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Abstract

Tense logics formulated in the bimodal propositional language are investigated with
respect to Kripke-completeness (completeness) and decidability. It is proved that all
minimal tense extensions of modal logics of finite width (in the sense of K. Kine)
as well as all minimal tense extensions of cofinal subframe logics (in the sense of M.
Zakharyaschev) are complete. The decidability of all finitely axiomatizable minimal
tense extensions of cofinal subframe logics is shown. A number of variations and
extensions of these results are also presented.

Here tense logics are the normal bimodal theories of general frames G = (g, R, R™', A),
where R is a binary relation and A is a set of subsets of g closed under some operations. A
tense logic is complete iff it is determined by its Kripke frames, i.e., frames (g, R, R™!, A)
with A = 29. While research on the theory of monomodal logics above K4 was quite
successful and culminated in the theory of Canonical Formulas by M. Zakharyaschev (cf.
[26], [27]), there was no comparable development in tense logic. After the early results
of [3], [17] and [8] there was nearly no research aimed at a general theory of this type of
tense logics. Modern proofs of the results of those papers can be found in [1],[4],[9], and
[11], but contrary to monomodal logic investigations on tense logic concentrate on some
specific systems, as the theory of the reals, of the integers, or of the natural numbers.
This is quite unsatisfactory if we wish to develop a mathematical theory of modal logics.
From this point of view we are usually not interested in the properties of a specific system
but in results which show why a specific system has a property by extracting concepts
which allow to map out the boundaries of that property. Now tense logics form a quite
natural class of modal logics. Given a relation R, there is no general reason to talk only
about {z|yRz} and not about {z|yR~'z}; moreover, extending monomodal logic to tense
logic corresponds to the addition of a conjugate to the modal operator in a monomodal
algebra (see [13]). Hence an investigation on the transfer of properties from monomodal
logic to tense logic provides also insight into the different behavior of modal algebras with
conjugates and without. The main problem which blocks a direct transfer from monomodal
logic to tense logic is that nearly all deep results on extensions of K4 depend on the finite
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model property (fmp, for short) of a large and interesting class of logics above K4. But
the fmp is quite rare in tense logic. Indeed, one result of [21] is that the minimal tense
extension AT.¢ of a cofinal subframe logic A (and therefore also of a subframe logic) has
the fmp iff the frames of A form an elementary class. (Consult Section 1 for a precise
definition of minimal tense extensions and consult Section 3 or [26] for the definition of
cofinal subframe logics and subframe logics). It follows that such simple systems (cf. [26])
as the minimal tense extensions of

e G=K4oO(Op — p) — Op,
e G.3, where .3 is the linearity axiom,
e Grz = K4 ¢ O(O(p — Op) — p) — p,

e Dum =S4 @ O(0(p — Op) — p) — (OOp — p),

do not have the fmp. Hence we cannot base the theory on finite frames, and the central
part of the present paper deals with the investigation of suitable substitutes of the notion of
a finite frame and a finite model. T shall briefly explain the idea by a simple example. (This
example will be used quite often in this paper.) Denote by A the tense logic determined
by the frames (g, R, R~') such that R~! is well-founded. A turns out to coincide with
GT.t. This logic does not have the fmp. But it is determined by the following class of
frames M. Consider irreflexive points as well as infinite descending chains (w, >, <) and
call these frames blocks. Then a frame g belongs to M if and only if there exists a finite
transitive tense frame h such that g is obtained from h by replacement of all clusters in
h by mutually disjoint blocks. The frames in M behave basically like finite frames and
it is, for instance, easy to deduce the decidability of A from this completeness result. In
general we will have the situation that more than two non-isomorphic types of blocks are
needed, that the blocks are general frames, and that the replacement of clusters by blocks
is restricted. Also, it is not always possible to work with a finite frame A but only with
frames of bounded depth. These things will be organized by so-called type assignments to
clusters. The process of replacement will be organized by so-called replacement functions.
Nearly all proofs in this paper are centered arround these two notions. We shall now give
a survey of the paper.

The first section introduces some background material from monomodal logic and tense
logic. Section 2 delivers first positive results on transfer properties of the map A — A™T.¢,
A a monomodal logic. (Consult [14], [15] and [12] for remarks on transfer from monomodal
logic to polymodal logic in general. In those papers the transfer problem is investigated
for forming fusions of monomodal logics and for the addition of the universal modality).
For instance, it will be shown that A*.t has the fmp whenever A has bounded depth (alias
finite slice), and that A™.t is complete whenever A has finite width in the sense of K. Fine
[6]. Together with the positive results of Sections 6 and 7 and negative results from [21]
and [22] a number of transfer properties of the map A — A™.t are thus clarified. Indeed,
the fmp does not transfer even for natural and simple modal logics above K4 (cf. [21]
and above). Also completeness does not transfer for modal logics above K4 (cf. [22]). On
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the other hand, there are no simple counterexamples; this follows from the results of the
present paper. The question whether decidability transfers remains open. However, again
by the results of the present paper there is no simple counterexample.

Sections 4 and 5 introduce type assignments and replacement functions. In this paper
applications of these tools to completeness problems as well as decidability problems are
restricted to classes of tense logics axiomatizable by taking monomodal axioms axiomatiz-
ing cofinal subframe logics and some mixed axioms corresponding to universal first order
conditions. (For other applications see [23] and [24]). Note that this class is quite large.
Maybe the only standard tense axiom not included is the density axiom. Also from the
point of view of semantics, this class is quite natural; we take those tense logics which are
axiomatized by formulas only forcing the existence of final points w.r.t. R or R~'. See
also [1] for a motivation of conditions of this type. We shall not formulate the results as
general as possible but try to explain the method in such a way that it easy to apply it to
a logic in question. (See also Theorem 29 and the remarks at Theorems 24 and 26.)

In Section 6 completeness results are proved (Theorem 24). For instance, all minimal
tense extensions of cofinal subframe logics turn out to be complete. Let us formulate this
result in a way which is more in the spirit of traditional tense logic. (Other completeness
results can be reformulated analogously). Let M be a class of transitive tense frames and
suppose that

M'={{(g,R)|(g,R,R™") € M}

is definable by modal formulas and is closed under forming cofinal substructures. Then the
tense theory of M coincides with A*.t if A axiomatizes the theory of M’. In other words,
the axiomatization problem for this class of tense logics is reduced to a well-understood
problem above K4. This is false if we omit the condition that M is closed under cofinal

substructures since there exists a complete logic A above K4 such that AT.t is incomplete
(see [22]).

In Section 7 the decidability results are proved (Theorems 26 and 28). For instance,
it is shown that all minimal tense extensions of finitely axiomatizable cofinal subframe
logics are decidable. Also, all finitely axiomatizable minimal tense logics of finite width
containing a cofinal subframe logic in one direction and some first order definable subframe
axioms turn out to be decidable.

Let me finally relate this study to the fast growing theory on Temporal Logic (consult
[9]). Certainly the expressive power of the logics studied here is too weak in order to be
applied directly. But tense logics in the bimodal propositional language form the basis
for nearly all temporal systems, and it is desirable to have a theory which provides some
techniques as well as results which cover a number of these basic systems. In this sense
we also intend to bridge the gap between the so far independent fields of modal logic
above K4 and Temporal Logic. The papers are self-contained, in principle. Nevertheless,
basic knowledge of techniques from [6],[7],[26], and [27] is assumed in order to keep proofs
reasonably short.
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1 Notation and basic results

L denotes the propositional bimodal language with primitive connectives O, 07, A, -
and L%, £~ denote the monomodal languages with O and O~. For a formula ¢ in a
monomodal language ¢* is the translation of ¢ into £ and ¢~ is the translation of ¢
into £7. Normal mono- or bimodal logics are defined as usual. So, a normal modal logic
contains all classical tautologies, the distribution axiom O(p — ¢) — (Op — Ogq), and
is closed under modus ponens, substitutions, and RN : p/Op. For a bimodal logic we
take the corresponding axioms and rules for both O7 as well as O~. We shall call normal
logics simply logics. Given a logic A and a set ® of formulae the smallest logic above A
containing ® is denoted by A & ®. K.t denotes the smallest bimodal logic containing the
tense axioms
p—=0OtOTp, p— O O p.

Extensions of K.t, i.e., logics containing K.t, are called tense logics. For a monomodal
logic A in the language £ the smallest tense logic containing A is called the minimal tense
extension of A and is denoted by A*.t. The tense logics A~.t and A].A; .t are defined
in the obvious way. The monomodal fragments of a tense logic A are Ay := AN LT and
A_:=ANnL . Clearly (AT.t)y = A, for all complete monomodal logics A. This equality
does not hold in general, as is shown in [19].

A tense frame G is a structure (g, RT, R, A) with R* = (R™)~! and A C 29 so that A
is closed under finite intersections, complements and Oa := {x € ¢g|Vy € g : xRy = y € a}
for (O,R) = (O",R"),(0,R"). G is a Kripke-frame if A = 29; in this case we often
write g instead of G. A is called the set of internal subsets of g. They form an algebra
(A,n,—, 0%, 0", g) which is called the induced algebra of G. Valuations of tense frames are
defined as usual and are denoted by V. We write G,V,z |= ¢ if x € V(¢) and G,V = ¢
if V(¢) = g. The theory of G is the set of all formulas ¢ such that G,V = ¢, for all
valuations V. Hence tense logics are precisely the theories of tense frames.

