
Completeness and de
idability of tense logi
s 
losely related

to logi
s above K4

Frank Wolter

S
hool of Information S
ien
e

JAIST

Tatsunoku
hi, Ishikawa 923-12, Japan

e-mail: wolter�jaist.a
.jp

Abstra
t

Tense logi
s formulated in the bimodal propositional language are investigated with

respe
t to Kripke-
ompleteness (
ompleteness) and de
idability. It is proved that all

minimal tense extensions of modal logi
s of �nite width (in the sense of K. Kine)

as well as all minimal tense extensions of 
o�nal subframe logi
s (in the sense of M.

Zakharyas
hev) are 
omplete. The de
idability of all �nitely axiomatizable minimal

tense extensions of 
o�nal subframe logi
s is shown. A number of variations and

extensions of these results are also presented.

Here tense logi
s are the normal bimodal theories of general frames G = hg;R;R

�1

; Ai,

where R is a binary relation and A is a set of subsets of g 
losed under some operations. A

tense logi
 is 
omplete i� it is determined by its Kripke frames, i.e., frames hg;R;R

�1

; Ai

with A = 2

g

. While resear
h on the theory of monomodal logi
s above K4 was quite

su

essful and 
ulminated in the theory of Canoni
al Formulas by M. Zakharyas
hev (
f.

[26℄, [27℄), there was no 
omparable development in tense logi
. After the early results

of [3℄, [17℄ and [8℄ there was nearly no resear
h aimed at a general theory of this type of

tense logi
s. Modern proofs of the results of those papers 
an be found in [1℄,[4℄,[9℄, and

[11℄, but 
ontrary to monomodal logi
 investigations on tense logi
 
on
entrate on some

spe
i�
 systems, as the theory of the reals, of the integers, or of the natural numbers.

This is quite unsatisfa
tory if we wish to develop a mathemati
al theory of modal logi
s.

From this point of view we are usually not interested in the properties of a spe
i�
 system

but in results whi
h show why a spe
i�
 system has a property by extra
ting 
on
epts

whi
h allow to map out the boundaries of that property. Now tense logi
s form a quite

natural 
lass of modal logi
s. Given a relation R, there is no general reason to talk only

about fxjyRxg and not about fxjyR

�1

xg; moreover, extending monomodal logi
 to tense

logi
 
orresponds to the addition of a 
onjugate to the modal operator in a monomodal

algebra (see [13℄). Hen
e an investigation on the transfer of properties from monomodal

logi
 to tense logi
 provides also insight into the di�erent behavior of modal algebras with


onjugates and without. The main problem whi
h blo
ks a dire
t transfer frommonomodal

logi
 to tense logi
 is that nearly all deep results on extensions of K4 depend on the �nite
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model property (fmp, for short) of a large and interesting 
lass of logi
s above K4. But

the fmp is quite rare in tense logi
. Indeed, one result of [21℄ is that the minimal tense

extension �

+

:t of a 
o�nal subframe logi
 � (and therefore also of a subframe logi
) has

the fmp i� the frames of � form an elementary 
lass. (Consult Se
tion 1 for a pre
ise

de�nition of minimal tense extensions and 
onsult Se
tion 3 or [26℄ for the de�nition of


o�nal subframe logi
s and subframe logi
s). It follows that su
h simple systems (
f. [26℄)

as the minimal tense extensions of

� G = K4�2(2p! p)! 2p,

� G:3, where :3 is the linearity axiom,

� Grz = K4�2(2(p! 2p)! p)! p,

� Dum = S4�2(2(p! 2p)! p)! (32p! p),

do not have the fmp. Hen
e we 
annot base the theory on �nite frames, and the 
entral

part of the present paper deals with the investigation of suitable substitutes of the notion of

a �nite frame and a �nite model. I shall brie
y explain the idea by a simple example. (This

example will be used quite often in this paper.) Denote by � the tense logi
 determined

by the frames hg;R;R

�1

i su
h that R

�1

is well-founded. � turns out to 
oin
ide with

G

+

:t. This logi
 does not have the fmp. But it is determined by the following 
lass of

frames M . Consider irre
exive points as well as in�nite des
ending 
hains h!;>;<i and


all these frames blo
ks. Then a frame g belongs to M if and only if there exists a �nite

transitive tense frame h su
h that g is obtained from h by repla
ement of all 
lusters in

h by mutually disjoint blo
ks. The frames in M behave basi
ally like �nite frames and

it is, for instan
e, easy to dedu
e the de
idability of � from this 
ompleteness result. In

general we will have the situation that more than two non-isomorphi
 types of blo
ks are

needed, that the blo
ks are general frames, and that the repla
ement of 
lusters by blo
ks

is restri
ted. Also, it is not always possible to work with a �nite frame h but only with

frames of bounded depth. These things will be organized by so-
alled type assignments to


lusters. The pro
ess of repla
ement will be organized by so-
alled repla
ement fun
tions.

Nearly all proofs in this paper are 
entered arround these two notions. We shall now give

a survey of the paper.

The �rst se
tion introdu
es some ba
kground material from monomodal logi
 and tense

logi
. Se
tion 2 delivers �rst positive results on transfer properties of the map � 7! �

+

:t,

� a monomodal logi
. (Consult [14℄, [15℄ and [12℄ for remarks on transfer from monomodal

logi
 to polymodal logi
 in general. In those papers the transfer problem is investigated

for forming fusions of monomodal logi
s and for the addition of the universal modality).

For instan
e, it will be shown that �

+

:t has the fmp whenever � has bounded depth (alias

�nite sli
e), and that �

+

:t is 
omplete whenever � has �nite width in the sense of K. Fine

[6℄. Together with the positive results of Se
tions 6 and 7 and negative results from [21℄

and [22℄ a number of transfer properties of the map � 7! �

+

:t are thus 
lari�ed. Indeed,

the fmp does not transfer even for natural and simple modal logi
s above K4 (
f. [21℄

and above). Also 
ompleteness does not transfer for modal logi
s above K4 (
f. [22℄). On
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the other hand, there are no simple 
ounterexamples; this follows from the results of the

present paper. The question whether de
idability transfers remains open. However, again

by the results of the present paper there is no simple 
ounterexample.

Se
tions 4 and 5 introdu
e type assignments and repla
ement fun
tions. In this paper

appli
ations of these tools to 
ompleteness problems as well as de
idability problems are

restri
ted to 
lasses of tense logi
s axiomatizable by taking monomodal axioms axiomatiz-

ing 
o�nal subframe logi
s and some mixed axioms 
orresponding to universal �rst order


onditions. (For other appli
ations see [23℄ and [24℄). Note that this 
lass is quite large.

Maybe the only standard tense axiom not in
luded is the density axiom. Also from the

point of view of semanti
s, this 
lass is quite natural; we take those tense logi
s whi
h are

axiomatized by formulas only for
ing the existen
e of �nal points w.r.t. R or R

�1

. See

also [1℄ for a motivation of 
onditions of this type. We shall not formulate the results as

general as possible but try to explain the method in su
h a way that it easy to apply it to

a logi
 in question. (See also Theorem 29 and the remarks at Theorems 24 and 26.)

In Se
tion 6 
ompleteness results are proved (Theorem 24). For instan
e, all minimal

tense extensions of 
o�nal subframe logi
s turn out to be 
omplete. Let us formulate this

result in a way whi
h is more in the spirit of traditional tense logi
. (Other 
ompleteness

results 
an be reformulated analogously). Let M be a 
lass of transitive tense frames and

suppose that

M

0

= fhg;Rijhg;R;R

�1

i 2Mg

is de�nable by modal formulas and is 
losed under forming 
o�nal substru
tures. Then the

tense theory of M 
oin
ides with �

+

:t if � axiomatizes the theory of M

0

. In other words,

the axiomatization problem for this 
lass of tense logi
s is redu
ed to a well-understood

problem above K4. This is false if we omit the 
ondition that M is 
losed under 
o�nal

substru
tures sin
e there exists a 
omplete logi
 � above K4 su
h that �

+

:t is in
omplete

(see [22℄).

In Se
tion 7 the de
idability results are proved (Theorems 26 and 28). For instan
e,

it is shown that all minimal tense extensions of �nitely axiomatizable 
o�nal subframe

logi
s are de
idable. Also, all �nitely axiomatizable minimal tense logi
s of �nite width


ontaining a 
o�nal subframe logi
 in one dire
tion and some �rst order de�nable subframe

axioms turn out to be de
idable.

Let me �nally relate this study to the fast growing theory on Temporal Logi
 (
onsult

[9℄). Certainly the expressive power of the logi
s studied here is too weak in order to be

applied dire
tly. But tense logi
s in the bimodal propositional language form the basis

for nearly all temporal systems, and it is desirable to have a theory whi
h provides some

te
hniques as well as results whi
h 
over a number of these basi
 systems. In this sense

we also intend to bridge the gap between the so far independent �elds of modal logi


above K4 and Temporal Logi
. The papers are self-
ontained, in prin
iple. Nevertheless,

basi
 knowledge of te
hniques from [6℄,[7℄,[26℄, and [27℄ is assumed in order to keep proofs

reasonably short.

A
knowledgement. I wish to thank M. Kra
ht for numerous inspiring dis
ussions during
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the work on this paper. Thanks also to H. Ono, W. Rautenberg, M. Zakharyas
hev and

an anonymous referee for helpful suggestions.

1 Notation and basi
 results

L denotes the propositional bimodal language with primitive 
onne
tives 2

+

;2

�

;^;:

and L

+

, L

�

denote the monomodal languages with 2

+

and 2

�

. For a formula � in a

monomodal language �

+

is the translation of � into L

+

and �

�

is the translation of �

into L

�

. Normal mono- or bimodal logi
s are de�ned as usual. So, a normal modal logi



ontains all 
lassi
al tautologies, the distribution axiom 2(p ! q) ! (2p ! 2q), and

is 
losed under modus ponens, substitutions, and RN : p=2p. For a bimodal logi
 we

take the 
orresponding axioms and rules for both 2

+

as well as 2

�

. We shall 
all normal

logi
s simply logi
s. Given a logi
 � and a set � of formulae the smallest logi
 above �


ontaining � is denoted by �� �. K:t denotes the smallest bimodal logi
 
ontaining the

tense axioms

p! 2

+

3

�

p; p! 2

�

3

+

p:

Extensions of K:t, i.e., logi
s 
ontaining K:t, are 
alled tense logi
s. For a monomodal

logi
 � in the language L

+

the smallest tense logi
 
ontaining � is 
alled the minimal tense

extension of � and is denoted by �

+

:t. The tense logi
s �

�

:t and �

+

1

:�

�

2

:t are de�ned

in the obvious way. The monomodal fragments of a tense logi
 � are �

+

:= � \ L

+

and

�

�

:= � \ L

�

. Clearly (�

+

:t)

+

= �, for all 
omplete monomodal logi
s �. This equality

does not hold in general, as is shown in [19℄.

A tense frame G is a stru
ture hg;R

+

; R

�

; Ai with R

+

= (R

�

)

�1

and A � 2

g

so that A

is 
losed under �nite interse
tions, 
omplements and 2a := fx 2 gj8y 2 g : xRy ) y 2 ag

for (2; R) = (2

+

; R

+

); (2

�

; R

�

). G is a Kripke-frame if A = 2

g

; in this 
ase we often

write g instead of G. A is 
alled the set of internal subsets of g. They form an algebra

(A;\;�;2

+

;2

�

; g) whi
h is 
alled the indu
ed algebra of G. Valuations of tense frames are

de�ned as usual and are denoted by V . We write G; V; x j= � if x 2 V (�) and G; V j= �

if V (�) = g. The theory of G is the set of all formulas � su
h that G; V j= �, for all

valuations V . Hen
e tense logi
s are pre
isely the theories of tense frames.

