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Abstract. We consider the problem of computing the logical differ-
ence between distinct versions of description logic terminologies. For the
lightweight description logic £L£, we present a tractable algorithm which,
given two terminologies and a signature, outputs a set of concepts, which
can be regarded as the logical difference between the two terminologies.
In particular, it decides whether they imply the same concept implica-
tions in the signature. A prototype implementation CEX of this algo-
rithm is presented and experimental results based on distinct versions
of SNOMED CT, the Systematized Nomenclature of Medicine, Clinical
Terms, are discussed. Finally, results regarding the relation to uniform
interpolants and possible extensions to more expressive description logics
are presented.

1 Introduction

The standard diff operation for text files is an indispensable tool for comparing
different versions of texts, and similar operations are available to software en-
gineers comparing distinct versions of code produced in collaborative software
projects. As observed, e.g., in [14], such a purely syntactic diff operation is hardly
useful if the text consists of a set of axioms of an ontology. In this case, one is
usually not interested in a comparison of the syntactic form of axioms, but in
the consequences that the ontologies have. The authors of [14] present a number
of heuristic rules to address this problem and develop a diff operator for ontolo-
gies. Except theoretical results in [12, 13, 9], we are not aware of any logic-based
approach to computing the logical diff of ontologies.

Our formalisation of the logical difference problem is based on the observation
that when comparing distinct versions of ontologies one should take into account
their signatures. In fact, the interesting differences between ontologies are those
formulated in their shared signature (or even subsets thereof), and not those
involving symbols used only in one of the two ontologies. Thus, the proposed
notion of logical difference is based on the notion of X-entailment: an ontology
7T X-entails an ontology 7’ for a signature X, if for all concept implications
CCDinX, 7' CELC Dimplies 7 = C C D. If 7 and 7' mutually
Y-entail each other, then they are called X-inseparable. By taking X' as the
set of shared symbols of 7 and 7', Y-inseparability means that 7 and 7’ are



not distinguishable by means of derivable concept implications in their shared
signature. In this case, their logical difference will be regarded as empty.

We show that deciding Y-entailment is tractable for £L£-terminologies, i.e.,
sets of possibly cyclic concept definitions in the lightweight description logic
EL; see [1,10]. Observe that for ontologies formulated as general TBoxes in de-
scription logics, the computational complexity of deciding X-entailment is by at
least one exponential harder than the deduction problem, e.g., it is 2EXPTIME-
complete for expressive description logics such as ALC, ALCQ, and ALCQOT [6,
12] and ExpTIME-complete for L itself [13]. Moreover, even in such simple for-
malisms as acyclic propositional Horn Logic X-entailment is co-NP-complete [5].

In applications, it is not enough to decide whether two ontologies are logi-
cally different, but an informative list of differences is required. We show that
for any concept implication C' C D in the logical difference between two £L-
terminologies, there exist subconcepts C’ and D’ of C' and D, respectively, such
that C" E D’ is in the logical difference and C’ or D’ is a concept name. Thus, list-
ing the set of all concept names involved in such implications appears to be an in-
formative approximation of the logical difference between two £ L-terminologies.
This list is empty if, and only if, there is no logical difference between the two
terminologies.

The system CEX implements, by employing a dynamic programming ap-
proach, the algorithm deciding X-entailment and lists the set of logical dif-
ferences described above for acyclic £L£-terminologies. We present a variety of
experiments in which CEX is applied to different versions of SNOMED CT, the
Systematized Nomenclature of Medicine, Clinical Terms. This terminology com-
prises ~0.4 million terms and underlies the systematized medical terminology
used in the health systems of the US, the UK, and other countries [17].

Finally, we discuss an alternative approach to deciding X-entailment us-
ing uniform interpolants and explore the complexity of corresponding reasoning
problems for acyclic ALC-terminologies.

2 Preliminaries

Let N¢ and Ng be countably infinite and disjoint sets of concept names and role
names, respectively. In the description logic £L£, concepts C' are built according
to the syntax rule

C:=T|A|CnND]|3rC,

where A ranges over N¢, r ranges over Ng, and C, D range over concepts. The
semantics of concepts is defined by means of interpretations T = (A%, -1), where
the interpretation domain AZ is a non-empty set, and -Z is a function mapping
each concept name A to a subset A% of A and each role name % to a binary
relation 77 C AT x AZ. The function % is inductively extended to arbitrary
concepts by setting TZ := AT (CN D)% := CTN D%, and (Ir.C)T := {d € AT |
Je € CT : (d,e) € rT}.

A general TBoz is a finite set of azioms, where an axiom can be either a
concept inclusion (CI) C £ D or a concept equality (CE) C = D, where C, D



are concepts. An interpretation Z satisfies a CI C C D (written Z = C C D)
if CT C D?; it satisfies a CE C = D (written Z |= C = D) if CT = DT. T is a
model of a general TBox T if it satisfies all axioms in 7. We write 7 = C C D
(T = C = D) if every model of T satisfies C C D (C = D, respectively).

Our main concern in this paper are terminologies, i.e., general TBoxes T
satisfying the following two conditions:

— T consists of CEs of the form A = C (concept definitions) and Cls of the
form A C C (primitive concept definitions) only, where A is a concepts name;
— no concept name occurs more than once on the left hand side of an axiom

in7.

Define the relation <7 between concept names by setting A <7 B if there exists
an axiom of the form A = C or A C C in 7 such that B occurs in C. A
terminology 7 is called acyclic if the transitive closure <% of <7 is irreflexive.

A signature X is a finite subset of N¢c U Ngr. The signature sig(C) (sig(a),
sig(7)) of a concept C' (axiom «, terminology 7 ) is the set of concept and role
names which occur in C («, 7, respectively). If sig(C) C X, we also call C a
X -concept and similarly for axioms and terminologies.

Definition 1 (X-difference, Y-entailment). Let 7 and 7' be terminologies
and X a signature. The X-difference, Diff (T ,7"), between T and T’ is defined
as

Diff(7,7') ={CCD|T % CCD andT' = CC D andsig(C T D) C X}.

T XY-entails T' if, and only if, Diff5(7,7") = 0. T and T’ are called X-
inseparable if T and T' X -entail each other.

Ezample 1. Observe that, in some cases, Diff (7, 7") contains concept implica-
tions of at least exponential size only, even for acyclic terminologies: let

T = {Al C Fo} @] {Fl C E")".Fl'+1 M HS.FiJrl | 0<i< TL},

T = {AO C BO;Al = Bn} @] {BiJrl = dr.B; M 3s.B; | 0<i< n},

and X = {Ap, A1,r,s}. Then 7’ is not Y-entailed by 7, and a minimal im-
plication in Diff5(7,7") is given by C, T A;, where Cy = Ay and C;y; =
Ir.C; M 3s.C;, for i > 0. Clearly, C,, is of exponential size. Observe, however,
that if we use structure sharing and define the size of C), as the number of its
subconcepts, then C), is only of polynomial size.

Observe that if 7 Y-entails 7’, then 7 X’-entails 7" for any X’ with X' N
sig(7’) C X. This follows immediately from the following interpolation re-
sult [16].

Theorem 1. £L has the interpolation property, i.e., if T |= C C D, then there
exists a finite set Ty of Cls with sig(7o) C sig(7) Nsig(C C D) such that T = Ty
and To =C C D.



DCFE
CnNDCE

CCFE
CEC (AX) CET (AXTOP) m (ANDL].) (ANDLZ)

CCE CCD
CCDNE

cCD

(ANDR) === (BX)

CaC D

DCCy
= (DEFL) DA (DEFR)

where A=Cs €T
CaC D

ACD (PDEFL)

where ACCy €T
Fig. 1. Gentzen-style proof system for £L£ terminologies.