Given a tense frame G = (g, Rt, R~, A) the monomodal reducts are G := (g, R", A)
and G~ := (g, R~, A). We mostly denote the frame (g, R*, A) simply by (g, R, A). Con-
versely, given a monomodal frame G = (g, R, A) the object (g, R,R™ ', A) is not always
frames since A might no be closed with respect to O7. If it is a frame then define the
(+)-extension of G by G'* := (g, R, R~!, A). We shall mostly write RT instead of R and
R~ instead of R~! in Gt*.

The following consequence relation is associated with a logic. A formula ¢ is globally
derivable from 1) in A, in symbols 9 5 ¢, iff ¢ is derivable from A U {4/} by using modus
ponens and RN : p/Op (repectively p/0%p and p/0O p, for tense logics.) This consequence
relation has been investigated in detail in [12]. A model (G, V) refutes - ¢ iff V(1)) =g
and V(¢) # g. Note that ¢ F ¢ if and only if no model (G, V') based on a general A-frame
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G refutes ¢ - ¢. Now call A globally complete if ¢ -5 ¢ iff there is no Kripke frame ¢ for
A and valuation V' such that (g, V') refutes ¥ = ¢. Global finite model property is defined
analogously. A is globally decidable iff ¢ ) 1 is decidable. If a logic has one of these
properties then it has the corresponding local property which are the usual notions of
completeness, fmp and decidability. (More precisely, a logic A is called complete (has the
fmp) if the following holds for all formulas ¢: ¢ € A & g,V [ ¢, for all (finite) Kripke
frames g validating A. A is decidable iff A is a recursive set). But the converse fails for all
these properties (see [15] and [20]). One can also apply the following

Proposition 1 Suppose that A has a property P € { global fmp, globally complete,
globally decidable }. Then each extension of A by finitely many constant azioms has P as
well.

OFT and O~ T are important axioms in tense logic. It follows with the Proposition above
that adding these axioms to logics preserves these global properties. Hence, if possible,
we shall formulate the results for the global property.

We need some notation for important classes of frames. (Consult [10] for more in-
formation on those classes). The concepts are introduced only for monomodal frames
but extend without any problem to bimodal ones. A frame (g, R, A) is differentiated if
Vz,y € g )x =y < (Va € A)x € a & y € a. Each frame can be transformed into
a differentiated one. Let G = (g, R, A) be a general monomodal frame. The differentia-
tion DG = (gp, Rp, Ap) of G is defined as follows. Define an equivalence relation on g by
z~payiffz €asy€a, foralla€ A Let gp := {[z]|x € g}, where [z] := {y € g|lz ~4 y}
and define Rp by putting [z]Rp[y] iff there exist 2’ € [z] and ¢’ € [y] with 2'Ry’. Finally
let Ap := {apla € A} with ap := {[z]|z € a}. It is readily checked that DG is a dif-
ferentiated frame and that the induced algebras of G and DG are isomorphic. Hence the
theories of G and DG coincide. A frame G = (g, R, A) is tight if

(Vz,y € g)rRy < (Va € A)z € Oa = y € a.

Call a differentiated and tight frame simply refined. Another important class of frames are
the descriptive ones. Call a frame G descriptive iff it is refined and (U # 0, for all ultra-
filters U in A. Then U = {z}, for an = € g. The transformation of a general frame into
a descripive one is given by the Stone representation which is St(G) = (U(A), Ry, B[A]),
where U(A) is the set of ultrafilters of the algebra (A,N,—,0,g). For Uy,Us € U(A) put
UrRyUsy iff Oa € Uy = a € Uy, foralla € A. Fora € Alet B(a) :={U € U(A)|a € U} and
put B[A] := {B(a)la € A}. [ is an isomorphism from the induced algebra of G onto the
induced algebra of StG. A logic A is called d-persistent if (g, R) = A for each descriptive
A-frame (g, R, A).

2 Results by Filtration

In this section we use a sort of filtration in order to transfer results from monomodal
logic to tense logic. As compared with usual filtration arguments we do not apply finite
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filtrations but infinite ones.

Lemma 2 Let G = (g, R, A) and let T' C L be closed with respect to subformulas. Suppose
that V is a valuation of (g,R*,R™) such that V(¢) € A for all p € T. Let DG =
(9p,Rp, Ap) and StG = (U(A), Ry, BlA]).

1. Define a valuation Vi of (gp, R}, Rp) by putting Vi(p) = {[z]|z € V(p)}, for all
propositional variables p. Then [z] € Vi(¢) iff x € V(¢), for all $ € T and = € g.
Hence Vi(¢) € Ap, for all p € T.

2. Define a valuation Vi of (U(A), Rf;, Ry;) by putting Vi(p) = B(V (p)), for all propo-
sitional variables p. Then U € Vi(¢) iff U € B(V(¢)), for all $ € T and U € U(A).
Hence Vi(¢) € B[A], for all $ € T.

Proof. (1.) A simple induction on the subformulas of ¢ € T.

(2.) By induction on the subformulas of ¢ € I'. Again the interesting step in ¢ =
O71p. Suppose that U € Vi(O 7). Then there exists U’ € U(A) with U'RyU and
U' € Vi(¢). Hence, by induction hypothesis, U" € B(V (1)) C B(V(OT<O74)). But then
U € B(V(O ) since S(OTV (O ) = B(V(OT<O ) and since B is a isomorphism.
Now suppose that U € B(V(O7¢)). We first show that F := {OFala € U U{V ()}
has the finite intersection property in A. Consider aq,...,a, € U. Then N{a;|i < n}N
V(&™) € U and therefore there exists z € g with z € ({a;li < n}NV(CG7Y). But
then there exists y € g with yRz and y € V(¢). Clearly y € N{<C a;)i < n} and the
finite intersection property follows. Now take an ultrafilter U’ O F. Then U'RyU and,
by induction hypothesis, U" € V; (). Hence U € V4 (O™ 4h).

For a set of formulas I' C £ closed under subformulas let £7(T") denote the minimal
set of formulas containing I" which is closed with respect to the connectives A,— and OF
of LT. For a valuation V of a general tense frame G = (g, R*, R™, A) define the I'-reduct
Gy (r) = (g, R, Ay(r)) by putting Ay ) := {V(¢)[¢ € LT(I")}. Clearly (Ayr),N,—,0F,g)
is a subalgebra of (4,N,—, 0%, g) and Gy(r) is a general monomodal frame. Note that
Ay(ry is not always closed with respect to O~ in (g, R*,R™). Hence (g, R, Ay(r)) cannot
in general be extended to a tense frame.

Call a frame (g, R, A) or (g, R", R, A) finitely generated if the induced algebra is
finitely generated. A mono- or bimodal logic A is called locally finite if the set of internal
sets in G is finite, for all finitely generated A-frames G. Clearly, this notion is borrowed from
the notion of a locally finite variety in universal algebra. There exist locally finite logics
whose minimal tense extension is not locally finite, an example is given by K4 ¢ OO L.
(Consult also the remarks at the beginning of the section on decidability). But we have

Proposition 3 Let A be a locally finite monomodal logic. Then A™.t has the global fmp.

Proof. Suppose that ¢ is not globally derivable from v in A™.t. Then there exists a general
tense frame G = (g, R, R~, A) which validates A™.t and a valuation V such that (G, V)
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refutes ¢ = ¢. Form Gy ry = (g, R, Ay (r)), for I the set of subformulas of ¢, 1. Then Gy
and V satisfy the conditions of Lemma 2 for T'. Form DGy -1y = (9p, Rp, (Ay(ry)p). Then
DGy ry = A and, by Lemma 2, there exists a valuation V; such that {(9p, RE, Rp), V1)
refutes 9 = ¢. Ay (r) is finite since it is generated by a finite set. But then (Ay(r))p = 297
since DGy () is differentiated. Hence (gp, R}, Rp) = ATt -

In what follows we assume that all frames are transitive. Recall the following notation
for transitive frames. Let (g, R) be a transitive frame. Put zRy iff 2Ry and —(yRx).
Clusters in (g, R) are defined as usual, i.e., a subset C of g is a cluster iff it consists of
an irreflexive point or it is a maximal set satisfying xRy, for all x,y € C. The cluster
containing an z € g is denoted by C(x). A cluster is called degenerate iff it contains
only an irreflexive point. For clusters C; and Cy we write C1 RCs iff xRy holds for some
(or equivalenty, for all) z € Cy and y € Cs. Also, for z € g and C a cluster, zRC
abbreviates zRy, for all y € C. Let © € g and suppose that there exists a longest finite
chain = = zoRz1,..., Rty in g. Then the depth of z is dp(R,z) = n. A frame (g, R) has
depth < n iff all pomts in g have depth < n. (g, R) has bounded depth iff there is an n € w
such that all points in g have depth < n. A tense frame (g, R*, R™) has bounded depth
iff (g, R™) has bounded depth. A logic A has bounded depth if there exists an n € w such
that all frames for A have depth < n.

Now call a logic A elementary iff the A-frames form an elementary class. The interesting
point of the following result is that the result of [21] that all minimal tense extensions of
non-elementary cofinal subframe logics do not have the fmp cannot be generalized to all
logics above K4. In other words, Proposition 4 is non-trivial and requires some work.
Maybe this is the best argument that a theory of tense logics should not be based on the
fmp.