Given a tense frame G = hg;R

+

; R

�

; Ai the monomodal redu
ts are G

+

:= hg;R

+

; Ai

and G

�

:= hg;R

�

; Ai. We mostly denote the frame hg;R

+

; Ai simply by hg;R;Ai. Con-

versely, given a monomodal frame G = hg;R;Ai the obje
t hg;R;R

�1

; Ai is not always

frames sin
e A might no be 
losed with respe
t to 2

�

. If it is a frame then de�ne the

(+)-extension of G by G

t+

:= hg;R;R

�1

; Ai. We shall mostly write R

+

instead of R and

R

�

instead of R

�1

in G

t+

.

The following 
onsequen
e relation is asso
iated with a logi
. A formula � is globally

derivable from  in �, in symbols  `

�

�, i� � is derivable from � [ f g by using modus

ponens and RN : p=2p (repe
tively p=2

+

p and p=2

�

p, for tense logi
s.) This 
onsequen
e

relation has been investigated in detail in [12℄. A model hG; V i refutes  ` � i� V ( ) = g

and V (�) 6= g. Note that  `

�

� if and only if no model hG; V i based on a general �-frame
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G refutes  ` �. Now 
all � globally 
omplete if  `

�

� i� there is no Kripke frame g for

� and valuation V su
h that hg; V i refutes  ` �. Global �nite model property is de�ned

analogously. � is globally de
idable i� � `

�

 is de
idable. If a logi
 has one of these

properties then it has the 
orresponding lo
al property whi
h are the usual notions of


ompleteness, fmp and de
idability. (More pre
isely, a logi
 � is 
alled 
omplete (has the

fmp) if the following holds for all formulas �: � 2 � , g; V j= �, for all (�nite) Kripke

frames g validating �. � is de
idable i� � is a re
ursive set). But the 
onverse fails for all

these properties (see [15℄ and [20℄). One 
an also apply the following

Proposition 1 Suppose that � has a property P 2 f global fmp, globally 
omplete,

globally de
idable g. Then ea
h extension of � by �nitely many 
onstant axioms has P as

well.

3

+

> and 3

�

> are important axioms in tense logi
. It follows with the Proposition above

that adding these axioms to logi
s preserves these global properties. Hen
e, if possible,

we shall formulate the results for the global property.

We need some notation for important 
lasses of frames. (Consult [10℄ for more in-

formation on those 
lasses). The 
on
epts are introdu
ed only for monomodal frames

but extend without any problem to bimodal ones. A frame hg;R;Ai is di�erentiated if

(8x; y 2 g )x = y , (8a 2 A )x 2 a , y 2 a: Ea
h frame 
an be transformed into

a di�erentiated one. Let G = hg;R;Ai be a general monomodal frame. The di�erentia-

tion DG = hg

D

; R

D

; A

D

i of G is de�ned as follows. De�ne an equivalen
e relation on g by

x �

A

y i� x 2 a, y 2 a, for all a 2 A. Let g

D

:= f[x℄jx 2 gg, where [x℄ := fy 2 gjx �

A

yg

and de�ne R

D

by putting [x℄R

D

[y℄ i� there exist x

0

2 [x℄ and y

0

2 [y℄ with x

0

Ry

0

. Finally

let A

D

:= fa

D

ja 2 Ag with a

D

:= f[x℄jx 2 ag. It is readily 
he
ked that DG is a dif-

ferentiated frame and that the indu
ed algebras of G and DG are isomorphi
. Hen
e the

theories of G and DG 
oin
ide. A frame G = hg;R;Ai is tight if

(8x; y 2 g)xRy , (8a 2 A)x 2 2a) y 2 a:

Call a di�erentiated and tight frame simply re�ned. Another important 
lass of frames are

the des
riptive ones. Call a frame G des
riptive i� it is re�ned and

T

U 6= ;, for all ultra-

�lters U in A. Then

T

U = fxg, for an x 2 g. The transformation of a general frame into

a des
ripive one is given by the Stone representation whi
h is St(G) = hU(A); R

U

; �[A℄i,

where U(A) is the set of ultra�lters of the algebra hA;\;�; ;; gi. For U

1

; U

2

2 U(A) put

U

1

R

U

U

2

i� 2a 2 U

1

) a 2 U

2

, for all a 2 A. For a 2 A let �(a) := fU 2 U(A)ja 2 Ug and

put �[A℄ := f�(a)ja 2 Ag. � is an isomorphism from the indu
ed algebra of G onto the

indu
ed algebra of StG. A logi
 � is 
alled d-persistent if hg;Ri j= � for ea
h des
riptive

�-frame hg;R;Ai.

2 Results by Filtration

In this se
tion we use a sort of �ltration in order to transfer results from monomodal

logi
 to tense logi
. As 
ompared with usual �ltration arguments we do not apply �nite
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�ltrations but in�nite ones.

Lemma 2 Let G = hg;R;Ai and let � � L be 
losed with respe
t to subformulas. Suppose

that V is a valuation of hg;R

+

; R

�

i su
h that V (�) 2 A for all � 2 �. Let DG =

hg

D

; R

D

; A

D

i and StG = hU(A); R

U

; �[A℄i.

1. De�ne a valuation V

1

of hg

D

; R

+

D

; R

�

D

i by putting V

1

(p) = f[x℄jx 2 V (p)g, for all

propositional variables p. Then [x℄ 2 V

1

(�) i� x 2 V (�), for all � 2 � and x 2 g.

Hen
e V

1

(�) 2 A

D

, for all � 2 �.

2. De�ne a valuation V

1

of hU(A); R

+

U

; R

�

U

i by putting V

1

(p) = �(V (p)), for all propo-

sitional variables p. Then U 2 V

1

(�) i� U 2 �(V (�)), for all � 2 � and U 2 U(A).

Hen
e V

1

(�) 2 �[A℄, for all � 2 �.

Proof. (1.) A simple indu
tion on the subformulas of � 2 �.

(2.) By indu
tion on the subformulas of � 2 �. Again the interesting step in � =

3

�

 . Suppose that U 2 V

1

(3

�

 ). Then there exists U

0

2 U(A) with U

0

R

U

U and

U

0

2 V

1

( ). Hen
e, by indu
tion hypothesis, U

0

2 �(V ( )) � �(V (2

+

3

�

 )). But then

U 2 �(V (3

�

 )) sin
e �(2

+

V (3

�

 )) = �(V (2

+

3

�

 )) and sin
e � is a isomorphism.

Now suppose that U 2 �(V (3

�

 )). We �rst show that F := f3

+

aja 2 Ug [ fV ( )g

has the �nite interse
tion property in A. Consider a

1

; : : : ; a

n

2 U . Then

T

fa

i

ji � ng \

V (3

�

 ) 2 U and therefore there exists x 2 g with x 2

T

fa

i

ji � ng \ V (3

�

 ). But

then there exists y 2 g with yRx and y 2 V ( ). Clearly y 2

T

f3

+

a

i

ji � ng and the

�nite interse
tion property follows. Now take an ultra�lter U

0

� F . Then U

0

R

U

U and,

by indu
tion hypothesis, U

0

2 V

1

( ). Hen
e U 2 V

1

(3

�

 ). a

For a set of formulas � � L 
losed under subformulas let L

+

(�) denote the minimal

set of formulas 
ontaining � whi
h is 
losed with respe
t to the 
onne
tives ^;: and 2

+

of L

+

. For a valuation V of a general tense frame G = hg;R

+

; R

�

; Ai de�ne the �-redu
t

G

V (�)

:= hg;R;A

V (�)

i by puttingA

V (�)

:= fV (�)j� 2 L

+

(�)g. Clearly hA

V (�)

;\;�;2

+

; gi

is a subalgebra of hA;\;�;2

+

; gi and G

V (�)

is a general monomodal frame. Note that

A

V (�)

is not always 
losed with respe
t to 2

�

in hg;R

+

; R

�

i. Hen
e hg;R;A

V (�)

i 
annot

in general be extended to a tense frame.

Call a frame hg;R;Ai or hg;R

+

; R

�

; Ai �nitely generated if the indu
ed algebra is

�nitely generated. A mono- or bimodal logi
 � is 
alled lo
ally �nite if the set of internal

sets in G is �nite, for all �nitely generated �-frames G. Clearly, this notion is borrowed from

the notion of a lo
ally �nite variety in universal algebra. There exist lo
ally �nite logi
s

whose minimal tense extension is not lo
ally �nite, an example is given by K4 � 22?.

(Consult also the remarks at the beginning of the se
tion on de
idability). But we have

Proposition 3 Let � be a lo
ally �nite monomodal logi
. Then �

+

:t has the global fmp.

Proof. Suppose that � is not globally derivable from  in �

+

:t. Then there exists a general

tense frame G = hg;R

+

; R

�

; Ai whi
h validates �

+

:t and a valuation V su
h that hG; V i
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refutes  ` �. Form G

V (�)

= hg;R;A

V (�)

i, for � the set of subformulas of �;  . Then G

V (�)

and V satisfy the 
onditions of Lemma 2 for �. Form DG

V (�)

= hg

D

; R

D

; (A

V (�)

)

D

i. Then

DG

V (�)

j= � and, by Lemma 2, there exists a valuation V

1

su
h that hhg

D

; R

+

D

; R

�

D

i; V

1

i

refutes  ` �. A

V (�)

is �nite sin
e it is generated by a �nite set. But then (A

V (�)

)

D

= 2

g

D

sin
e DG

V (�)

is di�erentiated. Hen
e hg

D

; R

+

D

; R

�

D

i j= �

+

:t. a

In what follows we assume that all frames are transitive. Re
all the following notation

for transitive frames. Let hg;Ri be a transitive frame. Put x

~

Ry i� xRy and :(yRx).

Clusters in hg;Ri are de�ned as usual, i.e., a subset C of g is a 
luster i� it 
onsists of

an irre
exive point or it is a maximal set satisfying xRy, for all x; y 2 C. The 
luster


ontaining an x 2 g is denoted by C(x). A 
luster is 
alled degenerate i� it 
ontains

only an irre
exive point. For 
lusters C

1

and C

2

we write C

1

RC

2

i� xRy holds for some

(or equivalenty, for all) x 2 C

1

and y 2 C

2

. Also, for x 2 g and C a 
luster, xRC

abbreviates xRy, for all y 2 C. Let x 2 g and suppose that there exists a longest �nite


hain x = x

0

~

Rx

1

; : : : ;

~

Rx

n

in g. Then the depth of x is dp(R; x) = n. A frame hg;Ri has

depth � n i� all points in g have depth � n. hg;Ri has bounded depth i� there is an n 2 !

su
h that all points in g have depth � n. A tense frame hg;R

+

; R

�

i has bounded depth

i� hg;R

+

i has bounded depth. A logi
 � has bounded depth if there exists an n 2 ! su
h

that all frames for � have depth � n.

Now 
all a logi
 � elementary i� the �-frames form an elementary 
lass. The interesting

point of the following result is that the result of [21℄ that all minimal tense extensions of

non-elementary 
o�nal subframe logi
s do not have the fmp 
annot be generalized to all

logi
s above K4. In other words, Proposition 4 is non-trivial and requires some work.