3 Basic properties of £L£

We derive basic properties of ££ from the Gentzen-style sequent calculus of
Hofmann [10]; see Figure 1.! The basic calculus of [10] considers £L£ without
the constant T and for terminologies without primitive concept definitions. To
take care of T, we have added the rule (AxToP), and (PDEFL) is the rule
representing axioms of the form A C C. Cut-elimination, completeness, and
correctness can now be proved by a straightforward extension of the proof in [10].
For a terminology 7 and concepts C, D, we write 7 - C' C D iff there exists a
proof of C'C D in the calculus of Figure 1.

Theorem 2 (Hofmann). For all terminologies T and concepts C,D, T =C C
D if, and only if, T - C C D.

We apply this calculus to derive a description of the syntactic form of concepts
C such that 7 = C C D, where D is not equivalent to a conjunction. Call a
concept name A primitive in T if A does not occur on the left hand side of an
axiom in 7. Call A pseudo-primitive in T if it is primitive in 7 or occurs on
the left hand side of primitive concept definitions in 7. In what follows, we say
that a concept F' is a conjunction of concepts if F' = [,y D, for a set X of
concepts. Any D € X is then called a conjunct of F' and, if D is a concept name,
then it is called an atomic conjunct of F. We sometimes write D € F' instead of
D € X and if X is empty, then F' denotes the concept T.

Lemma 1. Let 7 be a terminology and C = F T H(T_D)EQ Jr.D, where F is a
conjunction of concept names and @Q is a set of pairs (r, D) in which r is a role
and D a concept.

1. If T E CC A for an A which is pseudo-primitive in T, then T = B C A,
for some atomic conjunct B of F.

1 Alternatively, one could start from the model-theoretic analysis of ££ terminologies
in [1].



2. If T = C C 3s.Cy, then
— T = B C 35.Cy, for some atomic conjunct B of F, or
— there exists (r,D) € Q such that r =s and T |= D C C.

Proof. We use Theorem 2. Point 1. Let 7 - C C A, where A is pseudo-primitive
in 7. Let D be a proof of C' C A. Note that, since A is pseudo-primitive in 7,
D may only end with one of AX, ANDL1, ANDL2, DEFL, or PDEFL. We show
that the 7 F B C A, for some conjunct B of F', by induction on the number n
of conjuncts in C.

The base case of n = 1 is trivial: D can only end with one of AX, PDEFL,
or DEFL; so, C' is a concept name itself.

Assume n > 1. Then D can only end with one of ANDL1 or ANDL2. In any
case, there exists a conjunct C’ of C such that 7 - C’' € A and C’ contains
less conjuncts than C. By induction, there exists a concept name B which is a
conjunct in ¢’ such that 7 + B £ A. Note now that B is also a conjunct of C.

Point 2. Let 7 + C C ds.Cy. Let D be a proof of C C ds.Cy. Note that
D may only end with one of AX, ANDL1, ANDL2, DEFL, PDEFL, or Ex. We
prove this part of lemma by induction on the number n of conjuncts in C.

If n = 1, the proof D can only end with one of AX, DEFL, PDEFL, or EX.
We have two subcases:

— D ends with DEFL or PDEFL. Then C is B for some concept name B and
B C 3s.C) is provable.
— D ends with AX or EX. Then C' is of the form 3s.D and D C Cj is provable.

The case n > 1 can be proved by induction similarly to Point 1 above.

We apply Lemma 1 to show that if 7 does not X-entail 7’, then there exists
C C D e Diffg(7,7") such that C or D is a concept name.

Lemma 2. Let T and T’ be terminologies and X a signature. If C T D €
Diff2(7,7"), then there exist subconcepts C' and D' of C and D, respectively,
such that C' T D' € Diff5(7,7') and C' T D' is of the form A T 3r.Dy or
Co C A, where A is a concept name.

Proof. Let C C D € Diff5(7,7"). Then D # T because otherwise T =C C T.
If D= D1MDs, then one of C C D;, ¢ = 1,2, is in the Y-difference. If D = 3r.D,
then, by Lemma 1, either there exists a subconcept A of C, A a concept name,
such that A C D is in the Y-difference, or there exists a subconcept 3r.C; of C,
such that C; C D, is in the X-difference. Simplify C' © D until none of these
simplification rules is applicable. The resulting CI is as required.

4 Deciding X-entailment: theory

By Lemma 2, to decide Y-entailment, it is sufficient to decide whether the set
Diff(7,7") contains X-implications of the form C' C A or A C D, where A is
a concept name. The latter problem is decidable in polynomial time already for



For A € N,

— if A is pseudo-primitive in 7, then

nOimP'YT,E(A) = {¢a}, NOimPIYT,Z(A) ={€C I_l A'n Alls};
Are(Z\preZ (A))

— if A is conjunctive in 7 and A = F € 7, then
noimplyy 5(A) ={{p | B € F}, Noimply; (A) =0

— if A=3r.B € T, then noimply; 5(A) = {{4} and Noimply; »(A) = {aa}, where

aa=EaC( [T A)n([] 3s([] AnAlg)n [1 3re

Ale(Z\preZ (A)) r#sEY Alex £€noimply - 52 (B)

Fig. 2. Computing Noimply (A) and noimply, »(A)

general ££-TBoxes [13]. So, in what follows we concentrate on X-implications of
the form C' C A. We first transform 7 into a normalised terminology. A concept
name A is called non-conjunctive in 7 if it is pseudo-primitive in 7 or has a
definition of the form A = 3r.C € 7. Otherwise A is called conjunctive in 7. A
terminology 7 is normalised if it consists of axioms of the following form:

— A=3r.Bor AC 3r.B, where B is a concept name;
— A= F or AC F, where F is a (possibly empty) conjunction of concept
names such that every conjunct B of F' is non-conjunctive in 7.

Normalised terminologies in the sense defined above are a minor modification of
normalised terminologies as defined in [1]. Say that two interpretations Z and J
coincide on a signature X, in symbols Z|x = J|x, if AT = A7 and X% = X7
for all X € .

Lemma 3. For every terminology T, one can construct in polynomial time a
normalised terminology T' of polynomial size in |T| such that sig(T) C sig(T’),
T' =T, and for every model I of T there exists a model J of T' which coincides
with T on X. Moreover, T' is acyclic if T is acyclic.

The proof is a straightforward modification of the proof in [1], see also Appendix.
From now on we will work with normalised terminologies only.

Intuitively, to decide whether there exists C C A € Diff5(7,7"), we want
to construct the most specific X-concept C4 such that 7 £ C4 C A. Then
there exists some X-concept C such that C C A € Diff5(7,7) if, and only if,
7' = C4 C A. Unfortunately, most specific X-concepts with this property do
not always exist and, therefore (and also to enable structure sharing), we use an
additional terminology. We use the following sets and axiom:

— xfresh — LAl }U{€4 | A € N¢ non-conjunctive in 7} is a set of fresh concept
names not occurring in X' Usig(7);



— « denotes the concept inclusion Ally, & |—|T€2 Eir.(|—|A,€E A'MAlls);
— preZ(A) ={B € X |T = BLC A}, for A € Nc. These sets can be computed
in polynomial time [1].

Theorem 3. Let 7 be a normalised terminology and X a signature. The ter-
minologies Noimplyr s;(A) and sets of concepts names noimplyr x.(A) are con-
structed, in polynomial time, in Figure 2. Set

Noimplyr 5 = {a} U U NoimpIyTyz(A).
AeXUsig(T)

The following conditions are equivalent, for every concept name A € X Usig(T)
and terminology T' with sig(T") N Xfresh = ¢):

— there exists a X-concept C with 7' =CC A and T £ C C A;
— T'"UNoimply7 » |F £ E A, for some £ € noimplyr 5(A).

