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Chapter 1

Introduction

We investigate the decision problem for consequence relations which are complex

combinations of simple and well understood components. The obtained results

can be interpreted as preservation theorems for mappings which take a sequence

(`

1

; : : : ;`

n

) of logics and produce a combined system Com(`

1

; : : : ;`

n

). Re-

sults of this type have been of increasing importance since it became clear that

application domains mostly require rather complex hybrid description or speci-

�cation languages while theoretical results and implementable algorithms are at

hand only for simple basic components. This direction has manifested itself in a

number of international conferences (e.g. \Frontiers of Combined Systems" and

subsequent volumes [Baader and Schurz 1996], [Gabbay and de Rijke 1999]),

and special issues on combined systems of Studia Logica [Gabbay and Pirri

1997] and Notre Dame Journal of Formal Logic [De Rijke and Blackburn 1995].

Our main concern in this monograph are combined modal logics, where the

term `modal logic' is understood in a broad sense, covering among others tem-

poral, epistemic, deontic, dynamic, and provability logic|based both on propo-

sitional and �rst-order logic|as well as knowledge representation formalisms

like description logics. Mostly those families of logics have been studied sepa-

rately focusing on one-dimensional relatively simple ones. In realistic applica-

tion domains, however, those pure modal formalisms are not 
exible enough and

hybrids like temporal epistemic logics, bimodal provability logics, and modal de-

scription logics are required. For hybrids of this type we investigate the decision

problem. More precisely, we consider the following families of logics:

� fusions of modal logics,

� logics closely related to bimodal provability logics,

� logics with the converse operator (alias tense logics),

� products of modal logics,

� modal logics based on description logics,

7



8 CHAPTER 1. INTRODUCTION

� fragments of �rst-order modal logics,

� fragments of �rst-order temporal logics.

The decision problem for a logical system ` is formulated as follows:

Does an algorithm exist that is capable of deciding, given any two

formulas ' and  of the system under consideration, whether ' `  ?

From the very early days of mathematical logic this problem has been distin-

guished as one of the most important and fundamental. Indeed, to a large extent

logic is concerned with constructing syntactic characterizations of semantically

de�ned consequence relations, and decision procedures can be regarded as ef-

fective characterizations of that sort.

This aspect|e�ectiveness (or programmability) of logical systems|makes

the decision problem fundamental in Arti�cial Intelligence and Computer Sci-

ence as well. However, the practical use of decidability results in these disciplines

is not that obvious.

Undecidability results are clearly useful: they warn us not waste time trying

to implement a complete decision algorithm. A `negative' solution to the de-

cision problem for ` opens then a new research programme: (1) to �nd sound

(but incomplete) algorithms deciding `, (2) to search for decidable fragments

of `, (3) to modify ` making it decidable, etc.

On the other hand, a positive decidability result does not guarantee yet that

trying to implement a decision procedure is not a waste of time. It may seem

that the only use of a positive solution to the decision problem consists in the

conclusion that it is not provable (with the existing concepts in recursion and

complexity theory) that implementing a decision procedure is hopeless.

1

This

interpretation of decidability results can hardly justify spending an enormous

amount of energy for obtaining them.

Actually, it is not only the result itself and not only an indication how to

implement a decision procedure which motivates the researcher, but also a deep

insight into properties of the logical system that can be extracted from the

decidability proof

2

(see e.g. [Gurevich 1990, 1995] for a similar position). To

conclude this discussion: we believe that the decidability theorems we present

in this monograph are of interest mainly because the proofs provide a better

understanding of the properties of the logics under consideration and are often

useful for the design of implementable procedures. Of course, it would be useful

to re�ne the decidability results by means of investigating the complexity of

1

Even this cautious claim may appear too strong. For example, here is a citation from

[Johnson 1990]: \Even those unimpressed with the di�culty of problems in 2- or 3-EXPTIME

will have to admit that if a problem is decidable but not in ELEMENTARY, it might as well

not be decidable at all." So, according to Johnson, there are concepts in complexity theory

which allow us to classify certain decidable problems as \non-implementable" ones. We do

not agree with this for the simple reason that even a non-elementary problem may be solvable

in polynomial time in all practical cases. For certain non-elementary problems a useful and

complete decision algorithm may exist.

2

That is why decidability results obtained by means of embeddings into extremely expres-

sive calculi (like monadic second-order logic S1S or S!S) are often rather disappointing.
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the decision problems. This will not be done explicitly in the present work.

It su�ces to say that the complexity of the problem often follows immediately

from the decision procedure delivered.

We brie
y introduce the combined logics which are investigated in this mono-

graph.

1.1 Fusions of Modal Logics

Chronologically, fusions of modal logics were probably the �rst type of com-

bined modal systems successfully investigated in a systematic manner, see e.g.

[Kracht and Wolter 1991], [Fine and Schurz 1996], [Spaan 1993]. One reason

for this is that the formation of fusions is the simplest and most frequently

used way of combining logics: multi-agent logics of knowledge are often nothing

else but fusions of single-agent systems of knowledge (see the discussion below);

PDL (propositional dynamic logic) without iteration based on atomic programs

�

i

; i 2 N, is the in�nite fusion of the unimodal logics based on the single pro-

grams �

i

; basic temporal epistemic logics are fusions of temporal and epistemic

logics; and so on. But we �rst give a rough de�nition: consider two modal

logics L

1

and L

2

formulated in languages L

1

and L

2

with disjoint sets of modal

operators (but the same non-modal base). Then the fusion L

1


 L

2

of L

1

and

L

2

is the smallest modal logic L containing L

1

[ L

2

. In other words, if L

1

is

axiomatized by a set of axioms Ax

1

and L

2

is axiomatized by Ax

2

, then L

1


L

2

is axiomatized by the union Ax

1

[ Ax

2

. This means that no axioms contain-

ing operators from both languages, L

1

and L

2

, are required to axiomatize the

fusion of L

1

and L

2

. The operators in L

1

and L

2

remain independent, they do

not interact. Here are two well{known applications of fusions:

� Consider an agent A and a modal epistemic logic L

A

with the modal

operator [agent A knows] intended for reasoning about the knowledge of

A. Suppose now that L

B

is another modal epistemic logic formalizing the

knowledge of agent B by means of the operator [agent B knows]. Suppose

we are looking for a formalism with the capacity of representing not only

the knowledge about \objects" of A and B but also, say, their knowledge

about each other's knowledge.

Naturally, we then take the bimodal epistemic language with both opera-

tors [agent A knows] and [agent B knows]. How to design the underlying

logic for reasoning in the combined language? Of course, the logic should

contain L

A

[L

B

, since the principles governing a single knowledge opera-

tor should remain the same in the bimodal case. So it should contain the

fusion L

A


 L

B

. If nothing is known about the relation between A and

B then certainly we should not add any axiom containing both operators

[agent A knows] and [agent B knows]. This means that the fusion L

A


L

B

is the modal epistemic logic for reasoning about knowledge for the two

agents A and B. Actually, all standard multi-agent logics of knowledge

are composed from single-agent logics of knowledge in this way, consult
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e.g. [Fagin et al. 1995] and [Meyer and van der Hoek 1995].

� Modal epistemic logics are of interest in order to formalize reasoning about

knowledge in a situation when agents have incomplete information. How-

ever, they can describe static domains only, and do not have the expressive

power to reason about, for example, changes of knowledge when new infor-

mation is available or certain facts are forgotten. To construct a language

which captures various dynamic features of knowledge, a new temporal or

dynamic dimension has to be added to the epistemic one. Let us consider

the case when the temporal operator U (until) is added to a modal epis-

temic logic. Our language now has the modal operators [agent A knows]

and U . And again, it seems natural to start constructing an axiomati-

zation of the desirable combination of epistemic and temporal logic by

taking their fusion. When doing that, we assume no interaction between

time and knowledge: so agents may forget, may learn, etc. Actually such

a fusion is the basic temporal epistemic logic introduced in [Fagin et al.

1995] and many other approaches.

In conclusion, at least implicitly fusions of modal logics have been studied for a

long time already.

So far we considered fusions only from the syntactic viewpoint. However, at

least for Kripke-complete logics, fusions have a very natural semantic interpreta-

tion as well: consider two classes K

1

and K

2

of frames with n andm accessibility

relations, respectively, both of which are closed under disjoint unions and iso-

morphic copies. The fusion K

1


K

2

of K

1

and K

2

is the class of structures of

the form

hW;R

1

; : : : ; R

n

; S

1

; : : : ; S

m

i

such that hW;R

1

: : : ; R

n

i 2 K

1

and hW;S

1

; : : : ; S

m

i 2 K

2

. Thus, K

1


 K

2

consists of arbitrary combinations of structures from K

1

and K

2

. It should

be clear that if K

1

and K

2

determine logics L

1

and L

2

, respectively, then all

structures in K

1


K

2

validate the fusion L

1


L

2

. It is, however, non-trivial to

prove that actually the converse also holds, i.e., K

1


 K

2

determines L

1


 L

2

.

This was established in [Kracht and Wolter 1991] and [Fine and Schurz 1996],

and provides a semantic equivalent to the syntactic notion of fusions, at least

as far as complete logics are concerned.

In Chapter 2 the following transfer results are proved:

� The fusion of two decidable normal polyadic polymodal logics is decidable

as well.

� The fusion of two normal polyadic polymodal logics with the (uniform)

interpolation property has the (uniform) interpolation property as well.

� The global consequence relation of the fusion of two arbitrary polyadic

polymodal logics is decidable whenever the global consequence relations

of its components are decidable.
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Thus, Chapter 2 solves a number of preservation problems which remained open

in [Kracht and Wolter 91] and [Fine and Schurz 1996] and we have, as far as

decidability is concerned, a complete reduction of fusions to their fragments.

This result relies heavily upon the fact that we combine modal languages

and not, say, �rst-order theories, where such a result is not available

3

. The

nice behavior of fusions for modal languages is useful in Description Logic as

well: having, say, a decidable description logic with one transitive role, another

decidable description logic with one functional role, and one more description

logic with one ordinary role, and taking a suitable fusion of them, we can con-

struct a decidable description logic with arbitrarily many transitive, functional,

and ordinary roles. While �rst-order logic does not behave well under forming

fusions description logic does.

1.2 Bimodal provability logics

The de�nition of fusions is motivated intrinsically as a natural and useful way

to combine modal logics. In this chapter we study a di�erent type of combined

modal logics: we semantically de�ne a class of bimodal logics which contains

all standard bimodal provability logics and prove the decidability of all �nitely

axiomatizable logics in that class.

First recall some facts about the behavior of provability predicates: suppose

the predicate Pr

T

(�) represents provability in a formal system T of, say, arith-

metic or set-theory. Say that a mapping t from the set of modal formulas (in the

language with the modal operator 2) into the language of T is an interpretation

i� t(p

i

) is an arbitary formula, for every propositional variable p

i

, and

t(' ^  ) = t(') ^ t( );

t(:') = :(t('));

t(2') = Pr

T

('):

Now, the set of T-valid Pr

T

(�)|schemata is

f� : for all interpretations t, T ` t(�)g:

According to Solovay's completeness theorem [Solovay 1976] (see also [Boolos

1993] for a survey), for almost all interesting and reasonably expressive theories,

e.g. for PA (Peano Arithmetic), PRA (Primitive Recursive Arithmetic), and

ZF (Zermelo Fraenkel Set-theory), the set of valid schemata coincides with the

modal logicGL. In particular, the behavior of the provability predicate does not

re
ect properties of the underlying theory. The situation is di�erent when the

interaction between two provability predicates induced by two di�erent theories

is taken into account. Consider, for example, the theories PRA and PA, the

induced provability logics of which are equal (and coincide with GL). Certainly

3

For example, the �rst-order theory of one equivalence relation � has the �nite model

property and is decidable. However, the �rst-order theory of two equivalence relations �

1

and

�

2

is undecidable, see [Janiczak 1953].
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the bimodal logic of the PRL-valid schemata for both Pr

PRA

(�) and Pr

PA

(�)

contains the fusion GL
GL. It is not di�cult to prove, however,

PRL ` Pr

PRA

(')! Pr

PA

(') and

PRL ` Pr

PA

(Pr

PRA

(')! '):

So it contains at least the interaction axioms 2

1

p ! 2

2

p and 2

1

(2

2

p ! p) as

well and is a proper extension of the fusion. Moreover, PA ` Pr

PRA

(')! ' but

PRA 6` Pr

PRA

(') ! ', and so the set of valid PA-schemata does not coincide

with the set of valid PRA-schemata. In a similar manner a variety of systems

of bimodal provability logic can be discovered the modal operators in which

interact in a non-trivial way, see [Visser 1995]. Hence bimodal provability logics

form a subtler class of combined systems than fusions, and it is of interest both

from the \combining systems" viewpoint as well as the viewpoint of provability

logic to obtain a uniform decision procedure for the resulting systems.

In this chapter we prove that all �nitely axiomatizable subframe logics con-

taining the basic bimodal provability logic CSM

0

(named so by Visser after

Carlsson, Smorynski, and Montagna) are decidable. Observe that all the sys-

tems introduced in [Visser 1995] are in fact subframe logics containing CSM

0

.

It is worth mentioning that from a technical viewpoint this result is of inter-

est because most of those logics are not determined by Kripke frames. We

are forced to work with general frames in the sense of [Goldblatt 1976] and

[Goldblatt 1989].

1.3 Adding the converse operator

Form, for a class K of frames of the form hW;R

1

; : : : ; R

n

i the class of frames

K:t = f




W;R

1

; : : : ; R

n

; R

�1

1

; : : : ; R

�1

n

�

: hW;R

1

; : : : ; R

n

i 2 Kg:

So K:t results from K by adding the converse relation R

�1

i

for each accessi-

bility relation R

i

. While structures in K interpret languages with n operators

2

1

; : : : ;2

n

the structures in K:t interpret the language with 2 � n operators

2

i

, 2

�1

i

, for i � n, where 2

�1

i

is interpreted by R

�1

i

in the standard manner.

Switching from a logic determined by K to a logic determined by K:t appears

quite frequently:

� Suppose K consists of 
ows of time hT;<i in which < is interpreted as the

precedence relation between points in time. t j= 2' is interpreted as \'

holds always in the future of t". The unimodal language with 2 can make

assertions about the future only, reference to points of time in the past

is impossible. By adding the backward modality 2

�1

to this unimodal

language we can reason about the past as well. We refer the reader to the

appendix for a brief introduction to some temporal logics.

� Similarly, one can increase the expressive power of PDL by adding (for

every program �) the operator [�

�1

] to the language. While modalities of
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the form [�] are used to express weakest preconditions backwardmodalities

[�

�1

] can be used to express strongest postconditions, see [Vardi 1985],

[Lichtenstein et al. 1985], [Henzinger et al. 1998], and [De Giacomo and

Masacci 1996]. We refer the reader to the appendix for a brief introduction

to PDL and converse PDL.

� The addition of inverse roles R

�1

1

; : : : ; R

�1

n

to a standard description logic

corresponds to the addition of converse modal operators 2

�1

1

; : : : ;2

�1

n

to

a modal logic. (The appendix provides a brief introduction to description

logic.) So, results for modal logics with the converse operator apply to

description logics with inverse roles. We refer the reader to [De Giacomo

and Lenzerini 1996] and [Horrocks and Sattler 1998] for applications of

inverse roles in description logic.

In Chapter 3 we investigate the transfer of properties from L(K) to L(K:t).

General positive results are available only under a number of conditions:

�rstly, the investigation is restricted to unimodal logics. This seems justi�ed

because mostly a combination with the preservation results about fusions allows

the transfer to the polymodal case: for suppose that L = L

1


 � � � 
 L

n

is the

n-fusion of modal logics L

1

; : : : ; L

n

and we can show (1) the decidability of

every L

i

and (2) that the mappings L

i

7! L

i

:t preserves decidability (here L

i

:t

denotes L

i

plus converse), for all i � n. Then, by the preservation result for

fusions, L:t = L

1

:t
� � �
L

n

:t is decidable. This argument applies, for example,

to PDL without iteration and various description logics.

More severe is another restriction of our investigation: we con�ne ourselves

with unimodal logics which are determined by transitive frames. This is mostly

not justi�ed for description and propositional dynamic logics. However, since

precedence relations are mostly assumed to be transitive, we still cover temporal

logics.

But actually the restriction to transitive frames has turned out to be ex-

tremely fruitful: it allows us to obtain a number of surprising and beautiful

results about the transfer of properties from L(K) to L(K:t). We will be con-

cerned with transfer of decidability, the �nite model property, and axiomati-

zations. Throughout the following brief survey of the obtained results assume

that K is a modally de�nable class of transitive frames. We are going to show:

� The logic L = L(K:t) is axiomatized by adding the axioms p ! 23

�1

p

and p! 2

�1

3p to L(K)
K whenever K is closed under forming co�nal

substructures, is of �nite width, or is of �nite depth. It is shown as well

that this does not hold in general.

� L(K:t) is decidable whenever L(K) is �nitely axiomatizable and K is closed

under forming co�nal substructures.

� In this case L(K:t) has the �nite model property i� K is a �rst-order

de�nable class of structures.
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Various extensions of these results are discussed. Observe that the presented

results cover basically all interesting classes of transitive frames, in Table A.1

all logics containing K4 turn out to be co�nal subframe logics.

1.4 Products of Modal Logics

This chapter investigates the decision problem for propositional modal logics

interpreted in (cartesian) products of Kripke frames: the product

F�G =




W � V;R

1

; : : : ; R

n

; S

1

; : : : ; S

m

�

of two Kripke frames F = hW;R

1

; : : : ; R

n

i and G = hV; S

1

; : : : ; S

m

i is de�ned

by putting

hw; viR

i

hw

0

; v

0

i i� v = v

0

and wR

i

w

0

and

hw; viS

i

hw

0

; v

0

i i� w = w

0

and vS

i

v

0

.

The product L

1

� L

2

of two modal logics L

1

and L

2

is the logic determined

by the class of products F� G such that F and G validate L

1

and L

2

, respec-

tively. In contrast to \
at" modal logics products enable us to model di�erent

dimensions of an application domain in one formalism, a typical example is a

domain comprising both a spatial and a temporal dimension. In this case L

1

is a temporal logic while L

2

is a modal logic for space

4

. We mention also the

\temporal logics of agency" in [Fagin et al. 1995], where a temporal dimension

is combined with a dimension consisting of the states which are believed to be

possible or impossible by certain agents. Here L

1

is again a temporal logic while

L

2

is a modal epistemic logic. In contrast to the fusion L

1


L

2

discussed above

in L

1

� L

2

we have interaction between the epistemic and temporal operators:

the formula

[always][agent A knows]'$ [agent A knows][always]';

for example, is valid in all products. The reason is that the accessibility relations

interpreting the epistemic operators at each moment of time are independent

from the temporal dimension. Thus, in contrast to the \fusion-model" in prod-

ucts agents cannot forget, do not learn, and know time.

Products also form (fragments of) modal predicate logics, where the \object{

dimension" is represented by models of �rst-order predicate logic and the inten-

sional (or dynamic, or temporal) dimension by means of accessibility relations

interpreting modal operators. Recently, products have found applications in

Knowledge Representation, where they are used to add a dynamic (or epis-

temic) dimension to static description languages, see e.g. [Baader and Ohlbach

1995], [Wolter and Zakharyaschev 1998]. The latter aspect of products will be

4

For L

2

we can choose, for example, the logic S4 determined by the class of topological

spaces in which 2 is interpreted as the interior operator. Taking the product L

1

� S4 means

that the structure of the topological space is independent from the temporal dimension.
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considered in the next chapter. We refer the reader to [Gabbay and Shehtman

1998] for references to further applications.

Consequently, products of modal logics have been investigated intensively in

the last years, see e.g. [Marx and Venema 1997], [Reynolds 1997], [Gabbay and

Shehtman 1998, 1999], [Marx and Reynolds 1999], [Reynolds and Zakharyaschev

1999], [Kurucz 1999], and [Marx 1999]. Early references are [Segerberg 1973]

and [Shehtman 1978, 1987].

It turned out, however, that from a technical viewpoint products of modal

logics are mostly considerably more complex than their \
at" fragments. We

are alluding here to various undecidability results for products of rather well

behaved modal logics. For example, the following products are undecidable:

� K4:3 �K4:3, i.e., the bimodal logic determined by frames of the form

F �G such that F and G are transitive and weakly linear, see [Reynolds

and Zakharyaschev 1999].

� K

u

�K

u

, i.e., the 4{modal logic determined by products of frames of the

form hW;R;W �W i, see [Marx 1999].

Positive results turned out to be hard to obtain, we refer the reader to the

decidability proof for the products K

m

� K

m

and S5 � K

m

in [Gabbay and

Shehtman 1998], here K

m

denotes polymodal K with m modal operators.

In this chapter we are going to prove the decidability of products of the form

L�K

m

, for a number of expressive modal logics L. The main result states that

the product of converse PDL (CPDL, for short) and K

m

is decidable.

The decidability of various other logics interpreted in products of Kripke

frames follows immediately from our result, or can be proved by means of

straightforward modi�cations of the method presented: the decidability of the

products S4�K

m

andK4�K

m

is an obvious corollary. The product S5

C

n

�K

m

of the modal logic of common knowledge for n agents S5

C

n

and K

m

is embedded

in our system, and so decidable. Moreover, for a number of products of temporal

logics and polymodal K we obtain decidability by combining the method pre-

sented in the present monograph with the technique developed in [Wolter and

Zakharyaschev 1999e]; this applies, for example, to the temporal logic PTL con-

sisting of all formulas composed from propositional variables by means of the

boolean operations and the binary operators Until and Since which are valid in

hN; <i.

The listed products can be interpreted in di�erent ways. For example, S5

C

n

�

K is a fragment of the temporal logic of agency of [Fagin et al. 1995] in which

agents do not forget, do not learn, and know time. In contrast to the full system

it is decidable.

Our main interest, however, in products of the form L�K

m

relies on the fact

that they form natural fragments of modal predicate logics: recall that K

m

can

be regarded as a fragment of �rst-order predicate logic (consult [van Benthem

1985], where the connection between modal and predicate logic is investigated

in detail). Thus, products of the form L�K

m

, L a modal logic, can be regarded

as fragments of modal predicate logics the modal part of which coincides with



16 CHAPTER 1. INTRODUCTION

L. More precisely, they are fragments of modal predicate logics interpreted in

models with constant domain with globally interpreted binary predicates (the

accessibility relations).

So, by forming the products mentioned above, we obtain rather expressive

but still decidable fragments of modal predicate logics: recall that propositional

dynamic logic PDL and its extensions like CPDL were introduced for reason-

ing about the behavior of non{deterministic programs, see e.g. [Harel 1984].

Moreover, this formalism turned out to be useful also as a basis for logics of

action and for deontic logics, see e.g., [Segerberg 1980], [Prendinger and Schurz

1996], [de Giacomo and Lenzerini 1995], and [Meyer 1988]. Hence, the product

of converse PDL and polymodal K is a decidable basis for a �rst-order logic

of action. S5

C

n

is a propositional logic for reasoning about common knowledge,

see [Fagin et al. 1995]. So, S5

C

n

�K

m

is an expressive and decidable �rst-order

logic of common knowledge. And products of temporal logics with K

m

can be

regarded as decidable formalisms for representing processes.

1.5 Modal description Logics

Description logics are often characterized as logic-based formalisms intended

for representing knowledge about relations between concepts and supplied with

e�ective reasoning procedures and a Tarski-style declarative semantics. A stan-

dard example is the description logic ALC (see [Schmidt-Schau� and Smolka

1991]) in the syntax of which the \de�nition" above can be represented as fol-

lows:

Description logic = Knowledge representation language ^

Logic ^ 9is decided by:Algorithm ^

9has:Tarski semantics:

ALC : Description logic:

Here Description logic, Knowledge representation language, Logic, Algorithm, Tar-

ski semantics are concept names (unary predicates), is decided by and has are role

names (binary predicates) and ALC is an object name (individual constant).

Created in the 1980s as a direct successor of semantic networks and Min-

sky frames, description logic has found a wide range of applications (e.g. to

information systems [Catarci and Lenzerini 1993], databases [Borgida 1995],

software engineering [Wright et al. 1993]), a dozen knowledge representation

systems based on various description logics have been implemented (e.g. BACK

[Quantz and Kindermann 1990], [Peltason 1991]), CLASSIC [Borgida et al.

1989], [Brachman et al. 1991], DLP [Patel-Schneider 1998], FACT [Horrocks

1998], KRIS [Baader and Hollunder 1991], and SB-ONE [Kobsa 1989], and a

rich family of description languages of di�erent expressive power and complexity

has been constructed (see e.g. [Brachman and Schmolze 1985], [Donini et al.

1996], and [Calvanese et al. 1999]).
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Although the existing description languages provide a wide choice of con-

structors usually they are suitable to represent only static knowledge and are

not able to express various dynamic aspects such as time-dependence, beliefs

of di�erent agents, obligations, action etc. For example, in every standard de-

scription language we can de�ne a concept \good car" as, say, a car with an

airconditioner:

good car = car ^ 9part. airconditioner. (1.1)

However, we have no means to represent the subtler knowledge that only agent

A believes (1.1) to be the case, while agent B does not think so:

[agent A believes](1:1) ^ :[agent B believes](1:1):

Nor can we express the fact that (1.1) holds now but in future the notion of a

good car may change (since, for instance, all cars will have airconditioners):

(1:1) ^ heventuallyi :(1:1):

A way to bridge this gap seems to be quite clear: while description logics are

suitable to represent static domains modal logics are designed for reasoning

about dynamic and intensional ones; a combination of both should be capable

of representing domains comprising both dynamic as well as static aspects.

However, it turns out that there are several ways to combine the two languages

and a number of parameters that determine the design of a modal extension of

a given description language:

(I) First, modal operators can be applied to di�erent kinds of well-formed

expressions of the description language.

One can apply them only to conceptual and assertional axioms thereby form-

ing new axioms of the form:

[agent A believes]( good car = car ^ 9part. airconditioner);

[agent A believes](rich(John)):

Modal operators can be applied to concepts in order to form new ones:

[agent A believes]expensive

(i.e., the concept of all objects A believes to be expensive).

By allowing applications of modal operators to both concepts and axioms

we obtain expressions of the form

[agent A believes](good car = [agent B believes]good car)

(i.e., A believes that a car is good if and only if B thinks so).

Finally, one can supplement the options above with modal operators appli-

cable to roles. For instance, to describe the class of people always voting for the

same party we can use the axiom

Faithful voter = human being ^ 9[always]votes:Party:
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(By swapping 9 and [always] we get the class of people always voting for some

party.)

(II) All these languages are interpreted with the help of the possible world

semantics in which the accessibility relations between worlds treat the modal

operators, and the worlds themselves consist of domains in which the concepts,

role names and object names of the description component are interpreted.

So the modal description logic depends both on the set of selected modal

(alias temporal, epistemic, deontic, dynamic etc.) operators and the conditions

we impose on the corresponding accessibility relations.

(III) When connecting worlds|that is ordinary models of the pure descrip-

tion language|by accessibility relations, we are facing the problem of connect-

ing their objects. Depending on the particular application, we may assume

worlds to have arbitrary domains (the varying domain assumption), or we may

assume that the domain of a world accessible from a world w contains the do-

main of w (the expanding domain assumption), or that all the worlds share the

same domain (the constant domain assumption). Consider, for instance, the

following axioms:

:[agent A knows](unicorn = ?);

[agent A knows]:unicorn = >:

The former means that agent A does not know that unicorns do not exist, while

according to the latter, for every existing object, A knows that it is not a unicorn.

Such a situation can be modeled under the expanding domain assumption, but

these two formulas cannot be simultaneously satis�ed in a model with constant

domains.

(IV) Following [Calvanese 1996], one can distinguish between models with

�nite and in�nite domains. In various applications of pure description logics

�nite domains seem preferable: after all the real world a knowledge base is

talking about is �nite.

(V) Finally, one should take into account the di�erence between global and

local symbols. In our context, the former are the symbols having the same

extension in every world in the model under consideration, while the latter

are those whose interpretation is not �xed. For example, while `Manchester

United' should be interpreted as a global name (alias rigid designator) the name

`Champions league winner' should (hopefully) be local; `loves' seems to be a

typical local role, while `mother

�

of' is global.

The choice of those parameters determines the properties of the resulting

system. Chapter 5 provides an analysis of the decision problem for nearly all

possible combinations. We consider two di�erent types of satisfaction problems:

� the satisfaction problem for formulas

5

; that is to say, the problem whether

for a given formula ' there exists a model and a world w in it in which '

is true, and

5

Here and in what follows the axioms of ordinary description logic as well as the expressions

obtained by applying boolean and modal operators to them are called formulas; the term axiom

does not make sense in this general context.
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� the satisfaction problem for concepts; that is to say, the problem whether

for a given concept C there exists a model and a world w in it in which

the concept has a nonempty extension.

Roughly speaking, the results are as follows (we summarize here the results

for models with constant and possibly in�nite domains, information about the

decision problem in other models will be discussed later):

MD1 The �rst main result is proved by applying the decidability result for prod-

ucts: it says that for languages with modal operators applied to concepts

(and not to roles), and global as well as local roles the satisfaction prob-

lem for concepts is decidable for rather expressive modal logics (e.g., the

dynamic logic CPDL, the epistemic logic S5

C

n

, and the temporal logic

PTL) based on ALC.

MD2 The second series of results shows that for languages with modal opera-

tors applied to formulas, concepts, and roles the satisfaction problem for

formulas is decidable for weak modal logics like K

m

and S5

m

based on

ALC. It is undecidable, however, for the logics PDL, S5

C

n

, n > 1, and

PTL based on ALC.

MD3 The third series of results shows that for languages with modal operators

applied to formulas as well as concepts (but not to roles) and local roles

only the satisfaction problem for formulas is decidable for combinations of

rather expressive modal and description logics; e.g., whenever the modal

logic is one of CPDL, S5

C

n

, or PTL and the description logic is CIQ.

Some combinations of modal and description logics have been considered else-

where already, we mention [Laux 1994], [Schild 1993], [Baader and Laux 1995],

and [Baader and Ohlbach 1995]. Those logics and their relation to our logics

will be discussed in the chapter as well.

1.6 Fragments of �rst-order modal logics

The products L � K

m

as well as the modal description logics considered in

the previous chapter are fragments of modal predicate logics (possibly extended

by means of the transitive closure of binary relations). Though motivated by

possible applications the de�nitions of those fragments remain somewhat ad

hoc, at least from the viewpoint of modal predicate logic. In this and the �nal

chapter of this monograph we are concerned with more uniform strategies to

single out decidable fragments of modal and temporal predicate logics. This

question is quite similar to the classical decision problem, i.e., the problem to

�nd expressive and decidable fragments of �rst-order logic. Here are only three

examples (out of dozens) of fragments of �rst-order logic which turned out to

be decidable (the choice is not accidental|we shall use these results later on):

� the fragment containing only monadic predicate symbols [Behmann 1922];
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� the fragment with only two individual variables [Scott 1962], [Mortimer

1975];

6

� the guarded fragment containing formulas of the form

9y (G(x; y) ^ '(x; y));

where the guard G(x; y) is atomic

7

[Andreka et al. 1998].

The current state of art in this �eld is presented in the recent monograph [B�orger

et al. 1997].

On the other hand, for modal logicians the decision problem in fragments

of �rst-order modal logics seemed almost hopeless. The following list covers

almost all known results (save those obtained in the two preceding chapters)

and seemed to leave not much space for a maneuver:

� the monadic fragment (even with a single unary predicate symbol) of prac-

tically all modal predicate logics is undecidable [Kripke 1962] (see also

[Hughes and Cresswell 1996]);

� the two-variable fragment of practically all modal predicate logics with

constant domains (without equality and function symbols) is undecid-

able [Gabbay and Shehtman 1993]; for example, such is the two-variable

fragment of the predicate logics based on K, K4, S4, etc. Only the one-

variable fragment of various standard modal predicate logics turns out to

be decidable (see [Fischer-Servi 1978], [Segerberg 1973], [Shehtman 1987],

[Artemov and Dzhaparidze 1990]);

� the de�nition of the guarded fragment of �rst-order logic can be lifted in a

straightforward manner to de�ne the guarded fragment of modal predicate

logics. Theorem 7.13 below shows that this fragment is not recursively

axiomatizable, for many natural modal predicate logics.

The main aim of the �nal two chapters is to de�ne and investigate a new, un-

orthodox kind of sub-languages of the �rst-order modal and temporal language

which, on the one hand, is considerably more expressive than the one-variable

fragment, yet on the other hand gives rise to decidable fragments of �rst-order

temporal logics. Roughly speaking, these fragments are obtained by:

(1) restricting the pure classical (non-modal) part of the language to an arbi-

trary decidable fragment of �rst-order logic, and

(2) restricting the modal part of the language to monodic formulas, i.e., for-

mulas whose subformulas beginning with a modal operator have at most

one free variable. (In other words, we restrict modalities de re to formulas

of one free variable and impose no restrictions whatsoever on modalities

de dicto.) In what follows we denote the set of monodic formulas by PL

1

.

6

The fragment with binary predicates and three variables is undecidable [Suranyi 1943].

7

For a precise de�nition see Section 7.5.
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Condition (1) allows the use of classical decidability results to select a suitable

�rst-order part of the language, while (2) leaves enough room for non-trivial

interactions between quanti�ers and modal operators (as in the Barcan formula,

9x3'(x) $ 39x'(x))

8

. Within this framework we obtain, for instance, the

decidability of the one-variable fragment of various modal predicate logics simply

by using the fact that the corresponding non-modal fragment is decidable. Other

examples are

� the two-variable fragment of PL

1

,

� the monadic fragment of PL

1

,

� the guarded fragment of PL

1

, and

� the modal description logics described in [MD3] above

9

.

It is not our aim in this chapter to prove the decidability of fragments of as

many modal predicate logics as possible (actually, that might be quite boring;

modal logic has already passed through this experience). Instead we deal with

only one su�ciently representative polymodal logic QK

�

with two necessity

operators: 2 interpreted in models (with constant and expanding domains) by

an arbitrary binary relation � and 2

�

interpreted by the transitive and re
exive

closure of �. The reason for selecting QK

�

is purely technical. First, it is

complex enough to show how our method works. On the other hand, it is not

too sophisticated to involve too many technical details and special cases. For

example, we could have taken quanti�ed CPDL or S5

C

n

, but this would require

to explain details that are not necessary to understand the method. Actually

the investigation of the product CPDL �K

m

shows how the method can be

extended to more expressive logics.

1.7 Fragments of �rst-order temporal logics

In this chapter we consider the monodic fragment (called T L

1

) of the �rst-order

temporal language with the binary operators Since and Until (denoted by T L)

interpreted in 
ows of time which are strict linear orderings. The motivation

8

Actually various formulas which are known to \cause" incompleteness of standard modal

predicate logics are in the monodic fragment. For example, the formula 28x(P (x) !

2P (x)) ! 38x(3P (x) ! P (x)) can be used to show the incompleteness of the minimal

predicate extensions of various standard propositional modal logics containing S4, see [Ghi-

lardi 1991] and the survey [van Benthem 1996, page 332]. So we observe in the monodic

fragment already most of the interesting phenomena arising in modal predicate logic.

9

Observe that the application of modal operators to roles, concepts, and formulas in modal

description logics corresponds to the application of modal operators to formulas with two, one,

and zero free variables in �rst-order modal logic, respectively. So modalized roles are not in

PL

1

and the modal description logics of [MD2] are not covered. Observe as well that global

roles are not de�nable in PL

1

so that the modal description logics of [MD1] are not in PL

1

.

The situation will be discussed in more detail in the chapter.
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for this investigation is similar to the previous chapter: even more than stan-

dard modal logic temporal logic has found numerous applications in CS, rang-

ing from the traditional and well-developed �elds of program speci�cation and

veri�cation [Pnueli 1986], [Manna and Pnueli 1992, 1995], temporal databases

[Chomicki 1994], [Chomicki and Niwinski 1995], [Abiteboul et al. 1995, 1996],

[Sernadas 1980], [Gabbay et al. 1999], and distributed and multi-agent systems

[Fagin et al. 1995], to more recent uses in knowledge representation and reason-

ing, see the chapter on modal and temporal description logics. This is true of

both propositional and �rst-order temporal logic. However, the mainstream of

theoretical studies in the discipline has|like in Modal Logic|mostly been re-

stricted to the propositional case, witness the surveys [Emerson 1990], [Stirling

1992], and [van Benthem 1996] , or the two-volume monograph [Gabbay et al.

1994, 1999] where only one chapter is devoted to �rst-order temporal logics.

Apparently, the reason for this situation is similar to the modal case: though

some axiomatizations of �rst-order temporal logics are known (see e.g., [Reynolds

1996]), a series of incompleteness theorems [Abadi 1987], [Andreka et al. 1979],

[Gabbay et al. 1994], [Garson 1984], [Kr�oger 1990], [Merz 1992], [Szalas 1986],

and [Szalas and Holenderski 1988] started by unpublished results of Scott and

Lindstr�om in the 1960s, show that many of the �rst-order temporal logics most

useful in CS are not even recursively enumerable. Standard fragments turned

out to be undecidable.

The bulk of this chapter is devoted to showing that the restriction to monodic

formulas allows the construction of decidable fragments over various 
ows of

time. We obtain, for instance, that the two-variable monodic fragment and the

guarded monodic fragment are decidable when the 
ow of time is arbitrary,

�nite, hN; <i, hQ; <i and the domain is arbitrary but constant. For hN; <i

we will consider models with �nite constant domain as well. While the proofs

for the 
ow of time N provide explicit and elementary satis�ability{checking

algorithms, the proofs for the remaining classes of 
ows of time are conducted

by means of a reduction to B�uchi's and Rabin's decidability theorems. More

decidability results, in particular for R, can be found in [Hodkinson et al. 1999].

Our results also apply to two-sorted �rst-order languages in which one sort

is specially intended for talking about time. The predicate temporal language

T L provides only `implicit' access to time: quanti�cation over points in time in

the sense of �rst-order logic is not permitted, and the only means of expressing

temporal properties is by the temporal operators Since and Until. A common

alternative is to reason about time explicitly, using �rst-order logic. Following

this approach in the propositional case yields monadic �rst-order logic inter-

preted in strict linear orders, while in the predicate case it leads to a two-sorted

�rst-order language, called `T S' in what follows, one sort of which refers to

points in time and the other to the �rst-order domain.

The relation between T L and T S has been investigated intensively in the

context of temporal databases (see, e.g., [Abiteboul et al. 1995, 1996], [Chomicki

1994], and [Chomicki and Niwinski 1995] . In the propositional case, both

languages are known to have the same expressive power over most classes of


ows of time, i.e., the temporal propositional language is expressively complete,
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see [Kamp 1968], [Gabbay et al. 1994], and the appendix. This turns out not

to be so in the �rst-order case: the formula

9t

1

9t

2

(t

1

< t

2

^ 8x(P (t

1

; x)$ P (t

2

; x)))

is not expressible in T L over any interesting class of 
ows of time [Abiteboul et

al. 1995, 1996], [Chomicki 1994]. However, it remained open in the literature on

temporal databases whether there is a natural characterization of the fragment

of T S for which T L is expressively complete. We will show that a natural such

fragment|called T S

1t

|consists of all formulas in which `domain' quanti�ers 8x

are applied to formulas with at most one free temporal variable (observe that

this condition, approximately dual to monodicity, is violated in the formula

above). Moreover, the fragment T L

1

of monodic T L-formulas turns out to be

expressively complete for the fragment T S

1

of monodic T S

1t

-formulas. The

translation from T S

1

into T L

1

is e�ective, so all our decidability results for

fragments of T L

1

carry over to the corresponding fragments of T S

1

.

We close the introduction with a brief remark concerned with what we believe

is the main technical contribution of this monograph: none of the decidability

proofs we present is based on the �nite model property; in fact, nearly all logics

we consider lack the fmp and standard model-theoretic techniques to proof

decidability|�ltration, reduction to Rabin's theorem, etc.|play a minor role

only. On the contrary, about four or �ve new methodologies to establish the

decidability are developed.

Notation and prerequisites

Throughout this monograph we use standard notation of Logic. Most of the

notation is �xed in the appendix. The only exception is Chapter 2 which is,

in contrast to the other chapters, based on algebraic methods. For that reason

in Chapter 2 the notation is slightly di�erent from the remaining part of the

monograph.

The monograph is self-contained. However, the reader is assumed to have

basic knowledge of propositional, �rst-order, and modal logic (as well as its

variants). For background information about Modal, Epistemic, Dynamic, and

Temporal Logic we refer the reader to the following textbooks and survey ar-

ticles: [Chagrov and Zakharyaschev 1997], [Chellas 1980], [Fagin et al. 1995],

[Gabbay et al. 1994], [Garson 1984], [Goldblatt 1992], [Harel 1984], [Hughes and

Cresswell 1996], [Kracht 1999], [Van Benthem 1983, 1985, 1996], [Zakharyaschev

et al. 1999]. More references can be found in the appendix.
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Chapter 2

Fusions of Modal Logics

revisited

The �rst who explicitly discussed fusions of modal logics was S. Thomason. In

[Thomason 1980] he proved that fusions of modal logics are conservative exten-

sions of their unimodal fragments by using the fact that any two countably in-

�nite atomless boolean algebras are isomorphic (cf. [Koppelberg 1988]). About

ten years later the transfer of properties under forming fusions was investigated

in detail in [Fine and Schurz 1996], [Kracht and Wolter 1991], and [Spaan 1993].

Quite a few results were also obtained in [Goranko and Passy 1992] and [Gabbay

1996]. All those investigations, however, are technically based on Kripke seman-

tics and prove general results only for logics which are determined by Kripke

frames and have unary modal operators only. For instance, transfer of decidabil-

ity and interpolation for Kripke-complete logics (with unary operators only) was

proved independently in [Fine and Schurz 1996] and [Kracht and Wolter 1991],

but the method did not provide any positive result for incomplete logics. In

this chapter we shall combine Thomason's use of the @

0

-categoricity of atomless

boolean algebras with a technique introduced in [Kracht and Wolter 1991] to

prove that decidability, interpolation, and uniform interpolation in the sense of

[Pitts 1992] are preserved in general for normal polyadic polymodal logics. It is

proved as well that decidability is preserved under forming fusions of abritrary

modal consequence relations ` satisfying, for all operators f of arity �(f):

p

1

$ q

1

; : : : ; p

�(f)

$ q

�(f)

` f(p

1

; : : : ; p

�(f)

)$ f(p

1

; : : : ; p

�(f)

):

In this part of the monograph we do not use Kripke semantics but only algebraic

methods.

In fact, also from an algebraic viewpoint fusions are easily characterized.

Recall that every modal logic corresponds to an equational theory of boolean

algebras with operators, see e.g. [Goldblatt 1989]. This implies that the question

whether decidability is preserved under forming the fusion of two modal logics

(in languages with disjoint sets of modal operators) is { in a sense { an instance of

25
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the following more general question: under which conditions is the decidability of

two equational theories T

1

and T

2

preserved under forming the union T

1

[T

2

? It

would be nice if preservation results for fusions could be obtained from general

results about the behavior of joins of equational theories. Unfortunately, no

applicable results are known. The �rst rather general condition was formulated

by Pigozzi who proved that decidability is preserved whenever the languages

of T

1

and T

2

are disjoint, see [Pigozzi 1974]. This result cannot be applied

to obtain preservation results for fusions: the boolean operators conjunction

and negation are always shared by equational theories of modal algebras with

operators. A number of preservation results for the join of equational theories

with shared symbols exist, however, see e.g. [Baader and Tinelli 1997, 1998]

and [Domenjoud et al. 1994]. But again, because of the special conditions they

impose upon the equational theories, the results are not applicable to fusions.

Certainly a general \non-modal" preservation theorem covering the modal case

of joins of equational theories would be desirable. In what follows, however, we

con�ne ourselves to the fusions of modal logics and their consequence relations.

2.1 Syntax

A modal similarity type S = hF; �i consists of a set F of modal operators and a

map � : F ! ! assigning to each f 2 F a �nite arity �(f) 2 !. The propositional

modal language L(S) over S is de�ned in the usual manner by using countably

many propositional variables, the operators in F and the boolean connectives

^;_;!;$;?;>.

Let us �x a modal similarity type S = hF; �i. An S-consequence relation

` is a �nitary structural consequence relation

1

over L(S) with the following

properties.

� ` ', for each classical tautology '.

� p; p! q ` q.

� For all f 2 F ,

p

1

$ q

1

; : : : ; p

�(f)

$ q

�(f)

` f(p

1

; : : : ; p

�(f)

)$ f(p

1

; : : : ; p

�(f)

):

We call a subset L of L(S) an S-logic i� there exists an S-consequence relation

` such that L = �(`), where

�(`) = f' 2 L(S) : ; ` 'g:

1

Recall that a �nitary structural consequence relation ` over a propositional language L

is a relation ` between sets of formulas and formulas satisfying

� ' 2 �) � ` '.

� If �

1

� �

2

and �

1

` ', then �

2

` '.

� If �

1

` �

2

and �

2

` ', then �

1

` '.

� � ` ') s� ` s', for all substitutions s.

� If � ` ', then there exists a �nite subset �

0

of � with �

0

` '.
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Conversely, denote by cons(L) the set of all S-consequence relations ` satis-

fying L = �(`). It is known that cons(L) contains a smallest and a largest

consequence relation: the consequence relation `

L

which is de�ned by putting

� `

L

' i� ' is derivable from � [ L by using the rules above and the conse-

quence relation `

a

L

determined by the set of all L-admissible rules, i.e., all rules

'

1

; : : : ; '

k

= under which L is closed.

Call an S-logic L normal if the following holds for all f 2 F and 1 � i � �(f):

f(p

1

; : : : ; p

i

_ q

i

; : : : ; p

�(f)

) $ f(p

1

; : : : ; p

i

; : : : ; p

�(f)

)

_f(p

1

; : : : ; q

i

; : : : ; p

�(f)

) 2 L

and :f(p

1

; : : : ; p

i�1

;?; p

i+1

; : : : ; p

�(f)

) 2 L. This de�nition is a natural gen-

eralization of the well-known notion of a normal modal logic when all modal

operators are unary. Let us now consider two disjoint modal similarity types S

l

and S

r

and take the language L = L(S

l

[ S

r

). Then the fusion

`

l


 `

r

of an S

l

-consequence relation `

l

and an S

r

-consequence relation `

r

is the small-

est S

l

[S

r

-consequence relation containing `

l

[ `

r

. Correspondingly, the fusion

L

l


 L

r

of a S

l

-logic L

l

and a S

r

-logic L

r

is the smallest S

l

[S

r

-logic containing L

l

[L

r

.

Here l abbreviates the logic on the left and r abbreviates the logic on the right.

In what follows we shall assume that the similarity types S

l

= hE; li and S

r

=

hG; ri are �xed and disjoint and that `

l

, L

l

, `

r

, and L

r

are formulated in L(S

l

)

and L(S

r

), respectively. Fusions of consequence relations and fusions of logics

are connected as follows.

Theorem 2.1. (1) For all `

l

and `

r

,

�(`

l


 `

r

) = �(`

l

)
 �(`

r

):

(2) For all modal logics L

l

and L

r

,

L

l


 L

r

= �(`

a

L

l


 `

a

L

r

):

Certainly (2) is a consequence of (1) and obviously we have the inclusion

�(`

l


 `

r

) � �(`

l

)
�(`

r

). The proof of the other inclusion is not so easy and

will be delivered in the section Decidability of the consequence relation.

2.2 Semantics

S-consequence relations (and S-logics) are interpreted in S-algebras, i.e., alge-

bras

A =




A;_;�;>;?;




f

A

: f 2 F

��
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in which the boolean reduct hA;_;�;>;?i is a boolean algebra and the f

A

,

f 2 F , are functions of arity �(f). A valuation v in A is a homomorphism from

the algebra of formulas L(S) into A. Quite often we shall specify a valuation

v only for a certain set V of propositional variables. In all those cases it is

assumed that v is de�ned arbitrarily but �xed for all the variables not in V .

With A we associate a (not always �nitary) consequence relation j=

A

de�ned by

� j=

A

', (8v)(v(�) � f>g ) v(') = >):

De�ne for a class of S-algebras Q the consequence relation

j=

Q

=

\

fj=

A

: A 2 Qg

and call it the consequence relation determined by Q. Correspondingly, de�ne

LogA = f' : ; j=

A

'g and LogQ =

\

fLogA : A 2 Qg;

and call LogQ the logic determined by Q. Conversely, we put

Alg` = fA : `

A

� `g:

Members of Alg ` are called `-algebras. For a S-logic L we put

AlgL = fA : A j= Lg;

where A j= L abbreviates j=

A

', for all ' 2 L. The following result is well-

known and easy to prove. (For information about varieties and quasivarieties

consult [Maltsev 1973], for example.)

Theorem 2.2. For each class Q of S-algebras the following conditions are

equivalent:

1. There exists a S-consequence relation ` with Q = Alg `.

2. Q is a quasivariety.

Also the following conditions are equivalent:

1. There exists an S-logic L such that Q = AlgL.

2. Q is a variety.

Call an element a of a boolean algebra A an atom if a 6= ? and

fx 2 A : x � ag = f?; ag:

A is called atomless i� A contains no atoms. In what follows we shall call a

S-algebra A a c.i.a. algebra i� the boolean reduct of A is a countably in�nite

atomless boolean algebra. Denote the class of c.i.a. algebras in Alg ` by Atg `

and denote the class of c.i.a. algebras in AlgL by AtgL. The following result

states that S-consequences are determined by c.i.a. algebras.
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Theorem 2.3. (1) For each S-consequence relation `,

` = j=

Alg`

= j=

Atg`

:

(2) For each S-logic L,

L = LogAlgL = LogAtgL:

Proof (1) It su�ces to show that for � 6` ' there exists an A 2 Atg` such

that � 6j=

A

'. Certainly we may assume that for each formula  there is a

propositional variable p which is not in � and not in  . De�ne a congruence

relation on the algebra of formulas L(S) by putting

�

1

� �

2

, � ` �

1

$ �

2

:

Now it is well-known (and easy to check) that A = L(S)=� 2 Alg` and that

A refutes � ` '. It remains to show that A is countably in�nite and atomless.

Clearly A is countably in�nite whenever it is atomless. So it su�ces to show that

A is atomless. Denote by [�] the equivalence class containing �. Let  2 L(S)

with [ ] 6= ? and take a propositional variable p which is not in � and not in

 . It follows immediately that

? < [ ] ^ [p] < [ ]:

So [ ] is not an atom of A and we conclude that A is atomless. (2) is proved

similarly. 2

Suppose that Q

l

is a class of S

l

-algebras and Q

r

is a class of S

r

-algebras.

The fusion

Q

l


Q

r

of Q

l

and Q

r

is the class of all S

l

[S

r

-algebras the S

l

- and S

r

-reducts of which

are in Q

l

and Q

r

, respectively. The following model theoretic characterization

of fusions follows immediately from Theorem 2.3.

Theorem 2.4. (1) For all consistent `

l

and `

r

,

Alg(`

l

)
 Alg(`

r

) = Alg(`

l


 `

r

):

(2) For all consistent L

l

and L

r

,

Alg(L

l

)
 Alg(L

r

) = Alg(L

l


 L

r

):

2.3 Basic Results

First recall some basic facts about atomless boolean algebras. (See [Koppelberg

1988] for details.) For a boolean algebra A = hA;_;�;>;?i and a 2 A recall

that the algebra

A

a

= hfa ^ b : b 2 Ag;_

a

;�

a

; a;?i
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is a boolean algebra as well which is called the relative of A. Here we put

b

1

_

a

b

2

= b

1

_ b

2

and �

a

b = a^�b. A �nite set fa

i

: i 2 Ig is called a partition

of A i� it is pairwise disjoint, i.e., a

i

6= ?, for all i 2 I , a

i

^ a

j

= ?, for all

i; j 2 I such that i 6= j, and

W

fa

i

: i 2 Ig = >. The following is well known.

Lemma 2.1. Suppose that fa

i

: i 2 Ig is a partition of A. Then

� : A!

Y

hA

a

i

: i 2 Ii ;

de�ned by �(a) = ha ^ a

i

: i 2 Ii, is a surjective isomorphism.

Clearly b � a is an atom in A i� it is an atom in A

a

. So we have

Lemma 2.2. If A is atomless, then A

a

is atomless, for each a 2 A with a 6= ?.

In what follows we shall use the following conventions for mappings. If

mappings �

i

: A

i

! B

i

, i 2 I , are given, then � =

Q

h�

i

: i 2 Ii denotes

the mapping from

Q

hA

i

: i 2 Ii into

Q

hB

i

: i 2 Ii which is de�ned by putting

� ha

i

: i 2 Ii = h�

i

(a

i

) : i 2 Ii. For a sequence of valuations v

n

in algebras A

n

,

n 2 I , however, we denote by v =

Q

hv

n

: n 2 Ii the valuation in

Q

hA

n

: n 2 Ii

which is de�ned by putting v(p) = hv

n

(p) : n 2 Ii.

Proposition 2.1. Suppose that A and B are c.i.a. boolean algebras and fa

i

:

i 2 Ig and fb

i

: i 2 Ig are partitions of A and B, respectively. Then there exists

an isomorphism � from A onto B such that

�(a

i

) = b

i

;

for all i 2 I.

Proof By Lemma 2.2, the algebras A

a

i

, B

b

i

, i 2 I , are c.i.a.. Hence there are

isomorphisms �

i

from A

a

i

onto B

b

i

. We get an isomorphism

� =

Y

h�

i

: i 2 Ii :

Y

hA

a

i

: i 2 Ii !

Y

hB

b

i

: i 2 Ii

By Lemma 2.1, � is as required. 2

The second part of the following theorem was already proved in [Thomason

1980].

Theorem 2.5. (1) For all consistent `

l

and `

r

the fusion `

l


 `

r

is a conser-

vative extension of both `

l

and `

r

. (2) For all consistent L

l

and L

r

the fusion

L

l


 L

r

is a conservative extension of both L

l

and L

r

.

Proof (1) Put ` = `

l


 `

r

. Suppose that �;' � L(S

l

) and � 6`

l

'. By

Theorem 2.3 there exists

A =




A;_;�;>;?;




f

A

: f 2 E

��

2 Atg `

l
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and a valuation v in A such that v(�) � f>g and v(') 6= >. Take any

B =




B;_

B

;�

B

;>

B

;?

B

;




g

B

: g 2 G

��

2 Atg `

r

:

Such an algebra exists since `

r

is consistent. Now the boolean reducts of A and

B are isomorphic. Hence we may assume that A = B and that the boolean

operations of A and B coincide, i.e. _ = _

B

and � = �

B

. But then

D =




A;_;�;>;?;




f

A

: f 2 E

�

;




g

B

: g 2 G

��

2 Alg `

refutes � ` '. (2) is proved similarly. 2

2.4 Decidability of the consequence relation

For each formula ' of the form t('

1

; : : : ; '

�(t)

) 2 L(S

l

[ S

r

), t 2 E [ G, we

reserve a new variable q

'

which will be called the surrogate of '. We assume

that the surrogate variables are di�erent from our original set of variables. If

' 2 L(S

l

[ S

r

) then var

p

(') denotes the set of variables in ' which are not

surrogates. For a formula ' without surrogate variables denote by '

l

2 L(S

l

) the

formula which results from ' when all occurences of formulas g('

1

; : : : ; '

�(g)

),

g 2 G, which are not within the scope of a g 2 G are replaced by their surrogate

variable q

g('

1

;::: ;'

�(g)

)

. For a set � of formulas put �

l

= f'

l

: ' 2 �g and de�ne

�

r

as well as �

r

correspondingly. For instance, if S

l

consists of two operators f

1

and f

2

of arity 1 and S

r

consists of one operator g of arity 1, then

(gp ^ f

1

p ^ g(p ^ f

2

p))

l

= q

gp

^ f

1

p ^ q

g(p^f

2

p)

:

(gp ^ f

1

p ^ g(p ^ f

2

p))

r

= gp ^ q

f

1

p

^ g(p ^ q

f

2

p

):

Denote by sf(�) the set of subformulas of formulas in � and by sf

l

(�) the set of

variables of formulas in � as well as all subformulas of g('

1

; : : : '

r(g)

) 2 sf(�),

g 2 G. Formally we can de�ne

sf

l

(�) = sff : q

 

2 var(�

l

)g [ var

p

(�):

De�ne sf

r

(�) correspondingly. Suppose now that � � L(S

l

[ S

r

) is a �nite set

of formulas closed under subformulas. De�ne the consistency-set of � by

C(�) = f 

c

: c � �g;

where for c � �,

 

c

=

^

h� : � 2 ci ^

^

h:� : � 2 �� ci :

We abbreviate Cl(�) = C(sf

l

(�)) and Cr(�) = C(sf

r

(�)).

Theorem 2.6. Suppose that `

l

and `

r

are consequence relations in S

l

and S

r

,

respectively, and that ';  2 L(S

l

[ S

r

). Put ` = `

l


 `

r

. The following

conditions are equivalent.
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1. ' 6`  .

2. There exists D � Cl(f';  g) such that

'

l

; (

_

D)

l

6`

l

 

l

(2.1)

and, for all � 2 D,

'

l

; (

_

D)

l

6`

l

:�

l

and (

_

D)

r

6`

r

:�

r

(2.2)

3. There exists D � Cr(f';  g) such that '

r

; (

W

D)

r

6`

r

 

r

and, for all

� 2 D,

'

r

; (

_

D)

r

6`

r

:�

r

and (

_

D)

l

6`

l

:�

l

:

If D satis�es 2., then ';

W

D 6`  and

W

D 6` :�, for all � 2 D.

Proof 2. ) 1. Take a D � Cl(f�;  g) satisfying (2.1) and (2.2). By Theorem

2.3 for each � 2 D [ f: g there exists a A

�

2 Atg `

l

and a valuation v

�

in A

�

such that

v

�

((

_

D)

l

^ '

l

) = > and v

�

(�

l

) > ?:

Put

A =

Y

hA

�

: � 2 D [ f: gi

and de�ne a valuation v

l

in A by

v

l

=

Y

hv

�

: � 2 D [ f: gi :

We have A 2 Atg `

l

, v

l

('

l

) = >, v

l

( 

l

) 6= >, and the set

fv

l

(�

l

) : � 2 Dg

is a partition of A. On the other hand we get in a similar way from (

W

D)

r

6`

r

:�

r

, for all � 2 D, a B 2 Atg `

r

with a valuation v

r

such that the set

fv

r

(�

r

) : � 2 Dg

is a partition of B. By Proposition 2.1 there exists an isomorphism � from the

boolean reduct of B onto the boolean reduct of A such that

�(v

r

(�

r

)) = v

l

(�

l

);

for all � 2 D. Hence we may assume, by identifying B with A, that we have an

algebra

D =




A;_;�;>;?;




f

D

: f 2 E

�

;




g

D

: g 2 G

��

2 Alg `

with two valuation v

l

and v

r

satisfying

v

r

(�

r

) = v

l

(�

l

);
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for all � 2 D, and such that v

l

still has the properties mentioned above. By using

the properties of Cl(f';  g) it is now easily shown that for all � 2 sf

l

(f�;  g),

v

l

(�

l

) =

_




v

l

(�

l

) : � 2 D; � is a conjunct of �

�

=

_

hv

r

(�

r

) : � 2 D; � is a conjunct of �i

= v

r

(�

r

):

We de�ne a new valuation v in D by putting, for all non-surrogate variables p

in ';  ,

v(p) = v

l

(p) (= v

r

(p)):

Claim. v(�) = v

l

(�

l

) (= v

r

(�

r

)), for all � 2 sf

l

(f�;  g).

The proof of this claim, which is almost trivial now, is by induction on

the subformulas of �. The interesting steps are for � = f('

1

; : : : ; '

�(f)

) and

� = g('

1

; : : : ; '

�(g)

), for f 2 E and g 2 G. Let us consider f. Then

v(f('

1

; : : : ; '

�(f)

)) = f

D

(v('

1

); : : : ; v('

�(f)

))

= f

D

(v

l

('

l

1

); : : : ; v

l

('

l

�(f)

))

= v

l

(f('

1

; : : : ; '

�(f)

)):

The case � = g('

1

; : : : ; '

�(g)

) is dual by using the induction hypothesis for v

r

.

Clearly, by the Claim above, v(') = v

l

('

l

) = > and v( ) = v

l

( 

l

) 6= >.

Hence � 6`  , as required.

1. ) 2. Suppose that ' 6`  . There is an A 2 Alg ` with a valuation v such

that v(') = > and v( ) 6= >. Put

D = f� 2 Cl(f';  g) : v(�) > ?g:

Certainly D is as required in 2.

The equivalence of 1. and 3. can be proved in the same way. 2

Corollary 2.1. Suppose that `

l

and `

r

are consistent. Then `

l


 `

r

is decid-

able i� both `

r

and `

l

are decidable.

Proof Put ` = `

l


 `

r

. One direction follows immediately from the fact that

` is a conservative extension of both `

l

and `

r

. The other direction follows

from Theorem 2.6 and the observation that Cl(f';  g) is �nite. 2

Corollary 2.2. Suppose that Q

l

and Q

r

are nontrivial quasivarieties. Then

the set of quasi-identities valid in Q

l


Q

r

is recursive i� both the set of quasi-

identies valid in Q

l

and the set of quasi-identities valid in Q

r

are recursive.

De�ne for a consequence relation ` in L(S

l

[S

r

) the following subsets of Cl(f'g)

and Cr(f'g):

�

l(`)

(') = f� : � 2 Cl('); ; 6` :�g

�

r(`)

(') = f� : � 2 Cr('); ; 6` :�g:
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Correspondingly, put for a logic L,

�

l(L)

(') = �

l(`

L

)

(') and �

r(L)

(') = �

r(`

L

)

('):

Notice that `

W

�

l(`)

(') and that

W

�

l(`)

(') 6` :�, for all � 2 �

l(`)

('). Thus,

if 6` ' then

(

_

�

l(`)

('))

l

6` :�

l

and (

_

�

l(`)

('))

l

6` '

l

and (

_

�

l(`)

('))

r

6` '

r

;

for all � 2 �

l(`)

('). So we obtain from Theorem 2.6 by putting D = �

l(`)

(')

the following

Corollary 2.3. Suppose that `

l

and `

r

are consistent and ' 2 L(S

l

[S

r

). Put

`=`

l


 `

r

. Then the following conditions are equivalent.

1. ; ` '.

2. (

W

�

l(`)

('))

l

`

l

'

l

.

3. (

W

�

r(`)

('))

r

`

r

'

r

.

We shall �rst use Corollary 2.3 to prove Theorem 2.1. In a certain sense all

the formulas in �

r(`)

(') or all the formulas in �

l(`)

(') are less complex than

' itself so that the corollary above allows us to prove results by induction on

a measure of this complexity, namely the alternation depth. First de�ne the

left-alternation-depth a

l

(') 2 ! of a formula '. It is the length of a longest

sequence hg

1

; f

1

; g

2

; f

2

; : : :i such that

g

1

(: : : f

1

(: : : g

2

(: : : (f

2

(: : : : : : ))))

occurs in ' and g

1

; g

2

; : : : 2 G and f

1

; f

2

; : : : 2 E. Correspondingly the right-

alternation-depth a

r

(') 2 ! is the length of a longest sequence hf

1

; g

1

; f

2

; g

2

; : : :i

such that

f

1

(: : : g

1

(: : : f

2

(: : : (g

2

(: : : : : : ))))

occurs in ' and g

1

; g

2

; : : : 2 G and f

1

; f

2

; : : : 2 E. The alternation depth of ' is

a(') = a

l

(') + a

r

('). The following Lemma is easily shown.

Lemma 2.3. For all ' 2 L(S

l

[ S

r

) which contain a modal operator,

a(') > a(�); for all � 2 Cl('),

or

a(') > a(�); for all � 2 Cr(').

Proof of Theorem 2.1. It remains to show, for every formula ', ' 2 �(`

l

)
�(`

r

) whenever ' 2 �(`

l


 `

r

). The proof is by induction on a('). The case

a(') = 0 is trivial. Now suppose that a(') = n > 0 and that the implication
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holds for all � with a(�) < n. Then, by Lemma 2.3, we may assume w.l.o.g.

that a(') > a(�), for all � 2 Cl('). So, by induction hypothesis,

�

l(`

l


`

r

)

(') = �

l(�(`

l

)
�(`

r

))

('):

Hence

(

_

�

l(`

l


`

r

)

('))

l

`

l

'

l

, (

_

�

l(�(`

l

)
�(`

r

))

('))

l

`

l

'

l

and we conclude (with Corollary 2.3) that ' 2 �(`

l


 `

r

) if and only if ' 2

�(`

l

)
 �(`

r

). 2

2.5 Decidability of normal logics

This section deals with the problem whether L

l


 L

r

is decidable whenever

both L

l

and L

r

are decidable. Here we found an answer in the positive only

for normal S-logics, the question of transfer of decidability for subnormal logics

remains open. So in this section we assume that all logics and algebras are

normal. Corollary 2.3 shows already the way we choose to prove transfer of

decidability.

The smallest normal S-logic is denoted by K(S). For each f 2 F de�ne a

new modal operator f

2

by putting

f

2

(p

1

; : : : ; p

�(f)

) =

^

h:f(>; : : : ;:p

i

; : : : ;>) : 1 � i � �(f)i :

Then we have for all f 2 F

� f

2

(p

1

^q

1

; : : : ; p

�(f)

^q

�(f)

)$ (f

2

(p

1

; : : : ; p

�(f)

)^f

2

(q

1

; : : : ; q

�(f)

)) 2 K(S).

� f

2

(>; : : : ;>) 2 K(S).

Notice that when f a unary operator this de�nition of f

2

is the usual de�nition

of the necessity operator in terms of the possibility operator. De�ne, for each

' 2 L(S), the formula

2

S

' =

^

hf

2

('; : : : ; ') : f 2 F i

and put inductively

2

�0

S

' = ' and 2

�m+1

S

' = 2

�m

S

' ^ 2

m+1

S

':

The crucial and easily proved property of 2

S

is stated in the following

Lemma 2.4. For all normal S-algebras A and all f 2 F and c; a

1

; b

1

: : : ; a

�(f)

;

b

�(f)

2 A, if

a

i

^ c = b

i

^ c;

for all 1 � i � �(f), then

f

A

(a

1

; : : : ; a

�(f)

) ^ 2

�1

S

c = f

A

(b

1

; : : : ; b

�(f)

) ^ 2

�1

S

c:
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One can also show the following deduction theorem.

Proposition 2.2. Suppose that L is a normal S-logic. Then

' `

L

 , (9m 2 !)(2

�m

S

'!  2 L):

The proof is left to the reader, however, since we shall not use this proposi-

tion. But it motivates our next steps. For suppose that L

r

and L

l

are decidable

and assume that we have an algorithm which decides `� 2 L

l


 L

r

', for all �

with a(�) < n. Take a ' with a(') = n. By Lemma 2.3 we may assume w.l.o.g.

that a(�) < a('), for all � 2 Cl('). Hence we can construct �

l

('). Now, if we

can e�ectively determine m 2 ! such that

(

_

�

r

('))

l

`

L

l

'

l

, 2

�m

S

l

(

_

�

l

('))

l

! '

l

2 L

l

;

then we can decide whether ' 2 L

r


 L

l

, by Corollary 2.3. Here and in what

follows �

l

(') = �

l(L

l


L

r

)

(') and �

r

(') = �

r(L

l


L

r

)

('). It will turn out that

the left-depth and the right-depth of ', in symbols d

l

(') and d

r

('), are as

required for m. De�ne inductively

d

l

(p) = 0

d

l

(' ^  ) = maxfd

l

('); d

l

( )g

d

l

(:') = d

l

(')

d

l

(f('

1

; : : : ; '

l(f)

)) = maxfd

l

('

1

); : : : ; d

l

('

l(f)

)g+ 1; for f 2 F

d

l

(g('

1

; : : : ; '

�(g)

)) = maxfd

l

('

1

); : : : ; d

l

('

�(g)

)g; for g 2 E

d

r

(') is de�ned correspondingly.