Proposition 4 There is a non-elementary logic A above K4 such that A™.t has the fmp.

Proof. There are many non-elementary logics above S4 whose frames have depth < 3
(consult [5]). Now logics of bounded depth are locally finite (consult [2]). It remains to
apply Proposition 3.

Properties of maximal points (alias non-eliminable points) in canonical frames form
a basic technical tool in [6] and [7]. Here we shall also use them. However, it will be
more convenient to work with maximal points in general frames. Consider a transitive
frame G = (g, R, A) and an a € A. The set max(R, a) of R-mazimal a-points is defined by
putting
y e max(R,a) @ ycaandan{z € g:yRz} = 0.

Given a point z € g the set of R-maximal a-points above z is max(z, R, a) := Trr(z) N
max (R, a), where Trr(z) := {y € g|lr = y or zRy}. A frame (g, R, A) has the mazimal
point property (mpp, for short) iff max(z, R,a) # 0, for all x € a € A. Clearly all frames
of bounded depth have the mpp. Also all frames without infinite strictly ascending chains
have the mpp. More interesting is the following result which generalizes a result of [6] and
is proved in [21].
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Theorem 5 Fach transitive and descriptive frame has the mpp.

A tense frame G has the mpp iff both G* and G~ have the mpp. It follows that all
transitive and descriptive tense frames have the mpp. This Theorem will be our basic
technical tool. Let G = (g, R, A) be a general frame. For h C g we write simply (h, R)
instead of (h, RN h2). We also write h N A for {a N hla € A}. If G has mpp then denote
by maxg(g) the set of mazimal points (alias non-eliminable points in [6]) in G, i.e., the
set of z € g for which there exists an a € A such that z € max(R,a). The reduct of G is
maxG = (maxg(g), R, maxg(g) N A).

Recall the following formulas from [6].

L, = A\(Opil0 < i <n) = \/(O(pi A (p; VOpy))|i # 4, 0 <i,j <n).

A transitive frame (g, R) validates I, iff for all z € g and different x4, ..., x, 11 with zRx;,
for all ¢« < n + 1, there exist z; and z; with ¢ # j such that z;Rz;. A frame has width
n iff it validates I,,, and a frame has finite width if it has width n, for an n € w. A logic
has finite width if it contains I,,, for some n € w. The following theorem and lemma are
immediate consequences of the completeness proof in [6].

Theorem 6 Let (g, R, A) be a finitely generated and descriptive frame for a logic A of
finite width. Then (1) (maxg(g), R) = A. (2) (maxg(g), R) contains no infinite strictly
ascending chains.

Lemma 7 Let G = (g, R, A) be a descriptive frame of finite width. Let d be a finite subset
of maxg(g) and y € g with yRz, for all x € d. Then (1) there exists b € A with y € b
such that zRx, for all x € d and all z € Trr(y) Nb. (2) There exists a z € maxg(g) with
y =2z or yRzRx, for all z € d.

Theorem 8 Let A be a logic above K4 of finite width. Then AT.t is globally complete.
Furthermore, A1 .t is globally complete with respect to frames without infinite strictly as-
cending R*-chains.

Proof. Suppose that ¢ is not globally derivable from v in A*.t. Let G = (g, R*, R™, A)
be a AT.t- frame and V a valuation of G such that (G, V) refutes ¢ - ¢. Let T denote the
set of subformulas of ¢,. Form (g, R, Ay(r)) and then St({(g, R, Ay/(r))). Let us denote
this frame by H = (h, S, B). H is a descriptive and finitely generated A-frame. By Lemma
2, there is a valuation V; of (h,S*,S™) such that ((h, ST, S™), V1) refutes 9 - ¢ and such
that Vi(x) € B for all x € I'. Now consider maxH = (maxy/(h), S, B N maxy(h)). By
Theorem 6, (maxy(h),S) is a A-frame without infinite strictly ascending chains. Define
a valuation V5 of (maxy(h),S*,S™) by putting Va(p) := Vi(p) N maxy(h).

Claim. For all z € maxy/(h) and x € I': z € Vi(x) iff z € Va(x).
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The proof is by induction on the subformulas of x € I'. The interesting step is xy =
O~ x1 and the direction z € V1(O 7 x1) = x € V(O x1). (Note that the induction step
for y = OTx follows immediately from Theorem 5). Suppose that z € V(O™ x1) and
x € maxy (h). Then there exists a y € h with ySz and y € V4 (x1). By Lemma 7 and since
Vi(x1) € B there exists a z € maxy/(h) with z € Vi(x1) and zSz. Hence, by induction
hypothesis, z € V5(x1). But then z € V5($ ™ xq).

It follows immediately from this claim that ((maxy (h), ST, S7), Va) refutes ¢ = ¢. -

We easily obtain the following reformulation in terms of an axiomatization result.

Corollary 9 Suppose that M is a class of transitive frames of bounded width and suppose
that M' = {{g,R) : {(g,R,R"') € M} is definable by modal formulas. Then the tense
theory of M coincides with AT .t if A aziomatizes the theory of M'.

3 On cofinal subframe logics

We introduce some notation and results on subframe logics and cofinal subframe logics.
More on these subjects can be found in [7], [26], [27], and [19]. Here we define subframe
logics only in the monomodal case, but all concepts and theorems extend without any
problem to polymodal logics. For a frame G = (g, R, A) and b € A put G, := (b, R,bN A)
and call Gy a subframe of G. A logic A is a subframe logic if the class of A-frames is closed
under forming subframes. Recall that all subframe logics above K4 have the fmp (cf.
[7]). On the other hand there are many incomplete subframe logics not above K4, e.g.,
there exist 2% monomodal subframe logics whose Kripke frame are precisely the transitive
frames (cf. [19]). For subframe logics a number of important properties turn out to be
equivalent. We say that a logic A has the finite embedding property iff it is complete and
the class of Kripke frames for A has the finite embedding property, i.e., a Kripke frame g
is a frame for A iff all finite subframes of g are frames for A. Now for a subframe logic A
the following conditions are equivalent, (cf. [19]).

(1) A is complete and elementary. (2) A is compact.
(3) A has the finite embedding property. (4) A is d-persistent.

Clearly K4.t is a d-persistent subframe logic. Call a set of formulas ® C £ such that
K4.t®® is a subframe logic a set of subframe azioms. Certainly A .A; .t®® is a subframe
logic whenever A, A; O K4 are monomodal subframe logics and ® is a set of subframe
axioms. ® is called a set of d-persistent subframe axioms iff K4.t @ ® is d-persistent. FEx-
amples of elementary subframe logics are S4, K4.I,,, and S5. Examples of non-elementary
subframe logics above K4 are G, Grz, and Dum (consult the Introduction).

Let Gy, be a subframe of a transitive frame G. Then Gy, is a cofinal subframe of G if b is a
cofinal subset of g, i.e., (Vz € g)(Vy € b)yRx = = € bV (3z € b)zRz. A logic A above K4 is
a cofinal subframe logic if its frames are closed under forming cofinal subframes. Certainly
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all subframe logics above K4 are cofinal subframe logics. A monomodal formula ¢ is called
a (d-persistent) cofinal subframe axiom iff K4 @ ¢ is a (d-persistent) cofinal subframe
logic. Examples of d-persistent cofinal subframe logics are K4.1 = K4 OOp — $Op and
K4.2 = K4a<0Op — OOp. Subframe logics containg K4 as well as cofinal subframe logics
can be axiomatized in a canonical way (cf. [7] and [26]). However, in the present paper
only the description of subreductions and cofinal subreductions by formulas is needed.
For a finite and transitive monomodal frame (g, R) fix (different) variables p,,z € g, and
define

a((g,R)) = A(py — ©p.lyRz)
A N(py = =Op:|-(yRz))
/\/\<py — 2|y # 2)

If #H,V E a({(g,R)) and V(p,) # 0 for z € g then there is a subframe H' of H so that
(g, R) is a p-morphic image of H' (cf. [7]). In this case H is said to be subreducible onto
(9, R). H' and the p-morphism can be obtained as follows. Assume that a; = V(p;), for
all variables p; of a({(g, R)). Abbreviate by

H = al(g, R))[az|z € g]

the statement H,V = a((g,R)). (This notation will be used from time to time). Then
H' = U{az|z € g} and the p-morphism o is defined by putting o(y) = z iff y € a,. A
similar procedure works for cofinal subframe logics (cf. [26]). Put

V{9, R)) := al{g, R)) A\ {pz V Opsl € g).

IfH,V EV({(g,R)) and V(p,) # 0 for x € g then there is a cofinal subframe H' of H so
that (g, R) is a p-morphic image H'. In this case H is said to be cofinally subreducible onto
(g, R). Also the following formula will be used in some proofs. Define the weak description
of (g, R) by putting
W((g,R) = Ay — Op:lyRz)
AN\ (py = =Op.|=(yR2))
/\/\<py — _'pz|y # z>

Note that W ({g, R)) is equivalent to «({(g, R)) only for frames without non degenerate
clusters.

