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Abstract

The notion of a conservative extension plays a central role in on-
tology design and integration: it can be used to formalize ontology
refinements, safe mergings of two ontologies, and independent mod-
ules inside an ontology. Regarding reasoning support, the most basic
task is to decide whether one ontology is a conservative extension of
another. It has recently been proved that this problem is decidable and
2ExpTime-complete if ontologies are formulated in the basic descrip-
tion logic (DL) ALC. We consider more expressive DLs and begin to
map out the boundary between decidable and undecidable by proving
that conservative extensions are 2ExpTime-complete in ALCQZ, but
undecidable in ALCQZO. We also show that if conservative extensions
are defined model-theoretically rather than in terms of the consequence
relation, they are undecidable already in ALC.

1 Introduction

The design and integration of ontologies formulated in modern ontology
languages such as OWL is a serious challenge. Experience shows that prin-
cipled methodologies as well as automated reasoning support are required
to ensure that the resulting ontologies are well-structured [6]. In the recent
papers [4, 5, 3, 1], conservative extensions have been identified as a cru-
cial notion for formalizing central tasks in ontology design and integration.
Consequently, conservative extensions can play a key role in design and inte-
gration methodologies [3], provided that reasoning tools are available which
support the ontology designer in the task of using this notion.

Formally, an ontology 77 UT5 is a conservative extension of an ontology T}
w.r.t. a signature I iff every consequence of T7 UT5 formulated in I is already
a consequence of T. For example, assume that ontologies are formalized in
a description logic (DL) such as OWL-DL and its fragments [2]. Then a
signature is a set of concept and role names, an ontology is a TBox, and a
consequence of a TBox is a subsumption relationship between two concepts
which follows from the TBox. Intuitively, T UT5 is a conservative extension
of Th w.r.t. T' if adding T to T7 does not change the ontology T} as far as
concepts built only from concept and role names in I" are concerned. We give



three examples of ontology related tasks that can be understood in terms of
conservative extensions.

— Ontology refinement. During ontology design, a frequent task is to add
more details to a part of the ontology that has not yet been sufficiently
described. Intuitively, such a refinement should have no impact on other,
unrelated parts of the ontology. This requirement can be formalized by de-
manding that the refined ontology is a conservative extension of the original
one w.r.t. the concept and role names that do not belong to the refined part
[4, 1].

— Ontology merging. The most straightforward way to integrate two ontolo-
gies is to simply take their union. Such a merging should not compromise
the original ontologies. One possible formalization of this requirement is to
demand that the united ontology is a conservative extension of the com-
ponent ontologies w.r.t. the set of all concept and role names used in the
respective components. Weaker formalizations are obtained by excluding
from the signature concept and role names for which an interaction between
the component ontologies is expected (and intended).

— Defining Modules. A module inside an ontology 7' that describes an inde-
pendent part of the application domain can be defined as a subset T” of T
such that T is a conservative extension of 7' w.r.t. the concept names and
role names that belong to T [5].

The most basic reasoning task regarding conservative extensions is as fol-
lows: given ontologies 717 and 75 and a signature I', decide whether 17 U T5
is a conservative extension of 77 w.r.t. . In the following, we refer to this
task as deciding conservative extensions. [4] carries out a first investigation
of this decision problem for DLs, showing in particular that this problem is
decidable and 2-EXPTIME-complete for the basic description logic ALC. The
aim of the current paper is to investigate conservative extensions in more
expressive DLs such as the ones underlying the ontology language OWL-DL
and to map out the boundary between decidable and undecidable. Our main
results are as follows: (i) in ALCQZ, the extension of ALC with inverse
roles and qualifying number restrictions, deciding conservative extensions is
2-EXPTIME complete and thus not more difficult than in ALC; and (ii) if
we further extend ALCQT with nominals, conservative extensions in the
resulting DL, ALCQZO are undecidable. This shows that conservative ex-
tensions in OWL-DL, of which ALCQZQO is a fragment, is also undecidable.
Tt also identifies ALCQT as a significant fragment of OWL-DL in which
conservative extensions are still decidable.

In mathematical logic, there exist (at least) two versions of conservative
extensions. One is based on the consequence relation as sketched above. An
alternative, stronger version is defined in a model-theoretic way. We also
consider deciding the latter kind of conservative extensions and show that,
already in ALC, this problem is highly undecidable.



| Name | Syntax | Semantics |

‘ inverse role ‘ r~ ‘ (rf)—t ‘
nominal {a} {a”}
negation -C AT\ C?
conjunction cnb ctnpD?
at-most number {d | #{e|(d,e) € rT A
restriction (snrC) e€ CT} <n}

Figure 1: Syntax and semantics of ALCQTO.

2 Preliminaries

In DLs, concepts are inductively defined with the help of a set of construc-
tors, starting with a set N¢ of concept names, a set Ngr of role names,
and (possibly) a set N; of individual names. The constructors available
in ALCQTO are shown in Figure 1. There, the inverse constructor is the
only role constructor, whereas the remaining constructors are concept con-
structors. In Figure 1 and the remainder of this paper, we use #S5 to denote
the cardinality of a set S, a and b to denote individual names, r to denote
roles (i.e., role names and inverses thereof), A, B to denote concept names,
and C, D to denote (possibly complex) concepts. For an inverse role s = r~
we set s~ = r. As usual, we use T as abbreviation for an arbitrary (but
fixed) propositional tautology, L for =T, U, —, and < for the usual Boolean
abbreviations, (= n r C) (at-least restriction) for ~(<n—17r C) ifn >0
and for Tifn=0,(=nrC) for (KnrC)N(=nrC), Ir.C (existential
restriction) for (= 1 r C), and Vr.C' (universal restriction) for (< 0 r =C).
We assume that the numbers inside number restrictions are coded in binary.

The DL that allows only for negation, conjunction, disjunction, and
universal and existential restrictions is called ALC. The availability of addi-
tional constructors is indicated by concatenation of a corresponding letter:
Q stands for number restrictions; Z stands for inverse roles, and O for nom-
inals. This explains the name ALCQZQO for our DL, and also allows us to
refer to its sublanguages in a simple way.

The representation of ontologies in description logics is based on TBoxes,
and we will from now on use these two terms interchangeably. Given a DL
L, an L-TBoz is a finite set of concept implications C' C D with C' and D
L-concepts.

The semantics of ALCQZO-concepts is defined in terms of an interpre-
tation T = (AZ,-T). The domain AT is a non-empty set of individuals and
the interpretation function -T maps each concept name A € N¢ to a subset
AT of AT, each role name r € Ng to a binary relation rZ on AZ, and each
individual name a € N; to an individual ¢ € AZ. The extension of - to



inverse roles and arbitrary concepts is defined inductively as shown in the
third column of Figure 1.

An interpretation 7 satisfies an implication C T D if CT C DT, and T
is a model of a TBox 7T if it satisfies all implications in 7. A concept C
is satisfiable relative to a TBox T if there exists a model Z of T such that
CT # . A concept C is subsumed by a concept D relative to a TBox T
(written 7 = C C D) if every model Z of T satisfies the implication C C D.

2.1 Comnservative Extensions

Despite the fact that individual names are closer to constants than to pred-
icates, we henceforth use the term predicates to refer to elements of N¢ U
Ngr U N. A signature is a finite set of predicates. The signature sig(T) of
a TBoz T is the set of all predicates that occur in 7. Given a description
logic £ and a signature T, we use L£(T") to denote the set of L-concepts that
use only predicates from I'.