Theorem 2.7. Suppose that L

l

and L

r

are consistent normal logics. Let ' 2

L(S

l

[ S

r

) and put m = d

l

('), n = d

r

('). Then the following conditions are

equivalent.

1. ' 2 L

l


 L

r

.

2. 2

�m

S

l

(

W

�

l

('))

l

! '

l

2 L

l

.

3. 2

�n

S

r

(

W

�

r

('))

r

! '

r

2 L

r

.

In what follows we shall write 2

l

and 2

r

for 2

S

l

and 2

S

r

, respectively. For

the proof of Theorem 2.7 we shall need two Lemmas.

Lemma 2.5. Suppose that 2

�m

l

(

W

�

l

('))

l

! '

l

62 L

l

. Then there exists

A 2 AtgL

l

such that there is a valuation v

l

and a sequence ha

n

: 0 � n � mi

satisfying

(a1) a

m

� 2

�1

l

a

m�1

� 2

�1

l

a

m�2

� : : : � 2

�1

l

a

0

.

(a2) a

n

� v(2

�n

l

(

W

�

l

('))

l

), for all 0 � n � m.
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(a3) a

m

^ v(:'

l

) 6= ?.

(a4) The set fv

l

(�

l

) ^ a

m

: � 2 �

l

(')g is a partition of A

a

m

.

(a5) The sets fv

l

(�

l

) ^ (a

n

� a

n+1

) : � 2 �

l

(')g are partitions of A

(a

n

�a

n+1

)

,

for all n < m.

Proof Certainly there exists a B 2 AtgL

l

and a valuation v such that

v(:'

l

^ 2

�m

l

(

_

�

l

('))

l

) > ?:

We put for 0 � n � m,

b

n

= v(2

�n

l

(

_

�

l

('))

l

):

Now take for each n � m an algebra A

n

2 AtgL

l

with a valuation w

n

such that

fw

n

(�

l

) : � 2 �

l

(')g

is a partition of A

n

. Put

A = B�

Y

hA

n

: n � mi ; v

l

= v �

Y

hw

n

: n � mi

and put for 0 � n � m,

a

n

=

*

b

n

;

n

z }| {

?; : : : ;?;>; : : : ;>

| {z }

m+1

+

:

We show that ha

n

: 0 � n � mi and v

l

are as required. (a1) follows from

a

n

^ 2

l

a

n

=

*

b

n+1

;

n

z }| {

?; : : : ;?;>; : : : ;>

| {z }

m+1

+

:

(a2) follows from v

l

(2

�n

(

W

�

l

(')

l

)) = hb

n

;>; : : : ;>i and (a3) follows from

a

m

^ v

l

(:'

l

) =




b

m

^ v(:'

l

);?; : : : ;?;>^ w

m

(:'

l

)

�

and b

m

^ v(:'

l

) > ?.

(a4) v

l

(�

l

1

)^ a

m

and v

l

(�

l

2

)^ a

m

are disjoint for di�erent �

1

and �

2

, by the

de�nition of �

l

('). By the de�nition of a

m

we have v

l

(�

l

) ^ a

m

> ?, for all

� 2 �

l

('), and it is also clear that

W

fv

l

(�)^a

m

: � 2 �

l

g = a

m

. (a5) is proved

similarly to (a4) and is left to the reader. 2

Lemma 2.6. Suppose that 2

�m

l

(

W

�

l

('))

l

! '

l

62 L

l

. Then there exists A 2

AtgL

l


L

r

such that there are valuations v

l

and v

r

and a sequence ha

n

: 0 � n � mi

satisfying the conditions (a1), : : : ; (a5) and
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(a6) v

l

(�

l

) ^ a

0

= v

r

(�

r

) ^ a

0

, for all � 2 �

l

(').

(a7) For all g 2 G, all 0 � n � m, and all b

1

; : : : ; b

r(g)

2 A,

g

A

(b

1

; : : : ; b

r(g)

) ^ a

n

= g

A

(b

1

^ a

n

; : : : ; b

r(g)

^ a

n

):

Proof For each n � m take an A

n

2 AtgL

r

and a valuation v

n

such that

fv

n

(�

r

) : � 2 �

l

(')g

is a partition of A

n

. Also take an arbitrary A

�1

2 AtgL

r

and an arbitrary valua-

tion v

�1

of A

�1

. De�ne a valuation v

r

of the productB =

Q

hA

n

: �1 � n � mi

by putting

v

r

=

Y

hv

n

: �1 � n � mi :

Take an A 2 AtgL

l

with a valuation v

l

and a sequence ha

n

: 0 � n � mi so that

the conditions (a1), : : : , (a5) are satis�ed. Put a

�1

= >

A

� a

0

and assume

w.l.o.g. that a

�1

6= ?. Now there are surjective boolean isomorphisms

�

m

: A

m

! A

a

m

�

n

: A

n

! A

a

n

�a

n+1

;

such that

�

m

(v

r

(�

r

)) = v

l

(�

l

) ^ a

m

and �

n

(v

r

(�

r

)) = v

l

(�

l

) ^ (a

n

� a

n+1

):

for all n < m and all � 2 �

l

('). Take also an arbitrary boolean isomorphism

�

�1

from A

�1

onto A

a

�1

. We get a boolean isomorphism � from B onto A by

putting

� =

Y

h�

n

: �1 � n � mi :

Y

hA

n

: �1 � n � mi ! A:

Using this isomorphism we can identify B with A in the obvious way and get

the required algebra D. (a6) is satis�ed by the properties of �. (a7) follows

from the fact that the S

r

-reduct of D is isomorphic to a product of S

r

-algebras

based on the relative boolean algebras D

a

n

and D

>�a

n

, for all 0 � n � m.

2

Proof of Theorem 2.7.

1. ) 2. Suppose that 2

�m

l

(

W

�

l

('))

l

! '

l

62 L

l

. Take A 2 AtgL

l


L

r

and

valuations v

l

and v

r

and a sequence ha

n

: 0 � n � mi satisfying the conditions

(a1), : : : ; (a7).

By using the properties of �

l

(f'g) and (a4), (a5), (a6) it is easily shown

that for all � 2 sf

l

(f�g)

a

0

^ v

l

(�

l

) = a

0

^

_




v

l

(�

l

) : � 2 �

l

('); � is a conjunct of �

�

= a

0

^

_

hv

r

(�

r

) : � 2 �

l

('); � is a conjunct of �i

= a

0

^ v

r

(�

r

):
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We de�ne a new valuation v in A by putting for all variables p in ',

v(p) = v

l

(p):

Claim. For 0 � k � m and all � 2 sf(f'g) such that d

l

(�) � k :

a

k

^ v(�) = a

k

^ v

l

(�

l

):

The proof of this claim is by induction on k.

Suppose that k = 0. The proof is by induction on the subformulas of �

for d

l

(�) = 0. For propositional variables this follows from the de�nition. The

boolean steps are trivial. So, assume that � = g('

1

; : : : ; '

r(g)

), for a g 2 G.

Notice that there do not occur f 2 E in '

i

since d

l

(�) = 0. Hence � = �

r

and the

equality v(�)^a

0

= v

r

(�

r

)^a

0

follows immediately. Hence v(�)^a

0

= v

l

(�

l

)^a

0

since v

r

(�

r

) ^ a

0

= v

l

(�

l

) ^ a

0

.

From k to k + 1. The proof is again by induction on the subformulas of �

for d

l

(�) � k + 1. The interesting steps are for

� = f('

1

; : : : ; '

�(f)

) and � = g('

1

; : : : ; '

�(g)

)

for f 2 E and g 2 G. Let us �rst consider f. By induction hypothesis, we have

a

k

^ v('

i

) = a

k

^ v

l

('

l

i

), for all 1 � i � �(f). Hence, by Lemma 2.4,

2

�1

l

a

k

^ v(�) = 2

�1

l

a

k

^ f

A

(v('

1

); : : : ; v('

�(f)

))

= 2

�1

l

a

k

^ f

A

(v

l

('

l

1

); : : : ; v

l

('

l

�(f)

))

= 2

�1

l

a

k

^ v

l

(�

l

)

Now a

k+1

^ v(�) = a

k+1

^ v

l

(�

l

) follows from a

k+1

� 2

�1

l

a

k

, i.e. condition

(a1).

Assume � = g('

1

; : : : ; '

r(g)

). We know, by induction hypothesis, a

k+1

^

v('

i

) = a

k+1

^ v

r

('

r

i

). Hence

g

A

(a

k+1

^ v('

1

); : : : ; a

k+1

^ v('

�(g)

))

= g

A

((a

k+1

^ v

r

('

r

1

); : : : ; a

k+1

^ v

r

('

r

�(g)

)):

Using condition (a7) we conclude

a

k+1

^ g

A

(v('

1

); : : : ; v('

�(g)

)) = a

k+1

^ g

A

(v

r

('

r

1

); : : : ; v

r

('

r

�(g)

));

which gives a

k+1

^ v(�) = a

k+1

^ v

r

(�

r

) and we conclude

a

k+1

^ v(�) = a

k+1

^ v

l

(�

l

)

since a

k+1

^ v

l

(�

l

) = a

k+1

^ v

r

(�

r

).

2. ) 1. is clear.

3. , 1. can be proved similarly. 2

We get the following Corollary, as explained above.
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Corollary 2.4. Suppose that L

r

and L

l

are consistent normal logics. Then

L

l


 L

r

is decidable i� both L

l

and L

r

are decidable.

By var� (var�) we denote the set of variables in ' (in formulas in �). Recall

that a logic L has the interpolation property i� for all '!  2 L there exists a

formula � in var'\var such that both '! � 2 L and �!  2 L. We remind

the reader that in classical logic the interpolation property was introduced and

investigated in [Craig 1957]. For information about the interpolation property

for propositional modal logics we refer the reader to [Maksimova 1979] and the

textbook [Chagrov and Zakharyaschev 1997]. L is Halld�en-complete i� '_ 2 L

implies ' 2 L or  2 L whenever ' and  have no common propositional

variables. Semantic criteria for Halld�en completeness can be found in [van

Benthem and Humberstone 1983] and [Maksimova 1995]. For more references

on Halld�en-completeness the reader should consult [Chagrov and Zakharyaschev

1997].

Corollary 2.5. (i) Suppose that L

r

and L

l

are normal modal logics with the

interpolation property. Then L

l


L

r

has the interpolation property. (ii) Suppose

that L

r

and L

l

are normal modal logics which are Halld�en-complete. Then

L

l


 L

r

is Halld�en-complete.

Proof The proof uses Theorem 2.7 in the same way as this was done in [Kracht

and Wolter 1991] for Kripke-complete logics. 2

It follows, for example, that K 
 S5 and S4 
GL have the interpolation

property.

We say that a modal logic L has uniform interpolation if for any formula '

and variables ~q = fq

1

; : : : ; q

k

g there exists a uniform interpolant 9~q' for ', i.e.,

� '! 9~q' 2 L,

� var9~q' � var'� ~q,

� 9~q'!  2 L whenever '!  2 L and var \ ~q = ;.

[Pitts 1992] proves that intuitionistic propositional logic has uniform interpo-

lation. [Ghilardi 1995] and [Visser 1996] prove that K, provability logic GL

and Grzegorzcyk's system Grz have uniform interpolation but that S4 lacks

it, see also [Ghilardi and Zawadowski 1995]. It is easily proved that a normal

modal logic L has uniform interpolation whenever it has interpolation and AlgL

is locally �nite, i.e. each �nitely generated algebra in AlgL is �nite. (Take as

the uniform interpolant for ' the conjunction over all interpolants for ' !  ,

' !  2 L.) Hence S5 has uniform interpolation has uniform interpolation

since it has interpolation and AlgS5 is locally �nite. To prove that L

l


L

r

has

uniform interpolation whenever both L

l

and L

r

have uniform interpolation we

require the following observations. Let

r(';  ) = f'

1

! : 

1

: '

1

2 �

l

(');  

1

2 �

l

( ); '

1

! : 

1

2 L

l


 L

r

g:
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Then

W

�

l

('!  ) equals (modulo boolean transformations)

W

�

l

(')^

W

�

l

( )^

V

r(';  ). Now the proof of Theorem 2.7 is easily extended to show the follow-

ing, for any two formulas ',  : ' !  2 L

l


 L

r

if and only if, for n

1

= d

l

(')

and n

2

= d

l

( ), the following formula is in L

l

:

(2

�n

1

l

(

_

�

l

('))

l

^ 2

�n

2

l

(

_

�

l

( ))

l

^ 2

�n

1

l

(

^

r(';  ))

l

)! ('!  )

l

:

We refer to this statement by using (y).

Theorem 2.8. L = L

l


 L

r

has uniform interpolation whenever both L

l

and

L

r

have uniform interpolation.

Proof Let us �x ~q = fq

1

; : : : ; q

k

g. We prove by induction on a(') that there

exists a uniform interpolant 9~q' for '. This is clear if ' contains no modal

operators. Assume now that ' contains modal operators and that uniform

interpolants exist for all � with a(') > a(�). We may assume that a(') > a(�),

for all � 2 Cl('), and take uniform interpolants 9~q� for those �. Let, for

n

1

= d

l

('),

Q = ' ^ 2

�n

1

l

_

�

l

(') ^ 2

�n

1

l

^

f�! 9~q� : � 2 �

l

(')g;

~r = ~q [ fq

�

: � = g(�

1

; : : : ; �

�(g)

) 2 sf('); g 2 G; ~q \ var� 6= ;g:

L

l

has uniform interpolation. Thus we can take a uniform interpolant 9~rQ

l

for

Q

l

in the logic L

l

. Certainly there exists a (uniquely determined) formula 9~q'

such that

9~rQ

l

= (9~q')

l

:

Note that ~q \ var9~q' = ; by the de�nition of ~r. We show that 9~q' is a

uniform interpolant for '. We have Q

l

! 9~rQ

l

2 L

l

. Thus Q ! 9~q' 2 L

and so ' ! 9~q' 2 L since Q $ ' 2 L. Assume now that ' !  2 L and

var \ ~q = ;. We show 9~q'!  2 L. It follows from (y) that, for n

2

= d

l

( ),

Q

l

! R

l

2 L

l

, where

R = (2

�n

2

l

_

�

l

( ) ^ 2

�n

1

l

^

f9~q'

1

! : 

1

: '

1

! : 

1

2 r(';  )g)!  :

So 9~rQ

l

! R

l

2 L

l

since ~r \ varR

l

= ;. But then 9~q' ! R 2 L and so

9~q'!  2 L since  $ R 2 L. 2

It follows that, for example, K(S) and S5
 S5 have uniform interpolation.

(For K(S) this was �rst proved in [D'Agostino and Hollenberg 1997].)

2.6 Conclusion

We have shown that decidability, decidability of the consequence relation `

L

,

interpolation, uniform interpolation, and Halld�en-completeness are preserved

under forming fusions of normal modal logics. [Kracht and Wolter 1991] and
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[Fine and Schurz 1996] established preservation of FMP, Kripke completeness,

and strong Kripke completeness and [Spaan 1993] clari�es the behavior of the

complexity of the decision problem for fusions. In conclusion the behavior of

fusions of normal modal logics is well understood now.

We mention, however, at least one open problem: Is the decidability of

admissible rules preserved under fusions of normal modal logic? We conjecture

that the answer is in the negative but have found no way to prove this.

The situation is di�erent for fusions of modal logics not required to be nor-

mal. In this case we have been able to prove preservation of the decidability of

the consequence relation `

L

under fusions. Preservation of decidability, inter-

polation, and FMP remain interesting open problems.



Chapter 3

Bimodal Provability Logics

Recall from the introduction that bimodal provability logics emerge when com-

binations of two di�erent provability predicates are investigated, for example, if

2

1

is understood as \it is provable in PA" and 2

2

as \it is provable in ZF". In

contrast to the situation in unimodal provability logic, where almost all prov-

ability predicates behave like the necessity operator 2 inGL, there exist quite a

lot of di�erent types of bimodal provability logics. Various completeness results

extending Solovay's completeness theorem for GL to the bimodal case were es-

tablished by [Smory�nski 1985], [Montagna 1987], [Beklemishev 1994, 1996], and

[Visser 1995]. Here we will not deal directly with the interpretation of modal

operators as provability predicates but prove the decidability of all �nitely ax-

iomatizable (normal and quasi-normal) subframe logics containing the bimodal

provability logic

CSM

0

= (GL
GL)�2

1

p! 2

2

p�2

2

p! 2

1

2

2

p:

A number of provability logics is included in this class, witness the list below. As

in unimodal provability logic we have quasi-normal logics among them, i.e., sets

of formulas containingK

2

and closed under modus ponens and substitutions but

not necessarily under '=2

i

'. In what follows L+' denotes the smallest quasi-

normal logic containing L and '; consult the appendix for more information

about quasi-normal logics.

� CSM

1

= CSM

0

� 2

2

(2

1

p ! p). (This is PRL

ZF

in [Smory�nski 1985]

and F in [Montagna 1987].)

� NB

1

= CSM

0

� (:2

1

p ^ 2

2

p)! 2

2

(2

1

q ! q).

� CSM

2

= CSM

1

+2

1

p! p. (This isPRL

ZF

+Re
ection

2

1

in [Smory�nski

1985] and F

1

in [Montagna 1987].)

� CSM

3

= CSM

2

+2

2

p! p. (This isPRL

ZF

+Re
ection

2

2

in [Smory�nski

1985].)

� NB

2

= NB

1

+2

2

p! p+2

2

p! 2

1

p.

43
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To illustrate the meaning of some of those systems we mention the following

completenes result from [Smory�nski 1985], see also the other articles mentioned

above.

Theorem 3.1. Let (T

1

; T

2

) be one of the pairs:

� (PRA, PA), (PA, ZF), (ZF,ZF + there exists an inaccessible cardinal).

Then

� CSM

1

coincides with the set of T

1

{valid schemata (where the operators

2

1

and 2

2

are translated as Pr

T

1

and Pr

T

2

, respectively).

� CSM

2

coincides with the set of T

2

{valid schemata (where the operators

2

1

and 2

2

are translated as Pr

T

1

and Pr

T

2

, respectively).

� CSM

3

coincides with the set of true schemata (where the operators 2

1

and 2

2

are translated as Pr

T

1

and Pr

T

2

, respectively).

In the remaining part of this chapter we are concerned with the decidabil-

ity of subframe logics containing CSM

0

. All the provability logics introduced

above turn out to be subframe logics, so we obtain a uniform proof of their

decidability. An interesting property of those logics is that (as a rule) they

are Kripke incomplete; in the list above such are CSM

i

, i = 1; 2; 3, and NB

i

,

i = 1; 2.

3.1 Preliminaries

Call a (quasi-)normal bimodal logic containing CSM

0

a (quasi-)normal csm-

logic. For every descriptive frame G = hW;R

1

; R

2

; P i, the conditions R

1

� R

2

and R

1

�R

2

� R

2

, i.e.,

8x8y8z(xR

1

y ^ yR

2

z ! xR

2

z); (3.1)

correspond to the two axioms 2

1

p! 2

2

p and 2

2

p! 2

1

2

2

p of CSM

0

. So we

have the following general completeness result for csm-logics:

Theorem 3.2. Each normal csm-logic is determined by a class of descriptive

frames. All descriptive frames validating CSM

0

satisfy R

2

� R

1

and (3.1).

Each quasi-normal csm-logic is determined by a class of descriptive pointed

frames hG; xi such that G j= CSM

0

.

From now on in this chapter all frames are assumed to be transitive and to

satisfy R

2

� R

1

and (3.1).

Consider now a frame G = hW;R

1

; R

2

; P i and a set a 2 P which is non-

empty. The relativization G

a

of G to a, de�ned by

G

a

= ha;R

1

\ a� a;R

2

\ a� a; fa \ b : b 2 Pgi ;
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is a frame as well and we call it a subframe of G. A normal csm-logic L is

called a subframe logic i� the class of frames validating L is closed under forming

subframes. For a pointed frame hG; xi we call hG

a

; xi, a 2 P , a pointed subframe

of G whenever x 2 a. A quasi-normal csm-logic is called a subframe logic i� the

class of pointed frames validating L is closed under forming pointed subframes.

It is easily checked that both de�nitions coincide for quasi-normal logics which

are normal. The following completeness result follows from the investigation of

subframe logics in [Wolter 1997c].

Theorem 3.3. (i) A normal csm-logic is a subframe logic i� it is determined by

a class of frames closed under forming subframes. The normal subframe logics

containing CSM

0

form a complete sublattice of the lattice of normal csm-logic.

(ii) A quasi-normal csm-logic is a subframe logic i� it is determined by a

class of pointed frames closed under forming pointed subframes. The quasi-

normal subframe logics containing CSM

0

form a complete sublattice of the lat-

tice of quasi-normal csm-logics.

We refer the reader to Section 4.2, [Fine 1985], [Zakharyaschev 1996], and

[Wolter 1997c] for more information about subframe logics. Notice that the

unimodal logicGL (which may be de�ned as the unimodal fragment of CSM

0

),

is a subframe logic (cf. [Fine 1985]). HenceCSM

0

is easily seen to be a subframe

logic, as well.

3.2 The Results

In this section we formulate the results of this chapter. Roughly speaking, the

following will be proved:

� For every subframe logic CSM

0

+' one can e�ectively compute a canoni-

cal axiomatization which shows the geometrical and topological conditions

described by the logic.

� Every �nitely axiomatizable subframe logic containing CSM

0

is deter-

mined by a class of \e�ectively describable" general frames.

� The decidability of all �nitely axiomatizable subframe logics containing

CSM

0

follows as a corollary.

In order to formulate the results more precisely some notation is required. For

a non-degenerate R

1

-cluster C and a point x we write CR

2

x whenever there

exists y 2 C with yR

2

x. This notation is justi�ed by the condition (3.1), since

we can infer zR

2

x, for all z 2 C.

A frame G = hW;R

1

; R

2

i is called a surrogate frame i� it is �nite, has pre-

cisely one root r, and all points di�erent from r are R

2

-irre
exive. A normal sur-

rogate frame hW;R

1

; R

2

i is a surrogate frame the root of which is R

1

-irre
exive.
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With each surrogate frame G we associate the formula

�(G) =

^

f(p

x

! 3

1

p

y

) : x

~

R

1

y;x; y 2Wg ^

^

fp

x

! 3

2

p

y

: x

~

R

2

y;x; y 2Wg ^

^

fp

x

! :p

y

: x 6= y;x; y 2Wg ^

^

fp

x

! :3

1

p

y

: :(xR

1

y);x; y 2 Wg ^

^

fp

x

! :3

2

p

y

: :(xR

2

y);x; y 2 Wg

and put for the root r of G,

�(G) = �(G) ^2

1

�(G)! :p

r

:

Remark 3.1. Notice that �(G) is the splitting formula (or subframe formula)

associated with G in the lattice of normal subframe logics containing CSM

0

whenever G contains no R

1

-cluster. Here we call ' the splitting formula asso-

ciated with G if CSM

0

� ' is the smallest normal subframe logic containing

CSM

0

which is refuted in G. For information about splittings we refer the

reader to [Jankov 1968], [Kracht 1990, 1999], and [Wolter 1997c].

We now brie
y explain the meaning of the formulas �(G) in general. Given

a frame H = hV; S

1

; S

2

; Qi validating CSM

0

we say that a mapping h from V

onto W is a weak reduction of H to G if for i 2 f1; 2g and all x; y 2 V ,

� xS

i

y implies h(x)R

i

h(y),

� h(x)

~

R

i

h(y) implies 9z 2 V (xS

i

z ^ h(z) = h(y)),

� h

�1

(a) 2 Q, for all a �W .

Observe that the standard de�nition of a reduction (alias p-morphism

1

) is re-

laxed here in the second condition. A frame H is said to be weakly subreducible

to a surrogate frame G if a subframe of H is weakly reducible to G. The fol-

lowing lemma explains the meaning of the canonical formulas by means of weak

subreductions.

Lemma 3.1. For each surrogate frame G and each CSM

0

-frame H, H 6j= �(G)

i� H is weakly subreducible to G.

We leave the straightforward proof of this lemma to the reader. This result

will not be required in what follows. However, using it one can is easily check

that CSM

0

��(G) and CSM

0

+�(G) are always subframe logics. Conversely,

we have

1

Consult the appendix for a de�nition of p-morphisms.
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CSM

1

= CSM

0

� �( �

�

6

)

CSM

0

+2

1

p! p = CSM

0

+ �(�)

CSM

0

+2

2

p! p = CSM

0

+ �( �

1

)

CSM

0

+2

2

p! 2

1

p = CSM

0

+ �( �

1

1�

6

)

NB

1

= CSM

0

� �( �

� �

@

@I

�

��

-

1

1

)� �( �

� �

@

@I

�

��

1

)�

�( �

� �

@

@I

�

��

-

1

1

)� �( �

� �

@

@I

�

��

-

1

)

Table 3.1: Axiomatizations of provability logics

Theorem 3.4. (i) There is an algorithm which, given a formula ' such that

CSM

0

+ ' is a subframe logic, returns surrogate frames G

1

; : : : ;G

n

such that

CSM

0

+ ' = CSM

0

+ �(G

1

) + : : :+ �(G

n

):

There is an algorithm which, given a formula ' such that CSM

0

� ' is a

subframe logic, returns normal surrogate frames G

1

; : : : ;G

n

such that

CSM

0

� ' = CSM

0

� �(G

1

)� : : :� �(G

n

):

The proof will be delivered in Section 4. Table 3.1 shows axiomatizations

of the logics introduced above by means of formulas of the form �(F). In this

monograph we adopt the convention that in �gures for every point x represented

by � there is an arrow from x to x. The remaining points are represented by �.

A special convention is required in this chapter: in �gures we place the number

1 nearby an arrow from x to y if xR

1

y and :xR

2

y. An arrow without a number

means that xR

2

y (and therefore xR

1

y as well).

We prove the correctness of the equation for CSM

0

+ 2

2

p ! 2

1

p. Denote

by � the formula on the right side of the equation. Clearly CSM

0

+2

2

p! 2

1

p

contains �. So it su�ces to show for all descriptive hH; ri = hhV; S

1

; S

2

; Qi ; ri,

hH; ri 6j= 2

2

p ! 2

1

p implies hH; ri 6j= �. The condition hH; ri 6j= 2

2

p ! 2

1

p

implies that there exists x 2 V such that rR

1

x but :(rR

2

x).

Case 1. x 6= r. By (3.1) we have :(xR

2

x) and so it is easily checked that

hH; ri 6j= �.

Case 2. x = r. We reduce this case to the �rst one. By :(rR

2

r) we �nd

a 2 Q such that r 2 b = a \ :3

2

a. On the other hand there exists y 2 b

di�erent from r such that rR

1

y, since r is R

1

-re
exive. We do not have rR

2

y,

since y 2 b.

The other axiomatizations are proved similarly and are left to the reader.
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A quasi-normal csm-logic L is called �nitely axiomatizable i� there exists a

�nite set of formulas � such that L = CSM

0

+ �. Notice that a normal csm-

logic is �nitely axiomatizable i� there exists a �nite set of formulas � such that

L = CSM

0

� �. This follows immediately from the easily proved fact that

CSM

0

� � = CSM

0

+ �+ f2

1

' : ' 2 �g:

Theorem 3.5. (i) All �nitely axiomatizable normal subframe logics containing

CSM

0

are decidable.

(ii) All �nitely axiomatizable quasi-normal subframe logics containing CSM

0

are decidable.

The proof will be delivered in the last section. It is based on a rather

strong completeness result for subframe logics. To formulate this result we have

to manipulate some frames. In what follows we shall assume that for each

surrogate frame G and each non-degenerate R

1

-cluster C of cardinality m = jCj

we have a �xed enumeration j(C), 0 � j < m, of the elements of C.

Suppose that G = hW;R

1

; R

2

i is a surrogate frame and let � 2 ! + 1 (i.e.,

� 2 ! or � = !). With G we shall associate a �nite set of frames

Ext

�

G = fG

�

~

A

:

~

A 2 SeqGg

(SeqG will be de�ned below). Let us �rst assume that the root r of G is R

2

-

irre
exive. Then, roughly speaking, the frames in Ext

�

G are obtained from

G by inserting an R

1

-chain C[�] of length � between each non-degenerate R

1

-

cluster C and its successors. As concerns the relation R

1

there will be only

one way to do this. We get (a �nite) set of frames Ext

�

G since a point which

R

2

-sees a point in C need not (but may) R

2

-see certain points in the chain C[�].

Here is the formal de�nition: denote, for each non-degenerate R

1

-cluster C by

C[�] the set f(n;C) : n 2 �g. Mostly we shall write n

C

for (n;C). Denoting

elements of C by n(C), n < jCj, and elements of C[�] by n

C

(or (n;C)) will

turn out to be quite convenient. We hope that the similarity does not cause any

confusion. De�ne the set SeqG as follows:

SeqG consists of all sequences

~

A of the form

~

A = hA

x

: xR

1

x; x 2W i ;

where A

x

� fy 2W �C(x) : yR

2

xg satis�es the following closure condition for

all y; z 2 W :

y 2 A

x

and zR

1

y imply z 2 A

x

:

For each

~

A 2 SeqG and � 2 !+1 the structure G

�

~

A

= hV; S

0

; S

1

i is the (uniquely

determined) frame satisfying the following conditions:

� V =W [

S

fC[�] : C a non-degenerate R

1

-cluster in Gg.

� R

i

= S

i

\ (W �W ), for i 2 f1; 2g.

� The non-degenerateR

i

-clusters coincide with the non-degenerate S

i

-clusters,

for i 2 f1; 2g.
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Figure 3.1:

� S

1

satis�es the following conditions, for all non-degenerate R

1

-clusters C:

1. for all x 2 C[�] : CS

1

x,

2. for all n

C

;m

C

2 C[�] : n

C

S

1

m

C

i� n > m,

3. for all y 2W � C and x 2 C[�]: xS

1

y , CR

1

y and yS

1

x, yR

1

C,

4. for all x 2 C[�] and y 2 V �W : xS

1

y , CS

1

y.

� S

2

satis�es the following conditions, for all non-degenerate R

1

-clusters C:

1. ((C[�] [ C)� (C[�] [ C)) \ S

2

= ;,

2. for all y 2W � C and x 2 C[�]: xS

2

y , CR

2

y,

3. for all y 2W � C and C = fj(C) : j < mg and x 2 C[�]:

(yS

2

x) , (9i 2 !)(9j < m)(x = (i �m+ j; C) ^ y 2 A

j(C)

);

4. for all x 2 C[�] and y 2 V �W : xS

2

y , CS

2

y.

We illustrate this technical de�nition by a simple example.

Example 3.1. Construct Ext

!

(G) for the frame G in Fig. 3.1 (a). In this case

we have two R

1

-re
exive points, namely c and d. So, SeqG consists of pairs

hA

c

; A

d

i. There are four di�erent pairs and so we have four frames in Ext

!

(G):

the frame in Fig. 3.1 (b) isG

!

h;;;i

and that in (c) isG

!

hfag;fbgi

. G

!

h;;fbgi

is obtained

from G

!

hfag;fbgi

by omitting the R

2

-arrows starting from a, save the arrow to

c, and G

!

hfag;;i

is obtained from G

!

hfag;fbgi

by omitting the R

2

-arrows starting

from b, save the arrow to d.

Suppose now that the root r of G = hW;R

1

; R

2

i is R

2

-re
exive. Put D =

frg. We de�ne G

�

~

A

by inserting an R

2

-chain D[�] between r and its successors.

More precisely, de�ne for

~

A 2 SeqG the frameG

�

~

A

= hV

0

; S

0

1

; S

0

2

i as follows: �rst,
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form F

�

~

A

= hV; S

1

; S

2

i for the surrogate frame F = hW;R

1

� f(r; r)g; R

2

� f(r; r)gi

as above and then put

V

0

= V [D[�]; where D[�] = fn

D

: n 2 �g

S

0

i

= S

i

[ f(r; r)g [ f(n

D

;m

D

) : n > mg [

f(x; y) : x 2 D[�]; y 2 V; xS

i

yg [

D �D[�];

for i = 1; 2:

Clearly, for � 6= ! all the frames in Ext

�

G are �nite, and the frames G

!

~

A

are in�nite. In order to formulate the completeness result we de�ne descriptive

frames based on G

!

~

A

. Namely, de�ne for G

!

~

A

= hV; S

1

; S

2

i the frame G[G

!

~

A

] =

hV; S

1

; S

2

; P i as follows: for each non-degenerate R

1

-cluster C = fj(C) : j < mg

in G let

P

C

= ffj(C)g [ f(i �m+ j; C) : i 2 !g : j = 0; : : : ;m� 1g:

Then P denotes the closure of

ffxg : :(xS

1

x)g [ fP

C

: C is a non-degenerate R

1

-cluster in Gg

under intersections and complements. The proof of the following result is

straightforward but a bit tedious.

Theorem 3.6. For all surrogate frames G, all structures in fG[G

!

~

A

] :

~

A 2

SeqGg are descriptive frames.

Denote by sf' the set of subformulas of a formula '. The following com-

pleteness result will be proved in Section 5.

Theorem 3.7. (i) Each normal subframe logic L containing CSM

0

is deter-

mined by a set of frames of the form G[G

!

~

A

], where G is a normal surrogate

frame and

~

A 2 SeqG. Moreover, for each ' 62 L there exists a normal surrogate

frame G of cardinality �

P

2k�1

i=0

(2k)

i

such that G[G

!

~

A

] j= L and G[G

!

~

A

] 6j= ',

for an

~

A 2 SeqG. Here k = jsf'j.

(ii) Each quasi-normal subframe logic containing CSM

0

is determined by a

set of pointed frames of the form

D

G[G

!

~

A

]; r

E

, where G is a surrogate frame with

root r and

~

A 2 SeqG. Moreover, for each ' 62 L there exists a surrogate frame

G of cardinality �

P

2k

i=0

(2k)

i

such that

D

G[G

!

~

A

]; r

E

j= L and

D

G[G

!

~

A

]; r

E

6j= ',

for an

~

A 2 SeqG and the root r of G. Here k = jsf'j.

3.3 Canonical Formulas

The following lemma follows immediately from Theorem A.1 and the condition

GL
GL � CSM

0

.
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Lemma 3.2. Let G = hW;R

1

; R

2

; P i be descriptive and assume G j= CSM

0

.

For all b 2 P and i 2 f1; 2g the following holds: (i) All x 2 max

R

i

(b) are

R

i

-irre
exive. (ii) For all y 2 b there exists an x 2 max

R

i

(b) with yR

w

i

x.

A valuation V in a surrogate frame G = hW;R

1

; R

2

i is '-good if for each

 2 sf' and each non-degenerate R

i

-cluster C with V( ) \ C 6= ; there exists

a y 2 V( ) with C

~

R

i

y.

Lemma 3.3. Let H = hW;R

1

; R

2

; P i be descriptive and assume H j= CSM

0

.

Suppose hH;V; xi 6j= ' and denote by k the cardinality of sf'.

(i) There exists a normal surrogate frame G of cardinality �

P

2k�1

i=0

(2k)

i

which is a subframe of the underlying Kripke-frame of H such that there is a

'-good valuation V

�

in G which refutes '.

(ii) There exists a surrogate frame G of cardinality �

P

2k

i=0

(2k)

i

which is a

subframe of the underlying Kripke-frame of H containing x such that there is a

'-good valuation V

�

in G with hG;V

�

; xi 6j= '.

Proof (i) By Lemma 3.2 we can take a z 2 max

R

1

(V(:')). De�ne V induc-

tively as follows: First put F

0

= fzg. Suppose now that F

n

is de�ned. For each

y 2 F

n

, R 2 fR

1

; R

2

g,  2 sf' such that there exists y

0

2 V( ) with yRy

0

select a y

00

2 max

R

(V( )) with yRy

00

. This is possible by Lemma 3.2. We take

y

00

from F

n

whenever possible. Denote by D

n+1

the set of new points selected

in this way and put

F

n+1

= F

n

[D

n+1

and V =

[

fF

n

: n 2 !g:

We show that F

2k�1

= F

2k

. To this end suppose that z

0

2 F

2k

�F

2k�1

. There is

a R

1

-path hx

j

: 0 � j � 2ki such that z = x

0

and z

0

= x

2k

and such that for each

x

j+1

there exists a subformula  of ' and a i 2 f1; 2g with x

j+1

2 max

R

i

(V( ))

and x

j

R

i

x

j+1

. But then there exists  2 sf' and x

j

; x

j+l

2 max

R

2

(V( )) with

l > 0 such that x

j+l�1

R

2

x

j+l

. Hence, by (3.1), x

j

R

2

x

j+l

. But this is impossible,

since both x

j

as well as x

j+l

are in max

R

2

(V( )).

Hence the cardinality of V is bounded by

P

2k�1

i=0

(2k)

i

. De�neG = hV; S

1

; S

2

i,

where S

1

and S

2

are the restrictions of R

1

and R

2

to W . G is a normal surro-

gate frame: indeed, all points in V are R

2

-maximal, hence all points in V are

S

2

-irre
exive, by Lemma 3.2. We also know that z is R

1

-maximal. Hence z is

S

1

-irre
exive and the only root of G.

De�ne a valuationV

�

in G by putting V

�

(p) = V(p)\V , for all propositional

variables p. One easily proves by induction

V

�

( ) = V \V( ); for all  2 sf'.

Hence hG;V

�

; xi 6j= ' and V

�

is '-good. So (i) is proved.

(ii) The construction of G is similar. This time, however, we put F

0

= fxg

and then proceed with the de�nition of F

n

, n > 0, G, and V

�

as above. Note

that in this case xR

2

x or (xR

1

x and :(xR

2

x)) is not excluded, and so G is

possibly only a surrogate frame but not normal. 2
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The R

i

-depth of a point x in a �nite frame hW;R

1

; R

2

i is the length of the

longest

~

R

i

-path hx

i

: 1 � i � ni with x = x

1

.

Lemma 3.4. Suppose that H = hW;R

1

; R

2

; P i is descriptive and assume H j=

CSM

0

. Suppose G = hV; S

1

; S

2

i is a surrogate frame which is a subframe of the

underlying Kripke frame of H. Then there exists a valuation V in H such that

� x 2 V(p

x

), for all x 2 V .

� hH;Vi j= �(G).

Proof For each pair (x; y) 2 V �V with x 6= y take c

x;y

2 P such that x 2 c

x;y

and y 62 c

x;y

. For each pair (x; y) 2 V � V and i 2 f1; 2g with :(xR

i

y) take

b

i

x;y

2 P such that x 2 2

i

b

i

x;y

and y 62 b

i

x;y

. Sets with these properties exist

since H is re�ned. Now we de�ne a

x

by induction on the R

1

-depth of x in G.

Suppose that a

y

is de�ned for all y of R

1

-depth � n and suppose that x has

R

1

-depth n+ 1. Put

a

x

=

\

fc

x;y

\ �c

y;x

: y 6= x;x; y 2 V g \

\

f2

i

b

i

x;y

: :(xR

i

y);x; y 2 V g \

\

f�b

i

y;x

: :(yR

i

x);x; y 2 V g \

\

f3

i

a

y

: x

~

R

i

y;x; y 2 V g

De�ne a valuation V in H by putting V(p

x

) = a

x

, for all x 2 V . It is easily

checked that V is as required. 2

Lemma 3.5. Suppose H = hW;R

1

; R

2

; P i and H j= CSM

0

. Let G = hV; S

1

; S

2

i

be a surrogate frame with root r and assume hH; zi 6j= �(G) and hG;V; ri 6j= ',

for a '-good valuation V. Then there is a pointed subframe hH

0

; zi of hH; zi

such that hH

0

; zi 6j= '.

Proof Suppose hH;U; zi j= �(G) ^ 2

1

�(G) ^ p

r

. De�ne

b =

[

fU(p

x

) : x 2 V g

and de�ne a valuation U

�

in H

0

= H

b

by putting

U

�

(p) =

[

fU(p

x

) : x 2 V(p)g:

One easily proves by induction (by using that V is '-good)

U

�

( ) =

[

fU(p

x

) : x 2 V( )g; for all  2 sf' :

Hence hH

0

;U

�

; zi 6j= '. 2
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Proof of Theorem 3.4

(ii) Suppose CSM

0

�' is a subframe logic containing CSM

0

. Put k = jsf'j.

Let G

i

, 1 � i � n, be the collection of normal surrogate frames satisfying the

following conditions:

� The cardinality of G

i

is �

P

2k�1

i=0

(2k)

i

.

� There exists a '-good valuation in G

i

which refutes '.

We show that �(G

i

), 1 � i � n, is as required. To this end it su�ces to prove

for all descriptive H validating CSM

0

,

H

0

j= '; for all subframes H

0

of H

, H j= �(G

i

); for all 1 � i � n :

Suppose H

0

6j= ', for a subframe H

0

of H. By Lemma 3.3 there exists i with

1 � i � n such that G

i

is (isomorphic to) a subframe of the underlying Kripke

frame of H

0

. We conclude H

0

6j= �(G

i

), by Lemma 3.4. But then H 6j= �(G

i

), as

well. Conversely, suppose that H 6j= �(G

i

), for an 1 � i � n. Then, by Lemma

3.5 H

0

6j= ', for a subframe H

0

of H.

(i) Suppose that CSM

0

+ ' is a subframe logic containing CSM

0

. Put

k = jsf'j. This time let G

i

, 1 � i � n, be the collection of surrogate frames

satisfying the following conditions:

� The cardinality of G

i

is �

P

2k

i=0

(2k)

i

.

� There exists a '-good valuation V in G

i

such that hG

i

;V; ri 6j= ', for the

root r of G

i

.

The proof that �(G

i

), 1 � i � n, is as required is similar to the proof above

and left to the reader.

3.4 Completeness

Lemma 3.6. Suppose H = hW;R

1

; R

2

; P i is descriptive and assume that H j=

CSM

0

. Suppose that G = hV; S

1

; S

2

i is a surrogate frame which is a subframe

of the underlying Kripke frame of H and suppose that n 2 !. Then there exists

an

~

A 2 SeqG and a valuation V in H such that

� x 2 V(p

x

), for all x 2 V .

� hH;Vi j= �(G

n

~

A

).

Proof Let n 2 !. We �rst assume that the root of G is R

2

-irre
exive. By

Lemma 3.4 we can take a valuation U in H such that

� x 2 U(p

x

), for all x 2 V .

� hH;Ui j= �(G).
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Call a subset V

1

of V closed i� x 2 V

1

and xR

1

y imply y 2 V

1

. Let V

1

be a

closed subset of V and put F = hV

1

; S

1

\ V

1

� V

1

; S

2

\ V

1

� V

1

i. Consider the

following conditions on a valuation V

V

1

in H. Here we denote by Cl(V

1

) the set

of non-degenerate R

1

-clusters in V

1

.

(T1) U(p

x

) � V

V

1

(p

x

), for all x 2 V .

(T2) x 2 V

V

1

(p

x

), for all x 2 V .

(T3) For all C = fj(C) : j < jCjg 2 Cl(V

1

) and y 2 C[n], x 2 C:

V

V

1

(p

y

) � U(p

x

) , (9j < jCj)(9i 2 !)(y = (i � jCj+ j; C) ^ x = j(C)):

(T4) There exists

~

A = hA

x

: xR

1

x; x 2 V i 2 SeqG such that for

~

A \ V

1

= hA

x

\ V

1

: x 2 C; C 2 Cl(V

1

)i

we have

hH;V

V

1

i j= �(F

n

(

~

A\V

1

)

);

and for all x 2 V � V

1

, C = fj(C) : j < jCjg 2 Cl(V

1

), and y 2 C[n]:

x 2 3

2

V

V

1

(p

y

), (9j < jCj)(9i 2 !)(y = (i � jCj+ j; C) ^ x 2 A

j(C)

):

We show by induction on the cardinality of the closed sets V

1

that there always

exists a valuation V

V

1

satisfying conditions [T1]-[T4].

The case V

1

= ; is trivial.

Suppose now that V

V

1

(V

1

possibly empty) is de�ned and Q is a R

1

-cluster

such that all proper R

1

-successors of Q are in V

1

. Put V

2

= V

1

[Q. We are going

to de�ne a valuation V

V

2

satisfying the conditions [T1]-[T4] for V

2

. Abbreviate

T (x; y) = (9C 2 Cl(V

1

))(9i 2 !)(9j < jCj)(y = (i � jCj+ j; C) ^ x 2 A

j(C)

):

and put for x 2 Q,

b

x

= V

V

1

(p

x

) \

\

f3

i

V

V

1

(p

y

) : x

~

S

i

y; y 2 V

1

; i 2 f1; 2gg \

\

f3

2

V

V

1

(p

y

) : T (x; y); y 2 C;C 2 Cl(V

1

)g \

\

f�3

2

V

V

1

(p

y

) : :T (x; y); y 2 C;C 2 Cl(V

1

)g

We now distinguish two cases.

Case 1. Q = fxg, for an R

1

-irre
exive x. In this case put

V

V

2

(p

y

) =

�

V

V

1

(p

y

) : y 2 (V � fxg) [

S

fC[n] : C 2 Cl(V

1

)g

b

x

: y = x

Clearly V

V

2

satis�es conditions [T1]-[T4] for V

2

.
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Case 2 Q is a non-degenerate R

1

-cluster. Assume Q = fj(Q) : j < mg and

let t 2 !.

Claim. There is a set of R

1

-irre
exive points x(i), i < t + 1, such that

x(i+ 1)R

1

x(i) for all i < t, QR

1

x(t), and such that, for all x 2 Q and k � t:

x(k) 2 b

x

, (9i 2 !)(9j < m)(k = i �m+ j ^ x = j(Q)):

Proof of the claim. The case jQj = 1 is easy and left to the reader. Suppose

now that jQj � 2 and take two x; y 2 Q. Then the claim follows by induction

if we can prove that there exist R

1

-irre
exive z

1

2 b

x

and z

2

2 b

y

such that

z

2

R

2

z

1

. To this end take an R

1

-irre
exive z

0

1

2 b

x

such that QR

1

z

0

1

. Such a z

0

1

exists by Lemma 3.2. We can choose a

x

� b

x

, a

x

2 P , with z

0

1

2 a

x

\ �3

1

a

x

.

Put a

y

= b

y

\3

1

a

x

. By Lemma 3.2 there exists an R

1

-irre
exive z

2

2 a

y

with

QR

1

z

2

. We �nd an R

1

-irre
exive z

1

2 a

x

with z

2

R

1

z

1

. These two points are as

required and so the claim is proved.

Assume now that fx(i) : i < t+1g has the properties described in the claim.

Notice that

R

2

\ (g � g) = ;; for g = Q [ fx(0); : : : ; x(t)g :

This follows immediately from condition (3.1) and g �

S

fU(p

x

) : x 2 Qg.

Hence we �nd a valuation U

�

in H such that hH;U

�

i j= �(hg;R

1

\ g � g; ;i) and

U

�

(p

x(i�m+j)

) � b

j(Q)

; for all j � m� 1 and i �m+ j � t;

x 2 U

�

(p

x

) � b

x

; for all x 2 Q:

By choosing t 2 ! large enough we �nd a subsequence fx(n

0

); : : : ; x(n

n�1

)g of

fx(0); : : : ; x(t)g such that

x(n

i�m+j

) 2 b

j(Q)

; for all j < m and i �m+ j < n

and for each y 2 V �Q and j(Q) 2 Q with yR

2

j(Q),

(9i�m+j < n)(y 2 3

2

U

�

(p

x(n

i�m+j

)

)) ) (8i�m+j < n)(y 2 3

2

U

�

(p

x(n

i�m+j

)

)):

In other words, we �nd sets B

x

� fy 2 V : yS

2

xg, x 2 Q, and a valuation U

��

in H such that hH;U

��

i j= �(hQ;Q�Q; ;i

n

;

),

U

��

(p

(i�m+j;Q)

) � b

j(Q)

; for all j < m and all i �m+ j < n;

x 2 U

��

(p

x

) � b

x

; for all x 2 Q;

and for all y 2 V �Q and j(Q) 2 Q with yR

2

j(Q),

(8i �m+ j < n)[y 2 3

2

U

��

(p

(i�m+j;Q)

), y 2 B

j(Q)

]:

We de�ne

~

A

V

2

=

8

<

:

A

x

: x 2 C; C 2 Cl(V

1

)

B

x

: x 2 Q

; : otherwise
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and put

V

V

2

(p

x

) =

�

V

V

1

(p

x

) : x 2 (V �Q) [

S

fC[n] : C 2 Cl(V

1

)g

U

��

(p

x

) : x 2 Q [Q[n]

It is easy (but a bit tedious) to check that V

V

2

satis�es [T1]-[T4], where in

[T4] we choose

~

A =

~

A

V

2

.

For V

1

= V the valuation V

V

1

is as required in the lemma, by [T2] and [T4].

It remains to consider the case that the root r of G is R

2

-re
exive: put

V

1

= V �frg and D = frg. Then we take a valuation V

V

1

in H satisfying [T1]-

[T4] for V

1

. De�ne b

r

as above. r 2 b

r

is R

2

-re
exive. One easily proves that

there exists a chain fx(n � 1)R

2

: : : x(1)R

2

x(0)g � b

r

of R

1

-irre
exive points

with rR

2

x(n� 1). We �nd a valuation U

�

in H with r 2 U

�

(p

r

),

hH;U

�

i j= �(hD [D[n]; S; Si);

and U

�

(p

x

) � b

r

, for all x 2 D [D[n]. Here

S = f(r; r)g [ f(r; (k;D)) : k < ng [ f((j;D); (i;D)) : i < j < ng:

Finally we put

V(p

x

) =

�

V

V

1

(p

x

) : x 2 V

1

[

S

fC[n] : C 2 Cl(V

1

)g

U

�

(p

x

) : x 2 D [D[n]

V is as required in the lemma. 2

Corollary 3.1. Suppose that H = hW;R

1

; R

2

; P i is descriptive and assume

H j= CSM

0

. Suppose G = hV; S

1

; S

2

i is a surrogate frame with root r which is

a subframe of the underlying Kripke frame of H. Then there exists an

~

A 2 SeqG

such that hH; ri 6j= �(G

n

~

A

), for all n 2 !.

Proof Follows immediately from Lemma 3.6 by using the fact that SeqG is

�nite. 2

Lemma 3.7. Let G be a surrogate frame with root r, n 2 !, and

~

A 2 SeqG.

For all ':

(i)G[G

!

~

A

] 6j= ' whenever there is a '-good valuation V in G

n

~

A

with

D

G

n

~

A

;V

E

6j=

'.

(ii)

D

G[G

!

~

A

]; r

E

6j= ' whenever there is a '-good valuation V in G

n

~

A

with

D

G

n

~

A

;V; r

E

6j= '.

Proof (i)+(ii) Suppose

D

G

n

~

A

;V; z

E

6j= ', V is '-good. Let G

n

~

A

= hV; S

1

; S

2

i

and G[G

!

~

A

] = hW;R

1

; R

2

; P i. We de�ne a valuation U in G[G

!

~

A

] by putting
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U(p

x

) =

�

fxg : x 2 V is R

1

-irre
exive

fj(C)g [ f(ijCj+ j; C) : ijCj+ j � ng : x = j(C); C cluster in G

It is easy to check now that

[

fV(p

x

) : x 2 V g =W

and

D

G[G

!

~

A

];V; r

E

6j= �(G

n

~

A

). Hence, by the proof of Lemma 3.5, there exists a

valuation U

�

in G[G

!

~

A

] such that

D

G[G

!

~

A

];U

�

; z

E

6j= '. 2

Lemma 3.8. Let G be a surrogate frame with root r and

~

A 2 SeqG. Put

t = 2kjCj, where C is a maximal cluster in G and k is the cardinality of sf'.

(i) For all n � t:

G[G

!

~

A

] 6j= ') there is a '-good valuation V in G

n

~

A

such that

D

G

n

~

A

;V

E

6j= '.

(ii) For all n � t:

D

G[G

!

~

A

]; r

E

6j= ') there is a '-good valuation V in G

n

~

A

such that

D

G

n

~

A

;V; r

E

6j= '.

Proof (i) + (ii) Let n � t. Suppose that

D

G[G

!

~

A

];U; x

E

6j= '. Following the

proof of Lemma 3.3 we �nd a subframe F of G

!

~

A

which does not contain

~

R

1

-

chains of length � 2k such that the restriction 


�

of 
 to F refutes ' in x. But

then we can certainly transform U

�

into a '-good valuation V in G

n

~

A

which

refutes ' in x, whenever x in G, and in some y 2 C[n], whenever x 2 C[!], for

a non-degenerate R

1

-cluster C in G. 2

Corollary 3.2. (i) For all surrogate frames G with root r and all

~

A 2 SeqG.

� The logic determined by G[G

!

~

A

] is decidable.

� The logic determined by

D

G[G

!

~

A

]; r

E

is decidable.

Proof Follows immediately from Lemma 3.7 and Lemma 3.8. 2

Proof of Theorem 3.7 (i) Let L be a normal subframe logic containing

CSM

0

and ' 62 L. Take a descriptive frame H validating L such that H 6j= '.

By Lemma 3.3 we �nd a normal surrogate frame G of cardinality �

P

2k�1

i=0

(2k)

i

which is a subframe of the underlying Kripke-frame of H such that there is a

'-good valuation V

�

in G which refutes '. By Lemma 3.7, G[G

!

~

A

] 6j= ', for

all

~

A 2 SeqG. Hence it su�ces to show that there exists

~

A 2 SeqG such that

G[G

!

~

A

] j= L. By Corollary 3.1 we can take an

~

A 2 SeqG such that H 6j= �(G

n

~

A

),
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for all n 2 !. We show that this

~

A is as required. To this end assume that

G[G

!

~

A

] 6j=  . By Lemma 3.8 there exists n 2 ! and a '-good valuation V in

G

n

~

A

which refutes  in G

n

~

A

. But then a subframe of H refutes  , by Lemma 3.5.

Hence  62 L.

(ii) The proof of (ii) is similar and left to the reader. 2

Proof of Theorem 3.5

Follows immediately from Theorem 3.7 and Corollary 3.2. 2

The question arises whether all frames of the form G[G

!

~

A

] are required in

Theorem 3.7, or whether some subclass su�ces to prove completeness. To an-

swer this question call a (normal) surrogate frame G = hV;R

1

; R

2

i with root r

selected i� for all x 6= r with xR

1

x there exists y 2 V such that y

~

R

2

x. De�ne

a set Seq

0

G by putting

~

A 2 Seq

0

G i�

~

A 2 SeqG and for all x 6= r there exists

y 2 V such that y

~

R

2

x and y 62 A

x

. Now the following holds:

Theorem 3.8. (i) Each normal subframe logic L containing CSM

0

is deter-

mined by a set of frames of the form G[G

!

~

A

], where G is a selected normal

surrogate frame and

~

A 2 Seq

0

G.

(ii) Each quasi-normal subframe logic containing CSM

0

is determined by a

set of pointed frames of the form

D

G[G

!

~

A

]; r

E

, where G is a selected surrogate

frame with root r and

~

A 2 Seq

0

G.

For the proof notice that in the construction of G in the proof of Lemma 3.3

a R

1

-re
exive point x was selected only in the case that (i) there exists  2 sf'

such that x 2 max

R

2

(V( )) and (ii) there exists an already selected y 2 G

such that yR

2

x. Hence all frames G constructed in Lemma 3.3 are selected.

Moreover, we may assume that we select an R

1

-irre
exive point x with yR

2

x

and x 2 max

R

2

(V( )) whenever this is possible. In other words, we may assume

that an R

1

-re
exive point x was selected in the construction of G i�

� there exists  2 sf' such that x 2 max

R

2

(V( )) and

� there exists an already selected y 2 G such that yR

2

x and such that there

does not exist an R

1

-irre
exive point z with yR

2

z and z 2 max

R

2

(V( )).

The construction of G

n

~

A

in Lemma 3.6 shows that for such a subframe G of the

underlying Kripke frame of H we have

~

A 2 Seq

0

G. A rather tedious proof shows

now that the class of frames

M = fG[G

!

~

A

] : G a normal selected surrogate frame,

~

A 2 Seq

0

Gg

is minimal, i.e., for each proper subclassN ofM closed under isomorphic images

there exists a normal subframe logic L which is not determined by a subclass of

N. Hence no further simpli�cation of the completeness theorem is possible. For

speci�c systems, however, we easily derive completeness with respect to smaller

classes. As an illustration we prove that the logic CSM

0

has the �nite model
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property: suppose ' 62 CSM

0

. There exists a normal surrogate frame G with

a '-good valuation V such that hG;Vi 6j= '. Replace all R

1

-clusters in G by

sets of R

1

-irre
exive points of the same cardinality and denote the result by G

0

.

Then G

0

validates CSM

0

but hG

0

;Vi still refutes '.
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Chapter 4

Adding the converse

operator

We investigate the preservation properties of the mapping

L(K) 7! L(K:t);

for modally de�nable classes K of transitive frames. While research concerned

with unimodal logics determined by transitive frames was extremely successful

(culminating in the theory of canonical formulas [Zakharyaschev 1992, 1996,

1997a, 1997b]), there was no comparable development for logics of transitive

frames with the converse operator. In fact, after the early results obtained in

[Bull 1968], [Segerberg 1970], and [Gabbay 1975, 1976] we �nd no successful

attempt to develop a theory for logics with converse operators. Modern proofs

of the results of those papers can be found in [van Benthem 1983, 1996], [Burgess

1984], [Gabbay et al. 1994], and [Goldblatt 1992], but in contrast to Unimodal

Logic only speci�c logics are considered and no general results are obtained.

Apparently, the reason for this situation is the fact that logics with the converse

operator are considerably more complex than their unimodal companions. For

example, while basically all interesting unimodal logics have the �nite model

property, this is a quite rare feature for logics with the converse operator (see

the results of the present chapter).

Surprisingly, it will turn out that studying the preservation properties of

the mapping above (and some variants thereof) allows us to obtain a number

of rather general decidability and axiomatizability results which together with

the results of [Wolter 1996b, 1996c] about logics determined by linear orderings

clarify the behavior of logics with the converse operator to a considerable extent.

Our main concern here will be decidability, axiomatizability, and the �nite

model property. Here are the results we are going to prove, explained in more

detail than in the introduction:

61
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Axiomatization

Observe that, for L = L(K) (K modally de�nable), the logic L(K:t) coincides

with the syntactically de�ned logic

L:t := (L(K) 
K)� p! 23

�1

p� p! 2

�1

3p

whenever L:t is determined by Kripke frames. So, we would have a syntactic

characterization of the mapping introduced above if Kripke completeness would

be preserved under the mapping

L 7! L:t:

Unfortunately, this turns out to be not the case; a counterexample is provided in

Section 4.8. Nevertheless, it is certainly important to �nd large and interesting

classes of logics of the form L(K), K modally de�nable, for which L(K):t is

Kripke complete and L(K):t = L(K:t). This is proved in the present chapter for

� all logics of �nite width in the sense of [Fine 1974b],

� all logics of �nite depth,

� all co�nal subframe logic in the sense of [Fine 1985] and [Zakharyaschev

1992, 1996],

and for various variants of those logics. Recall that a co�nal subframe logic is a

logic which is determined by a class of transitive frames which is closed under

forming co�nal substructures. (A co�nal substructure of a frame hW;Ri is a

substructure the domain V of which is co�nal in hW;Ri, i.e., for all v 2 V and

w 2W with vRw, w 2 V or 9v

0

2 V (wRv

0

).) The logics K4, S4, K4.1, K4.2,

K4.3, GL, Grz, K4:I

n

, L(fhN; <ig), and all normal modal logics containing

S4:3 are co�nal subframe logics, cf. [Zakharyaschev 1996].

Decidability

It is proved that L:t is decidable whenever L is a �nitely axiomatizable

co�nal subframe logic. Again a number of useful variations of this result are

presented. Consequently, we have a uniform decidability proof for almost all

interesting logics of the form L(K:t), K modally de�nable.

Finite Model Property

It is proved that, for every co�nal subframe logic L, L:t has the �nite model

property i� L is determined by a �rst-order de�nable class of frames. This is

the �rst general result which connects the �nite model property with �rst-order

de�nability. It follows that, e.g, K4:t, S4:t, K4:1:t, K4:2:t, and K4:3:t have

the �nite model property while GL:t, Grz:t, and L(fhN; <ig) do not.

Some remarks about the methodology we develop in order to obtain the

results: because of the negative results about the �nite model property we

cannot reduce the completeness and decidability proofs to proofs of the �nite

model property, and the central part of the present chapter deals with the

investigation of suitable substitutes of the notion of a �nite frame and a �nite

model. I shall brie
y explain the idea by a simple example. Denote by L the
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logic determined by the frames




W;R;R

�1

�

such that R is noetherian. L turns

out to coincide with GL:t. This logic does not have the �nite model property.

But it is determined by the following class of frames M : call irre
exive points

as well as in�nite descending chains h!;>;<i blocks

1

. Then a frame g belongs

toM if and only if there exists a �nite transitive frame h such that g is obtained

from h by replacing all clusters in h by mutually disjoint blocks. The frames

in M behave basically like �nite frames and it is, for instance, easy to deduce

the decidability of L from this completeness result. In general, we will have the

situation that more than two non-isomorphic types of blocks are required, that

the blocks are general frames, and that the replacement of clusters by blocks is

restricted. Also, it is not always possible to work with a �nite frame h but only

with frames of �nite depth. These constraints will be organized by so-called

type assignments to clusters. The process of replacement will be organized by

so-called replacement functions. Nearly all proofs in this chapter are centered

arround these two notions. We shall now give a survey of the chapter:

Section 4.1 is concerned with logics of �nite width and �nite depth and

introduces some concepts required later in the chapter.

Section 4.2 introduces co�nal subframe logics. Sections 4.3 and 4.4 introduce

type assignments and replacement functions. We shall not formulate the results

as general as possible but try to explain the method in such a way that it easy

to apply it to a logic in question. In Section 4.5 the axiomatization results

are proved (Theorem 4.6). In Section 4.6 the decidability results are proved

(Theorems 4.7 and 4.8). Section 4.7 is concerned with the �nite model property

and Section 4.8 provides a modally de�nable class K such that L(K:t) 6= L(K):t.

Some notation for this chapter is required. Recall that L

2

denotes the propo-

sitional bimodal language with boolean connectives ^ and : and modal opera-

tors 2

1

and 2

2

. L

1

and L

2

denote the unimodal languages with operators 2

1

and 2

2

, respectively. For a formula ' in a unimodal language denote by '

1

and

'

2

the translation of ' into L

1

and L

2

, respectively. For unimodal logics L and

M formulated in L

1

and L

2

, respectively, let

� L:t =K:t� L,

� K:M:t = K:t�M ,

� L:M:t =K:t� L�M .

L:t is called the minimal t-extension of L. A t{frame G is a bimodal frame of

the form




W;R;R

�1

; A

�

, where R interprets 2

1

and R

�1

interprets 2

2

. The

unimodal reducts of G are G

1

= hW;R;Ai and G

2

=




W;R

�1

; A

�

.

Observe that, conversely, given a unimodal frame G = hW;R;Ai the object




W;R;R

�1

; A

�

is not necessarily a frame since A need not be closed under the

operation 2

2

.

1

The reader should not confuse the notion of a block used in the present chapter with the

blocks introduced in the subsequent chapters.
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4.1 Finite width and �nite depth

In this section we prove an axiomatization result for the minimal t-extensions

of logics of �nite depth and �nite width.

Firstly, two results about di�erentiated and descriptive frames are required.

Recall that every frame can be transformed into a di�erentiated one validating

the same formulas, see e.g. [Sambin and Vaccaro 1989]: the di�erentiation

DG = hW

d

; R

d

; A

d

i of a frame G = hW;R;Ai is de�ned as follows. De�ne an

equivalence relation �

A

on W by putting

x �

A

y i� 8a 2 A (x 2 a, y 2 a).

Now put W

d

= f[x] : x 2 Wg, where [x] = fy 2 W : x �

A

yg. De�ne R

d

by

putting [x]R

d

[y] i� there exist x

0

2 [x] and y

0

2 [y] such that x

0

Ry

0

. Finally, let

A

d

= fa

d

: a 2 Ag with a

d

= f[x] : x 2 ag. It is readily checked that DG is a

di�erentiated frame the induced algebra of which is isomorphic with G

+

. So G

and DG determine the same logic.

The transformation of an arbitrary frame into a descriptive one is given by

the Stone representation

2

ST (G) = hU(A);U(R); �[A]i of G, where

� U(A) is the set of ultra�lters in the algebra hA;\;�; ;;W i.

� U

1

U(R)U

2

i� 8a 2 A (2a 2 U

1

) a 2 U

2

).

� For a 2 A, �(a) = fU 2 U(A) : a 2 Ug and �[A] = f�(a) : a 2 Ag.

� is an isomorphism from the algebra induced by G onto the algebra induced

by ST G. The following lemma applies those two constructions.

Lemma 4.1. Let G = hW;R;Ai and let � � L

2

be closed with respect to sub-

formulas. Suppose V is a valuation into




W;R;R

�1

�

such that V(') 2 A for

all ' 2 �. Let DG = hW

d

; R

d

; A

d

i and ST G = hU(A);U(R); �[A]i.

1. De�ne a valuation V

0

into




W

d

; R

d

; R

�1

d

�

by putting

V

0

(p) = f[x] : x 2 V(p)g;

for all propositional variables p. Then [x] 2 V

0

(') i� x 2 V('), for all

' 2 � and x 2W . Hence V

0

(') 2 A

d

, for all ' 2 �.

2. De�ne a valuation V

0

into




U(A);U(R);U(R)

�1

�

by putting

V

0

(p) = �(V(p));

for all propositional variables p. Then U 2 V

0

(') i� U 2 �(V(')), for all

' 2 � and U 2 U(A). Hence V

0

(') 2 �[A], for all ' 2 �.

2

Of course, originally Stone developed duality theory for Boolean algebras without modal

operators. We believe, however, that the term Stone representation is justi�ed because the

basic idea of the representation does not depend on the modal operators.
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Proof (1.) By a simple induction on the subformulas of ' 2 �.

(2.) By induction on the subformulas of ' 2 �. The interesting step is

' = 3

2

 . Suppose that U 2 V

0

(3

2

 ). Then there exists U

0

2 U(A) with

U

0

U(R)U and U

0

2 V

0

( ). Hence, by induction hypothesis, U

0

2 �(V( )) �

�(V(2

1

3

2

 )). But then U 2 �(V(3

2

 )) since �(2

1

V(3

2

 )) = �(V(2

1

3

2

 ))

and since � is an isomorphism.

Now suppose that U 2 �(V(3

2

 )). We �rst show that

X = f3

1

a : a 2 Ug [ fV( )g

has the �nite intersection property in A. To this end consider a

1

; : : : ; a

n

2 U .

Then

T

fa

i

: i � ng \ V(3

2

 ) 2 U and therefore there exists x 2 W with

x 2

T

fa

i

: i � ng \ V(3

2

 ). But then there exists y 2 W with yRx and

y 2 V( ). Clearly y 2

T

f3

1

a

i

: i � ng and the �nite intersection property

follows.

Now take an ultra�lter U

0

� X . Then U

0

U(R)U and, by induction hypoth-

esis, U

0

2 V

0

( ). Hence U 2 V

0

(3

2

 ). 2

For a set of formulas � � L

2

closed under subformulas denote by L

1

(�) the

minimal set of formulas containing � and closed under the connectives ^;:, and

2

1

of the language L

1

. For a valuation V into G =




W;R;R

�1

; A

�

de�ne the

�-reduct G

V(�)

=




W;R;A

V(�)

�

of G by putting

A

V(�)

= fV(') : ' 2 L

1

(�)g:

Observe that the algebra




A

V(�)

;\;�;2

1

;W

�

is a subalgebra of hA;\;�;2

1

;W i

andG

V(�)

is a unimodal frame. The set A

V(�)

, however, is not necessarily closed

under the operation 2

2

in




W;R;R

�1

�

.

Call a frame hW;R;Ai (




W;R;R

�1

; A

�

) �nitely generated if there exists a

�nite set B � A such that A is the closure of B under the boolean operations

and 2

1

(2

1

and 2

2

). A logic L is called locally �nite i� G

+

is �nite, for all

�nitely generated frames G validating L. There exist locally �nite unimodal

logics the minimal t-extensions of which are not locally �nite, an example is the

logic K4�22?. But we have

Proposition 4.1. Let L be a locally �nite unimodal logic. Then L:t has the

global �nite model property.