4 Replacement functions

As explained in the Introduction, we now come to another basic technical tools for obtain-
ing insight into tense logics. But first some notation. A frame G has finite clusters (fc, for
short) iff there exists an n € w such that all clusters in G have cardinality < n. A tense
frame has fc if the monomodal reducts have fc. All differentiated and finitely generated
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tense frames have finite clusters; more precisely, if G = (g, RT, R™, A) is a differentiated
frame and A is generated by a set B C A of cardinality m then all clusters have cardinality
< 2™. The reader should not care too much about finite clusters. We introduce them only
because some results and proofs are easier to formulate under the assumption of fc.

Consider a tense frame G = (g, R*, R}, a sequence of frames H, = (hq, ST, S, , Aa),
with a < k, and a sequence of non-degenerate different clusters (Cy|a < k) in g such that
the H, are mutually disjoint and disjoint from g — [J{Cy|a < k}. Then the replacement
of (Cola < k) by (Hala < k) is G[Ha/Cola < k] = (f,S*,S, A), where

o f=(9—-U{Cala <x}) UUthala <k}

e zSty iff z,y € f and zRTy, or Sy, for an @ < Kk, or zRTC, and y € hy, or
CoR'y and z € Cy, or CoRTCp, Co # Cp and z € hy,y € hg.

eacAiffanh, € A,, for all a < k.

It is readily checked that G[H,/Cyala < k] is a frame. It is a Kripke frame iff all the #,
are Kripke frames.

The corresponding notions for transitive monomodal frames are defined in the obvious
way. We first use replacement in order to characterize the d-persistent cofinal subframe
logics. Suppose that G = (g, R, A) is a frame with mpp and fc. Then all points in g see a
finite final cluster, i.e., a cluster which has no strict successors. Denote by TOPg the set
of final clusters in G and put BOTg = g — U TOPg. (Note that BOTy consists of point
while TOPg consists of clusters). Put

m< = ({0,...,m —1},<) and m= := ({0,...,m — 1}, <).

Now recall the following definition and result from [27]. A cofinal subframe logic A has
the finite cofinal embedding property if the following holds for all finite frames (g, R) and
all non degenerate clusters C'in BOT g py:

(Vm € w)({g, R)[m=/C] = A) = ({9, B)[(w,<}/C] = A) and

(¥m € w)((g, R)[m=/C] | A) = (g, B)[{w, <)/C] = A).

For a cofinal subframe logic A the following conditions are equivalent (cf. [27]):

(1) A is complete and elementary. (2) A is compact.
(3) A has the finite cofinal embedding property. (4) A is d-persistent.

A replacement function for G = (g, R™,R~) is a partial function f from the set of
non-degenerate clusters of G into the class of copies of a finite set {G1,...,G,} such that
the fC are mutually disjoint and are disjoint from g — | Jdomf. The replacement frame
induced by f is

Gt .= G[fC/C|C € domf].
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We will mostly simply write fC = G;, ignoring disjointness considerations. For C' ¢ domf
we will often write fC' instead of C, or equivalently, assume that f is defined for all clusters
but is the identity for all clusters not in domf. Also, for clusters C; and Cs, the terms
fC1RfC5 or C1RfC5 have the canonical meaning. For a non-empty subset d of a cluster
C define fd := fC. For a subframe H of G we denote the restriction of f to H by f, as
well.

Replacement functions for monomodal frames are defined in the same way. The fol-
lowing notion and proposition is quite technical, but forms the basis for some proofs. Let
f denote a replacement function for a frame (g, R) of bounded depth with finite clusters.
For a finite subset h of BOT(:= BOT, ) we define an equivalence relation ~, ¢ on
TOP(:= TOP, ). (We assume that fC' = (C, R), for all C' € TOP — domf). Put, for
C1,Cy € TOP,

4 ~(h.f) Cy s fC; ~fCy and CRCY iff CRCY, for all clusters C' in h.
Denote by TOPMP) the set of ~(n,p)-equivalence-classes, i.e.,
TOP") = {[C]: C € TOP}, where [C]:={C": C ~p¢ C'}.
TOP") is finite since h is finite and the range of f is finite (up to isomorphic copies).
Now call a finite subframe (f, R) of (g, R) a finite f-cofinal subframe of (g, R) iff both

1. for all C € TOP with C' N f # ( it follows that C N f = C,

2. and for all A € TOP™f) there exists an z € f with C(z) € A. Here h := f NBOT.
Of course, condition (2.) is essential and (1.) has only notational reasons. The use of the
notion of finite f-cofinal subframes is the following: Quite often we will meet the situation
that we have to check whether a frame (g, R)f validates a formula ¢. The following
proposition will tell us that it is enough to check the validaty of ¢ on all frames (f, R)f

such that (f, R) is a finite f-cofinal subframe of (g, R)¥; this is of course easier if compared
with the first problem.

If (f, R) is a finite f-cofinal subframe of (g, R), then we call
(f "BOT,{{C' € TOP : C ~,¢ C',C' N f # 0} : C € TOP})
the representation of (f, R) with respect to f.

Proposition 10 Let (g, R) be a frame of bounded depth with finite clusters and let f be a
replacement function.

(1) (g, R) is cofinally subreducible onto (h, R)Y, for each finite f-cofinal subframe (h, R)
of (9, R).

(2) For all formulas ¢: If (h, R)Y |= ¢, for all finite f-cofinal subframes (h, R) of (g, R),
then (g, R)" |= ¢.
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Proof. (1) Let (f, R) be a finite f-cofinal subframe of (g, R) with representation (h, { B;|i <
n}). For each C € TOP — J{B;|i < n} fix a cluster C; € U{B;|i < n} with C ~p¢ Cy
and let sc ¢, be an isomorphism from fC' onto fC;. Now define a map

o: (hU|JTOP,R)f — (f,R)f

by putting o(z) = =, for all z € ff, and o(z) = 8C(x),C(x): (7), otherwise. Tt is readily
checked that o is a cofinal subreduction.

(2) Suppose that (g, R),V,z = ¢. We are going to construct a finite f-cofinal subframe
(f,R) of (g,R) with (f,R)f,V,z |= ¢. f will consist of points y selected inductively as
follows. (Again we assume that fC' = C, for all clusters C not in domf).

Assume that A is a set of clusters in (g, R). For C € A let A¢ be a minimal set of
clusters D in (g, R) with the following property: For all x € sb(¢),

(+) if there exists a cluster D # C in (g, R) with CRD and V(x) NfD # (), then there
exists a cluster D € AU A¢ such that C # D and CRD and V(x) NfD # 0.

Put F(A) = AUU{Ac : C € A}. Certainly F(A) is finite whenever A is finite. We
now proceed by induction. Put Fy(z) := {C(z)} and F41(z) := F,(z) UF(F,(x)), for all
n € w. Clearly Fp,(z) = Fp,41(x), where m € w is the depth of (g, R). It is also clear that
d := J F,(z) is finite. Let h = d N BOT. For each B € TOPf) take a cluster C € B
and let d; be the set of all those clusters. Then (dUJd;, R) is a finite f-cofinal subframe
of (g, R). Tt follows from the construction of d that (d U dy, R),V,z = ¢. -

We are going to define the notion of a type assignment. Fix symbols m,i and r.

Definition 11 Let G = (g, R, A) be a frame with mpp and fc. A map t from the clusters
of G into {m,i,r} is a type assignment if tC = m, for all clusters C' with C € TOPg or
C degenerate. Now let G = (g, R*,R™, A) be a tense frame with mpp and fe. If tT is a
type assignment for Gt and t~ is a type assignment for G, then the map t := (t*,t7),
defined by tC := (tTC,t~C), is a type assignment for G. (G,t) is called a frame with
types.

Hence type assignments for tense frames are mappings t from the set of clusters into
{m, i,r}? which can always be represented as t = (t*,t~). Type assignments tell us the
status of a cluster in a frame. For instance, they tell us whether a cluster has to be replaced
by another frame and tell us of which type the frame is by which the cluster should be
replaced. Roughly speaking, tC' = (m, m) means that C is a good cluster and that there
is no need to replace it by another frame. (In the example from the Introduction precisely
the irreflexive points are good clusters). tC = (i, m) means that C has to be replaced by
an infinite descending chain of irreflexive points (or some similar frame) and tC = (r, m)
means that C' has to be replaced by an infinite descending chain of reflexive points (or
some similar frame). This explains the choice of i and r. The symbol m is taken from
mazximal (cluster) and will be explained in the next section. In this paper the types in

m~ := {(i,m), (r,m)}
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will be the most important ones since only clusters C with tC € m™ will be replaced by
other frames.

We are now going to define the frames by which clusters will be replaced. Suppose
that a cluster C and G = (g, R™, R™) are given. Define the frame (C <1 G) by

(C d g) = ({07 1}7 < >>[C/Oa Q/l],
that is, (C' <1 G) is defined by putting C' in front of G. Abbreviate

w> = <w’ >, <> and C(JZ = (wa 27 <>

Definition 12 Put G(C < w”) = {(g,5,5 ', A), where (g,8,8 ') = (C <w>) and A is
defined as follows: Let C = {xq,...Tm_1} and put

bj ={z;} U{im + jli € w}, for all j < m.

Then A is the set generated by {b;|j < m} U {a C wla finite } in (g,5,57"). G(C <w?)
is defined in the obvious way.

