, we can transform it into a guarded sentence as follows. Let P be
a new unary predicate. Observe that if ¢» € GF then the relativization *
of 1 to P is logically equivalent to a GF-formula. For atomic 1, ¥ =1 €
GF; the boolean cases are trivial; and for guarded ¢ (Z,7) and atomic G(Z,7),

_ P o —
(By1---yn(G(F,7) A1) is by definition Jy; ... Yn(Ni<icn Pyi) NG(T,7) A
¢P), which is equivalent to Jyi ... yn(G(Z,Y) A (A1<;<p, Pyi) AYpT)) and hence
is (inductively) equivalent to a guarded formula. Now,

(an)? = A (P (@) A Ya(P)—» /T @) A A (o)

teT teT (t,c)eTeon
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and we see that, up to logical equivalence, (az)f € GF.
By classical model theory, at has a (finite) model iff (ag)? has a (respec-

tively, finite) model. a

Theorem 7.14. The fragments LN MGFy, for L € {QK",QK, QK4, QS4},
are decidable.

Proof Follows from the previous lemma and Theorem 7.7. a

Theorem 7.15. QK N MGF, has both the finite frame and the finite domain
property.

Proof Follows from the previous lemma and Theorem 7.10. a

We close this section with applications to the decision problem for modal
description logics. Observe that we can arrange it that o7 € Pﬁ? whenever
@ is a formula from L 4.¢ with the modal operators O and O* and without
modalized and global roles. So we obtain

Theorem 7.16. The satisfaction problem for K% .-formulas without global
and modalized roles is decidable.

Recall that in the previous chapter we have obtained, for formulas with-
out global and modalized rules, decidability results for modal description logics
based on considerably more expressive description logics than ALC. The exam-
ple we considered was CZQ (see Theorem 6.8). The first-order modal language
we deal with in this chapter does not have enough expressive power to represent
all the constructs from CZQ, say that in each world of a model R* should be the
transitive reflexive closure of R. But it is easy to allow CZQ here as well: we
can interpret CZQ in models whose worlds are suitable first-order L-structures,
and use the following generalization of Theorem 7.7, which is proved in precisely
the same way.

Theorem 7.17. Let FO be a class of first-order structures and PL C PL,.
Suppose also that:

(i) there is an algorithm that is capable of deciding, given a world candidate
for ¢ € PL', whether it is realizable in a structure from FO, and

(i) there is a cardinal k > Rg such that for any &' > k, every world candidate
(T, T¢™) realizable in a structure from FO is realizable in a structure
D € FO in which |Dy| = k' for everyt € T.

Then the satisfiability problem for PL'-formulas in first-order modal models, the
worlds of which are structures from FQO, is decidable.

Corollary 7.3. The satisfaction problem for Kgo—formulas without global and
modalized roles is decidable.

Proof That (i) holds was actually shown in [de Giacomo 1995] (consult the
appendix), and (ii) follows from the fact that the class of first-order structures

for CZQ is closed under the formation of disjoint unions. a
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7.6 Discussion

In this chapter we have proved the decidability of various fragments of the
monodic fragment of QK*. These results are the first non-trivial positive de-
cidability results for fragments of modal predicate logics. Various interesting
open problems remain: we did not consider the complexity of the satisfaction
problem. As in the chapter on products it is easily seen that all the fragments
considered here (e.g., the one-variable fragments of QK, QK*, and QS4) have
a NEXPTIME-hard satisfaction problem. But matching upper bounds are not
known. Secondly we did not investigate the fragment PL; itself. For example,
it remains open whether KQ* N PL; is recursively enumerable and whether a
natural axiomatization of this fragment exists. We believe that quasimodels
may be helpful to provide an answer in the positive.

Finally, it is worth mentioning again that we took the modal logic QK* for
technical reasons only. The proof method can be extended to prove the same
results for the dynamic logic CPDL and the epistemic logic SSS. The new
ingredients required to deal with the converse operator can be taken from the
decidability proof for CPDL x K,,, and are easily integrated.



Chapter 8

Fragments of temporal
predicate logics

We will give two different types of decidability proofs for monodic fragments of
first-order temporal logics. The first uses the decidability of monadic second-
order logic over the flows of time in question and the second involves an explicit
analysis of the structure of models. As in the previous chapters they rely on
representing a temporal model satisfying a given monodic formula ¢ in the form
of a quasimodel. The first algorithm expresses the existence of a quasimodel sat-
isfying such a ¢ by a formula of monadic second-order logic. This fact, together
with the Biichi and Rabin decidability theorems, makes it possible to reduce
the satisfiability problem for formulas in models with arbitrary but constant
domain based on (N, <), (Q, <), and some other linear temporal structures to
the satisfiability problem for a certain fragment of classical first-order logic. The
resulting algorithms are non-elementary, however, since the satisfaction problem
for monadic second-order logic in (N, <) and the other flows of time mentioned
above is non-elementary. The second algorithm relies on an investigation of the
structure of quasimodels on (N, <) satisfying a given T £;-formula ¢ and pro-
vides more explicit satisfiability checking algorithms for models with arbitrary
and constant domain based on (N, <). A modified algorithm checks satisfiability
in models with finite domains.

The chapter is organized in the following way. In Section 8.1 we define the
syntax and semantics of the temporal logics under consideration and prove that
their monadic two-variable fragments are undecidable. We then introduce the
fragment 7 £; of monodic formulas. In Section 8.3 we introduce quasimodels.
Most of the notions and results of Sections 8.1 and 8.3 will be straightforward
variations of the corresponding notions in the previous chapter. So we will be
brief. In Section 8.4 we give our first decision procedure for monodic formulas,
using monadic second-order logic. In Section 8.5 we give the second one, and
in Section 8.6 its modified form for finite domains. In Section 8.7, we prove the
expressive completeness of 7L, for TS;. In Section 8.8 we use the obtained
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criteria to single out a number of decidable fragments of first-order temporal
logics, including fragments of 7S, and the two-variable, monadic, and guarded
monodic fragments of 7 L.

8.1 First-order temporal logic

Denote by TL the first-order temporal language constructed in the standard
way from the following alphabet:

e predicate symbols Py, Py, ..., each of which is of some fixed arity,

individual variables xg, 1, ...,

individual constants cg,c1, ...,

the booleans A, —,
e the universal quantifier Y for each individual variable z,
o the temporal operators S (Since) and U (Until).

Observe that T L results from PL when the unary operators Oy, ... are replaced
by the binary operators S and /. We use the same conventions as in the previous
chapter and the following standard abbreviations:

Cp = TUy;
Op = =O-¢;
Ofp = ¢AOy;
Oty = pVOy;
O = LlUe.

TL is interpreted in first-order temporal models of the form M = (F,D,I),
where § = (W, <) is a strict linear order representing the flow of time, D is
a non-empty set, the domain of 9, and I is a function associating with every
moment of time w € W a first-order L-structure

I(w) = <D,P§<w),...,cg(’”),...>,

satisfying the same conditions as in the previous chapter. Assignments a from
var to D as well as the satisfaction relation =" are defined as in the previous
chapter, save that now we require the following conditions:

e w E=* pSt iff there is v < w such that v =" ¢ and u E* ¢ for every u in
the interval (v,w) ={u e W v < u < w};

o w =% U iff there is v > w such that v | ¢ and u E* ¢ for every
u € (w,v).

It follows, in particular, that
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w =% O iff there is v > w such that v E° ¢;

w [E* OT o iff there is v > w such that v =% ;

w E* Oy iff v E® ¢ for all v > w;

w E* OFp iff v =% ¢ for all v > w;

w E* O iff there exists an immediate successor v of w (i.e., v > w and
(w,v) = 0) such that v E* ¢.

For a class F of strict linear orders, we let TL(F), ‘the temporal logic of F,
denote the set of 7 L-formulas that are valid in F:

TL(F) = {eeTL : (Mw)E"pforal M= (F,D,I) with § € F,
all w € D, and all assignments a in D}.

TLy¢in(F) stands for the set of those 7 L-formulas that are valid in all models
based on linear orders in F and having finite domains. Instead of TL({(N, <)}),
TLyin({(N,<)}) we write TL(N) and T'Ly;,(N), respectively; similar notation
is used for (Z, <) and (Q, <).

Remark 8.1. In this chapter we consider only models with constant domains.
The prove of Proposition 7.1 is easily modified to see that (mostly) satisfiability
in models with expanding domains can be reduced to satisfiability in models
with constant domains.

We give the definition of monodic 7 £L-formulas.

Definition 8.1 (monodic formulas). Denote by 7L the set of 7 L-formulas
 such that any subformula of ¢ of the form 1 Us or 11 S12 has at most one
free variable. Such formulas will be called monodic. In other words, monodic
formulas allow quantification into temporal contexts only with one free variable.

8.2 TUndecidability of fragments of 7L

The following two theorems indicate some limits outside which one cannot hope
to find decidable fragments of first-order temporal logics.

Theorem 8.1. (1) The two-variable monadic fragment of TL(N) is not recur-
sively enumerable.

(2) The two-variable fragment of TL(N)N'T Ly extended by one global binary
relation is not recursively enumerable.

(8) The two-variable fragment of TL(N) N'T L extended by one binary rela-
tion of the form OR(x,y) is not recursively enumerable.

Proof The proof is similar to the proof of Theorem 7.3 and is left to the reader.
a

We come to the case of finite domains.



184 CHAPTER 8. FRAGMENTS OF TEMPORAL PREDICATE LOGICS

Theorem 8.2. The two-variable monadic fragment of T Ly;,(N) is not recur-
sively enumerable.

Proof We are going to reduce the following undecidable problem to the satis-
faction problem for the monadic 7 £2-formulas in models with finite domains:
given a Turing machine, determine whether it comes to a stop having started
from the empty tape. Let 2 be a single-tape right-infinite deterministic Tur-
ing machine with state space S, initial state sg, halt state sy, tape alphabet A
(b € A stands for blank) and transition function §. The configurations of 21 will
be represented by infinite words of the form £aq...a;...a,b”, where £ marks
the left side of the tape, all ay, ..., a, save one, say a;, are in A, while a; belongs
to S x A and represents the active cell and the current state. The start config-
uration, for instance, is represented by £(so,b)b*. Let A’ = AU{£}U (S x A),
and A" = A"\ {£}.

We want to construct a monadic T £?-formula oy which is satisfiable in a
model with a finite domain D iff 2 comes to a stop (i.e., reaches the halt state)
having started from £(so,b)b“. Roughly, the idea is to codify configurations of
2 by elements of D; a configuration will be encoded by an element 2 € D using
the behaviour of x over time.

First, with every a € A’ we associate a unary predicate P,. The sentence

vx(P,g(a:)m \/ (Pa@@)n- \/ Pﬁ(x))) (8.1)

aEA a#BEAV

means that ‘now’, all objects in D are in Pg while later each of them belongs
to precisely one of the sets P,, for & € A”. To mark the object representing the
active cell of a given configuration and its immediate predecessor and successor,
we use three unary predicates, S, L, and R, defined by the formulas:

D+V$(S(1‘) Ang \/ P(s,a) (1‘))7 (82)
(s,a)€A’

O*Va((L(z) & OS(2) A (S(z) & OR(2))), (83)

OtVaz—(S(z) A OS(2)). 8.4

The transition from one configuration to another is simulated by means of
the formula:

x(wy) = A 0 (E@) APa() AO(Pa(@) AOP () )
6(a,B8,7)=(a',8" ")
T+ ((L(2) = Par (1)) A (S(2) = Par(9)) A (R(z) > Py (y)

A N (L(z) A=S(z) A=R(z) A Pa(z) — Pa(y))).
acA’

The following two formulas define a unary predicate C' (clock); its intended
meaning is to fix the moment of time the machine reaches this or that configu-
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ration.
Yz (O C(z) A DT =(C(z) A OC(2))), (8.5)
vz, y(x(z,y) = 07 (C(z) A OC(y)))- (8.6)

It remains only to ensure that there exists a sequence representing a halt
configuration:

O+ \/ P(s17a) (1‘), (87)
(s1,a)€A’

and that each configuration save the start one on the empty tape has a prede-
Cessor:

vy (=(Pe(y) A O(Plag.y (4) A OP (1)) = 32 x(w,9) ) (8:8)

Let g be the conjunction of (8.1)—(8.8) It is not hard to check that g is
satisfied in a model with a finite domain iff 2 comes to a stop having started
from the empty tape. Indeed, the ‘<=’-part of the proof should be clear. For
the converse, suppose that g is satisfied in a world w of a model having a
finite domain, D. By (8.7), (8.1), and (8.2)—(8.4), there is h € D representing
a halt configuration. Observe that, by (8.5) and (8.6), we cannot have objects
Coy---,Cn € D such that ¢g = ¢, and w | Xx[eo,c1] A ... A X[en—1,¢n]. Let
€o,- .. ,Cp, be a maximal chain in D for which ¢, = h and w E x[e;, civ1],
0 < i < n. Such a chain exists since D is finite. So there is no ¢ € D with
w = x[e, co]- In view of (8.8), this can only mean that ¢ represents the start
configuration on the empty tape. Thus, by definition of x, 2 reaches a halt
configuration having started from the empty tape.

Thus, the two-variable monadic fragment of T'Ly;,(N) is undecidable. On
the other hand, its complement (in the set of monadic 7 £-formulas) is recur-
sively enumerable. For, it is not hard to see that satisfiability of monadic and
indeed arbitrary 7 £-formulas in models based in (N, <) and having domains
of < n elements, for fixed n, can be reduced to satisfiability of propositional
temporal formulas in (N, <), which is known to be decidable (see e.g. [Gabbay

et al. 1994]). a

The sets sub,p and cong are defined as in the previous chapter. Also
the definition of surrogates is similar: For every formula ¢ (z) = p1Uyps or
Y(x) = ¢1Sps with one free variable z, we reserve a unary predicate Py(z),
and for every sentence ) = p1Ups or Y = p1Sps we fix a propositional variable
py- Py(z) and py are called the surrogates of 1(z) and 1, respectively. The
definition of % and T should be clear from the previous chapter.