Observe that, in Theorem 3, Noimply s and noimply y.(A) do not depend on
T'. Thus, once they have been constructed, they can be used to check the exis-
tence of concept implications C' = A € Diff5(7,7") for arbitrary terminologies
7'. Tt is worth noting as well that the proof of Theorem 3 will show that the
result holds for arbitrary general TBoxes 7’ formulated in description logics
which are fragments of first-order logic, and, indeed, for 7’ any first-order the-
ory. In this case, Theorem 3 provides a reduction of checking whether there exists
C C A € Diff5(7,7") to deduction in the language of 7.

Ezxample 2. Let T = {A = 3r.B,B = 3r.A} and X = {r, A, B}. Then we have
noimply (A) = {§a} and Noimply; v = {{4 & BN 3r&p, {p © AN Irdal.
Intuitively, {4} UNoimply y; stands for the “infinitary” most specific X-concept
not subsumed by A relative to 7.

In the remainder of this section we prove Theorem 3. To this end, we first
prove an “infinitary” version of Theorem 3 by associating with every concept
name A a sequence noimply’r x-(A), n > 0, of sets of X-concepts such that the
following holds: ’

Cl. T CLE Aforalln >0 and C € noimply7 (A).

C2. For all Y-concepts D, if T £ D C A, then = C T D for some C €
noimply7 -(A), where n is the role-depth depth(D) of D (i.e., the number of
nestings of existential restrictions in D).2

The sets noimply7 5,(A) are defined in Figure 3. Observe that noimplyr 5 (A)
is well-defined because in the definition A = F' € 7 of a conjunctive concept
name A no conjunctive concept name occurs. This observation will also be used
in the inductive proofs below.

2 More precisely depth(A) = 0, depth(C; M C2) = max{depth(C1),depth(C2)}, and
depth(3r.D) = depth(D) + 1.



Set, inductively, ally, = T and all™ = [ 3r(aes A M all%). Define
noimplyY 5 (A) as follows:

— if A is non-conjunctive in 7, then noimply? ;(A) = {l—lA'ez\pre§(A) A’}

— if A s conjunctive and A = F € T, then noimply% ;(A) = g noimply 5 (B);
and define, inductively, noimply?le(A) by

— if A is pseudo-primitive in 7, then noimply?le(A) = {HA,E(E\WE?(A)) A'mallty.

— If Ais conjunctive and A = F € 7, then noimply’}'f')é(A) =Uger noimply’}le(B).
— If A=3r.B € 7, then noimply} ' (A) = {C%}}, where

Cur = ( [ An([] 3s(]] Analg)m [ Ir.E.

A/E(Z'\preg(A)) r#£sex Alex EEnoimpIy}yE(B)

Fig. 3. Computing noimply7 1 (A)

Ezxample 3. For the terminology 7 and signature X from Example 2, we have
noimply%’E(A) = {B}, noimplyé—’E(A) = {B N 3r.A}, noimplsz’E(A) = {Bn
3r.(AN3r.B)}, etc. Thus, intuitively, noimply7 y-(A) is the unfolding up to depth
n of {4 relative to Noimply .

Lemma 4. Let 7 be a normalised terminology, signature X, and A € Nc. The
sets noimply7 x(A) satisfy conditions C1 and C2 above.

Proof. C1. Assume first that A is pseudo-primitive in 7. Then noimply7 5 (A)
consists of C' = |—|A'e(2\pre§(A)) A’'Mally,. By Lemma 1, 7 = C C A because the
only atomic conjuncts of C are in X'\ preZ(A).

We now prove C1 for concept names A which are not pseudo-primitive in
7. The proof is by induction on n. For n = 0 and A = Ir.B € 7 the claim
follows again from Lemma 1 and the observation that B’ € preF(A) if, and only
if, 7 = B’ C Ir.B. For n = 0 and A conjunctive with A = F € 7, C1 follows
since it has been proved for all conjuncts of F' and 7 = C C A if, and only if,
there exists an atomic conjunct B of F such that 7 = C' C B.

For the induction step, assume C1 has been proved for n > 0.

Let A = 3r.B € T and let C}%} be the only element of noimplyy's(A).

Assume 7 = Cgfxl C A. By Lemma 1 there are two possibilities:
= T E[aes\prez(a)y) A’ E Ir-B. This is excluded, by Lemma 1.

— There exists E' € noimply7 ;(B) such that 7 = £ C B. This is excluded by
the induction hypothesis.

We have derived a contradiction. The case A = F € T, A conjunctive in 7, is
considered similarly to the case n = 0 and left to the reader.

C2. Let n = 0 and assume first that A is non-conjunctive. Let D be a X-
concept with depth(D) =0 and 7 j£ D C A. Then all conjuncts of D are in X'\



pre¥ (A) and we obtain = ﬂA,ex\pre;[(A) A’ C D. Now assume A is conjunctive
in7 and A = F € 7. Let D be a Y-concept with depth(D) = 0 and 7 [~
D C A. Then T (£ D C B, for some conjunct B of F. By induction, = C C D
for the (unique) C € noimpIyOT’E(B)7 and therefore = C C D for some C €
noimpIyOT’E(A).

For the induction step, assume that C2 has been shown for n. Let D be a
X-concept with 7 = D C A and depth(D) =n + 1.

(a) Let A be pseudo-primitive in 7. Then the atomic conjuncts of D are in-
clud+eld in X\preZ(A). Now = C C D follows immediately for C = I_lA/EE\pre§(A) AN
I'sr.

(b) Let A=3r.BeT. Let C;El be the only element of noimplyg—le(A) and

assume
D= |_| B |_| 3s.D’.
BeQo (s,D")€Q1

al

Then Qo C X\ pre¥(A). Hence, = C}*El C [1peq, B- Now consider a conjunct
ds.D’ of D. There are two cases:

— s # r. Then, clearly, = C;erl C ds.D'.

— s = r. It is enough to show that there exists £ € noimplyy 5 (B) such
that E E C D’. Suppose there does not exist such an F. Then, by IH,
7 = D' C B. But this contradicts 7 C;—fxl C Jr.B.

(¢) A is conjunctive in 7 and A = F € 7. This case is left to the reader.

Corollary 1. For all terminologies T' and A € N¢ the following are equivalent:

1. there exists a X-concept C such that T CC A and T' |=C C A;
2. there exists n > 0 and C € noimplyr 5(A) such that T' = C C A.

Proof. The direction from Point 2 to Point 1 follows immediately from C1.
Conversely, assume that there exists a X-concept C such that 7/ | C C A
and T = C C A. By C1 and C2, there exist n and C’ € noimply7 5;(A) with
EC'CCand T EC'CA Then 7' =C'C A

In contrast to the formulation of Theorem 3, Corollary 1 does not provide us
with a polynomial time algorithm. First, no upper bound on n is given and,
second, the concepts in noimply%Z(A) are of exponential size in n. Example 1
is easily extended so as to show that this is unavoidable: one can construct a
terminology 7 and a sequence of terminologies 7,/ such that in minimal impli-
cations in Diff 5(7,7") of the form C,, C A the concept C,, has at least depth n
and is of size 2. However, Theorem 3 is now an immediate consequence of the
following lemma and Corollary 1.