Rougly speaking, the internal sets in G(C' < w”) hide the right hand side of the cluster
C as well as the infinite descending chain. For a frame G = (g, RT, R™, A) with mpp
and fc define TOP" := TOPg+ and BOT' := BOTg+. The sets TOP~ and BOT™
are defined dually. The following definition connects type assignments with replacement.
Note that there are a lot of other possibilities to define this connection, and thus to extend
the results we are going to prove to other logics (see also Theorem 29).

Definition 13 Let (G,t) = ((g, RT, R"),t) be a tense frame with types and finite clusters.
Let £ be a replacement function for G. Then

(1) £ is the w”-replacement function for (G,t) iff domf = {C|tC € m~} and

fC = w”, fortC = (i,m),
fC = w2, fortC = (r,m).

(2) £ is the cofinal w” -replacement function for (G,t) iff domf = {C|tC' € m~} and

fC = w”, fortC = (i,m), C € BOT,
fC w?, for tC = (r,m), C € BOT",
fC G(C <w”), fortC = (i,m),C € TOP™,
fC = G(C <qw?), fortC = (r,m),C € TOP™.

(3) £ is the m-replacement function for (G,t) iff domf = {C|tC € m™} and

fC = m<, for tC = (i,m),
fC = mS, for tC = (r,m).
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(4) £ is the cofinal m-replacement function for (G,t) if domf = {C|tC € m~} and

fC = m<, fortC = (i,m),C € BOT",
fC = mS, fortC = (r,m),C € BOT™,
fC = (C<am®), fortC = (i,m),C € TOP,
fC = (C<amS), fortC = (r,m),C € TOP".

The frames in the range of the w”-and cofinal w”-replacement functions will form the
blocks (in the sense of the Introduction) of the frames to be constructed. The m-
replacement-functions are only needed for technical reasons. We see that, depending on
the context, tC' = (i, m) abbreviates the instruction to replace C' by w” or by G(C <qw”),
and tC = (r, m) abbreviates the instruction to replace C' by wZ or by G(C <w=). Let us
consider the logic G™.t from the Introduction. Now that we have replacement functions
as well as type assignments the main problem is how to get the finite frame h and the type
assignment for this frame. First we will only obtain an h of finite depth, but this is enough
for proving completeness of G*.t. For decidability we will reduce h once more. h will be
obtained by taking a subframe of a descriptive frame for G*.t. The type assignment will
be also obtained from that descriptive frame. But let us start with how to obtain A.

Let G = (g, R, A) be a frame with mpp and fc and let T be a finite set of monomodal
formulas closed under subformulas and containing T. Let V be a valuation. Define
RdymG = (Rdy(g, R), where Rdy)(9) = U{max(R,V(¢))[¢ € T}. Note that
Rdy ()G consists only of maximal points (alias non-eliminable points in [6]). In con-
trast to the constructions in [6] and [7] we do not take all the maximal point but only
those which are maximal with respect to sets in {V(¢4) : ¢ € I'}. The following Lemma
lists the main properties of Rdy mG.

Lemma 14 Let Rdyr)(g) € h C g and let Vi be the restriction of V to h. (1) For all
r€hand p €T : (hR),Vi,x|=¢ iff G, V,x |= ¢. (2) The depth of Rdy )G is bounded
by IT|. (3) Rdy()G is a cofinal subframe of (g, R).

Proof. (1) follows immediately from Theorem 5. (2) is trivial. (3) follows from the
assumption that T € I'. 4

An analogous construction is possible for a tense frame G = (g, R™, R~, A) with mpp
and fc. Let I' C £ be a finite set of formulas closed under subformulas and containing T.
For a valuation V' define Rdy (G = (Rdy(ryg, R", R ™), where

Rdy(r)(9) = (J{max(B",V(¢))|¢ € T} U J{max(R™,V(¢))|¢ € T}.

Lemma 15 Let Rdy(ry(9) € h C g and let Vi be the restriction of V to h. (1) For all
z€hand¢pel: (h,RY,R),Vi,o = ¢ iff G V,x |= ¢. (2) The depth of Rdy )G is
bounded by 2|T|. Rdy (G is a cofinal subframe of (9, RT,R").
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Let us look at h = RdV(F)g for a descriptive GT.t frame G. This frame will contain
reflexive points, i.e., bad points. They have to be replaced by infinite descending chains,
and the type assignment for A has to instruct us to do so. But first we need again a
technical Lemma. Based on the Lemmas above it will establish the connection between
w”-replacement functions and m-replacement functions. It will be used in order to check
whether a formula holds in some Af. In what follows sb(¢) denotes the set of subformulas
of ¢ plus {T}. Also, sb(¢,1)) denotes the set of subformulas of ¢, plus {T}. The length
of a formula ¢, in symbols [(¢), is the cardinality of sb(¢).

Lemma 16 Let G = (g, RT,R") be a frame of bounded depth with finite clusters and let
t be a type assignment. Let ¢ be a monomodal formula and m = ().

(1) If £ is the w” -replacement function for (G,t) and £, is the m-replacement function
for (G,t) and ¢ is a cofinal subframe formula, then G¥ |= ¢t iff Gf» |= ¢t

(2) If £ is the cofinal w” -replacement function for (G,t) and f,, is the cofinal m-
replacement function for (G,t) and ¢ is a d-persistent cofinal subframe formula, then

G =™ iff G =g

(3) If £ is the cofinal w” -replacement function for (G,t) and £, is the m-replacement
function for (G,t) and ¢ is a cofinal subframe formula, then G¥ = ¢t iff Gin = ¢+,

(4) If £ is the cofinal w”-replacement function for (G,t) and g is the w” -replacement
function for (G,t) and ¢ is a cofinal subframe formula, then Gt = ¢t iff G& |= ¢T.

(5) Let 1 € L be a d-persistent subframe formula and n := 2l(+). If £ is the w”-
replacement for (G,t) and f, is the n-replacement function for (G,t), then Gt |= o iff
Gt = 9.

(6) Let ) € L be a d-persistent subframe formula and n = 21(¢)). If f is the cofinal w” -
replacement for (G,t) and £, is the cofinal n-replacement function for (G,t), then Gt = 1

iff G = .

Proof. We prove (1),(2), and (5). (1) (g, RT)f is cofinally subreducible onto (g, R*)f».
One direction follows immediately. Now suppose that (g, RT)f £ ¢T. (g, R*)f has no
infinite strictly ascending chains. Thus (g, RT)f has the mpp and therefore, by Lemma

14, (g, RT)™ = ¢t

(2) (g9, R™)¥ is cofinally subreducible onto (g, R~)f. Hence Gf |= ¢~ = G |= ¢~.
Now suppose that (g, R™)f }£ ¢~. Then, by Lemma 10, there exists a finite f-cofinal
subframe (h, R™) of (g, R~) such that (h, R=)f £ ¢~. (h, R™) is also a f,,-cofinal subframe
of (g, R™), where f, is the cofinal n-replacement function for (G,t) and n € w. K4 @ ¢
has the finite cofinal embedding property. Hence (h, R~)f |~ ¢~, for an n € w. But then,
by Lemma 14, (h, R™)f £ ¢~. Hence (g, R)f" |= ¢~.

(5) G = 9 = G |= 4 is clear. K4.t ® ¢ has the finite embedding property since
K4.t @ ¢ is d-persistent. Suppose that Gf J~ ¢. Then there is a finite subframe H of Gf
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with H £ . By Lemma 15, there is a subframe #H; of H of depth < n with H; [~ 1.
Clearly H; is a subframe of Gt

(3) can be proved analogously to (1). (4) follows from (1) and (3). (6) can be proved
analogously to (5).

5 Canonical Replacement Functions

We are now going to describe how we get the required type assignments. Define the
canonical type assignment ¢ of a transitive descriptive frame G = (g, R, A) with finite
clusters as follows. For any cluster C' in G put

e cC = m iff there exists z € C and a € A with z € max(R, a).

ecC =iiff foralln € w and a € A with CNa # 0, there exists d, C a with
(dy, R) ~n= and CRd, (i.e., CRz, for all z € d,,).

e cC =riff cC ¢ {i,m}.
(G, c) is called a descriptive frame with canonical types. The following is easily checked:

e cC = m, for all degenerate clusters C.
e cC = m, for all clusters C' € TOPg.
e cC =m iff, for all z € C, there exists a € A with z € max(R,a).

e ¢cC =r iff cC # m and there exists a € A with C Na # @ such that there exists an
m € w so that T'rr(z) Na contains no chain of irreflexive points of length > m, for
all z € C, and such that there exists d,, C a with (d,, R) ~ n= and CRd,, for all
necw.

Hence c satisfies the conditions of a type assignment. Let G = (g, R*, R™, A) be a descrip-
tive and finitely generated tense frame and let ¢ be the canonical type assignment for G+
and ¢~ be the canonical type assignment for G~. Then ¢ = (¢, ¢ ™) is the canonical type
assignment for G. ¢ is a type assignment since ¢* and ¢~ are type assignments. Note that
if cC = (m, m), then the cluster C is nearly an internal set in the descriptive frame. In
other words, the cluster is good and need not be replaced. Let us consider the frame from
the introduction, h = Rdy (), for G a descriptive frame for GT.t. (Recall that this is not
really the frame from the introduction since A might be infinite of unbounded depth.) The
required type assignment on h will be the restriction ¢ of the canonical type assignment
for G. Suppose ¢™C = m. Then C is an irreflexive point since G is a G'.t-frame. So,
there is no need to replace this point by anything else. But if ¢™C = i, then C is a proper
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cluster and we have to replace it by w”. Note, by the way, that ¢¥C = r cannot happen
in this case. Now we check that this method works in general.