8.3 Codifying models

From now on we will be assuming that all our formulas are monodic. We require
again quasimodels encoding models for ¢. The definition of types (see Definition
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7.2), world-candidates (see Definition 7.3), and realizable world-candidates (see
Definition 7.4) is the same as in the previous chapter. Call a world-candidate
finitely realizable if it is realizable in a structure with finite domain.

Recall that 5(¢) and §(¢) denote the number of distinct types and realizable
world candidates for ¢, respectively.

We require the following “finite” and “infinite” variants of Lemma 7.2 and
7.3.

Lemma 8.1. A world candidate T = (T, T°°") for ¢ is (finitely) realizable iff
the L-formula

ag = /\{Ela: t(z) :teT}AVx \/{f(m) teTIA /\{f(c) : (t,e) € T}
is satisfied in some (respectively, finite) L-structure.

Fix for any 7T L;-sentence p an enumeration <t1, e ,t%) of all types for .

Lemma 8.2. (1) Let k be a cardinal, K > Ng. Then every realizable world
candidate (T, T°°") is realized in an L-structure ® of the form (7.1) such that,
for every t € T, the set

D, ={aeD:D 7}

is of cardinality k.

(2) There is m < w such that, for every finitely realizable world candidate
T = (T,T°") and every sequence (n; : 0 < i < ny), in which n; = 0 whenever
t; € T and n; > m otherwise, ¥ is realized in an L-structure © such that
|Dy;| = nq, for every i < ny,.

Proof The first part is clear. (2) Suppose that Tq,...,T; are all distinct
finitely realizable world candidates for ¢ (so that k < f(y)) and that ¥; is

finitely realized in ©7. Then it is enough to take m = max{‘@{i‘ 0<i <
ne,,0 < j <k} Q

We are now in a position to define the central notion of this section, that of
a quasimodel. Let § = (W, <) be a linear order.

Definition 8.2 (state function). A state function for ¢ over § is a map f
associating with each w € W a realizable world-candidate f(w) = (T, TS™)
for ¢.

Definition 8.3 (run). Let f be a state function for ¢ over § = (W, <). By a
run in f we mean a function 7 from W into the set (J,, .y T such that

o r(w) € Ty, for all w e W,

e for every Y Uy € sub,p and every w € W, we have Uy € r(w) iff
there is v > w such that ¢» € r(v) and ¢; € r(u) for all u € (w,v),
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e for every 1 Svs € sub,p and every w € W, we have ¢, S¢» € r(w) iff
there is v < w such that ¢y € r(v) and ¢; € r(u) for all u € (v, w).

Definition 8.4 (quasimodel). Suppose f is a state function for ¢ over §F and
R a set of runs in f. The pair m = (f,R) is called a quasimodel for ¢ (over F)
if the following conditions hold:

e for every c € congp, the function r. defined by r.(w) = ¢, for (t,c) € TS,
w € W,is arunin R.

e for every w € W and every t € T, there exists a run r € R such that
r(w) =t.

In this case the world candidates f(w) are called quasiworlds of m. Say that ¢
is satisfied in the quasimodel m if there is w € W such that ¢ € ¢, for some (or,
equivalently, all) t € T,,.

Remark 8.2. Note that, for any two sets of runs Ry and R in f, if Ry C R»
and (f,R1) is a quasimodel for ¢ then (f,R2) is a quasimodel for ¢ as well.
Consequently, there exists a quasimodel for ¢ based on a state function f iff
(f, Q) is a quasimodel for ¢, where Q; is the set of all runs in f. In this case we
will say that f itself is a quasimodel for p. If we are interested in satisfiability of
temporal formulas in arbitrary models then it is enough to consider quasimodels
of the form (f,Q). To deal with satisfiability in models with finite domains,
we shall need quasimodels (f, R) with finite R.

Theorem 8.3. (1) A TLy-sentence ¢ is satisfiable in a model based on § =
(W, <) iff it is satisfied in a quasimodel for ¢ over §. (2) A T L1-sentence @ is
satisfied in a model based on § = (W, <) with a finite domain iff it is satisfied
in a quasimodel (f, R) for v over § with finite R.

Proof (1) as well as the implication (=) in (2) can be established as in the
proof of Theorem 7.4.

It remains to consider the implication from right to left in (2). Suppose ¢
is satisfied in a quasimodel (f, R) for ¢ with finite R, and let m be the number
supplied by Lemma 8.2 (2). Define the domain of the model to be constructed
by taking

D={({ré&: :r e R,£E<m}.

By Lemma 8.2 (2), for every w € W there exists an L-structure I(w) with
domain D realizing f(w) and such that ¢* = (r.,0), for every ¢ € conyp, and

r(w) = {¢ € subyp : I(w) | P[(r, )]},

for all r € R and £ < m. Let M = (F, D, I). In precisely the same way as in
the proof of Theorem 7.4 one can show that ¢ is satisfied in 901. a
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8.4 Embedding into second-order monadic the-
ories

We can now quickly deduce decidability results by translating into monadic
second-order logic the statement that a quasimodel for ¢ exists.

Theorem 8.4. Let TL' C TLy and suppose that there is an algorithm which is
capable of deciding, for any T L'-sentence p, whether an arbitrarily-given world
candidate for ¢ is realizable. Let F be one of the following classes of flows of
time:

1. {{N, <)}
{z, <)}
{Q@ <)}

the class of all finite strict linear orders

any first-order-definable class of strict linear orders—for example, the
class of all linear orders.

Then the satisfaction problem for the TL'-sentences in F, and so the decision
problem for the fragment TL(F)NTL', are decidable.

Proof We will construct, effectively from a 7 L'-sentence ¢, a sentence o, of
monadic second-order logic that will be true in a linear order § iff ¢ is satisfied
in a quasimodel for ¢ over §. This suffices to prove the theorem:

1. By Theorem 8.3, ¢ is satisfiable in a model based on (N, <) iff ¢ is satisfied
in a quasimodel for ¢ over (N, <), iff (N, <) |= 0,. This last statement is
decidable, by a result of Biichi, see [Biichi 1962].

2. The case of (Z, <) is similar.

3. The case of (Q, <) is again similar, except that the decidability of the
problem «(Q, <) |= o, follows from Rabin’s theorem on the decidability
of S2S [Rabin 1969], see also [Rabin 1977] .

4. Asin (1), we see that ¢ is satisfiable in a model based on a finite linear
order iff o, is true in some finite linear order. As is well-known, it follows
from Biichi’s theorem that this last statement is decidable.

5. By considering the standard translation of ¢ into two-sorted first-order
logic (see Section 8.7) and applying the downward Léwenheim—Skolem—
Tarski theorem, it can be seen that ¢ has a model with flow of time in F
iff it has a model with countable flow of time in F. By Theorem 8.3 (1),
this holds iff ¢ is satisfied in a quasimodel for ¢ over a countable order in

F.
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Let P be a new monadic predicate variable, and define, for any formula
1y of monadic second-order logic not involving P, the relativization ¢*" of
w to Pa by 1/1P = w for atomic 1/% (_‘WP = _'wpa (wl A ¢2)P = ¢f A 1/’2P,
(Bzy)? = Fz(P(x) A ¢TF), and 3Qy)T = 3IQyT. Evidently, for any
sentence ¢ and any linear order §, we have § |= IP(3zP(z) AypT) iff § =
1 for some (non-empty) suborder §' of §—the intended interpretation of
P is the domain of §'.

Now any countable strict linear order is a sub-order of (Q, <). Let A be a
sentence of linear order defining F. Then o, (assumed not to involve P)
is satisfiable in some countable § € F iff

(Q <) £ IPEP@) A (A A o))
By Rabin’s theorem, this last statement is decidable.

So fix a TL'-sentence . We will construct o,. First, we write down some
auxiliary formulas. First, introduce a unary predicate variable R, for each
¥ € subyp. If t is any type for ¢, let

xi@) = N Ry@) A\ -~Ry(o),

PEL YE(suby @)\t

saying that the Ry (z) define the type t at z. Also, p denotes the conjunction
of the two formulas

Vo \ (R, (2) ¢ Fy(@ <y A Ry, (y) AV2(2 < 2 <y = Ry, (2))))
Y1UrpaEsuby @

Vo A\ (Rys0, (@) € Fy(y < 2 A Ry, () AVz(y < 2 <z = Ry, (2)))),
P1S8YaEsuby

for some variables y, z; this says that the Ry(z) define a run.

There are at most #(p) world candidates for ¢, and these can be enumerated
effectively. So by the theorem assumption, the set ¥ of all realizable state
candidates for ¢ can be constructed from ¢ by an algorithm.

Introduce a unary predicate variable Py for each s € ¥. We now define the
monadic second-order sentence o, as follows:

Jr (Vaz[\/Ps(az)/\ A ﬁ(Ps(a:)APsr(a:))] A\ 3a Pirgeon (2)

SEX sEX s,s'eX (T, 7°°™)ex
s#s' peUT
A /\ 3 Ry [p AV /\ (P<T7Tcon>(l‘) — Xt(l‘))]
cEcony YESUby @ (T, T°™)eS
(t7c)€TC°"
A Vz /\ |:P<T7Tcon>(l‘) — 3 Rd,(p/\Xt(x))]>.
(T, T°™")en YESuUbL

teT
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If § = (W, <) is a linear order, then § |= o, iff there exist subsets P, C W

(s € X), some of which may be empty, which partition W in such a way that the
state function f : W — ¥ defined by w € Py(y, for all w € W, is a quasimodel
for ¢: the second line states that each constant of cony defines a run coded
by the Ry, and the third line expresses the second condition of Definition 8.4.
The last conjunct on the first line says that ¢ is satisfied in this quasimodel.
Hence, § = o, iff ¢ is satisfied in a quasimodel for ¢ over §. Clearly, o, can
be constructed effectively from ¥, and hence from ¢. This completes the proof.
a

Various applications of Theorem 8.4 can be found in Section 8.8.

8.5 Satisfiability in (N, <): arbitrary models

The translation into monadic second-order logic given in the preceding section
does not of itself yield an elementary decision procedure for our problem—for
example, the complexity of monadic second-order logic over (N, <) (that is,
‘S1S°) is itself non-elementary. In this section we demonstrate another way
of proving decidability of fragments of linear temporal logics, which is more
direct, makes plain the structure of these models, and does yield an elementary
decision procedure. For simplicity we will be considering here the logic T'L(N)
in the language with only one temporal operator Until; it is easy to add Since
if required. The idea is to show that every quasimodel satisfying a given T L;-
formula ¢ can be converted into another quasimodel which also satisfies ¢ and
is based on a periodical state function, with the period being of some bounded
length. In the next section we will use this idea to obtain a satisfiability criterion
for T Ly-formulas in models (on (N, <)) with finite domains.

Fix a T L1-sentence .

We will use the following notation regarding certain sequences of elements,
in particular, state functions f = f(0), f(1),... and runs r = r(0),7(1),....
Given a sequence s = 5(0),s(1),... and i > 0, we denote by s=¢ and s> the
head s(0),...,s(7) and the tail s(i + 1),s(¢i + 2),... of s, respectively; s1 * so
denotes the concatenation of sequences s; and sa; |s| denotes the length of s,
and

S =s%ks%kS5%...

An infinite subsequence g = f(no), f(n1),... of a state function f for ¢ will
also be understood as a state function for ¢ defined by g(i) = f(n;), i € N.

Lemma 8.3. Let (f,R) be a quasimodel for ¢ such that f(n) = f(m) for some
n <m. Then (ffn * fPM RSN« R>m> is also a quasimodel for o, where

R« RZ™ = {pE" % r3™ 1y, 7y € Ryry(n) = ra(m)}.

Proof It suffices to observe that if 71 and ry are runs in f and ry(n) = ro(m),
then rlgn xry™ is a run in fS" % f>™. Let us check, for instance, the ‘=’-
condition for ¢ Us € subyp. Suppose that Uy € 11 (k) for some k < n.
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Then, since r; is a run, there is [ > k such that 1y € ri(l) and ¢, € r(I')
for all I' € (k,l1). If | < n then we are done. Otherwise, when [ > n, we have
1lrpy € r1(n) = ro(m), and so are done again, since r» is a run.

Now, because (f,R) is a quasimodel, for every r; € R there is 19 € R
such that 71 (n) = r2(m), and vice versa (swapping n,m). It now follows that
(fSm* f>m RS" % R>™) is a quasimodel for . Q

Definition 8.5. If g is a subsequence of f, and both (f,R) and (g, Q) are
quasimodels for ¢, then we call (g, Q) a subgquasimodel of (f,R).

For instance, (fS" * f2m ORS™ R>m> in the formulation of Lemma 8.3 is
a subquasimodel of (f, R).

Lemma 8.4. Every quasimodel f for ¢ contains a subquasimodel f' = fi x fo
such that | f1] < #(p) and each quasiworld in fy occurs in this sequence infinitely
many times.

Proof If each f(n), for n € N, occurs infinitely often in f then let f' = f = fo
(f1 is empty). Otherwise, we take n to be the maximal number such that
f(n) # f(m), for all m > n, and apply Lemma 8.3 to the quasimodel f deleting
from its head f<" all repeating quasiworlds, which yields us a subquasimodel
f"'= f1 x f>" satisfying the required properties. a

Definition 8.6. Suppose that f = f(0), f(1),... is a sequence of realizable
world candidates for ¢ of the form f(i) = (T}, Tf°™), r is a sequence of elements
from T3, i € N, such that r(i) € T;, and n € N. Suppose also that a formula
P1lUpy € suby () occurs in r(n). Then we say that r realizes 1 U in m steps
(starting from n), if there is [ € (0, m) such that ¢¥»» € r(n+1) and ¥y € r(n+k)
for all k € (0,1).

