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Abstra
t

The notion of a 
onservative extension plays a 
entral role in on-

tology design and integration: it 
an be used to formalize ontology

re�nements, safe mergings of two ontologies, and independent mod-

ules inside an ontology. Regarding reasoning support, the most basi


task is to de
ide whether one ontology is a 
onservative extension of

another. It has re
ently been proved that this problem is de
idable and

2ExpTime-
omplete if ontologies are formulated in the basi
 des
rip-

tion logi
 (DL) ALC. We 
onsider more expressive DLs and begin to

map out the boundary between de
idable and unde
idable by proving

that 
onservative extensions are 2ExpTime-
omplete in ALCQI, but

unde
idable in ALCQIO. We also show that if 
onservative extensions

are de�ned model-theoreti
ally rather than in terms of the 
onsequen
e

relation, they are unde
idable already in ALC.

1 Introdu
tion

The design and integration of ontologies formulated in modern ontology

languages su
h as OWL is a serious 
hallenge. Experien
e shows that prin-


ipled methodologies as well as automated reasoning support are required

to ensure that the resulting ontologies are well-stru
tured [6℄. In the re
ent

papers [4, 5, 3, 1℄, 
onservative extensions have been identi�ed as a 
ru-


ial notion for formalizing 
entral tasks in ontology design and integration.

Consequently, 
onservative extensions 
an play a key role in design and inte-

gration methodologies [3℄, provided that reasoning tools are available whi
h

support the ontology designer in the task of using this notion.

Formally, an ontology T

1

[T

2

is a 
onservative extension of an ontology T

1

w.r.t. a signature � i� every 
onsequen
e of T

1

[T

2

formulated in � is already

a 
onsequen
e of T

1

. For example, assume that ontologies are formalized in

a des
ription logi
 (DL) su
h as OWL-DL and its fragments [2℄. Then a

signature is a set of 
on
ept and role names, an ontology is a TBox, and a


onsequen
e of a TBox is a subsumption relationship between two 
on
epts

whi
h follows from the TBox. Intuitively, T

1

[T

2

is a 
onservative extension

of T

1

w.r.t. � if adding T

2

to T

1

does not 
hange the ontology T

1

as far as


on
epts built only from 
on
ept and role names in � are 
on
erned. We give

1



three examples of ontology related tasks that 
an be understood in terms of


onservative extensions.

{ Ontology re�nement. During ontology design, a frequent task is to add

more details to a part of the ontology that has not yet been suÆ
iently

des
ribed. Intuitively, su
h a re�nement should have no impa
t on other,

unrelated parts of the ontology. This requirement 
an be formalized by de-

manding that the re�ned ontology is a 
onservative extension of the original

one w.r.t. the 
on
ept and role names that do not belong to the re�ned part

[4, 1℄.

{ Ontology merging. The most straightforward way to integrate two ontolo-

gies is to simply take their union. Su
h a merging should not 
ompromise

the original ontologies. One possible formalization of this requirement is to

demand that the united ontology is a 
onservative extension of the 
om-

ponent ontologies w.r.t. the set of all 
on
ept and role names used in the

respe
tive 
omponents. Weaker formalizations are obtained by ex
luding

from the signature 
on
ept and role names for whi
h an intera
tion between

the 
omponent ontologies is expe
ted (and intended).

{ De�ning Modules. A module inside an ontology T that des
ribes an inde-

pendent part of the appli
ation domain 
an be de�ned as a subset T

0

of T

su
h that T is a 
onservative extension of T

0

w.r.t. the 
on
ept names and

role names that belong to T

0

[5℄.

The most basi
 reasoning task regarding 
onservative extensions is as fol-

lows: given ontologies T

1

and T

2

and a signature �, de
ide whether T

1

[ T

2

is a 
onservative extension of T

1

w.r.t. �. In the following, we refer to this

task as de
iding 
onservative extensions. [4℄ 
arries out a �rst investigation

of this de
ision problem for DLs, showing in parti
ular that this problem is

de
idable and 2-ExpTime-
omplete for the basi
 des
ription logi
ALC. The

aim of the 
urrent paper is to investigate 
onservative extensions in more

expressive DLs su
h as the ones underlying the ontology language OWL-DL

and to map out the boundary between de
idable and unde
idable. Our main

results are as follows: (i) in ALCQI, the extension of ALC with inverse

roles and qualifying number restri
tions, de
iding 
onservative extensions is

2-ExpTime 
omplete and thus not more diÆ
ult than in ALC; and (ii) if

we further extend ALCQI with nominals, 
onservative extensions in the

resulting DL ALCQIO are unde
idable. This shows that 
onservative ex-

tensions in OWL-DL, of whi
h ALCQIO is a fragment, is also unde
idable.

It also identi�es ALCQI as a signi�
ant fragment of OWL-DL in whi
h


onservative extensions are still de
idable.

In mathemati
al logi
, there exist (at least) two versions of 
onservative

extensions. One is based on the 
onsequen
e relation as sket
hed above. An

alternative, stronger version is de�ned in a model-theoreti
 way. We also


onsider de
iding the latter kind of 
onservative extensions and show that,

already in ALC, this problem is highly unde
idable.
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tion
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^

e 2 C

I

g � ng

Figure 1: Syntax and semanti
s of ALCQIO.

2 Preliminaries

In DLs, 
on
epts are indu
tively de�ned with the help of a set of 
onstru
-

tors, starting with a set N

C

of 
on
ept names, a set N

R

of role names,

and (possibly) a set N

I

of individual names. The 
onstru
tors available

in ALCQIO are shown in Figure 1. There, the inverse 
onstru
tor is the

only role 
onstru
tor, whereas the remaining 
onstru
tors are 
on
ept 
on-

stru
tors. In Figure 1 and the remainder of this paper, we use #S to denote

the 
ardinality of a set S, a and b to denote individual names, r to denote

roles (i.e., role names and inverses thereof), A;B to denote 
on
ept names,

and C;D to denote (possibly 
omplex) 
on
epts. For an inverse role s = r

�

we set s

�

= r. As usual, we use > as abbreviation for an arbitrary (but

�xed) propositional tautology, ? for :>, t,!, and$ for the usual Boolean

abbreviations, (> n r C) (at-least restri
tion) for :(6 n � 1 r C) if n > 0

and for > if n = 0 , (= n r C) for (6 n r C) u (> n r C), 9r:C (existential

restri
tion) for (> 1 r C), and 8r:C (universal restri
tion) for (6 0 r :C).

We assume that the numbers inside number restri
tions are 
oded in binary.

The DL that allows only for negation, 
onjun
tion, disjun
tion, and

universal and existential restri
tions is 
alled ALC. The availability of addi-

tional 
onstru
tors is indi
ated by 
on
atenation of a 
orresponding letter:

Q stands for number restri
tions; I stands for inverse roles, and O for nom-

inals. This explains the name ALCQIO for our DL, and also allows us to

refer to its sublanguages in a simple way.

The representation of ontologies in des
ription logi
s is based on TBoxes,

and we will from now on use these two terms inter
hangeably. Given a DL

L, an L-TBox is a �nite set of 
on
ept impli
ations C v D with C and D

L-
on
epts.

The semanti
s of ALCQIO-
on
epts is de�ned in terms of an interpre-

tation I = (�

I

; �

I

). The domain �

I

is a non-empty set of individuals and

the interpretation fun
tion �

I

maps ea
h 
on
ept name A 2 N

C

to a subset

A

I

of �

I

, ea
h role name r 2 N

R

to a binary relation r

I

on �

I

, and ea
h

individual name a 2 N

I

to an individual a

I

2 �

I

. The extension of �

I

to
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inverse roles and arbitrary 
on
epts is de�ned indu
tively as shown in the

third 
olumn of Figure 1.