Maybe this is the best argument that a theory of tense logi
s should not be based on the

fmp.

Proposition 4 There is a non-elementary logi
 � above K4 su
h that �

+

:t has the fmp.

Proof. There are many non-elementary logi
s above S4 whose frames have depth � 3

(
onsult [5℄). Now logi
s of bounded depth are lo
ally �nite (
onsult [2℄). It remains to

apply Proposition 3. a

Properties of maximal points (alias non-eliminable points) in 
anoni
al frames form

a basi
 te
hni
al tool in [6℄ and [7℄. Here we shall also use them. However, it will be

more 
onvenient to work with maximal points in general frames. Consider a transitive

frame G = hg;R;Ai and an a 2 A. The set max(R; a) of R-maximal a-points is de�ned by

putting

y 2 max(R; a), y 2 a and a \ fz 2 g : y

~

Rzg = ;:

Given a point x 2 g the set of R-maximal a-points above x is max(x;R; a) := Tr

R

(x) \

max(R; a), where Tr

R

(x) := fy 2 gjx = y or xRyg. A frame hg;R;Ai has the maximal

point property (mpp, for short) i� max(x;R; a) 6= ;, for all x 2 a 2 A. Clearly all frames

of bounded depth have the mpp. Also all frames without in�nite stri
tly as
ending 
hains

have the mpp. More interesting is the following result whi
h generalizes a result of [6℄ and

is proved in [21℄.
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Theorem 5 Ea
h transitive and des
riptive frame has the mpp.

A tense frame G has the mpp i� both G

+

and G

�

have the mpp. It follows that all

transitive and des
riptive tense frames have the mpp. This Theorem will be our basi


te
hni
al tool. Let G = hg;R;Ai be a general frame. For h � g we write simply hh;Ri

instead of hh;R \ h

2

i. We also write h \ A for fa \ hja 2 Ag. If G has mpp then denote

by max

G

(g) the set of maximal points (alias non-eliminable points in [6℄) in G, i.e., the

set of x 2 g for whi
h there exists an a 2 A su
h that x 2 max(R; a). The redu
t of G is

maxG = hmax

G

(g); R;max

G

(g) \Ai.

Re
all the following formulas from [6℄.

I

n

=

^

h3p

i

j0 � i � ni !

_

h3(p

i

^ (p

j

_3p

j

))ji 6= j; 0 � i; j � ni:

A transitive frame hg;Ri validates I

n

i� for all x 2 g and di�erent x

1

; : : : ; x

n+1

with xRx

i

,

for all i � n + 1; there exist x

i

and x

j

with i 6= j su
h that x

i

Rx

j

. A frame has width

n i� it validates I

n

, and a frame has �nite width if it has width n, for an n 2 !. A logi


has �nite width if it 
ontains I

n

, for some n 2 !. The following theorem and lemma are

immediate 
onsequen
es of the 
ompleteness proof in [6℄.

Theorem 6 Let hg;R;Ai be a �nitely generated and des
riptive frame for a logi
 � of

�nite width. Then (1) hmax

G

(g); Ri j= �. (2) hmax

G

(g); Ri 
ontains no in�nite stri
tly

as
ending 
hains.

Lemma 7 Let G = hg;R;Ai be a des
riptive frame of �nite width. Let d be a �nite subset

of max

G

(g) and y 2 g with yRx, for all x 2 d. Then (1) there exists b 2 A with y 2 b

su
h that zRx, for all x 2 d and all z 2 Tr

R

(y) \ b. (2) There exists a z 2max

G

(g) with

y = z or yRzRx, for all x 2 d:

Theorem 8 Let � be a logi
 above K4 of �nite width. Then �

+

:t is globally 
omplete.

Furthermore, �

+

:t is globally 
omplete with respe
t to frames without in�nite stri
tly as-


ending R

+

-
hains.

Proof. Suppose that � is not globally derivable from  in �

+

:t. Let G = hg;R

+

; R

�

; Ai

be a �

+

:t- frame and V a valuation of G su
h that hG; V i refutes  ` �. Let � denote the

set of subformulas of �;  . Form hg;R;A

V (�)

i and then St(hg;R;A

V (�)

i). Let us denote

this frame by H = hh; S;Bi. H is a des
riptive and �nitely generated �-frame. By Lemma

2, there is a valuation V

1

of hh; S

+

; S

�

i su
h that hhh; S

+

; S

�

i; V

1

i refutes  ` � and su
h

that V

1

(�) 2 B for all � 2 �. Now 
onsider maxH = hmax

H

(h); S;B \max

H

(h)i. By

Theorem 6, hmax

H

(h); Si is a �-frame without in�nite stri
tly as
ending 
hains. De�ne

a valuation V

2

of hmax

H

(h); S

+

; S

�

i by putting V

2

(p) := V

1

(p) \max

H

(h).

Claim. For all x 2max

H

(h) and � 2 � : x 2 V

1

(�) i� x 2 V

2

(�).
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The proof is by indu
tion on the subformulas of � 2 �. The interesting step is � =

3

�

�

1

and the dire
tion x 2 V

1

(3

�

�

1

) ) x 2 V

2

(3

�

�

1

). (Note that the indu
tion step

for � = 3

+

�

1

follows immediately from Theorem 5). Suppose that x 2 V

1

(3

�

�

1

) and

x 2max

H

(h). Then there exists a y 2 h with ySx and y 2 V

1

(�

1

). By Lemma 7 and sin
e

V

1

(�

1

) 2 B there exists a z 2 max

H

(h) with z 2 V

1

(�

1

) and zSx. Hen
e, by indu
tion

hypothesis, z 2 V

2

(�

1

). But then x 2 V

2

(3

�

�

1

).

It follows immediately from this 
laim that hhmax

H

(h); S

+

; S

�

i; V

2

i refutes  ` �. a

We easily obtain the following reformulation in terms of an axiomatization result.

Corollary 9 Suppose that M is a 
lass of transitive frames of bounded width and suppose

that M

0

= fhg;Ri : hg;R;R

�1

i 2 Mg is de�nable by modal formulas. Then the tense

theory of M 
oin
ides with �

+

:t if � axiomatizes the theory of M

0

.

3 On 
o�nal subframe logi
s

We introdu
e some notation and results on subframe logi
s and 
o�nal subframe logi
s.

More on these subje
ts 
an be found in [7℄, [26℄, [27℄, and [19℄. Here we de�ne subframe

logi
s only in the monomodal 
ase, but all 
on
epts and theorems extend without any

problem to polymodal logi
s. For a frame G = hg;R;Ai and b 2 A put G

b

:= hb;R; b \Ai

and 
all G

b

a subframe of G. A logi
 � is a subframe logi
 if the 
lass of �-frames is 
losed

under forming subframes. Re
all that all subframe logi
s above K4 have the fmp (
f.

[7℄). On the other hand there are many in
omplete subframe logi
s not above K4, e.g.,

there exist 2

�

0

monomodal subframe logi
s whose Kripke frame are pre
isely the transitive

frames (
f. [19℄). For subframe logi
s a number of important properties turn out to be

equivalent. We say that a logi
 � has the �nite embedding property i� it is 
omplete and

the 
lass of Kripke frames for � has the �nite embedding property, i.e., a Kripke frame g

is a frame for � i� all �nite subframes of g are frames for �. Now for a subframe logi
 �

the following 
onditions are equivalent, (
f. [19℄).

(1) � is 
omplete and elementary. (2) � is 
ompa
t.

(3) � has the �nite embedding property. (4) � is d-persistent.

Clearly K4:t is a d-persistent subframe logi
. Call a set of formulas � � L su
h that

K4:t�� is a subframe logi
 a set of subframe axioms. Certainly �

+

1

:�

�

2

:t�� is a subframe

logi
 whenever �

1

;�

2

� K4 are monomodal subframe logi
s and � is a set of subframe

axioms. � is 
alled a set of d-persistent subframe axioms i� K4:t�� is d-persistent. Ex-

amples of elementary subframe logi
s are S4, K4:I

n

, and S5. Examples of non-elementary

subframe logi
s above K4 are G, Grz, and Dum (
onsult the Introdu
tion).

Let G

b

be a subframe of a transitive frame G. Then G

b

is a 
o�nal subframe of G if b is a


o�nal subset of g, i.e., (8x 2 g)(8y 2 b)yRx) x 2 b_(9z 2 b)xRz. A logi
 � aboveK4 is

a 
o�nal subframe logi
 if its frames are 
losed under forming 
o�nal subframes. Certainly
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all subframe logi
s above K4 are 
o�nal subframe logi
s. A monomodal formula � is 
alled

a (d-persistent) 
o�nal subframe axiom i� K4 � � is a (d-persistent) 
o�nal subframe

logi
. Examples of d-persistent 
o�nal subframe logi
s are K4:1 = K4�23p! 32p and

K4:2 = K4�32p! 23p. Subframe logi
s 
ontaingK4 as well as 
o�nal subframe logi
s


an be axiomatized in a 
anoni
al way (
f. [7℄ and [26℄). However, in the present paper

only the des
ription of subredu
tions and 
o�nal subredu
tions by formulas is needed.

For a �nite and transitive monomodal frame hg;Ri �x (di�erent) variables p

x

; x 2 g; and

de�ne

�(hg;Ri) =

^

hp

y

! 3p

z

jyRzi

^

^

hp

y

! :3p

z

j:(yRz)i

^

^

hp

y

! :p

z

jy 6= zi

If H; V j= �(hg;Ri) and V (p

x

) 6= ; for x 2 g then there is a subframe H

0

of H so that

hg;Ri is a p-morphi
 image of H

0

(
f. [7℄). In this 
ase H is said to be subredu
ible onto

hg;Ri. H

0

and the p-morphism 
an be obtained as follows. Assume that a

i

= V (p

i

), for

all variables p

i

of �(hg;Ri). Abbreviate by

H j= �(hg;Ri)[a

x

jx 2 g℄

the statement H; V j= �(hg;Ri). (This notation will be used from time to time). Then

H

0

=

S

fa

x

jx 2 gg and the p-morphism � is de�ned by putting �(y) = x i� y 2 a

x

. A

similar pro
edure works for 
o�nal subframe logi
s (
f. [26℄). Put

r(hg;Ri) := �(hg;Ri) ^

_

hp

x

_3p

x

jx 2 gi:

If H; V j= r(hg;Ri) and V (p

x

) 6= ; for x 2 g then there is a 
o�nal subframe H

0

of H so

that hg;Ri is a p-morphi
 image H

0

. In this 
ase H is said to be 
o�nally subredu
ible onto

hg;Ri. Also the following formula will be used in some proofs. De�ne the weak des
ription

of hg;Ri by putting

W (hg;Ri) =

^

hp

y

! 3p

z

jy

~

Rzi

^

^

hp

y

! :3p

z

j:(yRz)i

^

^

hp

y

! :p

z

jy 6= zi

Note that W (hg;Ri) is equivalent to �(hg;Ri) only for frames without non degenerate


lusters.

4 Repla
ement fun
tions

As explained in the Introdu
tion, we now 
ome to another basi
 te
hni
al tools for obtain-

ing insight into tense logi
s. But �rst some notation. A frame G has �nite 
lusters (f
, for

short) i� there exists an n 2 ! su
h that all 
lusters in G have 
ardinality � n. A tense

frame has f
 if the monomodal redu
ts have f
. All di�erentiated and �nitely generated
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tense frames have �nite 
lusters; more pre
isely, if G = hg;R

+

; R

�

; Ai is a di�erentiated

frame and A is generated by a set B � A of 
ardinalitym then all 
lusters have 
ardinality

� 2

m

. The reader should not 
are too mu
h about �nite 
lusters. We introdu
e them only

be
ause some results and proofs are easier to formulate under the assumption of f
.