Lemma 8.5. Let f = f1 x fo be a quasimodel for ¢ (with quasiworlds of the
form (T;,Tf°") for i € N) such that n = |f1] < #(v) and each quasiworld in
fo occurs in it infinitely often. Then f contains a subquasimodel of the form
fi % fox 5!, for some 1 >0, such that

(D) [fol < Isubsepl - (e) -5%(9) + 4(e);

(i) for every t € T, there is a run r in fi * fo * f2>l coming through t and
realizing all formulas of the form YU € r(n) in |fo| steps (for t. € T™ the
run r. realizes all formulas of the form YUy € re(n) in |fo| steps);

(i) fo(0) = £5(0).

Proof Suppose t € Ty, 1Urps € t and 7 is a run in f through ¢, i.e., r(n) = t.
Take the minimal m > 0 such that ¢ € r(n + m) and ¢y € r(n + k) for
all £ € (0,m). Assume now that 0 < i < j < m, r(n +1i) = r(n + j) and
fn+1) = f(n+j). In view of Lemma 8.3, f; * f;i % f77 is a subquasimodel
of f and r<"+% x >"+J is a run in it coming through ¢ € T),. It follows that we
can construct a subquasimodel f; * f;o % f3 of f and a run r{ in it which comes
through ¢ € T, and realizes ¥1Us in my < b(p) - #(p) steps.
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Then we consider another formula of the form iU} € ¢t and assume that
it is realized in mo > my steps in r;. Using Lemma 8.3 once again (and deleting
repeating quasiworlds in the interval f3(my),..., fs(m2)) we select a subquasi-
model f; * f;o * ;ml x fq of f and a run ry through ¢ € T, which realizes both
P1ldrpy and PiUy; in 2 b(p) - §(¢p) steps.

Having analyzed all distinct formulas of the form U5 in t € T,, we obtain
a subquasimodel f; * ;0 % f' % f>* of f and a run 7' through ¢ which realizes
all such formulas in m' < |sub¢| - b(¢) - () steps.

After that we consider in the same manner another type t' € T,,. However
this time we can delete quasiworlds only after f'(m'), and so to realize in some
run through ¢’ a formula 11Uy € t', we need again < >(p) - #(p) new steps.
Since |T,,| < b(), at most |sub,p|-b*(¢)-£(p) quasiworlds are required to satisfy
(ii).

Finally, not more than () quasiworlds may be needed to comply with (iii).

a

Definition 8.7 (suitable pair). A pair ¢, t' of types for ¢ is called suitable if
for every Y Ups € subyp,

Y1Urps € tiff either 1po € t' or 1y € t' and YU €t

Lemma 8.6. Suppose that fi and f> are finite sequences of realizable world
candidates for ¢ of length Iy and I3, respectively, and let

f=hHx*fs

with f(n) = (T, T™), n € N. Then f is a quasimodel for ¢ whenever the
following conditions hold:

1. for every i, 0 < i <ly +l2, and every t; € T;, there are t;—1 € T;—1 (only
if i >0) and tiyy € Tiyy (only if i <y +12)* such that the pairs t; 1,t;
and t;,t;y1 are suitable;

2. for every i <l and every t; € T;, all formulas of the form iUy, € t;
are realized in Iy + 1y — i steps in some sequence t;,t;11,...,t1, 1, in which
tivj € Tiyj and every pair of adjacent elements is suitable;

3. every pair of adjacent elements in 0, ... th+l where ti € TFo", is suit-
able and, for every i <y, all formulas of the form U € t; are realized
in this sequence in ly + Iy — i steps.

Proof We have to show that there is a run coming through an arbitrarily given
tn € Ty, for every n € N. If n <[, then we first use condition 1 to construct a

sequence ty, ..., t, such that t; € T; and every pair of adjacent elements in it is
suitable. After that, in accordance with condition 2, we continue this sequence
to to,. .. tn, ..., t1 41, in order to realize all formulas of the form {1l € ty,.

INote that f(l1 +l2) = f(l1) = f2(0).
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Then we again use 2 to continue it to fo,..., ¢ 415, -, f2(1,41,), Tealizing all
U-formulas in ¢, 4;,. And so forth. The resulting sequence is clearly a run in f.
If n > [; then, using 1, we construct a sequence tg, ..., %y, ..., 6, such that

t; € T;, every pair of adjacent elements in it is suitable and m = k(l; + l2), for
some k > 1. After that, by 2, we run on this sequence to

th s 7tn7 s at’ma R 7t(k+1)(t1+t2)

realizing all the /-formulas in ¢,,, and so on, thus obtaining a run through ¢,.
Finally, we observe that the sequence

0 =1 (4l Li4la—1
SR L (A A
is a run in f, for every ¢ € conp. a

As a consequence of the two preceding lemmas we immediately obtain the
following;:

Theorem 8.5. A T Li-sentence ¢ is satisfiable iff there are two sequences fi
and fa of realizable world candidates for p such that fi x f5 satisfies conditions
1-3 of Lemma 8.6, all world candidates in fi are distinct (and so |fi| < §(¢)),

|fo] < Isubsip] 9% (0) - 8(0) + H(),

and @ €t for all t € Tp.

Proof By Theorem 8.3 and Lemmas 8.4, 8.5, ¢ is satisfiable iff ¢ is true in the
first quasiworld of a quasimodel of the form f; x fo * f;”! described in Lemma 8.5.

It remains to observe that fi * f; satisfies the conditions of Lemma 8.6. a

Given two finite sequences f; and fs of world candidates for ¢, we can
effectively check whether they satisfy conditions 1-3 of Lemma 8.6. The only
missing thing to make the criterion of Theorem 8.5 effective is therefore an
algorithm for detecting whether a given world candidate for ¢ is realizable.

Now we extend the developed technique to obtain a similar satisfiability
criterion in models with finite domains.

8.6 Satisfiability in (N, <): finite domains

To begin with, let us observe that formulas in 7 £; behave differently in models
with arbitrary and finite domains.

For ¢ > 1, denote by 7L’ the (-variable fragment of 7L and put Tﬁ’f =
TLiN TL’E.

Theorem 8.6. For every TL' D TLINTL™,

TLiin(N)NTL 2TL(NNTL.



194 CHAPTER 8. FRAGMENTS OF TEMPORAL PREDICATE LOGICS

Proof Let
¢ = 03z(P(z) A=(TSP(x))).

In English: ‘at every moment, someone starts to get old’. Then ¢ € TLINT L™,
and it is readily checked that ¢ is satisfied in the model 9 = (N, I} with

I(n) = (N,P" = {0,...,n}),

but is false in all models with finite domains. Indeed, if we interpret O as ‘at
all times’, then in any model of ¢ with linear flow of time W and domain D we
have |D| > |[W|. Thus, ~¢ € TL#;n(N) N TL and —~p ¢ TL(N) N TL'. a

Our aim in this section is to prove the following analogue of Theorem 8.4
(1):
Theorem 8.7. Let TL' C TL1 and suppose that there is an algorithm which
is capable of deciding, for a TL'-sentence @, whether an arbitrarily-given world
candidate for ¢ is finitely realizable. Then the satisfaction problem for TL'-
formulas in models with finite domains, and so the decision problem for the
fragment TL¢;,(N) NTL', are decidable.

To this end we will modify Theorem 8.5 to show that a 7 L£i-sentence ¢ is
satisfied in a model with a finite domain iff there is a quasimodel based on a
world function f = f; % f5 as in Theorem 8.5 and having a finite set of runs
R in it. The idea is to strengthen conditions 1 and 2 of Lemma 8.6 in such a
way that sequences t;,, ... ,t;,+1,, realizing formulas of the form U2, could
be short-circuited, i.e., t;, 41, = t;,. Then we will be able to compose infinite
runs of the form

toy .-y tin—ty (tiyy ey bl in—1)
the number of which is clearly finite. Yet, there remains one more technical
problem: to ensure that we have enough runs, i.e., that every type in every
quasiworld lies on some run. To solve it, we will need two kinds of sequences of
types in quasiworlds: one,

S2 = (tln- . -tl1+lz—1> )

to realize U-formulas, and another one,

s3=(t],s 1, 11o1) >

to make sure that we have enough runs. The resulting runs will then have the
forms
th . '7tl1*17 (82 * 83)* and th v atl1*17 (83 * 82)*'

Let us fix a T Li-sentence . Let {(f,R) be a quasimodel for ¢. Define an
equivalence relation ~% on N by taking

i~ g it £(i) = f(j) and Vr € R r(i) = r(j),

and denote by [n]r the ~g-equivalence class generated by n.
Besides, for each n € N, we define one more equivalence relation ~% on N
by taking i ~% j iff f(i) = f(j) and
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e for every r € R there is v’ € R such that r(n) = 7'(n) and r(i) = r'(j),
e for every r € R there is ¥’ € R such that r(n) = 7'(n) and r(j) = r'(3).

Lemma 8.7. For every n € N, the number of pairwise distinct ~% -equivalence
classes does not exceed

i(p) = t(p) - 22277

Proof Fix some n € N and define a function o;(k,1), for i € N, k,l < n,, by
taking
(k l)={ 1 ifIreRr(n) =ty & r(i) =t,
’ 0 otherwise.
We then have i ~% j iff f(i) = f(j) and o;(k,1) = oj(k,1), for all k,l < n,. It
remains to observe that the number of functions from {1,... ,n,}? into {0,1}
is 27 u]

The finite analogue of Lemma 8.4 we need is proved similarly to that lemma
with the help of Lemma 8.3.

Lemma 8.8. Every quasimodel (f,R) for ¢ with finite R contains a subquasi-
model (f1 * fa, Q) with finite Q such that |fi| < #(p) and [n]g is infinite, for
every n > | fi.

However, to prove a finite version of Lemma 8.5, a somewhat subtler deleting
technique is required:

Lemma 8.9. Let (f,R) be a quasimodel for ¢, n <i < j, and i ~% j.
Then (f<'x f>3,Q = RS x, R>7) is also a quasimodel for o, where

RS w, RZT = {r7" w037 try,m0 € Ryr1(i) = r2(j), 71(n) = r2(n)}.
Moreover, for alln' > j, if n ~g n' thenn ~gn' — (j —1).
Proof Follows immediately from the definition of ¢ ~% j. a

Lemma 8.10. Let (f = f1 * f2,R,) be a quasimodel for ¢ (with quasiworlds
of the form (T;,Tf°")) such that n = |fi| < #(¢), R is finite), and [m]r
is infinite for all m > n. Then (f,R) contains a subquasimodel of the form
(fi x fox f51,Q), for some | >0, such that Q is finite and

. lsuba ol

(i) 1fol < lsubsp] - 5(p) - 22277 +4(p);

(ii) for every t € T, there is a run r € Q through t realizing all formulas
of the form V1Us € r(n) in |fo| steps (for t. € T°™ the run r. realizes all
formulas of the form 1 Us € T.(n) in | fol| steps);

(iii) n ~o [f1 * fol >

2Note that f(n) = fo(0) = f5'(0) = (|1 * fol))
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Proof Suppose t € T, y1UU1ps € t and r is a run in R through ¢. Then there
exists m > 0 such that 2 € r(n +m) and ¢; € r(n + k) for all k& € (0,m).
Assume now that 0 <i < j <m, r(n+i) =r(n+j)and n+i~Xn+j. In
view of Lemma 8.9, <f1 w [S0% 77, Q0 = RS, R>"+j> is a subquasimodel

of (f,R), r<"*i x r>7+J is a run through ¢, and for all n' > n + j we have
n ~g, n' — (j — i) whenever n ~% n/. Thus we obtain a subquasimodel

<f1 x f50 % fa, Qo>

of {f,R) such that Qp is finite, there is a run ry € Qg through ¢, realizing
U1lUsps in my < 2lsubal. 1(p) steps, and such that, for all n' > n + my we have
n ~g, n' — (j — i) whenever n ~% n’. In particular, [n]g, is infinite.

After that we consider another formula iUy} € ¢t and assume that it is
realized in mo > my steps in 7. Using Lemma 8.9 once again (and deleting
quasiworlds in the interval f3(my),..., fs(m2)) we construct a subquasimodel

<f1 * ;0 * ;ml * fa, Q1>

of (f,R) and a run 5 through ¢ realizing both 11U and 1,1t} in 2 - 2lsub=9l.
1(p) steps, with [n]g, being infinite.

Having analyzed all distinct formulas of the form U, in t we obtain a
subquasimodel

<f1* ;1*f1,9'>

of (f,R) with finite Q" and a run r’' € Q' through ¢ realizing all /-formulas in
m' < |suby| - 21°%=#l . () steps. The class [n]o is infinite.

Then we consider in the same manner another type t' € T,,. However, this
time we can delete quasiworlds only after f'(m’). And so forth. Thus we arrive
at a subquasimodel

(s )

of (f,R) with finite Q", infinite [n]or and such that all formulas of the form

Uiy in all t € T, are realized by some r € Q' in < |sub,¢)| - §(p) - 22277
steps.
Finally, we need at most 3(¢) new quasiworlds to comply with (iii). a

We are in a position now to prove the finite analogue of Lemma 8.6.

Lemma 8.11. Suppose fi and fo are finite sequences of realizable world can-
didates for ¢ of length 1y and I3, respectively, and let

f=fixf3

with f(n) = (T, T, for n € N. Suppose also that the following conditions
hold:
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1. for everyi < Iy + 2 and every t; € T;, there is a sequence to, ...t 41,—1
of types for p such that
1.1. t; € Ty, for every j < li + s,
1.2, the pair t;, t;y1 is suitable, for everyi <ly + 1 — 1,
1.3. the pair t;, +1,—1,t, is suitable;

2. for every i <y and every t; € T;, there is a sequence tg, ..., t;, +1,—1 Such
that

2.1. all formulas of the form ¥1Ups are realized in 1y + lo — i steps in
tO) e ,tll+l271,

2.2. t; € Tj, for g <li +1s,

2.3. every pair of adjacent types in the sequence is suitable,

2.4. the pair t;, 41,—1,t;, is suitable.