An interpretation I satis�es an impli
ation C v D if C

I

� D

I

, and I

is a model of a TBox T if it satis�es all impli
ations in T . A 
on
ept C

is satis�able relative to a TBox T if there exists a model I of T su
h that

C

I

6= ;. A 
on
ept C is subsumed by a 
on
ept D relative to a TBox T

(written T j= C v D) if every model I of T satis�es the impli
ation C v D.

2.1 Conservative Extensions

Despite the fa
t that individual names are 
loser to 
onstants than to pred-

i
ates, we hen
eforth use the term predi
ates to refer to elements of N

C

[

N

R

[ N

I

. A signature is a �nite set of predi
ates. The signature sig(T ) of

a TBox T is the set of all predi
ates that o

ur in T . Given a des
ription

logi
 L and a signature �, we use L(�) to denote the set of L-
on
epts that

use only predi
ates from �.

De�nition 1 (Conservative Extension) Let T

1

and T

2

be L-TBoxes, and

let � � sig(T

1

) be a signature. Then T

1

[T

2

is a �-
onservative extension of

T

1

if for all C

1

; C

2

2 L(�), we have T

1

j= C

1

v C

2

i� T

1

[ T

2

j= C

1

v C

2

:

De
iding 
onservative extensions in L means to de
ide, given two L-

TBoxes T

1

and T

2

and a signature � � sig(T

1

), whether T

1

[ T

2

is a �-


onservative extension of T

1

.

If � = sig(T

1

), we simply drop � and only talk about 
onservative exten-

sions. It is not diÆ
ult to see that an alternative de�nition of 
onservative

extensions is as follows: T

1

[ T

2

is a �-
onservative extension of T

1

i� ea
h


on
ept C 2 L(�) that is satis�able relative to T

1

is satis�able relative to

T

1

[T

2

. Therefore, a 
on
ept C 2 L(�) that is satis�able relative to T

1

, but

not relative to T

1

[T

2

witnesses that T

1

[T

2

is not a 
onservative extension

of T

1

. We 
all su
h a 
on
ept a �-witness 
on
ept.

Let us give an example for 
onservative extensions in the des
ription

logi
 ALCQI. Assume that T

1

is a TBox formalizing knowledge about

universities:

Le
ture v 9has subje
t:Subje
t u 9given by:Le
turer

Intro TCS v Le
ture

Le
turer v Professor t Tea
hingAssistant

Le
turer v 9employed:University

University v 8employed

�

:(A
ademi
 t Admin)

The upper part of T

1

des
ribes university le
tures, saying e.g. that every in-

trodu
tory le
ture on theoreti
al 
omputer s
ien
e (TCS) is a le
ture. The

lower part of T

1

des
ribes universities and their employees. Suppose now that

we want to re�ne the part of the ontology that is 
on
erned with le
tures.
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We extend the signature by adding the 
on
ept names AutomataTheory and

ComplexityTheory and state that these subje
ts are dis
ussed in every in-

trodu
tory TCS le
ture. We also say that automata theory and 
omplexity

theory are di�erent things:

Intro TCS v 9has subje
t:AutomataTheory

Intro TCS v 9has subje
t:ComplexityTheory

? w AutomataTheory u ComplexityTheory

Intuitively, this addition should have an impa
t on the upper part of T

1

sin
e it adds information about le
tures, but it should not a�e
t the lower

part whi
h is not 
on
erned with le
tures. This intuition 
an be formally


aptured by 
onservative extensions: if we 
hoose � to be the set of all

predi
ates used in the lower part of T

1

, then T

1

[ T

2

is a �-
onservative

extension of T

1

. Thus, the lower part of T

1

is not a�e
ted by the addition of

T

2

. If we 
hoose � to be the predi
ates in the upper part of T

1

, then T

1

[T

2

is not a �-
onservative extension, a witness 
on
ept being

IntroTCS u (6 1 has subje
t >):

By 
onsidering these two 
ases of 
onservative extensions, the ontology de-

signer 
an thus verify that his modi�
ation 
hanges the TBox (only) in the

intended way.

This example also shows that 
onservative extensions depend on the

des
ripion logi
 L: the TBoxes T

1

and T

2

are a
tually formulated in ALCI

and we have seen that if � is the set of predi
ates in the upper part of T

1

,

then T

1

[ T

2

is not a �-
onservative extension of T

1

. However, this only

holds sin
e we assumed ALCQI to be the underlying DL and thus allowed

number restri
tions in the witness 
on
ept. If we swit
h the underlying DL

to ALCI, then T

1

[ T

2

is a �-
onservative extension of T

1

, for the same �.

In the next se
tion, we investigate a purely model-theoreti
 alternative to

the notion above whi
h does not depend on the language.

2.2 Model Conservative Extensions

In mathemati
al logi
 and software spe
i�
ation [8℄, there are two di�erent

kinds of 
onservative extensions: one that is based on the 
onsequen
e rela-

tion \j=" as in De�nition 1 and one that is based on models only . For sim-

pli
ity, we formulate this se
ond notion only for the 
ase where � = sig(T

1

).

De�nition 2 (Model Conservative Extension) Let T

1

and T

2

be TBoxes.

We say that T

1

[ T

2

is a model 
onservative extension of T

1

i� for every

model I of T

1

, there exists a model of T

1

[ T

2

whi
h 
an be obtained from

I by modifying the interpretation of the predi
ates in sig(T

2

) n sig(T

1

) while

leaving the predi
ates in sig(T

1

) �xed.
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To distinguish the two versions of 
onservative extensions, in this se
tion we


all the original version dedu
tive 
onservative extensions.

The notion of a model 
onservative extension are more stri
t than the

dedu
tion-based one: if T

1

[T

2

is a model 
onservative extension of T

1

, then

it is 
learly also a dedu
tive 
onservative extension of T

1

, but the 
onverse

does not hold. To see the latter, 
onsider the TBoxes

T

1

= f9r:> u 9s:> = >g; T

2

= f9r:A u 9s::A = >g:

It is not hard to see that T

1

[ T

2

is a dedu
tive 
onservative extension of T

1

if ALC (or even ALCQI) is the language for witness 
on
epts, but it is not

a model 
onservative extension. Note that model 
onservative extensions

do not depend on the underlying DL at all: there are no witness 
on
epts

on whose language the result of being a model 
onservative extension 
ould

depend.

However, model 
onservative extensions are a problemati
 
hoi
e: we

show that they are highly unde
idable even in the basi
 des
ription logi


ALC (and therefore in all its extensions).

Theorem 3 It is �

1

1

-hard to de
ide whether for two given ALC TBoxes T

1

and T

2

, T

1

[ T

2

is a model 
onservative extension of T

1

.

Proof. The proof 
onsists of a redu
tion of the highly unde
idable semanti



onsequen
e problem from modal logi
. Before formulating the DL version

of this problem, we need some preliminaries. We use ALC 
on
epts with

only one �xed role name r, whi
h we 
all ALC

r

-
on
epts. A

ordingly, we

also assume that interpretations interpret only 
on
ept names and the role

name r. A frame is a stru
ture F = (�

F

; r

F

) where �

F

is a non-empty set

and r

F

� �

F

��

F

. An interpretation I = (�

I

; �

I

) is based on a frame F

i� �

I

= �

F

and r

I

= r

F

. We say that a 
on
ept C is valid on F (written

F j= C) i� C

I

= �

I

for every interpretation I based on F .