The following lemma tells us that the restriction of the canonical type assignment to
a subframe is the canonical type assignment of this subfame.

Lemma 17 Let G = (g, R, A) be a descriptive and transitive frame with fc and let a € A.

Let ¢y be the canonical type assignment for G and let co be the canonical type assignment
for Go. Then ¢1C = co(C Na), for all clusters C in G with CNa # 0.

We omit the simple proof. Note that a subframe of a descriptive frame is descriptive, as
well. The following Lemma can be checked by standard methods from [7] or [21]. The
following two Lemmas should be interpreted as definability result, i.e., they tell us that
certain important sets are internal.

Lemma 18 Let G = (g, R, A) denote a transitive and descriptive frame with fc and let ¢
be the canonical type assignment. Let C be a cluster in G. Then

(1) If cC = m then there exist sets {by|x € C} C A with x € by, for all z € C, and
g | a((C,R))[bs|z € C].

(2) If ¢C = i then, for all n € w, there ezist d,, C g with CRdy, and (d,, R) ~ n< such
that there exist {by|x € d,} C A with x € by for x € d,, and G = a((dy,, R))[bz|z € dy].

(3) If cC =t then, for all n € w, there exist d,, C g with CRd,, and (d,, R) ~ n< such
that c{z} = m, for all z € dy,, and such that there ezxist {by|x € d,} C A with x € by, for
all z € dy,, and G = a((dy, R))[bz|z € dy).

Lemma 19 Let G = (g, RY, R, A) be a descriptive frame with fc. Let h denote a finite
subset of BOT™ and suppose that there exists no y € |JTOP™ with xRy for all = € h.
Then there exists a finite set B C A of mutually disjoint sets with JB O U TOPY and
{bz|z € h} C A with © € by, for all x € h, such that for all b € B there exists © € h with
by N Ob = 1.

Proof. We prove the lemma for h = {z1,22}. Suppose that there exists no y € |JTOP™
with z; Ry and zoRy. Define K := {7 alzry € a,a € A} U{O7alry € a,a € A}, Then K
does not have the finite intersection property. Hence there exist a1,a2 € A with 1 € aq
and z9 € ag and O~a; N <O ag = . Now define B = {C7 a1, O ag, —(O7a; UO ag)}.
Then B and {ai,as} are as required.

The following theorem is the essential step. Let us explain the theorem by the standard
example. Here things are easy. Consider the frame h = Rdy ()G defined above with the
type assignment c. We have to check that the frame hf, where f is the w™-replacement
function for (h,c), is a frame for GT.t. This is done in the following theorem by proving
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that hfm is a frame for G*.t, where f,, is the m-replacement function for (h,c) and m € w
is arbitrary. We can apply Lemma 16 (1) in order to obtain the result. For a frame
(f,R) call a set fi C f R-closed iff (fi, R) is a generated subframe of (f, R). Call a type
assignment t an m-types assignment if the range of t is a subset of

m" := {(m,i), (m,r), (m,m), (i, m), (r,m)}.

Of course, the canonical type assignment is not always a m-type assignment.

Theorem 20 Let Ay, Ay be cofinal subframe logics and ® a set of d-persistent subframe
azioms. Suppose that G = (g, RT, R, A) is a finitely generated and descriptive frame and
that ¢ is the canonical type assignment for G. Let (h,R*,R™) be a cofinal subframe of
bounded depth of (g, RT, R~ such that ¢ is a m-type assignment for (h, RT,R~). Then

(1) If G |= Af .t then (h, RT,R™)f |= A .t, where £, is the m-replacement function
for {G,c), for all m € w.

(2) If G |= Ay .t and Ay D K4.3 is d-persistent then (h, RT, R™)fm |= A, .t, where £,
is the cofinal m-replacement function for (G,c), for all m € w.

(3) Let Ay be d-persistent and suppose that G is a A .t®P-frame of bounded R™ -width.
Then (h, Rt, R™)m |= Ay t®®, where £, is the cofinal m-replacement function for (G,c),
for all m € w.

Proof. (1) Let (h, R™) be a cofinal subframe of (g, R™) of bounded depth such that ¢
is a m-type assignment for (h, Rt, R™). We may assume that TOPg+ = TOP , g+). Let
m € w and let f,, be the m-replacement function for (G, c). By Lemma 10, it is enough
to show that (f, R)f= |= Ay, for all finite f,,-cofinal subframes (f, RT) of (h, RT). Let
(f,R™) be such a frame. We are going to show that G is cofinally subreducible onto
(f,RT)m. Let (d,{B;li < n}) be the representation of (f, RT) with respect to f,, and
define top™ = U{U B;|i < n}.

Using Lemma 18 (1) and Lemma 19 and standard techniques from [7] or [21] it is
readily checked that there exist sets {by|z € f} C A with the following properties (here
TOP™ := TOPg+):

e x €by, forallz € f.
o Gt EWT({(f,R"))[bs|z € f].
e U{bz|z € top*} D UTOP™ and G+ | ot ((C, RT))[bs|z € O], for all C € U{B;i <

Now we prove by induction on the RT-closed subsets dy of (d, RT) the following: There
exist sets
{ag|z € (d Utop™)fn} C A
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with a, = by, for all z € top™, and a, C J{by|y € C}, for all z € £,,C and all clusters C
in di such that

(a) G = ot ({dy Utop™, RT)m)[a,|r € (di Utop™)in].

(b) For all clusters C; in d — d; and all clusters Cy in dy: If ClR_'Jffng and z € £,,C5
then C; C Otay.

(Recall that we denote a cluster C' with C' & domf,,, also by f,,,C.) Suppose that this holds
for dy and let C be a cluster in d — d; such that all strict successors of C in (f, R*) are in
dy Utop™. Define

a:= (U{bs]z € C}) NN{OTa,|CR£,,Cy,x € £,C;, C cluster in d; U top™},

H = (a,R,an A).

Case 1. ¢*C = m. Then, by Lemma 17 and Lemma 18 (1) applied to #, there exist
{az|lr € C} Can A C A with z € ag, for all z € C, and

H E ot ((C, R))[az|z € C.
Then
G = ot ((C, R))[az|z € C].
It is readily checked that {a.|z € (d; U C Utop)f»} satisfies (a) and (b).

Case 2. ¢tC =1i. Then, by Lemma 17 and Lemma 18 (2) applied to H, there exist
dm C a with CRd,, and (dp,, R*) ~ m< such that there exist {a;|r € d,} C ANaC A
with z € a,, for all z € d,,, and

H = o ((dm, RT))[az]z € dyn).

Again G = ot ({(dpm, RY))]az|z € dp)] and {az|z € (d; U C U Jtop)f»} satisfies (a) and
(b), where we put f,,C = (dn,, R).

Case 3. ¢"C =r. Analogously to case (2) with Lemma 17 and Lemma 18 (3).

For d we get the existence of {az|z € ff=} C A with G* |= o ((f, R"))[az|z € fi].
We also have J{a;|z € topt} D UTOP™T. Hence G' is cofinally subreducible onto
(f, R*)tm.

(3) Let (h, R™) be a cofinal subframe of (g, R~) of bounded depth such that c is a
m-type assignment of (h, R", R™). We may assume that TOPg- = TOP, p-y. Let f;,
be the cofinal m-repacement function for (G, c). By Lemma 10, it is enough to show that
(f, R™)fm |= Ay, for all finite f,,-cofinal subframes (f, R~) of (h, R~). Let (f, R~) be such
a frame. Let (d,{B;|i < n}) be the representation of (f, R™) with respect to f and define

top™ =U{UBili < n}.

Again there exist sets {b;|z € f} C A with
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e x by, forallz e f.

e G EW ((f,R7))[be|z € [].

o U{bz|]z € top } DUTOP™ and G | a ((C,R))[by|x € O], for all C € U{B;|i <

We prove by induction on the RT-closed subsets fi of (f, RT) the following: There exist
an embedding o : (f1, Rt)f» — (g, RT) such that

(a) o[C] = C, for all C with ¢*C = m, where o[C] := {o(z)|z € C}.
(b) CR*o[Ct] for all C with ¢tC € {i,r} and C € BOT .

(c) If £,,C € {(C <m~),(C <m=)} then C' No[Ct»] = C.

(d) o[Ct] C U{bs|z € C}, for all C.

(e) ct{o(z)} =m, for all z € (f; Nd)fm.

Suppose that f; is RT-closed and let C be a cluster in f — f; such that all strict
successors are in fi. Assume that the statement is shown for fi.

Case 1. ¢"C = m. Then put oy(z) = z, for all z € C, and put oy (z) = o(z), for all
z € fi™.

Case 2. ct(C # m. Let
F := {o(z)|CR*f,C1, € £,C1,Cy cluster in fi}.

Then CR_’+y and c{y} = m, for all y € F, by (e). By Lemma 7, there exists b € A with
C Cband zRVz, for all z € F and all z € bN Trp+(C). Now let a := bNU{b.|z € C}
and form H = (a, RT,a N A).