Definition 1 (Conservative Extension) Let T; and T3 be L-TBozes, and
let T' C sig(T1) be a signature. Then T1 UT; is a I'-conservative extension of
Th if for all C1,Cy € L(T'), we have i = C1 E Cy iff TU T, = Cy E Ch.

Deciding conservative extensions in £ means to decide, given two L-
TBozes Ty and Ta and a signature T' C sig(T1), whether Ty U Ty is a T'-
conservative extension of Ti.

If T = sig(71), we simply drop T'" and only talk about conservative exten-
sions. It is not difficult to see that an alternative definition of conservative
extensions is as follows: 77 U 75 is a I'-conservative extension of 77 iff each
concept C' € L(I") that is satisfiable relative to 77 is satisfiable relative to
71 UT5. Therefore, a concept C' € L(T") that is satisfiable relative to 77, but
not relative to 71 U 75 witnesses that 71 U T3 is not a conservative extension
of T1. We call such a concept a I'-witness concept.

Let us give an example for conservative extensions in the description
logic ALCQZ. Assume that 77 is a TBox formalizing knowledge about
universities:

Lecture C Jhas_subject.Subject M dgiven_by.Lecturer
Intro.TCS LC Lecture

Lecturer C Professor LI TeachingAssistant

Lecturer C demployed.University
University C Vemployed .(Academic Ll Admin)

The upper part of 77 describes university lectures, saying e.g. that every in-
troductory lecture on theoretical computer science (TCS) is a lecture. The
lower part of 77 describes universities and their employees. Suppose now that
we want to refine the part of the ontology that is concerned with lectures.



We extend the signature by adding the concept names AutomataTheory and
Complexity Theory and state that these subjects are discussed in every in-
troductory TCS lecture. We also say that automata theory and complexity
theory are different things:

Intro. TCS C Jhas_subject.AutomataTheory
Intro. TCS C dhas_subject.Complexity Theory
1 3 AutomataTheory M Complexity T heory

Intuitively, this addition should have an impact on the upper part of 7y
since it adds information about lectures, but it should not affect the lower
part which is not concerned with lectures. This intuition can be formally
captured by conservative extensions: if we choose I" to be the set of all
predicates used in the lower part of 77, then 77 U 73 is a I'-conservative
extension of 7;. Thus, the lower part of 77 is not affected by the addition of
T>. If we choose I' to be the predicates in the upper part of 71, then 73 U 75
is not a I'-conservative extension, a witness concept being

IntroTCS M (< 1 has_subject T).

By considering these two cases of conservative extensions, the ontology de-
signer can thus verify that his modification changes the TBox (only) in the
intended way.

This example also shows that conservative extensions depend on the
descripion logic £: the TBoxes 771 and 75 are actually formulated in ALCT
and we have seen that if T' is the set of predicates in the upper part of 7y,
then 77 U 73 is not a I’-conservative extension of 7;. However, this only
holds since we assumed ALCQT to be the underlying DL and thus allowed
number restrictions in the witness concept. If we switch the underlying DL
to ALCZ, then 71 U T3 is a I'-conservative extension of 77, for the same I'.
In the next section, we investigate a purely model-theoretic alternative to
the notion above which does not depend on the language.

2.2 Model Conservative Extensions

In mathematical logic and software specification [8], there are two different
kinds of conservative extensions: one that is based on the consequence rela-
tion “E” as in Definition 1 and one that is based on models only . For sim-
plicity, we formulate this second notion only for the case where I' = sig(77).

Definition 2 (Model Conservative Extension) Let 77 and To be TBozes.
We say that T1 U Ty is a model conservative extension of Ti iff for every
model T of Ty, there exists a model of T1 U Ty which can be obtained from
T by modifying the interpretation of the predicates in sig(72) \ sig(7T1) while
leaving the predicates in sig(Ty) fized.



To distinguish the two versions of conservative extensions, in this section we
call the original version deductive conservative extensions.

The notion of a model conservative extension are more strict than the
deduction-based one: if 7; U753 is a model conservative extension of 77, then
it is clearly also a deductive conservative extension of 77, but the converse
does not hold. To see the latter, consider the TBoxes

Ti={3rTN3Is.T=T}, To={3FrANIs.~A=T}

It is not hard to see that 77 U 73 is a deductive conservative extension of 77
if ALC (or even ALCQT) is the language for witness concepts, but it is not
a model conservative extension. Note that model conservative extensions
do not depend on the underlying DL at all: there are no witness concepts
on whose language the result of being a model conservative extension could
depend.

However, model conservative extensions are a problematic choice: we
show that they are highly undecidable even in the basic description logic
ALC (and therefore in all its extensions).

Theorem 3 It is I} -hard to decide whether for two given ALC TBozes Ty
and Tz, T1 U Ty is a model conservative extension of Ti.

Proof. The proof consists of a reduction of the highly undecidable semantic
consequence problem from modal logic. Before formulating the DL version
of this problem, we need some preliminaries. We use ALC concepts with
only one fixed role name r, which we call ALC,-concepts. Accordingly, we
also assume that interpretations interpret only concept names and the role
name 7. A frame is a structure F = (A%, r%) where A7 is a non-empty set
and 77 C A¥ x A%, An interpretation Z = (AZ,.) is based on a frame F
iff AT = A% and rT = r7. We say that a concept C is valid on F (written
F |= C) iff CT = AT for every interpretation Z based on F.

Definition Let D and FE be ALC,.-concepts. We say that F is a semantic
consequence of D iff for every frame F = (A%,r%) such that F | D, it
holds that F = E.

In [10, 9], it is proved that for ALC,-concepts D and F, the problem “Is
E a semantic consequence of D?” is IIi-hard. Clearly, we may assume that
in this problem, F and D do not share any atomic concept names. We now
show that the semantic consequence problem can be reduced to the model
conservativeness problem. For ALC,-concepts D and E which do not share
atomic concept names, we define the TBoxes

TD = {Elul.—uD = T},TE = {EIUQ."E = T},

where u; and us are distinct role names distinct from r.
Claim. FE is a semantic consequence of D if, and only if, Tz U Tp is a
model conservative extension of 7z.



“=” We show the contraposition. Assume that E is not a semantic
consequence of D. Then there exists a frame F = (A7 r%) such that
F = D and there is an interpretation Z based on F such that EZ # AZ.
Let z € AT with z ¢ ET. We may assume that uZ = AT x {z}. Then T is
a model of Tx. But obviously it cannot be modified (by possibly changing
the interpretation of u1) so as to obtain a model for Tp.

“<” Assume that E is a semantic consequence of D. Let 7 E Tg.
Then Z is not based on a frame F = (A7, r”) validating E. Since E is a
semantic consequence of D, F is not validating D either, and there is an
interpretation Z’' based on F such that DT’ * AT, Take Yy € AT’ such that
y ¢ DT'. Since D is an ALC,- concept, we may assume that u{’ = AT x{y}.
Hence 7' |= Tp. Consequently, Tp U Tg is a model conservative extension of
TE. [l

We will not consider model conservative extensions any further in this
paper. Deductive conservative extensions appear to be the appropriate no-
tion for all the ontology design tasks discussed in the introduction as long
as the underlying DL is fized.