De�nition Let D and E be ALC

r

-
on
epts. We say that E is a semanti



onsequen
e of D i� for every frame F = (�

F

; r

F

) su
h that F j= D, it

holds that F j= E.

In [10, 9℄, it is proved that for ALC

r

-
on
epts D and E, the problem \Is

E a semanti
 
onsequen
e of D?" is �

1

1

-hard. Clearly, we may assume that

in this problem, E and D do not share any atomi
 
on
ept names. We now

show that the semanti
 
onsequen
e problem 
an be redu
ed to the model


onservativeness problem. For ALC

r

-
on
epts D and E whi
h do not share

atomi
 
on
ept names, we de�ne the TBoxes

T

D

= f9u

1

::D = >g;T

E

= f9u

2

::E = >g;

where u

1

and u

2

are distin
t role names distin
t from r.

Claim. E is a semanti
 
onsequen
e of D if, and only if, T

E

[ T

D

is a

model 
onservative extension of T

E

.

6



\)" We show the 
ontraposition. Assume that E is not a semanti



onsequen
e of D. Then there exists a frame F = (�

F

; r

F

) su
h that

F j= D and there is an interpretation I based on F su
h that E

I

6= �

I

.

Let x 2 �

I

with x 62 E

I

. We may assume that u

I

2

= �

I

� fxg. Then I is

a model of T

E

. But obviously it 
annot be modi�ed (by possibly 
hanging

the interpretation of u

1

) so as to obtain a model for T

D

.

\(" Assume that E is a semanti
 
onsequen
e of D. Let I j= T

E

.

Then I is not based on a frame F = (�

F

; r

F

) validating E. Sin
e E is a

semanti
 
onsequen
e of D, F is not validating D either, and there is an

interpretation I

0

based on F su
h that D

I

0

6= �

I

0

. Take y 2 �

I

0

su
h that

y 62 D

I

0

. Sin
eD is an ALC

r

- 
on
ept, we may assume that u

I

0

1

= �

I

0

�fyg.

Hen
e I

0

j= T

D

. Consequently, T

D

[T

E

is a model 
onservative extension of

T

E

. ❏

We will not 
onsider model 
onservative extensions any further in this

paper. Dedu
tive 
onservative extensions appear to be the appropriate no-

tion for all the ontology design tasks dis
ussed in the introdu
tion as long

as the underlying DL is �xed.

3 De
idability in ALCQI

We give a 
omplexity result for de
iding 
onservative extensions in ALCQI.

We use jCj to denote the length of a 
on
ept C, and jT j to denote the size

P

CvD2T

(jCj+ jDj) of a TBox T .

Theorem 4 It is 2-ExpTime-
omplete to de
ide 
onservative extensions in

ALCQI. In the 
ase that T

1

[T

2

is not a 
onservative extension of T

1

, there

exists a witness 
on
ept C of length at most 3-exponential in jT

1

[ T

2

j that


an be 
omputed in time polynomial in jCj. This bound is optimal.

The lower bounds 
an be proved exa
tly in the same way as the 2-ExpTime

lower bound for 
onservative extensions in ALC [4℄. However, the lower

bounds do not simply transfer from ALC to ALCQI sin
e the former is a

fragment of the latter. Therefore, it is ne
essary to go through the proof in

[4℄ and 
he
k that it also works for the 
ase of ALCQI. In the following,

we 
on
entrate on proving the upper bound. It is established by devis-

ing a 2-ExpTime algorithm that, for 
onvenien
e, de
ides non-
onservative

extensions.

We start by reminding that ALCQI has the tree model property. More

pre
isely, a tree interpretation is an interpretation I = (�

I

; �

I

; <

I

) equipped

with an additional relation <

I

� �

I

� �

I

su
h that (i) (�

I

; <

I

) is a

tree, (ii)

S

r2N

R

[N

R

�
r

I

= < [ <

�1

, and (iii) s

I

and r

I

are disjoint for all

distin
t roles s and r. In ALCQI, every 
on
ept C that is satis�able w.r.t.

a TBox T is satis�able in a tree model of T , i.e., a model of T that is a

7



tree interpretation [7℄. In this se
tion, when talking of an interpretation or

model of a TBox we always mean a tree interpretation.

To develop the algorithm for de
iding non-
onservative extensions in

ALCQI, we introdu
e a new kind of witness for non-
onservativity. The

new witnesses are very similar to �nite tree interpretations and easier to

work with than witness 
on
epts. For a signature �, let a literal type for �

be a subset of lit(�) := fA;:A j A 2 �\N

C

g su
h that for ea
h A 2 �\N

C

,

A 2 S i� :A =2 S. A �-role is a role r su
h that r or r

�

is in �.

De�nition 5 (�-tree) A �-tree T = (W;<;L;O) is a �nite intransitive

tree (W;<) su
h that ea
h node w 2 W is labeled by a literal type L(w) for

�, ea
h edge (w;w

0

) is labeled by a �-role L(w;w

0

), and O � W is a set of

leafs of (W;<).

Essentially, a �-tree is a �nite tree interpretation equipped with an ad-

ditional unary predi
ate O denoting a subset of the leafs. The following

de�nition provides a way to relate �-trees and a
tual interpretations.

De�nition 6 (�-embedding) Let T = (W;<;L;O) be a �-tree with root

w 2W , and I an interpretation with root d 2 �

I

. A �-embedding f : T! I

is an inje
tion from W to �

I

su
h that

� f(w) = d,

� L(v; v

0

) = r i� f(v)r

I

f(v

0

), for all v; v

0

2W and �-roles r,

� C 2 L(v) i� f(v) 2 C

I

, for all v 2W and C 2 lit(�),

� if v 62 O, then there does not exist a d

0

2 �

I

n ran(f) and a �-role r

su
h that f(v)r

I

d

0

.

T is 
alled �-embeddable into I if there is a �-embedding f : T! I.

The de�nition illustrates that �-trees represent a (�nite) initial part of (po-

tentially in�nite) tree interpretations. This explains the predi
ate O of �-

trees: O marks those leafs in the �-tree that are not ne
essarily leafs in the

tree interpretation I that we embed into. We 
an now establish �-trees as

witnesses for non-
onservativity.

Lemma 7 T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. � i� there

exists a �-tree T = (W;<;L;O) whi
h is �-embeddable into a model of T

1

but not into any model of T

1

[ T

2

.

8



Proof. ()) Let C be a 
on
ept in ALCQI(�) whi
h is satis�able relative

to T

1

but not relative to T

1

[ T

2

. Take a tree model I = (�

I

; �

I

; <

I

) of T

1

su
h that w 2 C

I

for its root w. We may assume that I has �nite outdegree

[11℄. Now let n be the depth d(C) of C, that is, the maximal number of

nestings of at-most number restri
tions in C.

Let W denote the set of u 2 �

I

su
h that there is a sequen
e

w = w

0

r

I

1

w

1

r

I

2

� � � r

I

k

w

k

= u

of length not ex
eeding n su
h that ea
h r

i

is a �-role, for i � k. De�ne

the �-tree T = (W;<;L;O) by setting <= <

I

\ (W �W ), L(u) = fD 2

lit(�) j u 2 D

I

g, de�ning L(u; u

0

) as the unique �-role r su
h that ur

I

u

0

,

and de�ning O as the set of leafs u of (W;<) su
h that there exist u

0

62 W

and a �-role r with ur

I

u

0

. It is readily 
he
ked that the identity mapping

is a �-embedding from T into I. Conversely, there is no �-embedding from

T into a tree model I

0

of T

1

[ T

2

be
ause in any su
h model one would

have u 2 C

I

0

for the root u of I

0

. This 
an be proved by indu
tion on the

sub
on
epts of C.