3. all pairs of adjacent elements in t2,. .. ta+l2=1 where ti € TF", as well
as the pair th12=1 th " are suitable, and, for every i <y, all formulas of
the form 11Uy € t; are realized in t0,. .. th+12=1 in [} +1, — i steps.

Then there is a finite set R of runs in f such that (f,R) is a quasimodel for ¢.

Proof We have to define a finite set of runs R in f. Say that a sequence
toy ...yt +1,—1 i of type 1 (type 2) if it satisfies condition 1 (respectively, con-
dition 2 for ¢ = [y) in the formulation of the lemma. Clearly, there are finitely
many sequences of type 1, and every sequence of type 2 is also a sequence of
type 1.

Let R consist of all infinite words of the form

S1 % (32211 * s?ll)* and s1 (s:?l1 * 82211)*,
where s1, s3 are sequences of type 1 and s» is a sequence of type 2 such that
e the pair s1(l1 + 12 — 1), s2(l1) is suitable and
o s2(lh) = s3(lh).

It is readily checked that every such word is a run in f and that (f,R) is a
quasimodel for ¢. Needless to say that R is finite. a

Putting together the two preceding lemmas we obtain:

Theorem 8.8. A T Lq-sentence ¢ is satisfied in a model with a finite domain
iff there are two sequences f1 and fo of realizable world candidates for ¢ such
that f1 = f3 satisfies conditions 1-3 of Lemma 8.11, all world candidates in fi
are distinct (and so |fi| < #(p)),

olsuba ]
|fol < Isubail - () - 22777 +h(p).
and p € t, for all t € Ty.

The criterion of Theorem 8.7, reducing the satisfaction problem for 7 £'-
formulas in models with finite domains to the finite satisfaction problem for
L-formulas of the form ag, follows immediately.
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8.7 Two-sorted temporal logic

In this section we relate the languages 7L and 7Ly to two-sorted temporal
logic.

Consider a first-order logic with two sorts: domain and time. The language
TS of the logic has the following alphabet:

e an infinite set of domain variables xg, ... of domain sort;
e an infinite set of temporal variables ¢q, ... of temporal sort;

e the binary relation symbol < of sort temporal x temporal;

predicate symbols P, ... of sort temporal x domain™.
Formulas of 7S are defined inductively:
e t; < t;, for temporal variables ¢;, ¢;.

e P(t,x1,...,xy), for a relation symbol P of sort temporal x domain™, ¢t a
temporal variable, and z1,... ,z, domain variables.

e if ¢ and ¢ are formulas, then —p, p A ¢, tp, dxp are formulas.

TS is interpreted in first-order temporal models of the usual form 9 =
(§,D,I), where § = (W, <) is a flow of time (i.e., a strict linear order), D is
a non-empty set, the domain of 9, and I is a function associating with every
moment of time w € W a first-order L-structure

I(w) = <D,P§<w),...,cg(’”),...>,

in which Pil(w), for each 7, is a predicate on D of arity n whenever P; is of arity
n+ 1, and AW e p.

i

An assignment in 9 is a function a = a; U as such that a; associates with
every temporal variable ¢ a moment of time a;(t) € W and ay associates with
every domain variable z an element as(z) of D.

The truth relation 9 = ¢ is defined inductively as follows:
e I |=Cl t; <t;iff § '= ar(t;) < Cll(tj),
e M P(t,zy,...,2,) iff (ax(zy),. .., a0(z,)) € PTE®)

o M =1 Yty iff M |=° ¢ for every assignment b that may differ from a only
on t,

M =1 Voo iff M =L ¢ for every assignment b that may differ from a only
on z,

and the standard clauses for the booleans.

It should be clear that the temporal operators i/ and S of T L are expressible
in 7S. On the other hand, there are T S-formulas that are not expressible in
T L over any interesting class of flows of time (see below). It turns out, however,
that 7L and 7L, are expressively complete for some natural fragments of TS.
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Definition 8.8. Let 7S;; (respectively, TS1,) consist of all TS-formulas ¢
without subformulas of the form Vv (Vi) such that ¢ contains more than one
free temporal (respectively, domain) variable. Let TS = TS1: N T Stz

Suppose that each n-ary predicate symbol @; of 7L is associated with the
(n + 1)-ary predicate symbol P; of TS. Define a translation { from 7L into TS
by taking, for some fixed temporal variable ¢,

Q,»(avl,...,acn)lr = Pi(t,z1,...,2,),
(erAp)t = ol Ayl
(o)t = =(eh),
Vzp)t = Va(p'),
(WU)t = 3t <t Nt [t} AV (t <t <t = T{E" /1)),
(WSp)T = WEH <tAQ {t' /LI AVt <t" <t —pT{t"/t})),

where t' and #' are new temporal variables.

Note that for every T L-formula ¢, we have pf € TSy, and for every ¢ €
TL; we have of € TS;.

The meaning of the translation f is explained by:

Definition 8.9. Let 9 = (F,D,I) be a TS-model and a = (a;,a2) an as-
signment in 9. Let M = (F,D,J) be a TL-model, b an assignment in 9.
We say that (9, a) and (91,b) are equivalent, and write (M, a) ~ (M,b), if
PiI(w) = Q;»I(w) for all w, i, and as = b.

Lemma 8.12. Suppose (M, a) ~ (M, b). Then for every TL-formula ¢ and
every moment of time w, if a(t) = w then

(M, w) = o iff M
Proof An easy induction on ¢. a

Definition 8.10. Let F be a class of flows of time, £’ C TL£, and £" C TS.
We say that L' is expressively complete for L' on F if for every p € L with at
most one free temporal variable, there exists a formula @ € £’ such that ($)F
and ¢ are equivalent in all models based on flows of time in F.

Theorem 8.9. Let F be any class of dedekind-complete flows of time (for ex-
ample, the class {(N, <) ,(Z, <), (R, <)} U {F : § a finite linear order}). Then

1. TL is expressively complete for TS1; on F.
2. TLy is expressively complete for TS, on F.

Proof By Kamp’s theorem (see [Kamp 1968], [Gabbay et al. 1994], and the
appendix), the propositional temporal logic with S and U is expressively com-
plete for monadic first-order logic over F. So for any formula ¢(t, Py, ..., P;) of
monadic first-order logic with one free variable ¢ and unary predicates Py, ..., Py,
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we may fix a propositional temporal formula (pi,...,pr) such that for every
first-order structure 9t based on a flow of time § = (W, <) € F, and every
valuation 90 in § with B(p;) = P™, we have

((§,0),w) £ iff M = plw/t], for all w € W.

For ¢ € T8y with a free temporal variable ¢, if any, and ' € TL, we
say that 1’ expresses v if the translation (¢')! of 1/’ is equivalent to 1 in any
first-order temporal model based on a flow of time in F. Suppose now that
x = x(t,Q1,...,Qr) € TS1:. We prove that for every subformula ¢ of x with
at most one free temporal variable, there is a 7 L-formula 12 that expresses .
The proof is by induction on . R

Case 1: ) is atomic. If v =t < t,then put p = L. If ¢ = Q;(t,z1,...,2n),
then put ’(ZJ\ = Pi(z1,-..,%n)-

Case 2: ¢ = VYzip1. By t}lg induction hypothesis, there exists 1/@ that ex-
presses 1. But then, J = Vx1, expresses 9.

Case 3: otherwise. Let 11,... ¢ be a list of all subformulas of 1 of the
form either Q;(t',y1,...,yn) or Vz¢' that have an occurrence in ¢ that is not
within the scope of a domain quantifier Vy. Since ¢ € T Sy, every ; of the form
Yz} has at most one free temporal variable. Thus, by the induction hypothesis,
there exists 1; € TL that expresses v;, for each i < [.

Now replace in 9 every occurrence of a v;(t') that is not within the scope of
a Yy by a predicate symbol Qy, (t') of the monadic first-order logic. Denote the
resulting monadic first-order formula by ¥'(t, Qy,,...,Qy,). Take the propo-
sitional formula W(qwl, .+.yqy, ), and in it, replace every propositional variable
qy; by ;. The resulting formula {b\ clearly expresses 1.

This completes the induction. So there is a T L-formula X expressing Yy,
proving the former claim of the theorem. To prove the latter, it is enough to
observe that if ¢ € TSy then ¢ € TL;. a

Remark 8.3. Clearly, the T S-sentence
3t,3ta (11 <ty AVZ(P(t1,z) < P(ta,)))

is not in 7S1;. By results of [Kamp 1971], [Abiteboul et al. 1995, 1996] it
cannot be expressed in T L over the flow of time (Q, <) nor over the class of all
finite linear flows. It follows from Theorem 8.9 that over these flows, it is not
equivalent to any 7 S1;-sentence.

For a class H of flows of time, denote by T'S(H) the set of all T S-sentences
that are true in all models based on frames in H, and by T'Sy;n(H) the set of

T S-sentences true in all models based on frames in H and having finite domains.
Given a set TL C TLy, let

TS ={pe TS :3eTLY,

where ¢ is as defined in the proof of Theorem 8.9. Since ¢ is constructed
effectively from ¢ as an immediate consequence of Lemma 8.12 and Theorem 8.9
we obtain the following:
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Corollary 8.1. Suppose that every § € H is dedekind-complete, and that T L' C
TLy. If the fragment TL(H)NTL' is decidable, then the fragment TS(H)NTS'
is decidable. If the fragment TLy;,(H) N TL' is decidable, then the fragment
TStin(H)NTS' is decidable.

Remark 8.4. TSy is interesting for another reason: it contains the modal pred-
icate logic S5 based on domains which coincide with the natural numbers. Cer-
tainly this logic is an interesting epistemic logic.

8.8 Applications

In this section, we apply the criteria of Theorems 8.4 and 8.7 in order to single
out a number of decidable fragments of various temporal logics. We formulate
the results for the flow of time (N, <) only.

Theorem 8.10. The fragments TL(N) NTL; and TL;n(N) N'TLT are decid-
able.

Proof The proof is similar to the proof of Theorem 7.8 and omitted. a

As T L7} contains the set 7L' of T L-formulas with at most one variable, we
also have:

Corollary 8.2. The fragments TL(F)NT L' and TL;,(NNT L' are decidable.

Remark 8.5. Tt is worth noting that the set of formulas 7£' corresponds to the
propositional language Ls 14,0 with the temporal operators S, ¢ and the modal
(or epistemic) operator 0. Indeed, we may define a translation T from Ls o
onto 7L by taking, for a fixed individual variable z,

T(pi)) = Pi(=)
TleAy) = T AT®)
T(mp) = -T(p)
T(eUyp) = T(pUT()
T(eSY) = T(p)ST(¥)
T(Op) = Vz T(p).

Recall that the product L x S5 of a propositional temporal logic L, determined
by a class F of linear orders (W, <), and S5 is the set of all formulas in Ls 1,0
that are valid in frames of the form (W x V, <, ~), where (W, <) € F, V is a
non-empty set, (w,v) < {(w',v') iff v = v' and w < w', and ~ is an equivalence
relation on W x V given by (w,v) ~ (w', vy iff w = w'.

It is easy to see that a formula ¢ € Ls 14,0 belongs to Lx S5 iff T(¢p) is valid in
all predicate extensions of all linear orders (W, <) validating L. Thus we obtain,
for example, that L(N) x S5 is decidable, where L(N) denotes the propositional
temporal logic determined by (N, <). Observe that this logic coincides with
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the temporal-epistemic logic of one agent who doesn’t forget, doesn’t learn, and
who knows time, from [Fagin et al. 1995] (the decidability of which is of course
known already).

The author does not know of any appearance in the literature of the logic
L(N) x y S5 determined by the class of frames (N x V, <, ~) such that V is finite.
This logic, the propositional version of T Ly, (N) NTL!, is different from the
temporal-epistemic logic L(N) x S5 (the proof is similar to that of Theorem 8.6)
and corresponds to the assumption that there are only finitely many possible
runs of the multi-agent system. It would be of interest to investigate application
domains of temporal-epistemic logics with this condition.

One more interesting fragment of 7L is the set TL™° of monadic temporal
formulas. As was shown in Section 8.1, the fragments 7£*NT L™ NT L(N) and
TL>NTL™ NTLyin(N) are undecidable. However, this is not the case for the
language T L7 = TL, NTL™°. For then the formula ag, corresponding to a
world candidate ¥ for ¢ € TL]*?, is a monadic £-formula, and as is well-known,
the monadic fragment of first-order logic is decidable and has the finite model
property. This yields:

Theorem 8.11. The fragments TL(N) N TLT and TLy¢;,,(N) N T L™ are de-
cidable.

Let us consider now the guarded fragment of 7 L. The following definition
should be clear.

Definition 8.11 (guarded fragment). Denote by 7TGF the smallest set of
T L-formulas such that

e every atomic formula is in TGF;
o if p and ¢ are in TGF, then so are ¢ A ¢, =, S, and pUY;

e if 7,7 are tuples of variables, G(Z,7) is atomic, ¢(Z,y) € TGF, and
every free variable occurring in ¢(Z,y) occurs in G(Z,7) as well, then
W(G(@,Y) Ne(T,7)) is in TGF.

The set TGF is called the guarded fragment of the first-order temporal language.
We write GF for the guarded fragment £ N TGF of the first-order language L.

Unlike the guarded fragment GF of classical first-order logic the temporal
guarded fragment interpreted in (N, <) turns out to be even not recursively
enumerable.

Theorem 8.12. TL(N) N TL?> N TGF is not recursively enumerable.

Proof The proof is similar to that of Theorem 7.13 and left to the reader.
a

Let TGF1 =TGFNTL;.
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Theorem 8.13. The fragments TL(N) N TGF1 and TLy;,,(N) N TGF1 are de-
cidable.