Proof Suppose ' is not globally derivable from  in L:t. Then there exists a t-

frame G =




W;R;R

�1

; A

�

validating L:t and a valuation V such that the model

M = hG;Vi refutes  ` '. Form the frame G

V(�)

=




W;R;A

V(�)

�

, where �

is the set of subformulas of ';  . Then G

V(�)

and V satisfy the conditions of

Lemma 4.1 for �. Form DG

V(�)

=




W

d

; R

d

; (A

V(�)

)

d

�

. Then DG

V(�)

j= L and,

by Lemma 4.1, there exists a valuationV

0

such that





W

d

; R

d

; R

�1

d

�

;V

0

�

refutes

 ` '. A

V(�)

is �nite since it is generated by a �nite set. But then (A

V(�)

)

d

coincides with 2

W

d

since DG

V(�)

is di�erentiated. Hence




W

d

; R

d

; R

�1

d

�

j= L:t.

2
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In what follows we assume frames to be transitive. Consider hW;Ri and

x 2 W such that there exists a longest �nite chain x = x

0

~

Rx

1

: : :

~

Rx

n

in W .

The depth of x is dp(R; x) = n. A frame hW;Ri has depth � n i� all points in

W have depth � n. It has �nite depth i� there is an n 2 ! such that all points

in W have depth � n. A t-frame




W;R;R

�1

�

has �nite depth i� hW;Ri has

�nite depth. A logic L has �nite depth if there exists an n 2 ! such that all

frames validating L have depth � n.

Corollary 4.1. Suppose L has �nite depth. Then L:t has the global �nite model

property.

Proof All logics L containingK4 of �nite depth are locally �nite (cf. [Chagrov

and Zakharyachev 1997]). 2

We immediately obtain

Corollary 4.2. Suppose K is a modally de�nable class of frames all of which

are of depth � n, for a �xed n 2 !. Then L(K:t) = L(K):t

We now come to logics of �nite width. Recall that a logic is said to have

�nite width if it contains K4:I

n

, for some n > 0; consult the appendix for the

de�nition of the formula I

n

. Equivalently, a logic L has �nite width i� there

exists an n > 0 such that all descriptive frames validating L have width � n.

Here, a frame has �nite width n if no point in it has more than n incomparable

successors. Kit Fine in [Fine 1974b] proved that all logics of �nite width are

complete. The proof of this result is still one of the most di�cult exercises

in Modal Logic, we refer the reader to [Chagrov and Zakharyaschev 1997] and

[Kracht 1999] for modern proofs. In this section we use two lemmata proved in

[Fine 1974b] in order to establish the completeness of minimal t-extensions of

logics of �nite width.

A frame G = hW;R;Ai has the maximal point property (mpp, for short) i�

max(x;R; a) 6= ;, for all x 2 a 2 A. Clearly all frames of �nite depth have the

mpp. Also all frames without in�nite strictly ascending chains have the mpp.

More interesting is the following result from the appendix.

Theorem 4.1. Each transitive and descriptive frame has the mpp.

Say that a t-frame G has the mpp i� both G

1

and G

2

have the mpp. It

follows from the de�nition that all transitive and descriptive t{frames have the

mpp. Theorem 4.1 will be the basic technical tool in this chapter. For V � W

we denote the subframe




V;R \ V

2

�

simply by hV;Ri and write V \ A for

fa \ V : a 2 Ag. If G has mpp then denote by max

G

(W ) the set of maximal

points (alias non-eliminable points in [Fine 1985]) in G. That is to say,

max

G

(W ) = fx 2W : 9a 2 A x 2 max

R

(a)g:

The following two lemmata are immediate consequences of the completeness

proof for logics of �nite width in [Fine 1974b].
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Lemma 4.2. Let G = hW;R;Ai be a �nitely generated and descriptive frame

validating a unimodal logic L of �nite width. Then the following holds:

1. The frame hmax

G

(W ); Ri validates L.

2. The frame hmax

G

(W ); Ri contains no in�nite strictly ascending chains.

Lemma 4.3. Let G = hW;R;Ai be a descriptive frame of �nite width. Let d

be a �nite subset of max

G

(W ) and y 2 W such that yRx holds for all x 2 d.

Then the following holds:

1. there exists b 2 A such that y 2 b and zRx holds for all x 2 d and all

z 2 Tr

R

(y) \ b.

2. There exists z 2max

G

(W ) such that yR

w

z and zR

w

x hold, for all x 2 d.

Theorem 4.2. Let L be a unimodal logic containing K4 of �nite width. Then

L:t is globally complete. Moreover, L:t is globally complete with respect to frames

without in�nite strictly ascending R-chains.

Proof Suppose that ' is not globally derivable from  in the logic L:t. Let

G =




W;R;R

�1

; A

�

be a frame validating L:t and V a valuation in G such

that hG;Vi refutes  ` '. Denote by � the set of subformulas of ';  . Form




W;R;A

V(�)

�

and then the Stone representation ST (




W;R;A

V(�)

�

). Denote

this frame by H = hV; S;Bi. H is a descriptive and �nitely generated L-frame.

By Lemma 4.1, there is a valuation V

0

in




V; S; S

�1

�

such that





h; S; S

�1

�

;V

0

�

refutes  ` ' and such that V

0

(�) 2 B for all � 2 �.

Now consider hmax

H

(V ); Si. By Lemma 4.2, hmax

H

(V ); Si is an L-frame

without in�nite strictly ascending chains.

De�ne a valuation U in




max

H

(V ); S; S

�1

�

by putting

U(p) = V

0

(p) \max

H

(V ); for every variable p.

Claim. For all x 2max

H

(V ) and � 2 � :

x 2 V

0

(�) i� x 2 U(�).

The proof is by induction on the subformulas of � 2 �. The interesting step is

� = 3

2

�

1

and the direction x 2 V

0

(3

2

�

1

) ) x 2 U(3

2

�

1

). (Observe that the

induction step for � = 3

1

�

1

follows immediately from Theorem 4.1). Suppose

that x 2 V

0

(3

2

�

1

) and x 2max

H

(V ). Then there exists a y 2 V with ySx and

y 2 V

0

(�

1

). By Lemma 4.3 and since V

0

(�

1

) 2 B there exists a z 2 max

H

(V )

with z 2 V

0

(�

1

) and zSx. Hence, by induction hypothesis, z 2 U(�

1

). But then

x 2 U(3

2

�

1

). The claim is proved.

It follows immediately that





max

H

(V ); S; S

�1

�

;U

�

refutes  ` '. 2

We easily obtain the following reformulation in terms of an axiomatization

result.

Corollary 4.3. Suppose K is a modally de�nable class of transitive frames and

there exists n 2 ! such that all frames in K have width � n. Then L(K:t) =

L(K):t.
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4.2 Co�nal subframe logics

We introduce some notation and results about subframe and co�nal subframe

logics. More about this type of modal logics can be found in [Fine 1985], [Za-

kharyaschev 1996], and [Wolter 1997c].

Subframe logics are de�ned here only in the unimodal case, but all concepts

and theorems can be extended without any problem to polymodal logics. For a

frame G = hW;R;Ai and b 2 A non-empty put

G

b

= hb; R; b \ Ai

and call G

b

the subframe of G induced by b. A logic L is a subframe logic if the

class of frames validating L is closed under forming subframes. Recall that all

subframe logics containing K4 have the �nite model property [Fine 1985] but

that in general there are many incomplete subframe logics, e.g., there exist 2

@

0

unimodal subframe logics which are validated by a given Kripke frame if and

only if it is transitive [Wolter 1997c].

For subframe logics a number of important properties turn out to be equiv-

alent. We say that a logic L has the �nite embedding property i� it is complete

and the class of Kripke frames validating L has the �nite embedding property;

that is to say, a Kripke frame g validates L i� all �nite subframes of g validate

L. For a proof of the following result see [Wolter 1997c].

Theorem 4.3. For every subframe logic L the following conditions are equiva-

lent:

� L is �rst-order de�nable.

3

� L is compact (alias strongly complete).

� L has the �nite embedding property.

� L is d{persistent.

Example 4.1. Examples of unimodal �rst-order de�nable subframe logics are

K, T, K4, S4, K4:3, K4:I

n

, for i � 1, and S5.

Examples of unimodal not �rst-order de�nable subframe logics are GL and

Grz, see [Zakharyaschev 1996].

Certainly the t-extension of every (�rst-order de�nable) subframe logic is a

(�rst-order de�nable) subframe logic as well. Call a formula ' 2 L

2

a (�rst-

order de�nable) subframe axiom i� K4:t�' is a (�rst-order de�nable) subframe

logic. Observe that, for every set of subframe axioms � and unimodal subframe

logic L the logic L:t� � is a subframe logic, as well.

Let G

b

be a subframe of a transitive frame G. It is called a co�nal subframe

of G if b is a co�nal subset of W ; that is to say, if

(8x 2 W )(8y 2 b)yRx ) x 2 b _ (9z 2 b)(xRz):

3

Recall that �rst-order de�nability implies completeness according to the de�nition in the

appendix.
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A logic L containingK4 is a co�nal subframe logic if the frames validating L are

closed under forming co�nal subframes. Certainly all subframe logics containing

K4 are co�nal subframe logics. A unimodal formula ' is called a (�rst-order

de�nable) co�nal subframe axiom i� K4 � ' is a (�rst-order de�nable) co�nal

subframe logic.

Example 4.2. K4:D, K4:1, and K4:2 are �rst-order de�nable co�nal sub-

frame logics which are not subframe logics. L(fhN; <ig) is a non-�rst-order

de�nable co�nal subframe logic. All normal unimodal logics containing S4:3

are co�nal subframe logics, see [Zakharyaschev 1996].

Subframe logics containing K4 as well as co�nal subframe logics can be

axiomatized in a canonical manner [Fine 1985], [Zakharyaschev 1992, 1996].

In the present investigation, however, only the description of subreductions and

co�nal subreductions by means of formulas is required: for a �nite and transitive

unimodal frame g = hW;Ri �x (mutually di�erent) variables p

x

; x 2 W , and

de�ne

�(g) =

^

fp

y

! 3p

z

: yRz; y; z 2 Wg ^

^

fp

y

! :3p

z

: :(yRz); y; z 2 Wg ^

^

fp

y

! :p

z

: y 6= z; y; z 2Wg:

If hH;Vi j= �(g) and V(p

x

) 6= ;, for all x 2 W , then there is a subframe H

0

of

H such that g is a p-morphic image of H

04

(cf. [Fine 1985]). In this case H is

said to be subreducible to g. H

0

and the p-morphism can be obtained as follows:

assume that a

i

= V(p

i

), for all variables p

i

of �(g). Abbreviate by

H j= �(g)[a

x

jx 2W ]

the statement hH;Vi j= �(g). This algebraic notation will be used rather often

in the present chapter. Then put H

0

= H

S

fa

x

:x2Wg

and the p-morphism � is

de�ned by putting �(y) = x i� y 2 a

x

.

A similar procedure works for co�nal subframe logics (cf. [Zakharyaschev

1992, 1996]). Put

r(g) = �(g) ^

_

fp

x

_3p

x

: x 2Wg:

If hH;Vi j= r(g) and V(p

x

) 6= ;, for all x 2W , then there is a co�nal subframe

H

0

of H such that g is a p-morphic image of H

0

. In this case H is said to be

co�nally subreducible to g.

Also the following formula will be used: de�ne the weak description �

w

(g)

of g by putting

�

w

(g) =

^

fp

y

! 3p

z

: y

~

Rz; y; z 2 Wg ^

^

fp

y

! :3p

z

: :(yRz); y; z 2Wg ^

^

fp

y

! :p

z

: y 6= z; y; zg:

4

Consult the appendix for a de�nition of p-morphisms.
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Observe that the �rst condition of �(g) is relaxed here. �

w

(g) is deductively

equivalent to �(g) whenever g is a frame without non{degenerate clusters.

4.3 Replacement functions

We come to another basic technical tool for obtaining insight into logics with

the converse operator. A frame G has �nite clusters (fc, for short) i� there

exists an n 2 ! such that all clusters in G have cardinality � n. All di�er-

entiated and �nitely generated t-frames have �nite clusters; more precisely, if

G =




W;R;R

�1

; A

�

is a di�erentiated frame and A is generated by a set B � A

of cardinality m, then all clusters have cardinality � 2

m

.

Consider a t-frame g =




W;R;R

�1

�

and a set C of non-degenerate clusters

in g. Suppose that with every C 2 C there is associated a frame

H

C

=




V

C

; S

C

; S

�1

C

; A

C

�

in such a way that V

C

1

\V

C

2

= ;, for any two di�erent C

1

and C

2

in C. Assume

also that all V

C

are disjoint fromW �

S

C. Then the replacement frame induced

by fH

C

: C 2 Cg is

g[H

C

=C : C 2 C] =




V; S; S

�1

; A

�

;

where

� V = (W �

S

C) [

S

fV

C

: C 2 Cg,

�

xSy ,

8

>

>

>

>

<

>

>

>

>

:

xRy : x; y 2 W;

xS

C

y : x; y 2 V

C

; C 2 C;

xRC : x 2W; y 2 V

C

; C 2 C;

CRy : x 2 V

C

; y 2W;C 2 C;

CRD : x 2 V

C

; y 2 V

D

; C;D 2 C:

� a 2 A i� a \ V

C

2 A

C

, for all C 2 C.

We leave the easy proof that g[H

C

=C : C 2 C] is a frame to the reader. Ob-

viously it is a Kripke frame i� all the H

C

are Kripke frames. The corresponding

concepts for transitive unimodal frames are de�ned in the obvious way.

We �rst use replacement in order to characterize the d-persistent co�nal

subframe logics. Suppose G = hW;R;Ai is a frame with mpp and fc. For all

points x 2W there exists a �nal cluster C with xRC. (A cluster is called �nal

i� it has not proper successors.)

Denote by T OP

G

the set of all �nal clusters in G and put BOT

G

=

W �

S

T OP

G

. (Note that BOT

G

consists of points while T OP

G

consists

of clusters). The following two frames m

<

and m

�

are required:

m

<

= hf0; : : : ;mg; <i ; m

�

= hf0; : : : ;mg;�i :

Now recall the following (extended version) of a result from [Zakharyaschev

1996].
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Theorem 4.4. For every co�nal subframe logic L the following conditions are

equivalent:

� L is �rst-order de�nable.

� L is compact.

� L is complete and has the �nite co�nal embedding property. That is to

say, for all �nite frames g and all clusters C in BOT

g

:

{ (8m 2 ! g[m

<

=C] j= L)) g[h!;<i =C] j= L

{ (8m 2 ! g[m

�

=C] j= L)) g[h!;�i =C] j= L:

� L is complete and, for all �nite and rooted frames g and all clusters C 2

BOT

g

, the following holds:

{ (8m 2 ! g[m

<

=C] j= L)) g j= L

{ (8m 2 ! g[m

�

=C] j= L)) g j= L:

� L is d-persistent.

A replacement function for g =




W;R;R

�1

�

is a partial function f from

the set of non-degenerate clusters of g into the class of copies of a �nite set of

frames fG

1

; : : : ;G

n

g such that the fC are mutually disjoint and disjoint from

W �

S

domf , where domf denotes the domain of f . The replacement frame

induced by f is

g

f

= g[fC=C : C 2 domf ]:

We will mostly simply write fC = G

i

, ignoring disjointness considerations. For

C 62 domf we will often write fC instead of C, for simplicity. Also, for clusters

C

1

and C

2

, the terms fC

1

RfC

2

and C

1

RfC

2

have the canonical meaning. For

a non-empty subset d of a cluster C let fd = fC. For a subframe h of g the

restriction of f to h is denoted by f , as well.

Replacement functions for unimodal frames are de�ned analogously. Let

f be a replacement function for a frame g = hW;Ri of �nite depth and with

�nite clusters. For a �nite subset h of BOT (= BOT

g

) we de�ne an equivalence

relation �

hh;fi

on T OP(= T OP

g

). Put, for C

1

; C

2

2 T OP ,

C

1

�

hh;fi

C

2

, fC

1

' fC

2

and CRC

1

i� CRC

2

, for all clusters C in h.

Denote by T OP

hh;fi

the set of �

hh;fi

-equivalence-classes, i.e.,

T OP

hh;fi

= f[C] : C 2 T OPg; where [C] = fC

0

: C �

hh;fi

C

0

g:

T OP

hh;fi

is �nite since h is �nite and the range of f is �nite (up to isomorphic

copies).

Now call a �nite subframe h = hV;Ri of g a �nite f{co�nal subframe of g i�

both
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1. for all C 2 T OP with C \ V 6= ; it follows that C \ V = C,

2. for all A 2 T OP

hh;fi

there exists an x 2 V such that C(x) 2 A. Here

h = V \ BOT .

Of course, condition (2.) is essential and (1.) has only notational reasons. The

use of the concept of �nite f -co�nal subframes is the following: quite often we

will meet the situation that we have to check whether a frame hW;Ri

f

validates

a formula '. The following proposition says that it su�ces to check the validaty

of ' in all frames hV;Ri

f

such that hV;Ri is a �nite f -co�nal subframe of hW;Ri;

this is of course much easier than the �rst problem.

If hV;Ri is a �nite f -co�nal subframe of hW;Ri, then we call




V \ BOT ; ffC

0

2 T OP : C �

hV \BOT ;fi

C

0

; C

0

\ V 6= ;g : C 2 T OPg

�

the representation of hV;Ri with respect to f .

Proposition 4.2. Let g = hW;Ri be a frame of �nite depth with �nite clusters

and let f be a replacement function. The following holds:

1. g

f

is co�nally subreducible to h

f

, for every �nite f-co�nal subframe h of g.

2. For all formulas ': if h

f

j= ', for all �nite f -co�nal subframes h of g,

then g

f

j= '.

Proof (1.) Let h = hV;Ri be a �nite f -co�nal subframe of g with represen-

tation hh;Bi. For each C 2 T OP �

S

B �x a cluster C

0

2

S

B such that

C �

hh;fi

C

0

and let s

C;C

0

be an isomorphism from fC onto fC

0

. Now de�ne a

mapping

� :

D

h [

[

T OP ; R

E

f

! hV;Ri

f

by putting

�(x) =

�

x : x 2 V

f

;

s

C(x);C(x)

0

(x) : otherwise.

It is readily checked that � is a co�nal subreduction from g

f

onto h

f

.

(2) Suppose




g

f

;V; x

�

j= '. We are going to construct a �nite f -co�nal subframe

hV;Ri of g such that

D

hV;Ri

f

;V; x

E

j= '. V will consist of points y selected

inductively in the following manner: assume that D is a set of clusters in g. For

C 2 D let D(C) be a minimal set of clusters D in g with the following property:

for all � 2 sf('),

(y) if there exists a cluster D 6= C in g with CRD and V(�) \ fD 6= ;,

then there exists a cluster D 2 D [ D(C) such that C 6= D, CRD and

V(�) \ fD 6= ;.
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(Here, again we assume that fC = C, for all clusters C not in domf .)

Put F (D) = D [

S

fD(C) : C 2 Dg. Certainly F (D) is �nite whenever D is

�nite.

We now proceed by induction. Put F

0

(x) = fC(x)g and F

n+1

(x) = F

n

(x)[

F (F

n

(x)), for all n 2 !: Clearly F

m

(x) = F

m+1

(x), where m 2 ! is the depth

of g. It is also clear that d =

S

F

m

(x) is �nite. Let h = d \ BOT . For each

B 2 T OP

hh;fi

take a cluster C 2 B and denote by d

0

be the set of all selected

clusters. Then hd [

S

d

0

; Ri is a �nite f-co�nal subframe of g. It follows from

the construction of d that

D

hd [

S

d

0

; Ri

f

;V; x

E

j= '. 2

We are going to de�ne the notion of a type assignment. Fix symbols m; i,

and r.

De�nition 4.1. Let G = hg;R;Ai be a frame with mpp and fc. A map t from

the clusters of G into fm; i; rg is a type assignment if tC = m, for all clusters

C with C 2 T OP

G

or C degenerate. Now let G =




W;R;R

�1

; A

�

be a t-frame

with mpp and fc. If t

1

is a type assignment for G

1

and t

2

is a type assignment

for G

2

, then the mapping t =




t

1

; t

2

�

, de�ned by tC =




t

1

C; t

2

C

�

, is a type

assignment for G. hG; ti is called a frame with types.

Hence type assignments for t-frames are mappings t from the set of clusters

into fm; i; rg

2

which can always be represented as t =




t

1

; t

2

�

. Type assign-

ments provide information about the status of a cluster in a frame. For instance,

they state whether a cluster has to be replaced by another frame and of which

type the frame should be by which the cluster should be replaced. Roughly

speaking, tC = (m;m) means that C is a good cluster and that there is no

need to replace it by another frame. tC = (i;m) means that C has to be

replaced by an in�nite descending chain of irre
exive points (or some similar

frame) and tC = (r;m) means that C has to be replaced by an in�nite descend-

ing chain of re
exive points (or some similar frame). This explains the choice

of the letters i and r. The symbol m is taken from \maximal cluster" and will

be explained in the next section. In this investigation the types in

m

�

= f(i;m); (r;m)g

will be the most important ones since only clusters C with tC 2 m

�

will be

replaced by other frames.

We are now going to de�ne the frames by which clusters will be replaced.

For a cluster C and a frame g =




W;R;R

�1

�

de�ne the frame C � g by putting

C � g = hf0; 1g; <;>i [C=f0g; g=f1g];

that is to say, C � g is de�ned by putting C to the left of g. Abbreviate

!

>

= h!;>;<i and !

�

= h!;�;�i :

De�nition 4.2. PutG[C�!

>

] =




W;S; S

�1

; A

�

, where




W;S; S

�1

�

= C�!

>

and A is de�ned as follows: let C = fx

0

; : : : x

m�1

g and put

b

j

= fx

j

g [ fi �m+ j : i 2 !g; for all j < m:
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Then A is the closure of

fb

j

: j < mg [ fa � ! : a �nite g

under the boolean operations and under 2

1

and 2

2

. G[C � !

�

] is de�ned

correspondingly.

Observe that G[C � !

>

] is descriptive.

For a frame G =




W;R;R

�1

; A

�

with mpp and fc let T OP

1

= T OP

G

1

and

BOT

1

= BOT

G

1

. The sets T OP

2

and BOT

2

are de�ned symmetrically.

The following de�nition connects type assignments with replacement func-

tions. Observe that there are a lot of other possibilities to de�ne this connection,

and so to extend the results we are going to prove to other logics (see also The-

orem 4.9).

De�nition 4.3. Let hg; ti =





W;R;R

�1

�

; t

�

be a t-frame with types and

�nite clusters. Let f be a replacement function for g. Then

(1) f is the !

>

-replacement function for hg; ti i� domf = fC : tC 2m

�

g and

fC = !

>

; for tC = (i;m);

fC = !

�

; for tC = (r;m):

(2) f is the co�nal !

>

-replacement function for hg; ti i� domf = fC : tC 2m

�

g

and

fC = !

>

; for tC = (i;m); C 2 BOT

2

;

fC = !

�

; for tC = (r;m); C 2 BOT

2

;

fC = G[C � !

>

]; for tC = (i;m); C 2 T OP

2

;

fC = G[C � !

�

]; for tC = (r;m); C 2 T OP

2

:

(3) f is the m-replacement function for hg; ti i� domf = fC : tC 2m

�

g and

fC = m

<

; for tC = (i;m);

fC = m

�

; for tC = (r;m):

(4) f is the co�nal m-replacement function for hg; ti if domf = fC : tC 2m

�

g

and

fC = m

<

; for tC = (i;m); C 2 BOT

2

;

fC = m

�

; for tC = (r;m); C 2 BOT

2

;

fC = C �m

<

; for tC = (i;m); C 2 T OP

2

;

fC = C �m

�

; for tC = (r;m); C 2 T OP

2

:

The frames in the range of the !

>

-and co�nal !

>

-replacement functions will

form the blocks of the frames to be constructed. The m-replacement-functions

are required only for technical reasons. Observe that, depending on the context,
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tC = (i;m) abbreviates the instruction to replace C by !

>

or byG[C�!

>

], and

tC = (r;m) abbreviates the instruction to replace C by !

�

or by G[C � !

�

].

We have de�ned replacement function, type assigments, and their connec-

tion. Now we consider the following problem: how to obtain from a descriptive

frame G validating L:t and refuting ' `  a �nite frame g with a type assign-

ment t such that, for the !

>

-replacement function f for hg; ti, g

f

validates L:t

and refutes ' `  ? The �rst step is the de�nition of g:

Let G = hW;R;Ai be a frame with mpp and fc and let � be a �nite set

of unimodal formulas closed under subformulas and containing >. Let V be a

valuation in G. De�ne

Rd

V(�)

G =




Rd

G(�)

(W ); R

�

;

where Rd

V(�)

(W ) =

S

fmax

R

(V(')) : ' 2 �g. Note that Rd

V(�)

G consists

of maximal points (alias non-eliminable points in [Fine 1985]) only. In contrast

to the constructions in [Fine 1974b, 1985] we do not take all maximal points

but only those which are maximal with respect to sets in fV(') : ' 2 �g. The

following lemma lists the main properties of Rd

V(�)

G.

Lemma 4.4. Let Rd

V(�)

(W ) � V � W and let V

0

be the restriction of V to

V .

1. For all x 2 V and ' 2 �, hhV;Ri ;V

0

; xi j= ' i� hG;V; xi j= '.

2. The depth of Rd

V(�)

G is bounded by j�j.

3. Rd

V(�)

G is a co�nal subframe of hW;Ri.

Proof (1) follows immediately from Theorem 4.1. (2) is trivial. (3) follows

from the assumption that > 2 �. 2

A similar construction can be conducted for a t-frame G =




W;R;R

�1

; A

�

with mpp and fc. Let � � L

2

be a �nite set of formulas closed under subformulas

and containing >. For a valuation V de�ne Rd

V(�)

G =




Rd

V(�)

W;R;R

�1

�

,

where

Rd

V(�)

(W ) =

[

fmax

R

(V(')) : ' 2 �g [

[

fmax

R

�1
(V(')) : ' 2 �g:

Lemma 4.5. Let Rd

V(�)

(W ) � V � W and let V

0

be the restriction of V to

V .

1. For all x 2 V and ' 2 �,





V;R;R

�1

�

;V

0

; x

�

j= ' i� hG;V; xi j= '.

2. The depth of Rd

V(�)

G is bounded by 2j�j.

3. Rd

V(�)

G is a co�nal subframe of




W;R;R

�1

�

.

Example 4.3. Consider the frame g = Rd

V(�)

G for the descriptive frame

G = G[C � !

>

]. G validates GL:t but g contains a non-degenerate cluster

and so does not validate GL:t. In order to obtain from g a frame validating

GL:t this cluster has to be replaced by an in�nite descending chain, and the

type assignment for g should instruct us to do so.
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A technical lemma is required. Based on the two lemmata above it will

establish the connection between !

>

-replacement functions and m-replacement

functions. It will be used in order to check whether a formula is valid in some

H

f

. In what follows sb(') denotes the set of subformulas of ' plus f>g. Also,

sb(';  ) denotes the set of subformulas of ';  plus f>g. The length of a formula

', in symbols l('), is the cardinality of sb(').

Lemma 4.6. Let g =




W;R;R

�1

�

be a frame of �nite depth with �nite clusters

and let t be a type assignment. Let ' be a unimodal formula and m = l(').

1. If f is the !

>

-replacement function for hg; ti and f

m

is the m-replacement

function for hg; ti and ' is a co�nal subframe formula, then g

f

j= '

1

i�

g

f

m

j= '

1

:

2. If f is the co�nal !

>

-replacement function for hg; ti and f

m

is the co�nal

m-replacement function for hg; ti and ' is a d-persistent co�nal subframe

formula, then g

f

j= '

2

i� g

f

m

j= '

2

:

3. If f is the co�nal !

>

-replacement function for hg; ti and f

m

is the m-

replacement function for hg; ti and ' is a co�nal subframe formula, then

g

f

j= '

1

i� g

f

m

j= '

1

:

4. If f is the co�nal !

>

-replacement function for hg; ti and g is the !

>

-

replacement function for hg; ti and ' is a co�nal subframe formula, then

g

f

j= '

1

i� g

g

j= '

1

:

5. Let  2 L

2

be a d-persistent subframe formula and n = 2l( ). If f is the

!

>

-replacement for hg; ti and f

n

is the n-replacement function for hg; ti,

then g

f

j=  i� g

f

n

j=  .

6. Let  2 L

2

be a d-persistent subframe formula and n = 2l( ). If f is

the co�nal !

>

-replacement for hg; ti and f

n

is the co�nal n-replacement

function for hg; ti, then g

f

j=  i� g

f

n

j=  .

Proof We prove (1), (2), and (5). (1) hW;Ri

f

is co�nally subreducible onto

hW;Ri

f

m

. One direction follows immediately from this observation. Now sup-

pose that hW;Ri

f

6j= '

1

. hW;Ri

f

has no in�nite strictly ascending chains. Thus

hW;Ri

f

has the mpp and therefore, by Lemma 4.4, hW;Ri

f

m

6j= '

1

.

(2)




W;R

�1

�

f

is co�nally subreducible onto




W;R

�1

�

f

m

. The implication

from g

f

j= '

2

to g

f

m

j= '

2

follows. Now suppose that




W;R

�1

�

f

6j= '

2

. Then,

by Lemma 4.2, there exists a �nite f -co�nal subframe




V;R

�1

�

of




W;R

�1

�

such that




V;R

�1

�

f

6j= '

2

.




V;R

�1

�

is also a f

n

-co�nal subframe of




W;R

�1

�

,

where f

n

is the co�nal n-replacement function for hg; ti and n 2 !. K4�' has

the �nite co�nal embedding property. Hence




V;R

�1

�

f

n

6j= '

2

, for an n 2 !.

But then, by Lemma 4.4,




V;R

�1

�

f

m

6j= '

2

. Hence




W;R;R

�1

�

f

m

6j= '

2

.

(5) g

f

j=  ) g

f

n

j=  is clear. K4:t�  has the �nite embedding property

since K4:t� is d-persistent. Suppose g

f

6j=  . Then there is a �nite subframe
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h of g

f

with h 6j=  . By Lemma 4.5, there is a subframe h

0

of h of depth � n

with h

0

6j=  . Clearly h

0

is a subframe of g

f

n

.

(3) can be proved analogously to (1). (4) follows from (1) and (3). (6) can

be proved analogously to (5). 2

4.4 Canonical Replacement Functions

We are now going to describe how the required type assignments are obtained.

De�ne the canonical type assignment c of a transitive descriptive frame G =

hW;R;Ai with �nite clusters as follows. For any cluster C in G put

� cC =m i� there exists x 2 C and a 2 A with x 2 max

R

(a).

� cC = i i�, for all n 2 ! and a 2 A with C\a 6= ;, there exists d

n

� a such

that hd

n

; Ri is isomorphic with n

<

and CRd

n

(i.e., CRx, for all x 2 d

n

).

� cC = r i� cC 62 fi;mg.

hG; ci is called a descriptive frame with canonical types. The following is easily

checked:

� cC =m, for all degenerate clusters C.

� cC =m, for all clusters C 2 T OP

G

.

� cC =m i�, for all x 2 C, there exists a 2 A with x 2 max(R; a).

� cC = r i� cC 6= m and there exists a 2 A with C \ a 6= ; such that

there exists an m 2 ! so that Tr

R

(x) \ a contains no chain of irre
exive

points of length � m, for all x 2 C, and such that there exists d

n

� a

with hd

n

; Ri ' n

�

and CRd

n

, for all n 2 !.

Hence c satis�es the conditions for a type assignment. Let G =




g;R;R

�1

; A

�

be a descriptive and �nitely generated t-frame and let c

1

and c

2

denote the

canonical type assignments for the reducts G

1

and G

2

. Then c =




c

1

; c

2

�

is

called the canonical type assignment for G. c is a type assignment since c

1

and

c

2

are type assignments.

Example 4.4. Consider the frame g = Rd

V(�)

G, for a descriptive frame G

validating GL:t. The required type assignment for g will be the restriction c of

the canonical type assignment for G to g. Suppose c

1

C =m, for a cluster C in

g. Then C is an irre
exive point since G validates GL:t. There is no need to

replace C by anything else. If c

1

C = i, however, then C is non-degenerate and

we have to replace C by the frame !

>

. After all such clusters in g are replaced

by !

>

we obtain a frame validatingGL:t. Observe that c

1

C = r cannot happen.

Let, for example, G = G[C � !

>

]. Then, c

1

C = i and c

1

fxg =m, for x 2 !.

Lemma 4.7. Let G = hW;R;Ai be a descriptive and transitive frame with �nite

clusters and let a 2 A. Let c and c

0

be the canonical type assignments for G and

G

a

, respectively. Then cC = c

0

(C \ a), for all clusters C in G with C \ a 6= ;.
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We omit the simple proof. Note that a subframe of a descriptive frame is

descriptive, as well. The following lemma can be checked by standard methods

from [Fine 1985].

Lemma 4.8. Let G = hW;R;Ai be a transitive and descriptive frame with fc

and let c be the canonical type assignment for G. Let C be a cluster in G. Then

the following holds:

1. If cC =m, then there exist sets fb

x

: x 2 Cg � A such that

� x 2 b

x

, for all x 2 C,

� G j= �(hC;Ri)[b

x

jx 2 C].

2. If cC = i, then, for all n 2 !, there exist d

n

�W such that

� C

~

Rd

n

(i.e., C

~

Ry, for all y 2 d

n

),

� hd

n

; Ri ' n

<

such that there exist fb

x

: x 2 d

n

g � A with

� x 2 b

x

, for all x 2 d

n

,

� G j= �(hd

n

; Ri)[b

x

jx 2 d

n

].

3. If cC = r, then, for all n 2 !, there exist d

n

�W such that

� C

~

Rd

n

,

� hd

n

; Ri ' n

�

such that cfxg = m, for all x 2 d

n

, and such that there exist fb

x

: x 2

d

n

g � A with

� x 2 b

x

, for all x 2 d

n

,

� G j= �(hd

n

; Ri)[b

x

jx 2 d

n

].

Lemma 4.9. Let G =




W;R;R

�1

; A

�

be a descriptive frame with fc. Let h

denote a �nite subset of BOT

1

and suppose there exists no y 2

S

T OP

1

such

that xRy holds for all x 2 h. Then there exists a �nite set B � A of mutually

disjoint sets with

S

B �

S

T OP

1

and a set fb

x

: x 2 hg � A with x 2 b

x

, for

all x 2 h, such that for all b 2 B there exists x 2 h with b

x

\3

1

b = ;.

Proof We prove the lemma for h = fx

1

; x

2

g. Suppose that there exists no

y 2

S

T OP

1

with x

1

Ry and x

2

Ry. Put

X = f3

2

a : x

1

2 a; a 2 Ag [ f3

2

a : x

2

2 a; a 2 Ag:

Then X does not have the �nite intersection property. Hence there exist a

1

; a

2

2

A with x

1

2 a

1

, x

2

2 a

2

and 3

2

a

1

\3

2

a

2

= ;. Now de�ne

B = f3

2

a

1

;3

2

a

2

;:(3

2

a

1

[3

2

a

2

)g:

Then B and fa

1

; a

2

g are as required. 2
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The following theorem is the essential step in our proofs. Firstly we explain

its contents. Let g = Rd

V(�)

G, for G = G[C�!

>

]. Let c be the canonical type

assignment for G. We should like to generalize to other frames and logics the

obvious fact that the frame g

f

validates GL:t, where f is the !

>

-replacement

function for hg; ci. To this end the following argument for GL:t is lifted to

the general case (using Lemma 4.6 (1)); namely, in order to prove g

f

j= GL:t

it su�ces to observe that g

f

m

j= GL:t, for all m 2 !, where f

m

is the m-

replacement function for hg; ci.

For a frame hV;Ri call a set V

0

� V R-closed i� hV

0

; Ri is a generated

subframe of hV;Ri. Call a type assignment t an m-type assignment if the range

of t is a subset of

m

_

= f(m; i); (m; r); (m;m); (i;m); (r;m)g:

Observe that the canonical type assignment is not necessarily a m-type assign-

ment.

Theorem 4.5. Let L

1

; L

2

be co�nal subframe logics and � a set of d-persistent

subframe axioms. Suppose G =




W;R;R

�1

; A

�

is a �nitely generated and de-

scriptive frame and that c is the canonical type assignment for G. Suppose

V � W such that hV;Ri and




V;R

�1

�

are co�nal subframes of �nite depth

of hW;Ri and




W;R

�1

�

, respectively. Put h =




V;R;R

�1

�

and assume that

c (restricted to h) is a m-type assignment for h. The following holds for all

m 2 !:

1. If G j= L

1

:t, then h

f

m

j= L

1

:t, where f

m

is the m-replacement function for

hh; ci.

2. If G j= K:L

2

:t and L

2

� K4:3 is d-persistent, then h

f

m

j= K:L

2

:t, where

f

m

is the co�nal m-replacement function for hh; ci.

3. Let L

2

be d-persistent and suppose G validates K:L

2

:t � �. Assume that

hW;Ri has �nite width. Then h

f

m

j= K:L

2

:t � �, where f

m

is the co�nal

m-replacement function for hh; ci.

Proof (1) Let hV;Ri be the co�nal subframe of hW;Ri of �nite depth such that

c is a m-type assignment for h. We may assume that T OP

G

1

= T OP

hV;Ri

.

Let m 2 ! and let f

m

be the m-replacement function for hG; ci. By Lemma

4.2, it su�ces to show that hV

0

; Ri

f

m

j= L

1

, for all �nite f

m

-co�nal subframes

hV

0

; Ri of hV;Ri. Let hV

0

; Ri be such a frame. We are going to show that G

1

is

co�nally subreducible onto hV

0

; Ri

f

m

. Let hd;Bi be the representation of hV

0

; Ri

with respect to f

m

and de�ne top =

SS

B.

Using Lemma 4.8 (1) and Lemma 4.9 and standard techniques from [Fine

1985] or [Wolter 1997c] it is readily checked that there exist sets fb

x

: x 2 V

0

g �

A with the following properties (here again T OP

1

= T OP

G

1

):

� x 2 b

x

, for all x 2 V

0

.

� G

1

j= �

w

(hV

0

; Ri)[b

x

jx 2 V

0

].
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�

S

fb

x

: x 2 topg �

S

T OP

1

.

� G

1

j= �(hC;Ri)[b

x

jx 2 C], for all clusters C 2

S

B.

Now we prove by induction on the cardinality of R-closed subsets d

0

of hd;Ri

the following: there exist sets

fa

x

: x 2 (d

0

[ top)

f

m

g � A

with a

x

= b

x

, for all x 2 top; and a

x

�

S

fb

y

: y 2 Cg, for all x 2 f

m

C and all

clusters C in d

0

, such that

(a) G

1

j= �(hd

0

[ top; Ri

f

m

)[a

x

jx 2 (d

0

[ top)

f

m

].

(b) For all clusters C in d�d

0

and all clustersD in d

0

: if C

~

Rf

m

D and x 2 f

m

D,

then C � 3

1

a

x

. (Recall that we denote a cluster C with C 62 domf

m

also

by f

m

C.)

Suppose that the claim holds for d

0

� d and let C be a cluster in d � d

0

such

that all strict successors of C in hV

0

; Ri are in d

0

[ top. De�ne

a = (

S

fb

x

: x 2 Cg) \

T

f3

1

a

x

: CRf

m

C

0

; x 2 f

m

C

0

; C

0

cluster in d

0

[ topg;

F = ha;R; a \ Ai :

Case 1. c

1

C = m. Then, by Lemma 4.7 and Lemma 4.8 (1) applied to F,

there exist fa

x

: x 2 Cg � a \ A � A with x 2 a

x

, for all x 2 C, and

F j= �(hC;Ri)[a

x

jx 2 C]:

Then

G j= �(hC;Ri)[a

x

jx 2 C]:

It is readily checked that fa

x

: x 2 (d

0

[ C [ top)

f

m

g satis�es (a) and (b).

Case 2. c

1

C = i. Then, by Lemma 4.7 and Lemma 4.8 (2) applied to

F, there exist d

m

� a with C

~

Rd

m

and hd

m

; Ri ' m

<

such that there exist

fa

x

: x 2 d

m

g � A \ a � A with x 2 a

x

, for all x 2 d

m

, and

F j= �(hd

m

; Ri)[a

x

jx 2 d

m

]:

Again

G j= �(hd

m

; Ri)[a

x

jx 2 d

m

]

and fa

x

: x 2 (d

0

[ C [

S

top)

f

m

g satis�es (a) and (b), where we put f

m

C =

hd

m

; Ri.

Case 3. c

1

C = r. Is consider analogously to case (2) with the help of Lemma

4.7 and Lemma 4.8 (3).

The claim is proved for d

0

[ C.

We have established the existence of a set fa

x

: x 2 (V

0

)

f

m

g � A such that

G

1

j= �(hV

0

; Ri)[a

x

jx 2 (V

0

)

f

m

]:
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We also have

S

fa

x

: x 2 topg �

S

T OP

1

. Hence G

1

is co�nally subreducible

onto hV

0

; Ri

f

m

.

(3) Let




V;R

�1

�

be the co�nal subframe of




W;R

�1

�

of �nite depth such

that c is a m-type assignment for h =




V;R;R

�1

�

. We may assume that

T OP

2

= T OP

hV;R

�1

i

. Let f

m

be the co�nal m-repacement function for hG; ci.

By Lemma 4.2, it is enough to show that




V

0

; R

�1

�

f

m

j= L

2

, for all �nite

f

m

-co�nal subframes




V

0

; R

�1

�

of




V;R

�1

�

. Let




V;R

�1

�

be such a frame.

Let hd;Bi be the representation of




V

0

; R

�1

�

with respect to f

m

and de�ne

top

�

=

SS

B.

There exist sets fb

x

: x 2 V

0

g � A with

� x 2 b

x

, for all x 2 V

0

.

� G

2

j= �

w

(




V

0

; R

�1

�

)[b

x

jx 2 V

0

].

�

S

fb

x

: x 2 top

�

g �

S

T OP

2

.

� G

2

j= �(hC;Ri)[b

x

jx 2 C], for all C 2

S

B.

We prove by induction on the cardinality of the R-closed subsets V

00

of hV

0

; Ri

the following: there exists an embedding

� : hV

00

; Ri

f

m

! hW;Ri

such that

(a) �[C] = C, for all clusters C with c

1

C = m, (here and in what follows

�[C] = f�(x) : x 2 Cg).

(b) C

~

R�[C

f

m

] for all clusters C with c

1

C 2 fi; rg and C 2 BOT

2

.

(c) If f

m

C 2 fC �m

<

; C �m

�

g then C \ �[C

f

m

] = C.

(d) �[C

f

m

] �

S

fb

x

: x 2 Cg, for all clusters C.

(e) c

1

f�(x)g =m, for all x 2 (V

00

\ d)

f

m

.

Suppose that V

00

is R-closed and let C be a cluster in V

0

� V

00

such that all

strict successors of C are in V

00

. Assume that the claim is shown for V

00

.

Case 1. c

1

C =m. Then put

�

1

(x) =

�

x : x 2 C;

�(x) : x 2 (V

00

)

f

m

:

Case 2. c

1

C 6=m. Let

F = f�(x) : CRf

m

C

0

; x 2 f

m

C

0

; C

0

cluster in V

00

g:
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Then C

~

Ry and cfyg = m, for all y 2 F , by (e). By Lemma 4.3, there exists

b 2 A with C � b and zRx, for all x 2 F and all z 2 b \ Tr

R

(C). Now let

a = b \

S

fb

x

: x 2 Cg and form F = ha;R; a \ Ai.

Case 2.1. c

1

C = i. Then, by Lemma 4.7 and Lemma 4.8 (2) applied

to F, there exists d

m

� a with C

~

Rd

m

and hd

m

; Ri ' m

<

. For C 2 BOT

2

let s : hC;Ri

f

m

! hd

m

; Ri be a surjective isomorphism. For C 2 T OP

2

let

s : hC;Ri

f

m

! hC [ d

m

; Ri be a surjective isomorphism. Now de�ne

�

1

(x) =

�

s(x) : x 2 C

f

m

;

�(x) : x 2 (V

00

)

f

m

:

Case 2.2. c

1

C = r. This case is considered analogously to Case 2.1. Note

that one can choose a chain d

m

of re
exive points x with c

1

fxg =m, by using

Lemma 4.8.

It is readily checked that �

1

satis�es the conditions (a); : : : ; (e). The induc-

tive proof is �nished.

Now consider the embedding � : hV

0

; Ri

f

m

! hW;Ri with the properties

(a); : : : ; (e). Let b = f�(x) : x 2 (V

0

)

f

m

g and de�ne

s :

D

b [

[

T OP

2

; R

�1

E

!




V

0

; R

�1

�

f

m

as follows. Let s(x) = �

�1

(x), for x 2 b. For x 62 b we have C(x) �

S

T OP

2

�b.

Choose a C 2

S

B with C(x) �

hd;fi

C and let s

C(x);C

: C(x)! C be a surjective

isomorphism. Then put s(y) = s

C(x);C

(y), for all y 2 C(x). s is a co�nal

subreduction of




W;R

�1

�

onto




V

0

; R

�1

�

f

m

. Hence




V

0

; R

�1

�

f

m

j= L

2

(since

L

2

is d-persistent).

It also follows immediately from the proof that each �nite subframe of




W;R;R

�1

�

f

m

is a subframe of




W;R;R

�1

�

. Hence




W;R;R

�1

�

f

m

j= � (since

� is d-persistent).

(2) is proved by means of a combination of the arguments for (1) and (3).

2

4.5 Completeness

We summarize the results obtained so far. We have de�ned frames g = Rd

V(�)

G,

for all valuations V in descriptive frames G and �nite sets of formulas � closed

under subformulas. Also, we have type assignments c on G and g. We now

show that every formula in � which is refuted in hG;Vi is refuted in g

f

as

well, where f is the !

>

- or co�nal !

>

-replacement function for hg; ci. To this

end valuations V

0

in g

f

are required so that formulas in � which are refuted in

hG;Vi are refuted in




g

f

;V

0

�

as well. We have a valuation U in g, namely the

restriction of the valuation V in G to g. This valuation will be transformed into

a valuation V

0

in g

f

in a canonical manner. A transformation of U is possible

since U respects the type assignment c. Here, roughly speaking, U respects c
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i� we are not forced to replace a proper cluster by an in�nite descending chain

whenever the cluster is maximal in U('), for a formula ' 2 �. Here are the

precise de�nitions.

Let g =




W;R;R

�1

�

be a frame of �nite depth with �nite clusters and let V

be a valuation in g. Let t be a type assignment for g and suppose that � � L

2

is �nite and closed under forming subformulas. Now the triple hg;V; ti is called

!

>

-good for � i�

(y) for all clusters C, if t

1

C 6=m then C \max

R

(V(')) = ;; for all ' 2 �.

Let f be the !

>

- or co�nal !

>

-replacement function for hg; ti. Then there exist

p-morphisms

f

C

: (fC)

2

!




C;R

�1

�

onto C, for all clusters C with tC 2 f(i;m); (r;m)g. De�ne a valuation V

f

in

g

f

by putting

V

f

(p) = (V(p)�

[

domf) [

[

ff

�1

C

(V(p)) : C 2 domfg;

for all propositional variables p.

Lemma 4.10. Let g be a frame of �nite depth with �nite clusters and let t be

a type assignment for g. Let ';  2 L

2

and suppose hg;V; ti is !

>

-good for

sb(';  ). Let f be the !

>

- or co�nal !

>

-replacement function for hg; ti. Then




g

f

;V

f

�

refutes  ` ' whenever hg;Vi refutes  ` '.

Proof Using the condition that hg;V; ti is !

>

{good for sb(';  ) it can be

shown by induction that

V

f

(�) = (V(�)�

[

domf) [

[

ff

�1

C

(V(�)) : C 2 domfg;

for all � 2 sb(';  ). 2

Lemma 4.11. Let G =




W;R;R

�1

; A

�

be a �nitely generated and descriptive

frame and let c be the canonical type assignment. Let V be a valuation and

suppose that � � L

2

is closed under forming subformulas and contains >. Then

1. c is a m-type assignment for Rd

V(�)

G.

2. Let V

0

be the restriction of V to Rd

V(�)

G. Then




Rd

V(�)

G;V

0

; c

�

is

!

>

-good for �.

Proof (1) follows from the de�nition, Lemma 4.5, and the fact that Rd

V(�)

G

is a co�nal subframe of G. (2) Suppose that c

1

C 6=m and x 2 V

0

( )\C,  2 �.

Then x 2 V( ) and V( ) 2 A and therefore there is a y 2 max(x;R;V( ))

such that x

~

Ry. But then y 2 Rd

V(�)

(W ) \V

0

( ). 2

In as sense, the following corollary is the main result of this chapter. We

obtain completeness with respect to a rather well-behaved class of models for a

large class of logics.
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Corollary 4.4. Let L

1

; L

2

be co�nal subframe logics and let � be a set of d-

persistent subframe axioms. Let

� L = L

1

:t or

� L = L

1

:t� I

2

n

or

� L = L

1

:L

2

:t� �, where L

1

is of �nite width and L

2

is d-persistent, or

� L = L

1

:L

2

:t, where L

1

�K4:3 is d-persistent.

Suppose that  6`

L

'. Then there exists a frame g =




W;R;R

�1

�

of �nite depth

and with �nite clusters with a type assignment t and a valuation V such that

� hg;V; ti is !

>

-good for sb(';  ).

� hg;Vi refutes  ` '.

�




g

f

;V

f

�

and hg

g

;V

g

i refute  ` ', where f and g are the co�nal !

>

- and

the !

>

-replacement function for hg; ti, respectively.

� g

f

j= L, where f is the co�nal !

>

-replacement function for hg; ti.

Proof Let L be one of these logics and suppose that  6`

L

'. Let G be a

�nitely generated and descriptive frame validating L and V a valuation such

that hG;Vi refutes  ` '. Let c be the canonical type assignment for G. De�ne

g = Rd

V(sb('; ))

G and let V also denote the restriction of V to g. Then, by

Lemma 4.11, hg;V; ci is !

>

-good for sb(';  ) and c is an m-type assignment

for G. By Lemma 4.5, g has �nite depth and hg;Vi refutes  ` '. Hence, by

Lemma 4.10, g

f

and g

g

refute  ` '. By Lemma 4.6 and Theorem 4.5, g

f

j= L

in all cases with the exception of L = L

1

:t� I

2

n

. But this case is settled by the

observation that g j= I

2

n

i� g

f

j= I

2

n

. 2

Theorem 4.6. Let L

1

be a co�nal subframe logic. Then:

1. L

1

:t and L

1

:t� I

2

n

; n 2 !; are globally complete.

2. If L

1

has �nite width and � is a set of d-persistent subframe axioms then

L

1

:t� � is globally complete.

3. If L

2

� K4:3 is a d-persistent subframe logic then L

1

:L

2

:t is globally

complete.

Proof (1) follows immediately from Corollary 4.4 and Lemma 4.6 (4). (2) and

(3) follow from Corollary 4.4 and Lemma 4.6 (5) and (6). 2

It is easy to extend this theorem to various logics. Take, for example, the

logic L determined by the class of frames of the form




W;R;R

�1

�

such that R

is noetherian and has the con
uence{property:

CR = 8x8y8z(xR

�1

y ^ xR

�1

z ) 9z

0

(yR

�1

z

0

^ zR

�1

z

0

)):
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How to axiomatize L? It is readily checked that the construction of G

f

as well

as G

g

in the proof of Corollary 4.4 does not destroy the property CR. Hence

M:K4:2:t is complete, for all co�nal subframe logics M . But then GL:K4:2:t

coincides with L. Note that one has to be rather careful when applying argu-

ments of this type. For instance, a slightly di�erent argument proves the com-

pleteness of all M:S4:1:t, where M is a co�nal subframe logic; but GL:K4:1:t

is known (and easily shown) to be incomplete.

4.6 Decidability

To prove decidability completeness with respect to frames of �nite depth is not

enough. We refer the reader to [Kracht and Wolter 1999], where it is shown that

all equational theories of lattices can be uniformly and e�ectively interpreted

in logics containing K4:t � 2

1

2

1

?. Hence there exist �nitely axiomatizable

undecidable logics containing this logic and the structure of the lattice of its

extensions is quite complex.

Frames of �nite depth have to be reduced once more. This time we will not

take substructures but certain types of �ltrations. Let g be a frame of �nite

depth with �nite clusters, � a set of formulas closed with respect to subformulas

and �nite, and let V be a valuation such that hg;V; ti is !

>

-good for �, t a

type assignment. We de�ne an equivalence relation � on W . First let x �

�

y

i�

hg;V; xi j=  , hg;V; yi j=  ; for all  2 �.

Now de�ne by induction on dp(R; x): x � y i� the following conditions hold:

� dp(R; x) = dp(R; y) and x �

�

y.

� if x

~

Rz for a z 2 W then there exists z

0

with y

~

Rz

0

and z � z

0

. If y

~

Rz for

a z 2W then there exists z

0

with x

~

Rz

0

and z � z

0

.

� (8z 2 C(y))(9z

0

2 C(x))(z �

�

z

0

) and (8z 2 C(x))(9z

0

2 C(y))(z �

�

z

0

).

� C(x) is degenerate i� C(y) degenerate.

� tC(x) = tC(y).

Let [x] denote the �-equivalence-class generated by x 2 W and de�ne V =

f[x] : x 2 Wg. Using the assumption that g has �nite depth, a simple induction

on the depth of [x] shows that V is �nite. De�ne a relation S on V by putting

[x]S[y] i� there exist x

0

2 [x]; y

0

2 [y] with x

0

Ry

0

and put h =




V; S; S

�1

�

,

V

0

(p) = f[x] 2 V : x 2 V(p)g, for p 2 �.

Fact 1. s : x 7! [x] is a p-morphism from hW;Ri onto hV; Si.

Fact 2. For all  2 �; x 2 W : hg;V; xi j=  , hh;V

0

; [x]i j=  .

Let U be a cluster in h. Then s

�1

(U) is a set of cluster in g and tC

1

= tC

2

,

for all clusters C

1

; C

2

2 s

�1

(U). De�ne a type assignment t

0

for h by putting

t

0

U := tC, where C is a cluster in s

�1

(U).

Fact 3. t

0

is a type assignment and hh;V

0

; t

0

i is !

>

-good for �.
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Fact 4. Let f be the co�nal !

>

-replacement function for hg; ti and let g be the

co�nal !

>

-replacement function for hh; t

0

i. Then (h

g

)

1

is a p-morphic image of

(g

f

)

1

.

The following lemma now follows immediately from Corollary 4.4.

Lemma 4.12. Let L be a co�nal subframe logic and suppose that ' is not glob-

ally derivable from  in L:t. Then there exists a �nite frame g with a type

assignment t and a valuation V such that

� hg;V; ti is !

>

-good for sb(';  ).

� g

f

j= L:t, where f is the co�nal !

>

-replacement function for hg; ti.

� hg;Vi refutes  ` '.

Theorem 4.7. Let L

1

be a co�nal subframe logic. Then L = L

1

:t is globally

decidable whenever L

1

is �nitely axiomatizable.

Proof We may assume that L

1

=K4� '. It is enough to show that both

� L

`

= f(�

1

; �

2

) : �

1

`

L

�

2

g and

� f(�

1

; �

2

) : �

1

6`

L

�

2

g

are recursively enumerable. This is clear for L

`

. Put m = l('). Then �

1

6`

L

�

2

i� there exists a �nite frame g, a valuation V, and a type assignment t such

that

� hg;V; ti is !

>

-good for sb(�

1

; �

2

),

� hg;Vi refutes �

1

` �

2

,

� g

f

m

j= '

1

, where f

m

is the m-replacement function for hg; ti.

This follows from Lemma 4.12 and Lemma 4.6. It follows that f(�

1

; �

2

) : �

1

6`

L

�

2

g is recursively enumerable. 2

The result above can be extended in several ways. Consider, for example,

the logic GL:K4:2:t introduced above. In general, the reduction of g

f

to h

g

destroys the property CR. But we can work with a rooted frame g and then

it is readily checked that the reduct h

g

validates CR as well. Hence L:K4:2:t

is decidable, for all �nitely axiomatizable co�nal subframe logics L. Another

example of interest is the incomplete logic GL:K4:1:t. Again all operations

required to produce h

g

preserve the validatity of 2

2

3

2

p ! 3

2

2

2

p. Hence

L:K4:1:t is decidable, for all �nitely axiomatizable co�nal subframe logics L.

This also shows that the proof-method does not depend on the completeness of

the logic in question. The reason is that the co�nal !

>

-replacement function

works as well as the !

>

-replacement function.

We are now going to prove one more decidability result. In this case we have

not been able to prove global decidability but only local decidability. The modal
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depth dp(') of a formula ' is de�ned as usual. Let S be a relation on W and

a �W . Then de�ne the m-transit of a in W by induction:

TR

1

[a; S;W ] = a [ fy 2 W : (9x 2 a)xSyg

TR

m+1

[a; S;W ] = TR

1

[TR

m

[a; S;W ]; S;W ]:

Let g =




W;R;R

�1

�

be a �nite frame and let t be a type assignment and V

a valuation in g. Suppose x 2 W , ' 2 L

2

, and dp(') = m. Then hg;V; t; xi is

weakly good for sb(') i�, for all n � m and all clusters C � TR

n

[x;R[R

�1

;W ],

the following holds:

If tC 2m

�

then C \max

R

(V(�)) = ;, for all � 2 sb(') with dp(�) � m� n.

Fact. Suppose hg;V; t; xi is weakly good for sb(') and that hg;V; xi j= '.

Then




g

f

;V

f

; y

�

j= ', for a y 2 fC(x), where f is the co�nal !

>

-replacement

function for hg; ti.

Lemma 4.13. Let L

1

; L

2

be co�nal subframe logics of �nite width and let � be

a set of d-persistent subframe axioms. Let

� L = L

1

:t� �� I

2

k

or

� L = L

1

:L

2

:t� �, where L

1

is a subframe logic and L

2

is d-persistent.

Suppose that ' 62 L. Then there exists a �nite frame g, a type assignment t, an

x 2 W , and a valuation V such that hg;V; xi j= :', hg;V; t; xi is weakly good

for sb('), and such that g

f

j= L, where f is the co�nal !

>

-replacement function

for hg; ti.

Proof We prove the lemma for L of the �rst type. Suppose that ' 62 L and

let m = dp('). By Corollary 4.4, there exists a frame h =




V; S; S

�1

�

of �nite

depth with a type assignment t and a valuation V such that hh;Vi refutes '

in an x 2 V , hh;V; ti is good for sb('), and such that h

f

j= L, where f is the

co�nal !

>

- replacement function for hh; ti. Consider

W = TR

1

[TR

m

[fxg; S [ S

�1

; V ]; S; V ]:

W is �nite since h has �nite depth, �nite clusters, and �nite width in \both

directions". By de�nition, hW;Si is a co�nal subframe of hV; Si. Let t also

denote the restriction of t to g =




W;S; S

�1

�

and let g denote the co�nal !

>

-

replacement function for hg; ti. Clearly (g

g

)

1

is a co�nal subframe of (h

f

)

1

.

Hence g

g

j= L. Let V

0

denote the restriction of V to g. It follows by induction

on the depth of the subformulas of ' that hg;V

0

; t; xi is weakly good for sb(')

and that hg;V

0

; xi j= :'. 2

Theorem 4.8. Let L

1

; L

2

be co�nal subframe logics of �nite width and let �

be a set of d-persistent subframe axioms. Let

� L = L

1

:t� �� I

2

k

or
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� L = L

1

:L

2

:t� �, where L

1

is a subframe logic and L

2

is d-persistent.

If L is �nitely axiomatizable, then L is decidable.

Proof Let L be of the �rst type and assume that L

1

= K4 � ', � = f g,

and m = 2maxfl('); l( )g. It is enough to show that L � L is recursively

enumerable. But � 62 L i� there exists a �nite frame g validating I

2

k

, a valuation

V, and a type assignment t such that

� hg;V; xi j= :�.

� hg;V; t; xi is weakly good for sb(�).

� g

f

m

j= '

1

^  , where f

m

is the m-replacement function for hg; ti.

This follows from Lemma 4.13 and Lemma 4.6.

Now assume that L is of the second type. Let L

1

= K4 � ', � = f g,

L

2

= K4� �, m = l('), and n = 2max(l( ); l(�)g. Then � 62 L i� there exists

a �nite frame g with valuation V and a type assignment t such that

� hg;V; xi j= :�.

� hg;V; t; xi is weakly good for sb(�).

� g

f

m

j= '

1

, where f

m

is the m-replacement function for hg; ti.

� g

g

n

j=  ^ �

2

, where g

n

is the co�nal n-replacement function for hg; ti.

This follows from Lemma 4.13 and Lemma 4.6. 2

The formulation of this theorem is certainly a bit strange. Formulated for

subframe logics it states that under the condition of �nite width �nitely axiom-

atizable subframe logics are decidable whenever the axioms \in one direction"

are �rst-order de�nable. The reason for this limitation is the choice of the re-

placement function. Only the framesG[C�!

>

] and G[C�!

�

] occur as blocks.

But if we have non-elementarity in \both directions" then also the mirror im-

ages G[!

<

�C] and G[!

�

�C] of those frames are required. De�ne for a type

assignment t of a �nite frame g the !-replacement function f of hg; ti by putting

domf = fC : tC 2 f(m; r); (m; i); (i;m); (r;m)gg and

fC = G[!

<

� C]; for tC = (m; i);

fC = G[!

�

� C]; for tC = (m; r);

fC = G[C � !

>

]; for tC = (i;m);

fC = G[C � !

�

]; for tC = (r;m):

Instead of iterating the procedure for this type of replacement functions let us

only state one output.
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Theorem 4.9. Suppose L

1

and L

2

are co�nal subframe logics and L

1

� K4:3.

Put L = L

1

:L

2

:t. For ' 62 L there exist a �nite frame g with a type assignment

t such that g

f

j= L and g

f

refutes ', where f is the !-replacement function for

hg; ti. If L is �nitely axiomatizable, then L is decidable.

The decision procedures delivered above are not optimal. It is always pos-

sible to determine e�ectively from the size of a satis�able formula ' an upper

bound for the size of the model required in order to refute '. But the com-

plexity of the satisfaction problem for the logics listed in the theorems above

remains open. We note that for a number of standard logics of the form L:t

the complexity is known; for example, the satisfaction problem for S4:t, K4:t,

and S4:3:t is known to be PSPACE-complete, see [Spaan 1991]. We observe

an interesting phenomenon: while K4 and S4 and their t-extensions K4:t and

S4:t have the same complexity, S4:3|which is known to be NP-complete|is

(probably) less complex than S4:3:t (see [Ladner 1977], [Ono and Nakamura

1980] and [Spaan 1991]). So we close with two problems:

Problem. (1) What is the complexity of the provability problem for the logics

listed in the theorems above? (2) How is the complexity of L:t related to the

complexity of L

5

, for logics L �K4?

4.7 The �nite model property

We start with two easy consequences of the section about completeness:

Theorem 4.10. Let L be a �rst-order de�nable co�nal subframe logic. Then

L:t has the global �nite model property.

Proof L:t is a subframe logic and so it is d-persistent i� it is �rst-order de�n-

able. Suppose ' is not globally derivable from  in L:t. By Lemma 4.12 there

exists a �nite frame g with a type assignment t and a valuation V such that

� g

f

j= L:t, where f is the co�nal !

>

-replacement function for hg; ti,

� hg;Vi refutes  ` '.

Now g

1

is a co�nal subframe of the underlying Kripke frame of (g

f

)

1

. g

f

is

descriptive and so the underlying Kripke frame of g

f

validates L. Hence g

validates L:t and is as required. 2

Theorem 4.11. Suppose L

1

is a d-persistent subframe logic, L

2

is a d-persistent

co�nal subframe logic, and � is a set of d-persistent subframe axioms. Then

L = L

1

:L

2

:t� � has the �nite model property.

5

A similar question has been investigated for fusions in [Spaan 1993]: how is the complexity

of L

1


L

2

related to the complexity of L

1

and L

2

. In this case S5
S5 is an example of a logic

the satisfaction problem of which is PSPACE-hard but whose fragments have an NP-complete

satisfaction problem.
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Proof Suppose ' 62 L. By Lemma 4.13 there exists a �nite frame g with a

point x, a type assignment t, and a valuation V such that hg;V; xi j= :' and

g

f

j= L, where f is the co�nal !

>

-replacement function for t. But then g

2

is a

co�nal subframe of the underlying Kripke frame of (g

f

)

2

. L is d-persistent and

g

f

is descriptive, and so g validates L and is as required. 2

Theorem 4.12. Let L be a co�nal subframe logic which is not �rst-order de-

�nable. Then L:t does not have the �nite model property.

Proof Some notation is required. De�ne the skeleton hV; Si of a transitive

frame g = hW;Ri as follows: V consists of the set of all clusters in g and C

1

SC

2

i� C

1

RC

2

, for any two clusters C

1

; C

2

in g. For a formula ' put 2

+

i

' = '^2

i

',

for i 2 f1; 2g, and let

2

�2

1;2

' = 2

1

2

2

' ^2

2

2

1

' ^ 2

+

1

' ^ 2

+

2

':

Now let L be a co�nal subframe logic which is not �rst-order de�nable. Then,

by Theorem 4.4, there exist a �nite and rooted frame g = hW;Ri and a non-

�nal cluster C in g such that g does not validate L but (i) g[n

<

=C] j= L, for all

n 2 !, or (ii) g[n

�

=C] j= L, for all n 2 !. Assume that (i) holds. The proof

in the case (ii) is conducted analogously and is left to the reader. To keep the

proof transparent we start with the simplest case.

Case 1. C has no proper R-predecessor in g.

By Lemma 4.6 (1.),




W;R;R

�1

�

[!

>

=C] j= L:t. Reserve a variable p

x

for

each x 2 W and let 0 2 C. Now put

' = �

2

hW;R

�1

i

[p

x

jx 2 W ] ^

r

1

hW�C;Ri

[p

x

jx 2W � C] ^

^

fp

y

! 3

1

p

x

: y 2 C; x 2 W � C; yRxg

Then p

0

^ 2

�2

1;2

' is L:t-consistent since it is satis�able in




W;R;R

�1

�

[!

>

=C].

Let F =




V; S; S

�1

�

be a �nite frame such that there is a set fb

x

� V : x 2

Wg and y 2 V with y 2 p

0

^ 2

�2

1;2

'[b

x

jx 2 W ]. We show that F does not

validate L:t. Take an x 2 max(y; S

�1

; b

0

) and let F

x

denote the unimodal

frame




TR

1

[fxg; S; V ]; S

�

. Clearly the roots of F

x

form a cluster C

0

such that

b

z

\ C

0

6= ;, for all z 2 C. De�ne a valuation V in F

x

by putting

V(p

z

) =

�

C

0

\ b

z

: z 2 C;

TR

1

[fxg; S; V ] \ b

z

: z 2 W � C:

It is readily checked that hF

x

;V; xi j= p

0

^ 2

+

1

r

hW;Ri

[p

x

jx 2 W ]. So F

x

is

co�nally subreducible to hW;Ri and F 6j= L:t since F

x

6j= L.

Case 2. Assume now that C has proper R-predecessors and L:t has the

�nite model property. Let a = fx 2 W : x

~

RCg and let T = hT;�i be a
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�nite frame the skeleton of which is a transitive tree such that there exists a

surjective p-morphism s : T �! ha;Ri. We assume that there exists no frame

of smaller cardinality than T with this property. Then, for every cluster D in

ha;Ri, the set s

�1

(D) is a set of clusters in T all of which are isomorphic with

D. Let C

1

; : : : ; C

k

be the �-maximal clusters in T. Let T(i; n) = hT (i; n);�

i;n

i

denote strictly ascending chains of length n+ 1, for 1 � i � k, and let D(i) =

hD(i);�(i)i be clusters isomorphic with C, for 1 � i � k.