Consider a tense frame G = hg;R

+

; R

�

i, a sequen
e of frames H

�

= hh

�

; S

+

�

; S

�

�

; A

�

i,

with � < �, and a sequen
e of non-degenerate di�erent 
lusters hC

�

j� < �i in g su
h that

the H

�

are mutually disjoint and disjoint from g �

S

fC

�

j� < �g. Then the repla
ement

of hC

�

j� < �i by hH

�

j� < �i is G[H

�

=C

�

j� < �℄ = hf; S

+

; S

�

; Ai, where

� f = (g �

S

fC

�

j� < �g) [

S

fh

�

j� < �g:

� xS

+

y i� x; y 2 f and xR

+

y, or xS

+

�

y, for an � < �, or xR

+

C

�

and y 2 h

�

, or

C

�

R

+

y and x 2 C

�

, or C

�

R

+

C

�

, C

�

6= C

�

and x 2 h

�

; y 2 h

�

.

� a 2 A i� a \ h

�

2 A

�

, for all � < �.

It is readily 
he
ked that G[H

�

=C

�

j� < �℄ is a frame. It is a Kripke frame i� all the H

�

are Kripke frames.

The 
orresponding notions for transitive monomodal frames are de�ned in the obvious

way. We �rst use repla
ement in order to 
hara
terize the d-persistent 
o�nal subframe

logi
s. Suppose that G = hg;R;Ai is a frame with mpp and f
. Then all points in g see a

�nite �nal 
luster, i.e., a 
luster whi
h has no stri
t su

essors. Denote by TOP

G

the set

of �nal 
lusters in G and put BOT

G

= g �

S

TOP

G

. (Note that BOT

G


onsists of point

while TOP

G


onsists of 
lusters). Put

m

<

:= hf0; : : : ;m� 1g; <i and m

�

:= hf0; : : : ;m� 1g;�i:

Now re
all the following de�nition and result from [27℄. A 
o�nal subframe logi
 � has

the �nite 
o�nal embedding property if the following holds for all �nite frames hg;Ri and

all non degenerate 
lusters C in BOT

hg;Ri

:

(8m 2 !)(hg;Ri[m

<

=C℄ j= �)) (hg;Ri[h!;<i=C℄ j= �) and

(8m 2 !)(hg;Ri[m

�

=C℄ j= �)) (hg;Ri[h!;�i=C℄ j= �):

For a 
o�nal subframe logi
 � the following 
onditions are equivalent (
f. [27℄):

(1) � is 
omplete and elementary. (2) � is 
ompa
t.

(3) � has the �nite 
o�nal embedding property. (4) � is d-persistent.

A repla
ement fun
tion for G = hg;R

+

; R

�

i is a partial fun
tion f from the set of

non-degenerate 
lusters of G into the 
lass of 
opies of a �nite set fG

1

; : : : ;G

n

g su
h that

the fC are mutually disjoint and are disjoint from g �

S

domf . The repla
ement frame

indu
ed by f is

G

f

:= G[fC=CjC 2 domf ℄:
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We will mostly simply write fC = G

i

, ignoring disjointness 
onsiderations. For C 62 domf

we will often write fC instead of C, or equivalently, assume that f is de�ned for all 
lusters

but is the identity for all 
lusters not in domf . Also, for 
lusters C

1

and C

2

, the terms

fC

1

RfC

2

or C

1

RfC

2

have the 
anoni
al meaning. For a non-empty subset d of a 
luster

C de�ne fd := fC. For a subframe H of G we denote the restri
tion of f to H by f , as

well.

Repla
ement fun
tions for monomodal frames are de�ned in the same way. The fol-

lowing notion and proposition is quite te
hni
al, but forms the basis for some proofs. Let

f denote a repla
ement fun
tion for a frame hg;Ri of bounded depth with �nite 
lusters.

For a �nite subset h of BOT(:= BOT

hg;Ri

) we de�ne an equivalen
e relation �

hh;fi

on

TOP(:= TOP

hg;Ri

). (We assume that fC = hC;Ri, for all C 2 TOP� domf). Put, for

C

1

; C

2

2 TOP,

C

1

�

hh;fi

C

2

, fC

1

' fC

2

and CRC

1

i� CRC

2

, for all 
lusters C in h.

Denote by TOP

hh;fi

the set of �

hh;fi

-equivalen
e-
lasses, i.e.,

TOP

hh;fi

= f[C℄ : C 2 TOPg; where [C℄ := fC

0

: C �

h;f

C

0

g:

TOP

hh;fi

is �nite sin
e h is �nite and the range of f is �nite (up to isomorphi
 
opies).

Now 
all a �nite subframe hf;Ri of hg;Ri a �nite f-
o�nal subframe of hg;Ri i� both

1. for all C 2 TOP with C \ f 6= ; it follows that C \ f = C,

2. and for all A 2 TOP

hh;fi

there exists an x 2 f with C(x) 2 A. Here h := f \BOT.

Of 
ourse, 
ondition (2.) is essential and (1.) has only notational reasons. The use of the

notion of �nite f -
o�nal subframes is the following: Quite often we will meet the situation

that we have to 
he
k whether a frame hg;Ri

f

validates a formula �. The following

proposition will tell us that it is enough to 
he
k the validaty of � on all frames hf;Ri

f

su
h that hf;Ri is a �nite f -
o�nal subframe of hg;Ri

f

; this is of 
ourse easier if 
ompared

with the �rst problem.

If hf;Ri is a �nite f -
o�nal subframe of hg;Ri, then we 
all

hf \BOT; ffC

0

2 TOP : C �

h;f

C

0

; C

0

\ f 6= ;g : C 2 TOPgi

the representation of hf;Ri with respe
t to f .

Proposition 10 Let hg;Ri be a frame of bounded depth with �nite 
lusters and let f be a

repla
ement fun
tion.

(1) hg;Ri

f

is 
o�nally subredu
ible onto hh;Ri

f

, for ea
h �nite f-
o�nal subframe hh;Ri

of hg;Ri.

(2) For all formulas �: If hh;Ri

f

j= �, for all �nite f-
o�nal subframes hh;Ri of hg;Ri,

then hg;Ri

f

j= �.
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Proof. (1) Let hf;Ri be a �nite f -
o�nal subframe of hg;Ri with representation hh; fB

i

ji �

ngi. For ea
h C 2 TOP �

S

fB

i

ji � ng �x a 
luster C

1

2

S

fB

i

ji � ng with C �

h;f

C

1

and let s

C;C

1

be an isomorphism from fC onto fC

1

. Now de�ne a map

� : hh [

[

TOP; Ri

f

! hf;Ri

f

by putting �(x) = x, for all x 2 f

f

; and �(x) = s

C(x);C(x)

1

(x), otherwise. It is readily


he
ked that � is a 
o�nal subredu
tion.

(2) Suppose that hg;Ri

f

; V; x j= �. We are going to 
onstru
t a �nite f -
o�nal subframe

hf;Ri of hg;Ri with hf;Ri

f

; V; x j= �. f will 
onsist of points y sele
ted indu
tively as

follows. (Again we assume that fC = C, for all 
lusters C not in domf).

Assume that A is a set of 
lusters in hg;Ri. For C 2 A let A

C

be a minimal set of


lusters D in hg;Ri with the following property: For all � 2 sb(�),

(+) if there exists a 
luster D 6= C in hg;Ri with CRD and V (�) \ fD 6= ;, then there

exists a 
luster D 2 A [A

C

su
h that C 6= D and CRD and V (�) \ fD 6= ;.

Put F (A) = A [

S

fA

C

: C 2 Ag. Certainly F (A) is �nite whenever A is �nite. We

now pro
eed by indu
tion. Put F

0

(x) := fC(x)g and F

n+1

(x) := F

n

(x)[F (F

n

(x)), for all

n 2 !: Clearly F

m

(x) = F

m+1

(x), where m 2 ! is the depth of hg;Ri. It is also 
lear that

d :=

S

F

m

(x) is �nite. Let h = d \BOT. For ea
h B 2 TOP

hh;fi

take a 
luster C 2 B

and let d

1

be the set of all those 
lusters. Then hd [

S

d

1

; Ri is a �nite f-
o�nal subframe

of hg;Ri. It follows from the 
onstru
tion of d that hd [

S

d

1

; Ri

f

; V; x j= �. a

We are going to de�ne the notion of a type assignment. Fix symbols m; i and r.

De�nition 11 Let G = hg;R;Ai be a frame with mpp and f
. A map t from the 
lusters

of G into fm; i; rg is a type assignment if tC =m, for all 
lusters C with C 2 TOP

G

or

C degenerate. Now let G = hg;R

+

; R

�

; Ai be a tense frame with mpp and f
. If t

+

is a

type assignment for G

+

and t

�

is a type assignment for G

�

, then the map t := ht

+

; t

�

i,

de�ned by tC := ht

+

C; t

�

Ci, is a type assignment for G. hG; ti is 
alled a frame with

types.

Hen
e type assignments for tense frames are mappings t from the set of 
lusters into

fm; i; rg

2

whi
h 
an always be represented as t = ht

+

; t

�

i. Type assignments tell us the

status of a 
luster in a frame. For instan
e, they tell us whether a 
luster has to be repla
ed

by another frame and tell us of whi
h type the frame is by whi
h the 
luster should be

repla
ed. Roughly speaking, tC = (m;m) means that C is a good 
luster and that there

is no need to repla
e it by another frame. (In the example from the Introdu
tion pre
isely

the irre
exive points are good 
lusters). tC = (i;m) means that C has to be repla
ed by

an in�nite des
ending 
hain of irre
exive points (or some similar frame) and tC = (r;m)

means that C has to be repla
ed by an in�nite des
ending 
hain of re
exive points (or

some similar frame). This explains the 
hoi
e of i and r. The symbol m is taken from

maximal (
luster) and will be explained in the next se
tion. In this paper the types in

m

�

:= f(i;m); (r;m)g
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will be the most important ones sin
e only 
lusters C with tC 2 m

�

will be repla
ed by

other frames.

We are now going to de�ne the frames by whi
h 
lusters will be repla
ed. Suppose

that a 
luster C and G = hg;R

+

; R

�

i are given. De�ne the frame (C � G) by

(C � G) = hf0; 1g; <;>i[C=0;G=1℄;

that is, (C � G) is de�ned by putting C in front of G. Abbreviate

!

>

:= h!;>;<i and !

�

:= h!;�;�i:

De�nition 12 Put G(C � !

>

) = hg; S; S

�1

; Ai, where hg; S; S

�1

i = (C � !

>

) and A is

de�ned as follows: Let C = fx

0

; : : : x

m�1

g and put

b

j

= fx

j

g [ fim+ jji 2 !g; for all j < m:

Then A is the set generated by fb

j

jj < mg [ fa � !ja �nite g in hg; S; S

�1

i. G(C � !

�

)

is de�ned in the obvious way.

Rougly speaking, the internal sets in G(C � !

>

) hide the right hand side of the 
luster

C as well as the in�nite des
ending 
hain. For a frame G = hg;R

+

; R

�

; Ai with mpp

and f
 de�ne TOP

+

:= TOP

G

+ and BOT

+

:= BOT

G

+ . The sets TOP

�

and BOT

�

are de�ned dually. The following de�nition 
onne
ts type assignments with repla
ement.