Proof It suffices to show that there is an algorithm capable to decide for every
p € TGF; and world candidate ¥ = (T, T°") for p whether the L-sentence

ay = /\ Az t(z) A Vr \/ t(z) A /\ t(c)
teT teT (t,c)eTeon

is (finitely) realizable. But this can be proved in the same manner as Lemma
7.4. a

As in the previous chapter we close the presentation of applications with
modal description logics. Firstly, observe that in the present context we can
extent Theorem 8.4 as follows:

Theorem 8.14. Let FO be a class of first-order structures and TL C TL;.
Suppose also that:

(i) there is an algorithm that is capable of deciding, given a world candidate
for ¢ € TL', whether it is realizable in a structure from FO, and

(ii) there is a cardinal k > Yo such that for any k' > &k, every world candidate
(T, T°°™) realizable in a structure from FO is realizable in a structure
D € FO in which |D¢| = &' for every t € T.

Then the satisfiability problem for T L'-formulas in models based on
o (N, <),
« (@),
e the class of all finite strict linear orders,
e the class of all strict linear orders,
the worlds of which are structures from FQO, is decidable.

Corollary 8.3. The satisfaction problem for formulas without modalized and
global roles for PTL¢zg, Linczo, and LQq7o is decidable.

8.9 Open questions
We end with some problems arising from the work above.

1. Do our results extend to the flow of time (R, <) with arbitrary domains?
(That they extend to (R, <) with finite domain is proved in [Hodkinson
et al. 1999].)

2. Can our results be extended to first-order temporal logic with equality?
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Or to logics over non-linear flows of time, such as historical necessity logics,
and CTL*?

What is the computational complexity of satisfiability of an arbitrary
monodic formula ¢ over the flows of time considered earlier, given an
oracle for determining if a given world candidate for ¢ is realizable?

Are there other natural fragments of 7L that can be decided in the way
given in this monograph?



Appendix A

Basic Modal Logic

In this chapter we introduce briefly the notation used in this monograph. Some
basic results are presented as well. This chapter does not provide an introduc-
tion to modal logic. In fact, reading it requires some background knowledge
about modal logic. For introductions to modal logic we refer the reader to the
textbooks and surveys listed at the end of the introduction.

A.1 Syntax

Denote by L, the propositional language constructed from
e an infinite set of propositional variables p1, ...,
e the boolean connectives A and —,
e the unary modal operators Oy, ... ,O,.

A (normal n-modal) logic L is a subset of £,, containing all tautologies of classical
logic, the distribution axioms

Oi(p — q) — (Qip — Oiq),

for 1 < i < n, and which is closed under substitutions and the necessitation
rule: p/0;p, for 1 <i < n. By K,, we denote the smallest n-normal logic. Often
K, is simply denoted by K.

Given an n-normal logic L and a set ® of formulas we denote by L & ® the
smallest n-normal logic containing L U ®.

The n-normal logics form an algebraic lattice (induced by the inclusion re-
lation) denoted by N,,. The lattice of n-normal logics containing a given logic
Lis L.

With every normal logic L we associate a consequence relation Fp defined
by putting I' Fr, ¢ iff ¢ is derivable from I' U L using both modus ponens and
necessitation. Then ¢ is said to be globally derivable from ' in L. The logic
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L is globally decidable iff there is a procedure capable to decide, for formulas ¢
and ¢ whether 1 is globally derivable from ¢ in L. Observe that every globally
decidable logic is decidable, but that the converse does not hold (cf. [Spaan
93]). (In this monograph we call L decidable iff there exists a procedure capable
to decide, for every formula ¢, whether p € L.)

An n-quasi-normal logic is a subset of £, containing K, which is closed
under modus ponens and substitutions. By L 4+ T" we denote the smallest quasi-
normal containing L UT.

A few standard normal modal logics are listed in Table A.1.

We denote by sfp the set of all subformulas of a formula . By sf(T") we
denote the set of all subformulas of formulas from I'.

A.2 Algebras and frames

A n-normal (modal) algebra is an algebra of the form 2 = (A, A, =, O¢, ... ,0,,0,1)
such that (A, A,—,0,1) is a boolean algebra and

0;1=1,0;(aAb) = O;a A O;b, for all 1 <4 < n.

A valuation v (sometimes also denoted by U) into 2 is a homomorphism from
the algebra of formulas into 2. The algebraic counterpart of a n-normal logic L
is the variety AlgL defined by putting

AlgL = {2 : for all valuations v in 2 and all ¢ € L (v(p) = 1)}.

Conversely, each variety (equationally definable class) V of n-normal algebras
determines the n-normal logic

LogV ={p: VA eV A= p=1}

Thus we arrive at a dual isomorphism between the lattice of n-normal logics and
the lattice of varieties of n-normal algebras, which makes it possible to exploit
the apparatus of universal algebra for studying modal logics. In this monograph,
however, algebra will be used in Chapter 2 only.

In fact, it is often more convenient to deal not with modal algebras directly
but with their relational representations discovered by Jénsson and Tarski [1951]
and now known as frames. Each (n-) frame & = (W, Ry,..., Ry, P) is a hy-
brid of the usual Kripke frame g = (W, Ry,...,R,) and the modal algebra
&t = (P,0,W,—,n,u,0¢,...,0,) in which the operations O; are uniquely
determined by the accessibility relation R;: for every a € P C 2%,

O;a={zeW :Vy (zR,y > y € a)}.

So, using frames we can take advantage of both relational and algebraic seman-
tics. To simplify notation, we denote frames of the form § = <W,R,2W> by
$ = (W, R). Such frames will be called Kripke frames.
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KB
K4
K5
Alt,
D4
S4
GL
Grz
K4.1
K4.2
K4.3
S4.1
S4.2
S4.3
Triv
Verum
S5
K41,
K.t
K4.t
Lin
LQ

KeoT
KeOp—p
Kep—OOp
Ko Op — O0p
Ko oOp— O0p

KeOp, vO(pr = p2)V...VO@I A ... ADp = Pry1)

K4 OT

K4aeOp—p

K4 0O(0Op — p) — Op

Ko OH(p—0p) =»p) = p

K4 ® O00p — oOp

K4® O(pAQqg) — O(pV <Oq)

K4 & 0(0%p — q) vO(D¥q - p)

S4 @ O0p — OOp

S4 @ SOp — OOp

S4 & 0O(0p — ¢) vV O(0g — p)
K4aeOpep

K4 Op

S4ap— OOp

Ka& A\, Opi - Vogi;ﬁjgn O(pi A (P V Opj))
Ko®p—0,Cop®p— O201p
K.tdOp— O0p

K4t D O10pVEO01p = pVOIpVOop
Lin®d O TR OT BO1p— O101p
(K®S5)®0O,p— Oyp

Table A.1: A list of some standard normal modal logics.
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A frame & = (V, S1,...,S,, @) is said to be a generated subframe of a frame
S=(W,Ry,...,R,,P) if V C W is upward closed in §, i.e., x € V and zR;y
imply y e V, S; =R;|V,and Q@ = {anV :a € P}. The smallest generated
subframe & of § containing a set X C W is called the subframe generated by
X. A frame § is rooted if there is x € W—a, root of —such that the subframe
of § generated by {z} is § itself.

A map f from W onto V is a reduction (or p-morphism) of a frame § =
(W,Ry,...,R,,P) to & = (V,S,...,S,,Q) if the following three conditions
are satisfied for all z,y € W and a € Q

(R1) xRy implies f(z)S;f(y);
(R2)  f(x)Sif(y) implies 3z € W (zRiz A f(z) = f(y));
(R3) ft(a) € P.

The operations of reduction and generating subframes are relational counter-
parts of the algebraic operations of forming subalgebras and homomorphic im-
ages, respectively, and so preserve validity.

A frame § = (W, Ry,..., R,, P) is differentiated if, for any xz,y € W,

x=yif Va€e P (x €a <+ y € a).

3 is tight if
xRy iff Ya € P (x € O;a — y € a).

Those frames that are both differentiated and tight are called refined. A frame §
is said to be compact if every subset X' of P with the finite intersection property
(i.e., with (X’ # 0 for any finite subset X’ of X’) has non-empty intersection.
Finally, refined and compact frames are called descriptive. A characteristic
property of a descriptive § is that it is isomorphic to its bidual (F+),.

Some special notions are required for frames § = (W,R;,... ,R,,P) in
which some relation R; is transitive. In this case a point y € W is called a weak
Rj-successor of z, in symbols zR}'y iff zR;y or x = y. On the other side, y
is called a strict successor of x, in symbols a:R;-y, iff zR;y and =(yR;z). An
Rj-cluster is a non-empty set C' which consists of an irreflexive point or is of the
form C(y) = {z : Ry AyR;a}, for ay € W. Clusters containing an irreflexive
point only are called degenerate. For Rj-clusters C' and D and y € W we use
the notation CR;y, yR;C, CR;D in the obvious manner.

Let a € P. The set of R;-mazximal a-points maxg,(a) is defined by putting

y € maxpg, (a) iff y € a and for all z with ylsz : 2 € a.
Given a point & € W the set of Rj-mazimal a-points seen by x is

max(z, Rj,a) = Trg,;(z) N max(a),

where T'rg;(z) = {y € W : zR}y}. The following theorem generalizes a result
from [Fine 1974b)]
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Theorem A.1. Let & = (W, R, P) be a transitive descriptive frame and xz €
a € P. Then maz(z,R,a) # 0.

Proof Suppose that max(z, R,a) = (. Then h = T'r(z) N a contains no max-
imal element. By Zorn’s Lemma there is a maximal R-chain C' C h. Define a
set X C A by putting

X={beA:TyeCVzeTrr(y)NC (z €b)}.

X has the finite intersection property, since h contains no maximal element.
Hence there exists an ultrafilter U containing X'. Let U = {z}. Clearly
we have z € a. Now suppose that y € C and y € Ob for a b € A. Then b € X
and therefore z € b. But then yRz since & is descriptive. It follows that z is
maximal in C' and we have a contradiction. a

A.3 Semantics

A valuation 2 into an n-frame & is a homomorphism from £, into &*. We
write

o (&,0,z) =@ iff x € V(p).

o (&,z) E ¢ iff (&,D,z) E @, for all V.

o (&,) |= ¢ iff V(p) =W.

e 8 o iff (6,9) = ¢, for all valuations U.

The logic determined by &, L® in symbols, is the set of all ¢ € L, such that
&=

Given a logic L, we say that a set of formulas T" is L-consistent iff =(¢1 A
... Ny) € L, for every finite set {¢1,... ,pn} CT.

A pair (&, z) with x € W and & a frame is called a pointed frame. The logic
determined by a pointed frame (&, x) is the set of all ¢ with (&,z) | ¢.

Theorem A.2 (Completeness). For every n-normal logic L the following
holds:

o L is determined by a class of descriptive frames.

o A set T is L-consistent iff there exists a descriptive frame & wvalidating L
such that there exists a valuation B into & and a point x in & such that
(6,9,z) =T.

o I' 1 v iff, for all descriptive L-frames & and all valuations U into & we
have (&,0) = ¢ whenever (&, ) =T.

Every n-quasinormal is determined by a class of descriptive pointed frames.
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A set of formulas I' defines a class of Kripke frames M if

M={g:gFT}

A class of Kripke frames M is called modally definable iff there exists a set T’
defining M.

Definition A.1 (Properties). For every n-normal logic L:
e L is complete if it is determined by a class of Kripke frames.

o L is strongly complete (alias compact) if, for every L-consistent set T', there
exists a Kripke frame g validating L and a valuation U into g and a point
x in g such that (g, 0, z) = T.

e L has the finite model property if it is determined by a class of finite frames.

e [ is globally complete if, for any two formulas ¢ and ¢, ¢ Fr ¢ iff for
all Kripke frames g validating L and valuations U into g, (g, ) = ¢
whenever (g, 0) E ¢.

e L has the global finite model property if, for any two formulas ¢ and v,
@ Fr, ¢ iff for all finite Kripke frames g validating L and valuations U into

g, (9,0) &= ¢ whenever (g,0) E .

e [ is called d-persistent iff the underlying Kripke frame of every descriptive
frame validating L validates L as well.

L is first-order definable iff it is determined by a first-order definable class
of Kripke frames.

Table A.2 lists some logics together with the corresponding classes of frames.
The reader can find information about them in [Chagrov and Zakharyaschev
1997].

We briefly introduce some notation for fusions of normal modal logics. Fu-
sions are investigated in detail in Chapter 2 but play a role in basically all
chapters of this monograph. In Chapter 2 we use a specific notation for modal
languages, logics, and fusions which is slightly different from the notation used
in the other chapters. Here we introduce the notation for fusions which is used
in the remaining chapters. Given two propositional modal languages £ and M
interpreted in frames of the form § = (W, S1,...,S,) and & = (V, Ry, ... , Ry,
respectively, we form the language £ ® M as follows:

e L ® M contains an infinite set of propositional variables and is closed
under the booleans: A, —.

e for any modal operator f in £LU M of arity k the formula f(p1,... ,¢k)
is in £L ® M whenever @1, ..., are in L ® M.
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Logic | Class of frames
D Serial frames. That is to say, frames (W, R)
validating Yz3yz Ry.
T Reflexive frames.
KB | Symmetric frames.
K4 Transitive frames.
K5 Euclidean frames.

Alt,, | Frames in which no point has more than n successors.

GL | Noetherian frames. That is to say, transitive frames (W, R)
which do not contain an infinite chain xzgRx1 Rz ...

S4 Reflexive K4-frames.

Grz | Transitive and reflexive frames without
infinite strictly ascending chains.

K4.1 | Transitive frames such that for all
there exists y with {z: yRz} = {y} and zRy.

S4.1 | Reflexive K4.1-frames.

K4.2 | Transitive frames such that for all z,y,, and y, with z Ry,
and xRy, there exists z with y; Rz and y, Rz.

K4.3 | Transitive frames such that for all z,y,, and y; with xRy; and zRy>
we have yy Rys, y2Ry2, or y1 = y».

S4.3 | Reflexive K4.3-frames.
S5 Transitive, reflexive, and symmetric frames.

K4.1, | Transitive frames of width < n. A frame has width < n iff
there do not exist a set D of mutually incomparable points of
cardinality > n and a point z with xRy, for all y € D.

K.t Bimodal frames of the form <W, R, R’1>.
Lin | Strict linear orderings <W, <, <’1>.