(() We postpone the proof to Se
tion 5. ❏

The general idea behind the algorithm is as follows: by Lemma 7, to de
ide

whether T

1

[ T

2

is not a 
onservative extension of T

1

, it suÆ
es to de
ide

whether there exists a �-tree that is �-embeddable into a model of T

1

, but

not into any model of T

1

[T

2

. This is what our algorithm will do. Alas, the

algorithm 
annot simply try to 
onstru
t the required �-tree be
ause there

are 
ases in whi
h the smallest su
h tree is 3-exponential in jT

1

[T

2

j and we

are aming at a 2-ExpTime algorithm. Therefore, we 
he
k the existen
e of

the �-tree by 
onsidering 
ertain witnesses for the existen
e of su
h a tree.

Before we 
an introdu
e these witnesses (whi
h should not be 
onfused with

�-trees as witnesses for non-
onservativity), we need to introdu
e the notion

of a type.

De�nition 8 (Type) Let T be a TBox. We use 
l(T ) to denote the small-

est set that 
ontains all 
on
epts in T and is 
losed under single negations

and under sub
on
epts. A T -type is a subset of 
l(T ) su
h that

� :C 2 t i� C 62 t, for all :C 2 
l(T );

� C

1

u C

2

2 t i� C

1

2 t and C

2

2 t, for all C

1

u C

2

2 
l(T ).

Given an interpretation I and u 2 �

I

, the set

t

T

I

(u) = fC 2 
l(T ) j u 2 C

I

g

is a T -type. In what follows, we will not always distinguish between the

type t and the 
onjun
tion of all members of t. We now introdu
e a witness

for the existen
e of a �-tree that is �-embeddable into a model of T

1

, but

9



not into any model of T

1

[T

2

. To avoid heavy sub- and supers
ripting, from

now on we assume the input T

1

, T

2

, and � to be �xed.

De�nition 9 (Root pair, Internal pair) A root pair (t; U) 
onsists of a

T

1

-type t and a set U of T

1

[T

2

-types. An internal pair (t

0

!

r

t; U) 
onsists

of a �-role r, T

1

-types t

0

and t, and a fun
tion U mapping ea
h T

1

[T

2

-type

to a set of T

1

[ T

2

-types.

Intuitively, ea
h (root or internal) pair en
odes relevant information about

possible embeddings of a �-tree into models of T

1

and T

1

[T

2

. This is made

pre
ise by the notion of realizability.

De�nition 10 (Realizable root pair) Let T = (W;<;L;O) be a �-tree.

A root pair (t; U) is realized by T i�

1. there exist a model I of T

1

with root d 2 t

I

and a �-embedding f :

T! I;

2. for every T

1

[ T

2

-type s, we have s 2 U i� there exist a model I of

T

1

[ T

2

with root d 2 s

I

and a �-embedding f : T! I.

While root pairs en
ode information about possible embeddings of a �-

tree into models of T

1

and T

1

[ T

2

, internal pairs en
ode information about

possible embeddings of a �-tree into rooted submodels of models of T

1

and

T

1

[T

2

. In the following, if I is a (tree) interpretation and d 2 �

I

, we write

I

d

to denote the sub-tree interpretation of I rooted at d.

De�nition 11 (Realizable internal pair) Let T = (W;<;L;O) be a �-

tree. An internal pair (t

0

!

r

t; U) is realized by T i�

� there exist a model I of T

1

and d

0

; d 2 �

I

su
h that d

0

2 (t

0

)

I

, d

0

r

I

d,

d 2 t

I

, and there is a �-embedding f : T! I

d

;

� for all T

1

[ T

2

-types s; s

0

, we have s

0

2 U(s) i� there exist a model I

of T

1

[T

2

and d

0

; d 2 �

I

su
h that d

0

2 (s

0

)

I

, d

0

r

I

d, d 2 s

I

, and there

is a �-embedding f : T! I

d

.

A (root or internal) pair is realizable if there exists a �-tree T whi
h realizes

it.

Observe that internal pairs store information not only about the element

d 2 �

I

to whi
h the root of T is mapped, but also 
omprise the type t

0

of the prede
essor d

0

of d in I and the (unique!) role r whi
h 
onne
ts d

0

and d. This is ne
essary due to the presen
e of inverse roles and number

restri
tions and bears some similarity to the double blo
king te
hnique in

tableau algorithms, see [7℄. Also note that the U -
omponent of internal

pairs is a fun
tion rather than a set be
ause, intuitively, the possible types

10



of d in models of T

1

[ T

2

depend on the type of the prede
essor d

0

in su
h

models.

Let us now des
ribe the algorithm. By Lemma 7 and de�nition of re-

alizability, there exists a realizable root pair of the form (t; ;) i� T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. �. The algorithm for de
iding

non-
onservative extensions sear
hes for su
h a root pair. The easiest 
ase

is that a root pair (t; ;) is realized by a singleton �-tree, i.e., a �-tree that


onsists of only a single node. This spe
ial 
ase is tested �rst. If the test

is not su

essful, we must 
he
k whether there is a root pair (t; ;) that is

realized by a non-singleton tree T = (W;<;L;O). Assume that this is the


ase and that the root of T is w. Then ea
h subtree of T rooted at a node

w

0

2 W with w < w

0

realizes an internal pair (

^

t

0

!

r̂

^

t;

^

U ) with

^

t

0

= t and

r̂ = L(w;w

0

). Intuitively, this means that we 
an 
he
k realization of the

root pair (t; ;) in T based on the realization of internal pairs in trees of

stri
tly smaller height. Similarly, we 
an 
he
k the realizability of internal

pairs in a �-tree based on the realizability of internal pairs in �-trees of

stri
tly smaller height. Based on these observations, our algorithm repeat-

edly generates internal pairs that are realized by �-trees of larger and larger

height until all su
h pairs are generated. It then 
he
ks whether there exists

a root pair (t; ;) that is realizable based on the generated internal pairs. The

following de�nition formalizes one step of the algorithm in whi
h root pairs

or new internal pairs are generated from an existing set of internal pairs.

In the following, if T is a �-tree and w 2W , we write T

w

to denote the

sub-tree of T rooted at w.

De�nition 12 (One step) Let R be a set of internal pairs. A root pair

(t; U) (resp. internal pair (t

0

!

r

t; U)) 
an be obtained in one step from R

if there exists a �-tree T = (W;<;L;O) with root w su
h that

� T realizes (t; U) (resp. (t

0

!

r

t; U));

� for all w

0

2 W with w < w

0

, there exists an internal pair p = (

^

t

0

!

r̂

^

t;

^

U) 2 R su
h that

^

t

0

= t, r̂ = L(w;w

0

), and p is realized by T

w

0

.

The details of our algorithm are given in Figure 2, where

m

T

1

;T

2

:= 2� jT

1

[ T

2

j � 2

3�jT

1

[T

2

j

:

Intuitively, 
onsidering only a subset of R

i

of 
ardinality m

T

1

;T

2

means that

we limit our attention to �-trees of out-degree m

T

1

;T

2

. This is justi�ed by

the following lemma.

Lemma 13 If T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. �, then

there exists a root pair (t; ;) realized by a �-tree T of outdegree at most

m

T

1

;T

2

.
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Suppose TBoxes T

1

and T

2

, and a signature � � sig(T

1

) are given.