Note that there are a lot of other possibilities to de�ne this 
onne
tion, and thus to extend

the results we are going to prove to other logi
s (see also Theorem 29).

De�nition 13 Let hG; ti = hhg;R

+

; R

�

i; ti be a tense frame with types and �nite 
lusters.

Let f be a repla
ement fun
tion for G. Then

(1) f is the !

>

-repla
ement fun
tion for hG; ti i� domf = fCjtC 2m

�

g and

fC = !

>

; for tC = (i;m);

fC = !

�

; for tC = (r;m):

(2) f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti i� domf = fCjtC 2m

�

g and

fC = !

>

; for tC = (i;m); C 2 BOT

�

;

fC = !

�

; for tC = (r;m); C 2 BOT

�

;

fC = G(C � !

>

); for tC = (i;m); C 2 TOP

�

;

fC = G(C � !

�

); for tC = (r;m); C 2 TOP

�

:

(3) f is the m-repla
ement fun
tion for hG; ti i� domf = fCjtC 2m

�

g and

fC = m

<

; for tC = (i;m);

fC = m

�

; for tC = (r;m):
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(4) f is the 
o�nal m-repla
ement fun
tion for hG; ti if domf = fCjtC 2m

�

g and

fC = m

<

; for tC = (i;m); C 2 BOT

�

;

fC = m

�

; for tC = (r;m); C 2 BOT

�

;

fC = (C �m

<

); for tC = (i;m); C 2 TOP

�

;

fC = (C �m

�

); for tC = (r;m); C 2 TOP

�

:

The frames in the range of the !

>

-and 
o�nal !

>

-repla
ement fun
tions will form the

blo
ks (in the sense of the Introdu
tion) of the frames to be 
onstru
ted. The m-

repla
ement-fun
tions are only needed for te
hni
al reasons. We see that, depending on

the 
ontext, tC = (i;m) abbreviates the instru
tion to repla
e C by !

>

or by G(C�!

>

),

and tC = (r;m) abbreviates the instru
tion to repla
e C by !

�

or by G(C �!

�

). Let us


onsider the logi
 G

+

:t from the Introdu
tion. Now that we have repla
ement fun
tions

as well as type assignments the main problem is how to get the �nite frame h and the type

assignment for this frame. First we will only obtain an h of �nite depth, but this is enough

for proving 
ompleteness of G

+

:t. For de
idability we will redu
e h on
e more. h will be

obtained by taking a subframe of a des
riptive frame for G

+

:t. The type assignment will

be also obtained from that des
riptive frame. But let us start with how to obtain h.

Let G = hg;R;Ai be a frame with mpp and f
 and let � be a �nite set of monomodal

formulas 
losed under subformulas and 
ontaining >. Let V be a valuation. De�ne

Rd

V (�)

G = hRd

V (�)

g;Ri, where Rd

V (�)

(g) =

S

fmax(R;V (�))j� 2 �g. Note that

Rd

V (�)

G 
onsists only of maximal points (alias non-eliminable points in [6℄). In 
on-

trast to the 
onstru
tions in [6℄ and [7℄ we do not take all the maximal point but only

those whi
h are maximal with respe
t to sets in fV (�) : � 2 �g. The following Lemma

lists the main properties of Rd

V (�)

G.

Lemma 14 Let Rd

V (�)

(g) � h � g and let V

1

be the restri
tion of V to h. (1) For all

x 2 h and � 2 � : hh;Ri; V

1

; x j= � i� G; V; x j= �. (2) The depth of Rd

V (�)

G is bounded

by j�j. (3) Rd

V (�)

G is a 
o�nal subframe of hg;Ri.

Proof. (1) follows immediately from Theorem 5. (2) is trivial. (3) follows from the

assumption that > 2 �. a

An analogous 
onstru
tion is possible for a tense frame G = hg;R

+

; R

�

; Ai with mpp

and f
. Let � � L be a �nite set of formulas 
losed under subformulas and 
ontaining >.

For a valuation V de�ne Rd

V (�)

G = hRd

V (�)

g;R

+

; R

�

i, where

Rd

V (�)

(g) =

[

fmax(R

+

; V (�))j� 2 �g [

[

fmax(R

�

; V (�))j� 2 �g:

Lemma 15 Let Rd

V (�)

(g) � h � g and let V

1

be the restri
tion of V to h. (1) For all

x 2 h and � 2 � : hh;R

+

; R

�

i; V

1

; x j= � i� G; V; x j= �. (2) The depth of Rd

V (�)

G is

bounded by 2j�j. Rd

V (�)

G is a 
o�nal subframe of hg;R

+

; R

�

i.
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Let us look at h = Rd

V (�)

G for a des
riptive G

+

:t frame G. This frame will 
ontain

re
exive points, i.e., bad points. They have to be repla
ed by in�nite des
ending 
hains,

and the type assignment for h has to instru
t us to do so. But �rst we need again a

te
hni
al Lemma. Based on the Lemmas above it will establish the 
onne
tion between

!

>

-repla
ement fun
tions and m-repla
ement fun
tions. It will be used in order to 
he
k

whether a formula holds in some h

f

. In what follows sb(�) denotes the set of subformulas

of � plus f>g. Also, sb(�;  ) denotes the set of subformulas of �;  plus f>g. The length

of a formula �, in symbols l(�), is the 
ardinality of sb(�).

Lemma 16 Let G = hg;R

+

; R

�

i be a frame of bounded depth with �nite 
lusters and let

t be a type assignment. Let � be a monomodal formula and m = l(�).

(1) If f is the !

>

-repla
ement fun
tion for hG; ti and f

m

is the m-repla
ement fun
tion

for hG; ti and � is a 
o�nal subframe formula, then G

f

j= �

+

i� G

f

m

j= �

+

:

(2) If f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti and f

m

is the 
o�nal m-

repla
ement fun
tion for hG; ti and � is a d-persistent 
o�nal subframe formula, then

G

f

j= �

�

i� G

f

m

j= �

�

:

(3) If f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti and f

m

is the m-repla
ement

fun
tion for hG; ti and � is a 
o�nal subframe formula, then G

f

j= �

+

i� G

f

m

j= �

+

:

(4) If f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti and g is the !

>

-repla
ement

fun
tion for hG; ti and � is a 
o�nal subframe formula, then G

f

j= �

+

i� G

g

j= �

+

:

(5) Let  2 L be a d-persistent subframe formula and n := 2l( ). If f is the !

>

-

repla
ement for hG; ti and f

n

is the n-repla
ement fun
tion for hG; ti, then G

f

j=  i�

G

f

n

j=  .

(6) Let  2 L be a d-persistent subframe formula and n = 2l( ). If f is the 
o�nal !

>

-

repla
ement for hG; ti and f

n

is the 
o�nal n-repla
ement fun
tion for hG; ti, then G

f

j=  

i� G

f

n

j=  .

Proof. We prove (1),(2), and (5). (1) hg;R

+

i

f

is 
o�nally subredu
ible onto hg;R

+

i

f

m

.

One dire
tion follows immediately. Now suppose that hg;R

+

i

f

6j= �

+

. hg;R

+

i

f

has no

in�nite stri
tly as
ending 
hains. Thus hg;R

+

i

f

has the mpp and therefore, by Lemma

14, hg;R

+

i

f

m

6j= �

+

.

(2) hg;R

�

i

f

is 
o�nally subredu
ible onto hg;R

�

i

f

m

. Hen
e G

f

j= �

�

) G

f

m

j= �

�

.

Now suppose that hg;R

�

i

f

6j= �

�

. Then, by Lemma 10, there exists a �nite f -
o�nal

subframe hh;R

�

i of hg;R

�

i su
h that hh;R

�

i

f

6j= �

�

. hh;R

�

i is also a f

n

-
o�nal subframe

of hg;R

�

i, where f

n

is the 
o�nal n-repla
ement fun
tion for hG; ti and n 2 !. K4 � �

has the �nite 
o�nal embedding property. Hen
e hh;R

�

i

f

n

6j= �

�

, for an n 2 !. But then,

by Lemma 14, hh;R

�

i

f

m

6j= �

�

. Hen
e hg;Ri

f

m

j= �

�

.

(5) G j=  ) G

f

n

j=  is 
lear. K4:t �  has the �nite embedding property sin
e

K4:t �  is d-persistent. Suppose that G

f

6j=  . Then there is a �nite subframe H of G

f
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with H 6j=  . By Lemma 15, there is a subframe H

1

of H of depth � n with H

1

6j=  .

Clearly H

1

is a subframe of G

f

n

.

(3) 
an be proved analogously to (1). (4) follows from (1) and (3). (6) 
an be proved

analogously to (5). a

5 Canoni
al Repla
ement Fun
tions

We are now going to des
ribe how we get the required type assignments. De�ne the


anoni
al type assignment 
 of a transitive des
riptive frame G = hg;R;Ai with �nite


lusters as follows. For any 
luster C in G put

� 
C =m i� there exists x 2 C and a 2 A with x 2 max(R; a).

� 
C = i i�, for all n 2 ! and a 2 A with C \ a 6= ;, there exists d

n

� a with

hd

n

; Ri ' n

<

and CRd

n

(i.e., CRx, for all x 2 d

n

).

� 
C = r i� 
C 62 fi;mg.

hG; 
i is 
alled a des
riptive frame with 
anoni
al types. The following is easily 
he
ked:

� 
C =m, for all degenerate 
lusters C.

� 
C =m, for all 
lusters C 2 TOP

G

.

� 
C =m i�, for all x 2 C, there exists a 2 A with x 2 max(R; a).

� 
C = r i� 
C 6=m and there exists a 2 A with C \ a 6= ; su
h that there exists an

m 2 ! so that Tr

R

(x) \ a 
ontains no 
hain of irre
exive points of length � m, for

all x 2 C, and su
h that there exists d

n

� a with hd

n

; Ri ' n

�

and CRd

n

, for all

n 2 !.

Hen
e 
 satis�es the 
onditions of a type assignment. Let G = hg;R

+

; R

�

; Ai be a des
rip-

tive and �nitely generated tense frame and let 


+

be the 
anoni
al type assignment for G

+

and 


�

be the 
anoni
al type assignment for G

�

. Then 
 = h


+

; 


�

i is the 
anoni
al type

assignment for G. 
 is a type assignment sin
e 


+

and 


�

are type assignments. Note that

if 
C = (m;m), then the 
luster C is nearly an internal set in the des
riptive frame. In

other words, the 
luster is good and need not be repla
ed. Let us 
onsider the frame from

the introdu
tion, h = Rd

V (�)

G, for G a des
riptive frame for G

+

:t. (Re
all that this is not

really the frame from the introdu
tion sin
e h might be in�nite of unbounded depth.) The

required type assignment on h will be the restri
tion 
 of the 
anoni
al type assignment

for G. Suppose 


+

C = m. Then C is an irre
exive point sin
e G is a G

+

:t-frame. So,

there is no need to repla
e this point by anything else. But if 


+

C = i, then C is a proper
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luster and we have to repla
e it by !

>

. Note, by the way, that 


+

C = r 
annot happen

in this 
ase. Now we 
he
k that this method works in general.

The following lemma tells us that the restri
tion of the 
anoni
al type assignment to

a subframe is the 
anoni
al type assignment of this subfame.

Lemma 17 Let G = hg;R;Ai be a des
riptive and transitive frame with f
 and let a 2 A.

Let 


1

be the 
anoni
al type assignment for G and let 


2

be the 
anoni
al type assignment

for G

a

. Then 


1

C = 


2

(C \ a), for all 
lusters C in G with C \ a 6= ;.