A number of formulas are required. Fix variables p

x

for every x in

T [

[

fD(i) : 1 � i � kg [

[

fT (i; n) : 1 � i � kg [ (W � (C [ a)):

Now put

F

T

=

^

fp

y

! 3

1

p

x

: y; x 2 T; y � xg ^

^

fp

y

! :3

1

p

x

: y; x 2 T;:(s(y)Rs(x))g ^

^

fp

y

! :p

x

: y; x 2 T; s(y) 6= s(x)g ^

^

fp

y

! 3

1

p

x

: y 2 T; x 2W � (C [ a); s(y)Rxg ^

^

fp

y

! :3

1

p

x

: y 2 T; x 2W � (C [ a);:(s(y)Rx)g ^

^

fp

y

! :p

x

: y 2 T; x 2W � (C [ a)g;

Cl

i

= �

1

D(i)

[p

x

jx 2 D(i)] ^

^

fp

y

! 3

1

p

x

: y 2 D(i); x 2 W � (C [ a); CRxg ^

^

fp

y

! :3

1

p

x

: y 2 D(i); x 2W � (C [ a);:(CRx)g ^

^

fp

y

! :p

x

: y 2 D(i); x 2 T [ (W � (C [ a))g ^

^

fp

y

! :3

1

p

x

: y 2 D(i); x 2 Tg;

D(T(i; n)) = �

1

T(i;n)

[p

x

jx 2 T (i; n)] ^

^

fp

y

! 3

1

p

x

: y 2 T (i; n); x 2W � (C [ a); CRxg ^

^

fp

y

! :3

1

p

x

: y 2 T (i; n); x 2 W � (C [ a);:(CRx)g ^

^

fp

y

! :p

x

: y 2 T (i; n); x 2 T [ (W � (C [ a))g ^

^

fp

y

! :3

1

p

x

: y 2 T (i; n); x 2 Tg;

Up = �

1

hW�(C[a);Ri

[p

x

jx 2W � (C [ a)]:

For sets I; J � f1; : : : ; kg with I [ J = f1; : : : ; kg and n 2 ! put

T (I; J; n) = T [

[

fD(i) : i 2 Ig [

[

fT (j; n) : j 2 Jg [ (W � (C [ a)):
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Now let

R(I; J; n) =

^

fp

y

! :3

1

p

x

: y 2W � (C [ a); x 2 T (I; J; n)�W )g ^

^

fp

y

! :p

x

: y 2 D(i); x 2 T (j; n); i 2 I; j 2 Jg;

F (I; J; n) =

^

fp

y

! 3

1

p

x

: y 2 C

i

; x 2 D(i); i 2 Ig ^

^

fp

y

! 3

1

p

x

: y 2 C

j

; x 2 T (j; n); j 2 Jg;

S(I; J; n) =

_

fp

x

: x 2 T (I; J; n)g;

Con(I; J; n) = F

T

^

^

fCl

i

: i 2 Ig ^

^

fD(T(i; n)) : i 2 Jg ^

Up ^ R(I; J; n) ^ F (I; J; n) ^ S(I; J; n):

The formula F

T

describes frames which are subreducible to ha;Ri. T is intro-

duced in order to have variables describing a tree-like structure. Cl

i

describes

frames which are subreducible to C and D(T(i; n)) describes frames which are

subreducible to n

<

. Finally, the formula Up describes frames which are subre-

ducible to hW � (C [ a); Ri. All the other conjuncts coordinate these frames.

Roughly speaking, Con(I; J; n) gives a description of the resulting frame when

the cluster C in hW;Ri is replaced by the clusters D(i); i 2 I , and the chains

T(j; n); j 2 J . But observe that a lot of conjuncts are omitted so that we do

not have a complete description.

Take an r 2 s

�1

(o) for a root o of hW;Ri.

Claim. For all m � k there exists I � f1; : : : kg with jI j � m such that

p

r

^ 2

+

1

Con(I; J; n) is L-consistent for J = f1; : : : ; kg � I and all n 2 !.

The proof is by induction on m.

Let m = 0. hW;Ri [n

<

=C] j= L, for all n 2 !. Let

s

n

i

: T(i; n) �! n

<

be isomorphisms, for n 2 ! and 1 � i � k. De�ne, for n 2 !, valuations V

n

in

hW;Ri [n

<

=C] by putting

V

n

(p

x

) =

8

<

:

fxg : x 2 W � (C [ a);

fs(x)g : x 2 T;

fs

n

i

(x)g : x 2 T (i; n); 1 � i � k:

It is easily seen that




hW;Ri [n

<

=C];V

n

; s(r)

�

j= p

r

^ 2

+

1

Con(;; f1; : : : ; kg; n);

for all n 2 !.

The claim is proved for m = 0. Assume now that the claim holds for some m

with k > m � 0. We show the claim form+1. We may assume that there is an I

with jI j = m such that p

r

^2

+

1

Con(I; J; n) is L-consistent, for all n 2 !. Hence

there exists a sequence g

n

= hW

n

; R

n

i, n 2 !, of �nite L-frames with valuations
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V

n

and points x

n

2 W

n

such that hg

n

;V

n

; x

n

i j= p

r

^ 2

+

1

Con(I; J; n). It is

easy but tedious to show that there exist images g

0

n

= hW

0

n

; R

0

n

i under co�nal

subreductions of g

n

, valuations V

0

n

in g

0

n

, and x

0

n

2 W

0

n

, for n 2 !, such that

b

n

=W

0

n

�

[

fV

0

n

(p

x

) : x 2 T (i; n); i 2 Jg

has cardinality smaller than some �xedM 2 !, for all n 2 !, and hg

0

n

;V

0

n

; x

0

n

i j=

p

r

^ 2

+

1

Con(I; J; n), for all n 2 !. Hence there is a subsequence g

0

f(n)

, n 2 !,

of the sequence g

0

n

such that the induced models based on the set b

f(n)

are

isomorphic, for all n 2 !. Assume that the induced models equal hhV; Si ;V

0

i.

Now we can co�nally subreduce the frames in this sequence once more: there

exists an N with 1 � N � k �m such that there exists a sequence of frames

hV

n

; S

n

i ; n 2 !; with the following properties:

(1) V

n

= V [

S

fT

n

j

: 1 � j � Ng, for some sets T

n

j

disjoint from V .

(2) S

n

= S[

S

f<

n

j

: 1 � j � Ng[S

0

n

, for some binary relations <

n

j

� T

n

j

�T

n

j

and S

0

n

.

(3) For all 1 � j � N and n 2 ! the frame




T

n

j

; <

n

j

�

is a strictly ascending

chain of length n+ 1.

(4) For all x; y 2 V

n

and n 2 ! we have :(xS

0

n

y) whenever x; y are both in V

or x; y are both in

S

fT

n

j

: 1 � j � Ng.

(5) For all x 2 V , 1 � j � N , n; l 2 !; y 2 T

n

j

, and z 2 T

l

j

:

xS

0

n

y , xS

0

l

z and yS

0

n

x, zS

0

l

x:

(6) For all n 2 ! and a root z of hV

n

; S

n

i there exists a valuation V

1

n

such

that




hV

n

; S

n

i ;V

1

n

; z

�

j= p

r

^ 2

+

1

Con(I; J; n);

V

1

n

(p

x

) = V

0

(p

x

); for all x 2 T (I; J; n)�

S

fT (i; n) : i 2 Jg, and

V

1

n

(p

x

) �

[

fT

n

i

: 1 � i � Ng; for x 2

[

fT (i; n) : i 2 Jg:

Again the proof of the existence of such a sequence is easy but tedious.

Take an l 2 J and the maximal path P = hP;�i in T from the root of T

to the cluster C

l

. By the de�nition of the formula F

T

there exists a set b � V

such that f : b �! P de�ned by putting f(x) = y i� x 2 b and x 2 V

0

(p

y

), is

an isomorphism from hb; Si onto P. Another reduction is required. Put

V

0

n

= b [

[

fV

1

n

(p

x

) : x 2 T (I; J; n)� Pg

and

V

2

n

(p

x

) =

�

V

1

n

(p

x

) : x 2 T (I ; J; n)� P;

V

1

n

(p

x

) \ b : x 2 P:
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The skeleton of T is a tree, and so




hV

0

n

; S

n

i ;V

2

n

�

still has the properties

(1), : : : ,(6). But now we also have





V

0

n

; S

n

; S

�1

n

�

;V

2

n

�

j= �

2

hP;�

�1

i

[p

x

jx 2 P ]:

For all n 2 ! and x 2 f

�1

(C

l

) we have




hV

0

n

; S

n

i ;V

2

n

; x

�

j= F (I; J; n) ^2

+

1

D(T(n; i)):

Hence there exists an m(l) with 1 � m(l) � N such that f

�1

(C

l

)S

n

T

n

m(l)

,

for all n 2 !. By condition (4) and (5) we have, for all x; y 2 T

n

m(l)

and all

z 2 V

0

n

� T

n

m(l)

, zS

n

y i� zS

n

x and xS

n

z i� yS

n

z. Hence we can replace, in

a canonical manner, T

n

m(l)

in hV

0

n

; S

n

i by !

>

. Denote the resulting t-frame by

H

n

=




V

0

n

; S

n

; S

�1

n

�

[!

>

=T

n

m(l)

]. By Lemma 4.6 (1.), H

n

j= L:t.

De�ne valuations V

3

n

in H

n

, for n 2 !: to this end assume n

<

= T

n

m(l)

for

all n 2 ! and de�ne V

3

n

in such a way that

� V

3

n

(p

x

) = V

2

n

(p

x

), for all x 2 T (I; J; n),

� V

3

n

(p

x

) � ! is a co�nal set in !, for all x 2 D(l), and ! � f0; : : : ; ng =

S

fV

3

n

(p

x

) : x 2 D(l)g.

De�ne the formula

Con(n) = �

2

D(l)

[p

x

jx 2 D(l)] ^

�

2

hP;�

�1

i

[p

x

jx 2 P ] ^

^

fp

x

! 3

2

p

y

: x 2 D(l); y 2 Pg ^

F

T

^ Up ^

^

fCl

i

: i 2 I [ flgg ^

^

fD(T(i; n)) : i 2 Jg ^

R(I [ flg; J; n) ^ F (I; J; n) ^ S(I [ flg; J; n):

Note that the last four conjuncts coincide with Con(I[flg; J; n) with the excep-

tion of F (I; J; n). Now take a z 2 D(l) and u

n

2 V

3

n

(p

z

). Then




H

n

;V

3

n

; u

n

�

j=

p

z

^ 2

�2

1;2

Con(n), for all n 2 !. Hence p

z

^ 2

�2

1;2

Con(n) is L:t-consistent, for all

n 2 !.

Let n 2 !. We now use this result to prove that p

r

^2

+

1

Con(I[flg; J�flg; n)

is L-consistent under the assumption that L:t has the �nite model property:

Take a �nite frame h =




V; S; S

�1

�

validating L:t with hh;V; xi j= p

z

^

2

�2

1;2

Con(n), for some valuation V and x 2 V . Observe

hh;V; xi j= p

z

^2

+

2

�

2

D(l)

[p

x

jx 2 D(l)] ^ 2

+

2

�

2

hP;�

�1

i

[p

x

jx 2 P ]) ^

2

+

2

^

fp

x

! 3

2

p

y

: x 2 D(l); y 2 Pg;
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and so there exists a set d � V such that f : hd; Si �! P �D(l), de�ned by

putting f(y) = z i� y 2 d and y 2 V(p

z

), is an isomorphism. Here P � D(l)

denotes the frame with domain P[D(l) in which all points inD(l) are successors

of all points in P .

Take TR

1

[fyg; S; V ] for a root y of hd; Si with y 2 V(p

r

) and de�ne a set

b � V and a valuation V

0

by putting

b = TR

1

[fyg; S; V ] \ (d [

[

fV(p

y

) : y 2 T (I; J; n)� (P [ T (l; n))g)

and

V

0

(p

z

) =

�

V(p

z

) \ b : z 2 T (I; J; n)� (P [ T (l; n));

V(p

z

) \ d : z 2 P [D(l):

hb; Si is a co�nal subframe of hV; Si and so hb; Si j= L. It is readily checked

that hhb; Si ;V

0

; xi j= p

r

^ 2

+

1

Con(I [ flg; J � flg; n).

The claim is proved.

So p

r

^ 2

+

1

Con(f1; : : : ; kg; ;; n) is L-consistent. Observe that this formula

does not depend on n. There exists a �nite frame hV; Si validating L with root

r

0

such that hhV; Si ;V; r

0

i j= p

r

^ 2

+

1

Con(f1; : : : ; kg; ;; n). For all clusters D

in V with

D �

[

1�i�k

fV(p

x

) : x 2 D(i)g

and jDj � jCj �x a surjective mapping F

D

: D �! C. De�ne a partial mapping

f : V �!W by putting

f(y) =

8

<

:

F

D

(y) : y 2 D and F

D

is de�ned;

z : y 2 V(p

z

) for a z 2W � (C [ a);

s(z) : y 2 V(p

z

) for a z 2 T :

Claim. f : hV; Si �! hW;Ri is a co�nal subreduction.

Let � = Con(f1; : : : ; kg; ;; n) and B = T (f1; : : : ; kg; ;; n). f is well-de�ned

since � contains the conjuncts p

x

! :p

y

for (1) x; y 2 T and s(x) 6= s(y), (2)

x; y 2 W � (C [ a) with x 6= y, (3) x 2 T and y 2 B � T , (4) x 2 W � (C [ a)

and y 2 B � (W � (C [ a))).

By domf we denote the domain of the function f . Now, using the con-

junct S(f1; : : : ; kg; ;; n) it is readily checked that domf is a co�nal subset of V .

Suppose z

1

Sz

2

. We have to show f(z

1

)Rf(z

2

).

Assume �rst that hV; z

1

i j= p

x

, for an x 2 T .

Case 1. hV; z

2

i j= p

y

, for a y 2 T . Then f(z

1

)Rf(z

2

) follows from the

conjuncts p

x

! :3

1

p

y

for :(s(x)Rs(y)).

Case 2. hV; z

2

i j= p

y

, for a y 2 D(i). f(z

1

)Rf(z

2

) follows from xRC.

Case 3. hV; z

2

i j= p

y

, for a y 2W � (C [a). Then f(z

1

)Rf(z

2

) follows from

the conjunct p

x

! :3

1

p

y

, for x 2 T and y 2W � (C [ a) with :(s(x)Ry).
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The cases hV; z

1

i j= p

x

, for an x 2 D(i) [ W � (C [ a), are considered

analogously and are left to the reader.

Suppose now f(z

1

)Rf(z

2

). We show that there exists z

3

with z

1

Sz

3

and

f(z

2

) = f(z

3

). Assume �rst that f(z

1

) 2 a.

Case 1. f(z

2

) 2 a. Then hV; z

1

i j= p

x

and hV; z

2

i j= p

y

for some x; y 2 T

with s(x)Rs(y). Hence there exists y

0

2 T with x � y

0

and s(y) = s(y

0

). Now

p

x

! 3

1

p

y

0

is a conjunct of �. Hence there exists z

3

2 V with z

1

Sz

3

and

f(z

3

) = s(y

0

) = s(y) = f(z

2

).

Case 2. f(z

2

) 2 C. hV; z

1

i j= p

x

, for an x 2 T . Then, by the conjunct

V

fp

x

! 3

1

p

y

: x � yg, there exists a maximal cluster C

l

in T such that

hV; z

1

i j= p

z

_ 3

1

p

z

, for z 2 C

l

. Using the conjuncts F (f1; : : : ; kg; ;; n) and

�

1

D(l)

[p

x

jx 2 D(l)] and the fact that V is �nite it can be shown that there exists

a cluster D in hV; Si with z

1

RD,

D �

[

1�i�k

fV(p

x

) : x 2 D(i)g;

and jDj � jCj. Take a z

3

2 C with f

C

(z

3

) = f(z

2

).

Case 3. The case f(z

2

) 2 W � (C [ a) can be checked analogously.

The cases f(z

1

) 2 C and f(z

1

) 2 W � (C [ a) are left to the reader. The

claim is proved and a contradiction is derived since hV; Si j= L but hW;Ri 6j= L.

2

4.8 A counterexample

We construct a normal modal logic L �K4 with the �nite model property such

that L:t is incomplete.

Given that the results proved so far cover all natural logics determined by

transitive frames it should be clear that our example will (in some sense) be

similar to the construction of incomplete logics containing K4, see e.g. [Fine

1974a] and [Chagrov and Zakharyascev 1997]. For example, the frames required

for the construction will be of in�nite width and depth.

We start with the de�nition of the frames involved in the construction. Let

hW;Ri be a frame with

W =

[

f! � fig : 1 � i � 7g [ fug:

and R the transitive closure of R

1

, where

R

1

= f(x; y) : x 2 ! � fig; y 2 ! � fjg; j < i � 5g

[ f((m; i); (n; i)) : m < n; i = 2; 5g

[ f((m; i); (n; i)) : m > n; i = 1; 3; 4g

[ f(x; x) : x 2 ! � f6; 7gg [ f(u; u)g

[ f((m; 5); (m; 6)) : m 2 !g [ f((m; 4); (m; 7)) : m 2 !g

[ f((m; 6); (m; 1)) : m 2 !g [ f((m; 7); (m; 2)) : m 2 !g

[ f(x; u) : x 2 ! � f3; 4; 5gg:
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The frame is drawn in Figure 4.1. Recall that we draw frames in such a way

that � represents a re
exive and � represents an irre
exive point.

Denote by g

n

the subframe of hW;Ri induced by

W

n

= f(m; i) : m � n; i = 1; 3; 5; 6g [ fug

and denote by L the logic determined by the set of frames fg

n

: n 2 !g. We

are going to show

Theorem 4.13. L has the �nite model property and L:t is incomplete.

That L has the �nite model property follows from the de�nition. To prove

that L:t is incomplete we need a general frame validating L:t and refuting a

formula ' which is valid in all Kripke frames validating L:t. To this end consider

the unimodal general frame G = hW;R;Ai, where A is the boolean closure of

set C � 2

W

which is de�ned as follows: c 2 C i� one of the following conditions

holds:

� c � ! � f3g,

� c is �nite and there exists fi; jg 2 ff1; 2g; f4; 5g; f6; 7gg such that c �

! � fi; jg,

� there exists fi; jg 2 ff1; 2g; f4; 5g; f6; 7gg such that c � ! � fi; jg and c

is co�nite relative to ! � fi; jg.

It is readily checked that G and G

t

=




W;R;R

�1

; A

�

are frames.

Lemma 4.14. G j= L.

Proof Suppose G refutes a formula :' from L

1

. We show that there is an

n 2 ! such that g

n

refutes :'. Take a valuation V such that hG;Vi 6j= :'.

Call a point x 2 W '-maximal i� there is a subformula  of ' such that

x 2 max

R

(V( )). Denote by W

r

the set of all '-maximal points which are in

! � f1; : : : ; 5g. Now de�ne an ordering � on ! � f6; 7g by putting

(m; i) � (n; j) i� i < j;

or i = j = 6 and m � n;

or i = j = 7 and m � n:

Denote by h

r

the set of '-maximal points in ! � f6; 7g relative to �. (We say

that y 2 ! � f6; 7g is '-maximal in ! � f6; 7g relative to � i� there exists a

subformula  of ' such that y 2 V( ) and such that there does not exist a

z 2 V( ) \ (! � f6; 7g) with y 6= z and y � z). Put

M = maxfn 2 ! : (9i)(1 � i � 7 and (n; i) 2W

r

[ h

r

)g

Using the de�nition of A it is readily checked that M 2 !. Put

h = fug [ f(m; i) : m �M; i = 1; : : : ; 7g [ f(m; 3) : m � 2M + 1g
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Figure 4.1:
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De�ne h = hh;Ri and V

0

(p) = V(p) \ h, for all propositional variables p. A

straightforward induction shows for all x 2 h and subformulas  of '

hh;V

0

; xi j=  , hG;V; xi j=  :

Hence h refutes :' and h ' g

2M+1

. 2

We are now going to introduce some formulas belonging to L. In what follows

we assume that L is formulated in the unimodal language with the operator 2.

Let 2

+

 =  ^ 2 and

dp

�

m

= p

0

^2

+

�

w

(m

�

):

Clearly dp

�

m

is satis�able in a point x in a frame f i� x has depth � m in f.

For a �nite frame f with root r put

r

r

(f) = r(f)! :p

r

:

The following formulas belong to L:

� '

1

= r

0

(hf0; 1; 2g; f(0; 1); (0; 2)gi),

� '

2

= r

0

(hf0; 1; 2g; f(0; 1); (0; 2); (0; 0)gi),

� '

3

= r

0

(hf0; 1g; f0; 1g� f0; 1gi),

� '

4

= r

0

(hf0; 1g; f(0; 1); (0; 0); (1; 1)gi).

'

1

^'

2

says that there are no two incomparable irre
exive points with a common

ancestor. The meaning of '

3

^ '

4

is that there is no in�nite strictly ascending

chain, no cluster with more than one element, and no re
exive point which sees

a re
exive point. We now come to the axioms which force the incompleteness

of L:t. De�ne, for i 2 !,

�

0

= 2?; �

i+1

= 2

i+2

? ^ :2

i+1

?;

�

i

= 33�

i

^ :3�

i+1

;




0

= :�

0

^3�

0

; 


i+1

= :�

i+1

^3�

i+1

^ :


i

^ :3


i

:

In g

m

the formulas �

i

hold precisely in (i; 1); i � m, the formulas �

i

hold

precisely in (i; 6); i � m, and the formulas 


i

hold precisely in (i; 5); i � m. So

we have, for all m 2 !,

�

m

:= dp

�

3m+2

^ 


0

! 2

+

^

f


i

! 3


i+1

: i < mg 2 L:

Put

' = 3

2

:r

2

0

(hf0; 1g; f0; 1g� f0; 1gi) ^

2

2

((p

0

_ p

1

)! 3

2




1

0

^3

1

(3

1

> ^ 2

1

3

1

>)):
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Lemma 4.15. :' 62 L:t.

Proof De�ne a valuationV in G

t

such that V(p

0

);V(p

1

) � !�f3g are disjoint

and co�nal in ! � f3g with respect to R

�1

(i.e., 8x 2 V(p

i

)9y 2 V(p

i

)(yRx)).

Clearly hG

t

;V; (0; 1)i j= '. 2

Lemma 4.16. :' is valid in all Kripke-frames validating L:t.

Proof Suppose there is a Kripke-frame h =




V; S; S

�1

�

validating L:t such

that hM; xi j= ' for a model M = hh;Vi. By '

3

2 L and hM; xi j= ', there

is an in�nite sequence hy

i

: i 2 !i such that y

i

S

�1

y

i+1

, i 2 !, xS

�1

y

0

, and

hM; y

i

i j= p

0

_ p

1

, for all i 2 !: Furthermore, hM; y

0

i j= 3

1

(3

1

> ^ 2

1

3

1

>).

We may assume, by '

3

; '

4

2 L, that all y

i

; i 2 !, are irre
exive. For all i 2 !

there exists a point z

i

such that z

i

Sy

i

and hM; z

i

i j= 


1

0

.

Claim. There exists a z

i

; i 2 !, which does not have �nite S-depth.

Assume that all z

i

have �nite S-depth. Then y

0

has �nite S-depth, say m 2 !.

There is a z

i

; i 2 !, of depth � 3m + 2, since the depth of y

i

is increasing.

Hence there exists y with z

i

Sy and hM; yi j= �

1

m

. y has depth m, y is irre
exive

and y is incomparable with y

0

since hM; y

0

i j= 3

1

(3

1

> ^ 2

1

3

1

>). But this

contradicts '

1

^ '

2

2 L. The claim is proved.

Take a z

i

; i 2 !, which does not have �nite S-depth. Then hM; z

i

i j=

2

+

1

(


j

! 3


j+1

)

1

, for all j 2 !, since �

m

2 L. So h contains an in�nite strictly

ascending S-chain which contradicts '

3

2 L. 2

By Lemma 4.15 and 4.16 the logic L:t is incomplete and the theorem is shown.

One can easily prove that L is not �nitely axiomatizable. Hence the following

remains open.

Problem. Is there a �nitely axiomatizable complete logic whose minimal tense

extension is incomplete?

We �nally note another question about transfer from L to L:t.

Problem. Does the mapping L 7! L:t preserve decidability?

Although we believe that there is a counterexample the construction of such

an example seems to be quite di�cult.



Chapter 5

Products of Modal Logics

We are going to prove the decidability of products of the form L �K

m

, for a

number of expressive modal logics L. The main result states that the product

of converse PDL (CPDL, for short) and K

m

is decidable.

Before considering the technical details we brie
y explain the methodology.

In contrast to the path followed in [Gabbay and Shehtman 1998], here we do

not prove the �nite model property in order to establish decidability. Actually

most of the products of temporal logics and polymodal K do not have the �nite

model property and it is open whether the product of converse PDL and K

m

is

determined by its �nite models. The decidability proof developed in the present

chapter is based on two ideas: the �rst ingredient is the notion of a quasimodel

for a formula '. It enables us to encode the K

m

{dimension of a model based

on a product by means of �nite labelled trees in such a way that the resulting

quasimodels are equivalent|modulo '|to the original ones. Quasimodels for

a given formula ' are not �nite, and it is easy to see that the logics considered

in the present chapter do not have the �nite model property with respect to

quasimodels. So a second step is required to provide a decision procedure: it

will be shown that a formula ' is satis�able in a quasimodel for ' i� there exists

a �nite set of �nite partial quasimodels (called blocks for ') satisfying a number

of natural conditions. Moreover, if such a satisfying set of blocks exists, then

there exists a satisfying set C such that both the cardinality of C, as well as the

size of each block F 2 C does not exceed a number e�ectively computable from

'. The decidability will follow from this result. Observe that the second step is

closely related to the mosaic{method, see [Nemeti 1995] and [Venema and Marx

1998].

The chapter is organized in the following manner: the second section intro-

duces the syntax and semantics of the product of converse PDL and polymodal

K. Sections 5.2, 5.3, and 5.4 together establish the decidability of this prod-

uct. In Section 5.3 the notion of a quasimodel is introduced and Section 5.4

establishes the decidability of the product by applying a variant of the mosaic{

technique to quasimodels. In Section 5.5 the decidability of related systems is

discussed. The �nal section of this chapter formulates various further research

101
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directions.

5.1 Syntax and Semantics of CPDL�K

m

In this section we are going to introduce the syntax and semantics of the logic

CPDL �K

m

. Readers unfamiliar with PDL and CPDL should consult the

appendix for an introduction to propositional dynamic logics.

De�nition 5.1 (Alphabet). The language L

CPDL�K

m

has the following al-

phabet:

� a set of propositional variables: p

0

; p

1

; : : : ,

� the booleans: ^ and :,

� modal operators: 2

1

; : : : ;2

m

,

� action variables: �

1

; �

2

: : : ,

� action term constructors: [ (alternation), ; (composition),

�

(iteration),

? (test),

�

(converse).

De�nition 5.2. The formulas and action terms of the language L

CPDL�K

m

are de�ned by simultaneous induction:

� all propositional variables are formulas,

� if ' and  are formulas and � is an action term, then :', 2

i

', [�]', and

' ^  are formulas,

� all action variables �

i

are action terms,

� if � and � are action terms, then �;�, � [ �, �

�

, �

�

are action terms,

� if ' is a formula, then '? is an action term.

In what follows 3

i

 and h�i abbreviate :2

i

: and :[�]: , respectively.

Formulas in L

CPDL�K

m

are interpreted in products

F�G =

D

W ��; T

�

1

; : : : ; R

1

; : : : ; R

m

E

of PDL{structures

F = hW;T

�

1

; T

�

2

; : : :i ;

where the T

�

i

are binary relations for any action variable �

i

, andK

m

-structures

G = h�; R

1

; : : : ; R

m

i :

De�nition 5.3. A valuation V into F�G is a mapping from the set of propo-

sitional variables into 2

W��

. The pair hF�G;Vi is called a product model.

By simultaneous induction we de�ne the satisfaction{relation j= between pairs

hw; xi 2 W �� and formulas, and the relations T

�

� (W ��) � (W ��), �

an action term:
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M

103

� hw; xi j= p i� hw; xi 2 V(p).

� hw; xi j= ' ^  i� hw; xi j= ' and hw; xi j=  .

� hw; xi j= :' i� hw; xi 6j= '.

� hw; xi j= 2

i

' i� hw; yi j= ', for all y 2 � with xR

i

y.

� hw; xi j= [�]' i� hv; xi j= ', for all v 2W with hw; xi T

�

hv; xi.

� T

�;�

= T

�

� T

�

.

� T

�[�

= T

�

[ T

�

.

� T

�

�

= T

�

�

(the re
exive and transitive closure).

� T

�

�
= T

�

�1

(the converse relation).

� T

 ?

= fhhw; xi ; hw; xii : hw; xi j=  g.

A formula ' is satis�able i� there exists a product model hF�G;Vi and hw; xi 2

W�� such that hw; xi j= '. The set of formulas ' such that :' is not satis�able

is denoted by CPDL �K

m

.

Every formula ' is equivalent|moduloCPDL�K

m

|to a formula in which

the converse-operator is applied to action variables only. This follows by induc-

tion from the following

Lemma 5.1. Let p be a propositional variable, �; � action terms, and  a for-

mula. Then the following formulas belong to CPDL�K

m

:

� [(�

1

;�

2

)

�

]p$ [�

�

2

;�

�

1

]p, [(�

1

[ �

2

)

�

]p$ [�

�

1

[ �

�

2

]p,

� [(�

�

)

�

]p$ [(�

�

)

�

]p, [( ?)

�

]p$ [ ?]p.

The straightforward proof is left to the reader. In what follows we consider

only formulas in which the converse-operator is applied to action variables only.

Observe that the relation T

�

does not depend on the �{dimension whenever

� does not contain \test". We are in the position now to formulate the main

result of this chapter:

Theorem 5.1. CPDL�K

m

is decidable.

Observe that this result does not extend to the global consequence relation

j=

�

associated with CPDL�K

m

. Here, for formulas ' and  we write ' j=

�

 

i�, for all models F�G,

(8 hw; xi 2 W ��) hw; xi j= ' ) (8 hw; xi 2 W ��) hw; xi j=  :

The global consequence relation associated withK�K is undecidable, see [Marx

1999], hence the global consequence associated with CPDL�K

m

is undecidable

as well, by the embedding discussed below.
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In what follows we assume for simplicity that we have only one modal opera-

tor 2 in the K{dimension. The language L

CPDL�K

1

and the logic CPDL�K

1

are denoted by L

CPDL�K

and CPDL�K, respectively. This simpli�cation will

pay o� in the rather technical proof of Theorem 5.1, but it will be clear how to

extend the results to K

m

.

1

We close this section with the observation that CPDL �K does not have

the �nite product-model property; that is to say, there exists a formula ' which

is satis�able in an in�nite product but not in a �nite one.

2

Theorem 5.2. CPDL �K does not have the �nite product-model property.

Proof Put ' = [�

�

1

]3p ^ ([�

�

1

]2(p ! h�

�

1

i [�

�

1

]:p)). Let F = hN � f0g; T

�

1

i,

where N denotes the set of natural numbers and

iT

�

1

j , j = i+ 1:

Let G = hN; Ri, where R = N � N. Let V be a valuation in F �G de�ned by

V(p) = fhi; ii : i 2 N �f0gg. Then h1; 0i j= ' but it is easy to see that ' is not

satis�able in a �nite product. 2

Observe that ' contains the operator [�

�

1

] only. So S4 �K does not have the

�nite product-model property, by the embedding discussed below. Observe also

that G validates S5. So S4�L does not have the �nite product-model property,

for every L between K and S5.

5.2 Trees

We prepare the proof of Theorem 5.1. We remind the reader that a frame

K = h�; Ri is a tree i� K has a root, i.e, there is a x 2 � such that � = fy 2

� : xR

�

yg, and, for every x 2 �, the set fy 2 � : yR

�

xg is �nite and linearly

ordered by R

�

. K is intransitive i� all x 2 � are irre
exive and all y 2 �, save

the root, have precisely one predecessor, i.e., the cardinality of fz 2 � : zRyg is

one. A path from x to y in K is a sequence x

0

; : : : ; x

k

such that x

0

= x, x

k

= y,

and x

i

Rx

i+1

, for i < k. The co-depth dp(x) of a point x in an intransitive tree

1

More precisely, to extend the proof fromK

1

to K

m

one (i) has to extend the notion of an

intransitive tree to the notion of an intransitive m-tree: call h�; R

1

; : : : ; R

m

i an intransitive

m-tree i� h�;

S

fR

i

: i � mgi is an intransitive tree and R

i

\ R

j

= ;, for all i 6= j. (ii) One

has to extend the unravelling technique applied in the proof of Theorem 5.3 to the polymodal

case. One can use, for example, the construction of [Gabbay and Shehtman 1998]. (iii) In the

remaining part of the proof one just has to replace in each step R and 2 by R

i

; i � m, and

2

i

; i � m, respectively.

2

Observe that the �nite product-model property does not coincide with the usual de�nition

of the �nite model property (FMP) in modal logic: according to the standard de�nition

CPDL�K would have the FMP i�, for every formula ' 62 CPDL�K there exists a �nite

frame H = hV; T

�

1

; : : : ; Ri validating CPDL �K and refuting ' in a point v 2 V under a

valuation V. H is not necessarily a product and so the problem whether CPDL�K has the

FMP remains open.
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K = h�; Ri is the length of the path from the root of h�; Ri to x. If the set

fdp(x) : x 2 �g is bounded, then the depth dp(K) of K is de�ned by putting

dp(K) = maxfdp(x) : x 2 �g:

De�nition 5.4. The modal depth d(') of a formula ' and d(�) of a action

term � is de�ned inductively as follows:

d(p) = 0

d(' ^  ) = maxfd('); d( )g

d(:') = d(')

d(2') = d(') + 1

d([�]') = d(�) + d(')

d(�

i

) = d(�

�

i

) = 0

d(�;�) = maxfd(�); d(�)g

d(� [ �) = maxfd(�); d(�)g

d(�

�

) = d(�)

d( ?) = d( )

Theorem 5.3. Suppose ' is satis�able. Then ' is satis�able in a product F�K

such that F is a PDL-structure and K is an intransitive tree of depth � d(').

Proof The proof applies the unravelling technique (we refer the reader to

[Chagrov and Zakharyaschev 1997] and [Gabbay and Shehtman 1998], where

this technique is also applied to investigate products.) We give a sketch only:

assume that V is a valuation in F�G such that hw; x

0

i j= '. Let G = h�; Ri

and m = d('). Then we put K = h�

0

; R

0

i, where

�

0

= fhx

0

; : : : ; x

k

i 2 �

k+1

: k � m; 8i < k(x

i

Rx

i+1

)g;

hx

0

; : : : ; x

k

iR

0

z , 9y (z = hx

0

; : : : ; x

k

; yi):

The structure K is an intransitive tree of depth � d('). De�ne a valuation V

0

in F� K by putting

hw; hx

0

; : : : ; x

k

ii 2 V

0

(p), hw; x

k

i 2 V(p):

It is easy to check that for all  with d( ) � m and all i with 0 � i � m�d( ):

hw; hx

0

; : : : ; x

i

ii j=

V

0

 , hw; x

i

i j=

V

 :

So hw; hx

0

ii j=

V

0

'. 2
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5.3 Quasimodels

We introduce the notion of a quasimodel for a given formula '. To understand

the de�nition it is useful to consider the following representation of product

models: for two structures F = hW;T

�

1

; : : :i and G = h�; Ri consider a function

f which associates with every w 2 W a K-model hG

w

;V

w

i such that G

w

= G,

for all w 2 W . From the valuations V

w

, w 2 W , we obtain a valuation V into

F�G by putting

V(p) = fhw; xi 2 W �� : x 2 V

w

(p)g:

Conversely, from a valuation V into F � G we obtain valuations V

w

in G

w

,

w 2W , by putting

V

w

(p) = fx 2 � : hw; xi 2 V(p)g:

Of course, the representation of product models by means of pairs hF; fi is

equivalent to the original one. Thus, we may assume that product models

consist of slices f(w), w 2 W , of K-models. In general, since CPDL � K

does not have the �nite product-model property, the underlying frame of the

model f(w) is in�nite. Now, in the construction of quasimodels for a formula '

the structure F is not manipulated, but the models f(w) are replaced by �nite

labelled trees q(w) (called quasistates) which encode the model f(w) modulo '.

The underlying trees of f(w); w 2 W , are not identical any more, and so the

price we have to pay for this �nite encoding is that the points x 2 � have to be

encoded by runs, i.e., functions r which map every w 2 W to an r(w) from the

underlying tree of q(w).

We come to the precise de�nitions. As usual for the investigation of logics

related to PDL we require a modi�ed notion of the set of subformulas of a

formula:

De�nition 5.5 (Fischer{Ladner{Closure). The Fischer{Ladner{Closure

sub(') of a formula ' is the smallest set of formulas closed under (ordinary)

subformulas satisfying:

� [�;�] 2 sub(') implies [�][�] 2 ',

� [� [ �] 2 sub(') implies [�] 2 sub(') and [�] 2 sub('),

� [�

�

] 2 sub(') implies [�][�

�

] 2 sub('),

� [�

�

i

] 2 sub(') implies [�

i

] 2 sub('),

� [ ?]� 2 sub(') implies  2 sub(').

De�nition 5.6 (type). Let ' be a formula. A '{type t is a subset of sub(')

satisfying the following conditions:

(t1) : 2 t i�  62 t, for all : 2 sub('),
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(t2) ' ^  2 t i� ' 2 t and  2 t, for all ' ^  2 sub('),

(t3) [�;�] 2 t i� [�][�] 2 t, for all [�;�] 2 sub('),

(t4) [�

�

] 2 t i�  2 t and [�][�

�

] 2 t, for all [�

�

] 2 sub('),

(t5) [� [ �] 2 t i� [�] 2 t and [�] 2 t, for all [� [ �] 2 sub(').

(t6) [�?] 2 t i�  2 t or � 62 t, for all [�?] 2 sub(').

The set of '{types is denoted by T(').

De�nition 5.7 (quasistate). A quasistate q for ' is a structure

q = hhT;<i ; li

such that T = hT;<i is a �nite intransitive tree of depth � d(') and l is a

labelling function associating with each member x of T an element l(x) of T(')

such that the following conditions hold:

� For all x 2 T and 2 2 sub(') we have:

2 2 l(x) i� 8y 2 T (x < y )  2 l(y)):

� For all x; x

1

; x

2

in T with x < x

1

, x < x

2

, and x

1

6= x

2

, the subtrees

hT (x

1

); l

x

1

i and hT (x

2

); l

x

2

i of T generated by x

1

and x

2

, respectively,

are not isomorphic

3

.

Let n(') = 2

jsub(')j

be an upper bound for the number of di�erent '{types.

De�ne inductively:

n

0

(') = n('); n

i+1

(') = n(') � 2

n

i

(')

;

and put b(') =

P

d(')

i=0

n

i

(') and p(') = b(')

d(')

.

Lemma 5.2. b(') is an upper bound for the number of di�erent quasistates for

'. p(') is an upper bound for the number of points in a quasistate for '.

Proof Using the fact that every generated subtree hT (x); l

x

i of a quasistate

T for ' is a quasistate for ' as well, the following two claims are easily proved

by induction, for all k � d('): (1) the number of quasistates for ' of co-depth

� k is bounded by

P

k

i=0

n

i

('). (2) The number of points in a quasistate for '

of co-depth � k is bounded by b(')

k

. 2

In what follows we assume that the domains of non-isomorphic quasistates

are disjoint and that isomorphic quasistates actually coincide.

3

In this de�nition the generated subtree hT (x); l

x

i of T is the subtree of T based on

T (x) = fy 2 T : x <

�

yg together with the restriction l

x

of l to T (x).
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De�nition 5.8 (basic structure for '). Let ' be a formula. Consider a

PDL{structure F = hW;T

�

1

; : : : ; T

�

n

i (where �

1

; : : : ; �

n

is an enumeration

of all action variables in ') with a function q associating with each w 2 W a

quasistate

q(w) = hhT

w

; <

w

i ; l

w

i

for ' such that the depth of all q(w) equals m. Then we say that hF; qi is a

basic structure for ' of depth m.

Basic structures of the form hF; qi encode models hF; fi. However, we still

require an analogue of the points x 2 f(w):

De�nition 5.9 (run, suitable sequence). Let hF; qi be a basic structure for

' of depth m and let k � m.

A k{run r is a function associating with each w 2 W an r(w) 2 T

w

of

co-depth k. Every k{run is called a run.

Let r; r

0

be runs such that r(w) <

w

r

0

(w) holds for all w 2 W . Then r

0

is

called a companion of r, in symbols r < r

0

.

Consider a sequence of sets of runs R = hR

0

; : : : ;R

m

i such that all r 2 R

k

are k{runs, for 0 � k � m. Then R is called suitable for hF; qi i�

(S1) R

0

consists of the function which associates with each w 2 W the root of

T

w

.

(S2) For all r

0

2 R

k+1

there exists r 2 R

k

with r < r

0

.

(S3) For all r 2 R

k

, w 2W , and x 2 T

w

with r(w) <

w

x there exists r

0

2 R

k+1

such that r

0

(w) = x and r < r

0

.

In what follows we denote the run in R

0

by r

0

.

The relation < between runs encodes the relation R between points in �. It

remains to de�ne an analogue of the truth condition:

\hw; xi j= [�] i� 8v 2W (hw; xi T

�

hv; xi ) hv; xi j=  )".

To this end, de�ne, for each run r in hF; qi, the relations T

�

(r) on W as follows:

� wT

�

i

(r)v i� wT

�

i

v,

� wT

�

�

i

(r)v i� vT

�

i

(r)w,

� wT

�;�

(r)v i� w(T

�

(r) � T

�

(r))v,

� wT

�[�

(r)v i� w(T

�

(r) [ T

�

(r))v,

� wT

�

�

(r)v i� w(T

�

(r)

�

)v,

� wT

 ?

(r)v i� w = v and  2 l

w

(r(w)).

Observe that (similar to the de�nition of T

�

) the relation T

�

(r) depends on

r only when � contains \test". Here now is the \translation" of the truth

condition:
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De�nition 5.10 (saturated and coherent runs). Call a run r saturated and

coherent i� the following holds for all w 2W and all [�] 2 sub('):

� [�] 2 l

w

(r(w)) i� 8v 2 W (wT

�

(r)v )  2 l

v

(r(v))).

If r satis�es the direction from left to right only, then it is called a coherent run.

De�nition 5.11 (quasimodel for '). A basic structure hF; qi for ' is called

a quasimodel for ' i� there exists a sequence of sets of coherent and saturated

runs R which is suitable for hF; qi.

A formula ' is satis�ed in a quasimodel hF; qi for ' i� ' 2 l

w

(r

0

(w)), for

some w 2 W .

Theorem 5.4. For every formula ', ' is satis�able i� it is satis�able in a

quasimodel for '.

Proof Consider a quasimodel hF; qi for ' of depth m with ' 2 l

w

0

(r

0

(w

0

)).

Let F = hW;T

�

1

; : : : ; T

�

n

i, q(w) = hhT

w

; <

w

i ; l

w

i, and let R = hR

0

; : : : ;R

m

i

be a sequence of coherent and saturated runs which is suitable for hF; qi. We

de�ne G = h�; Ri by putting:

� =

[

fR

i

: i � mg;

rRr

0

, r < r

0

:

De�ne a valuation V in F � G by putting for all propositional variables p, all

runs r in � and all w 2 W :

hw; ri 2 V(p), p 2 l

w

(r(w)):

The following two equivalences are checked by induction for all w; v 2W :

� for all  2 sub(') and all r 2 �:

hw; ri j=  ,  2 l

w

(r(w));

� for all action terms � in sub(') and all r 2 �:

wT

�

(r)v , hw; ri T

�

hv; ri :

We show the steps  = 2� and  = [�]�:

hw; ri 6j= 2� i� 9r

0

2 �(r < r

0

^ hw; r

0

i 6j= �)

i� 9r

0

2 �(r < r

0

^ � 62 l

w

(r(w)))

i� 9x 2 T

w

(r(w) <

w

x ^ � 62 l

w

(x))

i� 2� 62 l

w

(r(w)):

Here the third equivalence follows from (S3).
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hw; ri j= [�]� i� 8 hv; ri (hw; ri T

�

hv; ri ) hv; ri j= �)

i� 8v(wT

�

(r)v ) hv; ri j= �)

i� 8v(wT

�

(r)v ) � 2 l

v

(r(v)))

i� [�]� 2 l

w

(r(w)):

The last equivalence follows from the coherence and saturatedness of runs. So

hw

0

; r

0

i j= ' and ' is satis�able in F�G.

For the converse direction assume that ' is satis�ed in

F�G =

D

W ��; T

�

1

; : : : T

�

n

; R

E

;

where F is a PDL{structure and G = h�; Ri is a tree of depth m � d('). (The

existence of such a model satisfying ' follows from Theorem 5.3.) Assume that

hw

0

; x

0

i j= ' for the root x

0

of G. We are going to construct a quasimodel hF; qi

for ' such that ' 2 l

w

0

(r

0

(w

0

)). Put, for hw; xi 2W ��

t(w; x) = f 2 sub(') : hw; xi j=  g:

Clearly t(w; x) is a '{type. De�ne, for w 2 W equivalence relations �

0

w

on �

by putting

x �

0

w

y , t(w; x) = t(w; y):

We re�ne, for w 2 W , the relation�

0

w

to an equivalence relation�

1

w

by induction

from m down to 0:

(a) Put x �

1

w

y whenever dp(x) = dp(y) = m and x �

0

w

y.

(b) Suppose that �

1

w

is de�ned for points of co-depth k + 1. Then we put

x �

1

w

y for x; y 2 � with dp(x) = dp(y) = k whenever x �

0

w

y and (a) for

all z 2 � with xRz there exists z

0

2 � such that z �

1

w

z

0

and yRz

0

, (b)

for all z 2 � with yRz there exists z

0

2 � such that z �

1

w

z

0

and xRz

0

.

Denote, for w 2 W , by [x]

w

the �

1

w

{equivalence class generated by x and put

�

w

= f[x]

w

: x 2 �g. Put [x]

w

R

w

[y]

w

i� there exists z 2 [y]

w

such that xRz.

R

w

is well-de�ned by clauses (a) and (b) above. Observe that the mappings

f

w

: x 7! [x]

w

are p{morphisms from h�; Ri onto h�

w

; R

w

i. We now de�ne, by

means of unravelling, the trees hT

w

; <

w

i:

T

w

= fh[x

0

]

w

; : : : ; [x

k

]

w

i : k � m; [x

0

]

w

R

w

[x

1

]

w

R

w

: : : R

w

[x

k

]

w

; dp(x

0

) = 0g;

h[x

0

]

w

; : : : ; [x

k

]

w

i <

w

z

i� there exists x

k+1

such that [x

k

]

w

R

w

[x

k+1

]

w

and z = h[x

0

]

w

; : : : ; [x

k

]

w

; [x

k+1

]

w

i.

Let, for each w 2 W ,

l

w

(h[x

0

]

w

; : : : ; [x

k

]

w

i) = t(w; x

k

):
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Of course, q(w) = hhT

w

; <

w

i ; l

w

i is a quasistate for ', for any w 2 W . Moreover,

' 2 l

w

0

(r

0

(w

0

)). It remains to show that hF; qi is a quasimodel for '.

To this end we de�ne a sequence of sets of saturated and coherent runs

R = hR

0

; : : : ;R

k

i which is suitable for hF; qi

For every sequence hx

0

; : : : ; x

k

i in � such that x

0

R : : : Rx

k

the set R

k

con-

tains the mapping

r : w 7! h[x

0

]

w

; : : : ; [x

k

]

w

i ;

and nothing else. Clearly each R

k

consists only of saturated and coherent runs.

It remains to show that R is suitable. Items (S1) and (S2) are clear, so we

concentrate on (S3). Let r 2 R

k

, w 2W , and z 2 T

w

with r(w) <

w

z. We have

to show that there exists r

0

2 R

k+1

with r < r

0

and r

0

(w) = z.

Assume r : w 7! h[x

0

]

w

; : : : ; [x

k

]

w

i and z = h[z

0

]

w

; : : : ; [z

k

]

w

; [z

k+1

]

w

i.

There exists x

k+1

with x

k

Rx

k+1

such that x

k+1

2 [z

k+1

]

w

. The run

r

0

: w 7! h[x

0

]

w

; : : : ; [x

k

]

w

; [x

k+1

]

w

i

is as required. 2

5.4 Decidability

We provide an e�ective criterion for satis�ability in quasimodels. Observe that

we have obtained, for a given formula ', a �nite encoding of the K-dimension of

product models by means of �nite labelled trees. The structure F in the CPDL-

dimension may be in�nite, however, and so we still have to take care of F. This

is done by decomposing F into a �nite number of �nite blocks. Blocks are basic

structures but not necessarily quasimodels since only the root is required to be

saturated:

De�nition 5.12 (block for '). Let hF; qi with F = hW;T

�

1

; : : : ; T

�

n

i be a �-

nite basic structure for ' and �x a w

0

2 W . Say that a run r in hF; qi is

w

0

-saturated (or simply root-saturated) i�

8[�] 2 sub(')([�] 62 l

w

0

(r(w

0

)))) 9v 2 W (w

0

T

�

(r)v &  62 l

v

(r(v))):

Now we say that hF; qi is a block for ' (with root w

0

) i�

(B1) T

�

i

\ T

�

j

= ;, for all i; j � n with i 6= j,

(B2) T

�

i

\ T

�

�

j

= ;, for all i; j � n,

(B3) jfv : 9� 2 f�

i

; �

�

i

: i � ng vT

�

wgj � 2, for all w 2W with w 6= w

0

,

(B4) for every v 2 W there exists precisely one sequence hv

0

; v

1

; : : : ; v

m

i such

that the v

i

are mutually di�erent, w

0

= v

0

, v = v

m

and such that for any

i < m there exists � 2 f�

j

; �

�

j

: j � ng with v

i

T

�

v

i+1

,

(B5) there exists a sequence of sets of w

0

-saturated and coherent runs R which

is suitable for hF; qi.
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It is worth mentioning that condition (B5) is the important item in the

de�nition above. The distinction between a basic structure and a block consists

mainly in the requirement that there are \enough" w

0

-saturated runs in blocks.

The conditions (B1)-(B4) just state that F has a very simple structure, but will

not be used in the proofs.

De�nition 5.13 (satisfying set). A set S of blocks for ' is satisfying if (i)

it contains a block with root w

0

such that ' 2 l

w

0

(r

0

(w

0

)) and (ii) for every

state w in every block hF

1

; q

1

i in S there exists a block hF

2

; q

2

i in S such that

q

1

(w) = q

2

(v) for the root v of F

2

.

Our aim is to show that ' is satis�able i� there is a satisfying set for ' whose

blocks contain at most N states, for some N(') < ! e�ectively determined by

'.

To determine N(') we require the notion of the length j�j of an action term

� without iteration. De�ne inductively

� j�

i

j = j�

�

i

j = 1, j ?j = 0;

� j� [ �j = maxfj�j; j�jg; j�;�j = j�j+ j�j.

Now for every n � 0 and any action term � we put

� �

i

(n) = �

i

, �

�

i

(n) = �

�

i

,  ?(n) =  ?;

� (� [ �)(n) = �(n) [ �(n);

� (�;�)(n) = �(n);�(n);

� �

�

(n) = �

�n

(n),

where

�

n

= �; : : : ;�

| {z }

n

; �

�n

= >? [ � [ (�;�) [ � � � [ �

n

:

In other words, �(n) results from � by replacing every occurrence of an action

term of the form 


�

(which is not in the scope of a test  ?) with 


�n

. In

particular, �(n) contains no occurrence of

�

and we can compute the length of

�(n).

Finally, we put

l(') = maxfj�(b(') � p('))j : [�] 2 sub(')g:

(Recall that b(') and p(') are the upper bounds for the number of di�erent

quasistates for ' and the number of di�erent points in a quasistate for ', re-

spectively.) We are in a position now to formulate and prove the main theorem

of this chapter.

Theorem 5.5 (satis�ability criterion). A formula ' is satis�able i� there

is a satisfying set for ' each block in which contains at most

N = (d(') + 1) � l(') � p(') � jsub(')j

states.



5.4. DECIDABILITY 113

The decidability of CPDL �K follows immediately since (1) the number

of blocks for ' with � N states is (e�ectively) bounded, (2) it can be checked

e�ectively whether a basic structure hF; qi is a block, and (3) it can be checked

e�ectively whether a �nite set of blocks for ' is a satisfying set for '.

For the proof of Theorem 5.5 we require the following concept and two

technical lemmata. Given a quasimodel hF; qi and a run r in it we de�ne for

every � occuring in sub(') the set Path

r

(�) inductively as follows:

Path

r

(�

i

) = fhw;�

i

; vi : wT

�

i

(r)vg

Path

r

(�

�

i

) = f




w;�

�

i

; v

�

: wT

�

�

i

(r)vg

Path

r

(� [ �) = Path

r

(�) [ Path

r

(�)

Path

r

(�;�) = fhw; : : : ; v; : : : ; ui :

hw; : : : ; vi 2 Path

r

(�); hv; : : : ; ui 2 Path

r

(�)g

Path

r

(�

�

) = fhwi : w 2 Wg

[

fPath

r

(�

n

) : n > 0g

Path

r

( ?) = fhwi :  2 l

w

(r(w))g

A path of the form hwi is called degenerate.

The use of the set Path

r

(�) will be clear from the lemma below. Observe

that for any action term � without iteration the length of all sequences we ob-

tain by deleting all action terms in sequences ~w 2 Path

r

(�) is bounded by the

length j�j of �. For a path ~w = hw

0

; �

0

; : : : ; �

k�1

; w

k

i we put start(~w) = w

0

and

end(~w) = w

k

. For two ~v

1

= hw

0

; �

0

; : : : ; �

k�1

; w

k

i and ~v

2

= hw

k

; �

k

; : : : ; �

n�1

; w

n

i

we put

~v

1

� ~v

2

= hw

0

; �

0

; : : : ; �

k�1

; w

k

; �

k

; : : : ; �

n�1

; w

n

i :

Lemma 5.3. Let hF; qi be a quasimodel for ', [�] 2 sub('), w 2 W , and

suppose r is a run. Then

[�] 2 l

w

(r(w)) , (8~w 2 Path

r

(�)) (w = start(~w))  2 l

end(~w)

(r(end(~w)))):

Proof A straightforward induction. 2

Let hF; qi be a quasimodel with F = hW;T

�

1

; : : :i. Two worlds w;w

0

2W are

called twins i� they are non-distinguishable in the following sense: q(w) = q(w

0

),

and for all v 2 W and action variables �

i

: vT

�

i

w i� vT

�

i

w

0

and wT

�

i

v i� w

0

T

�

i

v.

The following lemma states that every state in a quasimodel can be dupli-

cated without changing anything else.

Lemma 5.4 (Twins). Let hF; qi be a quasimodel for ', F = hW;T

�

1

; : : :i, w 2

W , and suppose V is a set disjoint from W . Then there exists a quasimodel

hF

0

; q

0

i based on the set of worlds W [ V whose restriction to W coincides with

hF; qi and such that all pairs hv; wi, v 2 V , are twins.
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Proof De�ne q

0

and T

0

�

i

by putting

q

0

(v) =

�

q(v) : v 2 W;

q(w) : v 2 V:

v

1

T

0

�

i

v

2

,

8

>

>

<

>

>

:

v

1

T

�

i

v

2

: v

1

; v

2

2W;

wT

�

i

v

2

: v

1

2 V; v

2

2W;

v

1

T

�

i

w : v

2

2 V; v

1

2W;

wT

�

i

w : v

1

; v

2

2 V:

Then hF

0

; q

0

i is as required. 2

Proof of Theorem 5.5. We start with the direction from left to right. Suppose

' is satis�able. By Theorem 5.4, we can take a quasimodel hF; qi satisfying '

and having quasistates of depth � d('). Put m = d('), let R = hR

0

; : : : ;R

m

i

be a sequence of sets of saturated and coherent runs which is suitable for hF; qi.

Assume F = hW;T

�

1

; : : : ; T

�

n

i and suppose R

0

= fr

0

g. To construct a satisfy-

ing set S we will associate with each quasistate w 2 W a block hF

w

; q

w

i such

that q

w

(w) = q(w). Finally we will put S = fhF

w

; q

w

i : w 2Wg.

Fix w

0

2 W . The construction of hF

w

0

; q

w

0

i consists of two steps: (Step 1)

a block hF

0

; q

0

i is constructed which has all the required properties but might

be too large. (Step 2) From hF

0

; q

0

i the \small" block hF

w

0

; q

w

0

i is extracted.

Step 1. De�ne sets of runs Q

k

� R

k

, 0 � k � m, by induction:

� Q

0

= fr

0

g,

� Q

k+1

is constructed as follows: for every run r 2 Q

k

and x 2 T

w

0

with

r(w

0

) <

w

0

x put an r

0

2 R

k+1

with r < r

0

and r

0

(w

0

) = x into Q

k+1

,

� Q = fQ

i

: i � mg.

For every r 2 Q and every [�] 2 sub(') put

SAT (r; [�] ) = f~w 2 Path

r

(�) : start(~w) = w

0

;  62 l

end(~w)

(r(end(~w)))g:

Observe that, by Lemma 5.3, [�] 62 l

w

0

(r(w

0

)) i� SAT (r; [�] ) 6= ;. Intu-

itively, in order to saturate a run r 2 Q we need a path ~w 2 SAT (r; [�] ), for

every [�] refuted in r(w

0

). For technical reasons we require m+1 such paths.

More precisely, for every r 2 Q and every [�] such that SAT (r; [�] ) 6= ; and

does not coincide with fhwig take a set SAT

'

(r; [�] ) � SAT (r; [�] ) of cardi-

nality m + 1 which does not contain hwi. (Note that, by Lemma 5.4, we may

assume that there are m + 1 such paths.) By Lemma 5.4 we may assume that

SAT

'

(r; [�] ) is disjoint from SAT

'

(r

0

; [�

0

] 

0

) whenever hr; [�] i 6= hr

0

; [�

0

] 

0

i.

Denote by SEL the set of all ~w such that there is an r in Q and an [�] 2 sub(')

with ~w 2 SAT

'

(r; [�] ). Again, because of Lemma 5.4, we may assume that no

w

i

occurs more than once in a path from SEL and that no w

i

, i 6= 0, occurs in

two di�erent paths from SEL.
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The cardinality of SEL is bounded by (d(') + 1) � p(') � jsub(')j.

De�ne hF

0

; q

0

i by putting w 2 W

0

i� w = w

0

or there exists ~w 2 SEL such

that w occurs in ~w. For w

1

; w

2

2 W

0

let w

1

T

0

�

i

w

2

i� there exists ~v 2 SEL such

that

~v = hw

0

; : : : ; w

1

; �

i

; w

2

; : : : ; w

m

i :

Finally de�ne, for w 2W

0

, q

0

(w) = q(w) and let F

0

=




W

0

; T

0

�

1

; : : : ; T

0

�

n

�

.

Claim 1. hF

0

; q

0

i is a block with root w

0

.

Proof of Claim 1. Clearly hF

0

; q

0

i satis�es the conditions (B1) : : : (B4) in

the de�nition of a block. Thus it remains to check (B5). To this end we have

to construct a sequence P = hP

0

; : : : ;P

m

i of sets of w

0

-saturated and coherent

runs which is suitable for hF

0

; q

0

i.

In what follows we use the facts that (i) the restriction of every r 2 R

k

toW

0

is coherent and (ii) this restriction is w

0

-saturated whenever r 2 Q

k

. However,

possibly there are not yet enough w

0

-saturated and coherent runs in Q, because

there might exist a w 2 W

0

and t 2 T

w

which is not in the range of an r from Q.

To de�ne the required sequence P new runs have to be composed from old ones:

let k � m, ~w 2 SEL and suppose that r and r

0

are functions (whose domains

contain W

0

) such that r(w

0

) = r

0

(w

0

). De�ne the function r+

~w

r

0

with domain

W

0

by putting, for v 2W

0

,

r +

~w

r

0

(v) =

�

r(v) : v occurs in ~w;

r

0

(v) : otherwise.

Using this composition function we now de�ne a sequence of sets of runs

P

0

= hP

0

0

; : : : ;P

0

m

i. For every ~w

1

; : : : ; ~w

k

2 SEL, r

1

; : : : ; r

k

2 R

k

and r 2 Q

k

such that r(w

0

) = r

i

(w

0

), for 1 � i � k, put

s = r

1

+

~w

1

(r

2

+

~w

2

(: : : (r

k

+

~w

k

r) : : : )

into P

0

k

.

Claim 1.1. Every s of this form is coherent and w

0

-saturated.

Proof of Claim 1.1. Clearly s is coherent. But it is also w

0

-saturated:

suppose [�] 62 l

w

0

(s(w

0

)). If hw

0

i 2 Path

r

(�) and  62 l

w

0

(s(w

0

)), then there is

nothing to show. Otherwise there exists a non{degenerate ~v 2 SAT

'

(r; [�] ) �

SEL which is not in f ~w

1

; : : : ; ~w

k

g. Here we use the fact that we have put m+1

paths into SAT

'

(r; [�] ) to saturate [�] relative to r. end(~v) saturates [�] 

with respect to s and Claim 1.1 is proved.

The sequence P

0

= hP

0

0

; : : : ;P

0

m

i is nearly suitable for hG

0

; q

0

i, only (S2)

does not necessarily hold. Now it is transformed into a sequence P = hP

0

; : : : ;P

m

i

with P

i

� P

0

i

, for 0 � i � m, which satis�es (S2) as well. The construction is

by induction: put P

0

= P

0

0

= fr

0

g.

Suppose P

k

� P

0

k

is de�ned. For every ~w 2 SEL,

s = r

1

+

~w

1

(r

2

+

~w

2

(: : : (r

k

+

~w

k

r) : : : ) 2 P

k

;
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all r

�

2 R

k+1

such that s(v) <

v

r

�

(v), for all v in ~w, all r

0

1

; : : : ; r

0

k

2 R

k+1

such

that r

i

< r

0

i

, for 1 � i � k, and all r < r

0

2 Q

k+1

put

s

0

= r

�

+

~w

(r

0

1

+

~w

1

(r

0

2

+

~w

2

(: : : (r

0

k

+

~w

k

r

0

) : : : )

into P

k+1

. Observe that s < s

0

. We check (S1), (S2), (S3).

(S1) is clear.

(S2) follows from the construction: s

0

is put into P

k+1

only when there exists

s 2 P

k

with s < s

0

.

(S3) Let v 2 W

0

, s = r

1

+

~w

1

(r

2

+

~w

2

(: : : (r

k

+

~w

k

r) : : : ) 2 P

k

, and x 2 T

v

such that s(v) <

v

x. Take the ~w 2 SEL in which v occurs. We �nd r

�

2 R

k+1

such that r

�

(v) = x and s(w) <

w

r

�

(w), for all w in ~w. This follows from the

condition (S3) forR. We �nd r

0

1

; : : : ; r

0

k

2 R

k+1

such that r

i

< r

0

i

, for 1 � i � k.

This follows again from condition (S3) for R. By the construction of Q we �nd

r

0

2 Q

k+1

with r < r

0

. Put

s

0

= r

�

+

~w

(r

0

1

+

~w

1

(r

0

2

+

~w

2

(: : : (r

0

k

+

~w

k

r

0

) : : : ):

Then s

0

2 P

k+1

, s < s

0

, and s

0

(v) = r

�

(v) = x. Claim 1 is proved and so Step 1

is �nished.

Step 2. Observe that there does not exist an upper bound for the length of

the ~w 2 SEL depending on ' only. Thus, we have no upper bound for the

size of hF

0

; q

0

i depending on ' only and it remains to extract from hF

0

; q

0

i

a substructure hF

w

0

; q

w

0

i which is still a block with root w

0

but satis�es the

cardinality restrictions of the theorem. Consider a sequence ~w 2 SAT

'

(r; [�] )

for an r in Q and an [�] 2 sub('). We de�ne a truncated version tr

r

�

(~w) of ~w.

tr

r

�

(~w) is de�ned by induction on the complexity of �. If � does not contain an

occurence of

�

then, since ~w 2 Path

r

(�), the length of ~w is at most j�j. In this

case we put tr

r

�

(~w) = ~w.

Suppose now that � contains iteration. If � = � [ 
, then

tr

r

�

(~w) =

�

tr

r

�

(~w) : ~w 2 Path

r

(�)

tr

r




(~w) : otherwise

If � = �; 
, then ~w = ~w

1

� ~w

2

with ~w

1

2 Path

r

(�) and ~w

2

2 Path

r

(
) and

we put

tr

r

�

(~w) = tr

r

�

( ~w

1

) � tr

r




( ~w

2

):

Let � = �

�

. Then there exists n 2 ! and ~w

1

; : : : ~w

n

such that ~w

i

2 Path

r

(�)

and

~w = ~w

1

� : : : � ~w

n

:

If n � b(') � p('), then we put

tr

r

�

(~w) = tr

r

�

( ~w

1

) � : : : � tr

r

�

( ~w

n

):

Otherwise there must be i; j � n with i + 1 < j such that we have for v

0

=

end( ~w

i

) and v

1

= start( ~w

j

):
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� q(v

0

) = q(v

1

) and r(v

0

) = r(v

1

).

In this case we put

tr

r

�

(~w) = tr

r

�

( ~w

1

) � : : : � tr

r

�

( ~w

i

) � tr

r

�

( ~w

j

) � : : : � tr

r

�

( ~w

n

):

Finally, if � =  ? then tr

r

�

(~w) = ~w.

It should be clear that in this way we obtain a tr

r

�

(~w) the length of which

is bounded by l('). Denote by SEL

0

the set of all tr

r

�

(~w) such that there is

an r in Q and an [�] 2 sub(') with ~w 2 SAT

'

(r; [�] ). We construct from

SEL

0

the required block hF

w

0

; q

w

0

i as the following substructure of hF

0

; q

0

i: let

w 2 W

w

0

i� w = w

0

or there exists ~w 2 SEL

0

such that w occurs in ~w. For

w

1

; w

2

2W

w

0

put w

1

S

�

i

w

2

i� there exists ~v 2 SEL

0

such that

~v = hw

0

; : : : ; w

1

; �

i

; w

2

; : : : ; w

m

i :

Finally de�ne, for w 2W

w

0

, q

w

0

(w) = q(w) and let G

w

0

= hW

w

0

; S

�

1

; : : : ; S

�

n

i.

It is easy but tedious to show that hG

w

0

; q

w

0

i is a block. This is left to the reader.

Observe now that G

w

0

is constructed from jSEL

0

j � (d(') + 1) � p(') � jsub(')j

paths of length � l('). So the upper bound for the cardinality of F

w

0

is as

required. Step 2 is proved.

For every w 2 W we construct hF

w

; q

w

i in absolutely the same manner as

for w = w

0

. The required satisfying set S for ' is the set of all blocks hF

w

; q

w

i,

w 2 W .