QL | {{(@ <, < H}

K, Bimodal frames of the form (W, R, W x W)

Table A.2: A list of logics and their frames.
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Assume now that £ and M contain unary operators only. Then, given two
normal modal logics Ly and Lo formulated in £ and M, respectively, the fusion
Ly ® Ly of Ly and Ly is the smallest normal modal logic in the language £ ®
M containing Ly U Ly. [Kracht and Wolter 1991] show that completeness is
preserved under forming fusions. For normal modal logics L1, ... , L, we denote
by

L1 ®...9 L,

the logic 1 ® (La ® ... (Lp—1 ® Ly) ...)). For a unimodal logic L we put

/—/L
L,=L®...®L.



Appendix B

Important modal systems

B.1 Epistemic Logic

Epistemic logics have been introduced in Philosophy in order to analyze the
formal properties of reasoning about knowledge and belief. The first in-depth
investigation was [Hintikka 1962], see also [Lenzen 1978]. Over the last 20 years,
however, epistemic logics have found applications in various other disciplines.
Here are some of them:

e In Game theory it is used in order to provide an epistemic analysis of
games with incomplete information (see e.g. [Aumann 1976], [Bacharach
1994], and [Kaneko and Nagashima 1997]).

e In Artificial Intelligence epistemic logics are applied in order to find out
what an agent has to know (and must know about what it knows) to show
intelligent behaviour (see e.g. [Laux and Wansing 1995], [Meyer and van
der Hoek 1995], [Halpern and Moses 1992], and [Fagin et al. 1995]).

e In Computer Science it is used in order to analyze the behavior of multi-
agent systems, see [Fagin et al. 1995] and references therein.

This list is by no means complete. We refer the reader to [Meyer and van der
Hoek 1995] and [Fagin et al. 1995] for various other applications.

In all those areas the most popular way of analyzing formal properties of
knowledge is the introduction of finitely many modal operators with an epistemic
interpretation. That is to say, assuming that we have n agents 1,... ,n, one
introduces operators [agent i knows], for i < n, and allows the application of
those operators to sentences in order to form new ones. For example, we can
form

(1) [agent i knows](¢ — ¥) — ([agent i knows]p — [agents i knows])),

(2) [agent i knows]p — ¢,

213
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(3) [agent i knows]p — [agent i knows][agent i knows]ep,
(4) —[agent i knows]p — [agent i knows]—[agent i knows]ep.

One can speculate as to which of these principles are acceptable under this or
that interpretation of knowledge and belief (for philosophical discussion of this
problem we refer the reader to [Lenzen 1978]). We shall not enter this discussion
here, but just observe that

e (1) means that agents know all the logical consequences of their knowledge
(called logical omniscience in the literature),
(

¢ (2) means that everything known is true,

e (3) means that agents know what they know (called positive introspection
in the literature), and

e (4) means that agents know what they do not know (called negative in-
trospection in the literature).

Observe that from the viewpoint of modal logic (1) has to be accepted in order
to obtain a normal modal logic, while (2)-(4) are axioms which give us different
well investigated normal modal logics like K, T, K4, and S5.

In what follows we shall restrict the discussion to epistemic logics contain-
ing (1) and closed under the necessitation rule: ¢/[agent i knows|yp, i.e., the
assumption that agents know all the tautologies of classical logic. Of course,
these assumptions give a somewhat idealized model of knowledge for human
agents (and perhaps for robots as well), but for most purposes this simplifica-
tion seems to be justified or at least the best possible approximation.

Now that we have agreed upon (1) and the necessitation rule we see that
the epistemic logics we are dealing with are just normal modal logics with the
Kripke semantics introduced in the previous section. How does this semantics
fit into the epistemic context? According to Kripke semantics, the meaning of
a sentence ¢ = [agent i knows]yp is analysed as follows: 1 is true in a world w if
and only if ¢ is true in every world (or situation) considered possible by agent i.
And a world v is regarded as possible by i iff it is accessible from w. According
to this analysis ¢ does not know ¢ iff there exists a world which is considered
possible by i in which ¢ is false. The following example! illustrates how elegant
this analysis is:

Example. (The wise men puzzle) Imagine that there are three wise men
and a king who has two white and three red hats. Assume that all wise men
know that he has two white and three red hats. The king puts a hat on the head
of each of the three wise men. Assume each of them sees the color of the hat of
the other two men, but not the color of his own hat. Now the king asks whether
one of them knows the color of his hat. Everybody says that he doesn’t. The

IThe reader can find numerous examples of that sort in the literature, cf. [Fagin et al
1995].
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king asks again - and again all of them say that they don’t know. But after that
all of them know the color. What are the colors of their hats?

We analyze this puzzle using possible worlds semantics. Assume that the
three wise men are called a, b, and ¢. The following situations (alias worlds)
should be distinguished:

e All wise men have a red hat, represented by the tuple (r,r,r).

e ¢ has a white hat, b and ¢ have red hats, represented by (w,r,r).
e b has a white hat, a and ¢ have red hats, represented by (r,w,r).

e ¢ has a white hat, a and b have red hats, represented by (r,r, w).

a and b have white hats, ¢ has a red hat, represented by (w,w,r).

b and ¢ have white hats, a has a red hat, represented by (r, w,w).

o~ o~ o~~~ —~

a and ¢ have white hats, b has a red hat, represented by (w,r, w).

Denote this collection of worlds by W. No world outside of W is possible. Now
we come to the analysis of the puzzle. a sees the hats of the two other wise
men. Thus he knows their colors. So the set of worlds a considers possible can
be one of the following sets:

o Vorr ={7EW : o =r,05 =1},

o Vour ={TEW :(h =w, 5 =1},

¢ Voww ={T€EW : o = w,q3 = w}, or
¢ Vo ={TEW : G =7, = w}.

a does not know the color of his hat. Hence the set of worlds he considers
possible contains at least one world in which he has a white hat and one world
in which he has a red hat. Thus, V7, is not the set of worlds a considers
possible. Similarly, the set of worlds considered possible by b and ¢ are V7,
Vitw, or Vo and Vo, Ve, or V2, respectively.

After the wise men have stated that they do not know the color of their hats
it is common knowledge that none of them knows the color of his hat. Thus,
it is common knowledge that at least two have a red hat. So, now the set of
worlds a considers possible is one of the sets Vo, {(r,w,r)}, and {(r,r,w)}.
Similarly, the set of worlds considered possible by b and ¢ are Vo, {{r,r,w)},
or {{w,r,ry} and V.2, {(r,w,r)}, or {{w,r,r)}, respectively.

In the second round each of the three wise men again says that he does not
know the color of his hat. This means that the set of worlds a considers possible
contains a world in which he has a red hat and a world in which he has a white
hat. The same holds for b and ¢. Thus, the set of worlds a, b, and ¢ consider
possible are Va,.., V2., and V.2, respectively. This is common knowledge after
all of them have stated that they don’t know the color of their own hats. But
then the only remaining possible world is (r,r, 7).
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Observe that a number of assumptions were made to derive this conclusion.
For example, we assumed that the three wise men are logically omniscient (and
that every wise man knows that the other wise men are logically omniscient).
Moreover, we used the facts that (i) in the beginning all wise men know that
there are three red hats and two white hats and (ii) every wise man knows that
every wise man knows that there are three red hats and two white hats and (iii)
every wise man knows that every wise man knows that every wise man knows
that there are three red hats and two white hats.

This phenomenon—the necessity to take a potentially infinite iteration of
epistemic operators—has turned out to be fundamental for various represen-
tations of multi-agent systems in Game theory, AI, and CS. As the languages
considered in this monograph are finitary, we are not able to express the infinite
conjunction saying that ¢ is common knowledge among a group M of agents:

/\{E’]“\,[go 1k € w}, where Eyp = /\{[agent i knows]p : i € M}.

The standard solution to this problem is to take the common knowledge opera-
tors Cj;—'it is common knowledge among the agents in M’—as primitive and
interpret them by the transitive and reflexive closure of | J{R; : i« € M}, where
the R; are the relations interpreting the operators [agent i knows]. Observe that
the following two conditions are in fact equivalent:

o w AMEp ke w)
e for all v such that w(|J{R; :i € M})*v, v Ep.

We are now going to introduce briefly but a bit more precisely some basic modal
epistemic logics. To simplify notation, we denote by O; the epistemic operators
[agent i knows]. So we have the language £,, with operators O0;,1 <14 < n, and
the language L£$ which contains besides of Oy, ... ,0, the common knowledge
operators Cyy, for every subset M of {1,...,n} with at least two members.
The basic epistemic logics (without the common knowledge operators) are
the following n—fusions of the basic modal logics K, T, S4, KD45, and S5.

¢ K,, (no other properties than logical omniscience of all agents is assumed).
This logic is determined by the class of all frames (W, Ry, ... , Ry).

e T, (besides of logical omniscience, it is assumed that what is known is
true). This logic is determined by the class of all frames (W, Ry, ..., Ry)
such that all R; are reflexive.

e S4, (besides of the properties of T,, positive introspection is assumed).
This logic is determined by the class of all frames (W, Ry, ..., R,) such
that all R; are transitive and reflexive.

e KD45,, (besides of logical omniscience and positive introspection, nega-
tive introspection, and consistency of what is known is assumed). This
logic is determined by the class of all frames (W, Ry, ..., R,) such that
all R; are transitive, serial, and euclidian.
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e S5, (besides of S4,,, negative introspection is assumed). This logic is
determined by the class of all frames (W, Ry,..., R,) such that all R; are
equivalence relations.

For proofs of the following two results consult [Halpern and Moses 1992], for
example. The finite model property and decidability also follow from the preser-
vation results for fusions and the corresponding properties of the unimodal frag-
ments.

Theorem B.1. Letn > 1. For L € {K,,,T,,,S4,,, KD45,,,S5,} the following
holds:

e L is decidable and PSPACE-complete.
e L has the finite model property.

Let us consider now the language £§ with common knowledge operators.
We denote by Erp the formula A{d;¢ :i € M}. By definition,

w = Epnp o Vie Mw = 0O;).
The truth condition for C,; is
w = Cye & Vo e W J{Ri:ie M} v —v ).

(Recall that this is equivalent with w |= Cayrp < w = Efp, for all n € w.)

For every normal modal logic L formulated in the language £,, with modal
operators Oy, ..., 0, denote by L® the logic formulated in L’g and determined
by the class of L-frames. The following theorem summarizes the most important
facts about modal epistemic logics with common knowledge operators:

Theorem B.2. Letn > 1. For L € {K,,T,,S4,,KD45,,S5,} the following
holds:

o LC is aziomatized by adding to L the azioms:
— Cuyp— EM(p/\ CMp),
— Cu(p =~ Enmp) = (p— Cup).

o L is decidable and EXPTIME-complete.

o LC has the finite model property.

B.2 Temporal logic

Before starting this brief introduction to temporal logic, it is worth noting that
quite different disciplines are interested in temporal discourse and argumen-
tation. Ever since antiquity philosophers have been studying the structure of
arguments involving time (see e.g. [Prior 1957, 1967], [Van Benthem 1983, 1996],
[Thomason 1984], [Burgess 1984]).
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e In Linguistics, there is a need to explain and reconstruct the structure of
statements with a temporal perspective.

e In Computer Science temporal logic is used to reason about the behavior
of computational and distributed processes (see e.g. [Manna and Pnueli
1992, 1995], [Emerson 1990], [Stirling 1992]).

e And in Artificial Intelligence the representation and processing of temporal
knowledge is fundamental (see e.g. [van Benthem 1996], [Fagin et al 1995]).

All these disciplines are based on various types of temporal logics as their tech-
nical background; a survey of even a small portion of the existing formalisms
is not possible and intended here. Instead, we confine ourselves with a brief
discussion of those temporal logics that will be used in this monograph. We
will discuss in this section temporal logics which can be formulated in “stan-
dard” modal languages and interpreted in “standard” relational structures. In
particular, we shall not discuss interval based temporal logics (see [Shoham and
Halpern 1991] nor branching time temporal logics (see [Thomason 1984]).

In a temporal language besides of the boolean connectives additional tem-
poral operators are required. The most fundamental ones are the following:

e F: at least once in the future ¢ will be the case;
e Pyp: at least once in the past ¢ will be the case.

They roughly correspond to the future and past tenses of natural languages.
Observe that, by putting Gy = =F-¢ and Hp = =P-¢ we obtain the duals
of the operators above:

o G: always in the future ¢;
e Hy: always in the past .

Even this little language allows us to express statements like GF¢ saying that
(p is going to be true infinitely often in the future.

The language with only these temporal operators is not expressive enough,
however, to represent frequently used binary temporal connectives like ‘Since’
and ‘Until’ the meaning of which can be described as follows:

e ¢ Since 1: ¢ has been the case since ;
e ¢ Until ¢: ¢ will be the case until 1.

In this monograph we will confine ourselves with the operators F', P, Since, and
Until. So the languages we are going to consider are fixed. Let us now define
models that are capable of interpreting the temporal operators in a natural way.
Again we restrict ourselves to the simplest (but probably still the most natural
and frequently used) ontology:

Definition B.1 (Flow of time). A flow of time ¥ = (T, <) consists of a non-
empty set of points in time 7" and binary precedence relation < between them.
< is assumed to be a strict linear ordering.
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Thus, in a flow of time ¥ the expression t; < ts means that #; precedes
to. Note that we do not consider arbitrary precedence relations but only strict
linear orderings, corresponding to the intuition that precedence relations should
be transitive and connected (either ¢; precedes ta, to precedes ti, or t; = t2).