Lemma 5. Let T' be a terminology such that sig(7') N Xfeh = () and A €
sig(T) U X. Then the following conditions are equivalent:

1. T"UNoimplys v = § E A, for some £ € noimplyr 5(A);



2. T' = CLC A, for somen >0 and C € noimplyr 5.(A).

Proof. Point 2 implies Point 1. For concept names A which are non-conjunctive
in 7 this follows because Noimplyr s, = {4 C C for the only element C' of
noimply7 5;(A). The conjunctive case follows by induction.

Point 1 implies Point 2 is proved by a compactness argument. Intuitively,
if 7"U U, >qnoimplyz o(A) = A, then 7" U Noimply, 5 = & C A, for all £ €
noimplyr 5;(A). However, to prove this, one has to re-construct the concepts
noimply7 s-(A); details are provided in the Appendix.

5 Practical algorithm and system

We have seen above that the sets

— DiffRx(7,7") consisting of all A € X' such that there is a X-concept C' with
THECCAand 7' =CC A, and

— DiffLs(7,7") consisting of all A € X such that there is a X-concept C' with
THEACCand T'EACC

can be computed in polynomial time and can be regarded, by Lemma 2, as an
informative approximation of the logical difference between 7 and 7’ w.r.t. X.

Computing both sets for large terminologies and signatures X' using a direct
implementation of the algorithm described above will fail. Considering that state
of the art description logic reasoners [2] take about 15 minutes to classify the
SNOMED CT terminology [17], the reduction to reasoning given in Section 4
is impractical for large terminologies and signatures of reasonable size (the ter-
minology Noimply7 s contains huge conjunctions of X-concept names). We now
discuss the implementation of the algorithms above in the system CEX for acyclic
terminologies using a dynamic programming approach.

Let 7 and 7’ be acyclic terminologies and X' a signature. For expositional
reasons, we assume that X C sig(7’) C sig(7). This is justified because we
can add A C T to 7', for all A € X\ sig(7’), and AC T to 7T, for all A €
(XUsig(7"))\sig(T). We describe the algorithm computing DiffR s, the algorithm
computing DiffLy is discussed in the technical report. We assume that 7 and
T’ are fully classified and the result of the classification is kept in a table, so,
given two concept names A and B, it takes constant time to find out whether
7 = A C B (likewise, if 7/ = A C B). Now the algorithm computing DiffR s
works by induction on concept definitions and marks, recursively, every E €
sig(7"), starting with pseudo-primitive ones, with members of = = {{4 | A €
sig(7) non-conjunctive in 7 } in such a way that

(f) E €sig(T') is marked with & if, and only if, 7" U Noimplyr ;. [ £ C E.

Then A € X is not marked with § € noimplys y;(A) if, and only if, 7% U
Noimply7 s, = € E A. If this happens to be the case for some & € noimply 7 5-(4),
then A is included in DiffRx(7,7") (Theorem 3).

In order to define the marking, set pre¥(£4) = pre¥(A), for A € sig(T)
non-conjunctive in 7. Now mark E € sig(7’) as follows:



1. If E is pseudo-primitive in 7', then it is marked with all £ € = such that
pre3 (E) C preg (€);
2. If E=FEyN...ME, € T, then it is marked with all £ € Z such that at
least one of Fy,..., F} is marked with &;
3. f E=3r.E € T’ and
(a) if r ¢ ¥ or T"U{a} £ ([1yex A'MMAllg) C E’, then E is marked with
all £ € = such that preZ, (E) C pre7(£);
(b) ifre ¥ and T"U{a} = ([14ex A’ MAllg) E E' then E is marked with
all £4 € = such that
— A=A in T and, for all §’ € noimplys »(A’), £’ is marked with
¢ and
~ pred (E) C preF(£a).

Using Theorem 3 and Lemma 5, one can prove that the defined marking has
property (), see Appendix. While the condition 7/ U{a} = ([ 145 A'TAllg) £
FE can be checked directly, this requires operating concepts of large size for large
X’s. So, instead we use the following criterion: we may assume that 7 contains
a definition A C T such that A ¢ sig(7”’) and A does not occur elsewhere in 7.
Then it follows from the definitions that 7' U {a} = ([4cx A’ MAllg) E E if,
and only if, F is not marked with 4.

Then all 77 concept names can be marked in O(|7| x |77 x |X| + T") time,
where T" is the time taken to fully classify 7’. Overall, checking the X-entailment
takes O(|T| x |T'| x |X|+T +T") time and O(|T| x |T’| x |X|) space. It should
be noted that in our implementation this theoretical upper bound is often not
reached due to the use of hash tables and structure sharing.

6 Experimental evaluation

CEX is an OCaml program [4]. For the experiments, we use two versions of
SNOMED CT: one dated 09 February 2005 (SM-05) and the other 30 December
2006 (SM-06) and having 379691 and 389472 axioms, respectively. As CEX
currently accepts acyclic £L-terminologies only, the role inclusions of SNOMED
CT are not taken into account. The tests have been carried out on a standard
PC: Intel® Core™ 2 CPU at 2.13 GHz and 3 GB of RAM.

Logical difference between SM-05 and SM-06. Table 1 shows the average sizes
of the lists DiffL £ (SM-05, SM-06) and DiffRx(SM-05, SM-06) for 20 randomly
generated signatures X C sig(SM-05) N sig(SM-06) containing 100, 1000, etc.
concept names and 0, 20, or 40 role names.> The execution time and memory
consumption of CEX when computing these lists vary from 477 to 596 seconds
and from 1393 to 1496 MByte, respectively. The numbers show that there is
a huge difference between SM-05 and SM-06. Also, adding a role name to the
signature has a larger impact on the number of differences than adding a concept
name.

3 There are 50 role names in sig(SM-05) N sig(SM-06).



|2 N Nc| [YNNg|=0 |~ N Nr| =20 |~ N Nr| =40
[diffLs[ | [diffRu] || [diffLo] [ [diffRs] || [diffLs] | [diffRs]
100 0.10 0.10 0.90 0.15 2.95 0.20
1000 2.35 2.15 15.55 2.95 28.85 3.75
10000 155.35 125.35 257.35 136.20 514.10 209.90
100000 || 11795.90 | 4108.60 || 12954.45 | 4358.30 || 14942.55 | 6823.60

Table 1. Computing logical difference with CEX: Diff 5> (SM-05, SM-06)
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Fig. 4. Comparison of CEX and classification-based approach

Comparison with the classification approach. We compare the size of DiffLy U
DiffRx as computed by CEX with the number of concept names in X' for which
there is a difference in the class hierarchy restricted to X; i.e., the set of A € X
such that there exists B € XY such that A CT B € Diffy or B T A € Diffy.
The experiments show how many of the differences between two terminologies
detected by CEX can be extracted from a straightforward comparison of class
hierarchies.

To facilitate the experiments, we use an empty terminology and an SM-05
fragment containing about 140000 axioms. For every number between 10 and
270 with the step of 10, we generated 500 samples of a random signature con-
taining this number of concepts and 20 roles. The results of the experiments are
given in Figure 4. 4(a) shows that, for these signatures, the number of concept
names CEX outputs is about five times larger than the number of concept names
occurring in differences between the class hierarchies. In 4(b), we do not count
the number of differences but analyse how often the two approaches detect dif-
ferences at all. More precisely, we give the percentage of cases when CEX detects
a difference between the two terminologies and when a difference is visible in
the class hierarchies. For signatures larger than 200, both approaches almost
always detect differences. But for smaller signatures there is again a significant
gap between the two approaches.