We omit the simple proof. Note that a subframe of a des
riptive frame is des
riptive, as

well. The following Lemma 
an be 
he
ked by standard methods from [7℄ or [21℄. The

following two Lemmas should be interpreted as de�nability result, i.e., they tell us that


ertain important sets are internal.

Lemma 18 Let G = hg;R;Ai denote a transitive and des
riptive frame with f
 and let 


be the 
anoni
al type assignment. Let C be a 
luster in G. Then

(1) If 
C = m then there exist sets fb

x

jx 2 Cg � A with x 2 b

x

, for all x 2 C, and

G j= �(hC;Ri)[b

x

jx 2 C℄.

(2) If 
C = i then, for all n 2 !, there exist d

n

� g with C

~

Rd

n

and hd

n

; Ri ' n

<

su
h

that there exist fb

x

jx 2 d

n

g � A with x 2 b

x

for x 2 d

n

and G j= �(hd

n

; Ri)[b

x

jx 2 d

n

℄.

(3) If 
C = r then, for all n 2 !, there exist d

n

� g with C

~

Rd

n

and hd

n

; Ri ' n

�

su
h

that 
fxg =m, for all x 2 d

n

, and su
h that there exist fb

x

jx 2 d

n

g � A with x 2 b

x

, for

all x 2 d

n

, and G j= �(hd

n

; Ri)[b

x

jx 2 d

n

℄.

Lemma 19 Let G = hg;R

+

; R

�

; Ai be a des
riptive frame with f
. Let h denote a �nite

subset of BOT

+

and suppose that there exists no y 2

S

TOP

+

with xRy for all x 2 h.

Then there exists a �nite set B � A of mutually disjoint sets with

S

B �

S

TOP

+

and

fb

x

jx 2 hg � A with x 2 b

x

, for all x 2 h, su
h that for all b 2 B there exists x 2 h with

b

x

\3b = ;.

Proof. We prove the lemma for h = fx

1

; x

2

g. Suppose that there exists no y 2

S

TOP

+

with x

1

Ry and x

2

Ry. De�ne K := f3

�

ajx

1

2 a; a 2 Ag [ f3

�

ajx

2

2 a; a 2 Ag. Then K

does not have the �nite interse
tion property. Hen
e there exist a

1

; a

2

2 A with x

1

2 a

1

and x

2

2 a

2

and 3

�

a

1

\ 3

�

a

2

= ;. Now de�ne B = f3

�

a

1

;3

�

a

2

;:(3

�

a

1

[ 3

�

a

2

)g.

Then B and fa

1

; a

2

g are as required. a

The following theorem is the essential step. Let us explain the theorem by the standard

example. Here things are easy. Consider the frame h = Rd

V (�)

G de�ned above with the

type assignment 
. We have to 
he
k that the frame h

f

, where f is the !

>

-repla
ement

fun
tion for hh; 
i, is a frame for G

+

:t. This is done in the following theorem by proving
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that h

f

m

is a frame for G

+

:t, where f

m

is the m-repla
ement fun
tion for hh; 
i and m 2 !

is arbitrary. We 
an apply Lemma 16 (1) in order to obtain the result. For a frame

hf;Ri 
all a set f

1

� f R-
losed i� hf

1

; Ri is a generated subframe of hf;Ri. Call a type

assignment t an m-types assignment if the range of t is a subset of

m

_

:= f(m; i); (m; r); (m;m); (i;m); (r;m)g:

Of 
ourse, the 
anoni
al type assignment is not always a m-type assignment.

Theorem 20 Let �

1

;�

2

be 
o�nal subframe logi
s and � a set of d-persistent subframe

axioms. Suppose that G = hg;R

+

; R

�

; Ai is a �nitely generated and des
riptive frame and

that 
 is the 
anoni
al type assignment for G. Let hh;R

+

; R

�

i be a 
o�nal subframe of

bounded depth of hg;R

+

; R

�

i su
h that 
 is a m-type assignment for hh;R

+

; R

�

i. Then

(1) If G j= �

+

1

:t then hh;R

+

; R

�

i

f

m

j= �

+

1

:t, where f

m

is the m-repla
ement fun
tion

for hG; 
i, for all m 2 !:

(2) If G j= �

�

2

:t and �

2

� K4:3 is d-persistent then hh;R

+

; R

�

i

f

m

j= �

�

2

:t, where f

m

is the 
o�nal m-repla
ement fun
tion for hG; 
i, for all m 2 !.

(3) Let �

2

be d-persistent and suppose that G is a �

�

2

:t��-frame of bounded R

+

-width.

Then hh;R

+

; R

�

i

f

m

j= �

�

2

:t��, where f

m

is the 
o�nal m-repla
ement fun
tion for hG; 
i,

for all m 2 !.

Proof. (1) Let hh;R

+

i be a 
o�nal subframe of hg;R

+

i of bounded depth su
h that 


is a m-type assignment for hh;R

+

; R

�

i. We may assume that TOP

G

+ = TOP

hh;R

+

i

. Let

m 2 ! and let f

m

be the m-repla
ement fun
tion for hG; 
i. By Lemma 10, it is enough

to show that hf;Ri

f

m

j= �

1

, for all �nite f

m

-
o�nal subframes hf;R

+

i of hh;R

+

i. Let

hf;R

+

i be su
h a frame. We are going to show that G

+

is 
o�nally subredu
ible onto

hf;R

+

i

f

m

. Let hd; fB

i

ji � ngi be the representation of hf;R

+

i with respe
t to f

m

and

de�ne top

+

=

S

f

S

B

i

ji � ng.

Using Lemma 18 (1) and Lemma 19 and standard te
hniques from [7℄ or [21℄ it is

readily 
he
ked that there exist sets fb

x

jx 2 fg � A with the following properties (here

TOP

+

:= TOP

G

+
):

� x 2 b

x

, for all x 2 f .

� G

+

j=W

+

(hf;R

+

i)[b

x

jx 2 f ℄.

�

S

fb

x

jx 2 top

+

g �

S

TOP

+

and G

+

j= �

+

(hC;R

+

i)[b

x

jx 2 C℄, for all C 2

S

fB

i

ji �

ng.

Now we prove by indu
tion on the R

+

-
losed subsets d

1

of hd;R

+

i the following: There

exist sets

fa

x

jx 2 (d

1

[ top

+

)

f

m

g � A
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with a

x

= b

x

, for all x 2 top

+

; and a

x

�

S

fb

y

jy 2 Cg, for all x 2 f

m

C and all 
lusters C

in d

1

su
h that

(a) G

+

j= �

+

(hd

1

[ top

+

; R

+

i

f

m

)[a

x

jx 2 (d

1

[ top

+

)

f

m

℄.

(b) For all 
lusters C

1

in d� d

1

and all 
lusters C

2

in d

1

: If C

1

~

R

+

f

m

C

2

and x 2 f

m

C

2

then C

1

� 3

+

a

x

.

(Re
all that we denote a 
luster C with C 62 domf

m

also by f

m

C.) Suppose that this holds

for d

1

and let C be a 
luster in d� d

1

su
h that all stri
t su

essors of C in hf;R

+

i are in

d

1

[ top

+

. De�ne

a := (

S

fb

x

jx 2 Cg) \

T

f3

+

a

x

jCR

+

f

m

C

1

; x 2 f

m

C

1

; C

1


luster in d

1

[ top

+

g;

H = ha;R; a \Ai:

Case 1. 


+

C = m. Then, by Lemma 17 and Lemma 18 (1) applied to H, there exist

fa

x

jx 2 Cg � a \A � A with x 2 a

x

, for all x 2 C, and

H j= �

+

(hC;Ri)[a

x

jx 2 C℄:

Then

G j= �

+

(hC;Ri)[a

x

jx 2 C℄:

It is readily 
he
ked that fa

x

jx 2 (d

1

[ C [ top)

f

m

g satis�es (a) and (b).

Case 2. 


+

C = i. Then, by Lemma 17 and Lemma 18 (2) applied to H, there exist

d

m

� a with C

~

Rd

m

and hd

m

; R

+

i ' m

<

su
h that there exist fa

x

jx 2 d

m

g � A \ a � A

with x 2 a

x

, for all x 2 d

m

, and

H j= �

+

(hd

m

; R

+

i)[a

x

jx 2 d

m

℄:

Again G j= �

+

(hd

m

; R

+

i)[a

x

jx 2 d

m

℄ and fa

x

jx 2 (d

1

[ C [

S

top)

f

m

g satis�es (a) and

(b), where we put f

m

C = hd

m

; Ri.

Case 3. 


+

C = r. Analogously to 
ase (2) with Lemma 17 and Lemma 18 (3).

For d we get the existen
e of fa

x

jx 2 f

f

m

g � A with G

+

j= �

+

(hf;R

+

i)[a

x

jx 2 f

f

m

℄.

We also have

S

fa

x

jx 2 top

+

g �

S

TOP

+

. Hen
e G

+

is 
o�nally subredu
ible onto

hf;R

+

i

f

m

.

(3) Let hh;R

�

i be a 
o�nal subframe of hg;R

�

i of bounded depth su
h that 
 is a

m-type assignment of hh;R

+

; R

�

i. We may assume that TOP

G

�
= TOP

hh;R

�

i

. Let f

m

be the 
o�nal m-repa
ement fun
tion for hG; 
i. By Lemma 10, it is enough to show that

hf;R

�

i

f

m

j= �

2

, for all �nite f

m

-
o�nal subframes hf;R

�

i of hh;R

�

i. Let hf;R

�

i be su
h

a frame. Let hd; fB

i

ji � ngi be the representation of hf;R

�

i with respe
t to f and de�ne

top

�

=

S

f

S

B

i

ji � ng.

Again there exist sets fb

x

jx 2 fg � A with
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� x 2 b

x

, for all x 2 f .

� G

�

j=W

�

(hf;R

�

i)[b

x

jx 2 f ℄.

�

S

fb

x

jx 2 top

�

g �

S

TOP

�

and G

�

j= �

�

(hC;Ri)[b

x

jx 2 C℄, for all C 2

S

fB

i

ji �

ng.

We prove by indu
tion on the R

+

-
losed subsets f

1

of hf;R

+

i the following: There exist

an embedding � : hf

1

; R

+

i

f

m

! hg;R

+

i su
h that

(a) �[C℄ = C, for all C with 


+

C =m, where �[C℄ := f�(x)jx 2 Cg.

(b) C

~

R

+

�[C

f

m

℄ for all C with 


+

C 2 fi; rg and C 2 BOT

�

.

(
) If f

m

C 2 f(C �m

<

); (C �m

�

)g then C \ �[C

f

m

℄ = C.

(d) �[C

f

m

℄ �

S

fb

x

jx 2 Cg, for all C.

(e) 


+

f�(x)g =m, for all x 2 (f

1

\ d)

f

m

.

Suppose that f

1

is R

+

-
losed and let C be a 
luster in f � f

1

su
h that all stri
t

su

essors are in f

1

. Assume that the statement is shown for f

1

.

Case 1. 


+

C = m. Then put �

1

(x) = x, for all x 2 C, and put �

1

(x) = �(x), for all

x 2 f

f

m

1

.

Case 2. 


+

C 6=m. Let

F := f�(x)jCR

+

f

m

C

1

; x 2 f

m

C

1

; C

1


luster in f

1

g:

Then C

~

R

+

y and 
fyg = m, for all y 2 F , by (e). By Lemma 7, there exists b 2 A with

C � b and zR

+

x, for all x 2 F and all z 2 b \ Tr

R

+(C). Now let a := b \

S

fb

x

jx 2 Cg

and form H = ha;R

+

; a \Ai.