We come to the proof of the direction from right to left. Let S be a satisfying

set for '. We are going to construct a quasimodel hF; qi as the limit of an

inductively de�ned sequence of basic structures

hhF

m

; q

m

i : m 2 !i :

Let hF

0

; q

0

i be a block with root w

0

such that ' 2 l

w

0

(r

0

(w

0

)). Such a block

exists by condition (i). Suppose now that we have constructed hF

m

; q

m

i with

F

m

=




W

m

; T

m

�

1

; : : : ; T

m

�

n

�

already. For every w 2 W

m

�W

m�1

(here and in

what follows W

�1

= fw

0

g) select a block hF

w

; q

w

i from S with root w such

that q

w

(w) = q

m

(w). Blocks with this property exist by condition (ii). Let

F

w

=




W

w

; T

w

�

1

; : : : ; T

w

�

n

�

. We may assume that all the selected blocks are

mutually disjoint and that W

w

\ W

m

= fwg, for w 2 W

m

� W

m�1

. De�ne

hF

m+1

; q

m+1

i by putting

W

m+1

=W

m

[

[

fW

w

: w 2 W

m

�W

m�1

g;

T

m+1

�

i

= T

m

�

i

[

[

fT

w

�

i

: w 2W

m

�W

m�1

g;

q

m+1

(v) =

�

q

m

(v) : v 2W

m

;

q

w

(v) : v 2W

w

�W

m

:

The limit hF = hW;T

�

1

; : : : T

�

n

i ; qi is de�ned by putting

W =

[

fW

m

: m 2 !g; T

�

i

=

[

fT

m

�

i

: m 2 !g;
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q(w) =

[

fq

m

(w) : m 2 !; w 2 W

m

g:

It remains to show that hF; qi is a quasimodel for '. To this end we construct

a sequence of sets of saturated and coherent runs R = hR

0

; : : : ;R

m

i which is

suitable for hF; qi. For every hF

w

; q

w

i 2 S which was used to construct F take a

sequence of sets of w-saturated and coherent runs R

w

= hR

w

0

; : : : ;R

w

m

i which

is suitable for hF

w

; q

w

i. Take k with 0 � k � m. Then R

k

consists of all runs r

which can be constructed inductively by putting r =

S

fr

m

: m 2 !g, where the

r

m

are k{runs in hF

m

; q

m

i, form 2 !, constructed in the following manner: take

r

0

2 R

w

0

k

and suppose that r

m

has been de�ned. For every w 2 W

m

�W

m�1

take r

w

2 R

w

k

such that r

m

(w) = r

w

(w) and put for v 2 W

m+1

r

m+1

(v) =

�

r

m

(v) : v 2W

m

;

r

w

(v) : v 2W

w

�W

m

:

Claim. All runs in R

k

, 0 � k � m, are coherent and saturated.

Proof of the Claim. We prove by induction on the construction of �:

[�] 2 l

w

(r(w)) , 8v 2W (wT

�

(r)v )  2 l

v

(r(v)));

for all w 2W , all r 2 R

k

, and all [�] 2 sub(').

For the inductive steps �x w 2 W , r 2 R

k

, and [�] 2 sub('). Fix as well

the (uniquely determined) block hF

w

; q

w

i with root w such that hF

w

; q

w

i 2 S

is a substructure of hF; qi, and the run r

w

from R

w

which coincides with the

restriction of r to W

w

.

Case 1: � = �

i

, �

i

an action variable. Suppose [�] 62 l

w

(r(w)). By the

de�nition of blocks there exists v 2W

w

such that wT

w

�

(r

w

)v and  62 l

v

(r

w

(v)).

Hence wT

�

(r)v and  62 l

v

(r(v)). Now suppose [�] 2 l

w

(r(w)) and wT

�

(r)v.

Let hF

w

0

; q

w

0

i be a block from S such that both w and v are in the domain of

F

w

0

. Let r

w

0

be the restriction of r to F

w

0

. Then  2 l

v

(r

w

0

(v)) = l

v

(r(v))

follows from the condition that r

w

0

is coherent.

Case 2: � = �

�

i

, �

i

an action variable. This case is considered analogously

to case 1.

Case 3: � = �?. The equivalence follows from the condition ([�?] 2 l

v

(x)

i� � 2 l

v

(x) )  2 l

v

(x)), for all v 2 W and x 2 T

v

, in the de�nition of

quasistates.

Case 4: � = �; 
. Then we have [�][
] 2 sub(') (by the de�nition of the

Fischer{Ladner closure) and the equivalence follows by the induction hypothesis

from the condition [�; 
] 2 l

v

(x) i� [�][
] 2 l

v

(x), for all v 2 W and x 2 T

v

,

in the de�nition of quasistates.

Case 5: � = � [ 
. Then [�] ; [
] 2 sub(') and the equivalence follows

immediately from the condition [� [ 
] 2 l

v

(x) i� [�] ; [
] 2 l

v

(x), for all

v 2 W and x 2 T

v

, and the induction hypothesis.

Case 6: � = �

�

. Suppose [�] 62 l

w

(r(w)). There exists v 2 W

w

such that

wT

w

�

(r

w

)v with  62 l

v

(r

w

(v)). Hence wT

�

(r)v and  62 l

v

(r(v)). To show the

converse observe �rst that [�][�

�

] 2 sub('). The required implication now
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follows from the condition [�

�

] 2 l

v

(x) i�  2 l

v

(x) and [�][�

�

] 2 l

v

(x), for

all v 2 W and all x 2 T

v

, and the induction hypothesis.

The claim is proved. That R is suitable follows immediately from the con-

struction. 2

5.5 Related Logics

We discuss decidability results for products which either follow directly from the

decidability of CPDL �K

m

or can be proved by similar methods. We intro-

duce some notation �rst: Given two propositional modal languages L

1

and L

2

interpreted in frames of the form F = hW;S

1

; : : : ; S

n

i and G = hV;R

1

; : : : ; R

m

i,

formulas in L

1


L

2

are interpreted in products

F�G =




W � V; S

1

; : : : ; S

n

; R

1

; : : : ; R

m

�

in the obvious manner; that is to say, the relations S

1

; : : : ; S

n

interpret the

connectives of L

1

and the relations R

1

; : : : ; R

m

interpret the connectives of L

2

.

Given two modal logics L

1

and L

2

in languages L

1

and L

2

, respectively, we

denote by L

1

� L

2

the set of all formulas in L

1


 L

2

which are valid in all

members of

fF�G : F j= L

1

; G j= L

2

g:

We are in the position now to formulate various decidability results of interest.

Recall from the previous chapter and the appendix the de�nition of the logics

S4, K4, S4:t, and K4:t.

Theorem 5.6. The logics S4 �K

m

, S4:t �K

m

, K4 �K

m

, and K4:t �K

m

are decidable.

Proof S4�K

m

as well as S4:t�K

m

are embedded in CPDL�K

m

by means

of the translation which replaces the modal operators 2 and 2

�1

of S4t with

[�

�

1

] and [(�

�

1

)

�

], respectively. So they are decidable. The translation which

replaces the modal operators 2 and 2

�1

of K4:t with [�

1

][�

�

1

] and [�

�

1

][(�

�

1

)

�

]

gives embeddings of K4�K

m

and K4:t�K into CPDL�K

m

, respectively.

2

Various decidability results for products of Epistemic Logics and K

m

can be

obtained by extending the embeddings from the appendix (cf. Theorem B.6) to

the corresponding products:

Theorem 5.7. The products K4

C

n

� K

m

, S4

C

n

� K

m

, KD45

C

n

� K

m

, and

S5

C

n

�K

m

are decidable.

Proof For j � 4, extend the translations t

j

from the languageL

C

n

into L(CPDL)

to translations

t

0

j

: L

C

n


L

m

! L

CPDL�K

m

by putting
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� t

0

j

(2

i

') = 2

i

t

0

j

('),

for i � m. Now it is easy to extend the proof of Theorem B.6 to show, for all

' 2 L

C

n


L

m

,

� ' 2 K4

C

n

�K

m

i� t

0

1

(') 2 PDL �K

m

,

� ' 2 S4

C

n

�K

m

i� t

0

2

(') 2 PDL�K

m

,

� ' 2 S5

C

n

�K

m

i� t

0

3

(') 2 CPDL�K

m

,

� ' 2 KD45

C

n

�K

m

i� [


�

]�! t

0

4

(') 2 CPDL �K

m

.

Observe that the translations t

0

j

are similar to the translation de�ned in [Fischer

and Immerman 1987]. 2

We �nally come to decidability results for products of temporal logics with

K

m

which do not immediately follow from the decidability of CPDL�K

m

but

which can be proved by combining in a straightforward manner the notion of a

quasimodel introduced in the present chapter with the technique introduced in

[Wolter and Zakharyaschev 1999e] \Temporalizing Description Logics", called

(WZ) in what follows.

Recall from the appendix that by Lin we denote the bimodal logic deter-

mined by the class of frames




W;R;R

�1

�

such that R is a strict linear ordering.

By LQ we denote the bimodal logic determined by the frame




Q; <;<

�1

�

, where

Q denotes the set of rational numbers. We refer the reader to the appendix for

some information about these two logics.

Theorem 5.8. The logics Lin�K

m

and LQ�K

m

are decidable.

Proof (Sketch) The reader should have at hand (WZ), where a variant of the

concept of quasimodels and the mosaic technique is used to prove the decidabil-

ity of Lin and LQ based on description logics. To present the idea of the proof

of Theorem 5.8 we indicate the required modi�cations of the proof in (WZ). Fix

' in the language with temporal operators 2

1

and 2

2

, and the modal operator

2 for the K-dimension

4

. We use the following variants of the De�nitions 5.5,

5.6, and 5.7. By sub(') we now denote the set of subformulas of ' in the ordi-

nary sense, the '-types T

0

(') are also de�ned in the standard manner; that is

to say, we require the conditions (t1) and (t2) only from De�nition 5.6. Now,

quasistates hhT;<i ; li for ' are de�ned as in De�nition 5.7 with T(') replaced

by T

0

('). With the help of quasistates for ' the appropriate concept of quasi-

models for Lin�K is de�ned by means of straightforward modi�cations of the

de�nition of quasimodels for CPDL � K. Also an analogue of Theorem 5.4

is easily established. The role of quasistates (and quasimodels) in the present

context corresponds to the role of quasiworlds (and quasimodels in the sense of

(WZ)) in (WZ). However, quasiworlds are just sets of '-types while quasistates

4

We sketch the proof for K only, Footnote 1 above explains how to generalize the proof to

cover K

m

.
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are trees the nodes of which are labelled by '-types. The required modi�cations

of (WZ) are caused by this di�erence. In (WZ) the concepts of a suitable triple

and a satisfying set are introduced to formulate the decision procedure. Here

are the modi�ed de�nitions:

A suitable triple for ' is a triple hp; q; �i such that p = hT

p

; <

p

; l

p

i and

q = hT

q

; <

q

; l

q

i are quasistates for ' and � � T

p

�T

q

has the following properties:

(T1) if t

1

�t

2

, then the co-depth of t

1

and t

2

coincides.

(T2) r

p

�r

q

, where r

p

and r

q

are the roots of p and q, respectively.

(T3) If t

1

�t

2

and t

1

<

p

t

0

1

, then there exists t

0

2

with t

0

1

�t

0

2

and t

2

<

q

t

0

2

.

(T4) If t

1

�t

2

and t

2

<

q

t

0

2

, then there exists t

0

1

with t

0

1

�t

0

2

and t

1

<

p

t

0

1

.

(T5) (8t

1

2 T

p

)(8t

2

2 T

q

)(83

1

 2 sub('))(t

1

�t

2

^3

1

 62 l

p

(t

1

))  62 l

q

(t

2

)^

3

1

 62 l

q

(t

2

)).

(T6) (8t

1

2 T

p

)(8t

2

2 T

q

)(83

2

 2 sub('))(t

1

�t

2

^3

2

 62 l

q

(t

2

))  62 l

p

(t

1

)^

3

2

 62 l

p

(t

1

)).

Observe that (T2)-(T4) correspond to conditions one and two in (WZ, Def. 25),

and (T5) and (T6) correspond to conditions four and �ve in (WZ, Def. 25).

A satisfying set for ' is a set of suitable triples S for ' such that

(S1') there is a triple in S with a quasistate p such that ' 2 l

p

(r

p

), for the root

r

p

of p.

(S4') if hp; q; �i 2 S, and 3

1

 2 l

q

(t

1

), t

1

2 T

q

, then there are hq; s; �i 2 S and

t

2

2 T

s

such that  2 l

s

(t

2

) and t

1

�t

2

.

(S5') if hp; q; �i 2 S, and 3

2

 2 l

p

(t

1

), t

1

2 T

p

, then there are hs; p; �i 2 S and

t

2

2 T

s

such that  2 l

s

(t

2

) and t

2

�t

1

.

(S7') if hp; q; �i 2 S, and 3

1

 2 l

p

(t

1

), t

1

�t

2

,  62 l

q

(t

2

) and 3

1

 62 l

q

(t

2

), then

there exist s and t

3

2 T

s

such that  2 l

s

(t

3

), hp; s; �i 2 S, hs; q; �i 2 S,

for some � and �, t

1

�t

3

�t

2

, and � � � = �.

(S8') if hp; q; �i 2 S, and 3

2

 2 l

q

(t

2

), t

1

�t

2

,  62 l

p

(t

1

) and 3

2

 62 l

p

(t

1

), then

there exist s and t

3

2 T

s

such that  2 l

s

(t

3

), hp; s; �i 2 S, hs; q; �i 2 S,

for some � and �, t

1

�t

3

�t

2

, and � � � = �.

Here (Si') correponds to (Si) in (WZ, Def. 26).

Now one can prove in basically the same manner as in (WZ) that ' 62

Lin � K i� there exists a satisfying set for :' or ' is refuted in a product

hf0g; ;; ;i � hV;Ri, for some K-frame hV;Ri. Certainly both conditions are

decidable.

For the decidability of LQ�K the notion of a Q-satisfying set S is required.

The de�nition of a Q-satisfying set can be found in (WZ). 2
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We come the product of the temporal logic PTL and K

m

, see the appendix

for the syntax and semantics of PTL.

Theorem 5.9. The logic PTL �K

m

is decidable.

Proof (Sketch) Again the reader should have at hand (WZ), where the de-

cidability of PTL based on description logics is proved. The modi�cations of

(WZ) required to prove Theorem 5.9 are again caused by the di�erence between

quasistates in the present chapter and quasiworlds in (WZ). Fix ' in the lan-

guage with U and 2. The required modi�cations of the De�nitions 5.5, 5.6, and

5.7 should be clear now. Quasimodels for PTL �K are de�ned by means of

straightforward modi�cations of the de�nition of quasimodels for CPDL �K,

and an analogue of Theorem 5.4 is easily established as well. Again the role of

quasistates (and quasimodels) in the present chapter corresponds to the role of

quasiworlds (and quasimodels in the sense of (WZ)) in (WZ).

In (WZ, Def. 22) the concept of a suitable pair is de�ned. This \local"

concept has to be replaced by a \global" one, because quasistates are not just

sets of types but sets of types together with a tree order. The global version

turns out to be basically the same as the concept of a suitable triple in the

proof of Theorem 5.8: a U{suitable triple for ' is a triple hp; q; �i such that

p = hhT

p

; <

p

i ; l

p

i and q = hhT

q

; <

q

i ; l

q

i are quasistates for ', � � T

p

� T

q

,

the conditions (T1){(T4) of the de�nition of a suitable triple in the proof of

Theorem 5.8 hold, and

(T5') (8t

1

2 T

p

)(8t

2

2 T

q

)(8 

1

U 

2

2 sub('))(t

1

�t

2

)

( 

1

U 

2

2 l

p

(t

1

),  

2

2 l

q

(t

2

) or  

1

2 l

q

(t

2

) and  

1

U 

2

2 l

q

(t

2

)))

Now the correct translation of (WZ, Theorem 24) is as follows:

A formula ' is satis�able in a product hN; <i � hV;Ri i� there are two

sequences Q

1

= q

1

; : : : ; q

n

and Q

2

= q

n+1

; : : : ; q

n+m

of quasistates for ' and a

sequence �

1

; : : : ; �

n+m

of relations such that

� ' 2 l

q

1

(s

0

), for the root s

0

of q

1

,

� hq

i

; q

i+1

; �

i

i is a U{suitable triple, for 1 � i < n+m,

� hq

n+m

; q

n+1

; �

n+m

i is a U{suitable triple,

� for every i � n + 1 and every t

i

2 T

q

i

and  

1

U 

2

2 l

q

i

(t

i

) there are

t

i+1

; : : : ; t

k

with k � n+m such that t

j

�

j

t

j+1

, for all j < k,  

2

2 l

q

k

(t

k

),

and  

1

2 l

q

j

(t

j

), for all j with i < j < k.

� n � b('), where b(') is an upper bound for the number of di�erent qua-

sistates for ' (computed in the same manner as in Lemma 5.2),

� m � b(') + jsub'j � b(') � p

2

('), where p(') is an upper bound for the

number of di�erent points in a quasistate for ' (computed in the same

manner as in Lemma 5.2).
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This equivalence can be proved in basically the same manner as in (WZ). Cer-

tainly it can be checked e�ectively whether two such sequences exist for '.

2

5.6 Discussion

(1) In this chapter we have shown the decidability of L�K

m

for various rather

expressive modal logics L. In conclusion, we can say that for the most important

modal logics L the product L � K

m

is decidable. However, in contrast to

the chapters above we did not obtain a structural general transfer result for

products. In fact, even for products withK various decidability problems remain

unsolved. The most interesting open question is whether the logic (K�K)�K

is decidable. If logics di�erent from K are considered even more questions are

open:

� Is K4�K4 decidable?

� Is S4� S4 decidable?

We believe that the method presented in the present monograph can be useful

to attack those problems.

(2) We did not consider the complexity of the decision problems. In fact, not

much is know about the complexity of products: [Marx 1999] shows that the

satisfaction problem for almost all interesting products is NEXPTIME{hard.

This applies to K�K, S4�K, S5�K, etc. The logic S5�S5 is NEXPTIME-

complete. But for the remaining logics in the list no elementary algorithms are

known. All the decision procedures in this chapter are non-elementary, and,

as far as PDL �K

m

and PTL �K

m

are concerned, the satisfaction problem

is non-elementary. This can be proved using a technique similar to the one

introduced in [Halpern and Vardi 1989]. We conjecture that this is the case for

S5

C

n

�K

m

and the other epistemic logics considered above as well, but lack a

strict proof. We have no speci�c conjecture for the complexity of K �K and

S4�K.

(3) The system CPDL�K

m

is certainly not yet �ne{tuned enough to serve

as a logic of action. It would be of interest to investigate extensions of this logic

by means of operations considered already in the propositional case, see e.g.,

[Prendinger and Schurz 1996] and [de Giacomo and Lenzerini 1995]

(4) It follows from the proof of Theorem 5.2 that CPDL �K is properly

contained in the set CPDL�

f

K of all formulas which are valid in products of

the form F�G such that G is based on a �nite domain �. Given that in many

application domains the states are assumed to be �nite, the logic CPDL�

f

K

is certainly of interest and it would be desirable to have a decision procedure for

it. The same applies to the products S5

C

n

�K

m

and the products of temporal

logics and polymodal K.

(5) In this chapter we have considered the decision problem only. The �nite

model property remains open and (non{trivial) axiomatizations would be de-
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sirable. We believe that the technique developed so far is also helpful to attack

those problems.



Chapter 6

Modal description logics

In this chapter we are going to investigate the decision problem for various

modal extensions of description logics. In particular, we consider extensions of

ALC (and more expressive description languages like CIQ) by epistemic opera-

tors, by the most important temporal operators, and by the dynamic operators

of CPDL. The chapter is organized as follows. In Section 6.1 the syntax and

semantics of modal description logics is de�ned. In Section 6.2 we discuss the

de�nition and investigate the relation between di�erent types of modal descrip-

tion logics: for example, we relate logics determined by models with expanding

domains to logics determined by models with constant domain and we prove

that global concepts can be simulated by means of local ones (in contrast to

roles). In Sections 6.3, 6.4, and 6.5 we prove positive results concerned with the

decision problem for three di�erent types of modal description languages. Sec-

tion 6.3 considers the decidability of the satis�ability of concepts while Sections

6.4 and 6.5 are concerned with the satis�ability of formulas. In Section 6.6 a

number of undecidability results is presented. They show that most of the pos-

itive results of the previous sections are optimal: even very weak extensions of

the decidable calculi have undecidable satisfaction problems. Finally, in Section

6.7 the results are discussed and compared with the literature.

In this chapter we assume some background knowledge about description

logic, in particular about ALC and CIQ. The reader can �nd the relevant

information in the appendix, where the notation is �xed as well.

6.1 The modal description languages L

ALC

We introduce the modal extensions of the description logic ALC we are going

to investigate in this chapter.

For simplicity, in this section we consider the modal language with n unary

operators 2

1

; : : : ;2

n

. In subsequent sections we shall combine CPDL and

PTL with CIQ which will require some extensions of this language.

125
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De�nition 6.1 (language). The primitive symbols of the modal description

language L

ALC

are:

� concept names: C

0

; C

1

; : : : ;

� global role names: R

0

; R

1

; : : : ;

� local role names: S

0

; S

1

; : : : ;

� object names: a

0

; a

1

; : : : ;

� modal operators: 2

1

; : : : ;2

n

;3

1

; : : : ;3

n

.

Starting from these we construct compound concepts and roles inductively in

the following way:

� all role names are roles;

� if R is a role, then 2

i

R and 3

i

R are roles.

� if C, D are concepts and R is a role, then >, C ^D, :C, 2

i

C, for i � n,

and 9R:C are concepts.

Formulas are de�ned inductively as follows: atomic formulas are expressions of

the form

� >, C = D, aRb, a : C, where a and b are object names.

All atomic formulas are formulas and if ' and  are formulas then so are 2

i

',

:', and ' ^  .

Other boolean operators and the \possibility" operators 3

i

(for concepts and

formulas) are de�ned as abbreviations in the standard way. For concepts C and

D we abbreviate by C � D the formula C ! D = >.

Example 6.1. How might a knowledge base in L

ALC

look like? Imagine, for

instance, a car salesman who, trying to understand the development of the car

market, implements a knowledge base about his customers. Besides of standard

formulas like

Golf : VW

VW � Car

Male customer = Male ^ Customer

Modern car = Car ^ 9has:Computer

etc.,

it may now contain also \modalized" formulas, e.g.,

Customer = Homo sapiens ^ hsometime in the pasti 9buys:Car

Potential customer = heventuallyiCustomer

Faithful customer = Customer ^ 9[always]buys:Car

hnext yeari (Male customer � 9buys:Modern car)
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The meaning of the �rst two formulas with modalized concepts should be clear.

The third one means that a faithful customer always buys a car of the same

type. And the fourth formula says that next year every male customer will buy a

modern car. So, modalized concepts, formulas, and roles allow the introduction

of concepts the extension of which depends on the future and the past.

For a formula ', let us denote by ob', con', rol' and sub' the sets of all

object names, concepts, roles, and subformulas occurring in ', respectively.

De�nition 6.2 (model). Let G = hW;�

1

; : : : ;�

n

i be a frame. An L

ALC

-

model based on G is a pairM = hG; Ii in which I is a function associating with

each w 2 W an ALC-model

I(w) =

D

�; R

I;w

0

; : : : ; S

I;w

0

; : : : ; C

I;w

0

; : : : ; a

I;w

0

; : : :

E

;

where

� � is a non-empty set, the domain of M,

� R

I;w

i

are binary relations on � such that R

I;u

i

= R

I;v

i

, for any u; v 2W ,

� S

I;w

i

are binary relations on �,

� C

I;w

i

are subsets of �, and

� a

I;w

i

are objects in � such that a

I;u

i

= a

I;v

i

, for any u; v 2W .

Remark 6.1. Without loss of generality we may identify a

I;w

i

with a

i

, thus as-

suming that all object names belong to �. The de�nition of a model given

above implies that we assume constant domain, that the constants are rigid

designators, and that we do not have global concepts, but local concepts only.

We shall discuss those assumptions in detail in the next section.

De�nition 6.3 (satisfaction). For a model M = hG; Ii and a world w in it,

the values C

I;w

of a concept C and R

I;w

of a role R in w and the satisfaction-

relation (M; w) j= ' (or simply w j= ', if M is understood) are de�ned induc-

tively as follows:

1. >

I;w

= �, C

I;w

= C

I;w

i

, R

I;w

= R

I;w

j

, for C = C

i

, R = R

j

;

2. x(2

i

R)

I;w

y i� 8v �

i

w xR

I;v

y;

3. x(3

i

R)

I;w

y i� 9v �

i

w xR

I;v

y;

4. (C ^D)

I;w

= C

I;w

\D

I;w

;

5. (:C)

I;w

= �� C

I;w

;

6. x 2 (2

i

C)

I;w

i� 8v �

i

w x 2 C

I;v

;

7. x 2 (9R:C)

I;w

i� 9y 2 C

I;w

xR

I;w

y;



128 CHAPTER 6. MODAL DESCRIPTION LOGICS

8. w j= C = D i� C

I;w

= D

I;w

;

9. w j= a : C i� a

I;w

2 C

I;w

;

10. w j= aRb i� a

I;w

R

I;w

b

I;w

;

11. w j= 2

i

' i� 8v �

i

w v j= ';

12. w j= ' ^  i� w j= ' and w j=  ;

13. w j= :' i� w 6j= '.

A formula ' is satis�able in G if there is a model based on G and a world w

in it such that w j= '.

A concept C is satis�able in G if there is a model based on G and a world

w in it such that C

I;w

6= ;.

Let L be a complete normal modal logic. The formula{satisfaction problem

for L

ALC

consists of the problem whether, for a given formula ' there exists a

structure G validating L in which ' is satis�able.

The concept{satisfaction problem for L

ALC

consists of the problem whether,

for a given concept C, there exists a structure G validating L in which C is

satis�able.

In this chapter we are concerned with the decidability of the concept- and

the formula{satisfaction problem for modal description logics. We discuss in

the next section the relation between these reasoning tasks and others known

from the literature.

The following notation will be applied: in order to avoid double-subscripts

we write L(n)

ALC

instead of (L

n

)

ALC

. For example, S5(n)

ALC

denotes S5

n

based on ALC.
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6.2 Observations

In the previous section we have �xed a number of parameters for the modal

description logics we are going to consider. In this section we shall brie
y

justify and discuss our choice.

First, in the introduction we have discussed brie
y the possibility to consider

models with varying, expanding, and constant domains. From now on we will

restrict ourselves to models with constant domain. This is justi�ed as far as the

decision problem is concerned because the satisfaction problem for models with

expanding domains can be reduced to that problem for models with constant

domain. Moreover, if we do not allow the application of modal operators to roles,

then the satisfaction problem for models with varying domain is reducible to that

for models with constant domain as well. We establish here the �rst claim only,

the second one can be proved similarly, see [Wolter and Zakharyaschev 1998]. A

similar result will also be proved in the context of modal predicate logic in the

next chapter, see Proposition 7.1. To conduct the proof we introduce a concept

ex the intended meaning of which is to contain in each world precisely those

objects that are assumed to exist (under the expanding domain assumption) in

this world. By relativizing all concepts and formulas to the concept ex, one can

simulate expanding domains using constant ones. For simplicity, in this section

we shall work with the unimodal language with modal operators 2 and 3. The

results are easily generalized to polymodal logics.

In the proof we shall be using the notion of the modal depth of a formula ',

md(') in symbols. Informally, md(') is the length of the longest chain of nested

modal operators in ' (including those in the concepts and roles occurring in ').

Here is a more precise inductive de�nition:

md(R

i

) = md(C

i

) = 1;

md(C ^D) = maxfmd(C);md(D)g;

md(:C) = md(C);

md(3C) = md(C) + 1;

md(9R:C) = maxfmd(R);md(C)g;

md(3R) = md(2R) = md(R) + 1;

md(a : C) = md(C);

md(aRb) = md(R);

md(C = D) = maxfmd(C);md(D)g;

md(' ^  ) = maxfmd(');md( )g;

md(:') = md(');

md(3') = md(') + 1:

Given a formula ', we de�ne inductively the formula 2

�m

' by taking

2

�0

' = ' and 2

�m+1

' = 2

�m

' ^ 2

m+1

'.

We require as well the notion of the role depth rd(C) of a concept C. It is
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de�ned inductively as follows:

rd(C

i

) = 1;

rd(C ^D) = maxfrd(C); rd(D)g;

rd(:C) = rd(C);

rd(3C) = rd(C);

rd(9R:C) = rd(C) + 1:

Given a concept C we de�ne inductively

role

0

(C) = fCg;

role

m+1

(C) = f8R:D : R occurs in C and D 2 role

m

(C)g;

role

�m

C =

^

frole

n

(C) : n � mg:

Theorem 6.1. Let L be a complete normal modal logic.

(1) If the formula{satisfaction problem for L

ALC

is decidable in models with

constant domain, then it is decidable in models with expanding domains as well.

(2) If the concept{satisfaction problem for L

ALC

is decidable in models with

constant domain, then it is decidable in models with expanding domains as well.

Proof (1) Assuming we are given a formula ', let ex be a concept name having

no occurrences in '. By induction on the construction of a concept C de�ne its

relativization C #ex:

C

i

#ex = C

i

^ ex; C

i

a concept name,

(C ^D)#ex = (C #ex) ^ (D#ex);

(:C)#ex = ex ^ :(C #ex);

(9R:C)#ex = ex ^ 9R:(C #ex);

(3C)#ex = ex ^3(C #ex):

The relativization of ' is then de�ned inductively as follows:

(aRb)#ex = aRb ^ (a : ex) ^ (b : ex);

(a : C)#ex = a : (C #ex);

(C = D)#ex = ((C #ex) = (D#ex));

(:')#ex = :('#ex);

(' ^  )#ex = ('#ex) ^ ( #ex);

(3')#ex = 3('#ex):

Suppose now that F = hW;�i is a frame and m = md('). Then ' is satis�ed

in a model based on F and having expanding domains i� the formula

'

0

= '#ex ^ :(ex = ?) ^ 2

�m

((ex! 2

�1

ex) = > ^

^

a2ob'

a : ex)
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is satis�ed in a model based on F and having constant domains. Indeed, assume

that ' is satis�ed in a model M = hF; Ii with expanding domains and that

I(w) =

D

�

I;w

; R

I;w

0

; : : : ; C

I;w

0

; : : : ; a

I;w

0

; : : :

E

;

for every w 2 W (so that �

I;u

� �

I;v

whenever u � v). Then we construct a

model N = hF; Ji with constant domains by taking

J(w) =

*

[

w2W

�

I;w

; R

I;w

0

; : : : ; C

I;w

0

; : : : ; ex

J;w

; a

I;w

0

; : : :

+

;

where ex

J;w

= �

I;w

. It is readily checked by induction that for any  2 sub'

and any w 2 W , (M; w) j=  i� (N; w) j=  # ex. It follows that '

0

is satis�ed

in N.

Conversely, suppose '

0

is satis�ed in a world v in a model N = hF; Ji with

constant domain and that

J(w) =

D

�; R

J;w

0

; : : : ; C

J;w

0

; : : : ; ex

J;w

; a

J;w

0

; : : :

E

;

for w 2 W . Consider the model M = hF; Ii in which

I(w) =

D

ex

J;w

; R

I;w

0

; : : : ; C

I;w

0

; : : : ; a

J;w

0

; : : :

E

;

where R

I;w

i

and C

I;w

i

are the restrictions of R

J;w

i

and C

J;w

i

to ex

J;w

, respectively,

for every w accessible from v in � m steps, and I(w) = J(w) for all the other

worlds w in F. Since (N; v) j= :(ex = ?), the domains of worlds in M are not

empty, and the conjunct (ex ! 2

�1

ex) = > ensures that they are expanding.

Now, using the fact that the truth-value of ' in v depends only on the worlds

accessible from v in � m steps, one can show by induction that for every  2

sub', (N; v) j=  #ex i� (M; v) j=  .

(2) We only de�ne the required formula: a concept C is satis�able in a model

based on a frame G with expanding domains i�

C # ex ^2

�md(')

role

�rd(')

(ex! 2ex)

is satis�able in a model based on G with constant domain. 2

Our second observation concerns the distinction between models with arbi-

trary constant domain and �nite constant domain. Notice that for most of the

modal description logics considered in this monograph the set of formulas and

concepts satis�able in models with �nite constant domain is properly contained

in the set of those which are satis�able in models with arbitrary constant do-

main. This applies, even for concepts without modalized roles, to all logics listed

in Theorem 6.3 (this follows from the proof of Theorem 5.2 above). As far as

formulas are concerned, this applies to all logics listed in Theorem 6.3 as well,

even when we restrict ourselves to the fragment consisting of formulas without

modalized and global roles (this is proved in [Wolter and Zakharyaschev 1998]).

There are exceptions, however. For example,
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� for S5(m)

ALC

and K(m)

ALC

the set of concepts without modalized roles

satis�able in models with �nite constant domain coincides with those sat-

is�able in models with arbitrary constant domain. This is an easy conse-

quence of the decidability proof for K �K and S5 �K in the previous

chapter;

� for S5(m)

ALC

andK(m)

ALC

the set of formulas without global and modal-

ized roles satis�able in models with �nite constant domain coincides with

those satis�able in models with arbitrary constant domain. This is proved

in [Wolter and Zakhararyaschev 1998].

We note that is an open problem whether for K

ALC

the set of all formulas satis-

�able in models with arbitrary constant domain coincides with those satis�able

in models with �nite constant domain.

In this chapter we consider the satisfaction problem for models with arbitrary

constant domains only. The main reason for this restriction is that much less is

known about the decision problem for models with �nite constant domain. For

example, the following problems are open:

� the satisfaction problem for PDL

ALC

and S5(2)

C

ALC

for concepts without

modalized roles in models with �nite constant domain.

� the satisfaction problem for PDL

ALC

and S5(2)

C

ALC

for formulas without

global and modalized roles in models with �nite constant domain.

It is worth mentioning, however, that some positive results will be obtained

in Chapter 8. For instance, it follows from Theorem 8.7 that for PTL

ALC

the

set of formulas without global and modalized roles satis�able in models with

�nite constant domain is decidable.

Our third observation concerns the reasoning tasks that are regarded to be

important in knowledge representation systems. For description logics with-

out modal operators these are, among others, (relativized) concept satis�ability,

(relativized) subsumption, and instance checking, we refer the reader to the ap-

pendix.

Those tasks can be generalized to the modal context in various ways. Sup-

pose L is a normal modal logic. A knowledge base � is a �nite set of L

ALC

-

formulas.

� Relativized concept satis�ability: � 6j= C = ?, i.e. is there a model hG; Ii

and a world w in it such that G j= L, w j= �, and C

I;w

6= ;.

� Concept satis�ability: 6j= C = ?, i.e. is there a model hG; Ii and a world

w in it such that G j= L and C

I;w

6= ;.

� Global relativized concept satis�ability: � 6j=

�

C = ?, i.e. is there a model

hG; Ii and a world v in it such that G j= L, w j= �, for all worlds w, and

C

I;v

6= ;.

� Relativized subsumption: � j= C � D, i.e. C

I;w

� D

I;w

, for every model

hG; Ii and every world w such that G j= L and w j= �.
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� Subsumption: j= C � D, i.e. C

I;w

� D

I;w

, for every model hG; Ii and

world w in it such that G j= L.

� Global relativized subsumption: � j=

�

C � D, i.e. C

I;v

� D

I;v

, for every

model hG; Ii and every world v such that G j= L and w j= �, for all worlds

w.

� Instance Checking: � j= (a : C), i.e., a

I;w

2 C

I;w

for every model hG; Ii

and world w in it such that G j= L and w j= �.

Observe that we now have two natural but di�erent types of relativized sub-

sumption and satisfaction, a gobal and a local type. In the global case the

knowledge base is assumed to be applied to all worlds in a model while in the

local case we consider one world only. The following should be clear:

Proposition 6.1. Let L be a normal logic.

1. If the formula-satisfaction problem for L

ALC

is decidable, then the (rel-

ativized) concept-satisfaction, the (relativized) subsumption, and the in-

stance checking problem are decidable.

2. If the concept-satisfaction problem for L

ALC

is decidable, then the sub-

sumption problem is decidable.

3. If the global relativized concept-satisfaction problem for L

ALC

is decidable,

then the global relativized subsumption problem is decidable.

Observe, however, that we can't infer from the decidability of the formula-

satisfaction problem the decidability of the global concept-satisfaction problem.

This phenomenon re
ects the fact that there are decidable propositional modal

logics the global consequence relation of which is undecidable, consult the ap-

pendix.

Example 6.2. Theorem 6.5 below states that the formula-satisfaction prob-

lem for K

ALC

is decidable. However, the global relativized concept-satisfaction

problem for K

ALC

is undecidable. This follows from the easily proved fact that

the decision problem for the global consequence associated with the product

K�K (which is undecidable, see e.g. [Marx 1999]) can be reduced to the global

relativized concept-satis�ability problem for K

ALC

.

However, for many logics the global relativized concept-satisfaction problem

can easily be reduced to the formula-satisfaction problem. This applies, for

example, to CPDL, S4, K4, S5

C

n

, and PTL. Here is the reduction for S4: for

any �nite knowledge base � we have � 6j=

�

C = ? i� (2

V

�) ^ :(C = ?) is

satis�able.

Finally, recall that we have introduced the distinction between global and

local symbols. In the models we are going to consider we explicitly distinguish

between global roles and local roles, but we do not work with local names (alias

non-rigid designators) nor global concepts. As far as names are concerned the
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omission of local ones is for notational simplicity only. Every decidability result

we prove holds also when we have non-rigid designators in the language. For

concepts we can even prove a formal result which allows us to reduce global

concepts to local ones. The following theorem says that the addition of global

concepts would not increase the expressive power of our languages.

Theorem 6.2. Let L be a complete a normal logic.

(1) Let C

1

; : : : ; C

k

be a selection of concepts in a formula '. Then ' is

satis�able in a model based on a frame validating L in which C

1

; : : : ; C

k

are

interpreted globally i� the conjunction of ' and

> = 2

�md(')

^

fC

i

! 2C

i

: i � kg ^2

�md(')

^

f:C

i

! 2:C

i

: i � kg

is satis�able in a model based on a frame validating L.

(2) Let C

1

; : : : ; C

k

be a selection of subconcepts of a concept C. Then C

is satis�able in a model based on a frame validating L in which the concepts

C

1

; : : : ; C

k

are interpreted globally i� the conjunction of

C ^ 2

�md(C)

role

�rd(C)

^

fC

i

! 2C

i

: i � kg and

2

�md(')

role

�rd(C)

^

f:C

i

! 2:C

i

: i � kg

is satis�able in a model based on a frame validating L.

6.3 Concept{satis�ability

In this section we are concerned with the satis�ability of concepts without

modalized roles. We are going to prove the following result:

Theorem 6.3. Satis�ability of concepts without modalized roles is decidable for

the following logics:

1. the dynamic logic CPDL

ALC

,

2. the standard logics S4

ALC

, K4

ALC

, S4:t

ALC

, K4:t

ALC

,

3. the epistemic logic S4(n)

C

ALC

, K4(n)

C

ALC

, KD45(n)

C

ALC

, and S5(n)

C

ALC

,

4. the temporal logics PTL

ALC

, Lin

ALC

, LQ

ALC

.

The logics listed in the theorem above are very expressive. CPDL based on

ALC, for example, allows us to represent concepts involving actions.

Example 6.3. Consider atomic actions submit and accept. We can specify the

concept published paper by means of, say,

published paper �




accept

�

�

submitted paper
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and specify submitted paper by

submitted paper �




submit

�

�

manuscript:

The contents of the �rst implication should be interpreted as follows: if an object

is currently a published paper, then there is a state in which it is a submitted

paper and from which the current state is reachable by means of the action

accept. The second implication can be interpreted similarly. Suppose now, that

author of is a global role. Then we can derive from the two sentences above:

9author of:published paper �




(submit; accept)

�

�

9author of:manuscript;

which should be interpreted as follows: if somebody is currently the author of a

published paper, then there is a state in which he is the author of a manuscript

and from which the current state is reachable by means of a submit action

followed by an accept action. CPDL

ALC

is certainly not yet an applicable logic

of action. The main reason is that we can't express in it to which object an

action is applied. In the example above this means that we can't say that accept

is applied to a speci�c submitted paper.

Observe that the logicsCPDL and PTL are not normal modal logics. Thus,

strictly speaking, the underlying languages and models for those logics have not

yet been de�ned. For PTL the de�nition of concepts will be a straightforward

extension of the de�nition above, see De�nition 6.6.

For CPDL

ALC

, however, we face a small problem: we should like to allow

the application of the test operator \?" to concepts in order to form new action

terms and concepts. E.g., we should like to be able to form the action term �

expressing \While C do �" for any concept C and action term �. For a concept

D we can then form the new concept

[�]D

which comprises|in a given state w|all objects x with the property that x

belongs to D whenever the action \While x 2 C do �" is executed in w. The

transition relation T

C?

corresponding to C? is not a relation between states but

between objects within a state. Consequently, the transition relations corre-

sponding to action terms containing tests applied to concepts will not be rela-

tions between states but relations between pairs hw; xi of states and objects, in

general. This makes sense for the interpretation of concepts of the form [�]C.

However, for an action term � containing a test applied to a concept it would

not be possible to interpret the expression [�]', ' a formula, as a closed formula,

since it contains an implicit free variable. In the framework of description logic

we would have to interpret [�]' as a concept. Following this path causes no

problem, in principle, but for simplicity we shall allow the application of [�] to

a formula only under the condition that � contains no tests applied to concepts.

We now give the precise de�nition of the syntax and semantics for the lan-

guage L(CPDL)

ALC

underlying the logic CPDL

ALC

. For simplicity we do not
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consider modalized roles in this language

1

.

De�nition 6.4 (Alphabet). The language L(CPDL)

ALC

has the following

alphabet:

� a set of concept names: C

0

; C

1

; : : : ,

� the booleans: ^, :, >,

� a set of global role names: R

1

; : : : ,

� a set of local role names: S

1

; : : : ,

� action variables: �

1

; �

2

: : : ,

� object names: a

1

; : : : ,

� action term constructors: [ (alternation), ; (composition),

�

(iteration),

? (test),

�

(converse).

De�nition 6.5 (Concept, action term, formula). The de�nition of action

terms, concepts, and formulas L(CPDL)

ALC

is as follows:

� any concept name is a concept.

� if C

1

, C

2

are concepts, then :C

1

and C

1

^ C

2

are concepts.

� if R is a (local or global) role name and C a concept, then 9R:C is a

concept.

� if C is a concept and � an action term, then [�]C is a concept.

� every action variable is an action term.

� if �, � are action terms, then �;�, � [ �, �

�

, and �

�

are action terms.

� if C is a concept, then C? is an action term.

� aRb, a : C, and C = D are formulas.

� if ' and  are formulas, then ' ^  and :' are formulas.

� if � is an action term not containing action terms of the form C? and '

is a formula, then [�]' is a formula.

1

It seems that under any natural de�nition of modalized roles in CPDL

ALC

the satis�a-

bility of concepts with modalized roles would be undecidable, see [Wolter 1999b] for a brief

discussion.
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We obtain models for this language as follows: suppose that F = hW;T

�

1

; : : :i

is a PDL{structure, � is a set of objects, and I is a function associating with

every w 2W an ALC{model

I(w) =

D

�; C

I;w

1

; : : : ; R

I;w

1

; : : : ; S

I;w

1

; : : : ; a

I

1

; : : :

E

;

satisfying the conditions of De�nition 6.2. Then hF; Ii is called a CPDL

ALC

{

model. For any w 2W and concept C the set C

I;w

� �, the relation T

I

�

, � an

action term, and the satisfaction relation j= are de�ned as follows:

� C

I;w

= C

I;w

i

, whenever C = C

i

,

� (C ^D)

I;w

= C

I;w

\D

I;w

,

� (:C)

I;w

= �� C

I;w

,

� (9R:C)

I;w

= fx 2 � : 9y 2 �(xR

I;w

y ^ y 2 C

I;w

)g,

� ([�]C)

I;w

= fx 2 � : 8v 2W (hw; xi T

I

�

hv; xi ) x 2 C

I;v

)g.

� T

I

a

i

= fhhw; xi ; hv; xii : wT

a

i

v; x 2 �g.

� T

I

�;�

= T

I

�

� T

I

�

.

� T

I

�[�

= T

I

�

[ T

I

�

.

� T

I

�

�

= (T

I

�

)

�

.

� T

I

a

�

i

= (T

I

a

i

)

�1

.

� T

I

C?

= fhhw; xi ; hw; xii : x 2 C

I;w

; w 2Wg.

� T

'?

= fhhw; xi ; hw; xii : w j= '; x 2 �g.

� w j= C = D i� C

I;w

= D

I;w

;

� w j= a : C i� a

I;w

2 C

I;w

;

� w j= aRb i� a

I;w

R

I;w

b

I;w

;

� w j= [�]' i� 8v(8x(hw; xi T

�

hv; xi)) v j= ');

� w j= ' ^  i� w j= ' and w j=  ;

� w j= :' i� w 6j= '.

A concept C in L(CPDL)

ALC

is CPDL

ALC

-satis�able i� there exists a model

hF; Ii and a state w in it such that C

I;w

6= ;.

A formula ' in L(CPDL)

ALC

is CPDL

ALC

-satis�able i� there exists a

model hF; Ii and a state w in it such that w j= '.

We are going to prove Theorem 6.3 (1.). Actually, given the decidability of

CPDL �K

m

proved in the previous chapter not much is left to be done. For
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observe that the translation

y

from the modal languageL intoALC de�ned in the

appendix is easily extended to a translation from L

CPDL
L

into L(CPDL)

ALC

by putting

p

y

i

= C

i

;

(' ^  )

y

= '

y

^  

y

;

(:')

y

= :'

y

;

(2

i

')

y

= 8R

i

:'

y

;

([�]')

y

= [�

y

]'

y

;

�

y

i

= �

i

;

(�

f

)

y

= (�

y

)

f

; for f 2 f

�

;

�

g,

(�g�)

y

= �

y

g�

y

; for g 2 f�;[g,

('?)

y

= '

y

?:

Recall that the R

i

are global roles. Now it is readily checked that a formula

' is satis�able in a CPDL �K

m

{model i� '

y

is CPDL

ALC

-satis�able. The

concepts in L(CPDL)

ALC

without local role names just form a syntactic variant

of CPDL �K

m

. We obtain

Corollary 6.1. It is decidable whether a concept C without local and modalized

role names is satis�able in a CPDL

ALC

{model.

Consequently, the only new ingredients of CPDL

ALC

are the local role

names. We are now going to show that local roles can be simulated by means

of concepts and global roles.

For any local role name S take a new concept name reach

S

and a new global

role name R

S

. De�ne the following translation � from the set of arbitrary

concepts and action terms into the set of concepts and action terms containing

global roles only:

�(C

i

) = C

i

;

�(C ^D) = �(C) ^ �(D);

�(:C) = :�(C);

�([�]C) = [�(�)]�(C);

�(9R:C) = 9R:�(C); R is a global role name,

�(9S:C) = 9R

S

:(reach

S

^ �(C)); S is a local role name,

�(�

i

) = �

i

;

�(�

f

) = (�(�))

f

; for f 2 f

�

;

�

g,

�(�g�) = �(�)g�(�); for g 2 f�;[g,

�(C?) = �(C)?:
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Theorem 6.4. A concept C without modalized roles is satis�able in a CPDL

ALC

{

model i� �(C) is satis�able in a CPDL

ALC

{model. It is decidable whether a

concept C without modalized roles is satis�able in a CPDL

ALC

{model.

To prove this theorem we require the following lemma.

Lemma 6.1. If a concept C is satis�able, then it is satis�able in a model hF; Ii

such that for any x 2 � and (global or local) role name R:

jfy 2 � : 9w 2W (yR

I;w

x)gj � 1:

Proof Suppose that C is satis�able in a model hF; Ii. Assume x

0

2 C

I;w

,

F = hW;T

�

1

; : : : ; T

�

n

i, and

I(w) =

D

�; C

I;w

1

; : : : ; R

I;w

1

; : : : ; S

I;w

1

; : : :

E

:

For each S

i

let

R[S

i

]

I

=

[

fS

I;w

i

: w 2 Wg:

Put Q

2i

= R

I;w

i

and Q

2i+1

= R[S

i

]

I

, for i 2 !. We unravel the resulting model

by putting for w 2W :

J(w) =

D

�

0

; C

J;w

1

; : : : ; R

J;w

1

; : : : ; S

J;w

1

; : : :

E

;

where

�

0

= fhx

0

; Q

i

1

; : : : ; Q

i

m

; x

m

i : m 2 !; 8j(1 � j � m) x

j�1

Q

i

j

x

j

)g;

R

J;w

i

is de�ned by putting hx

0

; Q

i

1

; : : : ; Q

i

m

; x

m

iR

J;w

i

x i�

9y (x =

D

x

0

; Q

i

1

; : : : ; Q

i

m

; x

m

; R

I;w

i

; y

E

);

S

J;w

i

is de�ned by putting hx

0

; Q

i

1

; : : : ; Q

i

m

; x

m

iS

J;w

i

x i�

9y (x =




x

0

; Q

i

1

; : : : ; Q

i

m

; x

m

; R[S

i

]

I

; y

�

and x

m

S

I;w

i

y);

and C

J;w

i

is de�ned by putting

hx

0

; Q

i

1

; : : : ; Q

i

m

; x

m

i 2 C

J;w

i

, x

m

2 C

I;w

i

:

Obviously hF; Ji satis�es the condition formulated in Lemma 6.1. By induction

one can prove for every concept D:

hx

0

; Q

i

1

; : : : ; Q

i

m

; x

m

i 2 D

J;w

, x

m

2 D

I;w

:

Hence hx

0

i 2 C

J;w

. 2
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Proof of Theorem 6.4. It su�ces to prove the �rst claim. Suppose �rst that

C is satis�able. Then C is satis�able in a model hF; Ii satisfying the condition

formulated in Lemma 6.1. Let F = hW;T

�

1

; : : : ; T

�

n

i and

I(w) =

D

�; C

I;w

1

; : : : ; R

I;w

1

; : : : ; S

I;w

1

; : : :

E

:

We de�ne a model hF; Ji with

J(w) =

D

�; C

J;w

1

: : : ; reach

J;w

S

1

; : : : ; R

J;w

1

; : : : ; R

J;w

S

1

; : : :

E

by putting:

� for any concept name C

i

not of the form reach

S

:

C

J;w

i

= C

I;w

i

;

� for any concept of the form reach

S

i

:

reach

J;w

S

i

= fx 2 � : 9y 2 � (yS

I;w

i

x)g;

� for any local role S

i

:

R

J;w

S

i

=

[

fS

I;v

i

: v 2Wg;

� for any global role R

i

:

R

J;w

i

= R

I;w

i

:

NowD

I;w

= (�(D))

J;w

, for all conceptsD and w 2 W , follows by induction. We

show the induction step for C = 9S

i

:D: suppose x 2 C

I;w

. Then there exists y

with xS

I;w

i

y and y 2 D

I;w

. By induction hypothesis, xR

J;w

S

i

y, y 2 reach

J;w

S

i

, and

y 2 �(D)

J;w

. Hence y 2 (9R

S

i

:(reach

S

i

^ �(D)))

J;w

.

Conversely, suppose that x 2 �(C)

J;w

. Then we �nd y 2 reach

J;w

S

i

with

xR

J;w

S

i

y and y 2 �(D)

J;w

. By the de�nition of R

J;w

S

i

, there exists v 2 W such

that xS

I;v

i

y, and, by the de�nition of reach

J;w

S

i

, we �nd x

0

with x

0

S

I;w

i

y. By

the condition formulated in Lemma 6.1, x = x

0

and so xS

I;w

i

y. By induction

hypothesis, y 2 D

I;w

, and so we obtain x 2 C

I;w

.

We come to the other direction. Suppose that �(C) is satis�able in a model

hF; Ii of the form

I(w) =

D

�; C

I;w

1

; : : : ; reach

I;w

S

1

; : : : ; R

I;w

1

; : : : ; R

I;w

S

1

; : : :

E

:

De�ne

J(w) =

D

�; C

J;w

1

; : : : ; R

J;w

1

; : : : ; S

J;w

1

; : : :

E

by leaving the interpretations of concepts C

i

and global role namesR

i

unchanged

and putting for any local role name S:

xS

J;w

y , xR

I;w

S

y and y 2 reach

I;w

S

:

Again, D

J;w

= (�(D))

I;w

, for all concepts D and w 2W , follows by induction.

2
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We have proved Theorem 6.3 (1.). Observe that in the proof we did not

make use of any speci�c properties of CPDL. Hence we obtain immediately,

using Theorems 5.6, 5.7, 5.8, and 5.9 from the previous chapter, a proof of the

remaining claims of Theorem 6.3.

Above it was claimed that the de�nition of the language L(PTL)

ALC

un-

derlying PTL

ALC

is a straightforward extension of the de�nition of L

ALC

. To

avoid confusion, we close this section with a precise de�nition of the syntax

and semantics of L(PTL)

ALC

. As in the de�nition of L(CPDL)

ALC

we do not

consider modalized roles.

De�nition 6.6 (language). The concepts, formulas, and roles of L(PTL)

ALC

are de�ned inductively starting from concept names and (global and local) role

names: If R is a role and C, D are concepts, then >, C ^D, :C, CUD, CSD,

and 9R:C are concepts. Atomic formulas are expressions of the form >, C = D,

aRb, a : C, where a and b are object names. All atomic formulas are formulas.

If ' and  are formulas then so are 'U , 'S , :', and ' ^  .

De�nition 6.7 (model). A PTL

ALC

-model with domain � is a pair

M = hhN; <i ; Ii

in which I a function associating with each w 2W an ALC-model

I(w) =

D

�; R

I;w

0

; : : : ; S

I;w

0

; : : : ; C

I;w

0

; : : : ; a

I;w

0

; : : :

E

satisfying the conditions of De�nition 6.2.

De�nition 6.8 (satisfaction). Given a PTL

ALC

-model M = hhN; <i ; Ii and

a \world" w in it, the values C

I;w

and R

I;w

and the satisfaction relation j= are

computed inductively according to the rules of De�nition 6.3 and the following

clauses:

1. x 2 (CUD)

I;w

i� there is v > w such that x 2 D

I;v

and x 2 C

I;u

for

every u in the interval (w; v) = fu 2 N : w < u < vg;

2. x 2 (CSD)

I;w

i� there is v < w such that x 2 D

I;v

and x 2 C

I;u

for every

u 2 (v; w);

3. w j=  U� i� there is v > w such that v j= � and u j=  for every

u 2 (w; v);

4. w j=  S� i� there is v < w such that v j= � and u j=  for every

u 2 (v; w).

A concept C in L(PTL)

ALC

is PTL

ALC

-satis�able i� there exists a PTL

ALC

-

model M and a state w in it such that C

I;w

6= ;.

A formula ' in L(PTL)

ALC

is PTL

ALC

-satis�able i� there exists a model

W and a state w in it such that w j= '.



142 CHAPTER 6. MODAL DESCRIPTION LOGICS

6.4 General formula{satis�ability

In this section we consider the formula{satisfaction problem for languages with

modal operators applied to concepts, roles, and formulas. We will allow global

and local roles. Thus, we consider the most di�cult satisfaction problem for

the most expressive combination of modal and description logics introduced.

The price we have to pay for this high expressive power is that only a limited

number of logics in this language enjoy decidability. We will show, for instance,

that the satisfaction problems for formulas with global roles for PTL

ALC

(even

in the language with the temporal operator [always] only) and S5(2)

C

ALC

are

undecidable. Here is the positive result we are going to establish:

Theorem 6.5. Formula-satis�ability is decidable for

1. K(n)

ALC

, for all n � 1.

2. S5(n)

ALC

, for all n � 1.

To simplify presentation, we will be considering �rst description logics with

only one modal operator and only local roles. Then we will generalize the

obtained results to systems of multimodal description logic with both local and

global roles.

The organization of this section is as follows: in Section 6.4.1 we represent

L

ALC

-models in the form of quasimodels and then, in Section 6.4.2, show that

these quasimodels can be constructed like mosaics from a �nite number of �nite

pattern pieces (which are called blocks). Section 6.4.3 proves Theorem 6.5.

A number of notions|types, quasimodels, runs, blocks, etc.| which were

introduced in the previous chapter will be used here as well. While their role

in the present decidability proof is quite similar to the role they played in the

proof of the previous chapter, the de�nitions do not coincide. The de�nitions of

the present chapter overwrite the de�nitions of the previous chapter. The use of

the same name for di�erent objects in di�erent chapters turns out to be rather

helpful, since they help clarifying the similarities (and the di�erences) between

the decidability proofs. These remarks also apply to the notation used in the

next two chapters.

We require the following result which can be proved in the same manner as

Theorem 5.3.

Lemma 6.2. Every formula satis�able in a K(m)

ALC

{model is satis�ed in a

K(m)

ALC

{model based on an intransitive tree of depth � md(') (but possibly

with in�nitely many branches).

6.4.1 Quasimodels

Let us �x an arbitrary L

ALC

-formula '. In general, L

ALC

-models are rather

complex structures with rich interactions between worlds, concepts and roles.

That is why standard methods of establishing decidability (say, �ltration) do

not go through for them. The idea is again to factorize the models modulo ' in
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such a way that the resulting structures can be constructed as mosaics from a

�nite number of relatively small blocks.

To introduce the notion of a quasimodel, we require a number of auxiliary

de�nitions.

De�nition 6.9 (types). A concept type for ' is a subset t of con' such that

� C ^D 2 t i� C;D 2 t, for every C ^D 2 con';

� :C 2 t i� C =2 t, for every :C 2 con'.

A named concept type is the pair t

a

= ht; ai in which t is a concept type and

a 2 ob'. A formula type for ' is a subset � of sub' such that

�  ^ � 2 � i�  ; � 2 �, for every  ^ � 2 sub';

� : 2 � i�  =2 �, for every : 2 sub'.

A named formula type is the pair �

a

= h�; ai in which � is a formula type and

a 2 ob'. Finally, by a type for ' we will mean the pair � = (t;�), t a concept

type and � a formula type for '; �

a

= (t

a

;�

a

) is a named type for '.

To simplify notation we will write C 2 � and  2 � whenever � = (t;�),

C 2 t and  2 � (in case of named types C 2 �

a

and  2 �

a

mean that

�

a

= ht

a

;�

a

i, t

a

= ht; ai, �

a

= h�; ai, and C 2 t,  2 �). This should not

cause any ambiguity. Two types �

1

= (t

1

;�

1

) and �

2

= (t

2

;�

2

) are said to be

formula-equivalent if �

1

= �

2

.

De�nition 6.10 (type tree). By a type tree for ' we mean a structure of the

form T = hT;<i, where T is a �nite set of labelled types for ' (so that one type

may have many occurrences in T with di�erent labels) and < an intransitive

tree order on T such that

(a) for all � 2 T and 3C 2 con', we have 3C 2 � i� 9�

0

> � C 2 �

0

;

(b) for all � 2 T and 3 2 sub', we have 3 2 � i� 9�

0

> �  2 �

0

;

(c) T is of depth � md(');

(d) if � < �

0

, � < �

00

and �

0

6= �

00

then the subtrees of T generated by �

0

and

�

00

are not isomorphic.

Type trees are intended to represent the \behavior" of a single object in

standard models modulo '.

It should be clear that there exist at most N

d

(') pairwise non-isomorphic

type trees of depth d, where

N

1

(') = 2

jcon'j

� 2

jsub'j

; N

n+1

(') = 2

jcon'j

� 2

jsub'j

� 2

N

n

(')

:

So the number of types in each type tree for ' does not exceed

](') = 1 +

md(')�1

X

i=1

Y

0<j�i

N

md(')�j

(') � (N

md(')

('))

md(')

:
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De�nition 6.11 (type forest). Let � be a non-empty set. A type forest of

depth m over � is a set

F = fT

x

: x 2 �g;

where all T

x

= hT

x

; <

x

i are type trees for ' of the same depth m, and T

a

, for

every a 2 � \ ob', consists of only named types of the form �

a

.

To represent worlds in models with their inner complex structure we require

the following de�nition.

De�nition 6.12 (run). A run of co-depth d through a type forest F = fT

x

:

x 2 �g over � is a pair of the form

r = h�

r

; fR

r

: R 2 rol'gi

in which �

r

is a set containing precisely one type r(x) 2 T

x

of co-depth d for

every x 2 � (so that �

r

= fr(x) : x 2 �g) and R

r

� �

r

��

r

such that:

(e) all types in �

r

are formula-equivalent to each other;

(f) 9R:C 2 r(x) i� 9y 2 � (r(x)R

r

r(y) & C 2 r(y)), for every 9R:C 2 con';

(g) C = D 2 r(x) i� 8y 2 � (C 2 r(y), D 2 r(y)), for every C = D 2 sub';

(h) a : C 2 r(x) i� C 2 r(a), for every a : C 2 sub', provided that a 2 �;

(i) aRb 2 r(x) i� r(a)R

r

r(b), for every aRb 2 sub', provided that a; b 2 �.

If only the (()-part of (f) holds, we call r a weak run of co-depth d. And if

a weak run r satis�es (f) for some particular x in �, then r is called a weak

x-saturated run of co-depth d. Instead of  2 r(x) we will write r j=  .

De�nition 6.13 (quasimodel). A triple m = hF;R;�i is a quasimodel for '

if F is a type forest of depth m � md(') for ' over some � � ob', R a set of

runs through F and � is an intransitive tree order on R such that the following

conditions hold:

(j) for every d � m, the set R

d

of runs of co-depth d in R is non-empty;

(k) for any r; r

0

2 R, if r � r

0

then r(x) <

x

r

0

(x) for all x 2 �;

(l) for all r 2 R

d

, x 2 �, and � 2 T

x

, if r(x) <

x

� then there is r

0

2 R

d+1

such that r

0

(x) = � and r � r

0

;

(m) for all x; y 2 �, d � m, 3R 2 rol', and r 2 R

d

, we have r(x)(3R)

r

r(y)

i� 9r

0

� r r

0

(x)R

r

0

r

0

(y);

(n) for all x; y 2 �, d � m, 2R 2 rol', and r 2 R

d

, we have r(x)(2R)

r

r(y)

i� 8r

0

� r r

0

(x)R

r

0

r

0

(y).

We say m satis�es ' if r j= ' for some r 2 R.



6.4. GENERAL FORMULA{SATISFIABILITY 145

Remark 6.2. It follows from (l) that for all r 2 R, x; y 2 �, the types r(x) and

r(y) are of the same depth in, respectively, T

x

and T

y

.

Theorem 6.6. A formula ' is satis�ed in an L

ALC

-model i� ' is satis�ed in

some quasimodel for '.

Proof (() Suppose ' is satis�ed in a quasimodel m = hF;R;�i over domain

�. Construct a standard model M = hG; Ii based on a frame G = hW;�i by

taking:

W =

[

R; I(r) =

D

�; R

I;r

0

; : : : ; C

I;r

0

; : : : ; a

I;r

0

; : : :

E

; for r 2 R;

xR

I;r

i

y i� r(x)(R

i

)

r

r(y); x 2 C

I;r

i

i� C

i

2 r(x); a

I;r

i

= a

i

:

By a straightforward induction on the construction of concepts, roles and for-

mulas one can check that for all C 2 con', R 2 rol',  2 sub', x; y 2 �, we

have:

xR

I;r

y i� r(x)R

r

r(y);

x 2 C

I;r

i� C 2 r(x);

(M; r) j=  i� (m; r) j=  :

()) Suppose now thatM = hG; Ii is a model with domain � � ob' satisfy-

ing '. In view of Lemma 6.2, we may assume that G = hW;<i is an intransitive

tree of depth � md('). For every pair x 2 �, w 2W , let

t(x;w) = fC 2 con' : x 2 C

I;w

g;

�(w) = f 2 sub' : w j=  g;

�(x;w) = (t(x;w);�(w)):

Clearly, �(x;w) is a type for '; �(a; w) is regarded to be a type named by a, for

a 2 ob'. Fix some x 2 � and de�ne an equivalence relation u �

x

v for u; v 2 W

by induction on depth:

� if d(u) = d(v) = 1 then u �

x

v i� �(x; u) = �(x; v);

� if d(u) = d(v) = d+ 1 then u �

x

v i�

{ �(x; u) = �(x; v),

{ 8w > u9w

0

> v w �

x

w

0

,

{ 8w

0

> v9w > u w �

x

w

0

.

Let [u]

x

denote the �

x

-equivalence class generated by u. We construct a type

tree T

x

= hT

x

; <

x

i by induction. First we put �(x;w

0

) in T

x

, w

0

the root of G.

Suppose now that we have already put the type �(x; u) in T

x

and are looking for

its successors. Then we take all non-empty sets of the form [v]

x

\ fw : w > ug

and select one representative in each of them; it will be called the trace of all
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the worlds in the set. All the selected traces are put into T

x

as <

x

-successors

of �(x; u). Clearly, T

x

is a type tree, and so F = fT

x

: x 2 �g is a type forest.

To construct runs through F, we require the following inductive extension of

the notion of trace. Let u be the trace of u

0

in T

x

and v

0

> u

0

. Then we take

the (unique) v > u such that v 2 T

x

, v �

x

v

0

and declare it to be the trace of v

0

in T

x

. Thus every world in W has its trace in T

x

. Moreover, if u < v, u

x

is the

trace of u and v

x

the trace of v in T

x

, then u

x

< v

x

.

Now, with every world v 2W we associate the pair

r

v

= h�

r

v

; fR

r

v

: R 2 rol'gi

by taking r

v

(x) = �(x; v

x

), where v

x

is the trace of v in T

x

, and r

v

(x)R

r

v

r

v

(y)

i� xR

I;v

y. It should be clear that r

v

is a run through F.

Finally, we put R = fr

w

: w 2 Wg and, for all r; r

0

2 R, de�ne r � r

0

i�

there are u; v 2 W such that u < v, r = r

u

and r

0

= r

v

. Let us show that

m = hF;R;�i is a quasimodel for '.

It should be clear that condition (j) holds. To prove (k), suppose r�r

0

. This

means that there are u; v 2 W for which u < v, r = r

u

and r

0

= r

v

. Take any

x 2 �. Let u

x

and v

x

be the traces in T

x

of u and v, respectively. Then, as we

know, u

x

< v

x

and so r(x) <

x

r

0

(x).

Let us now consider (l). Suppose r

u

(x) <

x

�(x; v). Then u

x

< v in G. As

u �

x

u

x

, there is w 2 W such that u < w and w �

x

v. By de�nition, v is the

trace of w. It follows that r

u

� r

w

and r

w

(x) = �(x; v).

Of conditions (m) and (n) we check only the latter; the former is treated

analogously. Suppose that r(x)(2R)

r

r(y) and r

0

� r. Then we have some v > u

such that r

0

= r

v

, r = r

u

, x(2R)

I;u

y, and so xR

I;v

y. It follows by de�nition that

r

v

(x)R

r

v

r

v

(y). Conversely, suppose that r

0

(x)R

r

0

r

0

(y) holds for every r

0

�r, but

r(x)(2R)

r

r(y) does not hold. Let r = r

u

for some u 2 W . Then :x(2R)

I;u

y,

and so :xR

I;v

y for some v > u. Therefore, r

v

� r

u

and r

v

(x)R

r

v

r

v

(y) does not

hold, which is a contradiction. 2

Suppose m = hF;R;�i is a quasimodel (for ') over �, x 2 �, R 2 rol'

and R = MR

i

for some (possibly empty) string M of 3 and 2, R

i

a role name.

Consider the type tree T

x

= hT

x

; <

x

i as a usual Kripke frame. If we have

(T

x

; r(x)) j= M?, for r 2 R, then let us say that R is r-universal. This name is

explained by the fact that if R is r-universal then R

r

= �

r

��

r

, which can be

easily established by induction on the length of the string M.

We also say that objects y; z 2 � are twins relative to x 2 � if (i) T

y

and

T

z

are isomorphic, and (ii) for all r 2 R and R 2 rol', we have r(y) = r(z) and

r(x)R

r

r(y) i� r(x)R

r

r(z).

Lemma 6.3. Every satis�able L

ALC

-formula ' is satis�ed in a quasimodel

m

�

= hF

�

;R

�

;�

�

i for ' over some �

�

such that the following conditions hold:

� for any distinct x; y 2 �

�

, the object y has in�nitely many twins relative

to x;
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� fhx; yi : x; y =2 ob'; 9R9r 2 R

�

(r(x)R

r

r(y) & R is not r-universal)g is

an intransitive forest order on the set �� ob'.

Proof Suppose ' is satis�ed in a quasimodel m = hF;R;�i for ' over �.

For each x 2 � we take an in�nite set X

x

containing x so that X

y

\ X

z

= ;

whenever y 6= z. For every y 2 X

x

let T

y

be an isomorphic copy of T

x

, and

let �

0

=

S

fX

x

: x 2 �g. Thus we have got a type forest F

0

over �

0

. Now we

extend every run r 2 R to a run r

0

through F

0

simply by taking r

0

(y) = r(x)

for all y 2 X

x

, and r

0

(y

0

)R

r

0

r

0

(z

0

) i� r(y)R

r

r(z), for all y

0

2 X

y

, z

0

2 X

z

.