3 Decidability in ALCOT

We give a complexity result for deciding conservative extensions in ALC Q7.
We use |C| to denote the length of a concept C, and |T| to denote the size
> crper(|Cl+|D]) of a TBox T

Theorem 4 [t is 2-EXPTIME-complete to decide conservative extensions in
ALCQOT. In the case that T UT3 is not a conservative extension of T1, there
exists a witness concept C' of length at most 3-exponential in |T; U Ta| that
can be computed in time polynomial in |C|. This bound is optimal.

The lower bounds can be proved exactly in the same way as the 2-EXPTIME
lower bound for conservative extensions in ALC [4]. However, the lower
bounds do not simply transfer from ALC to ALCQT since the former is a
fragment of the latter. Therefore, it is necessary to go through the proof in
[4] and check that it also works for the case of ALCQZ. In the following,
we concentrate on proving the upper bound. It is established by devis-
ing a 2-EXPTIME algorithm that, for convenience, decides non-conservative
extensions.

We start by reminding that ALC Q7T has the tree model property. More
precisely, a tree interpretation is an interpretation 7 = (A%, -7, <7) equipped
with an additional relation <Z C AT x AT such that (i) (AZ,<%) is a
tree, (i) U engung- rf = < U <!, and (iii) s* and r? are disjoint for all
distinct roles s and r. In ALCQZ, every concept C that is satisfiable w.r.t.
a TBox 7T is satisfiable in a tree model of T, i.e., a model of 7 that is a



tree interpretation [7]. In this section, when talking of an interpretation or
model of a TBox we always mean a tree interpretation.

To develop the algorithm for deciding non-conservative extensions in
ALCQOT, we introduce a new kind of witness for non-conservativity. The
new witnesses are very similar to finite tree interpretations and easier to
work with than witness concepts. For a signature T, let a literal type for I’
be a subset of lit(I') := {A,—A | A € 'NNc} such that for each A € I'N N,
AeSiff ~A¢S. AT-role is a role r such that r or r~ isin I'.

Definition 5 (I-tree) A I'-tree ¥ = (W, <,L,0) is a finite intransitive
tree (W, <) such that each node w € W is labeled by a literal type L(w) for
I, each edge (w,w") is labeled by a T-role L(w,w"), and O C W is a set of
leafs of (W, <).

Essentially, a I'-tree is a finite tree interpretation equipped with an ad-
ditional unary predicate O denoting a subset of the leafs. The following
definition provides a way to relate I'-trees and actual interpretations.

Definition 6 (I'-embedding) Let ¥ = (W, <,L,0) be a I'-tree with root
w € W, and T an interpretation with root d € AT. A T-embedding f : T — T
is an injection from W to AT such that

o f(w)=d,
L(v,v") = r iff f(v)rf(v'), for all v,v' € W and T-roles r,

C € L(v) iff f(v) € CZ, for allv € W and C € lit(T),

if v & O, then there does not exist a d' € AT\ ran(f) and a T-role r
such that f(v)rtd'.

T is called T-embeddable into Z if there is a I'-embedding f : T — T.

The definition illustrates that I'-trees represent a (finite) initial part of (po-
tentially infinite) tree interpretations. This explains the predicate O of T-
trees: O marks those leafs in the I'-tree that are not necessarily leafs in the
tree interpretation Z that we embed into. We can now establish I'-trees as
witnesses for non-conservativity.

Lemma 7 71 U 75 is not a conservative extension of T1 w.r.t. T iff there
exists a T'-tree T = (W, <, L,O) which is T'-embeddable into a model of Ty
but not into any model of T1 U Ts.



Proof. (=) Let C be a concept in ALCQZ(T") which is satisfiable relative
to 71 but not relative to 7; U 73. Take a tree model T = (AT,-Z, <T) of T3
such that w € CT for its root w. We may assume that Z has finite outdegree
[11]. Now let n be the depth d(C) of C, that is, the maximal number of
nestings of at-most number restrictions in C.

Let W denote the set of u € AT such that there is a sequence

w = wortwiry - riw, = u

of length not exceeding n such that each r; is a I'-role, for 7 < k. Define
the T-tree T = (W, <, L,0) by setting <= <IN (W x W), L(u) = {D €
lit(T') | w € DT}, defining L(u,u') as the unique I'-role r such that urfu/,
and defining O as the set of leafs u of (W, <) such that there exist ' ¢ W
and a I'-role r with urfu'. It is readily checked that the identity mapping
is a I'-embedding from ¥ into Z. Conversely, there is no I'-embedding from
< into a tree model 7' of 7; U T3 because in any such model one would
have u € CT' for the root u of Z'. This can be proved by induction on the
subconcepts of C.

(<) We postpone the proof to Section 5. O

The general idea behind the algorithm is as follows: by Lemma 7, to decide
whether 77 U 75 is not a conservative extension of 77, it suffices to decide
whether there exists a [-tree that is I'-embeddable into a model of 77, but
not into any model of 771 U7T3. This is what our algorithm will do. Alas, the
algorithm cannot simply try to construct the required I'-tree because there
are cases in which the smallest such tree is 3-exponential in |77 U 72| and we
are aming at a 2-EXPTIME algorithm. Therefore, we check the existence of
the I'-tree by considering certain witnesses for the existence of such a tree.
Before we can introduce these witnesses (which should not be confused with
[-trees as witnesses for non-conservativity), we need to introduce the notion
of a type.

Definition 8 (Type) Let T be a TBox. We use cl(T) to denote the small-
est set that contains all concepts in T and is closed under single negations
and under subconcepts. A T-type is a subset of cl(T) such that

e ~Cetiff Cdt, for all -C € cl(T);
e C1NCyetiff Cy €t and Cy € t, for all C1 M Co € cl(T).
Given an interpretation Z and u € A7, the set
t7(u) ={C € (T | u e CT}

is a T-type. In what follows, we will not always distinguish between the
type t and the conjunction of all members of . We now introduce a witness
for the existence of a I'-tree that is I'-embeddable into a model of 77, but



not into any model of 7; U75. To avoid heavy sub- and superscripting, from
now on we assume the input 77, 73, and I" to be fixed.

Definition 9 (Root pair, Internal pair) A root pair (¢,U) consists of a
Ti-type t and a set U of Ty U Ta-types. An internal pair (' —,. t,U) consists
of a T-role v, Ti-types t' and t, and a function U mapping each T U Ta-type
to a set of T1 U Ta-types.

Intuitively, each (root or internal) pair encodes relevant information about
possible embeddings of a I'-tree into models of 77 and 77 U75. This is made
precise by the notion of realizability.

Definition 10 (Realizable root pair) Let ¥ = (W, <, L,0) be a T'-tree.
A root pair (t,U) is realized by T iff

1. there exist a model T of Ty with root d € t¥ and a T-embedding f :
T I

2. for every T1 U Ta-type s, we have s € U iff there exist a model T of
T1 U Ta with root d € s* and a T-embedding f : T — T.

While root pairs encode information about possible embeddings of a I'-
tree into models of 77 and 77 U 75, internal pairs encode information about
possible embeddings of a I'-tree into rooted submodels of models of 71 and
T1UTs. In the following, if T is a (tree) interpretation and d € AT, we write
Z4 to denote the sub-tree interpretation of Z rooted at d.

Definition 11 (Realizable internal pair) Let T = (W, <, L,0) be a I'-
tree. An internal pair (t' —, t,U) is realized by T iff

o there exist a model T of Ty and d',d € AT such that d' € (t')T, d'r’d,
d € t*, and there is a T-embedding f : T — Ty;

e for all Ty U Ta-types s,s', we have s' € U(s) iff there exist a model T
of TUTy and d',d € AT such that d' € (s')L, d'rld, d € s, and there
is a -embedding f: T — 1.