1. Determine the set R

r

0

of root pairs realized by singleton �-trees. If

R

r

0

= ;, then reje
t the input (be
ause T

1

is not satis�ed in any

model). If R

r

0


ontains a root pair (t; U) su
h that U = ;, then

a

ept. Else,

2. Determine the set R

0

of internal pairs realizable by singleton �-trees.

If R

0

= ;, then reje
t the input. Else,

3. Generate the sequen
e R

1

;R

2

; : : : of sets of internal pairs su
h that

R

i+1

= R

i

[R

0

i

;

where R

0

i

is the set internal pairs whi
h 
an be obtained from some

non-empty subset of R

i

of 
ardinality not ex
eeding m

T

1

;T

2

in one

step. This is done until R

i

= R

i

[R

0

i

. Then a

ept the input if there

exists a root pair (t; U) with U = ; whi
h 
an be obtained in one

step from some subset of R

i

of 
ardinality not ex
eeding m

T

1

;T

2

. If

no su
h root pair exists, reje
t the input.

Figure 2: Algorithm for non-
onservativeness w.r.t. �.

Proof. Suppose T

1

[T

2

is not a �-
onservative extension of T

1

. By Lemma 7,

there exists a �-tree T = (W;<;L;O) whi
h is �-embeddable into a model

of T

1

but not �-embeddable into any model of T

1

[ T

2

. Consider su
h a T

with root w and take a tree-model I of T

1

with root u and a �-embedding

f : T! I. Take t to be the T

1

-type t

T

1

I

(u). Then we have that the root pair

(t; U) with U = ; is realized by T. By re
ursively removing 
ertain subtrees

from T, we will obtain a �-tree satisfying the boundm

T

1

;T

2

on the outdegree

stated in the lemma and still realizing (t; U). To this end, we require the

following 
laim.

Claim 14 Let T

v

be a �-tree based on (W

v

; <

v

) with root v whi
h realizes

(a) the root pair (t

0

; U

0

), or (b) the internal pair (t

0

0

!

r

t

0

; U

0

). By possibly

removing from T

v

some nodes from fv

0

j v <

v

v

0

g together with the trees T

v

0

they generate one 
an obtain a �-tree T

0

v

based on W

0

v

�W

v

with T

0

v

realizing

(a) a root pair (t

0

; U

0

0

) with U

0

0

� U

0

, or (b) an internal pair (t

0

0

!

r

t

0

; U

0

0

)

with U

0

0

(s) � U

0

(s), for all T

1

[ T

2

-types s 2 dom(U

0

0

), su
h that jfv

0

2W

0

v

j

v <

v

v

0

gj � m

T

1

;T

2

.

The 
laim will be proved below. First, however, we show the following

Property (�).

(�) Suppose v is a node in T and let t

0

= t

T

1

I

(f(v)). De�ne T

0

as follows:

12



� if v = w, then let T

0

= T

0

v

, where T

0

v

is obtained from T

v

as in Case (a)

of Claim 14;

� if v 6= w, then let v

0

be the r

�

-prede
essor of v in T, i.e., v

0

< v

and L(v

0

; v) = r. Set t

0

0

= t

T

1

I

(f(v

0

)). In this 
ase assume that T

0

v

is

obtained from T

v

as in Case (b) of Claim 14 and that T

0

= (W

0

; <

0

; L

0

; O

0

) is obtained from T by repla
ing its subtree T

v

by T

0

v

.

Then T

0

still realizes (t; U) with U = ;.

The Property (�) 
learly holds in the 
ase where v = w. Suppose now

that v 6= w. We 
onsider the se
ond 
omponent U = ; of the root pair

(t; U) only. For the �rst 
omponent, t, the proof is simpler and left to the

reader. Let v = v

0

; v

1

; : : : ; v

n

= w be the sequen
e of nodes su
h that, for

all i � n, L

0

(v

i+1

; v

i

) = r

i

, for some �-roles r

i

. Let U

i

and U

0

i

be the se
ond


omponent of the pairs realized by T

v

i

and T

0

v

i

, respe
tively.

We show by indu
tion on i � 0 that (1) if v

i

= w, then U

0

i

� U

i

, and (2)

if v

i

6= w, then U

0

i

(s) � U

i

(s), for ea
h T

1

[T

2

-type s. For the indu
tion base,

where i = 0, the properties (1) and (2) dire
tly follow from the items (a)

and (b) of Claim 14. For the indu
tion step, assume (1) and (2) were already

shown for i. Here we only show Property (2) for i + 1; (1) 
an be shown

similarly. Suppose s

00

2 U

0

i+1

(s

0

), for two T

1

[ T

2

-types s

0

; s

00

. We have to

show s

00

2 U

i+1

(s

0

). By De�nition 11 for realizable internal pairs, there

exists a tree model I

0

of T

1

[ T

2

with nodes u

0

1

; u

0

2

su
h that u

0

1

2 (s

0

)

I

0

,

u

0

2

2 (s

00

)

I

0

, u

0

2

(r

i+1

)

I

0

u

0

1

, and a �-embedding

f

0

: T

0

v

i+1

! I

0

u

0

1

:

Let s = t

T

1

[T

2

I

0

(u

0

0

) be the T

1

[ T

2

-type determined by the node u

0

0

= f

0

(v

i

)

in I

0

. See Figure 3 for an illustration of the �-tree T

0

, the tree-model I

0

,

and the �-embedding f

0

. By the indu
tion hypothesis, we have s

0

2 U

i

(s).

Then, again by De�nition 11, there exists a tree-model I of T

1

[ T

2

with

nodes u

0

; u

1

su
h that u

0

2 s

I

, u

1

2 (s

0

)

I

, u

1

r

I

i

u

0

, and a �-embedding

f : T

v

i

! I

u

0

:

To show s

00

2 U

i+1

(s

0

), we 
onstru
t a tree-model I

00

of T

1

[ T

2

and a �-

embedding

f

00

: T

v

i+1

! I

00

u

0

1

:

Obtain I

00

from I

0

by repla
ing the submodel generated by u

0

0

in I

0

by the

submodel generated by u

0

in I. Constru
t a �-embedding f

00

: T

v

i+1

! I

00

u

0

1

using f and f

0

as follows: for ea
h node u in T

v

i+1

, set

f

00

(u) =

(

f(u) if u = v

i

or v

i

is an an
estor of u in T

v

i+1

;

f

0

(u) otherwise.
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w = v

n

u

0

0

u

0

1

u

0

2

v

i+1

v

i+2

v

0

= v

1

v

i

f

0

: T

0

v

i+1

! I

0

u

0

1

T

00

v

T

v = v

0

T

0

I

0

u

0

1

I

0

Figure 3: �-tree T

0

, tree-model I

0

, and �-embedding f

0

.

See Figure 4 for an illustration of the �-tree T, the tree-model I

00

, and the

�-embedding f

00

. To see that I

00

is indeed a model of T

1

[ T

2

, it suÆ
es to

show the following property: for all C 2 
l(T

1

[ T

2

) and all x 2 �

I

00

:

� if x 2 �

I

, then x 2 C

I

i� x 2 C

I

00

;

� if x 2 �

I

0

, then x 2 C

I

0

i� x 2 C

I

00

.

Using the 
onstru
tion of I

00

and the fa
t that

t

T

1

[T

2

I

0

(u

0

0

) = s = t

T

1

[T

2

I

(u

0

)

and

t

T

1

[T

2

I

0

(u

0

1

) = s

0

= t

T

1

[T

2

I

(u

1

);

this 
an be shown by an indu
tion on the stru
ture of the 
on
epts C.