The satisfaction-relation |= we are interested in should relate points in time
to formulas in the sense that ¢ = ¢ means that ¢ is true at ¢. Starting with a
flow of time (T, <) and a valuation U which associates with each propositional
variable the points of time at which it is true, we define |= inductively by taking:

o tl=piff t € V(p),
etEeAYifftEpand t =1,

o tEpifft o,

e t |= Fo iff there exists t' > ¢ such that t' = ¢,
o t |= Gy iff there exists t' < t such that t' = ¢,

e ¢t = ¢ Until ¢ iff there exists ¢’ > t such that ¢' | ¢ and, for all ¢ with
t<t' <t t" = o,

e ¢t = ¢ Since 1 iff there exists ¢’ < t such that ¢' |= ¢ and, for all ¢ with
th <t <t t" = .

So the truth conditions for F' and G coincide with the truth condition for the
modal operator < interpreted by < and <!, respectively. In other words, we
may identify the temporal language with the operators F' and G with the bi-
modal language Ls; flows of time (T, <) correspond to bimodal frames (T, <, <~")
in which < is a strict linear ordering. To keep the notation as uniform and sim-
ple as possible we shall work from now on with £, instead of F' and G. Flows
of time are identified with bimodal frames.

Bimodal logics determined by classes of bimodal frames of the form (T, <, <!},
< a strict linear order, are actually well understood; first results concerned with
axiomatizations, decidability, and the finite model property are contained in
[Bull 1968] and [Segerberg 1970]. A comprehensive collection of results about
logics of this type can be found in [Wolter 1996b, 1996¢]. Here we mention the
following axiomatizations of bimodal logics determined by the most frequently
used classes of flows of time. By Lin we denote the bimodal logic determined
by the class of all strict linear orderings. It is axiomatized by adding to K4,
the axioms

p— |:|1<>2p and p— |:|2<>1p

(corresponding to the conditions Ry C R, Yand R, C Ry L respectively) and
C1QCapV O201p = pV O1p V Oop.

We close the discussion of this temporal language with the following complete-
ness and decidability results:
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Theorem B.3.

L{{Z,<,<™)}) = LinaOTaO,Ta
0, (O1p = p) = (O101p = O1p)®
Oy(B2p — p) — ($202p — Oap).

L{(N,<,<)}) = Lin® Oy(Oop — p) — Oapd
O1T @O (Op = p) = (O101p — Oip).

L({<@,<,<_1>}) = Lin@OlT@<>2TEBD151p—> Oy p.

LR <,< ™)} = LH@<)}e

O=!(Oyp — ©102p) — (O2p — O1p),

where OS'p = O;p A Oyp. The satisfaction problem for those logics is NP-
complete.

We refer the reader to [Goldblatt 1992] for a proof of the axiomatizations.
The NP-completeness result for L({{N, <,<~')}) and L({{Z, <, <~')}) is proved
in [Sistla and Clarke 1985]. For L({{Q, <,<~"}}) and L({(R, <,<~')}) it fol-
lows from the proof of the finite model property in [Wolter 1996¢].

We turn to the more expressive language with the temporal operators U
(Until) and S (Since) which is denoted by Lys in what follows. Observe that,
in fact, ¢; and ¢4y can be defined by means of S and U:

O = TUY and Cop = TS

As for the bimodal language, a formula ¢ is called valid in a flow of time (T, <)
iff it is true at each point ¢ € T under every valuation U into 7. The set of
formulas valid in a class of flows of time K is denoted by Lys(K). Logics with
the binary operators S and U have been studied intensively, see e.g. [Gabbay
et al. 1994].

Denote by Lingyg the logic determined by the class of all strict linear order-
ings. Axiomatizations of

e Linys,

e Lys({(N, <, < 1)},
o Lus({(Z, <, <7,
e Lys({(Q <,<71)}), and

o Lus({(R,<, <)}

are known, see e.g. [Goldblatt 1992], [Gabbay and Hodkinson 1990]. However,
we will not present the axiomatizations here since they are mostly rather lengthy.
All those logics are decidable, see [Gabbay et. al. 1994].
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In Computer Science the most important among those logics is Ly s ({(N, <, <71)})
which we denote by PTL. The satisfaction problem for PTL is PSPACE-
complete (see [Sistla and Clark 1985]). Thus, it is higher than the complexity of
the satisfaction problem for L({{N, <, <~')}). We refer the reader to [Sistla and
Zuck 1987] for a discussion of the relation between PTL and L({(N, <, <7')}).

We close this brief introduction to temporal logics with a comparison of the
expressive power of the language Lr7s and monadic first-order logic. Denote by
L; the first-order language with one binary relation <, unary predicate symbols
Py, ..., and variables t,t;,.... Formulas in £; are interpreted in flows of time
(T, <) in the standard manner, where < is interpreted by the precedence relation
< (denoted by the same letter, for simplicity) and the P; are interpreted as
subsets of T. Lyg can be translated into L£; in a straightforward manner. Fix
a variable ¢t and define inductively

p' = Bt)
@AM = oM AypM
()M = =M
(UM = 3t > tM[E/I AVt <t <t — eM[t/t"]))
(@SVM = 3t < t(@M[t/] AV (' < t" <t = M[t/t"])).

Here t' and ¢ are new variables. Observe that, for any valuation 20 into a
flow of time (T, <) and interpretation P!, ... of the predicate symbols P, ...
in (T, <) such that
Q](pl) = PiIa
for all i € w, we have, for all m € T and all p € Lyg,
(T,<),B,m) ¢ e (T,<,Pl,...) " [m].

That is to say, Lys can be regarded as a fragment of £;. When do Lyg and L;
have the same expressive power? This question has been investigated intensively,
see [Kamp 1968] and [Gabbay et al. 1994]. Say that Lis is expressively complete
for a class of flows of time K iff, for any formula x € £; with one free variable ¢
there exists a formula ¢ € Lyg such that, for all (T, <) € K,

(T, <) B Vt(x & o™M).
Theorem B.4. Lyg is expressively complete for {(N, <)}, {(Z, <)}, {(R,<)}.

Note that Lyg is not expressively complete for the class of all strict linear
orderings. An expressively complete extension of Lyg is obtained by adding
the so-called Stavi-connectives to the signature of Lyg, we refer the reader to
[Gabbay et al. 1994] for more information.

B.3 Propositional Dynamic Logic

Propositional Dynamic Logic PDL and its extensions like converse PDL were
introduced for reasoning—at a rather abstract level—about the behaviour of
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programs, for surveys see [Harel 1984], [Goldblatt 1982], and [Kozen and Tiuryn
1990].

Recall that Program Verification and Specification are disciplines within
Computer Science which are concerned with formal languages having the ca-
pacity of stating the correctness of programs. When dealing with ordinary
sequential programs,—e.g., programs for sorting a list of integers—standard veri-
fication formalisms are centered around correctness assertions of the form

{r}afe}

which state that any execution of the program « starting from a state where
¢ holds reaches a state where ¥ holds. ¢ and v are called the pre— and post-
condition of this assertion. The idea underlying assertions of this type is that
the program’s underlying semantics is described by a transformation from an
initial state to a final state?. It turned out that assertions of this type can be
naturally expressed in logical languages in which modal operators correspond
to programs: in dynamic logics every action type (or program) « gives rise to
two modal operators [a] and < a >. For a state w the intended meaning of
“w = [a]p” is that every possible execution of a at a state w arrives at a state in
which ¢ holds. We can state the correctness assertion above now as an ordinary
modal formula:
© = (o]

Observe that [a]y is the weakest precondition for which any execution of «
reaches a 1y—state.

In PDL the action types a are complex entities in the sense that they may
be composed from primitive action types by means of sequencing (;), nondeter-
minstic choice (U), iteration ((-)*), and tests (7). For example, for actions «, 8
and a formula ¢, we can represent the program “if ¢ then a else 3” by means of
the complex action term (p?;a) U (—=¢?; 8). The only difference between stan-
dard modal logics and dynamic ones consists in this internal structure of the
modal operators.

Before we come to the precise definition of the syntax of PDL we note that,
besides of its capacity to describe abstract properties of programs, propositional
dynamic logics turned out to be important for at least two other reasons as well:
firstly, various important modal logics—like expressive epistemic logics with the
common knowledge operator (see [Halpern and Moses 1992]), combinations of
temporal and epistemic logics (see [Fisher and Immerman 1987]), and expressive
Description Logics (see [DeGiacomo 1995])— are embeddable in propositional dy-
namic logics in a natural way, and so inherit from the dynamic logics various
properties of interest, e.g., decidability. In other words, a positive result for a
propositional dynamic logic allows one to derive easily positive results for nu-
merous expressive modal logics. Secondly, in AT and Philosophy propositional

2Observe that assertions of this form are not appropriate for the specification of continously
operating reactive programs which are usually nondeterminating. Since there is no final state,
postconditions are of no use to describe the behavior of such programs. In this case Temporal
Logics provide an appropriate specification language.
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a; 3 do « followed by
aUf do either a or 3, nondeterministically

«@ repeat « a finite number of times

p? proceed if ¢ is true, else fail.

Table B.1: The intended reading of action terms.

dynamic logics often form the basis for logics designed for reasoning about ac-
tion and deontic logics, see [Segerberg 1980], [Prendinger and Schurz 1996], [de
Giacomo and Lenzerini 1995], and [Meyer 1988].

In this monograph we require the dynamic logics PDL and CPDL only, so
in what follows we shall discuss only these two formalisms. Information about
others can be found in [Harel 1984].

The alphabet of PDL consists of

e an infinite set of propositional variables: pq,... ,
e an infinite set of atomic actions (or programs): a,... ,

The set of formulas and action terms of PDL is defined by simultaneous
induction as follows:

e every propositional variable is a formula.

If ¢ and ¢ are formulas, then ¢ A ¢ and —¢ are formulas.

If o is an action term and ¢ is a formula, then [a]p is a formula.

All atomic actions are action terms.

If « and B are action terms, then o U 3, «; 3, and o are action terms.
o If p is a formula, then (? is an action term.

The intended meaning of the action terms is shown in Table B.3.

We have seen above already how the program “if ¢ then « else 8”7 can be
composed from a and g in this language. Of course, precisely the programs con-
structed by means of regular expressions can be represented in PDL. Examples
of interest are “while ¢ do @” and “repeat « until ¢”. They can be represented
by (p7;a)*; —p? and a; (—p?, @)*; ¢?, respectively.

PDL is interpreted in structures § = (W, (T, : i € w)), where W is a set of
states and the T,, are transition relations on W, for every action variable a;.
Here wT,,v means that there is an execution of «; starting at state w which
arrives at v.

A valuation 90 into § is a mapping from the propositional variables into the
powerset of W. “w € U(p)” means that p holds in state w. Given (§,0) we
can define inductively the satisfaction relation |= between states and formulas
and the transitions 7,, for any action term a:
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e w=piff we B(p),

wEeAYiIffwEpand wE Y,

w = g iff w [ @,

w = [a]e iff v | ¢, for every v with wT,v.

° TaU,@ =T, UTg,
[ ] TOZ;,@ :TQOTB,
[ ) Toz* :T:,

Tpr = {{z,2) 12 | ¢}

Thus, the transition relation for nondeterministic choice between « and 3 is
interpreted as the union of the transition relations for o and 3. This reflects
the intuition since the set of states reachable from a state w by means of an
execution of o U 3 coincides with the set of states reachable from w by means
of an execution of a or an execution of 3. The interpretations of «; 3, a*, and
? should be clear as well.

Call a formula ¢ valid iff it is true in every state in every model. PDL
consists of the set of valid formulas. Observe that PDL without iteration and
tests is just a syntactic variant of the basic modal logic K with infinitely many
modal operators.

Theorem B.5. PDL is decidable in deterministic exponential time.

The decidability of PDL and the exponential lower bound is proved in [Fis-
cher and Ladner 1979]. The exponential upper bound was established in [Pratt
1979].

CPDL extends the expressive power of PDL by means of the possibility
to represent backward executions of programs. To facilitate this the converse
operator on action terms is added to the language. That is to say, a~ is an
action term whenever « is an action term in CPDL. Observe that [a”]¢ is the
strongest postcondition satisfied after any execution of « starting from a state
in which ¢ holds. The inductive definition of the transition relations is extended
by the clause

T.,-=T,"
CPDL is decidable in exponential time as well.

All epistemic logics LS introduced in the section about Epistemic Logics can
be embedded into CPDL. We briefly discuss the required mappings. Firstly,
associate with every epistemic operator O;, 1 < i < n, an action term t;(00;),

for j < 4. To this end fix action variables aq,...,ap,081,..., 8, and put, for
1< n,

my (0;) iy o

my(8i) = af

m3(0;) = (a;Ue;)"

ma(0;) = (a;Ua;30)U(BiUB)"
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Define mappings t1, ... ,ts from the language of epistemic logic for n agents
into the language of dynamic logic by putting

tilps) = pi,
tilpANY) = ti(p) A (¥),
ti(~p) = ~ti(e),
ti(Oip) = [m;(0)]t;(p),
t(Carg) = [(my(Qu)U...Umy (D) T (9), for M = {ir, ... iz}

Theorem B.6. For every formula ¢:

¢ € K4S iff t,(p) € PDL,

¢ € 84 iff t5(p) € PDL,
¢ € S5Y iff t3(p) € CPDL,

Puty=a;Ua] U...Ua,Ua, UB UB U...UB,UPB, and define

X = /\{[ai;ai]J_ 10 < n}A/\{(aani_)T = [BiUBT]L:i<n}.

Then
© € KD45 iff [y*]x — ta(p) € CPDL.

Proof The first three claims should be clear. We give a sketch of a proof
for the last claim. Suppose a KD45,,-frame § = (W, Ry, ..., R,) refutes ¢ in
a world w. We may assume that w is a root of §. Define a PDL-structure
& = (W, T,,,--.) by putting, for v1,vy € W,

o 1T, vy iff v1 R;v2 and not vy R;v;.

o v Tp,vs iff v1 R;v2, v2R;v1 and there does not exist a v3 € W with v3 R;v;
and not v R;v3.