A (root or internal) pair is realizable if there exists a T'-tree T which realizes
it.

Observe that internal pairs store information not only about the element
d € AT to which the root of T is mapped, but also comprise the type #'
of the predecessor d’ of d in Z and the (unique!) role r which connects d’
and d. This is necessary due to the presence of inverse roles and number
restrictions and bears some similarity to the double blocking technique in
tableau algorithms, see [7]. Also note that the U-component of internal
pairs is a function rather than a set because, intuitively, the possible types

10



of d in models of 77 U T3 depend on the type of the predecessor d’ in such
models.

Let us now describe the algorithm. By Lemma 7 and definition of re-
alizability, there exists a realizable root pair of the form (¢,0) iff 77 U T2
is not a conservative extension of 7; w.r.t. I'. The algorithm for deciding
non-conservative extensions searches for such a root pair. The easiest case
is that a root pair (¢,0) is realized by a singleton T'-tree, i.e., a [-tree that
consists of only a single node. This special case is tested first. If the test
is not successful, we must check whether there is a root pair (¢,0) that is
realized by a non-singleton tree T = (W, <, L, 0). Assume that this is the
case and that the root of ¥ is w. Then each subtree of ¥ rooted at a node
w' € W with w < w' realizes an internal pair (£ —; £,U) with ¢ = ¢ and
7 = L(w,w’). Intuitively, this means that we can check realization of the
root pair (£,()) in T based on the realization of internal pairs in trees of
strictly smaller height. Similarly, we can check the realizability of internal
pairs in a ['-tree based on the realizability of internal pairs in I'-trees of
strictly smaller height. Based on these observations, our algorithm repeat-
edly generates internal pairs that are realized by ['-trees of larger and larger
height until all such pairs are generated. It then checks whether there exists
a root pair (¢, () that is realizable based on the generated internal pairs. The
following definition formalizes one step of the algorithm in which root pairs
or new internal pairs are generated from an existing set of internal pairs.

In the following, if T is a I'-tree and w € W, we write T, to denote the
sub-tree of ¥ rooted at w.

Definition 12 (One step) Let R be a set of internal pairs. A root pair
(t,U) (resp. internal pair (t' —, t,U)) can be obtained in one step from R
if there exists a I-tree T = (W, <, L, O) with root w such that

e T realizes (t,U) (resp. (t' —, t,U));

o for all w' € W with w < w', there exists an internal pair p = (' —;
t,U) € R such that t' =t, # = L(w,w'), and p is realized by Tyy.

The details of our algorithm are given in Figure 2, where
M7 T i= 2 % |'T1 U'T2| X 23X‘T1UTQ|.

Intuitively, considering only a subset of R; of cardinality mr; 7, means that
we limit our attention to I'-trees of out-degree my; 7;. This is justified by
the following lemma.

Lemma 13 If 71 U7y is not a conservative extension of T1 w.r.t. T, then
there exists a root pair (t,0) realized by a T-tree T of outdegree at most

T T,

11



Suppose TBoxes 77 and 73, and a signature I' C sig(77) are given.

1. Determine the set R{ of root pairs realized by singleton I'-trees. If
RE = 0, then reject the input (because 77 is not satisfied in any
model). If R{ contains a root pair (¢,U) such that U = 0, then
accept. Else,

2. Determine the set Rg of internal pairs realizable by singleton I'-trees.
If Rg = 0, then reject the input. Else,

3. Generate the sequence R, Ro,... of sets of internal pairs such that
Riv1 =R; U 'R,;,

where R is the set internal pairs which can be obtained from some
non-empty subset of R; of cardinality not exceeding m7; 1, in one
step. This is done until R; = R;UR.. Then accept the input if there
exists a root pair (¢,U) with U = () which can be obtained in one
step from some subset of R; of cardinality not exceeding mz; 7. If
no such root pair exists, reject the input.

Figure 2: Algorithm for non-conservativeness w.r.t. I'.

Proof. Suppose T1UTs is not a I'-conservative extension of 7;. By Lemma 7,
there exists a [-tree T = (W, <, L, O) which is I'-embeddable into a model
of 71 but not I'-embeddable into any model of 7; U 75. Consider such a T
with root w and take a tree-model Z of 77 with root v and a I'-embedding
f % — T. Take t to be the T1-type t? (u). Then we have that the root pair
(t,U) with U = () is realized by T. By recursively removing certain subtrees
from T, we will obtain a I'-tree satisfying the bound m7; 7, on the outdegree
stated in the lemma and still realizing (¢,U). To this end, we require the
following claim.

Claim 14 Let ¥, be a D-tree based on (W, <,) with root v which realizes
(a) the root pair (to,Uy), or (b) the internal pair (t; —, to, Up). By possibly
removing from <, some nodes from {v' | v <, v'} together with the trees T,y
they generate one can obtain a T'-tree ) based on W, C W, with T, realizing
(a) a root pair (to,U}) with Uy C Uy, or (b) an internal pair (t —, to, Uy)
with Uj(s) C Up(s), for all T1 U Ta-types s € dom(Uy), such that [{v' € W |
v <, V'} <mp 7.

The claim will be proved below. First, however, we show the following
Property (x).

() Suppose v is a node in T and let ¢y = t? (f(v)). Define ' as follows:
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e if v = w, then let ¥ = %), where ¥, is obtained from %, as in Case (a)
of Claim 14;

e if v # w, then let v’ be the r~-predecessor of v in ¥, i.e., v < v
and L(v',v) = r. Set t) = t7'(f(v')). Tn this case assume that T/, is
obtained from ¥, as in Case (b) of Claim 14 and that ¥ = (W', <’
,L',0") is obtained from ¥ by replacing its subtree €, by <! .

Then ¥’ still realizes (t,U) with U = 0.

The Property (*) clearly holds in the case where v = w. Suppose now
that v # w. We consider the second component U = () of the root pair
(t,U) only. For the first component, ¢, the proof is simpler and left to the
reader. Let v = vg,v1,...,v, = w be the sequence of nodes such that, for
all 4 <n, L'(v;11,v;) = r;, for some T-roles r;. Let U; and Ui’ be the second
component of the pairs realized by T,, and T;]i, respectively.

We show by induction on ¢ > 0 that (1) if v; = w, then U} C U;, and (2)
if v; # w, then U/(s) C U;(s), for each T;UT5-type s. For the induction base,
where 7 = 0, the properties (1) and (2) directly follow from the items (a)
and (b) of Claim 14. For the induction step, assume (1) and (2) were already
shown for ;. Here we only show Property (2) for ¢ + 1; (1) can be shown
similarly. Suppose 5" € U, (s'), for two 71 U To-types s',s". We have to
show s"” € U;y1(s'). By Definition 11 for realizable internal pairs, there
exists a tree model Z' of T; U T3 with nodes u},u), such that v} € (s'),
ub € (s, ub(rip1)T ul, and a M-embedding

f ngiﬂ —>I7'J,1.
Let s = t;}UTQ (ug) be the T; U To-type determined by the node uj = f'(v;)
in Z'. See Figure 3 for an illustration of the I'-tree ', the tree-model Z’,
and the T'-embedding f’. By the induction hypothesis, we have s’ € U;(s).
Then, again by Definition 11, there exists a tree-model Z of 77 U 75 with
nodes ug,u; such that ug € sZ, uy € (s)%, ulrizu[), and a [-embedding

[ %y, = Ly,

To show s” € Uj;1(s"), we construct a tree-model Z"” of 71 U T3 and a T'-
embedding

" Ty > Th

Obtain Z"” from Z' by replacing the submodel generated by w(, in Z' by the

submodel generated by ug in Z. Construct a I'-embedding " : T, , — I,

1

using f and f’ as follows: for each node v in ¥ set

Vi419

() = f(u) if u =w; or v; is an ancestor of u in Ty, ;
f'(u) otherwise.