Case 2.1. ¢*C = i. There exists d,, C a with CRd,, and (dp, RY) ~ m<. For
C € BOT™ let s : (C,R*)f» — (d,,, RT) be a surjective isomorphism. For C € TOP~
let s : (C,R")f» — (C' Ud,,, RT) be a surjective isomorphism. Now define o1(z) = s(z),
for all z € Cf, and put o(z) = o(x), otherwise.

Case 2.2. ¢TC = r. Analogously to case 2.1. Note that one can choose a chain d,,, of
reflexive points z with ¢*{z} = m, by using Lemma 18.

It is readily checked that oy satisfies the conditions (a),...,(e). Now consider the
embedding o : (f,R™)f" — (g, R™). Let b = {o(z)|z € ffm}. Then define

s: (bU|JTOP ,R™) — (f,R")™

as follows. Let s(x) = o~ (z), for z € b. For z ¢ b we have C(z) € U TOP~ — b. Choose
a C € B; for an i < n with C(z) ~g¢ C and let sgyc @ C(z) — C be a surjective
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ismorphism. Then put s(y) = s¢(y),c(y), for all y € C(z). s is a cofinal subreduction of
(g, R™) onto (f, R™)f=. Hence (f, R™)f |= A5 since Ay is d-persistent.

It also follows immediately from the proof that each finite subframe of (g, RT, R™)f

is a subframe of (g, R*, R~). Hence (g, RT, R~)' |= & since ® is d-persistent.

(2) follows by a combination of the arguments for (1) and (3). -

6 Completeness

Let me shortly summarize the situation for the standard example. We have obtained
frames h = RdV g for all valuations V' and finite sets of formulas I' which are closed
under subformulas Also we have type assignments ¢ on these frames. We know that the
hf are frames for G*.t, where f denotes the corresponding w”-replacement functions. In
order to show completeness of G*.t with respect to these frames valuations V; of hf are
needed so that formulas in I" which are refuted in (G, V') are refuted in (hf,V}). But we
have a valuation V' for h, namely the restriction of the valuation V for G. This valuation
will be transformed into a valuation for hAf. A good transformation of V' is possible since
V' respects the type assignment ¢. Roughly speaking, V' respects ¢ iff we are not forced to
replace a proper cluster by an infinite descending chain if this cluster is maximal in V'(¢),
for a formula ¢ € T'. (This is condition (succ;t) below). Here are the precise definitions.

Let G = (g, R™, R™) be a frame of bounded depth with finite clusters and let V be a
valuation of G. Let t be a type assignment for G and suppose that I' C L is finite and is
closed with respect to subformulas. Define the following property of (G, V,t).

(succy) If tTC # m then C Nmax(RT,V(¢)) =0, for all ¢ € T.

Now (G, V,t) is called w”-good for T iff (succf) holds. Let f be the w>-replacement
function for (G,t) or the cofinal w”-replacement function for (G,t). Then there exist p-
morphisms fo : (fC)~ — (C,R™) onto C, for all clusters C with tC € {(i,m), (r,m)}.
Define for these replacement functions the valuation V¥ of Gf by putting

Vip) —Jdomf) U J{£5" (V(p))|C € domf}.

Lemma 21 Let G be a frame of bounded depth with finite clusters and let t be a type
assignment for G. Let ¢, € L and suppose that (G,V,t) is w”-good for sb(p,+). Let f
be the w” -replacement function or the cofinal w” -replacement function for (G,t). Then

(GE, VEY refutes ¢ F ¢ if (G, V) refutes 1 - ¢.

Proof. Using (succ:b(d) w)) it can be shown by induction that

VE(x) —Jdomf) U J{f' (V(x))|C € domf},
for all x € sb(¢,). 4
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Lemma 22 Let G = (g,R",R™, A) be a finitely generated and descriptive tense frame
and let ¢ be the canonical type assignment. Let V' be a valuation and suppose that T' C L
is closed with respect to subformulas and contains T. Then

(1) c is a m-type assignment for Rdy)G.

(2) Let Vi be the restriction of V to RdyyG. Then (Rdy )G, Vi,¢) is w”-good for
r.

Proof. (1) follows from the definition and and Lemma 15 and the fact that Rdy )G is
a cofinal subframe of G. (2) Suppose that ¢™C # m and z € Vy(¢)) N C, 4 € T'. Then
x € V(¢) and V() € A and therefore there is a y € max(z, R™, V(¢)) with zRty. But
then y € Rdyryg N Vi(4).

In as sense, the following corollary is the main result of this paper. We obtain com-
pleteness with respect to a rather well-behaved class of models for a reasonably large class
of logics.

Corollary 23 Let Ay, Ay be cofinal subframe logics and let ® be a d-persistent set of
subframe azxioms. Let

e A=Aftor
e A=AftaI, or
o A=A.A;.t®®, where Ay is a logic of finite width and Ao is d-persistent.

o A= Ai".AZ_.t, where Ay D K4.3 and Ay is d-persistent.

Suppose that 1 t/x ¢. Then there exists a frame G = (g, R*, R™) of bounded depth and
with finite clusters with a type assignment t and a valuation V' such that

e (G,V,t) is w”-good for sb(¢,1)).
e (G, V) refutes i - ¢.

o (GE V) and (G8,V8) refute o - ¢, where f is the cofinal w™ -replacement function
for (G, t) and g is the w” -replacement function for (G,t).

o Gf = A, where f is the cofinal w”-replacement function for (G,t).

Proof. Let A be one of these logics and suppose that 9 /p ¢. Let H be a finitely
generated and descriptive A-frame and V' be a valuation such that (H, V') refutes 9 - ¢.
Let ¢ be the canonical type assignment for . Define G := Rdy 54,4y and let V also
denote the restriction of V to G. Then, by Lemma 22, (G,V,¢) is w”-good for sb(¢, 1))
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and ¢ is an m-type assignment for G. By Lemma 15, G has bounded depth and (G, V)
refutes ¢ - ¢. Hence, by Lemma 21, Gf and G8 refute ¢/ - ¢. By Lemma 16 and Theorem
20, Gf |= A in all cases with the exception of A = A{.t @ I;. But this case is settled by
the observation that G = I, iff Gf =1,

Note that, besides of I, there are a number of interesting formulas ¢ such that G =
¢ = G holds. For example, 0" p — O~ 0O p and OO p — OO p are of this type,
whenever f is a cofinal w”-replacement function.

Theorem 24 Let Ay be a cofinal subframe logic. Then
(1) Af .t and ATt DI, ,n € w, are globally complete.

(2) If Ay has finite width and ® is a set of d-persistent subframe azioms then A] .t @ ®
is globally complete.

(8) If Ay D K4.3 is a d-persistent subframe logic then AT .AS .t is globally complete.

Proof. (1) follows immediately from Corollary 23 and Lemma 16 (4). (2) and (3) follow
from Corollary 23 and Lemma 16 (5) and (6). .

In the Introduction we promised that it is quite easy to extend the theorems to some
logic in question. Let us take as an example the theory WR of the class WR of frames
(9, R*, R™) such that R~ is well-founded and has the Church-Rosser Property. How to
axiomatize WR and show completeness? It is readily checked that the construction of Gf
as well as G& in the proof of Corollary 23 does not destroy the Church-Rosser Property of
H. Hence AT.K4.2" .t is complete, for all cofinal subframe logics A. But then GT.K4.2 .t
coincides with WR.. Note that one has to be careful with these arguments. For instance,
a slightly different argument shows the completeness of all logics A*.S4.1~ .t whenever
A is a cofinal subframe logic, but G*.K4.17.t is known to be incomplete. With this
phenomenon at hand let us state the

Problem. Is there an algorithm which decides for finitely axiomatized cofinal subframe
logics A1, Ay whether Af.A; .t is complete?

7 Decidability

In order to prove decidability of logics frames of bounded depth are not simple enough.
(Consult [15], where it is shown that all equational theories of lattices can be uniformly
interpreted as extensions of K4.t & O"O% L. Hence there exist finitely axiomatizable
undecidable logics above this system and the structure of the lattice of extensions is quite
complicated.) So these frames have to be reduced once more. Let G be a frame of bounded
depth with finite clusters and let ' be closed with respect to subformulas and finite and
let V be a valuation such that (G, V,t) is w”-good for T, t a type assignment. Define the
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following equivalence relation ~ on g. First let z ~p y iff g,V 2z E 9 < ¢, V,y = 1 for all
¢ € T. Now define by induction on dp(R",z) : = ~ y iff

e dp(R",z) = dp(R*,y) and x ~r y.

if zR+2 for a z € g then there exists 2/ with yR+2' and z ~ 2. If yR+z fora z € g
then there exists 2’ with xRz and z ~ 2'.

Vze C(y)32' € C(z) 1z ~r 2 and Vz € C(2)32' € C(y) : z ~r 2.

C(z) is degenerate iff C(y) degenerate.
e tC(z) = tC(y).

Let [z] denote the ~-equivalence-class of z € ¢ and define h = {[z]|z € g}. Using the
assumption that ¢ has bounded depth simple induction on the depth of [z] shows that
h is finite. Define S on h by [z]ST[y] iff there exist 2’ € [z],y' € [y] with zRTy. Let
S~ :=(S*)7! and define H = (h,S*,S57), V'(p) := {[z] € h|z € V(p)} for p € T.