Moreover, it is readily 
he
ked that the nodes u

0

1

; u

0

2

in I

00

are su
h that

u

0

1

2 (s

0

)

I

00

, u

0

2

2 (s

00

)

I

00

, u

0

2

(r

i+1

)

I

00

u

0

1

, and that f

00

is indeed a �-embedding.

This �nishes the indu
tion step and (�) is proved.

Hen
e, the root pair (t; U) (with U = ;) is realized by T

0

. Thus we 
an,

starting from T su

essively remove generated subtrees of nodes with more

than m

T

1

;T

2

su

essors and obtain a �-tree T

0

whose outdegree is bounded

by m

T

1

;T

2

su
h that (t; ;) is realized by T

0

.

Finally, we state again and prove the 
laim used above.

Claim 15 Let T = (W;<;L;O) be a �-tree with root v whi
h realizes (a)

the root pair (t

0

; U

0

), or (b) the internal pair (t

0

0

!

r

t

0

; U

0

). By possibly

removing from T some nodes from fv

0

j v < v

0

g together with the trees T

v

0

14



u

0

2

u

0

u

0

1

w

T

v

i+1

v

i+1

v

i+2

I

u

0

I

0

T

v

i

f

00

: T

v

i+1

! I

00

u

0

1

f : T

v

i

! I

u

0

v

i

T I

00

Figure 4: �-tree T, tree-model I

00

, and �-embedding f

00

.

they generate one 
an obtain a �-tree T

0

= (W

0

; <

0

; L

0

; O

0

) with T

0

realizing

(a) a root pair (t

0

; U

0

0

) with U

0

0

� U

0

, or (b) an internal pair (t

0

0

!

r

t

0

; U

0

0

)

with U

0

0

(s) � U

0

(s), for all T

1

[ T

2

-types s 2 dom(U

0

0

), su
h that jfv

0

j v <

0

v

0

gj � m

T

1

;T

2

.

Proof. Let T be as in the 
laim. Here we 
onsider Case (b) where (t

0

!

r

t; U) is realized by T only. The proof for Case (a) is similar and left to the

reader. Let W

v

= fv

0

j v < v

0

g be the set of su

essor nodes of v in T. We

de�ne a set W

0

�W

v

by sele
ting subsets of W

v

in two steps.

First, we sele
t a set W

1

� W

v

of nodes as follows. Sin
e T realizes

(t

0

!

r

t; U), we have by De�nition 11 for realizable internal pairs that there

exists a model I of T

1

with nodes u; u

0

su
h that u 2 t

I

, u

0

2 (t

0

)

I

, u

0

r

I

u,

and a �-embedding

f : T! I

u

:

See Figure 5 for an illustration of the �-tree T, the tree-model I, and the

�-embedding f . Then we sele
t, for ea
h 
on
ept :(6 n r

0

C) 2 t,

� if r

0

= r

�

and C 2 t

0

: n many r

0

-su

essors v

0

of v in T su
h that

C 2 t

T

1

I

(f(v

0

)); or

� if r

0

6= r

�

or C =2 t

0

: n + 1 many r

0

-su

essors v

0

of v in T su
h that

C 2 t

T

1

I

(f(v

0

)).

Let W

1

be the set of all su

essors of v sele
ted in this way.

In the se
ond step, we sele
t, for ea
h T

1

[ T

2

-type s and �-role r

0

a set

W

2

s;r

0

�W

v

of nodes as follows.
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f(v

0

)

u 2 t

I

u

0

2 (t

0

)

I

v

0

v

r

I

r

0

(r

0

)

I

T

v

0

T I

f : T! I

u

I

u

I

f(v

0

)

Figure 5: �-tree T, tree-model I, and �-embedding f .

For ea
h v

0

with L(v; v

0

) = r

0

let U

v

0

be the se
ond 
omponent of an

internal pair (t

v

0

!

r

0

t

0

v

0

; U

v

0

) realized by T

v

0

. Let S

s

be a subset of s of the

form

S

s

= f(6 n

1

r

0

C

1

); : : : ; (6 n

m

r

0

C

m

)g:

We 
all an r

0

-su

essor v

0

of v in T an S

s

-witness if for all T

1

[ T

2

-types s

0

with s 2 U

v

0

(s

0

), it holds

fC

1

; : : : ; C

m

g \ s

0

6= ;:

Let m

S

s

be the number of S

s

-witnesses. Take W

2

s;r

0

to be the minimal set


ontaining, for all su
h subsets S

s

of s, minfm

S

s

; n

1

+ n

2

+ � � � + n

m

+ 1g

many r

0

-su

essor nodes of v that are S

s

-witnesses.

Now let W

0

be the union of W

1

and the sets W

2

s;r

0

, for ea
h T

1

[T

2

-type

s and �-role r

0

. De�ne a new �-tree T

0

= (W

0

; <

0

; L

0

) by removing from T

all subtrees T

v

0

generated by nodes v

0

2W

v

whi
h where not sele
ted to be

in W

0

.

We analyze the 
ardinality of W

0

. Re
all that numbers in 
on
epts with

number restri
tions are 
oded in binary. The set W

1

is of 
ardinality at

most jT

1

j � 2

jT

1

j

: in t there are at most jT

1

j many negated at-most number

restri
tions, for whi
h we ea
h sele
t not more than 2

jT

1

j

many nodes. There

are 2

jT

1

[T

2

j

many T

1

[ T

2

-types s and ea
h set W

2

s

has not more than jT

1

[

T

2

j � 2

2�jT

1

[T

2

j

many elements: given s, there are at most 2

jT

1

[T

2

j

many

subsets S of s ea
h 
ontaining not more than jT

1

[T

2

j many at-most number

restri
tions, for whi
h we sele
t at most 2

jT

1

[T

2

j

many nodes. Hen
e, we have
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m

T

1

;T

2

= 2� jT

1

[ T

2

j � 2

3�jT

1

[T

2

j

as an upper bound for the 
ardinality of

W

0

.

In the following, we show that an internal pair (t

0

!

r

t; U

0

) with U

0

(s

0

) �

U(s

0

), for all T

1

[T

2

-types s

0

2 dom(U

0

), is realized by T

0

. First, we show that

the �rst 
ondition in De�nition 11 for realizable internal pairs is satis�ed.

To this end, we 
onstru
t a model I

0

of T

1

and a �-embedding

f

0

: T

0

! I

0

u

as required. Constru
t a model I

0

from the model I introdu
ed above using

the �-embedding f : T ! I

u

by removing the submodels of I generated

by the nodes f(v

0

), for all tree-nodes v

0

2 W

v

that were not sele
ted to be

in W

0

. By 
onstru
tion, I

0

still 
ontains the nodes u; u

0

with u

0

r

I

0

u. Look

at Figure 5 for an illustration: on the left hand side, it shows the �-tree T


ontaining the subtrees T

v

0

that where removed from T to obtain T

0

and,

respe
tively, on the other side, we have the tree-model I 
ontaining the

submodels I

f(v

0

)

that were removed to obtain I

0

. Obtain a �-embedding

f

0

: T

0

! I

0

u

from f by removing from the domain of f all nodes of the

subtrees T

v

0

generated by the nodes v

0

, for all nodes v

0

2W

v

that were not

sele
ted to be in W

0

. It is readily 
he
ked that f

0

is indeed a �-embedding.