13



Figure 3: I-tree ', tree-model 7/, and T'-embedding f'.

See Figure 4 for an illustration of the I'-tree ¥, the tree-model Z”, and the
I'-embedding f”. To see that Z" is indeed a model of T; U 75, it suffices to
show the following property: for all C' € cl(7; U T3) and all z € AT":

o ifz € AL, then z € CT iff z € CT";
o ifz € AT then z € CT iff z € CT".
Using the construction of Z” and the fact that
t7:°7 (ug) = s = 777 (ug)

and
tlEUB(UII) = S, = tl’]-—lUB(Ul),

this can be shown by an induction on the structure of the concepts C.
Moreover, it is readily checked that the nodes u),u}, in Z" are such that
uy e (" uly € (8T, uh(rigr)T u), and that f” is indeed a T-embedding.
This finishes the induction step and (x) is proved.

Hence, the root pair (¢,U) (with U = ()) is realized by ¥'. Thus we can,
starting from ¥ successively remove generated subtrees of nodes with more
than my; 7; successors and obtain a I'-tree ' whose outdegree is bounded
by m7; 7, such that (¢,0) is realized by ¥'.

Finally, we state again and prove the claim used above.

Claim 15 Let ¥ = (W, <, L,0) be a I'-tree with root v which realizes (a)
the root pair (to,Up), or (b) the internal pair (ty — to,Us). By possibly
removing from < some nodes from {v' | v < v'} together with the trees T,y

14



rx‘ I”

[ %w; = Ty,

"o, "
f -‘Ivi+1 —>l’u,1

Figure 4: D-tree T, tree-model Z”, and T'-embedding f”.

they generate one can obtain a T'-tree ' = (W', <'| L', O") with X' realizing
(a) a root pair (to, Uy) with Uy C Uy, or (b) an internal pair (ty — to, U})
with Ul(s) C Uy(s), for all Ty U Ta-types s € dom(U}y), such that [{v' | v <’
/UI}| S mfrl;]TZ'

Proof. Let T be as in the claim. Here we consider Case (b) where (¢’ —,
t,U) is realized by ¥ only. The proof for Case (a) is similar and left to the
reader. Let W, = {v' | v < v'} be the set of successor nodes of v in . We
define a set W' C W, by selecting subsets of W, in two steps.

First, we select a set W' C W, of nodes as follows. Since T realizes
(t' =, t,U), we have by Definition 11 for realizable internal pairs that there
exists a model Z of 77 with nodes u,u’ such that v € tZ, v’ € (#')%, u'rTu,
and a I'-embedding
[T =1,

See Figure 5 for an illustration of the I'-tree T, the tree-model Z, and the
I'-embedding f. Then we select, for each concept ~(< nr' C) € t,

e if ¥/ =7~ and C € t': n many r’-successors v’ of v in ¥ such that
C €t (f(v')); or

o if ' #£r~ or C ¢ ¢: n+1 many r'-successors v’ of v in T such that
C e t](f(v')).

Let W' be the set of all successors of v selected in this way.
In the second step, we select, for each 77 U To-type s and I-role v’ a set
WSQ’,,, C W, of nodes as follows.
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Figure 5: T-tree ¥, tree-model Z, and I'-embedding f.

For each v' with L(v,v") = r’ let Uy be the second component of an
internal pair (t,, =, t,,,U,) realized by T,,. Let S, be a subset of s of the
form

Ss={(<ni " C1),....(Enm 7 Cn)}.

We call an r'-successor v’ of v in € an S,-witness if for all T; U Ta-types s’
with s € Uy (s), it holds

{Cl,...,Cm}ﬂs'#V).

Let mg, be the number of S;-witnesses. Take Wf’r, to be the minimal set
containing, for all such subsets S5 of s, min{mg, ,ny +ny + -+ + ny + 1}
many r'-successor nodes of v that are S;-witnesses.

Now let W' be the union of W' and the sets Wfr,, for each T; U Ta-type
s and T-role r'. Define a new I-tree ¥’ = (W', <',’L’) by removing from ¥
all subtrees €,/ generated by nodes v’ € W,, which where not selected to be
in W'

We analyze the cardinality of W’. Recall that numbers in concepts with
number restrictions are coded in binary. The set W' is of cardinality at
most |T7| x 2/71/: in t there are at most |7;| many negated at-most number
restrictions, for which we each select not more than 2!7tl many nodes. There
are 2/T1Y721 many 77 U To-types s and each set W2 has not more than |77 U
Ta| x 22X|TVUT many elements: given s, there are at most 2/71Y72l many
subsets S of s each containing not more than |77 U 73| many at-most number
restrictions, for which we select at most 2171972/ many nodes. Hence, we have
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m7.7 =2 % |Ti UTs| x 22TVl a5 an upper bound for the cardinality of
w'.

In the following, we show that an internal pair (¢ —, ¢,U") with U’(s") C
U(s"), for all T{UTa-types s’ € dom(U’), is realized by ¥'. First, we show that
the first condition in Definition 11 for realizable internal pairs is satisfied.
To this end, we construct a model Z' of 71 and a I'-embedding

-1

as required. Construct a model Z' from the model Z introduced above using
the I'-embedding f : € — Z, by removing the submodels of Z generated
by the nodes f(v'), for all tree-nodes v' € W, that were not selected to be
in W'. By construction, Z' still contains the nodes u, v’ with «/rZ u. Look
at Figure 5 for an illustration: on the left hand side, it shows the I'-tree T
containing the subtrees T,/ that where removed from ¥ to obtain ¥’ and,
respectively, on the other side, we have the tree-model 7 containing the
submodels Zy () that were removed to obtain 7Z'. Obtain a I'-embedding
f': % — I/ from f by removing from the domain of f all nodes of the
subtrees €, generated by the nodes v', for all nodes v' € W, that were not
selected to be in W'. Tt is readily checked that f’ is indeed a T'-embedding.
To see that Z' is indeed a model of 77 and that v € ¥ and «' € ()7, it
suffices to show the following property: for all C' € cl(77) and all z € AT

ceCTiffz e CT.

We show this property by an induction on the structure of the concepts
C. The cases for concept names and Boolean constructors are left to the
reader. Here we only consider the case where C' = (< n r’ D). Moreover, we
only consider the case for the node z = u in Z'. Note that this is the only
interesting case since the models Z and Z' only differ in the successors of the
node x = u. For the left-to-right direction of the equation, we have that u €
(<nr' D)I impliesu € (< nr' D)I,. This is because v has, by construction,
not more r’-successors in Z' than in Z. We show the other direction by
contrapositive. Suppose u ¢ (< nr’ D)Y. That is, u € =(< n ' D)*. By
the fact that u € tZ, we have ~(< n 7' D) € t. Then, by construction, we
have:

(a) if ' =7~ and D € ¢, then W' contains at least n many r'-successors
v’ of v such that f(v') € DZ, or

(b) ifr' #r~ or D ¢ t', then W' contains at least n+ 1 many r’-successors
v’ of v such that f(v') € DZ.