The resulting set of runs is denoted by R

0

; we put r

0

1

�

0

r

0

2

i� r

1

� r

2

, for all

r

1

; r

2

2 R. It is readily seen that m

0

= hF

0

;R

0

;�

0

i is a quasimodel satisfying '

and the former condition of the lemma. To satisfy the latter, we apply to m

0

the unraveling technique.

Denote by �

�

the set of all �nite n-tuples hx

1

; : : : ; x

n

i of objects in �

0

,

n < !, such that x

i

=2 ob' for i 6= 1, and let T

hx

1

;::: ;x

n

i

= T

x

n

, which yields us

a type forest F

�

over �

�

. Given a run r 2 R

0

, we construct r

�

by taking

r

�

(hx

1

; : : : ; x

n

i) = r(x

n

)

and, for every R 2 rol', r

�

(hx

1

; : : : ; x

n

i)R

r

�

r

�

(hy

1

; : : : ; y

m

i) i� either R is r-

universal or hx

1

; : : : ; x

n

i = hy

1

; : : : ; y

m�1

i and r(x

n

)R

r

r(y

m

). It is not hard to

check that r

�

is a run through F

�

. Finally, we put r

�

1

�

�

r

�

2

i� r

1

�

0

r

2

, for all

r

1

; r

2

2 R

0

. The structure m

�

= hF

�

;R

�

;�

�

i is then a quasimodel satisfying '

and both conditions of the lemma as well. 2

6.4.2 Constructing mosaics

We are in a position now to show that a formula ' is satis�able i� one can

construct a (possibly in�nite) quasimodel satisfying ' out of a �nite set of �nite

pattern blocks.

De�nition 6.14 (block). Let F be a type forest for ' of depth m over a �nite

� which is disjoint from ob', x 2 �, R a set of weak x-saturated runs through

F such that

fhx; yi : 9R 2 rol'9r 2 R (r(x)R

r

r(y) & R is not r-universal)g

is an intransitive tree order on � with root x, and let � be a binary relation

on R. We say b = hF;R;�i is a T

x

-block for ' if it satis�es conditions (j){(n).

The tree T

x

is called then the root of b.

De�nition 6.15 (kernel block). A kernel block over ob' 6= ; is a structure

of the form b

o

= hF

o

;R

o

;�

o

i in which F

o

is a type forest over ob' of depth m

(it contains only type trees named by elements in ob'), R

o

a set of weak runs

through F

o

and �

o

an intransitive tree order on R

o

satisfying (j){(n).

De�nition 6.16 (satisfying set). A non-empty set of blocks S for ' is called

a satisfying set for ' if
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(o) S contains one kernel block for ' whenever ob' 6= ;;

(p) in every block hF;R;�i 2 S there is r 2 R such that r j= ';

(q) for every hF;R;�i in S and every T

x

2 F, there is precisely one T

x

-block

in S;

(r) if ob' 6= ; then, for every T

a

2 F

o

, there is precisely one T

x

-block in S

such that T

a

is isomorphic to T

x

(but types in T

x

are not named).

Theorem 6.7. A L

ALC

-formula ' is satis�able i� there is a satisfying set for

' the domain of each (non-kernel) block in which contains at most

](') � jcon'j � (md(') + 1) + 1

objects.

Proof ()) Suppose ' is satis�able. Then there is a quasimodel hF;R;�i

satisfying ' and meeting the conditions of Lemma 6.3. Let R =

S

m

i=1

R

i

for

some m � md' (we remind the reader that R

i

is the set of runs in R of co-

depth i). With every type tree T

x

= hT

x

; <

x

i, for x 2 �� ob', we are going to

associate a T

x

-block b

x

= hF

x

;R

x

;�

x

i.

We begin the construction by de�ning auxiliary sets of runs Q

i

, for i � m.

Let Q

1

consist of the unique run in R

1

. Now suppose Q

k

has been constructed.

Then for every run r 2 Q

k

and every � >

x

r(x), we select (in accordance with

(l)) one run r

0

2 R

k+1

such that r � r

0

, r

0

(x) = � and add it to Q

k+1

. Thus

�

�

�

�

�

m

[

i=1

Q

i

�

�

�

�

�

� ]('):

To construct b

x

, we �rst de�ne its domain �

x

. For every r 2 Q

k

, k � m, and

every R 2 rol' with 9R:C 2 r(x) we select (by Lemma 6.3 and (f)) n = m+ 1

twins y

1

; : : : ; y

n

2 � relative to x such that C 2 r(y

i

) and r(x)R

r

r(y

i

), i 2

[1; n].

2

Without loss of generality we may assume that, for every pair r 2 Q

k

and R 2 rol' with 9R:C 2 r(x), we choose a new n-tuple of twins. All these

objects together with x form �

x

. And then we take F

x

= fT

z

: z 2 �

x

g. So

j�

x

j = jF

x

j � ](') � jcon'j � (md(') + 1) + 1:

According to Lemma 6.3 we may assume that for every run r 2 R and every

R 2 rol('), we have:

� if (T

x

; r(x)) 6j= M? then, for all y; z 2 �

x

, r(z)R

r

r(y) implies z = x and

x 6= y;

� if (T

x

; r(x)) j= M? then R

r

= �

r

��

r

.

2

Here and below [i; j] = fi; i+ 1; : : : ; jg, (i; j] = fi+ 1; : : : ; jg.
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Given runs r; r

0

2 R

d

such that r(x) = r

0

(x) and given an object y 2 �

x

di�erent from x, construct a run s = r(y) + r

0

by taking, for every z 2 �

x

,

s(z) =

�

r(y) if z = y,

r

0

(z) otherwise

and by de�ning R

s

� �

x

s

��

x

s

, for every R 2 rol', as follows:

� R

s

= �

x

s

��

x

s

whenever R is r-universal (and so r

0

-universal as well),

� s(x)R

s

s(z) i� z = y and r(x)R

r

r(z), or z 6= y and r

0

(x)R

r

0

r

0

(z), otherwise.

It should be clear that

s = h�

x

s

; fR

s

: R 2 rol'gi

is a weak run of co-depth d through F

x

which behaves like r on the pair x; y

and like r

0

on other pairs.

Now let us construct sets Q

1

x

; : : : ;Q

m

x

. To begin with, we put Q

i

� Q

i

x

, for

i 2 [1;m], and Q

1

x

= Q

1

.

Suppose now that d 2 (1;m], y

1

; : : : ; y

l

are distinct objects in �

x

for some

l 2 [0; d], x 6= y

i

, r

1

; : : : ; r

l

2 R

d

, r 2 Q

d

, and r

i

(x) = r(x), for all i 2 [1; l].

Then we form the weak run

s = r

1

(y

1

) + (r

2

(y

2

) + (� � �+ (r

l

(y

l

) + r) : : : )) (6.1)

and add it to Q

d

x

. Since r 2 Q

d

and l < n, the restriction of s to �

x

is an

x-saturated weak run of co-depth d through F

x

.

Let R

i

x

, i 2 [1;m], consist of the restrictions of runs in Q

i

x

to �

x

, and let

R

x

=

m

[

i=1

R

i

x

:

Finally, given two weak x-saturated runs s and s

0

of, respectively, the form (6.1)

and

s

0

= r

0

1

(y

0

1

) + (r

0

2

(y

0

2

) + (� � �+ (r

0

k

(y

0

k

) + r

0

) : : : )) (6.2)

such that s 2 R

d

x

, s

0

2 R

d+1

x

, we put s �

x

s

0

i� l � k, y

i

= y

0

i

and r

i

� r

0

i

for

i 2 [1; l], r � r

0

j

for j 2 [l + 1; k], and r � r

0

.

Let us prove that the constructed triple b

x

= hF

x

;R

x

;�

x

i is a T

x

-block.

Clearly, it satis�es (j) and (k).

(l) Suppose s of the form (6.1) is in R

d

x

, z 2 �

x

, � 2 T

z

and s(z) <

z

� .

Case 1: z = y

i

for some i 2 [1; l]. By (l) we have r

0

i

2 R

d+1

such that r

i

� r

0

i

and r

0

i

(y

i

) = � . For j 6= i we take, again by (l), r

0

j

� r

j

in R

d+1

such that

r

0

j

(x) = r

0

i

(x). And by the de�nition of Q

d+1

, in this set we have some r

0

� r

with r

0

(x) = r

0

i

(x). Then (the restriction of)

s

0

= r

0

1

(y

1

) + (r

0

2

(y

2

) + (� � �+ (r

0

l

(y

l

) + r

0

) : : : ))
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is in R

d+1

x

, s

0

(z) = r

0

i

(y

i

) = � and s�

x

s

0

.

Case 2: z 6= y

i

for any i 2 [1; l]. By (l) we select a run r

0

l+1

� r in R

d+1

such that r

0

l+1

(z) = � . Then we choose runs r

0

i

� r

i

in R

d+1

, i 2 [1; l], with

r

0

i

(x) = r

0

l+1

(x), and �nally, we take in Q

d+1

a run r

0

� r with r

0

(x) = r

0

l+1

(x).

Then

s

0

= r

0

1

(y

1

) + (r

0

2

(y

2

) + (� � �+ (r

0

l+1

(y

l+1

) + r

0

) : : : ))

is in R

d+1

x

, s

0

(z) = r

0

l+1

(z) = � and s�

x

s

0

.

(m) Suppose s 2 R

d

x

is of the form (6.1) and s(x)(3R)

s

s(z), for some z 2 �

x

.

Let us assume �rst that 3R is not s-universal.

Case 1: z = y

i

for some i 2 [1; l]. By (m) we have a run r

0

i

� r

i

in R

d+1

such

that r

0

i

(x)R

r

0

i

r

0

i

(y

i

). For j 6= i we select by (l) a run r

0

j

� r

j

in R

d+1

such that

r

0

j

(x) = r

0

i

(x). And we also take in Q

d+1

a run r

0

� r with r

0

(x) = r

0

i

(x). Then

s

0

= r

0

1

(y

1

) + (r

0

2

(y

2

) + (� � �+ (r

0

l

(y

l

) + r

0

) : : : ))

is in R

d+1

x

, s�

x

s

0

and s

0

(x)R

s

0

s

0

(z).

Case 2: z 6= y

i

for any i 2 [1; l]. By (m) we have a run r

0

l+1

� r in R

d+1

such

that r

0

l+1

(x)R

r

0

l+1

r

0

l+1

(z). Then we choose runs r

0

i

� r

i

in R

d+1

, i 2 [1; l] with

r

0

i

(x) = r

0

l+1

(x), and also we take in Q

d+1

a run r

0

� r with r

0

(x) = r

0

l+1

(x).

And then

s

0

= r

0

1

(y

1

) + (r

0

2

(y

2

) + (� � �+ (r

0

l+1

(y

l+1

) + r

0

) : : : ))

is in R

d+1

x

, s�

x

s

0

and s

0

(x)R

s

0

s

0

(z).

Assume now that 3R is s-universal and s(y)(3R)

s

s(z), y; z 2 �

x

, s being of

the form (6.1). Then3R is r

i

- and r-universal too. Suppose R = MR

j

, R

j

a role

name. Then there exists � 2 T

x

such that r(x) <

x

� and (T

x

; �) j= M?. Take

r

0

�r in Q

d+1

such that r

0

(x) = r(x) and also r

0

i

�r

i

in R

d+1

with r

0

i

(x) = r

i

(x).

Then

s

0

= r

0

1

(y

1

) + (r

0

2

(y

2

) + (� � �+ (r

0

l

(y

l

) + r

0

) : : : ))

is in R

d+1

x

, s�

x

s

0

and R is s-universal.

Thus we have proved the ())-part of (m). To show the converse, suppose

s and s

0

are of the form (6.1) and (6.2), respectively, s�

x

s

0

and s

0

(x)R

s

0

s

0

(z),

for some 3R 2 rol' that is not s-universal.

If z = y

i

, for some i 2 [1; l], then we have r

i

� r

0

i

and so, in view of (m),

r

i

(x)(3R)

r

i

r

i

(z), from which s(x)(3R)

s

s(z). Let z = y

j

for j 2 [l+1; k]. Then

r� r

j

, r(x)(3R)

r

r(z) and so s(x)(3R)

s

s(z). Finally, if z 6= y

i

for any i 2 [1; k]

then r � r

0

, and we again have r(x)(3R)

r

r(z), from which s(x)(3R)

s

s(z).

The case of s-universal 3R is trivial.

(n) is treated similarly to (m).

It remains to construct a kernel block b

o

= hF

o

;R

o

;�

o

i for ' provided that

ob' 6= ;. Let F

o

= fT

a

: a 2 ob'g, let R

o

contain the restrictions of runs in R

to F

o

(now they become weak runs), and let r

1

�F

o

�

o

r

2

�F

o

i� r

1

� r

2

, for all

r

1

; r

2

2 R. It is readily seen that b

o

is a kernel block for '.
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(() Let S be a satisfying set for '. We are going to construct a quasimodel

m = hF;R;�i satisfying ' as a limit of a sequence of structuresm

i

= hF

i

;R

i

;�

i

i

over some domains �

i

, i � 0.

Step 1. Let �

0

= ;, m

1

= b

o

if ob' 6= ; and let m

1

be some other block in

S if ob' = ;, �

1

being the domain of m

1

.

Step n � 1. For every x 2 �

n

� �

n�1

, x =2 ob', we take the T

x

-block

b

x

= hF

x

;R

x

;�

x

i 2 S over �

x

. And if x 2 ob', we take a T

y

-block b

y

in S

such that T

y

is an isomorphic copy of T

a

and replace T

y

in it with T

a

. Without

loss of generality we may assume that all �

x

, the domains of the selected blocks,

are disjoint from each other and �

x

\ �

n

= fxg. We then de�ne �

n+1

to be

the union of �

n

and the domains �

x

of the selected blocks. F

n+1

is the set of

the corresponding type trees.

Now, suppose that we have weak runs r 2 R

n

and r

x

2 R

x

, for every

x 2 �

n

� �

n�1

, such that r(x) = r

x

(x). Then we construct a weak run

s = [r;[r

x

], called an extension of r, by taking s = h�

s

; fR

s

: R 2 rol'gi,

where

s(z) =

�

r(z) if z 2 �

n

,

r

x

(z) if z 2 �

x

,

R

s

= �

s

��

s

if R is r- or r

x

-universal for some x 2 �

n

��

n�1

and

s(y)R

s

s(z) i�

�

r(y)R

r

r(z) if y; z 2 �

n

,

r

x

(y)R

r

x

r

x

(z) if y; z 2 �

x

otherwise. The set of all weak runs of this sort is denoted by R

n+1

. And �nally,

let us put [r;[r

x

] �

n+1

[r

0

;[r

0

x

] i� r � r

0

and r

x

�

x

r

0

x

for all x 2 �

n

��

n�1

.

This de�nes m

n+1

. It is easily seen that it satis�es conditions (g){(n) and (e).

Step !. Finally, we de�ne � and F to be the unions of all �

i

and F

i

for

i < !, respectively. For every sequence of weak runs � = r

1

; r

2

; : : : such that

r

i+1

2 R

i+1

is an extension of r

i

2 R

i

, we de�ne a run r

�

by taking

�

r

�

=

[

f�

r

i

: r

i

2 �g;

R

r

�

= �

r

�

��

r

�

if R

r

i

is r

i

-universal for some i < ! and

R

r

�

=

[

fR

r

i

: r

i

2 �g

otherwise. Clearly, r

�

is a run through F. Let R be the set of all runs of that

sort. And for runs r

�

, r

�

0

(�

0

= r

0

1

; r

0

2

; : : : ) in R we put r

�

� r

�

0

i� r

i

�

i

r

0

i

for

all i < !.

It is not hard to see that m is a quasimodel for '. 2

6.4.3 Decidability

Since one can e�ectively check, given a unimodal L

ALC

-formula ' without global

roles, whether there exists a satisfying set for ', as an immediate consequence of

Theorem 6.7 we obtain a proof of Theorem 6.5 (1.) for n = 1 and for formulas
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not containing global roles. It should be noted, however, that the obvious

\brute-force" algorithm is extremely complex, it is even non-elementary

3

. It is

not hard to adopt the developed technique for proving Theorem 6.5 (2.) for

n = 1 and formulas not containing global roles: we sketch here only the most

important modi�cations of the proof above for the case of S5-frames. First of

all, instead of type trees we use now type clusters C which are simply sets of

distinct types for a given formula ' such that

� 8� 2 C83C 2 con' (3C 2 � , 9�

0

2 C C 2 �

0

);

� 8� 2 C83 2 sub' (3 2 � , 9�

0

2 C  2 �

0

).

A type forest consists now of type clusters. And quasimodels have the form

m = hF;Ri, where F is a type forest over some � � ob', and R a set of runs

through F such that:

� 8x 2 �8� 2 C

x

9r 2 R r(x) = � ;

� for all x; y 2 �, 3R 2 rol', and r 2 R, we have r(x)(3R)

r

r(y) i�

9r

0

2 R r

0

(x)R

r

0

r

0

(y);

� for all x; y 2 �, 2R 2 rol', and r 2 R, we have r(x)(3R)

r

r(y) i�

8r

0

2 R r

0

(x)R

r

0

r

0

(y).

The remaining part of the proof is similar to that of Theorem 6.7. It may be

worth noting that now to construct �

x

only two twins y

1

; y

2

are enough.

It is straightforward as well to modify the proofs above in order to show

Theorem 6.5 for n = 1 and arbitrary formulas (possibly containing global roles).

Namely, for every global role we require in the de�nition of quasimodels that

r(x)R

r

r(y) implies r

0

(x)R

r

0

r

0

(y) for all x; y 2 �, and r; r

0

2 R; in other words,

global roles correspond to binary relations between type trees.

We have delivered the proof of Theorem 6.5 for unimodalK and S5 only. The

generalization to polymodal K is straightforward, even the details are not more

complex in the polymodal case. The generalization to polymodal S5 is more

tedious since the notion of a quasistate becomes considerably more complex. We

will not give the proof here, however, since the generalization is conceptually

simple and since no new ideas are required.

6.5 Restricted formula-satis�ability

We consider the satisfaction problem for formulas without modalized and global

roles. It turns out that in this case decidability can be proved for description

logics which are considerably more expressive than ALC. We shall formulate

the results here for the very expressive language CIQ, the reader should consult

the appendix for a discussion of this language.

3

The complexity of the satisfaction problem for L

ALC

-formulas remains open. Recall that

even for K�K|which is embedded in our logic|no elementary algorithm is known.
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The languages L

CIQ

, L(PTL)

CIQ

, and L(CPDL)

CIQ

are obtained from

L

ALC

, L(PTL)

ALC

, and L(CPDL)

ALC

, respectively, by admitting the use of

arbitrary CIQ-concepts instead of ALC-concepts only.

Theorem 6.8. Satis�ability of formulas without global roles and modalized roles

is decidable for the following logics:

1. the dynamic logic CPDL

CIQ

,

2. the standard logics S4

CIQ

, K4

CIQ

, S4:t

CIQ

, K4:t

CIQ

,

3. the epistemic logic S5(n)

C

CIQ

, K4(n)

C

CIQ

, S4(n)

C

CIQ

, KD45(n)

C

CIQ

,

4. the temporal logics PTL

CIQ

, Lin

CIQ

, LQ

CIQ

.

We omit the proof. A direct proof of Theorem 6.8 (4.) can be found in

[Wolter and Zakharyaschev 1999e]. But (4.) also follows from the investiga-

tion of the decidability of fragments of �rst-order temporal logics in Chapter 8,

see Theorem 8.14. The embeddings discussed in Chapter 5 are easily general-

ized to embeddings of the logics S4

CIQ

, K4

CIQ

, S4:t

CIQ

, K4:t

CIQ

, S5(n)

C

CIQ

,

K4(n)

C

CIQ

, S4(n)

C

CIQ

, and KD45(n)

C

CIQ

into CPDL

CIQ

. So (2.) and (3.) fol-

low from (1.) and it remains to consider (1.). The decidability of the satisfaction

problem for PDL

CIQ

for formulas without global and modalized roles is proved

in [Wolter and Zakharyaschev 1999a]. In the present context it remains to take

care of the converse operator. This can be done in a similar manner as in the

proof of the decidability of CPDL�K

m

in Chapter 5.

6.6 Negative Results

In this section we are going to show that most of the positive results of the

previous sections are optimal: by adding just a small piece of expressivity to

the decidable calculi we obtain undecidable ones.

Recall that, for a unimodal logic L, we denote by L(2)

C

the modal logic

with operators 2

1

;2

2

, and C which is determined by the class

fhW;�

1

;�

2

; (�

1

[�

2

)

�

i : hW;�

1

i j= L; hW;�

2

i j= Lg

Theorem 6.9. Let L be a normal unimodal logic such that G j= L, where G

is the two-element cluster, i.e., G = hf0; 1g; f0; 1g� f0; 1gi. Then the following

problems are undecidable.

1. The satisfaction problem for L(2)

C

ALC

for formulas without modalized roles.

2. The satisfaction problem for L(2)

C

ALC

for formulas without global roles.

3. The satisfaction problem for L(2)

C

CIQ

for concepts without modalized roles.

4. The satisfaction problem for L(2)

C

CIQ

for concepts without global roles.
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Proof We show this by reducing the tiling problem for N�N to the satis�ability

problem in those fragments. We present a sketch of the reduction only which

is based actually on the same idea as the reductions of [Spaan 1993] and [Marx

1999].

We remind the reader that a tile T is a 1�1 square with �xed orientation and

colored edges right(T ), left(T ), up(T ), and down(T ). The N�N{tiling problem

is formulated as follows: given a �nite set T of tiles, to determine whether there

is a tiling of N � N by T . More precisely, the problem is to �nd out whether

there exists a function f from N � N into T such that, for all m;n 2 N,

� right(f(n;m)) = left(f(n+ 1;m)),

� up(f(n;m)) = down(f(n;m+ 1)),

Recall that the N � N{tiling problem is known to be undecidable [Robinson

1971], see also [Harel 1983, 1986].

Proof of (1.). Given a �nite set of tiles T = fT

1

; : : : ; T

k

g take concepts

C

1

; : : : ; C

k

, and D, and a global role R. Put, for every concept C,

2C = 2

1

(:D ! 2

2

(D ! C)); 3C = :2:C:

Let '

T

denote the conjunction of the following set of formulas:

� C(D = > _ :D = >);

� C(3> = >);

� C(

W

1�i�k

C

i

= >);

� C(

V

1�i<j�k

:(C

i

^ C

j

) = >);

� C((C

i

! 8R:

W

right(T

i

)=left(T

j

)

C

j

) = >);

� C((C

i

! 2

W

up(T

i

)=down(T

j

)

C

j

) = >);

� C(9R:> = >).

We show that '

T

is satis�able in a L(2)

C

ALC

-model i� there is a tiling of

N � N by T .

Suppose f : N � N ! T de�nes a tiling. Put W = N [ (frg � N), where

r 62 N is new, and let � = N. De�ne relations �

0

1

and �

0

2

on W by putting:

� w

1

�

0

1

w

2

i� 9n 2 N(w

1

= n ^ w

2

= hr; ni).

� w

1

�

0

2

w

2

i� 9n 2 N(w

1

= hr; ni and w

2

= n+ 1).

Denote by �

1

and �

2

the transitive, symmetric, and re
exive closure of �

0

1

and

�

0

2

, respectively. F = hW;�

1

;�

2

i validates L(2)

C

. De�ne, for w 2 W ,

R

I;w

=

�

fhn; n+ 1i : n 2 Ng : w 2 N

fhhr; ni ; hr; n+ 1ii : n 2 Ng : w 2 frg � N:
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and put

D

I;w

=

�

� : 9n 2 N(w = n);

; : 9n 2 N(w = hr; ni):

Let, for n;m 2 N and i � k, hn;mi 2 C

I;m

i

, f(n;m) = T

i

. It is easy to

show that 0 j= '

T

.

Conversely, suppose '

T

is satis�able in a model hF; Ii in a world w

0

such

that F = hW;�

1

;�

2

i validates L(2) and such that, for w 2 W

I(w) =

D

�; C

I;w

1

; : : : ; D

I;w

; R

I;w

; : : :

E

;

and R

I;v

= R

I;u

, for all v; u 2W . We may assume that all v 2 W are accessible

from w

0

by means of the transitive and re
exive closure of �

1

[�

2

. By the �rst

conjunct of '

T

, D

I;w

= � or D

I;w

= ;, for all w 2 W . De�ne a relation � on

W by putting, for a �xed x 2 �,

w � v , 9u 2W (w �

1

u�

2

v ^ x 2 D

I;w

^ x 62 D

I;u

^ x 2 D

I;v

):

Now, by the second conjunct of '

T

we �nd a sequence w

0

; w

1

; : : : such that

w

i

�w

i+1

, for all i 2 N. Take a sequence x

0

; x

1

: : : in � such that x

i

R

I;w

0

x

i+1

,

for all i 2 N. Such a sequence exists because of the last conjunct of '

T

. De�ne

a function f : N � N ! T by putting, for n;m 2 N,

f(n;m) = T

i

, x

n

2 C

w

m

i

:

It is easy to show that f de�nes a tiling of N � N. (1.) is proved.

(2.), (3.), and (4.) can be proved in a similar way. To show (2.) replace

in '

T

the global role R by the modalized role CS, S a local role, and denote

the resulting formula by  

T

. Clearly,  

T

is satis�able whenever T can tile

N � N. Conversely, observe that CS behaves very similar to a global role;

namely, we have for every model, (CS)

I;w

1

� (CS)

I;w

2

, for all worlds w

1

; w

2

with w

1

(�

1

[ �

2

)

�

w

2

. With this observation the same proof as for (1.) goes

through.

To prove (3.) and (4.) concepts instead of formulas are required. Denote by

C

T

the conjunction of the following concepts:

� C(8R

�

:(D ! 8R:D ^ :D ! 8R::D);

� C3>;

� C8R

�

:(

W

1�i�k

C

i

);

� C8R

�

:(

V

1�i<j�k

:(C

i

^ C

j

));

� C8R

�

:(C

i

! 8R:(

W

right(T

i

)=left(T

j

)

C

j

));

� C8R

�

:(C

i

! 2

W

up(T

i

)=down(T

j

)

C

j

));
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� C8R

�

:(9R:>).

It is easy to show that C

T

is satis�able i� T tiles N�N . To show (4.) replace, in

the concept C

T

, the role R by the modalized roleCS and R

�

by S

�

, respectively

(S a local role). The resulting concept is as required. 2

Corollary 6.2. The following decision problems are undecidable, for n � 2:

� The satisfaction problem for formulas without modalized roles for S5(n)

C

ALC

,

K4(n)

C

ALC

, S4(n)

C

ALC

, KD45(n)

C

ALC

;

� The satisfaction problem for formulas without global roles for S5(n)

C

ALC

,

K4(n)

C

ALC

, S4(n)

C

ALC

, and KD45(n)

C

ALC

;

� The satisfaction problem for concepts without modalized roles for S5(n)

C

CIQ

,

K4(n)

C

CIQ

, S4(n)

C

CIQ

, KD45(n)

C

CIQ

;

� The satisfaction problem for concepts without global roles for S5(n)

C

CIQ

,

K4(n)

C

CIQ

, S4(n)

C

CIQ

, KD45(n)

C

CIQ

;

Theorem 6.10. The following decision problems are undecidable:

1. The satisfaction problem for formulas without modalized roles for the logics

L(fhN; <ig)

ALC

, PTL

ALC

, K4:3

ALC

, and Lin

ALC

;

2. The satisfaction problem for formulas without global roles for the logics

L(fhN; <ig)

ALC

, PTL

ALC

, K4:3

ALC

, and Lin

ALC

.

Proof We prove (1.) for L(fhN; <ig), the unimodal logic determined by hN; <i.

The remaining claims of the theorem can be proved similarly and are left to the

reader.

The idea of the proof is borrowed again from [Spaan 1993] (Section 6.4).

The undecidable problem we are going to reduce to the formula-satisfaction

problem for L(fhN; <ig)

ALC

{concepts is as follows: given a Turing machine, to

determine whether it comes to a stop having started from the empty tape.

Let A be a single-tape right-in�nite deterministic Turing machine with state

space S, initial state s

0

, tape alphabet A (b 2 A stands for blank) and transition

function �. The con�gurations of A will be represented by in�nite words of the

form ]a

0

: : : a

i

: : : a

n

b

!

, where ] marks the left side of the tape, all a

0

; : : : ; a

n

save one, say a

i

, are in A, while a

i

belongs to S � A and represents the active

cell and the current state. The start con�guration, for instance, looks as follows:

](s

0

; b)b

!

. Let A

0

= A [ f]g [ (S �A).

Our aim is to construct a L

ALC

-formula '

A

which is satis�able in a model

based on N i�, started from ](s

0

; b)b

!

, A never comes to a stop.

Let M = hhN; <i ; Ii be a L

ALC

-model with domain �. To begin with, we

partition the worlds in N into an in�nite number of disjoint intervals. This can

be done using the concept name In and the formulas

2

+

(In = > _ In = ?); (6.3)

2

+

((In! 3:In) ^ (:In! 3In) = >): (6.4)
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(Here and below 2

+

E = E ^ 2E, 3

+

E = E _3E, E a formula or a concept.)

Without loss of generality we may assume that if the conjunction of these two

formulas is true in M then the time line 0; 1; : : : is partitioned into an in�nite

sequence of intervals i

0

; i

1

; : : : such that i

0

= f0; : : : ; kg, i

1

= fk+1; : : : ; lg, etc.,

In

I;m

= >, for all m 2 i

n

with even n, and In

I;m

= ? otherwise. To simplify

notation, we will say that x 2 C (somewhere) in the interval i

j

whenever x 2 C

n

for all (some) n 2 i

j

.

Suppose now that C and D are concept names and In

1

(C;D) is the con-

junction of the concepts:

3

+

C;

2

+

(C ^ In! 2(:In! 2

+

:C));

2

+

(C ^ :In! 2(In! 2

+

:C));

2

+

(In ^3C ^ :3(:In ^3C)! C);

2

+

(:In ^3C ^ :3(In ^3C)! C);

2

+

(C ^ In! 3(D ^ :In));

2

+

(C ^ :In! 3(D ^ In));

2

+

(D ^ In! 2

+

(:In! 2

+

:D));

2

+

(D ^ :In! 2

+

(In! 2

+

:D));

2

+

(C ! 2

+

(:D ^3D! C)):

It is easy to see that if x 2 In

1

(C;D) in the world 0 then there is an interval i

j

such that x 2 C in i

j

, x =2 C outside i

j

, x 2 D somewhere in i

j+1

, and x =2 D

outside i

j+1

. It follows in particular that if x belongs to the concept

In

n

(C

1

; : : : ; C

n+1

) = In

1

(C

1

; C

2

) ^ In

1

(C

2

; C

3

) ^ � � � ^ In

1

(C

n

; C

n+1

)

in the world 0 then there are n consecutive intervals i

j

1

; : : : ; i

j

n

such that x 2 C

k

,

for k 2 [1; n], only in i

j

k

, while x 2 C

n+1

only somewhere in i

j

n+1

.

With every � 2 A

0

we associate a concept name C

�

. The formula

2

+

(

_

�2A

0

(C

�

^ :

_

� 6=�2A

0

C

�

) = >) (6.5)

true in (M; 0) means that every object in every world belongs precisely to one

of the concepts C

�

, for � 2 A

0

.

To encode the initial con�guration we use an object name e and the formula

e : C

]

^ In

2

(C

]

; C

(s

0

;b)

; C

0

) ^ 2

+

(C

]

_ C

(s

0

;b)

_ C

b

): (6.6)

It says that e 2 C

]

in i

0

, e 2 C

(s

0

;b)

in i

1

, and e 2 C

b

in all other intervals.

To simulate the transition function we \mark" every object x in some inter-

vals by one of the three concept names L, S, or R by means of the following
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formulas

In

3

(L; S;R;D) = >; (6.7)

2

+

((

_

(s;a)2A

0

C

(s;a)

$ S) = >): (6.8)

Thus, if x 2 C

(s;a)

in i

j

then x 2 L in i

j�1

, x 2 S in i

j

, and x 2 R in i

j+1

.

The transition from one con�guration to another is simulated by a global

role name T with the help of the formulas:

(3

+

(L ^ C

�

) ^3

+

(S ^ C

�

) ^3

+

(R ^ C




)!

9T:> ^ 2

+

(L! 8T:C

�

0

) ^ 2

+

(S ! 8T:C

�

0

) ^ 2

+

(R! 8T:C




0

)) = >; (6.9)

for all �(�; �; 
) = (�

0

; �

0

; 


0

),

(3

+

(L ^ C

�

) ^3

+

(S ^ C

�

) ^3

+

(R ^ C




)! :9T:>) = >; (6.10)

for all triples �; �; 
 2 A

0

, � 2 S �A, such that �(�; �; 
) is not de�ned, and

^

�2A

0

2

+

(:L ^ :S ^ :R ^ C

�

! 8T:C

�

) = >: (6.11)

It remains only to ensure that there is an in�nite chain of T -arrows starting

from e. This can be done using the formulas:

e : C; 2

+

((C ! 2C) = >); (6.12)

2

+

(C ! 9T::C = >); 2

+

((:C ! 3C) = >): (6.13)

Let '

A

be the conjunction of (6.3){(6.13). We leave it to the reader to check

that '

A

is satis�ed in a model based on hN; <i i� A has an in�nite computation

which starts from the empty tape. If we do not have global roles then we can

easily modify the formulas above using 2T instead of T . 2

6.7 Discussion

We start with a brief comparison of the modal description logics introduced here

with those that have been studied in the literature. [Laux 1994] and [Gr�aber

et al. 1995] constructed multi-agent logics of belief in which the belief opera-

tors apply only to axioms (alias formulas) but neither to concepts nor to roles.

Most of them are weak fragments of the epistemic description logics considered

in this chapter. As far as decidability is concerned this language presents no

serious technical di�culties: in those languages there is no interaction between

epistemic operators and the \quanti�ers" 8R and 9R of ALC and so the sat-

isfaction problem is easily reduced to two separate satisfaction problems: the

satisfaction problem for the underlying propositional modal language and the

satisfaction problem for ALC. The deeper reason for the possibility of such a
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reduction is that modal description languages in which modal operators are ap-

plied to axioms only correspond to fragments of modal predicate logics the modal

operators in which are applied to closed formulas only. Thus, no modalities de

re are allowed in the corresponding fragments. The well known semantical and

syntactical di�culties related to modalities de re do not arise. In the context

of temporal predicate logic fragments of this type have been studied in [Finger

and Gabbay 1992]. The situation is investigated in detail in the next two chap-

ters of this monograph. There we consider fragments of modal predicate logics

which consist of formulas only which do not contain subformulas of the form

2'(x

1

; : : : ; x

n

), n > 1.

[Schild 1993] introduced description logics with temporal operators applica-

ble only to concepts, without global roles, and interpreted in hN; <i. In the

center of his investigation is (formulated in the terms of this chapter and very

roughly) the satisfaction problem for PTL

CIQ

for concepts without global and

modalized roles. So the results of [Schild 1993] are covered by both, Theorem

6.3|since decidability of the formula-satisfaction problem implies decidability

of concept-satis�ability|and Theorem 6.8. Actually, even for arbitrary normal

modal logics L the satisfaction problem for L

CIQ

for concepts without modal-

ized and global roles does not provide any new technical di�culties: it basically

reduces to the satisfaction problem for the fusion of L and (the modal logic cor-

responding to) CIQ and so the preservation results of Chapter 2 are applicable

(this was essentially already observed in [Schild 1993]).

[Baader and Laux 1995] consider the satisfaction problem for the logicK(m)

ALC

for formulas without global and modalized roles. They consider models with ex-

panding domains and prove|by means of constructing a tableau-calculus| the

decidability of this satisfaction problem. Their algorithm does not provide any

decision procedure under the constant domain assumption

4

.

[Baader and Ohlbach 1995] consider the most expressive combination of

modal and description logics. The satisfaction problem considered there is

closely related to the satisfaction problem forK(m)

ALC

for concepts with modal-

ized as well as global roles. There is, however, one important di�erence between

the two formalisms: Baader and Ohlbach do not distinguish the modal and the

description logic part of the language. This means (in our terminology) that

they allow both the application of modal operators to roles and the \application

of 8R to the modal accessibility relations". In this approach the modal and the

description logic dimension become symmetric. This results in a logic which

is more expressive than K(m)

ALC

. In general the satisfaction problem turns

out to be undecidable for that logic and, as far as \symmetric fragments" (i.e.

fragments in which we still allow the mutual application of the operators of one

dimension to the accessibility relations of the other) of the full language are

concerned, no positive decidability results are known.

Our formalism as well as those discussed so far can be characterized as frag-

ments of standard modal predicate logics; we refer the reader to the following

4

Actually, the problem to �nd a decision procedure for the language considered there

under the constant domain assumption was one reason to start the investigation reported in

this chapter.
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chapters for an explicit discussion of this viewpoint. There are, however, other

approaches to the problem of adding a dynamic, temporal, or epistemic dimen-

sion to description logic. Still rather close is the work of [Donini et al. 1992]

who add an epistemic operator|which can be applied to concepts and roles|

to the description logic ALC. However, they are not concerned with a logic of

knowledge based on description logic but with the possibility to add, by using

epistemic operators, non-monotonic reasoning mechanisms to description logic.

So the reasoning tasks they investigate are completely di�erent from the ones

considered here.

Quite a few temporal description logics di�erent from ours have been pro-

posed. [Schmiedel 1990] de�nes a very expressive temporal description logic

based on intervals as introduced in [Halpern and Shoham 1991]; however, it

turned out to be undecidable. [Devanbu and Litman 1991], [Weida and Litman

1992, 1994], and [Artale and Franconi 1994] continued this work by weakening

Schmiedel's logic. For a survey about temporal description logic we refer the

reader to [Artale and Franconi 1999].



Chapter 7

Fragments of modal

predicate logics

In this chapter we are going provide a rather general criterion for the decidability

of fragments of the modal predicate logic QK

�

. The chapter is organized in the

following way. The next section de�nes the syntax and semantics of the �rst-

order modal logics we consider in this chapter. In Section 7.2 we discuss brie
y

an embedding of the modal description logics of the previous chapter into the

modal predicate logic considered here. It contains also two technical results:

we show that the two-variable monadic fragment of QK

�

is not recursively

enumerable, and that in many cases satis�ability in models with expanding

domains can be reduced to satis�ability in models with constant domains.

In Section 7.3 we codify Kripke models satisfying a given formula ', the

\boxed" subformulas in which contain at most one free variable in structures

called quasimodels and intended to \take care" of the modal contexts in '. In

Section 7.4 we use the mosaic method to prove a rather general satis�ability

criterion for such formulas, and in Section 7.5 we apply it to single out several

decidable fragments of �rst-order modal logics.

7.1 First-order modal logic

In this chapter, we deal with the �rst-order polymodal language PL constructed

in the standard way from the following alphabet:

� predicate symbols P

0

; P

1

; : : : ,

� individual variables x

0

; x

1

; : : : ,

� individual constants c

0

; c

1

; : : : ,

� the booleans ^, :,

� the universal quanti�er 8x for each individual variable x,

161
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� the necessity operators 2

1

; : : : ;2

l

, l � 1.

As usual, we assume that the set of predicate symbols in PL is nonempty and

that each of them is of some �xed arity; 0-ary predicates are called propositional

variables and denoted by p

0

; p

1

; : : : . It will be assumed that we have a su�cient

supply of those variables, unary predicate symbols, and an in�nite set var of

individual variables. Formulas in PL will be denoted by small Greek letters ',

 , etc. Finally, by L we mean the classical (non-modal) �rst-order language

that results from PL by omitting all formulas containing necessity operators.

PL is interpreted in �rst-order Kripke models, which are structures of the

formM = hF; D; Ii, where F = hW;�

1

; : : : ;�

l

i is the underlying (propositional)

polymodal Kripke frame (�

i

a binary relation on a nonempty set of worlds W ),

D is a nonempty set, the domain of M, and I is a function associating with

every world w 2 W a �rst-order L-structure

I(w) =

D

D;P

I;w

0

; : : : ; c

I;w

0

; : : :

E

;

in which P

I;w

i

, for each i, is a predicate on D of the same arity as P

i

(for a

propositional variable p

i

, the predicate p

I;w

i

is simply one of the propositional

constants >, \truth", or ?, \falsehood"), and c

I;w

i

is an element in D such that

c

I;u

i

= c

I;v

i

for any u; v 2 W . To simplify notation we will omit the superscript

I and write P

w

i

, p

w

i

, c

w

i

, etc., if this does not involve ambiguity.

An assignment in D is a function a from var to D. The satisfaction relation

(M; w) j=

a

' (or simply w j=

a

', if M is understood) in the model M under

the assignment a is de�ned inductively in the standard manner:

� w j=

a

P

i

(y

1

; : : : ; y

n

) i� P

w

i

(a(y

1

); : : : ; a(y

n

)) is true in I(w) (this fact will

also be written as I(w) j=

a

P

i

(y

1

; : : : ; y

n

) or I(w) j= P

i

[a(y

1

); : : : ; a(y

n

)]);

� w j=

a

 ^ � i� w j=

a

 and w j=

a

�;

� w j=

a

: i� w 6j=

a

: ;

� w j=

a

8x (x; y

1

; : : : ; y

n

) i� w j=

b

 (x; y

1

; : : : ; y

n

) for every assignment b

in D that may di�er from a only on x;

� w j=

a

2

i

' i� v j=

a

' for all v such that w �

i

v.

The set of PL-formulas that are true in all models under all assignments will

be denoted by QK.

Remark 7.1. (i) The models introduced above are known as models with con-

stant domains. To de�ne models with expanding domains we need one more

function, say d, such that d(w) � D and d(u) � d(v) whenever uR

i

v. The only

di�erence from the models with constant domains is in the truth-de�nition of

8x which now looks as follows:

� w j=

a

8x (x; y

1

; : : : ; y

n

) i� w j=

b

 (x; y

1

; : : : ; y

n

) for every assignment b

that may di�er from a only on x, provided that b(x) 2 d(w).
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Thus, d(w) is regarded as the true domain of I(w). (For more details consult

[Hughes and Cresswell 1996].) Actually, later in this section we will show that

expanding domains can be reduced to constant ones, at least as far as the

decidability of the fragments we are interested in is concerned.

(ii) We deal with models having rigid designators (in the sense that for any

u; v 2 W , we have c

u

i

= c

v

i

). But again, everything we prove in this chapter

holds for the non-rigid case as well.

Syntactically the logicQK can be represented by the calculusQK containing

all the axiom schemata and inference rules of classical predicate calculus, the

Barcan formula

8x

i

2

i

'! 2

i

8x';

the modal axiom schemata

2

i

('!  )! (2

i

'! 2 )

and the necessitation rules '=2'. (The Barcan formula is not an axiom if we

consider models with expanding domains.)

By adding to QK the standard modal axiom schemata of, for example,

K4, and S4, we obtain modal predicate calculi QK4 and QS4 representing

the corresponding logics QK4, QS4 that are known to be characterized by the

classes of all transitive and quasi-ordered models, respectively (see e.g. [Hughes

and Cresswell 1996]).

One more modal predicate logic, QK

�

, we consider in this paper is formu-

lated in the language PL with 2 necessity operators 2 and 2

�

. As before, 2

is interpreted in models by an arbitrary accessibility relation �, while 2

�

is

interpreted by the re
exive and transitive closure �

�

of �. Since �

�

is uniquely

determined by �, we may denote frames for this language as before: F = hW;�i.

To simplify notation we will assume that � is either blank or �, so that 2

�

ranges

over f2;2

�

g and �

�

over f�;�

�

g.

The logic QK

�

is the set of all formulas that are true in all models for this

language. It is easy to see that QK, QK4, QS4 are embeddable into QK

�

. So

from now on we will be concentrating mainly on QK

�

.

De�nition 7.1 (Monodic Formulas). Denote by PL

1

the set of PL-formulas

' such that every subformula of ' of the form 2

�

 contains at most one free

variable. In other words, PL

1

allows quanti�cation into modal contexts only

with one free variable. Formulas in PL

1

are called monodic formulas.

Remark 7.2. It is worth noting that, in contrast to the one-variable fragment

of �rst-order modal logic, only modalities de re are restricted in PL

1

, while

modalities de dicto are arbitrary.

7.2 Observations

The modal description language L

ALC

with two modal operators 2 and 2

�

can

be embedded into PL in a straightfoward manner:
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Fix variables x and y. The translation C

T

of a concept C is a formula with

at most one free variable de�ned by taking

C

T

i

= P

i

(x)

>

T

= >

(C ^D)

T

= C

T

^D

T

(:C)

T

= :C

T

(9R:C)

T

= 9z(R

T

(x; z) ^ C

T

fz=xg)

(2

�

C)

T

= 2

�

C

T

where z is a new variable. The translation R

T

of a (possibly modalized role) is

de�ned inductively as follows:

R

T

i

= R

i

(x; y)

S

T

i

= S

i

(x; y)

(2

�

R)

T

= 2

�

R

T

(3

�

R)

T

= 3

�

R

T

The translation '

T

of a L

ALC

{formula ' with modal operators 2 and 2

�

is a

PL-sentence de�ned in the following way:

(C = D)

T

= 8x(C

T

$ D

T

)

(a : C)

T

= C

T

fa=xg

(aR

i

b)

T

= R

i

(a; b)

(aS

i

b)

T

= S

i

(a; b)

(' ^  )

T

= '

T

^  

T

(:')

T

= :'

T

(2

�

')

T

= 2

�

'

T

The following is easily proved:

Theorem 7.1. Let ' be a formula in L

ALC

with modal operators 2 and 2

�

,

and suppose R

1

; : : : ; R

k

are the global roles in '. Then ' is satis�able in a

frame G i�

'

E

= '

T

^ 2

�

^

1�i�k

(8x; y(R

i

(x; y)! 2R

i

(x; y) ^ :R

i

(x; y)! 2:R

i

(x; y)))

is satis�able in G.

Let C be a concept in L

ALC

with modal operators 2 and 2

�

, and suppose

R

1

; : : : ; R

k

are the global roles in C. Then C is satis�able in a frame G i�

C

E

= 9xC

T

^2

�

^

1�i�k

(8x; y(R

i

(x; y)! 2R

i

(x; y) ^ :R

i

(x; y)! 2:R

i

(x; y)))

is satis�able in G.
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Observe that '

T

62 PL

1

, for any formula (or concept) containing modalized

roles. Also, '

E

62 PL

1

whenever ' contains global roles. Thus, formulas and

concepts with modalized or global roles are not in PL

1

. On the other hand, we

have:

Theorem 7.2. If ' does not contain modalized nor global roles, then '

T

2 PL

1

and ' is satis�able in a frame G i� '

T

is satis�able in G.

Thus, L

ALC

without global and modalized roles can be regarded as a frag-

ment of PL

1

.

Why should we investigate fragments of modal predicate logic which do not

contain products or modalized roles? The answer is this: if we would allow

global or modalized roles in our fragment we would obtain highy undecidable

fragments of QK

�

even when we restrict ourselves to two-variable fragments.

Here is the formal formulation of this claim:

Theorem 7.3. (1) The two-variable monadic fragment of QK

�

(no matter with

constant or expanding domains) is not recursively enumerable.

(2) The two-variable fragment of QK

�

\ PL

1

extended by one global binary

relation is not recursively enumerable.

(3) The two-variable fragment of QK

�

\PL

1

extended by one binary relation

of the form 2

�

R(x; y) is not recursively enumerable.

Proof One can show this by reducing the recurrent tiling problem for N � N

(which is known to be �

1

1

-complete; see [Harel 1986]) to the satis�ability problem

in those fragments. Here is a sketch of the proof which is actually very similar

to the proof of Theorem 6.9 and the reductions of [Spaan 1993] and [Marx 1999].

In what follows we use the notation of the proof of Theorem 6.9. The N � N|

recurrent tiling problem is formulated as follows: given a �nite set T of tiles

and a tile t

0

2 T , to determine whether there is a tiling of N � N by T such

that t

0

occurs in�nitely often in the �rst row. More precisely, the problem is to

�nd out whether there exists a function f from N � N into T such that, for all

m;n 2 N,

� right(f(n;m)) = left(f(n+ 1;m)),

� up(f(n;m)) = down(f(n;m + 1)),

� the set fn 2 N : f(n; 0) = t

0

g is in�nite.

Suppose we are given a set T = ft

0

; : : : ; t

n

g of tiles. Let R be a binary predicate

and P

0

; : : : ; P

n

unary predicates. De�ne a �rst-order modal formula '

T

in this

language as the conjunction of the following formulas:

9x(P

0

(x) ^ 2

�

3

�

(P

0

(x) ^3>));

2

�

8x9yR(x; y);

2

�

8x; y((R(x; y)! 2

�

R(x; y));

2

�

8x(

W

n

i=0

P

i

(x) ^

V

i 6=j

(P

i

(x)! :P

j

(x)));

2

�

8x(P

i

(x)! 8y(R(x; y)!

W

right(t

i

)=left(t

j

)

P

j

(y)));

2

�

8x(P

i

(x)! 2

W

up(t

i

)=down(t

j

)

P

j

(x)):
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Lemma 7.1. The formula '

T

is satis�able in a model with constant or expand-

ing domains i� there is a recurrent tiling of N � N by T .

Proof It should be clear how to satisfy '

T

if T recurrently tiles N � N. Con-

versely, suppose '

T

is satis�ed at the root w

0

in a model hF; D; d; Ii (with

constant or expanding domains), where F = hW;Si and

I(w) =

D

D;R

I;w

; P

I;w

0

; : : : ; P

I;w

n

E

;

for w 2 W . Without loss of generality we may assume that hW;Si is an in-

transitive tree

1

and




D;R

I;w

0

�

is an intransitive forest (if this is not the case,

we can use the standard unravelling technique). By the �rst conjunct of '

T

,

we have a

0

2 d(w

0

) for which w

0

j= P

0

[a

0

], and an in�nite sequence of worlds

w

0

Sw

1

Sw

2

: : : such that fw

i

: w

i

j= P

0

[a

0

]g is in�nite. According to the sec-

ond conjunct, we have an in�nite sequence a

0

R

I;w

0

a

1

R

I;w

0

a

2

: : : of elements in

d(w

0

). By the third conjunct, for all w 2 W and i; j 2 N, we have a

i

R

I;v

a

j

implies a

i

R

I;w

a

j

whenever vSw. Now de�ne a function f by putting, for all

i; j 2 N, f(i; j) = t

k

, whenever I(w

i

) j= P

k

[a

j

]. It is straightforward to check

that f is a recurrent tiling of N � N. 2

'

T

is not yet as required to prove the theorem. However, only minor vari-

ations of '

T

will do the job. We leave it to the reader to verify that the proof

of Lemma 7.1 still goes through for them.

� Denote by '

1

T

the formula which is obtained from '

T

when the third

conjunct is deleted and everywhere else R(x; y) is replaced with 2

�

(Q

1

(x)_

Q

2

(y)). '

1

T

is in the two-variable monadic fragment of PL and Lemma

7.1 holds for '

1

T

as well.

� Denote by '

2

T

the formula which is obtained from '

T

when the third

conjunct is deleted. Then '

2

T

is in the two-variable fragment of PL

1

. '

2

T

is satis�able in a model in which R is interpreted globally i� there is a

recurrent tiling of N � N by T .

� Denote by '

3

T

the formula which is obtained from '

T

when the third

conjunct is deleted and everywhere else R(x; y) is replaced with 2

�

R(x; y).

'

3

T

is in the two-variable fragment of PL

1

extended by a binary relation

of the form 2

�

R(x; y) and Lemma 7.1 holds for '

1

T

as well.

2

Let us see now how satis�ability in models with expanding domains can

be reduced to satis�ability in models with constant domains. Of course, the

reduction is similar to the one described in Theorem 6.1. Denote by md(') the

modal depth of ', i.e., the maximal number of nested necessity operators in '.

1

A de�nition of an intransitive tree can be found at the beginning of Section 7.4.
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Let E(x) be a unary predicate which does not occur in '. By induction on the

construction of ' we de�ne its relativization '#E:

P

i

(s

1

; : : : ; s

n

)#E = E(s

1

) ^ � � � ^ E(s

n

) ^ P

i

(s

1

; : : : ; s

n

);

( ^ �)#E = ( #E) ^ (�#E);

(: )#E =

^

fE(y) : y is free in  g ^ :( #E);

(8x )#E = 8x(E(x)! ( #E));

(2

�

 )#E =

^

fE(y) : y is free in  g ^ 2

�

( #E):

Here each s

j

is either an individual variable or a constant.

Proposition 7.1. For every Kripke frame F = hW;�i, a formula ' is satis�ed

in a model on F with expanding domains i� the formula

'

0

= '#E ^ 2

�

8x(E(x)!

l

^

i=1

2

�

E(x))

is satis�ed in a model based on F and having constant domain.

Proof Without loss of generality we may consider ' to be a sentence.

Assuming that ' is satis�ed in a model M = hF; D; d; Ii with expanding

domains and that

I(w) =

D

D;P

I;w

0

; : : : ; c

I;w

0

; : : :

E

for w 2 W , we construct a model N = hF; D; Ji with constant domain D by

taking

J(w) =

D

D;E

J;w

; P

I;w

0

; : : : ; c

I;w

0

; : : :

E

;

where E

J;w

= d(w). It is readily checked by induction that (M; w) j=

a

 

i� (N; w) j=

a

 # E, for every w 2 W , every subformula  of ', and every

assignment a : var 7! d(w). By the truth-de�nition for 8x, the de�nition of the

relativization to E, and since ' is a sentence, this should be enough to conclude

that '#E is satis�ed in N. For its truth-value (as well as that of ' in M) can

be computed in every world w using only assignments into d(w). It follows that

'

0

is satis�ed in N.

Conversely, suppose '

0

is satis�ed in a world v in a model N = hF; D; Ji

(with constant domain D) under an assignment a, and

J(w) =

D

D;E

J;w

; P

J;w

0

; : : : ; c

J;w

0

; : : :

E

;

for w 2 W . Consider the model M = hF; D; d; Ii such that d(w) = E

J;w

and

I(w) =

D

D;P

I;w

0

; : : : ; c

J;w

0

; : : :

E

;

where each P

I;w

i

is the restrictions of P

J;w

i

to E

J;w

, for every w accessible from

v. Now, one can easily show that (M; v) j=

a

'. 2
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Remark 7.3. It is to be noted that ' and '

0

are of di�erent forms. So when

proving decidability of a fragment in PL we should always check that ' and '

0

belong to it simultaneously. Fortunately that will always be the case for all the

fragments we deal with in this paper. From now on we will be considering only

models with constant domains.

Given a set of PL-formulas �, denote by sub

n

� the closure under negation

of the set of all subformulas of formulas in � containing � n free variables; sub'

is the set of all subformulas in a formula ', and con' the set of all constants

in '. Without loss of generality we may identify  and :: ; so sub

n

� is �nite

whenever � is �nite.

For every formula  (x) = 2

�

'(x) with one free variable x, we reserve a

unary predicate and denote it by P

 

(x). Likewise, for every sentence  = 2

�

'

we �x a propositional variable p

 

. P

 

(x) and p

 

will be called the surrogates

for  (x) and  , respectively.

Given a formula ', denote by ' the formula that results from ' by replacing

all subformulas of the form 2

�

 (x), which are not within the scope of another

box, with their surrogates. Thus, ' contains no occurrences of modal operators,

i.e., it is an L-formula; we will call ' the L-reduct of '. For a set of PL

1

-formulas

�, we put � = f :  2 �g.

7.3 Quasimodels

Suppose we are given an PL

1

-sentence ' and asked whether it is satis�able.

Being only modal logicians, we would like to assume, at least for a moment,

that we have an access to a classical oracle that is capable of providing us

with an L-structure satisfying the L-reduct of ', if it exists. Suppose we have

got such a structure. Our task then is to try to expand it to a Kripke model

satisfying '. This means, in particular, that we should take care of only the

\boxed" subformulas of ', which, recall, have at most one free variable.

The aim of this section is to show that modulo those subformulas every such

Kripke model can be codi�ed in a structure, called a quasimodel

2

, that may be

thought of as a model the worlds in which have disjoint domains with a bounded

number of elements (depending on '), each element satis�es some speci�ed set

of subformulas of ', and the correspondence between those elements in di�erent

worlds is established by special functions called runs.

Fix a variable x not occurring in ' and put

sub

x

' = f fx=yg :  (y) 2 sub

1

'g:

De�nition 7.2 (types). By a type for ' we mean any boolean-saturated sub-

set t of sub

x

': that is,

2

We use the same terms|quasimodel, type, run, block, etc.|as in the previous two chap-

ters. Their role in decidability proofs will be similar to their role in the previous two chapters.

But their de�nitions are di�erent. We refer the reader to the remarks following Theorem 6.5

for a brief discussion of this \naming{strategy".



7.3. QUASIMODELS 169

�  ^ � 2 t i�  2 t and � 2 t, for every  ^ � 2 sub

x

';

� : 2 t i�  =2 t, for every  2 sub

x

'.

We say that two types t and t

0

agree on sub

0

' if t \ sub

0

' = t

0

\ sub

0

'. Given

a type t for ' and a constant c 2 con', the pair ht; ci will be called an indexed

type for ' (indexed by c) and denoted by t

c

(x) or simply t

c

.

There are only �nitely many types for '|at most

[(') = 2

jsub

x

'j

;

to be more precise. To a certain extent, every world w in a model under a given

assignment can be characterized (modulo ', of course) by the set of types that

are realized in this state and the set of types that hold on its constants. This

motivates the following de�nition.

De�nition 7.3 (world candidate). Suppose that T is a set of types for '

that agree on sub

0

', and T

con

= fht; ci : c 2 con'g a set of indexed types such

that ft : ht; ci 2 T

con

g � T . Then the pair T = hT; T

con

i is called a world

candidate for '.

Not all world candidates can represent worlds in models. To single out those

that can, we require one more de�nition.

De�nition 7.4 (realizable world candidate). Consider a �rst-orderL-struc-

ture

D =




D;P

D

0

; : : : ; c

D

0

; : : :

�

(7.1)

and suppose that a 2 D. The set

t

D

(a) = f 2 sub

x

' : D j=  [a]g

is clearly a type for '. Say that D realizes a world candidate hT; T

con

i if the

following conditions hold:

� T = ft

D

(a) : a 2 Dg,

� T

con

= f




t

D

(c

D

); c

�

: c 2 con'g.

Denote by ](') the number of distinct realizable world candidates for '. It

should be clear that

](') � 2

[(')

� [(')

jcon'j

:

Lemma 7.2. A world candidate T = hT; T

con

i for ' is realizable i� the L-

formula

�

T

=

^

f9x t(x) : t 2 Tg ^ 8x

_

ft(x) : t 2 Tg ^

^

ft(c) : ht; ci 2 T

con

g

is satis�ed in some L-structure.



170 CHAPTER 7. FRAGMENTS OF MODAL PREDICATE LOGICS

Proof Follows immediately from the de�nitions. 2

Lemma 7.3. Let � be a cardinal, � � @

0

. Then every realizable world candidate

hT; T

con

i is realized in an L-structure D of the form (7.1) such that, for every

t 2 T , the set

D

t

= fa 2 D : D j= t[a]g

is of cardinality �.

Proof Follows from classical model theory, since the language L is countable

and does not contain equality. 2

We are in a position now to de�ne the central notion of this section, that of

a quasimodel. Consider a frame F = hW;�i and a map f associating with each

w 2W a realizable world candidate f(w) = hT

w

; T

con

w

i.

De�nition 7.5 (run). A run in hF; fi is a function r from W into the set of

types for ' such that

� r(w) 2 T

w

, for all w 2W , and

� for every 2

�

 2 sub

x

' and every w 2 W , we have 2

�

 2 r(w) i� y 2 r(v)

for all v 2 W such that w �

�

v.

De�nition 7.6 (quasimodel). The pair hF; fi is called a quasimodel for '

(based on F) if the following conditions hold:

� for every c 2 con', the function r

c

de�ned by r

c

(w) = t, for ht; ci 2 T

con

w

,

w 2 W , is a run in hF; fi;

� for every pair w 2 W and t 2 T

w

, there exists a run r in hF; fi such that

r(w) = t;

Say that ' is satis�ed in the quasimodel hF; fi if there is w 2W such that ' 2 t,

for some (or, equivalently, all) t 2 T

w

.

Example 7.1. Consider the formula

' = 9y(2P (y) ^ :28zP (z)):

Let F = hW;�i contain two worlds, say u and v, such that uRv. De�ne realizable

world candidates T

u

= hT

u

; T

con

u

i and T

v

= hT

v

; T

con

v

i by taking

T

u

= ft

1

; t

2

g; T

v

= ft

3

; t

4

g; T

con

u

= T

con

v

= ;;

t

1

= f2P (x) ^ :28zP (z); 2P (x); :P (x)g [ �

u

;

t

2

= f:(2P (x) ^ :28zP (z)); :2P (x); :P (x)g [ �

u

;

�

u

= f'; :28zP (z); :8zP (z)g;

t

3

= f:(2P (x) ^ :28zP (z)); 2P (x); P (x)g [ �

v

;

t

4

= f:(2P (x) ^ :28zP (z)); 2P (x); :P (x)g [ �

v

;

�

v

= f:'; 28zP (z); :8zP (z)g;
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and let f(u) = T

u

, f(v) = T

v

. The functions r

1

and r

2

de�ned by

r

1

(u) = t

1

; r

1

(v) = t

2

; r

2

(u) = t

3

; r

2

(v) = t

4

are clearly runs in hF; fi. So this pair is a quasimodel satisfying '.

Theorem 7.4. A sentence ' is satis�ed in a model based on a frame F i� it is

satis�ed in a quasimodel for ' based on F.

Proof Suppose ' is satis�ed in a model M = hF; D; Ii, F = hW;�i. For every

w 2 W , de�ne f(w) = hT

w

; T

con

w

i by taking

T

w

= ft

I(w)

(a) : a 2 Dg;

T

con

w

= f

D

t

I(w)

(c); c

E

: c 2 con'g:

It is easy to see that hF; fi is a quasimodel satisfying ' (for every a 2 D, the

function r(w) = t

I(w)

(a), w 2W , is clearly a run in hF; fi).

Conversely, suppose that ' is satis�ed in a quasimodel hF; fi for '. Take a

cardinal � � @

0

exceeding the cardinality of the set 
 of all runs in hF; fi and

put

D = fhr; �i : r 2 
; � < �g:

By Lemma 7.3, for every w 2 W there exists an L-structure I(w) with domain

D realizing f(w) and such that c

w

= hr

c

; 0i, for every c 2 con', and

r(w) = f 2 sub

x

' : I(w) j=  [hr; �i]g;

for all r 2 
 and � < �. LetM = hF; D; Ii and let a be an arbitrary assignment

in D. We show by induction that, for all  2 sub' and w 2 W ,

I(w) j=

a

 i� (M; w) j=

a

 :

The basis of induction, i.e., the case when  = P

i

(x

1

; : : : ; x

n

) is clear; for then

 =  . The induction step for  =  

1

^ 

2

,  = : 

1

, and  = 8x 

1

follows by

the induction hypothesis from the obvious equations:

 

1

^  

2

=  

1

^  

2

; : 

1

= : 

1

; 8x 

1

= 8x 

1

:

Let  = 2

�

�(y) and assume a(y) = hr; �i. We then have  = P

2

�

�

, and so

I(w) j=

a

P

2

�

�

(y) i� 2

�

� 2 r(w)

i� 8v (w �

�

v ! � 2 r(v))

i� 8v (w �

�

v ! I(v) j=

a

�)

i� 8v (w �

�

v ! (M; v) j=

a

�(y))

i� (M; w) j=

a

2

�

�(y):

Since ' 2 r(w), for some w 2 W , it follows that (M; w) j= ', as required.

2
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7.4 Satis�ability criterion

In this section we prove an e�ective satis�ability criterion for those sentences

' 2 PL

1

that have an oracle capable of deciding the realizability problem for the

world candidates for '. The idea is to represent quasimodels for ' as possibly

in�nite mosaics consisting of repeating �nite patterns we call blocks.

By a tree quasimodel for ' we mean a quasimodel for ' based on an intransi-

tive tree. Using the standard unravelling technique of modal logic (see e.g. the

proof of Theorem 5.3) one can prove the following theorem.

Theorem 7.5 (tree quasimodel completeness). A formula ' is satis�able

i� it is satis�able in a tree quasimodel for '.

Fix again a sentence ' 2 PL

1

. To introduce the notion of a block for ',

we require two auxiliary de�nitions. Suppose that F is a frame as above and

f is a map from W into the set of realizable world candidates for ', so that

f(w) = hT

w

; T

con

w

i. It will be convenient for us not to distinguish between w

and f(w), i.e., we will assume that the worlds w in F are the realizable world

candidates hT

w

; T

con

w

i.

De�nition 7.7 (weak run). A weak run in hF; fi is a function r from W into

S

w2W

T

w

such that

� r(w) 2 T

w

, for all w 2W , and

� for every 2

�

 2 sub

x

' and every w 2W , if 2

�

 2 r(w) then  2 r(v) for

all v such that w �

�

v.

The di�erence between runs and weak runs is only that the latter do not

necessarily contain witnesses for formulas of the form :2

�

 2 r(w) (in a run

we must have a \witness" v such that w �

�

v and : 2 r(v)). The di�erence

between quasimodels and weak quasimodels to be de�ned below is of the same

sort.

De�nition 7.8 (weak quasimodel). The pair hF; fi is called a weak quasi-

model for ' if the following holds:

� for every c 2 con', the function r

c

is a weak run in hF; fi;

� for all w 2 W and t 2 T

w

, there exists a weak run r in hF; fi such that

r(w) = t.

Say that an intransitive tree F = hW;�i is a bouquet if no point inW di�erent

from its root has more than one � successor.

De�nition 7.9 (block). Let B = hF; fi be a weak quasimodel based on a

�nite bouquet F with root w

0

. A weak run r in B is called root-saturated if,

for every 2

�

 (x) 2 sub

x

', whenever 2

�

 (x) 62 r(w

0

) then there is w 2W such

that w

0

�

�

w and  (x) 62 r(w).

Now, we say B is a block for ' if it satis�es conditions (a){(b) below:
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(a) for every w 2W and every t 2 T

w

there is a root-saturated weak run r in

B such that r(w) = t;

(b) every weak run r

c

in B, for c 2 con', is root-saturated;

The following notion will be used for organizing blocks in a mosaic-like struc-

ture that is intended to represent a quasimodel satisfying '.

De�nition 7.10 (satisfying set). A set S of blocks for ' is called a satisfying

set for ' if (i) it contains a block with root w

0

such that w

0

j= ' (i.e, ' 2 t, for

all t 2 T

w

0

) and (ii) for every realizable world candidate T in every block in S,

there exists a block in S having T as its root.

We are going to show now that ' is satis�able i� there is a satisfying set for '

whose blocks contain at most N worlds, where N < ! is e�ectively determined

by '.

Theorem 7.6 (satis�ability criterion). An PL

1

-sentence ' is satis�able i�

there is a satisfying set for ', each block in which contains at most

N = ](') � 2jsub

x

'j

2

� 2

jsub

x

'j

worlds.

Proof ()) Suppose ' is satis�able. Then, by Theorem 7.5, there is a tree

quasimodel m = hF; fi for ' satisfying ' at its root. Moreover, without loss

of generality we may also assume that if wRu in F then there are su�ciently

many worlds v 2 W , called twins of u, such that wRv, f(u) = f(v) and the

subquasimodel of m generated by u and v are isomorphic. In any case, we

can achieve this by duplicating (as many times as we need) the subtree of m

generated by u and connecting it with w by R. The resulting structure will

clearly be again a tree quasimodel satisfying ' (for it can be \p-morphically"

mapped onto the original quasimodel).

We begin our construction of a satisfying set for ' by associating with each

world w 2W a block B

w

= hF

w

; f

w

i, F

w

= hW

w

;�

w

i.