To see that I

0

is indeed a model of T

1

and that u 2 t

I

0

and u

0

2 (t

0

)

I

0

, it

suÆ
es to show the following property: for all C 2 
l(T

1

) and all x 2 �

I

0

:

x 2 C

I

i� x 2 C

I

0

:

We show this property by an indu
tion on the stru
ture of the 
on
epts

C. The 
ases for 
on
ept names and Boolean 
onstru
tors are left to the

reader. Here we only 
onsider the 
ase where C = (6 n r

0

D). Moreover, we

only 
onsider the 
ase for the node x = u in I

0

. Note that this is the only

interesting 
ase sin
e the models I and I

0

only di�er in the su

essors of the

node x = u. For the left-to-right dire
tion of the equation, we have that u 2

(6 n r

0

D)

I

implies u 2 (6 n r

0

D)

I

0

. This is be
ause u has, by 
onstru
tion,

not more r

0

-su

essors in I

0

than in I. We show the other dire
tion by


ontrapositive. Suppose u =2 (6 n r

0

D)

I

. That is, u 2 :(6 n r

0

D)

I

. By

the fa
t that u 2 t

I

, we have :(6 n r

0

D) 2 t. Then, by 
onstru
tion, we

have:

(a) if r

0

= r

�

and D 2 t

0

, then W

0


ontains at least n many r

0

-su

essors

v

0

of v su
h that f(v

0

) 2 D

I

, or

(b) if r

0

6= r

�

or D =2 t

0

, thenW

0


ontains at least n+1 many r

0

-su

essors

v

0

of v su
h that f(v

0

) 2 D

I

.

Consider Case (a). Sin
e u

0

2 (t

0

)

I

and D 2 t

0

, we have u

0

2 D

I

, and,

by the indu
tion hypothesis, u

0

2 D

I

0

. Note that u(r

�

)

I

0

u

0

. But then, by
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the indu
tion hypothesis, we have that there are at least n+ 1 many nodes

u

00

2 �

I

0

su
h that u(r

0

)

I

0

u

00

and u

00

2 D

I

0

. Hen
e u 2 :(6 n r

0

D)

I

0

.

Case (b) is easier: we simply apply the indu
tion hypothesis and obtain

u 2 :(6 n r

0

D)

I

0

. This �nishes the indu
tion. Hen
e, the �rst 
ondition in

De�nition 11 for (t

0

!

r

t; U

0

) being realized by T

0

is satis�ed.

Se
ond, we show U

0

(s) � U(s), for all T

1

[ T

2

-types s 2 dom(U

0

), for

the internal pair (t

0

!

r

t; U

0

) realized by T

0

. Assume for T

1

[ T

2

-types s; s

0

:

s

0

2 U

0

(s). Let v

0

with v

0

2W

v

be an r

0

-su

essor of v that was not sele
ted

to be in W

0

. Let T

00

be the �-tree obtained from T

0

by adding the subtree

T

v

0

generated by v

0

in T. Let V be the se
ond 
omponent of the internal

pair (t

0

!

r

t; V ) realized by T

00

. We show that s

0

2 V (s). By subsequently

repeating this argument for all su
h v

0

, we 
an 
on
lude U

0

(s) � U(s).

In the following, we show that s

0

2 V (s). Sin
e (t

0

!

r

t; U

0

) with

s

0

2 U

0

(s) is realized by T

0

, we have by De�nition 11 for realizable internal

pairs that there is a model I

0

of T

1

[ T

2

with nodes u; u

0

su
h that u 2 s

I

0

,

u

0

2 (s

0

)

I

0

, u

0

r

I

0

u, and a �-embedding

f

0

: T

0

! I

0

u

:

To show that s

0

2 V (s), we 
onstru
t a tree-model I

00

of T

1

[ T

2

and a

�-embedding

f

00

: T

00

! I

00

u

:

We �rst show that the r

0

-su

essor v

0

of v is not an S

s

-witness, for any subset

S

s

of s of the form

S

s

= f(6 n

1

r

0

C

1

); : : : ; (6 n

m

r

0

C

m

)g:

For suppose otherwise. Then 
onsider su
h a set S

s

for whi
h v

0

is an S

s

-

witness. Then, for every T

1

[ T

2

-type s

00

with s 2 U

v

0

(s

00

), we have

fC

1

; : : : ; C

m

g \ s

00

6= ;:

By the fa
t v

0

=2 W

0

, we have that v

0

=2 W

s;r

0

. Then it follows from the

minimality 
ondition in the de�nition of W

s;r

0

that m

S

s

> n

1

+ n

2

+ � � � +

n

m

+1. Hen
e, W

0


ontains at least n

1

+n

2

+ � � �+n

m

+1 many r

0

-su

essor

nodes v

00

of v that are S

s

-witnesses. But then, for ea
h su
h node v

00

, we

have the following. Let s

v

00

= t

T

1

[T

2

I

0

(u

00

) be the T

1

[ T

2

-type determined by

the node u

00

= f

0

(v

00

) in I

0

. But then, by the fa
t that v

00

is an S

s

-witness,

we have u

00

2 C

I

0

i

, for some i with 1 � i � m. Sin
e there are at least

n

1

+n

2

+ � � �+n

m

+1 su
h nodes v

00

, the 
onjun
tion of the at-most number

restri
tions in S

s


annot be satis�ed at u in I

0

. Then, sin
e S

s

� s, we have

u =2 s

I

0

; a 
ontradi
tion.

Now, as v

0

is not an S

s

-witness for any su
h subset S

s

of s, we �nd a

T

1

[ T

2

-type s

00

with s 2 U

v

0

(s

00

) su
h that

fC j 9n s.t. (6 n r

0

C) 2 sg \ s

00

= ;:
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Take a model I of T

1

[ T

2

su
h that u

0

2 (s

00

)

I

, u 2 s

I

, u (r

0

)

I

u

0

and there

is a �-embedding f : T

v

0

! I

u

0

.

Obtain I

00

from the model I

0

and I introdu
ed above by adding the

submodel I

u

0

of I generated by the node u

0

to I

0

together with u (r

0

)

I

00

u

0

.

By 
onstru
tion, I

00

still 
ontains the nodes u; u

0

with u

0

r

I

00

u. De�ne a �-

embedding f

00

: T

00

! I

00

u

using f

0

and f as follows: for ea
h node v

00

in

T

00

,

f

00

(v

00

) =

(

f(v

00

) if v

00

= v

0

or v

0

is an an
estor of v

00

in T

00

;

f

0

(v

00

) otherwise.

It is readily 
he
ked that f

00

is indeed a �-embedding. See Figure 6 for an

illustration of the �-tree T

00

, the tree-model I

00

, and the �-embedding f

00

.

v

0

u

0

v

00

T

v

0

I

00

r

I

00

u

0

2 (s

0

)

I

00

v

T

0

I

0

f

0

(v

00

)

T

00

I

u

0

f

0

: T

0

! I

0

u

f : T

v

0 ! I

u

0

f

00

: T

00

! I

00

u

(r

0

)

I

00

u 2 s

I

00

Figure 6: �-tree T

00

, tree-model I

00

, and �-embedding f

00

.

To see that I

00

is indeed a model of T

1

[T

2

, it suÆ
es to show the following

property: for all C 2 
l(T

1

[ T

2

) and all x 2 �

I

00

:

� if x 2 �

I

, then x 2 C

I

i� x 2 C

I

00

;

� if x 2 �

I

0

, then x 2 C

I

0

i� x 2 C

I

00

.