Consider Case (a). Since v/ € (#)T and D € t/, we have v’ € D, and,
by the induction hypothesis, u' € DT". Note that u(r~) «'. But then, by
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the induction hypothesis, we have that there are at least n + 1 many nodes
u" € AT such that u(r)¥w” and u” € DT'. Hence u € —(< nr' D)Il.
Case (b) is easier: we simply apply the induction hypothesis and obtain
u€(<nr D)II. This finishes the induction. Hence, the first condition in
Definition 11 for (' —, t,U’) being realized by ¥’ is satisfied.

Second, we show U'(s) C Ul(s), for all T; U Ta-types s € dom(U’), for
the internal pair (¢’ —. t,U’) realized by T'. Assume for 77 U Ta-types s, s":
s € U'(s). Let v' with v" € W,, be an r’-successor of v that was not selected
to be in W'. Let T’ be the T-tree obtained from T’ by adding the subtree
Ty generated by v’ in €. Let V be the second component of the internal
pair (t' —, t, V) realized by T". We show that s’ € V(s). By subsequently
repeating this argument for all such v', we can conclude U'(s) C U(s).

In the following, we show that s’ € V(s). Since (t' —, t,U’) with
s’ € U'(s) is realized by T', we have by Definition 11 for realizable internal
pairs that there is a model Z' of 7; U 73 with nodes u,u’ such that u € s7,
u' € (s")T, u'rT'u, and a M-embedding

g -1T.

To show that s’ € V(s), we construct a tree-model Z” of 71 U T3 and a
[-embedding
f// AN
: -
We first show that the r’-successor v’ of v is not an Sg-witness, for any subset
S of s of the form

S ={(<n1 7" C1),...,(<nm 7" Cn)}.

For suppose otherwise. Then consider such a set Sy for which v’ is an Ss-
witness. Then, for every 71 U Tao-type s’ with s € U, (s”), we have

{Cl,...,Cm}ﬂs";é(B.

By the fact v' ¢ W', we have that o' ¢ Wy,». Then it follows from the
minimality condition in the definition of W, ,» that mg, > ny +ng +--- +
Ny, + 1. Hence, W' contains at least nq +mns+---+n,, + 1 many r’-successor
nodes v” of v that are S;-witnesses. But then, for each such node v”, we
have the following. Let s,» = t;}UTZ (u") be the T; U To-type determined by
the node u” = f'(v") in Z'. But then, by the fact that v” is an Ss-witness,
we have u" € CiI,, for some 7 with 1 < 4 < m. Since there are at least
ny1+ng+---+n, + 1 such nodes v”, the conjunction of the at-most number
restrictions in S cannot be satisfied at w in Z’. Then, since Sy C s, we have
u ¢ s*'; a contradiction.

Now, as v’ is not an Sg-witness for any such subset S; of s, we find a
T1 U To-type s with s € U, (s") such that

{Cl3Inst. (Knr'C)estns” =0.
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Take a model Z of T; U Ty such that uy € ("), u € s, u (r')Tug and there
is a I'-embedding f : Ty — Z,,.

Obtain Z"” from the model Z' and 7 introduced above by adding the
submodel Z,,, of Z generated by the node uy to Z' together with (r’)I”uU.
By construction, Z” still contains the nodes u, v’ with «/rZ u. Define a I'-
embedding f” : " — ! using f’' and f as follows: for each node v"” in
(I’//,

") = {f(v”) if v =o' or v’ is an ancestor of v" in T";

f'(v")  otherwise.

It is readily checked that f” is indeed a '-embedding. See Figure 6 for an
illustration of the I'-tree T”, the tree-model Z”, and the I'-embedding f”.

T” III

URE L

Figure 6: I-tree ", tree-model Z”, and I'-embedding f”.

To see that Z" is indeed a model of T;U75, it suffices to show the following
property: for all C' € cl(7; UT;) and all z € AT":

o ifz € AT, then z € CT iff z € CT';
o ifz € AT then z € T iff z € CT".

We show this property by an induction on the structure of the concepts
C. The cases for concept names and Boolean constructors are left to the
reader. We only consider the case where C' = (< n v’ D). Moreover, we only
consider the case for the node x = u in Z”. The cases for the other nodes
z # u are trivial. Since v € AZ', we have to show

¥ .

we(<nr' D)y ifue(<nr' D
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The direction from right to left holds trivially since, by construction, u has
not more r’-successors in Z' than in Z”. For the other direction, suppose
u€ (<nr D)I’. Notice that we have that v’ is not an Sg-witness, for all
subsets S of s of the form S = {(< ny ' C1),..., (< ny v’ Cpy)} containing
the concept (< n 7' D). Then from the fact that there are at most n many
r’-successors of u in 7', it follows by construction that there are also at most
n many such r'-successors in Z”. Hence, u € (< nr ’)DIH. This finishes
the induction. We established for Z” that v € sZ" and ' € (s')T". Hence,
s e V(s). 0

0

It remains to be shown that each step of the algorithm can be carried out
effectively and that the algorihm yields the 2-EXPTIME upper bound stated
in Theorem 4. We start with the former. The proof of the following lemma
relies on the fact that satisfiability in ALCQT relative to TBoxes can be
decided in EXpTIME [11].

Lemma 16 It can be checked in 2-exponential time (in the size of T1, T2)
whether a (root or internal) pair can be obtained in one step from a nonempty
set R of realizable internal pairs with |R| < m, 1.

Proof. Let R be as in the lemma. We only prove the lemma for internal
pairs; for root pairs it can be shown similarly. We show that an internal pair
(' =, t,U) can be obtained in one step from R if, and only if, the following
holds:

(*) there is a set S with |S| = n < m7; 7, and a function g : S — R with
g(v) = (t =, t,,Uy) for v € S such that the following holds:

(i) s' € U(s) iff there exist T; U Ta-types s, € dom(U,) such that s €
Nyes Un(8y) and the conjunction Cy ¢ ;5 of the following concepts is
satisfiable relative to 71 U Ta:

— for every I-role r' # r—,
RMsn(=nur'T),

where n,s = [{v € S | r, =r'};

— the concept
RNsMN(=ny+1r"T),

where n,» = [{v € S| r, =r"}|;

— the concept

[T (=0r,-R)N(=1+ -RO),
v 0T PRI (=17 s)
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— for every I'-role r' and 77 U Ta-type s”
(=mu " RM1s"),
where m,» = [{v € S| r, =7’ and s, = s"}|.

(i1) the above conjunction, where s is replaced by ¢, s’ by ¢, and the s,
are replaced by the ¢, (for v € V), is satisfiable relative to 77.

It should be clear that (x) holds whenever (¢ —, ¢,U) can be obtained in
one step from R. Conversely, suppose that (x) holds. Assume that S and
g are chosen in (x). Since the internal pairs (¢t —,, t,,U,) (with v € S)
were each realizable, there exists, for each such pair, a I'-tree ¥, with a
root v such that (¢t —,, t,,U,) is realized by ¥,. We construct a I'-tree
T = (W, <, L,0) by taking a new node w (the root of ¥) and connecting w
to each T, v € V, (assuming the ¥, are mutually disjoint) by setting w < v
and

o L(w,v) =ry,
o L(w)=Iit(T') Nt and
e taking O to be the union of the O, from %,.