For every type t 2 T

w

we �x a run r in m coming through t; if t

c

2 T

con

w

,

c 2 con', then we take r = r

c

. Then, for every 2

�

 (x) 2 sub

x

' such that

2

�

 (x) 62 r(w), we select a world w

0

2 W for which w �

�

w

0

,  (x) 62 r(w

0

) and

put it in an auxiliary set Sel(w) together with one of its twins w

00

. The number

of the selected worlds does not exceed

2 � jsub

x

(')j � 2

jsub

x

(')j

:

Without loss of generality we may assume all of them to be pairwise distinct.

For each selected w

0

there is a unique path from w to w

0

, namely the set

(w;w

0

) = fw

1

: w �

�

w

1

�

�

w

0

g. Again, without loss of generality we assume

that distinct paths (w;w

0

) and (w;w

00

) (for w

0

6= w

00

) have no common worlds

save w (otherwise the duplication technique will do the job).
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Finally, we de�ne W

w

to be the set of all worlds in the paths (w;w

0

), for

w

0

2 Sel(w), �

w

to be the restriction of � to W

w

, and f

w

the restriction of f

to W

w

(taking into account all the duplications, of course).

The constructed structure B

w

is a block. Indeed, it is clearly a weak quasi-

model for ' based on a �nite bouquet, having root w (for it can be regarded as a

subquasimodel of m) and satisfying condition (b) by the construction. To show

that it satis�es (a) as well, suppose that u 2 W

w

, t 2 T

u

, and let r be a weak

run in B

w

coming through t, i.e., r(u) = t. Consider the type r(w) and the set

B of formulas � = 2

�

 2 sub

x

' for which � =2 r(w). For each of them there is

a weak run r

�

such that r

�

(w) = r(w),  =2 r

�

(w

�

), for some w

�

2 Sel(w), and

u =2 (w;w

�

). Using these weak runs and r we can de�ne a function r

0

by taking,

for every w

0

2 W

w

,

r

0

(w

0

) =

�

r(w

0

) if w

0

=2 (w;w

�

), for any � 2 B,

r

�

(w

0

) otherwise.

Clearly, r

0

is a root-saturated weak run in B

w

coming through t, which estab-

lishes (a).

The problem now is that the branches in B

w

may be too long. So our next

step is to extract from B

w

a substructure A

w

which is still a block for ' and

whose branches are of length � ](') � jsub

x

'j. We will do this by cutting out

certain fragments of branches in B

w

.

Consider a branch (w;w

0

) and suppose that w

0

was selected to \saturate"

2 (x) 2 sub

x

' in w by means of a weak run r. Since w � w

0

, the branch

(w;w

0

) = fw;w

0

g does not need \truncation": we simply leave it as it is.

Suppose now that w

0

in the branch (w;w

0

) was selected to \saturate"2

�

 (x) 2

sub

x

' by means of a weak run r.

The \truncation" of (w;w

0

) can be done in the following way. Let w

1

; : : : ; w

n

be all the worlds in (w;w

0

) such that w = w

1

�

w

w

2

�

w

: : : �

w

w

n

= w

0

. If

n � ](') � jsub

x

'j then we do nothing with this branch. Otherwise let r be the

weak run in B

w

such that r(w) = t and  (x) 62 r(w

0

); since n > ](') � jsub

x

'j,

there must be two worlds w

i

and w

j

, 1 � i < j � n such that f(w

i

) = f(w

j

)

and r(w

i

) = r(w

j

). Then we cut out from (w;w

0

) all the worlds in the interval

(w

i

; w

j

) save w

i

and put w

i

Rw

y

i� w

j

Rw

y

, for all w

y

2 W

w

. It should be clear

that the resulting structure is still a block for ', and so by deleting repeating

worlds in the branches of B

w

we can construct a block A

w

for ' whose branches

are of length � ](') � jsub

x

(')j.

The satisfying set for ' we are looking for can be constructed now by taking

the blocks A

w

for all w 2W .

(() Let S be a satisfying set for '. We are going to construct a quasimodel

m satisfying ' as the limit of a sequence of weak quasimodels

m

n

= hF

n

; f

n

i ; F

n

= hW

n

;�

n

i ; n = 1; 2; : : : ;

the �rst of which, m

1

, is a block in S satisfying ' at its root. Suppose we have

already constructed a weak quasimodel m

n

. For every world w 2 W

n

�W

n�1
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(W

0

= ;) select a block B

w

0

2 S such that f

n

(w) = f

w

0

(w

0

). Without loss of

generality we may assume all the selected blocks and the weak quasimodel m

n

to be disjoint. The weak quasimodel m

n+1

is then the result of hooking the

selected blocks B

w

0

to m

n

by identifying their roots w

0

with w 2W

n

�W

n�1

.

De�ne the limit m = hF; fi, F = hW;�i, of the constructed sequence by

taking

W =

[

fW

n

: n � 1g; � =

[

f�

n

: n � 1g; f =

[

ff

n

: n � 1g;

and show that m is a quasimodel for ' indeed.

We have to show that there are enough runs in m. To this end it su�ces to

observe that any r constructed in the following manner is a run in m. Let r

1

be

an arbitrary weak root-saturated run in m

1

, and suppose that we have already

de�ned r

m

. For any w 2W

m

�W

m�1

take a weak root-saturated run r

w

in B

w

such that r

m

(w) = r

w

(w) and put for w

0

2 W

m+1

r

m+1

(w

0

) =

�

r

m

(w

0

) if w

0

2W

m

;

r

w

(w

0

) if w

0

2W

w

�W

m

.

Finally, let r =

S

fr

m

: m > 0g. Similarly to the proof above it can be shown

that r is a run in m. 2

As an immediate consequence we obtain the following satis�ability criterion.

Theorem 7.7. Let PL

0

� PL

1

and suppose that there is an algorithm that is

capable of deciding, given ' 2 PL

0

and a world candidate T = hT; T

con

i for ',

whether T is realizable, or equivalently, whether the formula �

T

is satis�able.

Then the fragment QK

�

\ PL

0

is decidable.

In other words, this theorem reduces the satis�ability problem for formulas

in QK

�

\ PL

0

to the satis�ability problem for L-formulas of the form �

T

, T =

hT; T

con

i, where T and T

con

are just (arbitrary) sets of subsets of sub

x

'. A few

examples of the use of this reduction will be given in the next section.

7.5 Decidable fragments

Now we apply the criterion of Theorem 7.7 to single out a number of decidable

fragments of QK

�

, QK, QK4, and QS4. But before that let us observe that

QK is just a fragment of QK

�

, QS4 is embedded into QK

�

by the transla-

tion replacing 2 with 2

�

, and QK4 is embedded into QK

�

by the translation

replacing 2 with 22

�

.

Denote by PL

2

the set of all PL-formulas containing at most two individual

variables, and let PL

2

1

= PL

1

\ PL

2

. That is to say, PL

2

1

consists of all PL-

formulas with at most two variables, the modal operators in which are applied

to subformulas with at most one free variable.

Theorem 7.8. The fragments L \ PL

2

1

, for L 2 fQK

�

;QK;QK4;QS4g, are

decidable.
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Proof The L-formula �

T

, corresponding to a world candidate T for a formula

' 2 PL

2

1

, contains not more than two individual variables. As was mentioned

in the introduction, the satis�ability problem for such formulas is decidable. It

remains to use the criterion of Theorem 7.7. 2

And since PL

2

1

contains the set PL

1

of PL-formulas with at most one vari-

able, we also have:

Corollary 7.1. The fragments L\PL

1

, for L 2 fQK

�

;QK;QK4;QS4g, are

decidable.

We have obtained this result using the mosaic technique, which in general

constructs only an in�nite model satisfying a given formula. The more fa-

miliar way of establishing decidability in (propositional) modal logic|proving

the �nite model property, that is the existence of �nite models for satis�able

formulas|does not work for the fragments mentioned in Corollary 7.1. To show

this, let us note �rst that in the predicate modal case one should distinguish

between two types of �nite model property.

Say that a fragment L

0

of a �rst-order modal logic L has the �nite frame

property if every formula in L

0

satis�able in some model for L can be satis�ed in

a model for L based on a �nite Kripke frame. L

0

has the �nite domain property

if every satis�able formula in L

0

can be satis�ed in a model for L with �nite

domain.

Theorem 7.9. The one-variable fragments of QK

�

, QK4, and QS4 with a

single unary predicate have neither the �nite frame nor the �nite domain prop-

erty.

Proof Consider the conjunction ' of the following formulas:

9xP (x); 8x2(P (x)! 2P (x)); 29x:P (x); 28x(:P (x)! 3P (x)):

One can readily check that ' is satis�ed in the model M = hF;N; Ii based on

F = hN; <i or F = hN;�i, where for each n 2 N,

I(n) =




N; P

I;n

�

; P

I;n

= f0; : : : ; n : : : g:

It is not hard to see, however, that every transitive model satisfying ' has both

an in�nite underlying Kripke frame and an in�nite domain. 2

Remark 7.4. The same result holds, of course, in the case of expanding domains

(the �nite domain property means then that the universe D is �nite).

The transitivity of the underlying frames was essential in the proof above.

For we have the following:

Theorem 7.10. The fragment PL

1

\QK of QK has the �nite frame property.
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Proof The proof of Theorem 7.6 shows that every satis�able formula ' 2 PL

1

is satis�ed at the root of a tree quasimodel, the set of �-successors of every

world w in which is �nite. By transforming this quasimodel (in accordance

with Theorem 7.4) into a real model and then taking the submodel of the latter

consisting of the worlds accessible from the root in � md(') steps, we construct

a model based on a �nite Kripke frame and still satisfying ' at its root. 2

PL

1

\QK contains full classical �rst-order logic. So it cannot have the �nite

domain property. The following observation shows how one can extract frag-

ments of this logic with both the �nite frame and the �nite domain properties.

Theorem 7.11. Let PL

0

� PL

1

and suppose that for every ' 2 PL

0

and every

realizable world candidate T for ', the formula �

T

is satis�able in a �nite �rst-

order structure. Then QK\PL

0

has both the �nite frame and the �nite domain

property.

Proof The result follows immediately from Theorem 7.10 and the fact that if

�

T

, T = hT; T

con

i, is satis�able in a �nite �rst-order structure then there exists

m 2 ! such that, for every n � m, T is realized in an L-structure D of the form

(7.1) in which jD

t

j = n, for every t 2 T . 2

Corollary 7.2. QK \ PL

2

1

and QK \ PL

1

have both the �nite frame and the

�nite domain properties.

Proof It is well known that the two-variable fragment of �rst-order logic has

the �nite model property (see [B�orger et al. 1997]. 2

One more interesting fragment of PL is the set of monadic formulas, all

predicate symbols in which are at most unary. Denote this fragment by PL

mo

,

and let PL

mo

1

= PL

1

\ML

mo

. In this case the formula �

T

, corresponding to

a world candidate T for ' 2 PL

mo

1

, is a monadic L-formula. As is well-known,

the monadic fragment of �rst-order logic is decidable, which yields us:

Theorem 7.12. The fragments L \ PL

mo

1

, for L 2 fQK

�

;QK;QK4;QS4g,

are decidable.

J. van Benthem suggested the following natural generalization of guarded

formulas of [Andreka et al. 1998] to the modal case.

De�nition 7.11 (guarded fragment). Denote by MGF the smallest set of

PL-formulas such that

� every atomic formula is in MGF ;

� if ' and  are in MGF , then so are ' ^  , :', 2' and 2

�

';

� if x; y are tuples of variables, G(x; y) is atomic, '(x; y) 2 MGF , and

every free variable occurring in '(x; y) occurs in G(x; y) as well, then

9y(G(x; y) ^ '(x; y)) is in MGF .
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The set MGF is called the guarded fragment of �rst-order modal logic.

Theorem 7.13. The two-variable fragment of QK

�

\MGF is not recursively

axiomatizable.

Proof The prove is similar to the proof of Theorem 7.3. Again the N � N

recurrent tiling problem can be embedded. We just de�ne the formula '

T

associated with a set of tiles T = ft

0

; : : : ; t

n

g: take unary predicate symbols

P

1

; : : : ; P

n

, Q, and a binary relation symbol R and let '

T

be the conjunction

of the following formulas.

9x(Q(x) ^ P

0

(x) ^ 2

�

3

�

(P

0

(x) ^3>));

2

�

8x(Q(x)! (9y(R(x; y) ^Q(y)));

2

�

8x; y((R(x; y)! 2

�

R(x; y));

2

�

8x(Q(x)! 2Q(x));

2

�

8x(Q(x)! (

W

n

i=0

P

i

(x) ^

V

i 6=j

(P

i

(x) ! :P

j

(x))));

2

�

8x(P

i

(x) ! 8y(R(x; y)!

W

right(t

i

)=left(t

j

)

P

j

(y)));

2

�

8x(P

i

(x) ! 2

W

up(t

i

)=down(t

j

)

P

j

(x)):

2

Let MGF

1

=MGF \ PL

1

.

Lemma 7.4. (1) There is an algorithm that is capable of deciding, given ' 2

MGF

1

and a world-candidate T = hT; T

con

i for ', whether T is realizable. (2)

Let ' 2 MGF

1

and let T = hT; T

con

i be a realizable world-candidate for '.

Then T is �nitely realizable.

Proof Let ' 2 MGF

1

and let T = hT; T

con

i be a world candidate for '.

The guarded fragment of �rst-order logics is decidable and has the �nite model

property, see [Andreka et al. 1998] and [Gr�adel 1999]. So it su�ces to show

that

�

T

=

^

t2T

9x t(x) ^ 8x

_

t2T

t(x) ^

^

ht;ci2T

con

t(c)

is satis�able in a (�nite) model i� a formula in the guarded fragment of �rst

order logic is satis�able. The formulas t(x), t(c) are in GF , but �

T

is not.

However, we can transform it into a guarded sentence as follows. Let P be

a new unary predicate. Observe that if  2 GF then the relativization  

P

of  to P is logically equivalent to a GF -formula. For atomic  ,  

P

=  2

GF ; the boolean cases are trivial; and for guarded  (x; y) and atomic G(x; y),

((9y

1

: : : y

n

(G(x; y) ^  ))

P

is by de�nition 9y

1

: : : y

n

(

V

1�i�n

P (y

i

) ^ G(x; y) ^

 

P

), which is equivalent to 9y

1

: : : y

n

(G(x; y)^ (

V

1�i�n

P (y

i

)^ 

P

)) and hence

is (inductively) equivalent to a guarded formula. Now,

(�

T

)

P

=

^

t2T

9x(P (x)^t

P

(x)) ^ 8x(P (x)!

_

t2T

t

P

(x)) ^

^

ht;ci2T

con

t

P

(c);
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and we see that, up to logical equivalence, (�

T

)

P

2 GF .

By classical model theory, �

T

has a (�nite) model i� (�

T

)

P

has a (respec-

tively, �nite) model. 2

Theorem 7.14. The fragments L \MGF

1

, for L 2 fQK

�

;QK;QK4;QS4g,

are decidable.

Proof Follows from the previous lemma and Theorem 7.7. 2

Theorem 7.15. QK \MGF

1

has both the �nite frame and the �nite domain

property.

Proof Follows from the previous lemma and Theorem 7.10. 2

We close this section with applications to the decision problem for modal

description logics. Observe that we can arrange it that '

T

2 PL

2

1

whenever

' is a formula from L

ALC

with the modal operators 2 and 2

�

and without

modalized and global roles. So we obtain

Theorem 7.16. The satisfaction problem for K

�

ALC

{formulas without global

and modalized roles is decidable.

Recall that in the previous chapter we have obtained, for formulas with-

out global and modalized rules, decidability results for modal description logics

based on considerably more expressive description logics than ALC. The exam-

ple we considered was CIQ (see Theorem 6.8). The �rst-order modal language

we deal with in this chapter does not have enough expressive power to represent

all the constructs from CIQ, say that in each world of a model R

�

should be the

transitive re
exive closure of R. But it is easy to allow CIQ here as well: we

can interpret CIQ in models whose worlds are suitable �rst-order L-structures,

and use the following generalization of Theorem 7.7, which is proved in precisely

the same way.

Theorem 7.17. Let FO be a class of �rst-order structures and PL

0

� PL

1

.

Suppose also that:

(i) there is an algorithm that is capable of deciding, given a world candidate

for ' 2 PL

0

, whether it is realizable in a structure from FO, and

(ii) there is a cardinal � � @

0

such that for any �

0

� �, every world candidate

hT; T

con

i realizable in a structure from FO is realizable in a structure

D 2 FO in which jD

t

j = �

0

for every t 2 T .

Then the satis�ability problem for PL

0

-formulas in �rst-order modal models, the

worlds of which are structures from FO, is decidable.

Corollary 7.3. The satisfaction problem forK

�

CIQ

{formulas without global and

modalized roles is decidable.

Proof That (i) holds was actually shown in [de Giacomo 1995] (consult the

appendix), and (ii) follows from the fact that the class of �rst-order structures

for CIQ is closed under the formation of disjoint unions. 2
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7.6 Discussion

In this chapter we have proved the decidability of various fragments of the

monodic fragment of QK

�

. These results are the �rst non-trivial positive de-

cidability results for fragments of modal predicate logics. Various interesting

open problems remain: we did not consider the complexity of the satisfaction

problem. As in the chapter on products it is easily seen that all the fragments

considered here (e.g., the one-variable fragments of QK, QK

�

, and QS4) have

a NEXPTIME{hard satisfaction problem. But matching upper bounds are not

known. Secondly we did not investigate the fragment PL

1

itself. For example,

it remains open whether KQ

�

\ PL

1

is recursively enumerable and whether a

natural axiomatization of this fragment exists. We believe that quasimodels

may be helpful to provide an answer in the positive.

Finally, it is worth mentioning again that we took the modal logic QK

�

for

technical reasons only. The proof method can be extended to prove the same

results for the dynamic logic CPDL and the epistemic logic S5

C

n

. The new

ingredients required to deal with the converse operator can be taken from the

decidability proof for CPDL �K

m

and are easily integrated.



Chapter 8

Fragments of temporal

predicate logics

We will give two di�erent types of decidability proofs for monodic fragments of

�rst-order temporal logics. The �rst uses the decidability of monadic second-

order logic over the 
ows of time in question and the second involves an explicit

analysis of the structure of models. As in the previous chapters they rely on

representing a temporal model satisfying a given monodic formula ' in the form

of a quasimodel. The �rst algorithm expresses the existence of a quasimodel sat-

isfying such a ' by a formula of monadic second-order logic. This fact, together

with the B�uchi and Rabin decidability theorems, makes it possible to reduce

the satis�ability problem for formulas in models with arbitrary but constant

domain based on hN; <i, hQ; <i, and some other linear temporal structures to

the satis�ability problem for a certain fragment of classical �rst-order logic. The

resulting algorithms are non-elementary, however, since the satisfaction problem

for monadic second-order logic in hN; <i and the other 
ows of time mentioned

above is non-elementary. The second algorithm relies on an investigation of the

structure of quasimodels on hN; <i satisfying a given T L

1

-formula ' and pro-

vides more explicit satis�ability checking algorithms for models with arbitrary

and constant domain based on hN; <i. A modi�ed algorithm checks satis�ability

in models with �nite domains.

The chapter is organized in the following way. In Section 8.1 we de�ne the

syntax and semantics of the temporal logics under consideration and prove that

their monadic two-variable fragments are undecidable. We then introduce the

fragment T L

1

of monodic formulas. In Section 8.3 we introduce quasimodels.

Most of the notions and results of Sections 8.1 and 8.3 will be straightforward

variations of the corresponding notions in the previous chapter. So we will be

brief. In Section 8.4 we give our �rst decision procedure for monodic formulas,

using monadic second-order logic. In Section 8.5 we give the second one, and

in Section 8.6 its modi�ed form for �nite domains. In Section 8.7, we prove the

expressive completeness of T L

1

for T S

1

. In Section 8.8 we use the obtained

181
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criteria to single out a number of decidable fragments of �rst-order temporal

logics, including fragments of T S

1

, and the two-variable, monadic, and guarded

monodic fragments of T L

1

.

8.1 First-order temporal logic

Denote by T L the �rst-order temporal language constructed in the standard

way from the following alphabet:

� predicate symbols P

0

; P

1

; : : : , each of which is of some �xed arity,

� individual variables x

0

; x

1

; : : : ,

� individual constants c

0

; c

1

; : : : ,

� the booleans ^, :,

� the universal quanti�er 8x for each individual variable x,

� the temporal operators S (Since) and U (Until).

Observe that T L results from PL when the unary operators 2

1

; : : : are replaced

by the binary operators S and U . We use the same conventions as in the previous

chapter and the following standard abbreviations:

3' = >U';

2' = :3:';

2

+

' = ' ^ 2';

3

+

' = ' _3';


' = ?U':

T L is interpreted in �rst-order temporal models of the form M = hF; D; Ii,

where F = hW;<i is a strict linear order representing the 
ow of time, D is

a non-empty set, the domain of M, and I is a function associating with every

moment of time w 2W a �rst-order L-structure

I(w) =

D

D;P

I(w)

0

; : : : ; c

I(w)

0

; : : :

E

;

satisfying the same conditions as in the previous chapter. Assignments a from

var to D as well as the satisfaction relation j=

a

are de�ned as in the previous

chapter, save that now we require the following conditions:

� w j=

a

'S i� there is v < w such that v j=

a

 and u j=

a

' for every u in

the interval (v; w) = fu 2W : v < u < wg;

� w j=

a

'U i� there is v > w such that v j=

a

 and u j=

a

' for every

u 2 (w; v).

It follows, in particular, that
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� w j=

a

3' i� there is v > w such that v j=

a

';

� w j=

a

3

+

' i� there is v � w such that v j=

a

';

� w j=

a

2' i� v j=

a

' for all v > w;

� w j=

a

2

+

' i� v j=

a

' for all v � w;

� w j=

a


' i� there exists an immediate successor v of w (i.e., v > w and

(w; v) = ;) such that v j=

a

'.

For a class F of strict linear orders, we let TL(F), `the temporal logic of F ',

denote the set of T L-formulas that are valid in F :

TL(F) = f' 2 T L : (M; w) j=

a

' for all M = (F; D; I) with F 2 F ;

all w 2 D; and all assignments a in Dg:

TL

fin

(F) stands for the set of those T L-formulas that are valid in all models

based on linear orders in F and having �nite domains. Instead of TL(fhN; <ig),

TL

fin

(fhN; <ig) we write TL(N) and TL

fin

(N), respectively; similar notation

is used for hZ; <i and hQ; <i.

Remark 8.1. In this chapter we consider only models with constant domains.

The prove of Proposition 7.1 is easily modi�ed to see that (mostly) satis�ability

in models with expanding domains can be reduced to satis�ability in models

with constant domains.

We give the de�nition of monodic T L-formulas.

De�nition 8.1 (monodic formulas). Denote by T L

1

the set of T L-formulas

' such that any subformula of ' of the form  

1

U 

2

or  

1

S 

2

has at most one

free variable. Such formulas will be called monodic. In other words, monodic

formulas allow quanti�cation into temporal contexts only with one free variable.

8.2 Undecidability of fragments of T L

The following two theorems indicate some limits outside which one cannot hope

to �nd decidable fragments of �rst-order temporal logics.

Theorem 8.1. (1) The two-variable monadic fragment of TL(N) is not recur-

sively enumerable.

(2) The two-variable fragment of TL(N)\T L

1

extended by one global binary

relation is not recursively enumerable.

(3) The two-variable fragment of TL(N) \T L

1

extended by one binary rela-

tion of the form 2R(x; y) is not recursively enumerable.

Proof The proof is similar to the proof of Theorem 7.3 and is left to the reader.

2

We come to the case of �nite domains.
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Theorem 8.2. The two-variable monadic fragment of TL

fin

(N) is not recur-

sively enumerable.

Proof We are going to reduce the following undecidable problem to the satis-

faction problem for the monadic T L

2

-formulas in models with �nite domains:

given a Turing machine, determine whether it comes to a stop having started

from the empty tape. Let A be a single-tape right-in�nite deterministic Tur-

ing machine with state space S, initial state s

0

, halt state s

1

, tape alphabet A

(b 2 A stands for blank) and transition function �. The con�gurations of A will

be represented by in�nite words of the form $a

0

: : : a

i

: : : a

n

b

!

, where $ marks

the left side of the tape, all a

0

; : : : ; a

n

save one, say a

i

, are in A, while a

i

belongs

to S �A and represents the active cell and the current state. The start con�g-

uration, for instance, is represented by $(s

0

; b)b

!

. Let A

0

= A[ f$g[ (S �A),

and A

00

= A

0

n f$g.

We want to construct a monadic T L

2

-formula '

A

which is satis�able in a

model with a �nite domain D i� A comes to a stop (i.e., reaches the halt state)

having started from $(s

0

; b)b

!

. Roughly, the idea is to codify con�gurations of

A by elements of D; a con�guration will be encoded by an element x 2 D using

the behaviour of x over time.

First, with every � 2 A

0

we associate a unary predicate P

�

. The sentence

8x

�

P

$

(x) ^ 2

_

�2A

00

(P

�

(x) ^ :

_

� 6=�2A

00

P

�

(x))

�

(8.1)

means that `now', all objects in D are in P

$

while later each of them belongs

to precisely one of the sets P

�

, for � 2 A

00

. To mark the object representing the

active cell of a given con�guration and its immediate predecessor and successor,

we use three unary predicates, S, L, and R, de�ned by the formulas:

2

+

8x(S(x)$

_

(s;a)2A

0

P

(s;a)

(x)); (8.2)

2

+

8x((L(x)$
S(x)) ^ (S(x) $
R(x))); (8.3)

2

+

8x:(S(x) ^3S(x)): (8.4)

The transition from one con�guration to another is simulated by means of

the formula:

�(x; y) =

^

�(�;�;
)=(�

0

;�

0

;


0

)

3

+

�

L(x) ^ P

�

(x) ^
(P

�

(x) ^
P




(x))

�

!

2

+

�

(L(x)! P

�

0

(y)) ^ (S(x)! P

�

0

(y)) ^ (R(x)! P




0

(y))

^

^

�2A

0

(:L(x) ^ :S(x) ^ :R(x) ^ P

�

(x)! P

�

(y))

�

:

The following two formulas de�ne a unary predicate C (clock); its intended

meaning is to �x the moment of time the machine reaches this or that con�gu-
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ration.

8x(3

+

C(x) ^2

+

:(C(x) ^3C(x))); (8.5)

8x; y(�(x; y)! 3

+

(C(x) ^
C(y))): (8.6)

It remains only to ensure that there exists a sequence representing a halt

con�guration:

9x3

+

_

(s

1

;a)2A

0

P

(s

1

;a)

(x); (8.7)

and that each con�guration save the start one on the empty tape has a prede-

cessor:

8y

�

:(P

$

(y) ^
(P

(s

0

;b)

(y) ^ 2P

b

(y))! 9x�(x; y)

�

: (8.8)

Let '

A

be the conjunction of (8.1){(8.8) It is not hard to check that '

A

is

satis�ed in a model with a �nite domain i� A comes to a stop having started

from the empty tape. Indeed, the `('-part of the proof should be clear. For

the converse, suppose that '

A

is satis�ed in a world w of a model having a

�nite domain, D. By (8.7), (8.1), and (8.2){(8.4), there is h 2 D representing

a halt con�guration. Observe that, by (8.5) and (8.6), we cannot have objects

c

0

; : : : ; c

n

2 D such that c

0

= c

n

and w j= �[c

0

; c

1

] ^ : : : ^ �[c

n�1

; c

n

]. Let

c

0

; : : : ; c

n

be a maximal chain in D for which c

n

= h and w j= �[c

i

; c

i+1

],

0 � i < n. Such a chain exists since D is �nite. So there is no c 2 D with

w j= �[c; c

0

]. In view of (8.8), this can only mean that c

0

represents the start

con�guration on the empty tape. Thus, by de�nition of �, A reaches a halt

con�guration having started from the empty tape.

Thus, the two-variable monadic fragment of TL

fin

(N) is undecidable. On

the other hand, its complement (in the set of monadic T L-formulas) is recur-

sively enumerable. For, it is not hard to see that satis�ability of monadic and

indeed arbitrary T L-formulas in models based in hN; <i and having domains

of � n elements, for �xed n, can be reduced to satis�ability of propositional

temporal formulas in hN; <i, which is known to be decidable (see e.g. [Gabbay

et al. 1994]). 2

The sets sub

n

' and con' are de�ned as in the previous chapter. Also

the de�nition of surrogates is similar: For every formula  (x) = '

1

U'

2

or

 (x) = '

1

S'

2

with one free variable x, we reserve a unary predicate P

 

(x),

and for every sentence  = '

1

U'

2

or  = '

1

S'

2

we �x a propositional variable

p

 

. P

 

(x) and p

 

are called the surrogates of  (x) and  , respectively. The

de�nition of ' and � should be clear from the previous chapter.

8.3 Codifying models

From now on we will be assuming that all our formulas are monodic. We require

again quasimodels encoding models for '. The de�nition of types (see De�nition
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7.2), world-candidates (see De�nition 7.3), and realizable world-candidates (see

De�nition 7.4) is the same as in the previous chapter. Call a world-candidate

�nitely realizable if it is realizable in a structure with �nite domain.

Recall that [(') and ](') denote the number of distinct types and realizable

world candidates for ', respectively.

We require the following \�nite" and \in�nite" variants of Lemma 7.2 and

7.3.

Lemma 8.1. A world candidate T = hT; T

con

i for ' is (�nitely) realizable i�

the L-formula

�

T

=

^

f9x t(x) : t 2 Tg ^ 8x

_

ft(x) : t 2 Tg ^

^

ft(c) : ht; ci 2 T

con

g

is satis�ed in some (respectively, �nite) L-structure.

Fix for any T L

1

-sentence ' an enumeration




t

1

; : : : ; t

n

'

�

of all types for '.

Lemma 8.2. (1) Let � be a cardinal, � � @

0

. Then every realizable world

candidate hT; T

con

i is realized in an L-structure D of the form (7.1) such that,

for every t 2 T , the set

D

t

= fa 2 D : D j= t[a]g

is of cardinality �.

(2) There is m < ! such that, for every �nitely realizable world candidate

T = hT; T

con

i and every sequence hn

i

: 0 < i � n

'

i, in which n

i

= 0 whenever

t

i

62 T and n

i

> m otherwise, T is realized in an L-structure D such that

jD

t

i

j = n

i

, for every i � n

'

.

Proof The �rst part is clear. (2) Suppose that T

1

; : : : ;T

k

are all distinct

�nitely realizable world candidates for ' (so that k � ](')) and that T

j

is

�nitely realized in D

j

. Then it is enough to take m = maxf

�

�

�

D

j

t

i

�

�

�

: 0 < i �

n

'

; 0 < j � kg. 2

We are now in a position to de�ne the central notion of this section, that of

a quasimodel. Let F = hW;<i be a linear order.

De�nition 8.2 (state function). A state function for ' over F is a map f

associating with each w 2 W a realizable world-candidate f(w) = hT

w

; T

con

w

i

for '.

De�nition 8.3 (run). Let f be a state function for ' over F = hW;<i. By a

run in f we mean a function r from W into the set

S

w2W

T

w

such that

� r(w) 2 T

w

, for all w 2W ,

� for every  

1

U 

2

2 sub

x

' and every w 2 W , we have  

1

U 

2

2 r(w) i�

there is v > w such that  

2

2 r(v) and  

1

2 r(u) for all u 2 (w; v),



8.3. CODIFYING MODELS 187

� for every  

1

S 

2

2 sub

x

' and every w 2 W , we have  

1

S 

2

2 r(w) i�

there is v < w such that  

2

2 r(v) and  

1

2 r(u) for all u 2 (v; w).

De�nition 8.4 (quasimodel). Suppose f is a state function for ' over F and

R a set of runs in f . The pair m = hf;Ri is called a quasimodel for ' (over F)

if the following conditions hold:

� for every c 2 con', the function r

c

de�ned by r

c

(w) = t, for ht; ci 2 T

con

w

,

w 2W , is a run in R.

� for every w 2 W and every t 2 T

w

, there exists a run r 2 R such that

r(w) = t.

In this case the world candidates f(w) are called quasiworlds of m. Say that '

is satis�ed in the quasimodel m if there is w 2 W such that ' 2 t, for some (or,

equivalently, all) t 2 T

w

.

Remark 8.2. Note that, for any two sets of runs R

1

and R

2

in f , if R

1

� R

2

and hf;R

1

i is a quasimodel for ' then hf;R

2

i is a quasimodel for ' as well.

Consequently, there exists a quasimodel for ' based on a state function f i�

hf;


f

i is a quasimodel for ', where 


f

is the set of all runs in f . In this case we

will say that f itself is a quasimodel for '. If we are interested in satis�ability of

temporal formulas in arbitrary models then it is enough to consider quasimodels

of the form hf;


f

i. To deal with satis�ability in models with �nite domains,

we shall need quasimodels hf;Ri with �nite R.

Theorem 8.3. (1) A T L

1

-sentence ' is satis�able in a model based on F =

hW;<i i� it is satis�ed in a quasimodel for ' over F. (2) A T L

1

-sentence ' is

satis�ed in a model based on F = hW;<i with a �nite domain i� it is satis�ed

in a quasimodel hf;Ri for ' over F with �nite R.

Proof (1) as well as the implication ()) in (2) can be established as in the

proof of Theorem 7.4.

It remains to consider the implication from right to left in (2). Suppose '

is satis�ed in a quasimodel hf;Ri for ' with �nite R, and let m be the number

supplied by Lemma 8.2 (2). De�ne the domain of the model to be constructed

by taking

D = fhr; �i : r 2 R; � < mg:

By Lemma 8.2 (2), for every w 2 W there exists an L-structure I(w) with

domain D realizing f(w) and such that c

w

= hr

c

; 0i, for every c 2 con', and

r(w) = f 2 sub

x

' : I(w) j=  [hr; �i]g;

for all r 2 R and � < m. Let M = hF; D; Ii. In precisely the same way as in

the proof of Theorem 7.4 one can show that ' is satis�ed in M. 2
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8.4 Embedding into second-order monadic the-

ories

We can now quickly deduce decidability results by translating into monadic

second-order logic the statement that a quasimodel for ' exists.

Theorem 8.4. Let T L

0

� T L

1

and suppose that there is an algorithm which is

capable of deciding, for any T L

0

-sentence ', whether an arbitrarily-given world

candidate for ' is realizable. Let F be one of the following classes of 
ows of

time:

1. fhN; <ig

2. fhZ;<ig

3. fhQ; <ig

4. the class of all �nite strict linear orders

5. any �rst-order-de�nable class of strict linear orders|for example, the

class of all linear orders.

Then the satisfaction problem for the T L

0

-sentences in F , and so the decision

problem for the fragment TL(F) \ T L

0

, are decidable.

Proof We will construct, e�ectively from a T L

0

-sentence ', a sentence �

'

of

monadic second-order logic that will be true in a linear order F i� ' is satis�ed

in a quasimodel for ' over F. This su�ces to prove the theorem:

1. By Theorem 8.3, ' is satis�able in a model based on hN; <i i� ' is satis�ed

in a quasimodel for ' over hN; <i, i� hN; <i j= �

'

. This last statement is

decidable, by a result of B�uchi, see [B�uchi 1962].

2. The case of hZ; <i is similar.

3. The case of hQ; <i is again similar, except that the decidability of the

problem `hQ; <i j= �

'

' follows from Rabin's theorem on the decidability

of S2S [Rabin 1969], see also [Rabin 1977] .

4. As in (1), we see that ' is satis�able in a model based on a �nite linear

order i� �

'

is true in some �nite linear order. As is well-known, it follows

from B�uchi's theorem that this last statement is decidable.

5. By considering the standard translation of ' into two-sorted �rst-order

logic (see Section 8.7) and applying the downward L�owenheim{Skolem{

Tarski theorem, it can be seen that ' has a model with 
ow of time in F

i� it has a model with countable 
ow of time in F . By Theorem 8.3 (1),

this holds i� ' is satis�ed in a quasimodel for ' over a countable order in

F .
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Let P be a new monadic predicate variable, and de�ne, for any formula

 of monadic second-order logic not involving P , the relativization  

P

of

 to P , by  

P

=  for atomic  , (: )

P

= : 

P

, ( 

1

^  

2

)

P

=  

P

1

^  

P

2

,

(9x )

P

= 9x(P (x) ^  

P

), and (9Q )

P

= 9Q 

P

. Evidently, for any

sentence  and any linear order F, we have F j= 9P (9xP (x)^ 

P

) i� F

0

j=

 for some (non-empty) suborder F

0

of F|the intended interpretation of

P is the domain of F

0

.

Now any countable strict linear order is a sub-order of hQ; <i. Let � be a

sentence of linear order de�ning F . Then �

'

(assumed not to involve P )

is satis�able in some countable F 2 F i�

hQ; <i j= 9P (9xP (x) ^ (� ^ �

'

)

P

):

By Rabin's theorem, this last statement is decidable.

So �x a T L

0

-sentence '. We will construct �

'

. First, we write down some

auxiliary formulas. First, introduce a unary predicate variable R

 

for each

 2 sub

x

'. If t is any type for ', let

�

t

(x) =

^

 2t

R

 

(x) ^

^

 2(sub

x

')nt

:R

 

(x);

saying that the R

 

(x) de�ne the type t at x. Also, � denotes the conjunction

of the two formulas

8x

^

 

1

U 

2

2sub

x

'

�

R

 

1

U 

2

(x)$ 9y(x < y ^ R

 

2

(y) ^ 8z(x < z < y ! R

 

1

(z)))

�

8x

^

 

1

S 

2

2sub

x

'

�

R

 

1

S 

2

(x)$ 9y(y < x ^ R

 

2

(y) ^ 8z(y < z < x! R

 

1

(z)))

�

;

for some variables y; z; this says that the R

 

(x) de�ne a run.

There are at most ](') world candidates for ', and these can be enumerated

e�ectively. So by the theorem assumption, the set � of all realizable state

candidates for ' can be constructed from ' by an algorithm.

Introduce a unary predicate variable P

s

for each s 2 �. We now de�ne the

monadic second-order sentence �

'

as follows:

9

s2�

P

s

 

8x

h

_

s2�

P

s

(x) ^

^

s;s

0

2�

s6=s

0

:(P

s

(x) ^ P

s

0

(x))

i

^

_

hT;T

con

i2�

'2

S

T

9x P

hT;T

con

i

(x)

^

^

c2con'

9

 2sub

x

'

R

 

h

� ^ 8x

^

hT;T

con

i2�

ht;ci2T

con

(P

hT;T

con

i

(x)! �

t

(x))

i

^ 8x

^

hT;T

con

i2�

t2T

h

P

hT;T

con

i

(x)!

9

 2sub

x

'

R

 

(� ^ �

t

(x))

i

!

:
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If F = hW;<i is a linear order, then F j= �

'

i� there exist subsets P

s

� W

(s 2 �), some of which may be empty, which partitionW in such a way that the

state function f :W ! � de�ned by w 2 P

f(w)

, for all w 2 W , is a quasimodel

for ': the second line states that each constant of con' de�nes a run coded

by the R

 

, and the third line expresses the second condition of De�nition 8.4.

The last conjunct on the �rst line says that ' is satis�ed in this quasimodel.

Hence, F j= �

'

i� ' is satis�ed in a quasimodel for ' over F. Clearly, �

'

can

be constructed e�ectively from �, and hence from '. This completes the proof.

2

Various applications of Theorem 8.4 can be found in Section 8.8.

8.5 Satis�ability in hN ; <i: arbitrary models

The translation into monadic second-order logic given in the preceding section

does not of itself yield an elementary decision procedure for our problem|for

example, the complexity of monadic second-order logic over hN; <i (that is,

`S1S') is itself non-elementary. In this section we demonstrate another way

of proving decidability of fragments of linear temporal logics, which is more

direct, makes plain the structure of these models, and does yield an elementary

decision procedure. For simplicity we will be considering here the logic TL(N)

in the language with only one temporal operator Until; it is easy to add Since

if required. The idea is to show that every quasimodel satisfying a given T L

1

-

formula ' can be converted into another quasimodel which also satis�es ' and

is based on a periodical state function, with the period being of some bounded

length. In the next section we will use this idea to obtain a satis�ability criterion

for T L

1

-formulas in models (on hN; <i) with �nite domains.

Fix a T L

1

-sentence '.

We will use the following notation regarding certain sequences of elements,

in particular, state functions f = f(0); f(1); : : : and runs r = r(0); r(1); : : : .

Given a sequence s = s(0); s(1); : : : and i � 0, we denote by s

�i

and s

>i

the

head s(0); : : : ; s(i) and the tail s(i + 1); s(i + 2); : : : of s, respectively; s

1

� s

2

denotes the concatenation of sequences s

1

and s

2

; jsj denotes the length of s,

and

s

�

= s � s � s � : : :

An in�nite subsequence g = f(n

0

); f(n

1

); : : : of a state function f for ' will

also be understood as a state function for ' de�ned by g(i) = f(n

i

), i 2 N.

Lemma 8.3. Let hf;Ri be a quasimodel for ' such that f(n) = f(m) for some

n < m. Then




f

�n

� f

>m

;R

�n

� R

>m

�

is also a quasimodel for ', where

R

�n

� R

>m

= fr

�n

1

� r

>m

2

: r

1

; r

2

2 R; r

1

(n) = r

2

(m)g:

Proof It su�ces to observe that if r

1

and r

2

are runs in f and r

1

(n) = r

2

(m),

then r

�n

1

� r

>m

2

is a run in f

�n

� f

>m

. Let us check, for instance, the `)'-

condition for  

1

U 

2

2 sub

x

'. Suppose that  

1

U 

2

2 r

1

(k) for some k � n.
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Then, since r

1

is a run, there is l > k such that  

2

2 r

1

(l) and  

1

2 r

1

(l

0

)

for all l

0

2 (k; l). If l � n then we are done. Otherwise, when l > n, we have

 

1

U 

2

2 r

1

(n) = r

2

(m), and so are done again, since r

2

is a run.

Now, because hf;Ri is a quasimodel, for every r

1

2 R there is r

2

2 R

such that r

1

(n) = r

2

(m), and vice versa (swapping n;m). It now follows that




f

�n

� f

>m

;R

�n

� R

>m

�

is a quasimodel for '. 2

De�nition 8.5. If g is a subsequence of f , and both hf;Ri and hg;Qi are

quasimodels for ', then we call hg;Qi a subquasimodel of hf;Ri.

For instance,




f

�n

� f

>m

;R

�n

� R

>m

�

in the formulation of Lemma 8.3 is

a subquasimodel of hf;Ri.

Lemma 8.4. Every quasimodel f for ' contains a subquasimodel f

0

= f

1

� f

2

such that jf

1

j � ](') and each quasiworld in f

2

occurs in this sequence in�nitely

many times.

Proof If each f(n), for n 2 N, occurs in�nitely often in f then let f

0

= f = f

2

(f

1

is empty). Otherwise, we take n to be the maximal number such that

f(n) 6= f(m), for all m > n, and apply Lemma 8.3 to the quasimodel f deleting

from its head f

�n

all repeating quasiworlds, which yields us a subquasimodel

f

0

= f

1

� f

>n

satisfying the required properties. 2

De�nition 8.6. Suppose that f = f(0); f(1); : : : is a sequence of realizable

world candidates for ' of the form f(i) = hT

i

; T

con

i

i, r is a sequence of elements

from T

i

, i 2 N, such that r(i) 2 T

i

, and n 2 N. Suppose also that a formula

 

1

U 

2

2 sub

x

(') occurs in r(n). Then we say that r realizes  

1

U 

2

in m steps

(starting from n), if there is l 2 (0;m) such that  

2

2 r(n+ l) and  

1

2 r(n+k)

for all k 2 (0; l).

Lemma 8.5. Let f = f

1

� f

2

be a quasimodel for ' (with quasiworlds of the

form hT

i

; T

con

i

i for i 2 N) such that n = jf

1

j � ](') and each quasiworld in

f

2

occurs in it in�nitely often. Then f contains a subquasimodel of the form

f

1

� f

0

� f

>l

2

, for some l � 0, such that

(i) jf

0

j � jsub

x

'j � ](') � [

2

(') + ](');

(ii) for every t 2 T

n

there is a run r in f

1

� f

0

� f

>l

2

coming through t and

realizing all formulas of the form  

1

U 

2

2 r(n) in jf

0

j steps (for t

c

2 T

con

n

the

run r

c

realizes all formulas of the form  

1

U 

2

2 r

c

(n) in jf

0

j steps);

(iii) f

0

(0) = f

>l

2

(0).

Proof Suppose t 2 T

n

,  

1

U 

2

2 t and r is a run in f through t, i.e., r(n) = t.

Take the minimal m > 0 such that  

2

2 r(n + m) and  

1

2 r(n + k) for

all k 2 (0;m). Assume now that 0 < i < j < m, r(n + i) = r(n + j) and

f(n+ i) = f(n + j). In view of Lemma 8.3, f

1

� f

�i

2

� f

>j

2

is a subquasimodel

of f and r

�n+i

� r

>n+j

is a run in it coming through t 2 T

n

. It follows that we

can construct a subquasimodel f

1

� f

�0

2

� f

3

of f and a run r

1

in it which comes

through t 2 T

n

and realizes  

1

U 

2

in m

1

� [(') � ](') steps.
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Then we consider another formula of the form  

0

1

U 

0

2

2 t and assume that

it is realized in m

2

> m

1

steps in r

1

. Using Lemma 8.3 once again (and deleting

repeating quasiworlds in the interval f

3

(m

1

); : : : ; f

3

(m

2

)) we select a subquasi-

model f

1

� f

�0

2

� f

�m

1

3

� f

4

of f and a run r

2

through t 2 T

n

which realizes both

 

1

U 

2

and  

0

1

U 

0

2

in 2 � [(') � ](') steps.

Having analyzed all distinct formulas of the form  

1

U 

2

in t 2 T

n

we obtain

a subquasimodel f

1

� f

�0

2

� f

0

� f

>k

of f and a run r

0

through t which realizes

all such formulas in m

0

� jsub

x

'j � [(') � ](') steps.

After that we consider in the same manner another type t

0

2 T

n

. However

this time we can delete quasiworlds only after f

0

(m

0

), and so to realize in some

run through t

0

a formula  

1

U 

2

2 t

0

, we need again � [(') � ](') new steps.

Since jT

n

j � [('), at most jsub

x

'j�[

2

(')�](') quasiworlds are required to satisfy

(ii).

Finally, not more than ](') quasiworlds may be needed to comply with (iii).

2

De�nition 8.7 (suitable pair). A pair t, t

0

of types for ' is called suitable if

for every  

1

U 

2

2 sub

x

',

 

1

U 

2

2 t i� either  

2

2 t

0

or  

1

2 t

0

and  

1

U 

2

2 t

0

:

Lemma 8.6. Suppose that f

1

and f

2

are �nite sequences of realizable world

candidates for ' of length l

1

and l

2

, respectively, and let

f = f

1

� f

�

2

with f(n) = hT

n

; T

con

n

i, n 2 N. Then f is a quasimodel for ' whenever the

following conditions hold:

1. for every i, 0 � i � l

1

+ l

2

, and every t

i

2 T

i

, there are t

i�1

2 T

i�1

(only

if i > 0) and t

i+1

2 T

i+1

(only if i < l

1

+ l

2

)

1

such that the pairs t

i�1

; t

i

and t

i

; t

i+1

are suitable;

2. for every i � l

1

and every t

i

2 T

i

, all formulas of the form  

1

U 

2

2 t

i

are realized in l

1

+ l

2

� i steps in some sequence t

i

; t

i+1

; : : : ; t

l

1

+l

2

in which

t

i+j

2 T

i+j

and every pair of adjacent elements is suitable;

3. every pair of adjacent elements in t

0

c

; : : : ; t

l

1

+l

2

c

, where t

i

c

2 T

con

i

, is suit-

able and, for every i � l

1

, all formulas of the form  

1

U 

2

2 t

i

are realized

in this sequence in l

1

+ l

2

� i steps.

Proof We have to show that there is a run coming through an arbitrarily given

t

n

2 T

n

, for every n 2 N. If n � l

1

, then we �rst use condition 1 to construct a

sequence t

0

; : : : ; t

n

such that t

i

2 T

i

and every pair of adjacent elements in it is

suitable. After that, in accordance with condition 2, we continue this sequence

to t

0

; : : : ; t

n

; : : : ; t

l

1

+l

2

in order to realize all formulas of the form  

1

U 

2

2 t

n

.

1

Note that f(l

1

+ l

2

) = f(l

1

) = f

2

(0).
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Then we again use 2 to continue it to t

0

; : : : ; t

l

1

+l

2

; : : : ; t

2(l

1

+l

2

)

, realizing all

U-formulas in t

l

1

+l

2

. And so forth. The resulting sequence is clearly a run in f .

If n > l

1

then, using 1, we construct a sequence t

0

; : : : ; t

n

; : : : ; t

m

such that

t

i

2 T

i

, every pair of adjacent elements in it is suitable and m = k(l

1

+ l

2

), for

some k � 1. After that, by 2, we run on this sequence to

t

0

; : : : ; t

n

; : : : ; t

m

; : : : ; t

(k+1)(t

1

+t

2

)

realizing all the U-formulas in t

m

, and so on, thus obtaining a run through t

n

.

Finally, we observe that the sequence

t

0

c

; : : : ; t

l

1

�1

c

� (t

l

1

c

; : : : ; t

l

1

+l

2

�1

c

)

�

is a run in f , for every c 2 con'. 2

As a consequence of the two preceding lemmas we immediately obtain the

following:

Theorem 8.5. A T L

1

-sentence ' is satis�able i� there are two sequences f

1

and f

2

of realizable world candidates for ' such that f

1

� f

�

2

satis�es conditions

1{3 of Lemma 8.6, all world candidates in f

1

are distinct (and so jf

1

j � ](')),

jf

2

j � jsub

x

'j � [

2

(') � ](') + ](');

and ' 2 t for all t 2 T

0

.

Proof By Theorem 8.3 and Lemmas 8.4, 8.5, ' is satis�able i� ' is true in the

�rst quasiworld of a quasimodel of the form f

1

�f

0

�f

>l

2

described in Lemma 8.5.

It remains to observe that f

1

� f

�

0

satis�es the conditions of Lemma 8.6. 2

Given two �nite sequences f

1

and f

2

of world candidates for ', we can

e�ectively check whether they satisfy conditions 1{3 of Lemma 8.6. The only

missing thing to make the criterion of Theorem 8.5 e�ective is therefore an

algorithm for detecting whether a given world candidate for ' is realizable.

Now we extend the developed technique to obtain a similar satis�ability

criterion in models with �nite domains.

8.6 Satis�ability in hN ; <i: �nite domains

To begin with, let us observe that formulas in T L

1

behave di�erently in models

with arbitrary and �nite domains.

For ` � 1, denote by T L

`

the `-variable fragment of T L and put T L

`

1

=

T L

1

\ T L

`

.

Theorem 8.6. For every T L

0

� T L

1

1

\ T L

mo

,

TL

fin

(N) \ T L

0

% TL(N) \ T L

0

:
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Proof Let

' = 29x(P (x) ^ :(>SP (x))):

In English: `at every moment, someone starts to get old'. Then ' 2 T L

1

1

\T L

mo

,

and it is readily checked that ' is satis�ed in the model M = hN; Ii with

I(n) = hN; P

n

= f0; : : : ; ngi ;

but is false in all models with �nite domains. Indeed, if we interpret 2 as `at

all times', then in any model of ' with linear 
ow of time W and domain D we

have jDj � jW j. Thus, :' 2 TL

fin

(N) \ T L

0

and :' =2 TL(N) \ T L

0

. 2

Our aim in this section is to prove the following analogue of Theorem 8.4

(1):

Theorem 8.7. Let T L

0

� T L

1

and suppose that there is an algorithm which

is capable of deciding, for a T L

0

-sentence ', whether an arbitrarily-given world

candidate for ' is �nitely realizable. Then the satisfaction problem for T L

0

-

formulas in models with �nite domains, and so the decision problem for the

fragment TL

fin

(N) \ T L

0

, are decidable.

To this end we will modify Theorem 8.5 to show that a T L

1

-sentence ' is

satis�ed in a model with a �nite domain i� there is a quasimodel based on a

world function f = f

1

� f

�

2

as in Theorem 8.5 and having a �nite set of runs

R in it. The idea is to strengthen conditions 1 and 2 of Lemma 8.6 in such a

way that sequences t

l

1

; : : : ; t

l

1

+l

2

, realizing formulas of the form  

1

U 

2

, could

be short-circuited, i.e., t

l

1

+l

2

= t

l

1

. Then we will be able to compose in�nite

runs of the form

t

0

; : : : ; t

l

1

�1

; ht

l

1

; : : : ; t

l

1

+l

2

�1

i

�

;

the number of which is clearly �nite. Yet, there remains one more technical

problem: to ensure that we have enough runs, i.e., that every type in every

quasiworld lies on some run. To solve it, we will need two kinds of sequences of

types in quasiworlds: one,

s

2

= ht

l

1

; : : : t

l

1

+l

2

�1

i ;

to realize U-formulas, and another one,

s

3

=




t

0

l

1

; : : : t

0

l

1

+l

2

�1

�

;

to make sure that we have enough runs. The resulting runs will then have the

forms

t

0

; : : : ; t

l

1

�1

; (s

2

� s

3

)

�

and t

0

; : : : ; t

l

1

�1

; (s

3

� s

2

)

�

:

Let us �x a T L

1

-sentence '. Let hf;Ri be a quasimodel for '. De�ne an

equivalence relation �

R

on N by taking

i �

R

j i� f(i) = f(j) and 8r 2 R r(i) = r(j);

and denote by [n]

R

the �

R

-equivalence class generated by n.

Besides, for each n 2 N, we de�ne one more equivalence relation �

n

R

on N

by taking i �

n

R

j i� f(i) = f(j) and
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� for every r 2 R there is r

0

2 R such that r(n) = r

0

(n) and r(i) = r

0

(j),

� for every r 2 R there is r

0

2 R such that r(n) = r

0

(n) and r(j) = r

0

(i).

Lemma 8.7. For every n 2 N, the number of pairwise distinct �

n

R

-equivalence

classes does not exceed

\(') = ](') � 2

2�2

jsub

x

'j

:

Proof Fix some n 2 N and de�ne a function �

i

(k; l), for i 2 N, k; l � n

'

, by

taking

�

i

(k; l) =

�

1 if 9r 2 R r(n) = t

k

& r(i) = t

l

;

0 otherwise:

We then have i �

n

R

j i� f(i) = f(j) and �

i

(k; l) = �

j

(k; l), for all k; l � n

'

. It

remains to observe that the number of functions from f1; : : : ; n

'

g

2

into f0; 1g

is 2

n

2

'

. 2

The �nite analogue of Lemma 8.4 we need is proved similarly to that lemma

with the help of Lemma 8.3.

Lemma 8.8. Every quasimodel hf;Ri for ' with �nite R contains a subquasi-

model hf

1

� f

2

;Qi with �nite Q such that jf

1

j � ](') and [n]

Q

is in�nite, for

every n � jf

1

j.

However, to prove a �nite version of Lemma 8.5, a somewhat subtler deleting

technique is required:

Lemma 8.9. Let hf;Ri be a quasimodel for ', n < i < j, and i �

n

R

j.

Then




f

�i

� f

>j

;Q = R

�i

�

n

R

>j

�

is also a quasimodel for ', where

R

�i

�

n

R

>j

= fr

�i

1

� r

>j

2

: r

1

; r

2

2 R; r

1

(i) = r

2

(j); r

1

(n) = r

2

(n)g:

Moreover, for all n

0

> j, if n �

R

n

0

then n �

Q

n

0

� (j � i).

Proof Follows immediately from the de�nition of i �

n

R

j. 2

Lemma 8.10. Let hf = f

1

� f

2

;R; i be a quasimodel for ' (with quasiworlds

of the form hT

i

; T

con

i

i) such that n = jf

1

j � ]('), R is �nite), and [m]

R

is in�nite for all m > n. Then hf;Ri contains a subquasimodel of the form




f

1

� f

0

� f

>l

2

;Q

�

, for some l � 0, such that Q is �nite and

(i) jf

0

j � jsub

x

'j � \(') � 2

2�2

jsub

x

'j

+ \(');

(ii) for every t 2 T

n

there is a run r 2 Q through t realizing all formulas

of the form  

1

U 

2

2 r(n) in jf

0

j steps (for t

c

2 T

con

n

the run r

c

realizes all

formulas of the form  

1

U 

2

2 r

c

(n) in jf

0

j steps);

(iii) n �

Q

jf

1

� f

0

j.

2

2

Note that f(n) = f

0

(0) = f

>l

2

(0) = f(jf

1

� f

0

j).)
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Proof Suppose t 2 T

n

,  

1

U 

2

2 t and r is a run in R through t. Then there

exists m > 0 such that  

2

2 r(n + m) and  

1

2 r(n + k) for all k 2 (0;m).

Assume now that 0 < i < j < m, r(n + i) = r(n + j) and n + i �

R

n

n + j. In

view of Lemma 8.9,

D

f

1

� f

�i

2

� f

>j

2

;Q

0

= R

�n+i

�

n

R

>n+j

E

is a subquasimodel

of hf;Ri, r

�n+i

� r

>n+j

is a run through t, and for all n

0

> n + j we have

n �

Q

0

n

0

� (j � i) whenever n �

R

n

0

. Thus we obtain a subquasimodel

D

f

1

� f

�0

2

� f

3

;Q

0

E

of hf;Ri such that Q

0

is �nite, there is a run r

1

2 Q

0

through t, realizing

 

1

U 

2

in m

1

� 2

jsub

x

'j

� \(') steps, and such that, for all n

0

> n+m

1

we have

n �

Q

0

n

0

� (j � i) whenever n �

R

n

0

. In particular, [n]

Q

0

is in�nite.

After that we consider another formula  

0

1

U 

0

2

2 t and assume that it is

realized in m

2

> m

1

steps in r

1

. Using Lemma 8.9 once again (and deleting

quasiworlds in the interval f

3

(m

1

); : : : ; f

3

(m

2

)) we construct a subquasimodel

D

f

1

� f

�0

2

� f

�m

1

3

� f

4

;Q

1

E

of hf;Ri and a run r

2

through t realizing both  

1

U 

2

and  

0

1

U 

0

2

in 2 �2

jsub

x

'j

�

\(') steps, with [n]

Q

1

being in�nite.

Having analyzed all distinct formulas of the form  

1

U 

2

in t we obtain a

subquasimodel

D

f

1

� f

�1

2

� f

0

;Q

0

E

of hf;Ri with �nite Q

0

and a run r

0

2 Q

0

through t realizing all U-formulas in

m

0

� jsub

x

'j � 2

jsub

x

'j

� \(') steps. The class [n]

Q

0

is in�nite.

Then we consider in the same manner another type t

0

2 T

n

. However, this

time we can delete quasiworlds only after f

0

(m

0

). And so forth. Thus we arrive

at a subquasimodel

D

f

1

� f

�0

2

� f

00

;Q

00

E

of hf;Ri with �nite Q

00

, in�nite [n]

Q

00

and such that all formulas of the form

 

1

U 

2

in all t 2 T

n

are realized by some r 2 Q

0

in � jsub

x

'j � \(') � 2

2�2

jsub

x

'j

steps.

Finally, we need at most \(') new quasiworlds to comply with (iii). 2

We are in a position now to prove the �nite analogue of Lemma 8.6.

Lemma 8.11. Suppose f

1

and f

2

are �nite sequences of realizable world can-

didates for ' of length l

1

and l

2

, respectively, and let

f = f

1

� f

�

2

with f(n) = hT

n

; T

con

n

i, for n 2 N. Suppose also that the following conditions

hold:
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1. for every i < l

1

+ l

2

and every t

i

2 T

i

, there is a sequence t

0

; : : : ; t

l

1

+l

2

�1

of types for ' such that

1.1. t

j

2 T

j

, for every j < l

1

+ l

2

,

1.2. the pair t

i

; t

i+1

is suitable, for every i < l

1

+ l

2

� 1,

1.3. the pair t

l

1

+l

2

�1

; t

l

1

is suitable;

2. for every i � l

1

and every t

i

2 T

i

, there is a sequence t

0

; : : : ; t

l

1

+l

2

�1

such

that

2.1. all formulas of the form  

1

U 

2

are realized in l

1

+ l

2

� i steps in

t

0

; : : : ; t

l

1

+l

2

�1

,

2.2. t

j

2 T

j

, for j < l

1

+ l

2

,

2.3. every pair of adjacent types in the sequence is suitable,

2.4. the pair t

l

1

+l

2

�1

; t

l

1

is suitable.

3. all pairs of adjacent elements in t

0

c

; : : : ; t

l

1

+l

2

�1

c

, where t

i

c

2 T

con

i

, as well

as the pair t

l

1

+l

2

�1

c

; t

l

1

c

, are suitable, and, for every i � l

1

, all formulas of

the form  

1

U 

2

2 t

i

are realized in t

0

c

; : : : ; t

l

1

+l

2

�1

c

in l

1

+ l

2

� i steps.

Then there is a �nite set R of runs in f such that hf;Ri is a quasimodel for '.

Proof We have to de�ne a �nite set of runs R in f . Say that a sequence

t

0

; : : : ; t

l

1

+l

2

�1

is of type 1 (type 2) if it satis�es condition 1 (respectively, con-

dition 2 for i = l

1

) in the formulation of the lemma. Clearly, there are �nitely

many sequences of type 1, and every sequence of type 2 is also a sequence of

type 1.

Let R consist of all in�nite words of the form

s

1

� (s

�l

1

2

� s

�l

1

3

)

�

and s

1

� (s

�l

1

3

� s

�l

1

2

)

�

;

where s

1

, s

3

are sequences of type 1 and s

2

is a sequence of type 2 such that

� the pair s

1

(l

1

+ l

2

� 1), s

2

(l

1

) is suitable and

� s

2

(l

1

) = s

3

(l

1

).

It is readily checked that every such word is a run in f and that hf;Ri is a

quasimodel for '. Needless to say that R is �nite. 2

Putting together the two preceding lemmas we obtain:

Theorem 8.8. A T L

1

-sentence ' is satis�ed in a model with a �nite domain

i� there are two sequences f

1

and f

2

of realizable world candidates for ' such

that f

1

� f

�

2

satis�es conditions 1{3 of Lemma 8.11, all world candidates in f

1

are distinct (and so jf

1

j � ](')),

jf

2

j � jsub

x

'j � \(') � 2

2�2

jsub

x

'j

+ \('):

and ' 2 t, for all t 2 T

0

.

The criterion of Theorem 8.7, reducing the satisfaction problem for T L

0

-

formulas in models with �nite domains to the �nite satisfaction problem for

L-formulas of the form �

T

, follows immediately.
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8.7 Two-sorted temporal logic

In this section we relate the languages T L and T L

1

to two-sorted temporal

logic.

Consider a �rst-order logic with two sorts: domain and time. The language

T S of the logic has the following alphabet:

� an in�nite set of domain variables x

0

; : : : of domain sort;

� an in�nite set of temporal variables t

0

; : : : of temporal sort;

� the binary relation symbol < of sort temporal � temporal;

� predicate symbols P

0

; : : : of sort temporal � domain

n

.

Formulas of T S are de�ned inductively:

� t

i

< t

j

, for temporal variables t

i

, t

j

.

� P (t; x

1

; : : : ; x

n

), for a relation symbol P of sort temporal � domain

n

, t a

temporal variable, and x

1

; : : : ; x

n

domain variables.

� if ' and  are formulas, then :', ' ^  , 9t', 9x' are formulas.

T S is interpreted in �rst-order temporal models of the usual form M =

hF; D; Ii, where F = hW;<i is a 
ow of time (i.e., a strict linear order), D is

a non-empty set, the domain of M, and I is a function associating with every

moment of time w 2W a �rst-order L-structure

I(w) =

D

D;P

I(w)

0

; : : : ; c

I(w)

0

; : : :

E

;

in which P

I(w)

i

, for each i, is a predicate on D of arity n whenever P

i

is of arity

n+ 1, and c

I(w)

i

2 D.

An assignment in M is a function a = a

1

[ a

2

such that a

1

associates with

every temporal variable t a moment of time a

1

(t) 2 W and a

2

associates with

every domain variable x an element a

2

(x) of D.

The truth relation M j=

a

' is de�ned inductively as follows:

� M j=

a

t

i

< t

j

i� F j= a

1

(t

i

) < a

1

(t

j

),

� M j=

a

P (t; x

1

; : : : ; x

n

) i� ha

2

(x

1

); : : : ; a

2

(x

n

)i 2 P

I(a

1

(t))

,

� M j=

a

8t' i� M j=

b

' for every assignment b that may di�er from a only

on t,

� M j=

a

8x' i� M j=

b

' for every assignment b that may di�er from a only

on x,

and the standard clauses for the booleans.

It should be clear that the temporal operators U and S of T L are expressible

in T S . On the other hand, there are T S-formulas that are not expressible in

T L over any interesting class of 
ows of time (see below). It turns out, however,

that T L and T L

1

are expressively complete for some natural fragments of T S.
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De�nition 8.8. Let T S

1t

(respectively, T S

1x

) consist of all T S-formulas '

without subformulas of the form 8x (8t ) such that  contains more than one

free temporal (respectively, domain) variable. Let T S

1

= T S

1t

\ T S

1x

.

Suppose that each n-ary predicate symbol Q

i

of T L is associated with the

(n+1)-ary predicate symbol P

i

of T S . De�ne a translation y from T L into T S

by taking, for some �xed temporal variable t,

Q

i

(x

1

; : : : ; x

n

)

y

= P

i

(t; x

1

; : : : ; x

n

);

(' ^  )

y

= '

y

^  

y

;

(:')

y

= :('

y

);

(8x')

y

= 8x('

y

);

( U')

y

= 9t

0

(t < t

0

^ '

y

ft

0

=tg ^ 8t

00

(t < t

00

< t

0

!  

y

ft

00

=tg));

( S')

y

= 9t

0

(t

0

< t ^ '

y

ft

0

=tg ^ 8t

00

(t

0

< t

00

< t!  

y

ft

00

=tg));

where t

0

and t

00

are new temporal variables.

Note that for every T L-formula ', we have '

y

2 T S

1t

, and for every ' 2

T L

1

we have '

y

2 T S

1

.

The meaning of the translation y is explained by:

De�nition 8.9. Let M = hF; D; Ii be a T S-model and a = (a

1

; a

2

) an as-

signment in M. Let N = hF; D; Ji be a T L-model, b an assignment in N.

We say that hM; ai and hN; bi are equivalent, and write hM; ai � hN; bi, if

P

I(w)

i

= Q

J(w)

i

for all w, i, and a

2

= b.

Lemma 8.12. Suppose hM; ai � hN; bi. Then for every T L-formula ' and

every moment of time w, if a(t) = w then

hN; wi j=

b

' i� M j=

a

'

y

:

Proof An easy induction on '. 2

De�nition 8.10. Let F be a class of 
ows of time, L

0

� T L, and L

00

� T S .

We say that L

0

is expressively complete for L

00

on F if for every ' 2 L

00

with at

most one free temporal variable, there exists a formula b' 2 L

0

such that (b')

y

and ' are equivalent in all models based on 
ows of time in F .

Theorem 8.9. Let F be any class of dedekind-complete 
ows of time (for ex-

ample, the class fhN; <i ; hZ; <i ; hR; <ig [ fF : F a �nite linear orderg). Then

1. T L is expressively complete for T S

1t

on F .

2. T L

1

is expressively complete for T S

1

on F .

Proof By Kamp's theorem (see [Kamp 1968], [Gabbay et al. 1994], and the

appendix), the propositional temporal logic with S and U is expressively com-

plete for monadic �rst-order logic over F . So for any formula '(t; P

1

; : : : ; P

k

) of

monadic �rst-order logic with one free variable t and unary predicates P

1

; : : : ; P

k

,
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we may �x a propositional temporal formula '(p

1

; : : : ; p

k

) such that for every

�rst-order structure M based on a 
ow of time F = hW;<i 2 F , and every

valuation V in F with V(p

i

) = P

M

i

, we have

hhF;Vi ; wi j= ' i� M j= '[w=t]; for all w 2W:

For  2 T S

1t

with a free temporal variable t, if any, and  

0

2 T L, we

say that  

0

expresses  if the translation ( 

0

)

y

of  

0

is equivalent to  in any

�rst-order temporal model based on a 
ow of time in F . Suppose now that

� = �(t; Q

1

; : : : ; Q

k

) 2 T S

1t

. We prove that for every subformula  of � with

at most one free temporal variable, there is a T L-formula

b

 that expresses  .