Scalability. We demonstrated in the previous section that CEX is capable of find-
ing the logical difference in two unmodified versions of SNOMED CT. In order to



see how CEX’s performance scales, we now test it on randomly generated acyclic
terminologies of various sizes. Each randomly generated terminology contains a
certain number of defined- and primitive concept names and role names. The
ratio between concept equations and concept inclusions is fixed, as is the ra-
tio between existential restrictions and conjunctions. The random terminologies
were generated for a varying number of defined concept names using the pa-
rameters of SM-05: 62 role names; the average number of conjuncts is 2.59; the
equality-inclusion ratio is 0.102; and the exists-conjunction ratio is 0.652. For
every chosen size, we generate a number of samples consisting of two random
terminologies as described above. We apply CEX to find the logical difference
of the two terminologies over their joint signature. Figure 5 shows the time and
memory consumption of CEX on randomly generated terminologies of various
sizes. In 5(a) the maximum length of conjunctions was fixed as two (M=2), and
in 5(b) the number of conjuncts in each conjunction is randomly selected between
two and M. It can be seen that the performance of CEX crucially depends on the
length of conjunctions. In 5(b), the curves break off at the point where CEX runs
out of memory. For instance, in the case M=22, this happens for terminologies
with more than 9500 defined concept names.

3000 3000
2500 ——M=2 2500 | —W—Mm=10
2000 ‘/ || —e—m=22
1500 f M=44

1000

Memory in MByte

Memoryin MByte
ek o
5 0 o
a o o
a8 & =&

500

sggggssgEssszgszgesg¢es o
gigoes
2228888888888 E888¢ ¢ S EP PP PSS PSP P S
SREEREEEZSRERREZSREREZSRER A W g @ AT g G N A7 A
oo o o o NN N NN MM oMM R
Number of Defined Concept Names Number of Defined Concept Names
(a) Short conjunctions (b) Long conjunctions

Fig. 5. Memory consumption of CEX on randomly generated terminologies

7 Uniform Interpolation

Let 7 be a terminology and X' a signature. A general TBox 7y is called a uniform
interpolant for T w.r.t. X if sig(7x) C X and Ty and 7 are XY-inseparable. The
question whether uniform interpolants exist for every terminology 7% and sig-
nature X' in a logic (i.e., whether the logic has uniform interpolation), has been
investigated extensively in the literature, in particular in modal and intuition-
istic logic [15, 18, 8]. For instance, modal logic K has uniform interpolation [18],
but S4 does not [8]. Observe that, if a uniform interpolant 73, of 7" w.r.t. X

4 In modal or intuitionistic logic 7 is, of course, a formula.



exists, then 7 X-entails 7 if, and only if, 7 = 7. Thus, the problem of decid-
ing XY-entailment is reduced to computing a uniform interpolant and standard
deduction. Unfortunately, even for £ L-terminologies uniform interpolants do not
always exist.

Lemma 6. There exists a EL-terminology T and a signature X such that there
does not exist a uniform interpolant of T w.r.t. X.

Proof. Let T = {Ao C B,BLC AN 3r.B} and ¥ = {4y, A1, 7}. Then a uniform
interpolant 7y would have to axiomatise (using symbols from X' only) the class
of interpretations Z satisfying the following condition: if dy € AZ, then there
exists a sequence dortdirfdyr? ... with d; € AT for all i > 0. It is not difficult
to show that no such 75 exists (even in first-order logic).

On the other hand, uniform interpolants always exist for acyclic £ L-terminologies,
but minimal uniform interpolants might contain exponentially many axioms.

Theorem 4. Let 7 be an acyclic terminology and X a signature. Then there
exists a uniform interpolant of T w.r.t. X. In the worst case, minimal uniform
interpolants have exponentially many azioms.

Proof. First, one can show that 7y, = 7. U 7% is a uniform interpolant for 7°
w.r.t. X if sig(7x) C X and

(a) 7 | C C Aif, and only if, 7L = C C A, for all Z-concepts C and A € X;
(b) T = AC D if, and only if, 7% = A C D, for all X-concepts D and A € X.

Due to space constraints we cannot describe the construction of 7)., and 73, here,
and refer the reader to the Appendix. The following example shows that, in the
worst case, minimal uniform interpolants require exponentially many axioms.
Let

T:{AEBlﬂﬂBn}U{A”EBZ|1SZ,an}
and X' = {A} U{A;; | 1 <1i,5 <n}. Then
To={Ay;, N---NA,; CA|L<ji,....J0n <n}

is a uniform interpolant. It is easy to see that no uniform interpolant with less
axioms exists. This example shows as well that one has to allow for general
TBoxes when constructing uniform interpolants.

The results above show that, at least from a theoretical viewpoint, deciding X-
entailment via uniform interpolants is less efficient than the approach discussed
before. Still, uniform interpolants are useful for a number of applications, and
it would be of interest to see whether this approach is viable for real-world
terminologies.



8 Discussion

We have shown that computing the logical difference is tractable for £ £-termino-
logies and that this approach exhibits differences which are not visible in the
class hierarchy. Our experiments with SNOMED CT show that the algorithm can
be implemented in such a way that very large terminologies can be compared
efficiently.

The following result shows that there is no straightforward way of extending
these results to (even acyclic) terminologies in the basic Boolean description
logic ALC (in which concepts can be constructed using, in addition, negation).

Theorem 5. (1) X-entailment is NEXPTIME-hard for acyclic ALC-terminologies.
(2) Uniform interpolants do not always exist for acyclic ALC-terminologies.

Proof. Point (1) is proved by a reduction of a NExpPTIME-hard problem for
conservative extensions in modal logic [7],

Consider the class K of interpretations Z = (AZ,r, AT .. ) in which (AT, r7)
is a tree of depth 1; i.e., there exists d7 € AZ such that

rf ={(dz,d) | d € A"\ {dz}}

and rf # (. A ALC, concept is an ALC concept whose sole role name is r. Call a
ALC,. concept C' 1 D a K-conservative extension of C' if, for every ALC-concept
E with sig(E) C sig(C) the following holds: if C' M E is satisfiable in dz in an
interpretation Z € K, then C' D M FE is satisfiable in dz/ in an interpretation
I’ € K. It is proved in [?] (in the language of modal logic) that it is NExpTime-
hard to decide whether C'T D is a K-conservative extension of C. We now prove
that the following two conditions are equivalent, for all ALC,-concepts C and
D:

— C1D is a K-conservative extension of C;
— 7 Y-entails 7/, where 7 = {AC CNIr.TNVrYr.LNX}, 7' =TU{X C D}
(A and X are fresh concept names), and X = sig(C) U {A}.

Suppose C M D is not a K-conservative extension of C. Take E with sig(E) C
sig(C) such that CTE is satisfied in dz in a K-interpretation Z but CMM DM E is
not satisfiable in such an interpretation. Then 7" = AC —=E but 7 = AC —E.

Conversely, assume that C' M D is a K-conservative extension of C'. Assume
that 7/ = E =T but 7 £ E = T for some E with sig(E) C sig(C) U {A}.
Take an interpretation Z satisfying 7 with (-E) # (). We may assume that
(AT rT) is a tree with dy & ET for its root dy such that each node has either no
rZ successor or infinitely many r% successors.

If AT = (), then we obtain an interpretation satisfying 7’ and in which —F
is satisfied by assuming X7 = (). Thus, we have derived a contradiction.

Assume now that AZ # (. Then dy has r%-successors. As C 11 D is a K-
conservative extension of C' and using AZ C (3. T M Vr.Vr.L)Z, we can change
the interpretation Z to an interpretation Z’ by keeping the interpretation of r
and A fixed, setting X7 = A7, and changing the interpretation of the remaining
concept names B in such a way that



— for all d € AT such that d ¢ AZU{d' | d € AT, (d,d’) € T}, d € BT iff
de BT,

— AT c (cn D)

— for all subconcepts F of E and d € AT, d e FZiff d e FZ.