To show that (¢ —, ¢,U) is obtained in one step from R, it is sufficient to
show that (¢ —, t,U) is realized by T. Here we only consider the second
condition for internal pairs in Definition 11; the first one can be shown
similarly using (ii). Let U’ be the second component of the internal pair
realized by €. We have to show U = U’. Let s,s be T; U To-types and
suppose s’ € U(s). Choose s,, v € V such that the concept Cs ¢, 5 in (i)
is satisfiable relative to 73 U 73. Let Z be a tree-model of 77 U T3 with
deCt . Tt follows that there are mutually different f(v) in AZ, v € V,

P
5,8",r,Sy

such that
e drlf(v) and
o f(v) €5y

and a d' € A? different from the f(v), v € V, with d' € (s')%, and d'r’d. d
has no neighbours different from d' and f(v), v € V, in Z. We may assume
that d < d and d <% f(v) for all v € V. Moreover, we may assume
that there are I'-embeddings f, : T, — Zy(,). Now we can construct a I'-
embedding f : ¥ — Zy by setting f(u) = fy(u) for v in ¥, and f(w) = d.
This T'-embedding shows that s’ € U'(s).

Conversely, suppose that s’ € U'(s). Then there exists a tree model Z
of 71 U Ty with d,d’ € AT such that there is a T'-embedding f : T — T,
and d € 57, d'rTd, and d' € (s'). Let s, = t1292(f(v)), for all v € V. We
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may assume that RY = {f(v) | v € V U {w}}. Tt is readily checked that
deCl, —. Hences €Ul(s).

Now we analyze the time complexity of deciding (x). Clearly, the number
of g, S one has to consider is bounded by m7; 7, X 2(m7.7)° | For each such

g, S we have to check the satisfiability of at most

94x|TiUTs| o gmry 7, x2IT1UT2]

many differenct ALCQZ-concepts relative to 73 U To (res. Tp) of length at
most exponential in |77 U T2|. Each satisfiability test can be done in doubly
exponential time in |77 U 72|. Hence, the time complexity is at most doubly
exponential in |7; U Ta|. 0

Theorem 17 The algorithm in Figure 2 accepts input Ty, Ta, T, if, and only
if, T1 U T2 is not a I'-conservative extension of T1. It runs in 2-exponential
time.

Proof. We prove correctness, completeness and the complexity statement:

e Correctness: Suppose the algorithm accepts 71, T2, I'. There are two
cases: in the first case there is a singleton I'-tree realizing a root pair
(t,U) such that U = () and in the second case there is a non-singleton
I-tree which realizes a root pair (£,U) with U = (. In both cases
T1 U T3 is not a I'-conservative extension of 77.

e Completeness: Suppose 71 U7T5 is not a I'-conservative extension of 7.
By Lemma 14 there exists a [-tree T with root w which has outdegree
not exceeding my; 1, such that T is I'-embeddable into a tree model
of 71 but not into any model of 7; U 75. We fix such a pair [-tree
%. If T is a singleton tree, then there exists a pair (¢,U) with U = ()
which is realizable in ¥. Hence, the algorithm accepts the input in
Step 1. If no such singleton tree exists, then T is a non-singleton tree
and Ry # 0. Let n be the depth of €. By definition, the sets R;,
1 < m, generated by the algorithm contain all internal pairs realizable
in subtrees of T generated by nodes of depth < 4. Hence, a root pair
(t,U) with U = () is obtained in one step from R,, ;. Clearly, for the
first 7 with R; = R; U R;-, Rj contains R,_; and, as a consequence,
the algorithm accepts the input.

e Complexity: First observe that the number of internal and root pairs

is bounded by
- T1UTs3
kg = 24XITIUTal 92TV

Also, the number of subsets of a set S with |S| < kr; 7; of cardinality
bounded by my; 7; is at most doubly exponential in |7; U T3|. Now,
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using the fact that ALC QT satisfiability relative to TBoxes is decid-
able in EXPTIME [11] and that realizability of root and internal pairs
in a singleton I'-tree can be checked using at most exponentially many
satisfiability tests for concepts of polynomial size relative to ALC Q-
TBoxes, it follows that the time complexity of Step 1 and 2 of the
algorithm is at most 2-exponential in |7; U T2|. For Step 3., we ob-
viously have R; = R; U R, for some i < k7; 7,. Thus, the number
of rounds of computations of R! from R; is bounded by k7; 7. By
Lemma 16, the computation of R from R; requires at most double
exponentially many computations each of which requires only double
exponential time. Also, by Lemma 16 checking whether a root pair
(t,U) with U = () is obtained in one step from a subset of R; of cardi-
nality bounded by m7; 7, requires not more than doubly exponential
time. Hence, Step 3 does not require more than doubly exponential
time.

0

4 Undecidability in ALCQZO

We show that conservative extensions are undecidable in ALCOTZO. The
proof is by a reduction of the following undecidable tiling problem.

Definition 18 A domino system D = (T,H,V,R,L,T,B) consists of a
finite set T of tiles, horizontal and vertical matching relations H,V C T'xT,
and sets R, L,T,B CT of right tiles, left tiles, top tiles, and bottom tiles.
A solution to D is a pair (n,m,7) where n,m € N and 7:n xm — T such
that the following hold:

1. (1(i,9),7(i +1,7)) € H, for alli <n and j < m;
2. (r(i,4),7(i,5 + 1)) € V, for alli <mn and j < m;
3. 7(0,7) € L and 7(n,j) € R, for all j < m;
4. 7(i,0) € B and 7(i,m) € T, for all i < n.

Using proof methods from [12], is is easy to show that it is undecidable
whether a given domino system D has a solution. We show how to convert
a domino system D into TBoxes 71 and 7T, such that D has a solution iff
T1UT5 is not a conservative extension of 7;. In particular, models of witness
concepts will correspond to solutions of D.

Let D = (T,H,V,R,L,T, B) be a domino system. The TBox 77 uses
the following signature: an indidual name o, role names r, and r,, concept
names top, bottom, left, and right and each element of T" as a concept name.
The TBox 77 contains the following:
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e The roles r;, ry, and their inverses are functional:

TC(K1rT), forre {T:c,Tyarg;ar;}

e Every position in the n x m grid is labeled with exactly one tile and
the matching conditions are satisfied:

T c Uen T1 -

teT YET, t'#t

T C |_|(t—>(( || Vrg.t' tl_l Vry.t'))

teT tLt')eH (t,t)ev

e The concepts left, right, etc. mark the boundaries of the grid in the
expected way:

right © —dr,. T MVr,.rightn Vry_l.right
—right © Fr,. T

and similarly for left, top, and bottom.

e The individual name o marks the origin:

{0} C left M bottom.

The TBox 75 introduces two new concept names () and P. It contains the
following two concept inclusions:

{o} T QC Ir,.QU3Iry.QU (Iry.3ry.P M 3Iry,Ir,.—~P)

The idea behind this definition of 75 is to enforce that models Z of witness
concepts are such that (i) there is no infinite outgoing r,/ry-path starting
at o’ and (ii) 7, and r, commute in the connected part of Z rooted at o”.
This is achieved as follows: if (i) is violated, then we can find an assignment,
of @ in Z that satisfies 72. Similarly, if (ii) is violated, then we can find an
assignment of (Q and) P in Z that satisfies 75.

It can be checked that, as intended, D has a solution iff 73 U 75 is not a
conservative extension of 7;. Here, we only show how to construct a witness
concept in the case that D has a solution. Such a witness concept C' has to
ensure that for all models Z of C' and 77, the connected part of Z rooted at
o? is isomorphic to the n x m-grid.