It is easy to show that & refutes [y*]x — t4(p). Conversely, suppose & =
(W, Ta,, ...y refutes [y*]x — ta(p) in a world w. We may assume that w is a
root of &. Define § = (W, Ry, ..., R,) by putting, for v;,vy € W,

o v Ry iff v1 Ty, 09, vlT(a;;ai)“% or UlT(,Biuﬁ;)*”?-

It is easy to show that § validates KD45% and refutes ¢. a

B.4 Description logic

Description logic was created at the beginning of the 1980s as a formalism for
knowledge representation and reasoning in artificial intelligence. Briefly, the
history of description logic look as follows. After the straightforward attack on
knowledge representation with the help of the heavy artillery of first-order logic
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Homo_sapiens

T

other
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° °
FEve Adam

/i '\

Figure B.1: Semantic network

failed in the 1960s, a number of ideas were proposed, the essence of which was
to treat knowledge in a more structural, visual, object-oriented way [Quillian
1967, 1968], [Minsky 1975] (see the collection [Brachman and Levesque 1985])
without using logic.

Figure B.1 shows a simple example of describing some information about
human relationships in the form of a semantic network of [Quillian 1968]. The
application domain in this example—human beeings—is divided into (not nec-
essarily disjoint) classes (Homo_sapiens, Female, Male, Father, Mother, Child),
concrete individuals (Eve, Adam), and the relations between them (is, has,
loves) are depicted in the form of labelled arrows. The main deficit of such
representations is the lack of semantics, and as a consequence, ambiguities. In
the depicted network it is not clear, for instance, whether all members of the
class Child are children of Fve or only some of them.

Description logic appeared as a sort of compromise between the above men-
tioned features of semantic networks and Minsky frames, on the one hand, and
logic- (and so semantic-) based formalisms, on the other. It originated from the
KL-ONE system of Brachman and Schmolze [Brachman and Schmolze 1985],
which combined in itself many ideas of its predecessors. Like modal logic, de-
scription logic consists of a wide spectrum of languages. Since our road in this
monograph comes from modal logic, as the basis description language we will
choose the language ALC of [Schmidt-Schaufl and Smolka 1991], which is closely
related to polymodal K.

Definition B.2 (alphabet). The primitive symbols of ALC are:
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e concept names Cy,C1,...;

e role names Ry, Ry, .. .;

object names ag,ay,...;

the booleans (say, A, =, T) and the relativized existential quantifier AR;,
for every role name R;.

Concept names are supposed to denote classes of objects in a certain domain
A (say, Mother, Male, etc. in the example above), role names are intended
for denoting binary relations between elements of A (is, has, loves), and object
names stand for some concrete elements in A (Eve, Adam).

Now we define by induction the notions of (complex) concept and formula.
Concepts will usually be denoted by symbols C and D, roles by R, S, object
names by a, b, and formulas, as before, by ¢, ¥ and y.

Definition B.3 (concept, formula). Every concept name as well as T is an
atomic concept.. If C and D are concepts, a and b object names, ¢ and
formulas, and R is a role name, then

e CAD,=C, and AR.C are concepts;

e a:C,aRb,C =D, p A1, and —p are formulas (the first three of them
are atomic).

The intended meaning of C' A D is simply the intersection of C and D; =C
means the complement (in the domain under consideration) of C'; 3R.C' denotes
the class of all objects from which at least one object in C is accessible via R.
The formulas a : C' and aRb mean that object a belongs to concept C', and that
a and b are related by role R, respectively; C' = D says that concepts C' and D
contain precisely the same elements.

Remark B.1. Traditionally, in “applied” description logic the booleans are not
among the formula constructs; all formulas are atomic. Moreover, instead of
equality C' = D often inclusion C' C D is preferred. (In our language C C D
can be expressed as 7(C A—D) =T or C — D = T, if we use the abbreviations
introduced above.)

This informal explanation should be enough to understand the following toy
knowledge base written in the language ALC and representing the semantic
network in Fig. B.1.

Example B.1.

Female V Male C Homo_sapiens
Mother C Female

Father C Male

Child C Fhas.Mother A Jhas.Father

TBox
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FEve : Mother

Adam : Father

Eve loves Adam ABox
Eve : Jhas.Child

Adam : Fhas.Child

The knowledge base in this example consists of two parts. The first one con-
tains formulas describing general properties of concepts and roles; in knowledge
representation it is called a TBox. The second part comprises facts about indi-
vidual objects; it is called an ABozx Formally, the semantics of ALC is defined
in the following way.

Definition B.4 (ALC-model). A model of ALC is a structure of the form
I=(AR},...,C3,...,a,...), (B.1)

where A is a nonempty set, the domain of the model, R, for i = 0,..., are bi-
nary relations on A (interpreting the role names), C{ subsets of A (interpreting
the concept names), and a! are elements of A (interpreting the object names).

Definition B.5 (satisfaction). Let I be an ALC-model as in the previous
definition. The walue CT of a concept C' in I, the value R of a role R in I, and
the satisfaction-relation I |= ¢, ¢ a formula, are defined inductively as follows:

1. TT = A;
2. ¢ =], for C = Cy;

3. (CAD)Y =cTn DT

4. (O =A - CT;

5.z € (AR;.C)! iff Iy € C! zRly;
6. [ =C =D iff C! = D’;

7. I=a:Ciffal € Cl

8. I = aRbiff a’ RTH!;

9. IEpAYiff I = pand I E ¢;
10. T =@ iff T [~ .

A formula ¢ is said to be truein I if I |= ¢; ¢ is called satisfiable if there exists
a model in which ¢ is true.

The reader must have already observed that the concept fragment of ALC
is nothing else but a reformulation of polymodal K. Indeed, let us define a
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translation T from the set of modal formulas onto the set of ALC-concepts by
taking:

—+

p;, = o
(At = ol Ayl
(~o)t = -,
(Cip)t = 3R

Every Kripke model 9 = (§,) with § = (W, <o, ...) may be regarded as an
ALC-model

Ipp = <I/V,.Ré‘m :40’___’052711 =m(po),...,aé”‘,...>

(with arbitrary a!™ € W). Conversely, every ALC-model of the form (B.1)
gives rise to a Kripke model 9M; = (§7,;), where Fr = (A, R{,...) and
Ur(p;) = CI. Tt should be clear that 90 is isomorphic to My, and that the
following proposition holds:

Proposition B.1. For every modal formula p, every Kripke model MM = (F, V),
and every ALC-model I,

B(p) = (o)™ and (") =By().

On the other hand, ALC-formulas add more expressive power to the concept
part of ALC. Besides of conceptual reasoning they make it possible to give
names to some worlds in Kripke models and express some facts about those
worlds (in ABoxes). This can’t be done in standard modal logic.

Description logic was designed to represent knowledge about some applica-
tion domains rather than universal logical truth. Suppose we are given (or have
constructed) a set ¥ of ALC-formulas describing an application domain. This
is our knowledge base. How can it be used? There are several typical reasoning
tasks we should be able to solve. We formulate them in terms of the consequence
relation ¥ = ¢ defined as follows:

Definition B.6. Say that an ALC-formula ¢ is a logical consequence of a knowl-
edge base (set of formulas) ¥ and write ¥ = ¢ if ¢ is true in every ALC-model
where all formulas in ¥ are true.

Example B.2. Let ¥ be the knowledge base of Example B.1. Then we clearly
have
Y = Mother C Homo_sapiens, ¥ |= Eve : Female.

The main reasoning tasks are (here ¥ is a knowledge base):

o relativized concept satisfiability: ¥ = C = L, i.e., is there a model I of ¥
such that CT # (?

e concept satisfiability: [ C = L, i.e., is there a model I such that CT # ()?
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relativized subsumption: ¥ = (C'— D) = T, i.e., C! C D! in every model
I for X7

subsumption: = (C'— D) = T, ie., C! C D! in evetry model I?

consistency: ¥ [£ L, i.e., is there is a model for X7

instance checking: ¥ = a : C, a an object name.

Since knowledge bases are supposed to be finite, all the listed reasoning tasks
are reducible to the

o formula—satisfiability problem: given an ALC-formula ¢, to determine
whether it is satisfiable.

Indeed, we have ¥ |= ¢ iff the formula A ¥ A =) is not satisfiable.

Remark B.2. Note that the consequence relations above correspond to the global
consequence relation in modal logic.

Actually, from the application point of view we may be interested not in
arbitrary models satisfying a given formula, but only in finite ones. For logics
like ALC there is no difference between these two variants of the satisfiability
problem: every satisfiable ALC-formula can be satisfied in a finite model. How-
ever, there are more expressive description languages that lack the finite model
property; an example is CZQ introduced in [de Giacomo and Lenzerini 1996]
and [de Giacomo 1995] which will be discussed below.

The most important parameters characterizing each description logic are
its expressive power and computational behaviour, that is the computational
complexity of the reasoning tasks. The relativized satisfaction problem for
ALC-formulas is EXPTIME-complete. The problem of concept satisfiability
is equivalent to the satisfaction problem for polymodal K, which is known to
be PSPACE-complete, see [Ladner 1977].

There are several ways of reducing the complexity of the reasoning tasks. Of
course, all of them mean reducing the expressive power of the language as well.
One can restrict the use of some concept constructs. For instance, by allowing
applications of — only to atomic concepts we cannot form the union of concepts.
The subsumption in such a restricted language (with empty knowledge base)
becomes NP-complete.

Another way is to impose restrictions on formulas that may be used in our
knowledge bases. Suppose ¥ consists of a set of statements of the form

A=0C,

where A is a concept name. The equation A = C is called a definition of A.
Y is called a simple TBox if for every concept name A there is at most one
definition for A in . Thus, defining a concept A means to single out necessary
and sufficient conditions for an object to belong to A. In simple TBoxes one
can distinguish between defined concepts—those which appear on the left hand
sight of an equation—and atomic concepts. i.e., those which do not appear on
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the right hand sight of an equation in ¥. Of course, in order to obtain unique
definitions of defined concepts one has to require that no defined concept name
A occurs in its own definition. Lets make this more precise: Let ¢ be the function
on concept names defined by ¢(4) = C iff A = C € X. Say that A is defined
directly using B (in symbols A <; B) if ¢(A) contains the concept name B.
Now ¥ is called acyclic iff <4 contains no cycles.

Almost all existing systems do not allow the use of cyclic knowledge bases.
Observe that for simple acyclic TBoxes ¥ the problem

Y=C—->D

reduces to the problem
=C' — D',

where C' and D' are obtained from C and D by replacing recursively every
defined concept by means of undefined ones. Translated into modal logic this
means that we are dealing with the ordinary satisfaction problem.
Suppose now that the knowledge base is a cyclic simple TBox. This means
that a statement of the form
A=T(A)

is implicitly contained in ¥. (Here T'(A) denotes a concept containing A.) Ac-
cording to the interpretation of equations introduced above A = T'(A) is inter-
preted as a constraint stating that all objects in all models belong to A iff they
belong to T'(A). It is worth mentioning, however, that two other interpretations
of such equations have been introduced; namely the least and greatest fixed
point interpretation according to which A’ is interpreted as the least (greatest)
solution of the equation A = T'(A) if it exists, see [Baader 1990] and [Nebel
1991] However, here we will deal with the constraint definition only.

The natural desire to improve the computational behaviour of description
logics comes across the need to increase their expressive power. For instance,
in the knowledge base of Example B.1 we might want to refine the information
by stating that Fve and Adam had only two children, that every child has only
one mother and one father, and that all children have Eve and Adam as their
ancestors. This desire may lead to a richer description language, say, to that
introduced in [Giacomo and Lenzerini 1996] and [de Giacomo 1995] under the
name CZQ.

The language of CZQ is an extension of ALC with a number of role and
concept, constructs. First, by a basic role we mean any role name R; as well
as its “inversion” R; . Now, if R, S are roles, B is a basic role, C, D are
concepts and n < w, then RV S, Ro S, R*, R, C? are roles and T, C A
D, -C, 3R.C, 3>,B.C are concepts.

The intended meaning of the introduced constructs will be clear from the
following definition extending that for ALC to the new constrcuts.

We have a CZQ-model I of the form (B.1) and define the values C1, R!, and
the truth-relation |= by taking:

11. z € (3>, R.O)" iff |{y ecCt: mRIy}| >n;



232 APPENDIX B. IMPORTANT MODAL SYSTEMS

12. (Rv S) = RTu ST,

13. (RoS)! = RT 0 ST (the composition of R and ST);

15. (R7)! = (R)~? (the inversion of R);

(
(
14. (R*)" = (R")* (the transitive and reflexive closure of R');
(
(O = {(r.2) sz € O):

16.

Here and below | X| denotes the cardinality of X.
The constructs of the form 3>, R.C are called in description logic qualified

number restrictions; in modal logic they appeared under the name of graded
modalities in [Fine 1972], [van der Hoek 1992]. Observe that

z € (=35, R.C)! iff |{y col: acRIy}| < n.

So we denote =3, R.C by 3<,_1R.C, and 3>,R.C A I, R.C' by I_,R.C.

It is easy to extend the translation T from polymodal K onto ALC above to a
translation of CPDL into CZQ. On the other hand, De Giacomo [De Giacomo
1995] showed that the satisfiability problem for CZQ is polynomially reducible
to the satisfiability problem for CPDL. It follows that the complexity of the
satisfiability problem for CZQ is EXPTIME-complete.

However, unlike CPDL, CZQ does not have the finite model property. Con-
sider, for instance, the conjunction ¢ of the following three formulas:

a:-C, dRC=T, 3<1R™.T=T.

The first conjunct says that a is not in C', the second that from every object
there is an R-arrow to C, and the third one asserts that at most one R-arrow
can come to any object. Thus, to satisfy ¢ we must have an infinite chain of
R-arrows starting from a.
In CZQ we can extend the knowledge base of Example B.1 with the following
formulas:
Eve : 9_3has.Child

(Eve has two children),
Child C 3_1has.Mother

(every child has one mother),
Ewve : First_Parent, Adam : First_Parent
(Eve and Adam are first parents),
Child C J(has™)*.First_Parent

(every child has a first parent as an ancestor).
For more information about description logic we refer the reader to the
surveys [Donini et al. 1996] and [Calvanese et al. 1999].
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