Then Z’ satisfies 7’ and dy € (~E)%". Again we have derived a contradiction.

Point (2). We rewrite the terminology from Lemma 6. Let 7 = {A C (=AyU
B)MN (-mB U (A; N 3r.B))} and X = {A, Ay, A1, r}. It follows from the proof
of Lemma 6 that there does not exist a general ALC-TBox 74 axiomatising
(using only the symbols from X) the class S of interpretations Z satisfying the
following conditions: A7 = AT and if dy € AZ, then there exists a sequence
dorTdyrTdyrt ... with d; € A% for all i > 0. Now assume that there exists
a uniform interpolant 7y, of 7 w.r.t. X. Then 7y U {A = T} would be an
axiomatisation of S and we have derived a contradiction.

Point (2) of Theorem 5 is slightly unexpected, because it shows that it is
not possible to lift results from modal logic K (which has uniform interpolation)
to acyclic ALC-terminologies. Besides of considering extensions of our approach
to languages with additional concept constructors, such as ALC, directions for
future research include terminologies with additional role boxes. SNOMED CT
has an additional role box consisting of implications r C ¢/, r o s C 7 (right-
identities), and s or C r (left-identities), where r, s,7’ are role names. It is not
difficult to extend the algorithm (and implementation) presented in this paper
to terminologies containing implications of the first type, but it remains open
whether Y-entailment is still tractable for additional role boxes containing left-
and right-identities.

Finally, for the system CEX to be useful in practice, the outputs DiffLy and
DiffRx have to be expanded by suggesting, for A € DiffRy, Y-concepts C' such
that C C A € Diffy, and similarly for DiffLy. Computing such C’s is straight-
forward by unfolding the concept £4 relative to Noimply .. However, even this
might not provide enough information, because for the user it could be difficult to
find out which difference between the axioms of the two terminologies has caused
a certain Y-difference. Thus, as a second step one might consider pinpointing
algorithms ezplaining from which axioms of a terminology a counterexample
C C A is derivable [3].
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A  Proof of Lemma 3

Lemma 3. For every terminology T, one can construct in polynomial time a
normalised terminology T’ of polynomial size in |T| such that sig(T) C sig(T’),
T' =T, and for every model T of T, there exists a model J of T' which coincides
with T on X. Moreover, T' is acyclic if T is acyclic.

Proof. Given a terminology 7, construct a normalised terminology 7" in four
steps as follows: First, replace C' in each occurrence of Ir.C'; where C is not
a concept name, with a fresh concept name A and add the concept definition
A = C to the terminology. Repeat this step exhaustively.

Second, replace every Jr;.B; in each axiom with a right-hand side of the
form F M 3ry.By M...M03r,.B,y,, where F' is a conjunction of concept names,
with a fresh concept name Bj and add the concept definition B} = 3r;.B; to the
terminology.

Third, consider any concept name A such that there are sequences By, ..., B,_1
and Fy, ..., F,, where the F; are conjunctions of concept names, such that the
terminology contains the concept definitions A = Fy and B; = F;41, for i < n,
where B; is a conjunct of F; and A a conjunct of F,,. Let F,, be the conjunction
of concept names in F,, except A. Let, recursively, F/_; be the result of replac-
ing the conjunct B;_; in F;_; with the conjunction F}, for 1 <4 < n. Replace
the concept definition A = Fj in the terminology with the primitive concept
definition A C Fj.

Fourth, for each axiom A = F or A T F, where F' is a conjunction of
concept names, replace every conjunct B in F' for which there is a B = F’ in the
terminology, where F” is a conjunction of non-conjunctive concept names, with
F'.

To see that the construction indeed yields a normalised terminology 77, ob-
serve that steps 1 and 2 ensure that each axiom has one of the following forms:
A =3r.Bor AL 3r.B, where B is a concept name, or A = F or A C F with
F being a conjunction of (possibly conjunctive) concept names. Step 3 breaks
cycles in concept definitions and Step 4 takes care that all conjuncts of the con-
junction of concept names F' in the right-hand side of each axiom of the form
A= F or ALC F are non-conjunctive concept names. It is readily verified that
7T’ is acyclic if 7 is acyclic as none of the above steps introduces cycles in concept
definitions.

We now show that 7’ can be obtained in polynomial time and that 7’ is of
polynomial size in |7|. Let n be the number of axioms in 7 and ¢ the maximal
length of an axiom’s right-hand side in 7. Clearly, step 1 and 2 each introduce
not more than ¢ -n many new axioms, increasing the total number of axioms
to at most 3nc. Steps 3 and 4 do not increase the number of axioms, but the
length of their right-hand sides. The length of the right-hand side of an axiom
can increase to at most the sum of the lengths of the right-hand sides of all
axioms, i.e., 3nc? is an upper bound for each right-hand side. The upper bound
for the running time of the construction is 9n?c3. Hence, the size of 7’ and the
running time of the construction are both in O(n).



Notice that every new concept name occurs on the left-hand side of a unique
concept definition A = C in 7’. Thus, every model Z of 7 can be expanded to
a model J of 7’ by interpreting the fresh concept names in sig(7”) \ sig(7) by
setting A7 = CZ. Clearly, Z|x = J|y, for all X' C sig(7).

Moreover, it is readily checked that 7' = 7.

B Proof of Lemma 5

We prove a slightly stronger version:

Theorem 6. Let T’ be a terminology such that sig(T') N X = (). Then the
following conditions are equivalent, for all concept names A, E € sig(T) U X

1. T"UNoimplyy v F §{ E E, for some § € noimply y(A);
2. T"=CLCE, for somen >0 and C € noimply7 5(A).

The proof of (2) implies (1) is clear. So we concentrate on the direction from (1)
to (2). The proof consists of two lemmata. Assume 7 and X are given. In Fig-
ure 6, we define sets wimply7 (A), n > 0, of concept names, and terminologies
Noimply7 5;(A).

Lemma 7. Let Xy = Xfreshy Xfreshm gnd A € X USig(T) non-conjunctive in T .

— For every interpretation I, satisfying J, >, Noimplyz (A)U{a™} with d €
(s%)% there exists an interpretation To which coincides with Ty on (N; U
Nr) \ Xo and satisfies Noimplys 5, such that d € f%.

— Conversely, for every interpretation I satisfying Noimplyr 5, with d € Sﬁl
there exists an interpretation To which coincides with Iy on (N; U Ng) \ Xo
and satisfies | J,,~, NoimplyZ 5:(A) U {a"} such that d € (s%)™.

In particular, for every terminology T’ with sig(7')N Xy =0 and A,E € X U
sig(T), the following are equivalent:

— T'"UNoimplyy v F { E E, for some & € noimply y(A);
— there ezists n > 0 such that T' U, 5,5 Noimply7 o(A) U{a’} = BE E,
for some B € WimpIyOTE(A).

Proof. Suppose Iy satisfies |J,,~, Noimply’ 5(A) U{ay} and d € (s9)**. Define
an interpretation Z, by interpreting the concepts names €5, B non-conjunctive
in T as follows: if A <% B or A = B, then

z
5= UGe™
and €2 = 0, otherwise. Also set

Al = | (A"

n>0



Input: normalised terminology 7 and signature Y.

Output: Sets wimply7 (A), n > 0, of concept names, and terminologies
Noimply 5(A4), n > 0, where A is a concept name.

Let X" denote a set of fresh concept names consisting of All'y, n > 0, and s%,
n > 0, for A non-conjunctive in 7. Let o™, n > 0, be the CI

AL C [ ] 3r([] A A
reXx Alex

and define, for each A, sets wimply7 5 (A) and terminologies Noimply’z 5 (A) induc-
tively as follows.