For every word w € {r;,r,}*, denote by % the word that is obtained by
reversing w and then adding -~ to each symbol. Let |w|, denote the number
of occurrences of the symbol 7 in w. Now, C' is the conjunction of

{o} MVry.right M Vr".top
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and for every w € {ry,r,}* such that |w|., <n and |w|,, <m, the concept
A(w - TeTyTy Ty W).{o},

where Jw.D abbreviates 3rq.---3Jrp.D if w = ry---7r,. It is not difficult to
see that C' enforces an n x m-grid as required.

Theorem 19 In ALCQOTQO, conservative extensions are undecidable.

Note that the theorem applies even to the case where I' = sig(77) and we
allow (< 17 T) as the only form of number restriction.

5 Witness concepts

In this section, we provide a proof of the remaining implication of Lemma, 7
and of the upper bound for the witness concept part of Theorem 4. For
both proofs we associate with certain I'-trees ¥ a concept (called diagram)
C in ALCQZ(T') which is satisfied in a tree model Z if, and only if, there is
a [-embedding of ¥ into Z. Such a diagram can be defined in a simple way
only for trees in which the open nodes (elements of O) all have the same
distance from the root, and this distance coincides with the depth of the
tree. We require some notation.

Definition 20 (Level, balanced) Let € = (W, <,L,0) be a T'-tree. The
level £(w) of a node w in T is oo if O = (); otherwise it is n, where n is the
length of the minimal path from w to an open node.

A T'-tree with root w whose depth does not exceed the level of w is called
balanced. In a balanced tree all open leaves have equal distance (namely the
depth of the tree) to the root.

Observe that the I'-tree constructed in the proof of Lemma 7 is balanced.
We are in a position now to define the concepts, called diagrams, describing
[-trees.

Definition 21 (Diagram) Let T = (W, <,L,0) be a balanced I'-tree with
root w. Let m be the depth of T. We define, for each node v of level k < m
the diagram of level n. (k > n > 0) diag,, (¥, v) of the pair (¥,v). The concept
diag,, (%, v) is in ALCQZ(T') and defined inductively as follows:

e set, for all nodes v, diagy(T,v) = L(v);

e suppose diag, (¥,v) has been defined for all nodes v of level < n. Let
u be a node of level > n 4+ 1. Then all its neighbors have level > n
and the n-diagram has been defined. Let, for every I'-role r, B" =
{A7,... Ay} be the partition of the set of r-neighbors of u such that
diag, (%, u') = diag, (Z,u") iff there exists i < ¢ with u',u" € Al. Set
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diag, (%, A]) = diag, (%, u'), for some v’ € AL. Then diag, (%, u) is
defined as the conjunction of

diag,(T, )1 [ 1 (=0, rT),

r a I'-role

where n, is the number of r-neighbors of v in T, and

=mr diag,(%,A")).
ra F‘TOZB,A’"EB’“,m(:‘Aq gn( ) ))

The diagram diag(¥) is defined as diag,,(%,w).

Observe that a diagram of a balanced I'-tree ¥ describes the ¥ in the
following sense:

Lemma 22 Let T = (W, <, L,O) be a balanced T'-tree with root w. Then the
following conditions are equivalent, for all tree-models T with root u € AT:

e u € diag(%)%;
e there is a I'-embedding f : € — T.

Proof. We start the proof with the following claim:

Claim 1. Let w and w’ be two nodes in < of level £, and £, , respectively.
Take ¢ = min({y, £y,). Then, for all n < £, diag, (T,w) # diag, (T, w')
implies that diag,, (T, w) Mdiag, (T, w') is not satisfiable.

The proof is by a straighforward induction and left to the reader. Claim
1 is crucial for the inductive definition of the diagrams: it ensures that
there are no “hidden” implications between syntactically different diagrams
of nodes in a [-tree. In particular, there are no nodes to which diagrams
which are syntactically different from its diagram apply. This ensures that
the following can be proved by induction:

Claim 2. Let f : T — T be a I'-embedding. Then u € diag(%)? for the
root u of Z.

Claim 2 implies one implication of Lemma 22. Conversely, the injection
f required to show that for every tree model 7 with root u, u € diag(%)%
implies that there is an I'-embedding f : ¥ — 7 is easily constructed induc-
tively from the root. O

We are now in the position to prove the remaining implication of Lemma 7:
Suppose T = (W, <, L,0) is a I'-tree which is I'-embeddable into a model
of 71 but not into any model of 73 U75. Let f : € — 7 be a '-embedding
into a tree model Z of 7;. We may assume that Z has finite outdegree. If T
is balanced, then diag(¥) is a witness concept, by Lemma 22. Thus, 73 U Ty
is not a I'-conservative extension of 7. If T is not balanced, then let n be
the depth of €. We hook to each u € O of distance k& < n from the root w
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the labeled tree of depth at most n — & induced by the set of points in 7
reachable from f(u) in n — k-steps. (This can be done the same way as in
the proof of Lemma 7.) The resulting I'-tree is balanced and its diagram is
a witness concept.

We are also in the position to prove the witness concept part of Theo-
rem 4. Suppose 71 U Tz is not a I'-conservative extension of 7;. Then the
algorithm in Figure 2 above (implicity) constructs a I-tree T = (W, <, L, O)
which is ['-embeddable into a model Z of 77 but not into any model for T{U7s.
The depth of this tree is a most double exponential, say m, in |73 U Ta|. Its
outdegree is at most exponential in |77 U 73|

Of course, following the accepting computation, we can associate with
each node v of T a Ti-type t(v) such that there is a I'-embedding f : ¥ — 7
into a tree model Z of 77 and t;l(f(v)) = #(v) holds for all v in T. We
are now going to construct a balanced T-tree T’ from ¥ by hooking certain
I-trees to leafs v € O. Let v be a leaf in ¥ with v € O. Let & < m be
the distance between v and the root w of €. If kK = m, then we do nothing
with v. Suppose k& < m. Then k is not the root of €. There exists a I'-tree
Ty = (Wy, <y, Ly, O,) and a model Z of T; such that, for the predecessor v’
of v with L(v',v) = r (for a I'-role r) there are d’,d in 7" with d’ € t(v")%",
d € t(v)L, drt"d and

e T, is I'-embeddable into Z};
e the outdegree of T, is only exponential |77|;

e cither T¥ has depth < m — k and OV = () or it has depth = m — k and
OV is a subset of the set of leafs with distance m — k from v.

Moreover, given t, t' and r such a I'-tree can be constructed in triple expo-
nential time in |7;]. Now hook to each such v € O such a I'-tree T¥ and
denote the resulting I-tree by T'. ¥’ is balanced and is embeddable into
a model of 77 but not into any model of 7; U 73. The diagram of T’ is a
witness concept of size at most three exponential in |77 U T3|.

6 Conclusion

We have shown that conservative extensions are decidable and 2-EXPTIME
complete in ALC QT, but undecidable in ALCQTO. Although the high com-
putational complexity suggests that efficient tools for deciding conservative
extensions will be difficult to attain, our results and techniques lay theoreti-
cal foundations that are important for practical applications of conservative
extensions. These could be based on approximations, semi-decision proce-
dures, and on syntactic restrictions in a normative framework such as [3].
Finally, transitive roles are a main ingredient of DLs underlying OWL-DL.
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It remains an important open problem to investigate conservative extensions
for DLs containing transitive roles and role hierarchies.
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