The proof is by induction on  .

Case 1:  is atomic. If  = t < t, then put

b

 = ?. If  = Q

i

(t; x

1

; : : : ; x

n

),

then put

b

 = P

i

(x

1

; : : : ; x

n

).

Case 2:  = 8x 

1

. By the induction hypothesis, there exists

c

 

1

that ex-

presses  

1

. But then,

b

 = 8x

c

 

1

expresses  .

Case 3: otherwise. Let  

1

; : : : ;  

l

be a list of all subformulas of  of the

form either Q

i

(t

0

; y

1

; : : : ; y

n

) or 8z 

0

that have an occurrence in  that is not

within the scope of a domain quanti�er 8y. Since  2 T S

1t

, every  

i

of the form

8z 

0

i

has at most one free temporal variable. Thus, by the induction hypothesis,

there exists

c

 

i

2 T L that expresses  

i

, for each i � l.

Now replace in  every occurrence of a  

i

(t

0

) that is not within the scope of

a 8y by a predicate symbol Q

 

i

(t

0

) of the monadic �rst-order logic. Denote the

resulting monadic �rst-order formula by  

0

(t; Q

 

1

; : : : ; Q

 

l

). Take the propo-

sitional formula  

0

(q

 

1

; : : : ; q

 

l

), and in it, replace every propositional variable

q

 

i

by

c

 

i

. The resulting formula

b

 clearly expresses  .

This completes the induction. So there is a T L-formula b� expressing �,

proving the former claim of the theorem. To prove the latter, it is enough to

observe that if  2 T S

1

then

b

 2 T L

1

. 2

Remark 8.3. Clearly, the T S-sentence

9t

1

9t

2

(t

1

< t

2

^ 8x(P (t

1

; x)$ P (t

2

; x)))

is not in T S

1t

. By results of [Kamp 1971], [Abiteboul et al. 1995, 1996] it

cannot be expressed in T L over the 
ow of time hQ; <i nor over the class of all

�nite linear 
ows. It follows from Theorem 8.9 that over these 
ows, it is not

equivalent to any T S

1t

-sentence.

For a class H of 
ows of time, denote by TS(H) the set of all T S-sentences

that are true in all models based on frames in H, and by TS

fin

(H) the set of

T S-sentences true in all models based on frames inH and having �nite domains.

Given a set T L

0

� T L

1

, let

T S

0

= f' 2 T S

1

: b' 2 T L

0

g;

where b' is as de�ned in the proof of Theorem 8.9. Since b' is constructed

e�ectively from ' as an immediate consequence of Lemma 8.12 and Theorem 8.9

we obtain the following:
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Corollary 8.1. Suppose that every F 2 H is dedekind-complete, and that T L

0

�

T L

1

. If the fragment TL(H)\T L

0

is decidable, then the fragment TS(H)\T S

0

is decidable. If the fragment TL

fin

(H) \ T L

0

is decidable, then the fragment

TS

fin

(H) \ T S

0

is decidable.

Remark 8.4. T S

1

is interesting for another reason: it contains the modal pred-

icate logic S5 based on domains which coincide with the natural numbers. Cer-

tainly this logic is an interesting epistemic logic.

8.8 Applications

In this section, we apply the criteria of Theorems 8.4 and 8.7 in order to single

out a number of decidable fragments of various temporal logics. We formulate

the results for the 
ow of time hN; <i only.

Theorem 8.10. The fragments TL(N) \ T L

2

1

and TL

fin

(N) \ T L

2

1

are decid-

able.

Proof The proof is similar to the proof of Theorem 7.8 and omitted. 2

As T L

2

1

contains the set T L

1

of T L-formulas with at most one variable, we

also have:

Corollary 8.2. The fragments TL(F)\T L

1

and TL

fin

(N)\T L

1

are decidable.

Remark 8.5. It is worth noting that the set of formulas T L

1

corresponds to the

propositional language L

S;U ;2

with the temporal operators S, U and the modal

(or epistemic) operator 2. Indeed, we may de�ne a translation T from L

S;U ;2

onto T L

1

by taking, for a �xed individual variable x,

T(p

i

) = P

i

(x)

T(' ^  ) = T(') ^ T( )

T(:') = :T(')

T('U ) = T(')UT( )

T('S ) = T(')ST( )

T(2') = 8x T('):

Recall that the product L� S5 of a propositional temporal logic L, determined

by a class F of linear orders hW;<i, and S5 is the set of all formulas in L

S;U ;2

that are valid in frames of the form hW � V;<;�i, where hW;<i 2 F , V is a

non-empty set, hw; vi< hw

0

; v

0

i i� v = v

0

and w < w

0

, and � is an equivalence

relation on W � V given by hw; vi � hw

0

; v

0

i i� w = w

0

.

It is easy to see that a formula ' 2 L

S;U ;2

belongs to L�S5 i� T(') is valid in

all predicate extensions of all linear orders hW;<i validating L. Thus we obtain,

for example, that L(N)�S5 is decidable, where L(N) denotes the propositional

temporal logic determined by hN; <i. Observe that this logic coincides with
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the temporal-epistemic logic of one agent who doesn't forget, doesn't learn, and

who knows time, from [Fagin et al. 1995] (the decidability of which is of course

known already).

The author does not know of any appearance in the literature of the logic

L(N)�

f

S5 determined by the class of frames hN � V;<;�i such that V is �nite.

This logic, the propositional version of TL

fin

(N) \ T L

1

, is di�erent from the

temporal-epistemic logic L(N)�S5 (the proof is similar to that of Theorem 8.6)

and corresponds to the assumption that there are only �nitely many possible

runs of the multi-agent system. It would be of interest to investigate application

domains of temporal-epistemic logics with this condition.

One more interesting fragment of T L is the set T L

mo

of monadic temporal

formulas. As was shown in Section 8.1, the fragments T L

2

\T L

mo

\TL(N) and

T L

2

\ T L

mo

\ TL

fin

(N) are undecidable. However, this is not the case for the

language T L

mo

1

= T L

1

\ T L

mo

. For then the formula �

T

, corresponding to a

world candidate T for ' 2 T L

mo

1

, is a monadic L-formula, and as is well-known,

the monadic fragment of �rst-order logic is decidable and has the �nite model

property. This yields:

Theorem 8.11. The fragments TL(N) \ T L

mo

1

and TL

fin

(N) \ T L

mo

1

are de-

cidable.

Let us consider now the guarded fragment of T L. The following de�nition

should be clear.

De�nition 8.11 (guarded fragment). Denote by T GF the smallest set of

T L-formulas such that

� every atomic formula is in T GF ;

� if ' and  are in T GF , then so are ' ^  , :', 'S , and 'U ;

� if x; y are tuples of variables, G(x; y) is atomic, '(x; y) 2 T GF , and

every free variable occurring in '(x; y) occurs in G(x; y) as well, then

9y(G(x; y) ^ '(x; y)) is in T GF .

The set T GF is called the guarded fragment of the �rst-order temporal language.

We write GF for the guarded fragment L \ T GF of the �rst-order language L.

Unlike the guarded fragment GF of classical �rst-order logic the temporal

guarded fragment interpreted in hN; <i turns out to be even not recursively

enumerable.

Theorem 8.12. TL(N) \ T L

2

\ T GF is not recursively enumerable.

Proof The proof is similar to that of Theorem 7.13 and left to the reader.

2

Let T GF

1

= T GF \ T L

1

.



8.9. OPEN QUESTIONS 203

Theorem 8.13. The fragments TL(N) \T GF

1

and TL

fin

(N) \T GF

1

are de-

cidable.

Proof It su�ces to show that there is an algorithm capable to decide for every

' 2 T GF

1

and world candidate T = hT; T

con

i for ' whether the L-sentence

�

T

=

^

t2T

9x t(x) ^ 8x

_

t2T

t(x) ^

^

ht;ci2T

con

t(c)

is (�nitely) realizable. But this can be proved in the same manner as Lemma

7.4. 2

As in the previous chapter we close the presentation of applications with

modal description logics. Firstly, observe that in the present context we can

extent Theorem 8.4 as follows:

Theorem 8.14. Let FO be a class of �rst-order structures and T L

0

� T L

1

.

Suppose also that:

(i) there is an algorithm that is capable of deciding, given a world candidate

for ' 2 T L

0

, whether it is realizable in a structure from FO, and

(ii) there is a cardinal � � @

0

such that for any �

0

� �, every world candidate

hT; T

con

i realizable in a structure from FO is realizable in a structure

D 2 FO in which jD

t

j = �

0

for every t 2 T .

Then the satis�ability problem for T L

0

-formulas in models based on

� hN; <i,

� hQ; <i,

� the class of all �nite strict linear orders,

� the class of all strict linear orders,

the worlds of which are structures from FO, is decidable.

Corollary 8.3. The satisfaction problem for formulas without modalized and

global roles for PTL

CIQ

, Lin

CIQ

, and LQ

CIQ

is decidable.

8.9 Open questions

We end with some problems arising from the work above.

1. Do our results extend to the 
ow of time hR; <i with arbitrary domains?

(That they extend to hR; <i with �nite domain is proved in [Hodkinson

et al. 1999].)

2. Can our results be extended to �rst-order temporal logic with equality?
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3. Or to logics over non-linear 
ows of time, such as historical necessity logics,

and CTL

�

?

4. What is the computational complexity of satis�ability of an arbitrary

monodic formula ' over the 
ows of time considered earlier, given an

oracle for determining if a given world candidate for ' is realizable?

5. Are there other natural fragments of T L that can be decided in the way

given in this monograph?



Appendix A

Basic Modal Logic

In this chapter we introduce brie
y the notation used in this monograph. Some

basic results are presented as well. This chapter does not provide an introduc-

tion to modal logic. In fact, reading it requires some background knowledge

about modal logic. For introductions to modal logic we refer the reader to the

textbooks and surveys listed at the end of the introduction.

A.1 Syntax

Denote by L

n

the propositional language constructed from

� an in�nite set of propositional variables p

1

; : : : ,

� the boolean connectives ^ and :,

� the unary modal operators 2

1

; : : : ;2

n

.

A (normal n-modal) logic L is a subset of L

n

containing all tautologies of classical

logic, the distribution axioms

2

i

(p! q)! (2

i

p! 2

i

q);

for 1 � i � n, and which is closed under substitutions and the necessitation

rule: p=2

i

p, for 1 � i � n. By K

n

we denote the smallest n-normal logic. Often

K

1

is simply denoted by K.

Given an n-normal logic L and a set � of formulas we denote by L� � the

smallest n-normal logic containing L [ �.

The n-normal logics form an algebraic lattice (induced by the inclusion re-

lation) denoted by N

n

. The lattice of n-normal logics containing a given logic

L is EL.

With every normal logic L we associate a consequence relation `

L

de�ned

by putting � `

L

' i� ' is derivable from � [ L using both modus ponens and

necessitation. Then ' is said to be globally derivable from � in L. The logic

205



206 APPENDIX A. BASIC MODAL LOGIC

L is globally decidable i� there is a procedure capable to decide, for formulas '

and  whether  is globally derivable from ' in L. Observe that every globally

decidable logic is decidable, but that the converse does not hold (cf. [Spaan

93]). (In this monograph we call L decidable i� there exists a procedure capable

to decide, for every formula ', whether ' 2 L.)

An n-quasi-normal logic is a subset of L

n

containing K

n

which is closed

under modus ponens and substitutions. By L+� we denote the smallest quasi-

normal containing L [ �.

A few standard normal modal logics are listed in Table A.1.

We denote by sf' the set of all subformulas of a formula '. By sf(�) we

denote the set of all subformulas of formulas from �.

A.2 Algebras and frames

A n-normal (modal) algebra is an algebra of the formA = hA;^;:;2

1

; : : : ;2

n

; 0; 1i

such that hA;^;:; 0; 1i is a boolean algebra and

2

i

1 = 1, 2

i

(a ^ b) = 2

i

a ^ 2

i

b, for all 1 � i � n.

A valuation v (sometimes also denoted by V) into A is a homomorphism from

the algebra of formulas into A. The algebraic counterpart of a n-normal logic L

is the variety AlgL de�ned by putting

AlgL = fA : for all valuations v in A and all ' 2 L (v(') = 1)g:

Conversely, each variety (equationally de�nable class) V of n-normal algebras

determines the n-normal logic

LogV = f' : 8A 2 V A j= ' = 1g:

Thus we arrive at a dual isomorphism between the lattice of n-normal logics and

the lattice of varieties of n-normal algebras, which makes it possible to exploit

the apparatus of universal algebra for studying modal logics. In this monograph,

however, algebra will be used in Chapter 2 only.

In fact, it is often more convenient to deal not with modal algebras directly

but with their relational representations discovered by J�onsson and Tarski [1951]

and now known as frames. Each (n-) frame G = hW;R

1

; : : : ; R

n

; P i is a hy-

brid of the usual Kripke frame g = hW;R

1

; : : : ; R

n

i and the modal algebra

G

+

= hP; ;;W;�;\;[;2

1

; : : : ;2

n

i in which the operations 2

i

are uniquely

determined by the accessibility relation R

i

: for every a 2 P � 2

W

,

2

i

a = fx 2W : 8y (xR

i

y ! y 2 a)g:

So, using frames we can take advantage of both relational and algebraic seman-

tics. To simplify notation, we denote frames of the form F =




W;R; 2

W

�

by

F = hW;Ri. Such frames will be called Kripke frames.
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D = K�3>

T = K�2p! p

KB = K� p! 23p

K4 = K�2p! 22p

K5 = K�3p! 23p

Alt

n

= K�2p

1

_ 2(p

1

! p

2

) _ : : : _ 2(p

1

^ : : : ^ p

n

! p

n+1

)

D4 = K4�3>

S4 = K4�2p! p

GL = K4�2(2p! p)! 2p

Grz = K�2(2(p! 2p)! p)! p

K4:1 = K4�23p! 32p

K4:2 = K4�3(p ^ 2q)! 2(p _3q)

K4:3 = K4�2(2

+

p! q) _ 2(2

+

q ! p)

S4:1 = S4�23p! 32p

S4:2 = S4�32p! 23p

S4:3 = S4�2(2p! q) _ 2(2q ! p)

Triv = K4�2p$ p

Verum = K4�2p

S5 = S4� p! 23p

K4:I

n

= K4�

V

n

i=0

3p

i

!

W

0�i 6=j�n

3(p

i

^ (p

j

_3p

j

))

K:t = K

2

� p! 2

1

3

2

p� p! 2

2

3

1

p

K4:t = K:t�2

1

p! 2

1

2

1

p

Lin = K4:t�3

1

3

2

p _3

2

3

1

p! p _3

1

p _3

2

p

LQ = Lin�3

1

>�3

2

>�3

1

p! 3

1

3

1

p

K

u

= (K
 S5)�2

2

p! 2

1

p

Table A.1: A list of some standard normal modal logics.
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A frame G = hV; S

1

; : : : ; S

n

; Qi is said to be a generated subframe of a frame

F = hW;R

1

; : : : ; R

n

; P i if V � W is upward closed in F, i.e., x 2 V and xR

i

y

imply y 2 V , S

i

= R

i

� V , and Q = fa \ V : a 2 Pg. The smallest generated

subframe G of F containing a set X � W is called the subframe generated by

X . A frame F is rooted if there is x 2 W|a root of F|such that the subframe

of F generated by fxg is F itself.

A map f from W onto V is a reduction (or p-morphism) of a frame F =

hW;R

1

; : : : ; R

n

; P i to G = hV; S

1

; : : : ; S

n

; Qi if the following three conditions

are satis�ed for all x; y 2 W and a 2 Q

(R1) xR

i

y implies f(x)S

i

f(y);

(R2) f(x)S

i

f(y) implies 9z 2W (xR

i

z ^ f(z) = f(y));

(R3) f

�1

(a) 2 P .

The operations of reduction and generating subframes are relational counter-

parts of the algebraic operations of forming subalgebras and homomorphic im-

ages, respectively, and so preserve validity.

A frame F = hW;R

1

; : : : ; R

n

; P i is di�erentiated if, for any x; y 2 W ,

x = y i� 8a 2 P (x 2 a$ y 2 a):

F is tight if

xR

i

y i� 8a 2 P (x 2 2

i

a! y 2 a):

Those frames that are both di�erentiated and tight are called re�ned. A frame F

is said to be compact if every subset X of P with the �nite intersection property

(i.e., with

T

X

0

6= ; for any �nite subset X

0

of X ) has non-empty intersection.

Finally, re�ned and compact frames are called descriptive. A characteristic

property of a descriptive F is that it is isomorphic to its bidual (F

+

)

+

.

Some special notions are required for frames F = hW;R

1

; : : : ; R

n

; P i in

which some relation R

j

is transitive. In this case a point y 2W is called a weak

R

j

-successor of x, in symbols xR

w

j

y i� xR

j

y or x = y. On the other side, y

is called a strict successor of x, in symbols x

~

R

j

y, i� xR

j

y and :(yR

j

x). An

R

j

-cluster is a non-empty set C which consists of an irre
exive point or is of the

form C(y) = fx : xR

j

y^ yR

j

xg, for a y 2W . Clusters containing an irre
exive

point only are called degenerate. For R

j

-clusters C and D and y 2 W we use

the notation CR

j

y, yR

j

C, CR

j

D in the obvious manner.

Let a 2 P . The set of R

j

-maximal a-points max

R

j

(a) is de�ned by putting

y 2 max

R

j

(a) i� y 2 a and for all z with y

~

R

j

z : z 62 a.

Given a point x 2W the set of R

j

-maximal a-points seen by x is

max(x;R

j

; a) = Tr

R

j

(x) \max

R

j

(a);

where Tr

R

j

(x) = fy 2 W : xR

w

j

yg. The following theorem generalizes a result

from [Fine 1974b]
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Theorem A.1. Let G = hW;R; P i be a transitive descriptive frame and x 2

a 2 P . Then max(x;R; a) 6= ;.

Proof Suppose that max(x;R; a) = ;. Then h = Tr(x) \ a contains no max-

imal element. By Zorn's Lemma there is a maximal R-chain C � h. De�ne a

set X � A by putting

X = fb 2 A : 9y 2 C8z 2 Tr

R

(y) \ C (z 2 b)g:

X has the �nite intersection property, since h contains no maximal element.

Hence there exists an ultra�lter U containing X . Let

T

U = fzg. Clearly

we have z 2 a. Now suppose that y 2 C and y 2 2b for a b 2 A. Then b 2 X

and therefore z 2 b. But then yRz since G is descriptive. It follows that z is

maximal in C and we have a contradiction. 2

A.3 Semantics

A valuation V into an n-frame G is a homomorphism from L

n

into G

+

. We

write

� hG;V; xi j= ' i� x 2 V(').

� hG; xi j= ' i� hG;V; xi j= ', for all V.

� hG;Vi j= ' i� V(') =W .

� G j= ' i� hG;Vi j= ', for all valuations V.

The logic determined by G, LG in symbols, is the set of all ' 2 L

n

such that

G j= '.

Given a logic L, we say that a set of formulas � is L-consistent i� :('

1

^

: : : ^ '

n

) 62 L, for every �nite set f'

1

; : : : ; '

n

g � �.

A pair hG; xi with x 2W and G a frame is called a pointed frame. The logic

determined by a pointed frame hG; xi is the set of all ' with hG; xi j= '.

Theorem A.2 (Completeness). For every n-normal logic L the following

holds:

� L is determined by a class of descriptive frames.

� A set � is L-consistent i� there exists a descriptive frame G validating L

such that there exists a valuation V into G and a point x in G such that

hG;V; xi j= �.

� � `

L

' i�, for all descriptive L-frames G and all valuations V into G we

have hG;Vi j= ' whenever hG;Vi j= �.

Every n-quasinormal is determined by a class of descriptive pointed frames.
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A set of formulas � de�nes a class of Kripke frames M if

M = fg : g j= �g:

A class of Kripke frames M is called modally de�nable i� there exists a set �

de�ning M.

De�nition A.1 (Properties). For every n-normal logic L:

� L is complete if it is determined by a class of Kripke frames.

� L is strongly complete (alias compact) if, for every L-consistent set �, there

exists a Kripke frame g validating L and a valuation V into g and a point

x in g such that hg;V; xi j= �.

� L has the �nite model property if it is determined by a class of �nite frames.

� L is globally complete if, for any two formulas ' and  , ' `

L

 i� for

all Kripke frames g validating L and valuations V into g, hg;Vi j=  

whenever hg;Vi j= '.

� L has the global �nite model property if, for any two formulas ' and  ,

' `

L

 i� for all �nite Kripke frames g validating L and valuations V into

g, hg;Vi j=  whenever hg;Vi j= '.

� L is called d-persistent i� the underlying Kripke frame of every descriptive

frame validating L validates L as well.

� L is �rst-order de�nable i� it is determined by a �rst-order de�nable class

of Kripke frames.

Table A.2 lists some logics together with the corresponding classes of frames.

The reader can �nd information about them in [Chagrov and Zakharyaschev

1997].

We brie
y introduce some notation for fusions of normal modal logics. Fu-

sions are investigated in detail in Chapter 2 but play a role in basically all

chapters of this monograph. In Chapter 2 we use a speci�c notation for modal

languages, logics, and fusions which is slightly di�erent from the notation used

in the other chapters. Here we introduce the notation for fusions which is used

in the remaining chapters. Given two propositional modal languages L and M

interpreted in frames of the form F = hW;S

1

; : : : ; S

n

i and G = hV;R

1

; : : : ; R

m

i,

respectively, we form the language L 
M as follows:

� L 
 M contains an in�nite set of propositional variables and is closed

under the booleans: ^, :.

� for any modal operator f in L [M of arity k the formula f('

1

; : : : ; '

k

)

is in L 
M whenever '

1

; : : : ; '

k

are in L
M.
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Logic Class of frames

D Serial frames. That is to say, frames hW;Ri

validating 8x9yxRy.

T Re
exive frames.

KB Symmetric frames.

K4 Transitive frames.

K5 Euclidean frames.

Alt

n

Frames in which no point has more than n successors.

GL Noetherian frames. That is to say, transitive frames hW;Ri

which do not contain an in�nite chain x

0

Rx

1

Rx

2

: : :

S4 Re
exive K4-frames.

Grz Transitive and re
exive frames without

in�nite strictly ascending chains.

K4:1 Transitive frames such that for all x

there exists y with fz : yRzg = fyg and xRy.

S4:1 Re
exive K4:1-frames.

K4:2 Transitive frames such that for all x; y

1

, and y

2

with xRy

1

and xRy

2

there exists z with y

1

Rz and y

2

Rz.

K4:3 Transitive frames such that for all x; y

1

, and y

1

with xRy

1

and xRy

2

we have y

1

Ry

2

, y

2

Ry

2

, or y

1

= y

2

.

S4:3 Re
exive K4:3-frames.

S5 Transitive, re
exive, and symmetric frames.

K4:I

n

Transitive frames of width � n. A frame has width � n i�

there do not exist a set D of mutually incomparable points of

cardinality > n and a point x with xRy, for all y 2 D.

K:t Bimodal frames of the form




W;R;R

�1

�

.

Lin Strict linear orderings




W;<;<

�1

�

.

QL f




Q; <;<

�1

�

g.

K

u

Bimodal frames of the form hW;R;W �W i

Table A.2: A list of logics and their frames.
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Assume now that L and M contain unary operators only. Then, given two

normal modal logics L

1

and L

2

formulated in L andM, respectively, the fusion

L

1


 L

2

of L

1

and L

2

is the smallest normal modal logic in the language L 


M containing L

1

[ L

2

. [Kracht and Wolter 1991] show that completeness is

preserved under forming fusions. For normal modal logics L

1

; : : : ; L

n

we denote

by

L

1


 : : :
 L

n

the logic L

1


 (L

2


 : : : (L

n�1


 L

n

) : : : )): For a unimodal logic L we put

L

n

=

n

z }| {

L
 : : :
 L :



Appendix B

Important modal systems

B.1 Epistemic Logic

Epistemic logics have been introduced in Philosophy in order to analyze the

formal properties of reasoning about knowledge and belief. The �rst in-depth

investigation was [Hintikka 1962], see also [Lenzen 1978]. Over the last 20 years,

however, epistemic logics have found applications in various other disciplines.

Here are some of them:

� In Game theory it is used in order to provide an epistemic analysis of

games with incomplete information (see e.g. [Aumann 1976], [Bacharach

1994], and [Kaneko and Nagashima 1997]).

� In Arti�cial Intelligence epistemic logics are applied in order to �nd out

what an agent has to know (and must know about what it knows) to show

intelligent behaviour (see e.g. [Laux and Wansing 1995], [Meyer and van

der Hoek 1995], [Halpern and Moses 1992], and [Fagin et al. 1995]).

� In Computer Science it is used in order to analyze the behavior of multi-

agent systems, see [Fagin et al. 1995] and references therein.

This list is by no means complete. We refer the reader to [Meyer and van der

Hoek 1995] and [Fagin et al. 1995] for various other applications.

In all those areas the most popular way of analyzing formal properties of

knowledge is the introduction of �nitely many modal operators with an epistemic

interpretation. That is to say, assuming that we have n agents 1; : : : ; n; one

introduces operators [agent i knows], for i � n, and allows the application of

those operators to sentences in order to form new ones. For example, we can

form

(1) [agent i knows]('!  )! ([agent i knows]'! [agents i knows] ),

(2) [agent i knows]'! ',

213



214 APPENDIX B. IMPORTANT MODAL SYSTEMS

(3) [agent i knows]'! [agent i knows][agent i knows]',

(4) :[agent i knows]'! [agent i knows]:[agent i knows]'.

One can speculate as to which of these principles are acceptable under this or

that interpretation of knowledge and belief (for philosophical discussion of this

problem we refer the reader to [Lenzen 1978]). We shall not enter this discussion

here, but just observe that

� (1) means that agents know all the logical consequences of their knowledge

(called logical omniscience in the literature),

� (2) means that everything known is true,

� (3) means that agents know what they know (called positive introspection

in the literature), and

� (4) means that agents know what they do not know (called negative in-

trospection in the literature).

Observe that from the viewpoint of modal logic (1) has to be accepted in order

to obtain a normal modal logic, while (2)-(4) are axioms which give us di�erent

well investigated normal modal logics like K, T, K4, and S5.

In what follows we shall restrict the discussion to epistemic logics contain-

ing (1) and closed under the necessitation rule: '=[agent i knows]', i.e., the

assumption that agents know all the tautologies of classical logic. Of course,

these assumptions give a somewhat idealized model of knowledge for human

agents (and perhaps for robots as well), but for most purposes this simpli�ca-

tion seems to be justi�ed or at least the best possible approximation.

Now that we have agreed upon (1) and the necessitation rule we see that

the epistemic logics we are dealing with are just normal modal logics with the

Kripke semantics introduced in the previous section. How does this semantics

�t into the epistemic context? According to Kripke semantics, the meaning of

a sentence  = [agent i knows]' is analysed as follows:  is true in a world w if

and only if ' is true in every world (or situation) considered possible by agent i.

And a world v is regarded as possible by i i� it is accessible from w. According

to this analysis i does not know ' i� there exists a world which is considered

possible by i in which ' is false. The following example

1

illustrates how elegant

this analysis is:

Example. (The wise men puzzle) Imagine that there are three wise men

and a king who has two white and three red hats. Assume that all wise men

know that he has two white and three red hats. The king puts a hat on the head

of each of the three wise men. Assume each of them sees the color of the hat of

the other two men, but not the color of his own hat. Now the king asks whether

one of them knows the color of his hat. Everybody says that he doesn't. The

1

The reader can �nd numerous examples of that sort in the literature, cf. [Fagin et al

1995].
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king asks again - and again all of them say that they don't know. But after that

all of them know the color. What are the colors of their hats?

We analyze this puzzle using possible worlds semantics. Assume that the

three wise men are called a, b, and c. The following situations (alias worlds)

should be distinguished:

� All wise men have a red hat, represented by the tuple hr; r; ri.

� a has a white hat, b and c have red hats, represented by hw; r; ri.

� b has a white hat, a and c have red hats, represented by hr; w; ri.

� c has a white hat, a and b have red hats, represented by hr; r; wi.

� a and b have white hats, c has a red hat, represented by hw;w; ri.

� b and c have white hats, a has a red hat, represented by hr; w; wi.

� a and c have white hats, b has a red hat, represented by hw; r; wi.

Denote this collection of worlds by W . No world outside of W is possible. Now

we come to the analysis of the puzzle. a sees the hats of the two other wise

men. Thus he knows their colors. So the set of worlds a considers possible can

be one of the following sets:

� V

?rr

= f~q 2W : ~q

2

= r; ~q

3

= rg,

� V

?wr

= f~q 2W : ~q

2

= w; ~q

3

= rg,

� V

?ww

= f~q 2W : ~q

2

= w; ~q

3

= wg, or

� V

?rw

= f~q 2W : ~q

2

= r; ~q

3

= wg.

a does not know the color of his hat. Hence the set of worlds he considers

possible contains at least one world in which he has a white hat and one world

in which he has a red hat. Thus, V

?ww

is not the set of worlds a considers

possible. Similarly, the set of worlds considered possible by b and c are V

r?r

,

V

r?w

, or V

w?r

and V

rr?

, V

rw?

, or V

wr?

, respectively.

After the wise men have stated that they do not know the color of their hats

it is common knowledge that none of them knows the color of his hat. Thus,

it is common knowledge that at least two have a red hat. So, now the set of

worlds a considers possible is one of the sets V

?rr

, fhr; w; rig, and fhr; r; wig.

Similarly, the set of worlds considered possible by b and c are V

r?r

, fhr; r; wig,

or fhw; r; rig and V

rr?

, fhr; w; rig, or fhw; r; rig, respectively.

In the second round each of the three wise men again says that he does not

know the color of his hat. This means that the set of worlds a considers possible

contains a world in which he has a red hat and a world in which he has a white

hat. The same holds for b and c. Thus, the set of worlds a, b, and c consider

possible are V

?rr

, V

r?r

, and V

rr?

, respectively. This is common knowledge after

all of them have stated that they don't know the color of their own hats. But

then the only remaining possible world is hr; r; ri.
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Observe that a number of assumptions were made to derive this conclusion.

For example, we assumed that the three wise men are logically omniscient (and

that every wise man knows that the other wise men are logically omniscient).

Moreover, we used the facts that (i) in the beginning all wise men know that

there are three red hats and two white hats and (ii) every wise man knows that

every wise man knows that there are three red hats and two white hats and (iii)

every wise man knows that every wise man knows that every wise man knows

that there are three red hats and two white hats.

This phenomenon|the necessity to take a potentially in�nite iteration of

epistemic operators|has turned out to be fundamental for various represen-

tations of multi-agent systems in Game theory, AI, and CS. As the languages

considered in this monograph are �nitary, we are not able to express the in�nite

conjunction saying that ' is common knowledge among a group M of agents:

^

fE

k

M

' : k 2 !g; where E

M

p =

^

f[agent i knows]' : i 2Mg:

The standard solution to this problem is to take the common knowledge opera-

tors C

M

|`it is common knowledge among the agents in M '|as primitive and

interpret them by the transitive and re
exive closure of

S

fR

i

: i 2 Mg, where

the R

i

are the relations interpreting the operators [agent i knows]. Observe that

the following two conditions are in fact equivalent:

� w j=

V

fE

k

M

p : k 2 !g

� for all v such that w(

S

fR

i

: i 2Mg)

�

v, v j= p.

We are now going to introduce brie
y but a bit more precisely some basic modal

epistemic logics. To simplify notation, we denote by 2

i

the epistemic operators

[agent i knows]. So we have the language L

n

with operators 2

i

; 1 � i � n, and

the language L

C

n

which contains besides of 2

1

; : : : ;2

n

the common knowledge

operators C

M

, for every subset M of f1; : : : ; ng with at least two members.

The basic epistemic logics (without the common knowledge operators) are

the following n{fusions of the basic modal logics K, T, S4, KD45, and S5.

� K

n

(no other properties than logical omniscience of all agents is assumed).

This logic is determined by the class of all frames hW;R

1

; : : : ; R

n

i.

� T

n

(besides of logical omniscience, it is assumed that what is known is

true). This logic is determined by the class of all frames hW;R

1

; : : : ; R

n

i

such that all R

i

are re
exive.

� S4

n

(besides of the properties of T

n

positive introspection is assumed).

This logic is determined by the class of all frames hW;R

1

; : : : ; R

n

i such

that all R

i

are transitive and re
exive.

� KD45

n

(besides of logical omniscience and positive introspection, nega-

tive introspection, and consistency of what is known is assumed). This

logic is determined by the class of all frames hW;R

1

; : : : ; R

n

i such that

all R

i

are transitive, serial, and euclidian.
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� S5

n

(besides of S4

n

, negative introspection is assumed). This logic is

determined by the class of all frames hW;R

1

; : : : ; R

n

i such that all R

i

are

equivalence relations.

For proofs of the following two results consult [Halpern and Moses 1992], for

example. The �nite model property and decidability also follow from the preser-

vation results for fusions and the corresponding properties of the unimodal frag-

ments.

Theorem B.1. Let n > 1. For L 2 fK

n

;T

n

;S4

n

;KD45

n

;S5

n

g the following

holds:

� L is decidable and PSPACE-complete.

� L has the �nite model property.

Let us consider now the language L

C

n

with common knowledge operators.

We denote by E

M

' the formula

V

f2

i

' : i 2Mg. By de�nition,

w j= E

M

', 8i 2M(w j= 2

i

'):

The truth condition for C

M

is

w j= C

M

', 8v 2 W (w(

[

fR

i

: i 2Mg)

�

v ! v j= '):

(Recall that this is equivalent with w j= C

M

', w j= E

n

M

', for all n 2 !.)

For every normal modal logic L formulated in the language L

n

with modal

operators 2

1

; : : : ;2

n

denote by L

C

the logic formulated in L

C

n

and determined

by the class of L-frames. The following theorem summarizes the most important

facts about modal epistemic logics with common knowledge operators:

Theorem B.2. Let n > 1. For L 2 fK

n

;T

n

;S4

n

;KD45

n

;S5

n

g the following

holds:

� L

C

is axiomatized by adding to L the axioms:

{ C

M

p! E

M

(p ^C

M

p),

{ C

M

(p! E

M

p)! (p! C

M

p).

� L

C

is decidable and EXPTIME-complete.

� L

C

has the �nite model property.

B.2 Temporal logic

Before starting this brief introduction to temporal logic, it is worth noting that

quite di�erent disciplines are interested in temporal discourse and argumen-

tation. Ever since antiquity philosophers have been studying the structure of

arguments involving time (see e.g. [Prior 1957, 1967], [Van Benthem 1983, 1996],

[Thomason 1984], [Burgess 1984]).
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� In Linguistics, there is a need to explain and reconstruct the structure of

statements with a temporal perspective.

� In Computer Science temporal logic is used to reason about the behavior

of computational and distributed processes (see e.g. [Manna and Pnueli

1992, 1995], [Emerson 1990], [Stirling 1992]).

� And in Arti�cial Intelligence the representation and processing of temporal

knowledge is fundamental (see e.g. [van Benthem 1996], [Fagin et al 1995]).

All these disciplines are based on various types of temporal logics as their tech-

nical background; a survey of even a small portion of the existing formalisms

is not possible and intended here. Instead, we con�ne ourselves with a brief

discussion of those temporal logics that will be used in this monograph. We

will discuss in this section temporal logics which can be formulated in \stan-

dard" modal languages and interpreted in \standard" relational structures. In

particular, we shall not discuss interval based temporal logics (see [Shoham and

Halpern 1991] nor branching time temporal logics (see [Thomason 1984]).

In a temporal language besides of the boolean connectives additional tem-

poral operators are required. The most fundamental ones are the following:

� F': at least once in the future ' will be the case;

� P': at least once in the past ' will be the case.

They roughly correspond to the future and past tenses of natural languages.

Observe that, by putting G' = :F:' and H' = :P:' we obtain the duals

of the operators above:

� G': always in the future ';

� H': always in the past '.

Even this little language allows us to express statements like GF' saying that

' is going to be true in�nitely often in the future.

The language with only these temporal operators is not expressive enough,

however, to represent frequently used binary temporal connectives like `Since'

and `Until' the meaning of which can be described as follows:

� ' Since  : ' has been the case since  ;

� ' Until  : ' will be the case until  .

In this monograph we will con�ne ourselves with the operators F , P , Since, and

Until. So the languages we are going to consider are �xed. Let us now de�ne

models that are capable of interpreting the temporal operators in a natural way.

Again we restrict ourselves to the simplest (but probably still the most natural

and frequently used) ontology:

De�nition B.1 (Flow of time). A 
ow of time T = hT;<i consists of a non-

empty set of points in time T and binary precedence relation < between them.

< is assumed to be a strict linear ordering.
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Thus, in a 
ow of time T the expression t

1

< t

2

means that t

1

precedes

t

2

. Note that we do not consider arbitrary precedence relations but only strict

linear orderings, corresponding to the intuition that precedence relations should

be transitive and connected (either t

1

precedes t

2

, t

2

precedes t

1

, or t

1

= t

2

).

The satisfaction-relation j= we are interested in should relate points in time

to formulas in the sense that t j= ' means that ' is true at t. Starting with a


ow of time hT;<i and a valuation V which associates with each propositional

variable the points of time at which it is true, we de�ne j= inductively by taking:

� t j= p i� t 2 V(p),

� t j= ' ^  i� t j= ' and t j=  ,

� t j= :' i� t 6j= ',

� t j= F' i� there exists t

0

> t such that t

0

j= ',

� t j= G' i� there exists t

0

< t such that t

0

j= ',

� t j= ' Until  i� there exists t

0

> t such that t

0

j=  and, for all t

00

with

t < t

00

< t

0

, t

00

j= ',

� t j= ' Since  i� there exists t

0

< t such that t

0

j=  and, for all t

00

with

t

0

< t

00

< t, t

00

j= '.

So the truth conditions for F and G coincide with the truth condition for the

modal operator 3 interpreted by < and <

�1

, respectively. In other words, we

may identify the temporal language with the operators F and G with the bi-

modal languageL

2

; 
ows of time hT;<i correspond to bimodal frames




T;<;<

�1

�

in which < is a strict linear ordering. To keep the notation as uniform and sim-

ple as possible we shall work from now on with L

2

instead of F and G. Flows

of time are identi�ed with bimodal frames.

Bimodal logics determined by classes of bimodal frames of the form




T;<;<

�1

�

,

< a strict linear order, are actually well understood; �rst results concerned with

axiomatizations, decidability, and the �nite model property are contained in

[Bull 1968] and [Segerberg 1970]. A comprehensive collection of results about

logics of this type can be found in [Wolter 1996b, 1996c]. Here we mention the

following axiomatizations of bimodal logics determined by the most frequently

used classes of 
ows of time. By Lin we denote the bimodal logic determined

by the class of all strict linear orderings. It is axiomatized by adding to K4

2

the axioms

p! 2

1

3

2

p and p! 2

2

3

1

p

(corresponding to the conditions R

1

� R

�1

2

and R

2

� R

�1

1

, respectively) and

3

1

3

2

p _3

2

3

1

p! p _3

1

p _3

2

p:

We close the discussion of this temporal language with the following complete-

ness and decidability results:
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Theorem B.3.

L(f




Z; <;<

�1

�

g) = Lin�3

1

>�3

2

>�

2

1

(2

1

p! p)! (3

1

2

1

p! 2

1

p)�

2

2

(2

2

p! p)! (3

2

2

2

p! 2

2

p):

L(f




N; <;<

�1

�

g) = Lin�2

2

(2

2

p! p)! 2

2

p�

3

1

>�2

1

(2

1

p! p)! (3

1

2

1

p! 2

1

p):

L(f




Q; <;<

�1

�

g) = Lin�3

1

>�3

2

>�2

1

2

1

p! 2

1

p:

L(f




R; <;<

�1

�

g) = L(fhQ; <ig)�

2

�1

(2

2

p! 3

1

2

2

p)! (2

2

p! 2

1

p);

where 2

�1

' = 2

1

' ^ 2

2

'. The satisfaction problem for those logics is NP-

complete.

We refer the reader to [Goldblatt 1992] for a proof of the axiomatizations.

The NP-completeness result for L(f




N; <;<

�1

�

g) and L(f




Z;<;<

�1

�

g) is proved

in [Sistla and Clarke 1985]. For L(f




Q; <;<

�1

�

g) and L(f




R; <;<

�1

�

g) it fol-

lows from the proof of the �nite model property in [Wolter 1996c].

We turn to the more expressive language with the temporal operators U

(Until) and S (Since) which is denoted by L

US

in what follows. Observe that,

in fact, 3

1

and 3

2

can be de�ned by means of S and U :

3

1

' = >U' and 3

2

' = >S':

As for the bimodal language, a formula ' is called valid in a 
ow of time hT;<i

i� it is true at each point t 2 T under every valuation V into T . The set of

formulas valid in a class of 
ows of time K is denoted by L

US

(K). Logics with

the binary operators S and U have been studied intensively, see e.g. [Gabbay

et al. 1994].

Denote by Lin

US

the logic determined by the class of all strict linear order-

ings. Axiomatizations of

� Lin

US

,

� L

US

(f




N; <;<

�1

�

g),

� L

US

(f




Z; <;<

�1

�

g),

� L

US

(f




Q; <;<

�1

�

g), and

� L

US

(f




R; <;<

�1

�

g)

are known, see e.g. [Goldblatt 1992], [Gabbay and Hodkinson 1990]. However,

we will not present the axiomatizations here since they are mostly rather lengthy.

All those logics are decidable, see [Gabbay et. al. 1994].
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In Computer Science the most important among those logics is L

US

(f




N; <;<

�1

�

g)

which we denote by PTL. The satisfaction problem for PTL is PSPACE-

complete (see [Sistla and Clark 1985]). Thus, it is higher than the complexity of

the satisfaction problem for L(f




N; <;<

�1

�

g). We refer the reader to [Sistla and

Zuck 1987] for a discussion of the relation between PTL and L(f




N; <;<

�1

�

g).

We close this brief introduction to temporal logics with a comparison of the

expressive power of the language L

US

and monadic �rst-order logic. Denote by

L

t

the �rst-order language with one binary relation <, unary predicate symbols

P

1

; : : : , and variables t; t

1

; : : : . Formulas in L

t

are interpreted in 
ows of time

hT;<i in the standard manner, where< is interpreted by the precedence relation

< (denoted by the same letter, for simplicity) and the P

i

are interpreted as

subsets of T . L

US

can be translated into L

t

in a straightforward manner. Fix

a variable t and de�ne inductively

p

M

i

= P

i

(t)

(' ^  )

M

= '

M

^  

M

(:')

M

= :'

M

('U )

M

= 9t

0

> t( 

M

[t=t

0

] ^ 8t

00

(t < t

00

< t

0

! '

M

[t=t

00

]))

('S )

M

= 9t

0

< t( 

M

[t=t

0

] ^ 8t

00

(t

0

< t

00

< t! '

M

[t=t

00

])):

Here t

0

and t

00

are new variables. Observe that, for any valuation V into a


ow of time hT;<i and interpretation P

I

1

; : : : of the predicate symbols P

1

; : : :

in hT;<i such that

V(p

i

) = P

I

i

;

for all i 2 !, we have, for all m 2 T and all ' 2 L

US

,

hhT;<i ;V;mi j= ',




T;<; P

I

1

; : : :

�

j= '

M

[m]:

That is to say, L

US

can be regarded as a fragment of L

t

. When do L

US

and L

t

have the same expressive power? This question has been investigated intensively,

see [Kamp 1968] and [Gabbay et al. 1994]. Say that L

US

is expressively complete

for a class of 
ows of time K i�, for any formula � 2 L

t

with one free variable t

there exists a formula  2 L

US

such that, for all hT;<i 2 K,

hT;<i j= 8t(�$  

M

):

Theorem B.4. L

US

is expressively complete for fhN; <ig, fhZ; <ig, fhR; <ig.

Note that L

US

is not expressively complete for the class of all strict linear

orderings. An expressively complete extension of L

US

is obtained by adding

the so-called Stavi-connectives to the signature of L

US

, we refer the reader to

[Gabbay et al. 1994] for more information.

B.3 Propositional Dynamic Logic

Propositional Dynamic Logic PDL and its extensions like converse PDL were

introduced for reasoning|at a rather abstract level|about the behaviour of
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programs, for surveys see [Harel 1984], [Goldblatt 1982], and [Kozen and Tiuryn

1990].

Recall that Program Veri�cation and Speci�cation are disciplines within

Computer Science which are concerned with formal languages having the ca-

pacity of stating the correctness of programs. When dealing with ordinary

sequential programs,{e.g., programs for sorting a list of integers{standard veri-

�cation formalisms are centered around correctness assertions of the form

f'g�f g

which state that any execution of the program � starting from a state where

' holds reaches a state where  holds. ' and  are called the pre{ and post-

condition of this assertion. The idea underlying assertions of this type is that

the program's underlying semantics is described by a transformation from an

initial state to a �nal state

2

. It turned out that assertions of this type can be

naturally expressed in logical languages in which modal operators correspond

to programs: in dynamic logics every action type (or program) � gives rise to

two modal operators [�] and < � >. For a state w the intended meaning of

\w j= [�]'" is that every possible execution of � at a state w arrives at a state in

which ' holds. We can state the correctness assertion above now as an ordinary

modal formula:

'! [�] :

Observe that [�] is the weakest precondition for which any execution of �

reaches a  {state.

In PDL the action types � are complex entities in the sense that they may

be composed from primitive action types by means of sequencing (;), nondeter-

minstic choice ([), iteration ((�)

�

), and tests (?). For example, for actions �; �

and a formula ', we can represent the program \if ' then � else �" by means of

the complex action term ('?;�) [ (:'?;�). The only di�erence between stan-

dard modal logics and dynamic ones consists in this internal structure of the

modal operators.

Before we come to the precise de�nition of the syntax of PDL we note that,

besides of its capacity to describe abstract properties of programs, propositional

dynamic logics turned out to be important for at least two other reasons as well:

�rstly, various important modal logics{like expressive epistemic logics with the

common knowledge operator (see [Halpern and Moses 1992]), combinations of

temporal and epistemic logics (see [Fisher and Immerman 1987]), and expressive

Description Logics (see [DeGiacomo 1995]){ are embeddable in propositional dy-

namic logics in a natural way, and so inherit from the dynamic logics various

properties of interest, e.g., decidability. In other words, a positive result for a

propositional dynamic logic allows one to derive easily positive results for nu-

merous expressive modal logics. Secondly, in AI and Philosophy propositional

2

Observe that assertions of this form are not appropriate for the speci�cation of continously

operating reactive programs which are usually nondeterminating. Since there is no �nal state,

postconditions are of no use to describe the behavior of such programs. In this case Temporal

Logics provide an appropriate speci�cation language.
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�;� do � followed by �

� [ � do either � or �, nondeterministically

�

�

repeat � a �nite number of times

'? proceed if ' is true, else fail.

Table B.1: The intended reading of action terms.

dynamic logics often form the basis for logics designed for reasoning about ac-

tion and deontic logics, see [Segerberg 1980], [Prendinger and Schurz 1996], [de

Giacomo and Lenzerini 1995], and [Meyer 1988].

In this monograph we require the dynamic logics PDL and CPDL only, so

in what follows we shall discuss only these two formalisms. Information about

others can be found in [Harel 1984].

The alphabet of PDL consists of

� an in�nite set of propositional variables: p

1

; : : : ;

� an in�nite set of atomic actions (or programs): �

1

; : : : ;

The set of formulas and action terms of PDL is de�ned by simultaneous

induction as follows:

� every propositional variable is a formula.

� If ' and  are formulas, then ' ^  and :' are formulas.

� If � is an action term and ' is a formula, then [�]' is a formula.

� All atomic actions are action terms.

� If � and � are action terms, then � [ �, �;�, and �

�

are action terms.

� If ' is a formula, then '? is an action term.

The intended meaning of the action terms is shown in Table B.3.

We have seen above already how the program \if ' then � else �" can be

composed from � and � in this language. Of course, precisely the programs con-

structed by means of regular expressions can be represented in PDL. Examples

of interest are \while ' do �" and \repeat � until '". They can be represented

by ('?;�)

�

;:'? and �; (:'?; �)

�

;'?, respectively.

PDL is interpreted in structures F = hW; hT

�

i

: i 2 !ii, where W is a set of

states and the T

�

i

are transition relations on W , for every action variable �

i

.

Here wT

�

i

v means that there is an execution of �

i

starting at state w which

arrives at v.

A valuation V into F is a mapping from the propositional variables into the

powerset of W . \w 2 V(p)" means that p holds in state w. Given hF;Vi we

can de�ne inductively the satisfaction relation j= between states and formulas

and the transitions T

�

, for any action term �:
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� w j= p i� w 2 V(p),

� w j= ' ^  i� w j= ' and w j=  ,

� w j= :' i� w 6j= ',

� w j= [�]' i� v j= ', for every v with wT

�

v.

� T

�[�

= T

�

[ T

�

,

� T

�;�

= T

�

� T

�

,

� T

�

�

= T

�

�

,

� T

'?

= fhx; xi : x j= 'g.

Thus, the transition relation for nondeterministic choice between � and � is

interpreted as the union of the transition relations for � and �. This re
ects

the intuition since the set of states reachable from a state w by means of an

execution of � [ � coincides with the set of states reachable from w by means

of an execution of � or an execution of �. The interpretations of �;�, �

�

, and

'? should be clear as well.

Call a formula ' valid i� it is true in every state in every model. PDL

consists of the set of valid formulas. Observe that PDL without iteration and

tests is just a syntactic variant of the basic modal logic K with in�nitely many

modal operators.

Theorem B.5. PDL is decidable in deterministic exponential time.

The decidability of PDL and the exponential lower bound is proved in [Fis-

cher and Ladner 1979]. The exponential upper bound was established in [Pratt

1979].

CPDL extends the expressive power of PDL by means of the possibility

to represent backward executions of programs. To facilitate this the converse

operator on action terms is added to the language. That is to say, �

�

is an

action term whenever � is an action term in CPDL. Observe that [�

�

]' is the

strongest postcondition satis�ed after any execution of � starting from a state

in which ' holds. The inductive de�nition of the transition relations is extended

by the clause

T

�

�
= T

�1

�

:

CPDL is decidable in exponential time as well.

All epistemic logics L

C

n

introduced in the section about Epistemic Logics can

be embedded into CPDL. We brie
y discuss the required mappings. Firstly,

associate with every epistemic operator 2

i

, 1 � i � n, an action term t

j

(2

i

),

for j � 4. To this end �x action variables �

1

; : : : ; �

n

; �

1

; : : : ; �

n

and put, for

i � n,

m

1

(2

i

) = �

i

;�

�

i

m

2

(2

i

) = �

�

i

m

3

(2

i

) = (�

i

[ �

�

i

)

�

m

4

(2

i

) = (�

i

[ �

�

i

;�

i

) [ (�

i

[ �

�

i

)

�
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De�ne mappings t

1

; : : : ; t

4

from the language of epistemic logic for n agents

into the language of dynamic logic by putting

t

j

(p

i

) = p

i

;

t

j

(' ^  ) = t

j

(') ^ t

j

( );

t

j

(:') = :t

j

(');

t

j

(2

i

') = [m

j

(2

i

)]t

j

(');

t

j

(C

M

') = [(m

j

(2

i

1

) [ : : : [m

j

(2

i

k

))

�

]t

j

('); for M = fi

1

; : : : ; i

k

g.

Theorem B.6. For every formula ':

� ' 2 K4

C

n

i� t

1

(') 2 PDL,

� ' 2 S4

C

n

i� t

2

(') 2 PDL,

� ' 2 S5

C

n

i� t

3

(') 2 CPDL,

� Put 
 = �

1

[ �

�

1

[ : : : [ �

n

[ �

�

n

[ �

1

[ �

�

1

[ : : : [ �

n

[ �

�

n

and de�ne

� =

^

f[�

i

;�

i

]? : i � ng ^

^

f




�

i

[ �

�

i

�

>! [�

i

[ �

�

i

]? : i � ng:

Then

' 2 KD45

C

n

i� [


�

]�! t

4

(') 2 CPDL:

Proof The �rst three claims should be clear. We give a sketch of a proof

for the last claim. Suppose a KD45

n

-frame F = hW;R

1

; : : : ; R

n

i refutes ' in

a world w. We may assume that w is a root of F. De�ne a PDL-structure

G = hW;T

�

1

; : : :i by putting, for v

1

; v

2

2 W ,

� v

1

T

�

i

v

2

i� v

1

R

i

v

2

and not v

2

R

i

v

1

.

� v

1

T

�

i

v

2

i� v

1

R

i

v

2

, v

2

R

i

v

1

and there does not exist a v

3

2W with v

3

R

i

v

1

and not v

1

R

i

v

3

.

It is easy to show that G refutes [


�

]� ! t

4

('). Conversely, suppose G =

hW;T

�

1

; : : :i refutes [


�

]� ! t

4

(') in a world w. We may assume that w is a

root of G. De�ne F = hW;R

1

; : : : ; R

n

i by putting, for v

1

; v

2

2 W ,

� v

1

R

i

v

2

i� v

1

T

�

i

v

2

, v

1

T

(�

�

i

;�

i

)

v

2

, or v

1

T

(�

i

[�

�

i

)

�

v

2

.

It is easy to show that F validates KD45

C

n

and refutes '. 2

B.4 Description logic

Description logic was created at the beginning of the 1980s as a formalism for

knowledge representation and reasoning in arti�cial intelligence. Brie
y, the

history of description logic look as follows. After the straightforward attack on

knowledge representation with the help of the heavy artillery of �rst-order logic
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Figure B.1: Semantic network

failed in the 1960s, a number of ideas were proposed, the essence of which was

to treat knowledge in a more structural, visual, object-oriented way [Quillian

1967, 1968], [Minsky 1975] (see the collection [Brachman and Levesque 1985])

without using logic.

Figure B.1 shows a simple example of describing some information about

human relationships in the form of a semantic network of [Quillian 1968]. The

application domain in this example|human beeings|is divided into (not nec-

essarily disjoint) classes (Homo sapiens, Female, Male, Father, Mother, Child),

concrete individuals (Eve, Adam), and the relations between them (is, has,

loves) are depicted in the form of labelled arrows. The main de�cit of such

representations is the lack of semantics, and as a consequence, ambiguities. In

the depicted network it is not clear, for instance, whether all members of the

class Child are children of Eve or only some of them.

Description logic appeared as a sort of compromise between the above men-

tioned features of semantic networks and Minsky frames, on the one hand, and

logic- (and so semantic-) based formalisms, on the other. It originated from the

KL-ONE system of Brachman and Schmolze [Brachman and Schmolze 1985],

which combined in itself many ideas of its predecessors. Like modal logic, de-

scription logic consists of a wide spectrum of languages. Since our road in this

monograph comes from modal logic, as the basis description language we will

choose the language ALC of [Schmidt-Schau� and Smolka 1991], which is closely

related to polymodal K.

De�nition B.2 (alphabet). The primitive symbols of ALC are:
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� concept names C

0

; C

1

; : : : ;

� role names R

0

; R

1

; : : : ;

� object names a

0

; a

1

; : : : ;

� the booleans (say, ^, :, >) and the relativized existential quanti�er 9R

i

,

for every role name R

i

.

Concept names are supposed to denote classes of objects in a certain domain

� (say, Mother, Male, etc. in the example above), role names are intended

for denoting binary relations between elements of � (is, has, loves), and object

names stand for some concrete elements in � (Eve, Adam).

Now we de�ne by induction the notions of (complex) concept and formula.

Concepts will usually be denoted by symbols C and D, roles by R, S, object

names by a, b, and formulas, as before, by ',  and �.

De�nition B.3 (concept, formula). Every concept name as well as > is an

atomic concept.. If C and D are concepts, a and b object names, ' and  

formulas, and R is a role name, then

� C ^D, :C, and 9R:C are concepts;

� a : C, aRb, C = D, ' ^  , and :' are formulas (the �rst three of them

are atomic).

The intended meaning of C ^D is simply the intersection of C and D; :C

means the complement (in the domain under consideration) of C; 9R:C denotes

the class of all objects from which at least one object in C is accessible via R.

The formulas a : C and aRb mean that object a belongs to concept C, and that

a and b are related by role R, respectively; C = D says that concepts C and D

contain precisely the same elements.

Remark B.1. Traditionally, in \applied" description logic the booleans are not

among the formula constructs; all formulas are atomic. Moreover, instead of

equality C = D often inclusion C � D is preferred. (In our language C � D

can be expressed as :(C ^:D) = > or C ! D = >, if we use the abbreviations

introduced above.)

This informal explanation should be enough to understand the following toy

knowledge base written in the language ALC and representing the semantic

network in Fig. B.1.

Example B.1.

Female _Male � Homo sapiens

Mother � Female

Father � Male

Child � 9has:Mother ^ 9has:Father

9

>

>

>

=

>

>

>

;

TBox
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Eve : Mother

Adam : Father

Eve loves Adam

Eve : 9has:Child

Adam : 9has:Child

9

>

>

>

>

>

>

=

>

>

>

>

>

>

;

ABox

The knowledge base in this example consists of two parts. The �rst one con-

tains formulas describing general properties of concepts and roles; in knowledge

representation it is called a TBox. The second part comprises facts about indi-

vidual objects; it is called an ABox Formally, the semantics of ALC is de�ned

in the following way.

De�nition B.4 (ALC-model). A model of ALC is a structure of the form

I =




�; R

I

0

; : : : ; C

I

0

; : : : ; a

I

0

; : : :

�

; (B.1)

where � is a nonempty set, the domain of the model, R

I

i

, for i = 0; : : : , are bi-

nary relations on � (interpreting the role names), C

I

i

subsets of � (interpreting

the concept names), and a

I

i

are elements of � (interpreting the object names).

De�nition B.5 (satisfaction). Let I be an ALC-model as in the previous

de�nition. The value C

I

of a concept C in I , the value R

I

of a role R in I , and

the satisfaction-relation I j= ', ' a formula, are de�ned inductively as follows:

1. >

I

= �;

2. C

I

= C

I

i

, for C = C

i

;

3. (C ^D)

I

= C

I

\D

I

;

4. (:C)

I

= �� C

I

;

5. x 2 (9R

i

:C)

I

i� 9y 2 C

I

xR

I

i

y;

6. I j= C = D i� C

I

= D

I

;

7. I j= a : C i� a

I

2 C

I

;

8. I j= aRb i� a

I

R

I

b

I

;

9. I j= ' ^  i� I j= ' and I j=  ;

10. I j= :' i� I 6j= '.

A formula ' is said to be true in I if I j= '; ' is called satis�able if there exists

a model in which ' is true.

The reader must have already observed that the concept fragment of ALC

is nothing else but a reformulation of polymodal K. Indeed, let us de�ne a
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translation

y

from the set of modal formulas onto the set of ALC-concepts by

taking:

p

y

i

= C

i

;

(' ^  )

y

= '

y

^  

y

;

(:')

y

= :'

y

;

(3

i

')

y

= 9R

i

:'

y

:

Every Kripke model M = hF;Vi with F = hW;�

0

; : : :i may be regarded as an

ALC-model

I

M

=

D

W;R

I

M

0

= �

0

; : : : ; C

I

M

0

= V(p

0

); : : : ; a

I

M

0

; : : :

E

(with arbitrary a

I

M

i

2 W ). Conversely, every ALC-model of the form (B.1)

gives rise to a Kripke model M

I

= hF

I

;V

I

i, where F

I

=




�; R

I

0

; : : :

�

and

V

I

(p

i

) = C

I

i

. It should be clear that M is isomorphic to M

I

M

and that the

following proposition holds:

Proposition B.1. For every modal formula ', every Kripke modelM = hF;Vi,

and every ALC-model I,

V(') = ('

y

)

I

M

and ('

y

)

I

= V

I

('):

On the other hand, ALC-formulas add more expressive power to the concept

part of ALC. Besides of conceptual reasoning they make it possible to give

names to some worlds in Kripke models and express some facts about those

worlds (in ABoxes). This can't be done in standard modal logic.

Description logic was designed to represent knowledge about some applica-

tion domains rather than universal logical truth. Suppose we are given (or have

constructed) a set � of ALC-formulas describing an application domain. This

is our knowledge base. How can it be used? There are several typical reasoning

tasks we should be able to solve. We formulate them in terms of the consequence

relation � j= ' de�ned as follows:

De�nition B.6. Say that anALC-formula ' is a logical consequence of a knowl-

edge base (set of formulas) � and write � j= ' if ' is true in every ALC-model

where all formulas in � are true.

Example B.2. Let � be the knowledge base of Example B.1. Then we clearly

have

� j= Mother � Homo sapiens; � j= Eve : Female:

The main reasoning tasks are (here � is a knowledge base):

� relativized concept satis�ability: � 6j= C = ?, i.e., is there a model I of �

such that C

I

6= ;?

� concept satis�ability: 6j= C = ?, i.e., is there a model I such that C

I

6= ;?
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� relativized subsumption: � j= (C ! D) = >, i.e., C

I

� D

I

in every model

I for �?

� subsumption: j= (C ! D) = >, i.e., C

I

� D

I

in evetry model I?

� consistency: � 6j= ?, i.e., is there is a model for �?

� instance checking: � j= a : C, a an object name.

Since knowledge bases are supposed to be �nite, all the listed reasoning tasks

are reducible to the

� formula{satis�ability problem: given an ALC-formula ', to determine

whether it is satis�able.

Indeed, we have � j=  i� the formula

V

� ^ : is not satis�able.

Remark B.2. Note that the consequence relations above correspond to the global

consequence relation in modal logic.

Actually, from the application point of view we may be interested not in

arbitrary models satisfying a given formula, but only in �nite ones. For logics

like ALC there is no di�erence between these two variants of the satis�ability

problem: every satis�able ALC-formula can be satis�ed in a �nite model. How-

ever, there are more expressive description languages that lack the �nite model

property; an example is CIQ introduced in [de Giacomo and Lenzerini 1996]

and [de Giacomo 1995] which will be discussed below.

The most important parameters characterizing each description logic are

its expressive power and computational behaviour, that is the computational

complexity of the reasoning tasks. The relativized satisfaction problem for

ALC-formulas is EXPTIME-complete. The problem of concept satis�ability

is equivalent to the satisfaction problem for polymodal K, which is known to

be PSPACE-complete, see [Ladner 1977].

There are several ways of reducing the complexity of the reasoning tasks. Of

course, all of them mean reducing the expressive power of the language as well.

One can restrict the use of some concept constructs. For instance, by allowing

applications of : only to atomic concepts we cannot form the union of concepts.

The subsumption in such a restricted language (with empty knowledge base)

becomes NP-complete.

Another way is to impose restrictions on formulas that may be used in our

knowledge bases. Suppose � consists of a set of statements of the form

A = C;

where A is a concept name. The equation A = C is called a de�nition of A.

� is called a simple TBox if for every concept name A there is at most one

de�nition for A in �. Thus, de�ning a concept A means to single out necessary

and su�cient conditions for an object to belong to A. In simple TBoxes one

can distinguish between de�ned concepts|those which appear on the left hand

sight of an equation|and atomic concepts. i.e., those which do not appear on
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the right hand sight of an equation in �. Of course, in order to obtain unique

de�nitions of de�ned concepts one has to require that no de�ned concept name

A occurs in its own de�nition. Lets make this more precise: Let c be the function

on concept names de�ned by c(A) = C i� A = C 2 �. Say that A is de�ned

directly using B (in symbols A �

d

B) if c(A) contains the concept name B.

Now � is called acyclic i� �

d

contains no cycles.

Almost all existing systems do not allow the use of cyclic knowledge bases.

Observe that for simple acyclic TBoxes � the problem

� j= C ! D

reduces to the problem

j= C

0

! D

0

;

where C

0

and D

0

are obtained from C and D by replacing recursively every

de�ned concept by means of unde�ned ones. Translated into modal logic this

means that we are dealing with the ordinary satisfaction problem.

Suppose now that the knowledge base is a cyclic simple TBox. This means

that a statement of the form

A = T (A)

is implicitly contained in �. (Here T (A) denotes a concept containing A.) Ac-

cording to the interpretation of equations introduced above A = T (A) is inter-

preted as a constraint stating that all objects in all models belong to A i� they

belong to T (A). It is worth mentioning, however, that two other interpretations

of such equations have been introduced; namely the least and greatest �xed

point interpretation according to which A

I

is interpreted as the least (greatest)

solution of the equation A = T (A) if it exists, see [Baader 1990] and [Nebel

1991] However, here we will deal with the constraint de�nition only.

The natural desire to improve the computational behaviour of description

logics comes across the need to increase their expressive power. For instance,

in the knowledge base of Example B.1 we might want to re�ne the information

by stating that Eve and Adam had only two children, that every child has only

one mother and one father, and that all children have Eve and Adam as their

ancestors. This desire may lead to a richer description language, say, to that

introduced in [Giacomo and Lenzerini 1996] and [de Giacomo 1995] under the

name CIQ.

The language of CIQ is an extension of ALC with a number of role and

concept constructs. First, by a basic role we mean any role name R

i

as well

as its \inversion" R

�

i

. Now, if R, S are roles, B is a basic role, C, D are

concepts and n < !, then R _ S; R � S; R

�

; R

�

; C? are roles and >; C ^

D; :C; 9R:C; 9

�n

B:C are concepts.

The intended meaning of the introduced constructs will be clear from the

following de�nition extending that for ALC to the new constrcuts.

We have a CIQ-model I of the form (B.1) and de�ne the values C

I

, R

I

, and

the truth-relation j= by taking:

11. x 2 (9

�n

R:C)

I

i�

�

�

fy 2 C

I

: xR

I

yg

�

�

� n;
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12. (R _ S)

I

= R

I

[ S

I

;

13. (R � S)

I

= R

I

� S

I

(the composition of R

I

and S

I

);

14. (R

�

)

I

= (R

I

)

�

(the transitive and re
exive closure of R

I

);

15. (R

�

)

I

= (R

I

)

�1

(the inversion of R

I

);

16. (C?)

I

= fhx; xi : x 2 C

I

g;

Here and below jX j denotes the cardinality of X .

The constructs of the form 9

�n

R:C are called in description logic quali�ed

number restrictions; in modal logic they appeared under the name of graded

modalities in [Fine 1972], [van der Hoek 1992]. Observe that

x 2 (:9

�n

R:C)

I

i�

�

�

fy 2 C

I

: xR

I

yg

�

�

< n:

So we denote :9

�n

R:C by 9

�n�1

R:C, and 9

�n

R:C ^ 9

�n

R:C by 9

=n

R:C.

It is easy to extend the translation

y

from polymodalK onto ALC above to a

translation of CPDL into CIQ. On the other hand, De Giacomo [De Giacomo

1995] showed that the satis�ability problem for CIQ is polynomially reducible

to the satis�ability problem for CPDL. It follows that the complexity of the

satis�ability problem for CIQ is EXPTIME-complete.

However, unlike CPDL, CIQ does not have the �nite model property. Con-

sider, for instance, the conjunction ' of the following three formulas:

a : :C; 9R:C = >; 9

�1

R

�

:> = >:

The �rst conjunct says that a is not in C, the second that from every object

there is an R-arrow to C, and the third one asserts that at most one R-arrow

can come to any object. Thus, to satisfy ' we must have an in�nite chain of

R-arrows starting from a.

In CIQ we can extend the knowledge base of Example B.1 with the following

formulas:

Eve : 9

=2

has:Child

(Eve has two children),

Child � 9

=1

has:Mother

(every child has one mother),

Eve : First Parent; Adam : First Parent

(Eve and Adam are �rst parents),

Child � 9(has

�

)

�

:First Parent

(every child has a �rst parent as an ancestor).

For more information about description logic we refer the reader to the

surveys [Donini et al. 1996] and [Calvanese et al. 1999].
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