Case 2.1. 


+

C = i. There exists d

m

� a with C

~

Rd

m

and hd

m

; R

+

i ' m

<

. For

C 2 BOT

�

let s : hC;R

+

i

f

m

! hd

m

; R

+

i be a surje
tive isomorphism. For C 2 TOP

�

let s : hC;R

+

i

f

m

! hC [ d

m

; R

+

i be a surje
tive isomorphism. Now de�ne �

1

(x) = s(x);

for all x 2 C

f

m

, and put �

1

(x) = �(x), otherwise.

Case 2.2. 


+

C = r. Analogously to 
ase 2.1. Note that one 
an 
hoose a 
hain d

m

of

re
exive points x with 


+

fxg =m, by using Lemma 18.

It is readily 
he
ked that �

1

satis�es the 
onditions (a); : : : ; (e). Now 
onsider the

embedding � : hf;R

�

i

f

m

! hg;R

�

i. Let b = f�(x)jx 2 f

f

m

g: Then de�ne

s : hb [

[

TOP

�

; R

�

i ! hf;R

�

i

f

m

as follows. Let s(x) = �

�1

(x), for x 2 b. For x 62 b we have C(x) 2

S

TOP

�

� b. Choose

a C 2 B

i

for an i � n with C(x) �

hd;fi

C and let s

C(x);C

: C(x) ! C be a surje
tive
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ismorphism. Then put s(y) = s

C(x);C

(y), for all y 2 C(x). s is a 
o�nal subredu
tion of

hg;R

�

i onto hf;R

�

i

f

m

. Hen
e hf;R

�

i

f

m

j= �

2

sin
e �

2

is d-persistent.

It also follows immediately from the proof that ea
h �nite subframe of hg;R

+

; R

�

i

f

m

is a subframe of hg;R

+

; R

�

i. Hen
e hg;R

+

; R

�

i

f

m

j= � sin
e � is d-persistent.

(2) follows by a 
ombination of the arguments for (1) and (3). a

6 Completeness

Let me shortly summarize the situation for the standard example. We have obtained

frames h = Rd

V (�)

G, for all valuations V and �nite sets of formulas � whi
h are 
losed

under subformulas. Also we have type assignments 
 on these frames. We know that the

h

f

are frames for G

+

:t, where f denotes the 
orresponding !

>

-repla
ement fun
tions. In

order to show 
ompleteness of G

+

:t with respe
t to these frames valuations V

1

of h

f

are

needed so that formulas in � whi
h are refuted in hG; V i are refuted in hh

f

; V

1

i. But we

have a valuation V

0

for h, namely the restri
tion of the valuation V for G. This valuation

will be transformed into a valuation for h

f

. A good transformation of V

0

is possible sin
e

V

0

respe
ts the type assignment 
. Roughly speaking, V

0

respe
ts 
 i� we are not for
ed to

repla
e a proper 
luster by an in�nite des
ending 
hain if this 
luster is maximal in V

0

(�),

for a formula � 2 �. (This is 
ondition (su



+

�

) below). Here are the pre
ise de�nitions.

Let G = hg;R

+

; R

�

i be a frame of bounded depth with �nite 
lusters and let V be a

valuation of G. Let t be a type assignment for G and suppose that � � L is �nite and is


losed with respe
t to subformulas. De�ne the following property of hG; V; ti.

(su



+

�

) If t

+

C 6=m then C \max(R

+

; V (�)) = ;; for all � 2 �.

Now hG; V; ti is 
alled !

>

-good for � i� (su



+

�

) holds. Let f be the !

>

-repla
ement

fun
tion for hG; ti or the 
o�nal !

>

-repla
ement fun
tion for hG; ti. Then there exist p-

morphisms f

C

: (fC)

�

! hC;R

�

i onto C, for all 
lusters C with tC 2 f(i;m); (r;m)g.

De�ne for these repla
ement fun
tions the valuation V

f

of G

f

by putting

V

f

(p) := (V (p)�

[

domf) [

[

ff

�1

C

(V (p))jC 2 domfg:

Lemma 21 Let G be a frame of bounded depth with �nite 
lusters and let t be a type

assignment for G. Let �;  2 L and suppose that hG; V; ti is !

>

-good for sb(�;  ). Let f

be the !

>

-repla
ement fun
tion or the 
o�nal !

>

-repla
ement fun
tion for hG; ti. Then

hG

f

; V

f

i refutes  ` � if hG; V i refutes  ` �.

Proof. Using (su



+

sb(�; )

) it 
an be shown by indu
tion that

V

f

(�) = (V (�)�

[

domf) [

[

ff

�1

C

(V (�))jC 2 domfg;

for all � 2 sb(�;  ). a
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Lemma 22 Let G = hg;R

+

; R

�

; Ai be a �nitely generated and des
riptive tense frame

and let 
 be the 
anoni
al type assignment. Let V be a valuation and suppose that � � L

is 
losed with respe
t to subformulas and 
ontains >. Then

(1) 
 is a m-type assignment for Rd

V (�)

G.

(2) Let V

1

be the restri
tion of V to Rd

V (�)

G. Then hRd

V (�)

G; V

1

; 
i is !

>

-good for

�.

Proof. (1) follows from the de�nition and and Lemma 15 and the fa
t that Rd

V (�)

G is

a 
o�nal subframe of G. (2) Suppose that 


+

C 6= m and x 2 V

1

( ) \ C,  2 �. Then

x 2 V ( ) and V ( ) 2 A and therefore there is a y 2 max(x;R

+

; V ( )) with x

~

R

+

y. But

then y 2 Rd

V (�)

g \ V

1

( ). a

In as sense, the following 
orollary is the main result of this paper. We obtain 
om-

pleteness with respe
t to a rather well-behaved 
lass of models for a reasonably large 
lass

of logi
s.

Corollary 23 Let �

1

;�

2

be 
o�nal subframe logi
s and let � be a d-persistent set of

subframe axioms. Let

� � = �

+

1

:t or

� � = �

+

1

:t� I

�

n

or

� � = �

+

1

:�

�

2

:t� �, where �

1

is a logi
 of �nite width and �

2

is d-persistent.

� � = �

+

1

:�

�

2

:t, where �

2

� K4:3 and �

2

is d-persistent.

Suppose that  6`

�

�. Then there exists a frame G = hg;R

+

; R

�

i of bounded depth and

with �nite 
lusters with a type assignment t and a valuation V su
h that

� hG; V; ti is !

>

-good for sb(�;  ).

� hG; V i refutes  ` �.

� hG

f

; V

f

i and hG

g

; V

g

i refute  ` �, where f is the 
o�nal !

>

-repla
ement fun
tion

for hG; ti and g is the !

>

-repla
ement fun
tion for hG; ti.

� G

f

j= �, where f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti.

Proof. Let � be one of these logi
s and suppose that  6`

�

�. Let H be a �nitely

generated and des
riptive �-frame and V be a valuation su
h that hH; V i refutes  ` �.

Let 
 be the 
anoni
al type assignment for H. De�ne G := Rd

V (sb(�; ))

H and let V also

denote the restri
tion of V to G. Then, by Lemma 22, hG; V; 
i is !

>

-good for sb(�;  )
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and 
 is an m-type assignment for G. By Lemma 15, G has bounded depth and hG; V i

refutes  ` �. Hen
e, by Lemma 21, G

f

and G

g

refute  ` �. By Lemma 16 and Theorem

20, G

f

j= � in all 
ases with the ex
eption of � = �

+

1

:t � I

�

n

. But this 
ase is settled by

the observation that G j= I

�

n

i� G

f

j= I

�

n

. a

Note that, besides of I

�

n

, there are a number of interesting formulas � su
h that G j=

� ) G

f

holds. For example, 2

�

3

�

p! 3

�

2

�

p and 3

�

2

�

p ! 2

�

3

�

p are of this type,

whenever f is a 
o�nal !

>

-repla
ement fun
tion.

Theorem 24 Let �

1

be a 
o�nal subframe logi
. Then

(1) �

+

1

:t and �

+

1

:t� I

�

n

; n 2 !; are globally 
omplete.

(2) If �

1

has �nite width and � is a set of d-persistent subframe axioms then �

+

1

:t��

is globally 
omplete.

(3) If �

2

� K4:3 is a d-persistent subframe logi
 then �

+

1

:�

�

2

:t is globally 
omplete.

Proof. (1) follows immediately from Corollary 23 and Lemma 16 (4). (2) and (3) follow

from Corollary 23 and Lemma 16 (5) and (6). a.

In the Introdu
tion we promised that it is quite easy to extend the theorems to some

logi
 in question. Let us take as an example the theory WR of the 
lass WR of frames

hg;R

+

; R

�

i su
h that R

�

is well-founded and has the Chur
h-Rosser Property. How to

axiomatize WR and show 
ompleteness? It is readily 
he
ked that the 
onstru
tion of G

f

as well as G

g

in the proof of Corollary 23 does not destroy the Chur
h-Rosser Property of

H. Hen
e �

+

:K4:2

�

:t is 
omplete, for all 
o�nal subframe logi
s �. But thenG

+

:K4:2

�

:t


oin
ides with WR. Note that one has to be 
areful with these arguments. For instan
e,

a slightly di�erent argument shows the 
ompleteness of all logi
s �

+

:S4:1

�

:t whenever

� is a 
o�nal subframe logi
, but G

+

:K4:1

�

:t is known to be in
omplete. With this

phenomenon at hand let us state the

Problem. Is there an algorithm whi
h de
ides for �nitely axiomatized 
o�nal subframe

logi
s �

1

;�

2

whether �

+

1

:�

�

2

:t is 
omplete?

7 De
idability

In order to prove de
idability of logi
s frames of bounded depth are not simple enough.

(Consult [15℄, where it is shown that all equational theories of latti
es 
an be uniformly

interpreted as extensions of K4:t � 2

+

2

+

?. Hen
e there exist �nitely axiomatizable

unde
idable logi
s above this system and the stru
ture of the latti
e of extensions is quite


ompli
ated.) So these frames have to be redu
ed on
e more. Let G be a frame of bounded

depth with �nite 
lusters and let � be 
losed with respe
t to subformulas and �nite and

let V be a valuation su
h that hG; V; ti is !

>

-good for �, t a type assignment. De�ne the
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following equivalen
e relation � on g. First let x �

�

y i� g; V; x j=  , g; V; y j=  for all

 2 �. Now de�ne by indu
tion on dp(R

+

; x) : x � y i�

� dp(R

+

; x) = dp(R

+

; y) and x �

�

y.

� if x

~

R

+

z for a z 2 g then there exists z

0

with y

~

R

+

z

0

and z � z

0

. If y

~

R

+

z for a z 2 g

then there exists z

0

with x

~

R

+

z

0

and z � z

0

.

� 8z 2 C(y)9z

0

2 C(x) : z �

�

z

0

and 8z 2 C(x)9z

0

2 C(y) : z �

�

z

0

.

� C(x) is degenerate i� C(y) degenerate.

� tC(x) = tC(y).

Let [x℄ denote the �-equivalen
e-
lass of x 2 g and de�ne h = f[x℄jx 2 gg. Using the

assumption that g has bounded depth simple indu
tion on the depth of [x℄ shows that

h is �nite. De�ne S

+

on h by [x℄S

+

[y℄ i� there exist x

0

2 [x℄; y

0

2 [y℄ with xR

+

y. Let

S

�

:= (S

+

)

�1

and de�ne H = hh; S

+

; S

�

i, V

0

(p) := f[x℄ 2 hjx 2 V (p)g for p 2 �.