Fact 1. s:x + [z] is a p-morphism from (g, R*) onto (h,ST).
Fact 2. Forally e,z €g: G, Viz = < H, V' [z] E .

Let U be a cluster in H. Then s~}(U) is a set of cluster in G and tC; = tCs, for all
C1,Cs € s 1(U). Define a type assignment for H by putting t'U := tC, for some cluster
C e s HU).

Fact 3. t' is a type assignment and (H, V', t') is w”-good for T.

Fact 4. Let f be the cofinal w”-replacement function for (G,t) and let g be the cofinal
w”-replacement function for (#,t'). Then (#8)" is a p-morphic image of (GF)*.

The following lemma, now follows immediately from Corollary 23.

Lemma 25 Let A be a cofinal subframe logic Suppose that ¢ is not globally derivable from
W in AT.t. Then there exists a finite frame G with a type assignment t and a valuation V
such that

e (G,V,t) is w”-good for sb(¢,1)).
o Gf = AT.t, where £ is the cofinal w”-replacement function for (G,t).

e (G, V) refutes i b ¢.

Theorem 26 Let Ay be a cofinal subframe logic. Then A = AT .t is globally decidable if
A is finitely axiomatizable.
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Proof. We may assume that A; = K4 @ ¢. It is enough to show that both, the set

A = {(x1,x2)|x1 Fa x2} and the set {(x1,x2)|x1 #a X2}, are recursively enumerable.
This is clear for Ar. Put m := [(¢). Then x; /o x2 iff there exists a finite frame G, a
valuation V' and a type assignment t such that

e (G,V,t) is w”-good for sb(x1, x2)
e (G,V) refutes x1 F x2

e Gfm |= ¢, where f,, is the m-replacement function for (G, t).

This follows from Lemma 25 and Lemma 16. It follows that {(x1,x2)|x1 Fa X2} is
recursively enumerable.

In order to show how to extend this decidability result let us look again at WR. =
G1t.K4.27.t. (Note, by the way, that there is no finite frame validating this logic). In
general, the reduction will destroy the Church-Rosser Property of Gf. But we can take a
rooted frame G, and for a rooted G it is readily checked that the reduction H& validates

STOTp - 0O O p,

as well. Hence AT.K4.27.t is decidable, for all finitely axiomatizable cofinal subframe
logics A. Another example of interest is the incomplete logic GT.K4.1~.t. But again, all
operations needed in order to produce H& preserve the validatity of

0O p— O O p.

Hence AT.K4.17 .t is decidable, for all finitely axiomatizable cofinal subframe logics A.
This shows also that the proof-method does not depend on the completeness of the logic
in question. The reason is, that the cofinal w”-replacement function works as well as the
w” -replacement function.

We are now going to prove another decidability result. In this case we do not get
global decidability but only local decidability. The modal depth dp(¢) of a formula ¢ is
defined as usual. Let S be a relation on g and a C g. Then define the m-transit of a in g
by induction:

TR'a,S,g] = aU{y€g|Fz €a: xSy}
TR™[a,S,g] := TRYTR™[a,S,g],S,qg]

Let G = (g, RT, R™) be a finite frame and let t be a type assignment and V a valuation
of G. Suppose that € g and ¢ € L and let dp(¢) = m. Then (G,V,t,z) is weakly good
for sb(¢) iff, for all n < m and all clusters C C TR"[z, Rt U R, g], the following holds:

If tC € m~ then C Nmax(R",V(x)) =0, for all x € sb(¢) with dp(x) < m —n.

Fact. Suppose that (G,V,t,z) is weakly good for sb(¢) and that G,V,z = ¢. Then
G5, VE y = ¢, for a y € fC(z), where f is the cofinal w™-replacement function for (G, t).
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Lemma 27 Let Ay,As be cofinal subframe logics of finite width and let ® be a set of
d-persistent subframe azxioms. Let

e A=Afto®aI, or

e A=A[.A,.t®®, where Ay is a subframe logic and Ao is d-persistent.

Suppose that ¢ € A. Then there exists a finite frame G, a type assignment t and a valuation
V' such that G,V,z = —¢ and such that (G, V,t,x) is weakly good for sb(¢p) and such that
G' |= A, where f is the cofinal w™ -replacement function for t.

Proof. We prove the Lemma for A of the first type. Suppose that ¢ ¢ A and let
m = dp(¢). By Corollary 23, there exists a frame H = (h,S*,S") of bounded depth
with a type assignment t and a valuation V' such that (H,V) refutes ¢ in an z € h and
such that (H,V,t) is good for sb(¢) and such that Hf |= A, where f is the cofinal w>-
replacement function for (#,t). Consider

g:= TR[TR™{z},S* US,h], 5",

g is finite since H has bounded depth and finite clusters and finite width in both directions.
By definition, (g, ST) is a cofinal subframe of (h,S™). Let t also denote the restriction
of t to G := (g,8",5 ) and let g denote the cofinal w”-replacement function for (G, t).
Clearly G8 is a ST-cofinal subframe of HE. Hence G8 = A. Let V' denote the restriction
of V to g. Tt follows by induction on the depth of the subformulas of ¢ that (G, V' t,z) is
weakly good for sb(¢) and that G, V' z = —¢. -

Theorem 28 Let Ay, Ay be cofinal subframe logics of finite width and let ® be a set of
d-persistent subframe azxioms. Let
. AzAi".tGBCDGBI,; or

e A=Af.A;.t®®, where Ay is a subframe logic and Ao is d-persistent.

If A is finitely axiomatizable then A is decidable.

Proof. Assume that A; = K4 ® ¢ and & = {4} and Ay, = K4 & ¢; and that m =

2max{l(¢), [(¢)}.
Let A be of the first type. It is enough to show that £ — A is recursively enumerable.

But x ¢ A iff there exists a finite frame G satisfying I}’ with a valuation V and a type
assignment t such that

e G,V,z | —x.



7 DECIDABILITY 28

e (G,V,t,z) is weakly good for .

o Gfn = ¢t A4, where £, is the m-replacement function for (G, t).

This follows from Lemma 27 and Lemma 16. Now assume that A is of the second type.
Let m := I(¢) and n := 2max(l(¢),l(¢1)}. Then x ¢ A iff there exists a finite frame G
with valuation V' and a type assignment t such that

° G, V,x |Ex.
e (G,V,t,z) is weakly good for .
e Gfn = ¢t where f,, is the m-replacement function for (G, t).

e G8 |=1 A ¢], where gy, is the cofinal n-replacement function for (G, t).

This follows from Lemma 27 and Lemma 16. -

The formulation of this last Theorem is certainly a bit strange. Formulated for sub-
frame logics it states that under the condition of finite width finitely axiomatizable sub-
frame logics are decidable if only the axioms in one direction are non-elementary. The
reason for this limitation is the choice of the replacement function. Only the frames
G(C <4 w”) and G(C < w?) occur as blocks. But if we have non-elementarity in both
direction then also the mirror images G(w< <1 C) and G(w< < C) of these frames are
required. Define for a type assignment t of a finite frame G the w-replacement function f

)
fC = G(w< <), for tC = (m,i).
fC = G(wS<0), for tC = (m,r).
fC = G(C<w”), for tC = (i,m).
fC = G(C <qw?), for tC = (r,m)

Instead of re-iterating the procedure for this type of replacement functions let us only
state one output.

Theorem 29 Suppose A1, Ao are cofinal subframe logics and Ay O K4.3. Put A =
Af.AS.t. For ¢ € A there exist a finite frame G with a type assignment t so that G¥ = A
and GY refutes ¢, where f is the w-replacement function for (G,t). If A is finitely aziom-
atizable then A is decidable.

The decision-algorithms delivered are far from being optimal. It is always possible to
give upper bounds for the size of the models needed in order to refute a formula ¢. But
the complexity of the provability problem for the logics listed in the theorems remains
open. So, let me state the

Problem. What is the complexity of the provability problem for the logics listed in the
last theorems?
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8 Concluding Remarks

In [21], [24], [25] and the present paper we have developed a theory which allows to prove
a number of general results on the fmp, on completeness and on the decidability of tense
logics. All standard systems are covered by those results. Given that it was a widespread
opinion that tense logics are much more complicated than modal logics containing K4 the
number of positive results is surprising. With those results at hand there arise a number
of problems which we believe can be attacked with the methods developed. Besides of
those mentioned above we note

e Does Rybakov’s modal analog of Glivenko’s Theorem (cf. [16]) also hold for Tense
Logics?

e Are all finitely axiomatizable tense logics containing K4.3".¢ decidable?

e Finite width is an essential condition for a number of results in [21] and the present
paper. Are there even more general results on the decidability of tense logics con-
taining some K4.I.1 .7

Some of the results of this paper should be interpreted as transfer results for the map A —
AT.t. The transfer properties for the fmp as well as for completeness are clarified. But,
as already mentioned in the Introduction, it remains open whether decidability transfers.
Other candidates for transfer are the Interpolation Property, the complexity of the decision
problem and strong completeness. (Note that for forming fusions transfer of Interpolation
and transfer of complexity have been investigated in [14] and [18], repectively). Finally let
us mention the interesting problem whether the map A — A™.t is injective, if restricted to
logics containing K4. (Recall that the map is not injective on the set of all modal logics
(cf. [25])).
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