— If A is pseudo-primitive in 7', then

wimplyy 5 (A) = {s}, Noimply7 5 (A)=q s% C [1 A nAIS

Ale(D\preZ (A))

— If A is conjunctive in 7 and A = F € 7, then
wimply?’Z(A) = U wimpIy%E(B)7 Noimply’%’z(A) = U Noimplyg,Z(B)
BEF BEF

— If A=3r.B €7, then wimply} »(A) = {si} and Noimply7 - (A) = {B.} (for
n = 0), Noimply’; »(A) = {8} U Noimply?’_zl(B) (for n > 0), where

Bn=sh C [1 A || [] 3s(]] AnAI%) |0 [1 3rE.

A’e(Z\preZ (A)) r#sex Alex Eewimplygle(B)

Fig. 6. Computing NoimplyZ (A) and wimplyZ - (A)

It is not difficult to show that Zs is as required. Conversely, suppose 77 satisfies
Noimply; 5 and d € £4'. Define 7, by
(s)% = €5
(ALY 72 = AlIL
for all n > 0. Again, it is not difficult to see that 75 is as required.
The second part follows using compactness.
The following lemma follows immediately from the definitions:

Lemma 8. Let Xy = Xfresh y Xfreshm 77 o terminology with sig(T') N Xy = 0,
and A, E € X Usig(T). The following are equivalent:

— there exists n > 0 such that T' |= C C E, for some C € noimplyr x(A).
— there exists n > 0 such that T' U J,,~,;~o Noimplyr (A) U{a'} = B E E,
for some B € wimpIyOT}E(A).



Input: normalised acyclic terminologies 7 and 7" and signature X with X C sig(7”) C
sig(7).

Output: Sets O 4/, one for every concept name A’ € sig(7).
The algorithm uses the following set
O={(A",A) csig(T) xsig(T)|VBec X : if T"=A CBthenT E AL B}.

— If A’ is primitive in 7', or A=3s.A’ € T' foran s € X, or AC 3s.A’ € T’ for
an s € X, then
O = {A] (4, 4) € O},

—IfA =AN...MA,or A C A N...MAj, in 7', then
O ={A](A,A)€0}N04 NO04N...N04.

— If A =3r.Af or A’ C 3r.A} in 7', where r € X, then

Oa ={A| (A", A) € O and there exists A; € Oy such that 7 = A C 3r. A}

Fig. 7. Computing O 4, for A’ € sig(7)

C Algorithm computing DiffL(Z,7")

We present an algorithm computing DiffLs(7,7") for acyclic terminologies 7
and 7. For expositional reasons, we assume that X C sig(7") C sig(7).

Proposition 1. For all A’ € ¥, A’ € DiffLx(7T,7T") iff A’ &€ O 4/, where the set
O 4s is computed by the algorithm given in Figure 7.

Proof. We show that, for every A, A’ € sig(7), the set O4s has the following
property:

(x) A € Oy if, and only if, for every YX-concept D, if 7/ = A’ C D, then
TEALCD.

Suppose that A, A’ € sig(T) are such that for every X-concept D, if 7/ = A’ C
D, then T = ALC D. It is easy to see that A € Oyr.

It can readily be verified that the property (x) holds for concept names A’
covered in Point 1 of Figure 7.

We now show property (x) for A’ defined as A’ = AjM...MAj or A’ C
Al .. .MA) in T'. Assume that for A},..., A} property (x) holds. We show
that if A€ Oy and 7' | A’ C D, for some X-concept D, then 7 = AC D by
induction on construction of D. If D is atomic, then this follows from (A’, A) € O.
If D is a conjunction, D M...... M Dy, then 7" =EA'CDiff 7' = A’ C D; for
every 1 < i < m. By induction hypothesis, 7 = A C D; for all 1 <i < m and,
hence, 7 = A C D. If D is of the form 3r.D; then, by Lemma 1, there exists
i:1<i<kEksuchthat 7/ = A; C 3r.D. Since for A} the property (*) holds and
A €0y, wehave T = AL Ir.D.



Finally, we show property () for A" defined as A’ = 3r. A} or A’ C Ir.A]
in 7/, where r € X. Assume that for A} property (x) holds. We show that if
A€ Op and 7/ E A’ C D, for some Y-concept D, then 7 = A C D by
induction on construction of D. The case of D being atomic or a conjunction
are similar to the ones considered above. If D is of the form dr.D; then, by
Lemma 1, 7' = A} C Dy. Let 4; € O, be such that 7 E A C 3r.A;. Since for
A} the property (*) holds, we have 7 = A; C Dy and so 7 = 3r.A; C 3r.Dy.
Since T = A C 3r.A;, we have 7 = A C 3r.D;.

The algorithm given in Figure 7 finds counterexamples of the form A C C
in O(|T| x |T'| x ||+ T + T’) time and requires O(|7| x |7T'| x |X|) space,
where T and T” are the times taken to fully classify 7 and 7, respectively. In
fact, the sets O 4/ represent the largest simulation relation between the canonical
models of 7" and 7. The reduction of the existence of counterexamples to the
Y-entailment of the form A T C to the existence of a simulation relation on
graphs was given in [12].

D Proof of property (})

(a) Suppose FE is pseudo-primitive in 7’. Now, we consider cases depending
on how A is defined in 7. If A is pseudo-primitive in 7 then, by Theorem 6,
T' U Noimply7 »» = £ C E if, and only if, there exist n > 0 such that 7" |=
ﬂA,e(E\pre;[(A)) A'n allgH C FE (notice that noimplyiz(A) and noimply%z(A)
are both singletons in this case). By Lemma 1, this holds if, and only if, 7’ |=
B C E for some B € (X\ pre7(A)). Thus, 7’ U Noimply, 5 [~ £ C E if, and
only if, preZ, (E) C preZ(£).

The case when A = 3r. A" in 7T is similar, and for conjunctive A’s, (}) follows
by induction.

(b) The case of E = E1M...M Ey is easy and left to the reader.

(¢) Assume now that E=3r.E' € T'.

Ifr¢ XorT'U{a} & ([aex A MAllg) C E then for any A € sig(7) and
any X-concept 3r.G we have 7' £ 3r.G C Ir.E’. So, this case is similar to the
case of E being pseudo-primitive considered above.

Ifre ¥Yand T"U{a} E ([1gyex A’ TAllg) © B, it can be seen (using
Theorem 6 and Lemma 1) that 7’ U Noimply; » |= §4 C 3. E’ for all {4 except
when A has a definition A = 3r.A" in 7 and for all £’ € noimply, 5(A’) we have
T’ UNoimply, 5 £ &' T E' and preZ, (E) C pre7 ().

E Computing uniform interpolants

We state the result again.

Theorem 4. Let 7 be an acyclic terminology and X a signature. Then there
exists a uniform interpolant of T w.r.t. X.



Proof. First we show that 7s; = 7L U7, is a uniform interpolant for 7 w.r.t. X
if sig(7x;) € X and

(a) 7 | C C Aif, and only if, 7L = C C A, for all Z-concepts C and A € X
(b) 7T = AC D if, and only if, 7 = A C D, for all X-concepts D and A € X.

Suppose 75 has these properties. We show that for every X-implication C C D
with 7 = C C D we obtain 7y, = C C D. The proof is by induction on
n = depth(D). For n = 0, D is a conjunction of concept names, and so the
claim is trivial because 75 |= C C A for all conjuncts A of D. Consider C' C D
with n+ 1 = depth(D). If D is a conjunction of concepts, it is sufficient to show
Ts = C C D' for each conjunct D’ of D. Thus, it is sufficient to show the
claim for D = 3r.Dy. But if 7 = C C 3r.Dy, then, by Lemma 1, there exists a
conjunct C’ of C such that C' = A, for a concept name A, and 7 = AC D or
C' =3r.Cy and T = Cy C Dy. In the first case we are done, in the second case
the claim follows by induction.