Fa
t 1. s : x 7! [x℄ is a p-morphism from hg;R

+

i onto hh; S

+

i.

Fa
t 2. For all  2 �; x 2 g : G; V; x j=  ,H; V

0

; [x℄ j=  .

Let U be a 
luster in H. Then s

�1

(U) is a set of 
luster in G and tC

1

= tC

2

, for all

C

1

; C

2

2 s

�1

(U). De�ne a type assignment for H by putting t

0

U := tC, for some 
luster

C 2 s

�1

(U).

Fa
t 3. t

0

is a type assignment and hH; V

0

; t

0

i is !

>

-good for �.

Fa
t 4. Let f be the 
o�nal !

>

-repla
ement fun
tion for hG; ti and let g be the 
o�nal

!

>

-repla
ement fun
tion for hH; t

0

i. Then (H

g

)

+

is a p-morphi
 image of (G

f

)

+

.

The following lemma now follows immediately from Corollary 23.

Lemma 25 Let � be a 
o�nal subframe logi
 Suppose that � is not globally derivable from

 in �

+

:t. Then there exists a �nite frame G with a type assignment t and a valuation V

su
h that

� hG; V; ti is !

>

-good for sb(�;  ).

� G

f

j= �

+

:t, where f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti.

� hG; V i refutes  ` �.

Theorem 26 Let �

1

be a 
o�nal subframe logi
. Then � = �

+

1

:t is globally de
idable if

� is �nitely axiomatizable.
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Proof. We may assume that �

1

= K4 � �. It is enough to show that both, the set

�

`

= f(�

1

; �

2

)j�

1

`

�

�

2

g and the set f(�

1

; �

2

)j�

1

6`

�

�

2

g, are re
ursively enumerable.

This is 
lear for �

`

. Put m := l(�). Then �

1

6`

�

�

2

i� there exists a �nite frame G, a

valuation V and a type assignment t su
h that

� hG; V; ti is !

>

-good for sb(�

1

; �

2

)

� hG; V i refutes �

1

` �

2

� G

f

m

j= �

+

, where f

m

is the m-repla
ement fun
tion for hG; ti.

This follows from Lemma 25 and Lemma 16. It follows that f(�

1

; �

2

)j�

1

6`

�

�

2

g is

re
ursively enumerable. a

In order to show how to extend this de
idability result let us look again at WR =

G

+

:K4:2

�

:t. (Note, by the way, that there is no �nite frame validating this logi
). In

general, the redu
tion will destroy the Chur
h-Rosser Property of G

f

. But we 
an take a

rooted frame G, and for a rooted G it is readily 
he
ked that the redu
tion H

g

validates

3

�

2

�

p! 2

�

3

�

p;

as well. Hen
e �

+

:K4:2

�

:t is de
idable, for all �nitely axiomatizable 
o�nal subframe

logi
s �. Another example of interest is the in
omplete logi
 G

+

:K4:1

�

:t. But again, all

operations needed in order to produ
e H

g

preserve the validatity of

2

�

3

�

p! 3

�

2

�

p:

Hen
e �

+

:K4:1

�

:t is de
idable, for all �nitely axiomatizable 
o�nal subframe logi
s �.

This shows also that the proof-method does not depend on the 
ompleteness of the logi


in question. The reason is, that the 
o�nal !

>

-repla
ement fun
tion works as well as the

!

>

-repla
ement fun
tion.

We are now going to prove another de
idability result. In this 
ase we do not get

global de
idability but only lo
al de
idability. The modal depth dp(�) of a formula � is

de�ned as usual. Let S be a relation on g and a � g. Then de�ne the m-transit of a in g

by indu
tion:

TR

1

[a; S; g℄ := a [ fy 2 gj9x 2 a : xSyg

TR

m+1

[a; S; g℄ := TR

1

[TR

m

[a; S; g℄; S; g℄:

Let G = hg;R

+

; R

�

i be a �nite frame and let t be a type assignment and V a valuation

of G. Suppose that x 2 g and � 2 L and let dp(�) = m. Then hG; V; t; xi is weakly good

for sb(�) i�, for all n � m and all 
lusters C � TR

n

[x;R

+

[R

�

; g℄, the following holds:

If tC 2m

�

then C \max(R

+

; V (�)) = ;, for all � 2 sb(�) with dp(�) � m� n.

Fa
t. Suppose that hG; V; t; xi is weakly good for sb(�) and that G; V; x j= �. Then

G

f

; V

f

; y j= �, for a y 2 fC(x), where f is the 
o�nal !

>

-repla
ement fun
tion for hG; ti.
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Lemma 27 Let �

1

;�

2

be 
o�nal subframe logi
s of �nite width and let � be a set of

d-persistent subframe axioms. Let

� � = �

+

1

:t� �� I

�

m

or

� � = �

+

1

:�

�

2

:t� �, where �

1

is a subframe logi
 and �

2

is d-persistent.

Suppose that � 62 �. Then there exists a �nite frame G, a type assignment t and a valuation

V su
h that G; V; x j= :� and su
h that hG; V; t; xi is weakly good for sb(�) and su
h that

G

f

j= �, where f is the 
o�nal !

>

-repla
ement fun
tion for t.

Proof. We prove the Lemma for � of the �rst type. Suppose that � 62 � and let

m := dp(�). By Corollary 23, there exists a frame H = hh; S

+

; S

�

i of bounded depth

with a type assignment t and a valuation V su
h that hH; V i refutes � in an x 2 h and

su
h that hH; V; ti is good for sb(�) and su
h that H

f

j= �, where f is the 
o�nal !

>

-

repla
ement fun
tion for hH; ti. Consider

g := TR

1

[TR

m

[fxg; S

+

[ S

�

; h℄; S

+

; h℄

g is �nite sin
eH has bounded depth and �nite 
lusters and �nite width in both dire
tions.

By de�nition, hg; S

+

i is a 
o�nal subframe of hh; S

+

i. Let t also denote the restri
tion

of t to G := hg; S

+

; S

�

i and let g denote the 
o�nal !

>

-repla
ement fun
tion for hG; ti.

Clearly G

g

is a S

+

-
o�nal subframe of H

f

. Hen
e G

g

j= �. Let V

0

denote the restri
tion

of V to g. It follows by indu
tion on the depth of the subformulas of � that hG; V

0

; t; xi is

weakly good for sb(�) and that G; V

0

; x j= :�. a

Theorem 28 Let �

1

;�

2

be 
o�nal subframe logi
s of �nite width and let � be a set of

d-persistent subframe axioms. Let

� � = �

+

1

:t� �� I

�

k

or

� � = �

+

1

:�

�

2

:t� �, where �

1

is a subframe logi
 and �

2

is d-persistent.

If � is �nitely axiomatizable then � is de
idable.

Proof. Assume that �

1

= K4 � � and � = f g and �

2

= K4 � �

1

and that m =

2maxfl(�); l( )g.

Let � be of the �rst type. It is enough to show that L � � is re
ursively enumerable.

But � 62 � i� there exists a �nite frame G satisfying I

�

k

with a valuation V and a type

assignment t su
h that

� G; V; x j= :�.
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� hG; V; t; xi is weakly good for �.

� G

f

m

j= �

+

^  , where f

m

is the m-repla
ement fun
tion for hG; ti.

This follows from Lemma 27 and Lemma 16. Now assume that � is of the se
ond type.

Let m := l(�) and n := 2max(l( ); l(�

1

)g. Then � 62 � i� there exists a �nite frame G

with valuation V and a type assignment t su
h that

� G; V; x j= :�.

� hG; V; t; xi is weakly good for �.

� G

f

m

j= �

+

, where f

m

is the m-repla
ement fun
tion for hG; ti.

� G

g

n

j=  ^ �

�

1

, where g

n

is the 
o�nal n-repla
ement fun
tion for hG; ti.

This follows from Lemma 27 and Lemma 16. a

The formulation of this last Theorem is 
ertainly a bit strange. Formulated for sub-

frame logi
s it states that under the 
ondition of �nite width �nitely axiomatizable sub-

frame logi
s are de
idable if only the axioms in one dire
tion are non-elementary. The

reason for this limitation is the 
hoi
e of the repla
ement fun
tion. Only the frames

G(C � !

>

) and G(C � !

�

) o

ur as blo
ks. But if we have non-elementarity in both

dire
tion then also the mirror images G(!

<

� C) and G(!

�

� C) of these frames are

required. De�ne for a type assignment t of a �nite frame G the !-repla
ement fun
tion f

of hG; ti by putting domf = fCjtC 2 f(m; r); (m; i); (i;m); (r;m)gg and

fC = G(!

<

� C); for tC = (m; i):

fC = G(!

�

� C); for tC = (m; r):

fC = G(C � !

>

); for tC = (i;m):

fC = G(C � !

�

); for tC = (r;m):

Instead of re-iterating the pro
edure for this type of repla
ement fun
tions let us only

state one output.

Theorem 29 Suppose �

1

;�

2

are 
o�nal subframe logi
s and �

1

� K4:3. Put � =

�

+

1

:�

�

2

:t. For � 62 � there exist a �nite frame G with a type assignment t so that G

f

j= �

and G

f

refutes �, where f is the !-repla
ement fun
tion for hG; ti. If � is �nitely axiom-

atizable then � is de
idable.

The de
ision-algorithms delivered are far from being optimal. It is always possible to

give upper bounds for the size of the models needed in order to refute a formula �. But

the 
omplexity of the provability problem for the logi
s listed in the theorems remains

open. So, let me state the

Problem. What is the 
omplexity of the provability problem for the logi
s listed in the

last theorems?
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8 Con
luding Remarks

In [21℄, [24℄, [25℄ and the present paper we have developed a theory whi
h allows to prove

a number of general results on the fmp, on 
ompleteness and on the de
idability of tense

logi
s. All standard systems are 
overed by those results. Given that it was a widespread

opinion that tense logi
s are mu
h more 
ompli
ated than modal logi
s 
ontaining K4 the

number of positive results is surprising. With those results at hand there arise a number

of problems whi
h we believe 
an be atta
ked with the methods developed. Besides of

those mentioned above we note

� Does Rybakov's modal analog of Glivenko's Theorem (
f. [16℄) also hold for Tense

Logi
s?

� Are all �nitely axiomatizable tense logi
s 
ontaining K4:3

+

:t de
idable?

� Finite width is an essential 
ondition for a number of results in [21℄ and the present

paper. Are there even more general results on the de
idability of tense logi
s 
on-

taining some K4:I

+

n

:I

�

n

:t?

Some of the results of this paper should be interpreted as transfer results for the map � 7!

�

+

:t. The transfer properties for the fmp as well as for 
ompleteness are 
lari�ed. But,

as already mentioned in the Introdu
tion, it remains open whether de
idability transfers.

Other 
andidates for transfer are the Interpolation Property, the 
omplexity of the de
ision

problem and strong 
ompleteness. (Note that for forming fusions transfer of Interpolation

and transfer of 
omplexity have been investigated in [14℄ and [18℄, repe
tively). Finally let

us mention the interesting problem whether the map � 7! �

+

:t is inje
tive, if restri
ted to

logi
s 
ontaining K4. (Re
all that the map is not inje
tive on the set of all modal logi
s

(
f. [25℄)).
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