In our construction of 7x we first consider (a). For each concept name A €
sig(7) we construct a set Px(A) of X-concepts and general TBox 7Ty 4 with
sig(7x,4) C X such that

1. T =Tx. 4, for all A €sig(T)

2. f TEDC A for a X-concept D and A € X, then Ty, 4 = D C A.

3. TEDC Aforall D€ Px(A) and A € sig(T);

4. f T = D C A for a Y-concept D and A € sig(7) \ X, then there exists
D’ € P5(A) such that Tg 4 =D C D',

The construction of 7y 4 and Px(A) is shown in Figure 8. We show that they
have the required properties. Points 1 and 3 are straightforward, so we concen-
trate on Points 2 and 4. Suppose A is pseudo-primitive in 7 and 7 = D C A.

— if D is a concept name, Points 2 and 4 follow immediately from the definition.

— Suppose D = Dy M Dy. Then, by Lemma 1, 7 = D; C A for some ¢ € {1, 2}.
The claim follows by induction.

— Suppose D = 3r.D’. Then, by Lemma 1, 7 - D C A, and the claim follows.

Suppose A =By M---MB, €7 and 7T = D C A. Assume first that A € X.
Then 7 = D C B; for all i. By induction,

— if B; € X, then TE,Bi ': D C By;
— if B; ¢ X, then there exists C; € Px(B;) such that 7y g, = D C C;.

Thus, from the definition of 7x 4, we obtain

Tsa = |_| Ci M |—| B, CA

B;¢x Biex

and

TsakEDC [] Gin [] B.

B;¢x B,exX



Input: normalised acyclic terminology 7 and signature .

For each A € sig(7), construct sets Ps(A) of X-concepts and general £L£-TBox 75,4
inductively as follows:

— For A pseudo-primitive in 7:
e if Ac X, then Ps(A)={A} and Tx a4 = {BC A | B € preZ(A)}
o if A¢ X, then Px(A) = preZ(A) and Ts 4 = 0.

— if A is conjunctivein 7 and A=B1M---MB, €7:
o if A€ X, then Px(A) = {A} and

TE,A:{CBl H"'HCBH EA|CBL GPE(Bl)71§Z§n}U U TBi,Z-

1<i<n

o if A¢ X then Px(A) ={Cpg, MN---NCs, | Cp, € Px(B;),1 <i<n} and
Ts,4a =Uicicn I8, =
— if A=3r.A"' € T, then
ifr ¢ ¥ and A ¢ X, then Ps(A) = preZ(A), Ts,a = 0.
ifrg X and A€ X, then Ps(A) = {A}, Ts,.a = {BC A| B € preZ(A)};
if r € X and A ¢ X, then Px(A) = preZ(A) U {3Ir.E | E € Ps(A)},
Tsa=Ts ar.
o if r € ¥ and A € X, then Px(A) = {A},

Tea={BC A|Bepre (A)}UTs 4 U{3rEC A|E € Ps(A)}

Fig. 8. Computing uniform interpolant for implications C' C A

Hence 7s, 4 = D C A. The case A ¢ X is similar and left to the reader.

Suppose A = Ir.A’ € T and 7 = D C A. Assume first that A € X. By
Lemma 1, there are two cases:

(1) there exists an atomic conjunct B of D such that 7 = B C A. Then
B C A€ Ty 4 and, therefore, 7, 4 =D C A.

(2) there exists a conjunct 3r.D’ of D such that 7 =D’ C A’. Thenr € X.
Assume first A’ € ¥. Then 75 4 = D' C A’. Hence Ty, 4 = D' C A’ and we
obtain 7x; 4 = D T A. Now assume A’ ¢ ¥. We find C € Px(A’) such that
Ts a |= D' T C. We have 3r.C C A € Tx 4. But then 75, 4 = 3r.D' C A. The
case A ¢ X is similar and left to the reader.

We now consider (b). For each concept name A € sig(7) we construct a set
Qs (A) of Y-concepts and general X-TBox 7y, 4 such that

1. T =TL , for all A e sig(T);

2. if’T)zAEDforaE—conceptDandAEE, then 7 , = AC D;

3. TEACD forall D € Qg(A) and A € sig(7T):; ’

4. if T E AC D for a Y-concept D and A € sig(7) \ X, then there exists a
conjunction D of concepts in Qs (A) such that 73, , =D’ C D.

In this case we assume, w.l.o.g., that 7 is a strongly normalised acyclic terminol-
ogy: An acyclic terminology is strongly normalised if its axioms are of the form



Input: strongly normalised acyclic terminology 7 and signature X.

For each A € sig(7), construct sets Qs (A) of X-concepts and general TBox 7y 4
inductively as follows:

— For A is primitive in 7:
e if Ac X, then Qu.a = {A} and 75 , = {AC B| A € pre¥(B)}.
o if AZ X, then Qua={B € X|AcpreZ(B)} and Tx 4 = (.

— if A is conjunctive in 7 and A= B;M---M B, € 7, then
o if Ac X, then Qs(A) = {A} and

Tia={ACD|De |J QuBOIUACB|Acpei(BYU |J Th.»

1<i<n 1<i<n

o if AZ X then

Qs(4)= |J Q=(Bi)U{B| A€ pre7(B)}

1<i<n

Toa= | Tos

1<i<n
— if A=3r.A’ € T, then
if r¢ X and A¢ X, then Qu(A) = {B| A € pre¥(B)} and T3 4 = 0.
ifrgXand Ae X, then Qs(A) ={A}, Tx s ={AC B| Acpre;(B)};
ifr e X and A g X, then Qs(A) = {B | A € preZ(B)}U{3rE | E €
Qs(AN}, Tsa = To .
o ifre€ ¥ and A € X, then Q= (4) = {4},

Tia={ACB|Acpre, (B)}UTs 1 U{AC InE| E € Qs(A')}

Fig. 9. Computing uniform interpolant for A C C

A = 3r.B, where B is a concept name or of the form A = By M By, where By
and By are concept names. Lemma 3 is easily modified so as to cover strongly
normalised acyclic terminology. (For example, axioms of the form A C C' are re-
placed by axioms A = XMC, where X is a fresh concept name). The construction
of Q@x(A) and 7 4 is shown in Figure 9.

We show that they have the required properties. Points 1 and 3 are straight-
forward, so we concentrate on Points 2 and 4. Suppose A is primitive in 7 and
TEACD.

— if D is a concept name, Points 2 and 4 follow immediately from the definition.

— Suppose D = D1 Ds. Then the claim follows inductively from 7 = A C D;
fori=1,2.

— Suppose D = 3r.D’. Then 7 [~ A C D and the claim follows.

Suppose A=B1MByeT and T =ALC D.

— the inductive steps for D a concept name or D = D, M D5 are again straight-
forward and left to the reader.



— Suppose D = 3r.D’. Then, by Lemma 1, there exists B; such that 7 | B; C
Ir.D’. The claim follows by induction.

Suppose A=A €T and 7 EF AC D.

— the inductive steps for D a concept name or D = D11 D5 are again straight-
forward and left to the reader.

— Suppose D = 3s.D’. Then, by Lemma 1, r = s and 7 = A’ C D’. Again the
claim follows by induction.

Finally, it is now easy to show that T, = U,cx Ts,a and T3 = Uyex T3 4
are as required.