We show this property by an indu
tion on the stru
ture of the 
on
epts

C. The 
ases for 
on
ept names and Boolean 
onstru
tors are left to the

reader. We only 
onsider the 
ase where C = (6 n r

0

D). Moreover, we only


onsider the 
ase for the node x = u in I

00

. The 
ases for the other nodes

x 6= u are trivial. Sin
e u 2 �

I

0

, we have to show

u 2 (6 n r

0

D)

I

0

i� u 2 (6 n r

0

D)

I

00

:
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The dire
tion from right to left holds trivially sin
e, by 
onstru
tion, u has

not more r

0

-su

essors in I

0

than in I

00

. For the other dire
tion, suppose

u 2 (6 n r

0

D)

I

0

. Noti
e that we have that v

0

is not an S

s

-witness, for all

subsets S

s

of s of the form S

s

= f(6 n

1

r

0

C

1

); : : : ; (6 n

m

r

0

C

m

)g 
ontaining

the 
on
ept (6 n r

0

D). Then from the fa
t that there are at most n many

r

0

-su

essors of u in I

0

, it follows by 
onstru
tion that there are also at most

n many su
h r

0

-su

essors in I

00

. Hen
e, u 2 (6 n r

0

)D

I

00

. This �nishes

the indu
tion. We established for I

00

that u 2 s

I

00

and u

0

2 (s

0

)

I

00

. Hen
e,

s

0

2 V (s). ❏

❏

It remains to be shown that ea
h step of the algorithm 
an be 
arried out

e�e
tively and that the algorihm yields the 2-ExpTime upper bound stated

in Theorem 4. We start with the former. The proof of the following lemma

relies on the fa
t that satis�ability in ALCQI relative to TBoxes 
an be

de
ided in ExpTime [11℄.

Lemma 16 It 
an be 
he
ked in 2-exponential time (in the size of T

1

, T

2

)

whether a (root or internal) pair 
an be obtained in one step from a nonempty

set R of realizable internal pairs with jRj � m

T

1

;T

2

.

Proof. Let R be as in the lemma. We only prove the lemma for internal

pairs; for root pairs it 
an be shown similarly. We show that an internal pair

(t

0

!

r

t; U) 
an be obtained in one step from R if, and only if, the following

holds:

(�) there is a set S with jSj = n � m

T

1

;T

2

and a fun
tion g : S !R with

g(v) = (t!

r

v

t

v

; U

v

) for v 2 S su
h that the following holds:

(i) s

0

2 U(s) i� there exist T

1

[ T

2

-types s

v

2 dom(U

v

) su
h that s 2

T

v2S

U

v

(s

v

) and the 
onjun
tion C

s;s

0

;r;s

v

of the following 
on
epts is

satis�able relative to T

1

[ T

2

:

{ for every �-role r

0

6= r

�

,

R u s u (= n

r

0

r

0

>);

where n

r

0

= jfv 2 S j r

v

= r

0

gj;

{ the 
on
ept

R u s u (= n

r

0

+ 1 r

�

>);

where n

r

0

= jfv 2 S j r

v

= r

�

gj;

{ the 
on
ept

u

v2S;r

v

6=r

�

(= 0 r

v

:R) u (= 1 r

�

:R u s

0

);
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{ for every �-role r

0

and T

1

[ T

2

-type s

00

(= m

r

0

r

0

R u s

00

);

where m

r

0

= jfv 2 S j r

v

= r

0

and s

v

= s

00

gj.

(ii) the above 
onjun
tion, where s is repla
ed by t, s

0

by t

0

, and the s

v

are repla
ed by the t

v

(for v 2 V ), is satis�able relative to T

1

.

It should be 
lear that (�) holds whenever (t

0

!

r

t; U) 
an be obtained in

one step from R. Conversely, suppose that (�) holds. Assume that S and

g are 
hosen in (�). Sin
e the internal pairs (t !

r

v

t

v

; U

v

) (with v 2 S)

were ea
h realizable, there exists, for ea
h su
h pair, a �-tree T

v

with a

root v su
h that (t !

r

v

t

v

; U

v

) is realized by T

v

. We 
onstru
t a �-tree

T = (W;<;L;O) by taking a new node w (the root of T) and 
onne
ting w

to ea
h T

v

, v 2 V , (assuming the T

v

are mutually disjoint) by setting w < v

and

� L(w; v) = r

v

,

� L(w) = lit(�) \ t and

� taking O to be the union of the O

v

from T

v

.

To show that (t

0

!

r

t; U) is obtained in one step from R, it is suÆ
ient to

show that (t

0

!

r

t; U) is realized by T. Here we only 
onsider the se
ond


ondition for internal pairs in De�nition 11; the �rst one 
an be shown

similarly using (ii). Let U

0

be the se
ond 
omponent of the internal pair

realized by T. We have to show U = U

0

. Let s; s

0

be T

1

[ T

2

-types and

suppose s

0

2 U(s). Choose s

v

, v 2 V su
h that the 
on
ept C

s;s

0

;r;s

v

in (i)

is satis�able relative to T

1

[ T

2

. Let I be a tree-model of T

1

[ T

2

with

d 2 C

I

s;s

0

;r;s

v

. It follows that there are mutually di�erent f(v) in �

I

, v 2 V ,

su
h that

� dr

I

v

f(v) and

� f(v) 2 s

I

v

and a d

0

2 �

I

di�erent from the f(v), v 2 V , with d

0

2 (s

0

)

I

, and d

0

r

I

d. d

has no neighbours di�erent from d

0

and f(v), v 2 V , in I. We may assume

that d

0

<

I

d and d <

I

f(v) for all v 2 V . Moreover, we may assume

that there are �-embeddings f

v

: T

v

! I

f(v)

. Now we 
an 
onstru
t a �-

embedding f : T ! I

d

by setting f(u) = f

v

(u) for u in T

v

and f(w) = d.

This �-embedding shows that s

0

2 U

0

(s).

Conversely, suppose that s

0

2 U

0

(s). Then there exists a tree model I

of T

1

[ T

2

with d; d

0

2 �

I

su
h that there is a �-embedding f : T ! I

d

and d 2 s

I

, d

0

r

I

d, and d

0

2 (s

0

)

I

. Let s

v

= t

T

1

[T

2

I

(f(v)), for all v 2 V . We
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may assume that R

I

= ff(v) j v 2 V [ fwgg. It is readily 
he
ked that

d 2 C

I

s;s

0

;r;s

v

. Hen
e s

0

2 U(s).

Now we analyze the time 
omplexity of de
iding (�). Clearly, the number

of g, S one has to 
onsider is bounded by m

T

1

;T

2

� 2

(m

T

1

;T

2

)

2

. For ea
h su
h

g, S we have to 
he
k the satis�ability of at most

2

4�jT

1

[T

2

j

� 2

m

T

1

;T

2

�2

jT

1

[T

2

j

many di�eren
t ALCQI-
on
epts relative to T

1

[ T

2

(res. T

1

) of length at

most exponential in jT

1

[ T

2

j. Ea
h satis�ability test 
an be done in doubly

exponential time in jT

1

[T

2

j. Hen
e, the time 
omplexity is at most doubly

exponential in jT

1

[ T

2

j. ❏

Theorem 17 The algorithm in Figure 2 a

epts input T

1

, T

2

, �, if, and only

if, T

1

[ T

2

is not a �-
onservative extension of T

1

. It runs in 2-exponential

time.

Proof. We prove 
orre
tness, 
ompleteness and the 
omplexity statement:

� Corre
tness: Suppose the algorithm a

epts T

1

, T

2

, �. There are two


ases: in the �rst 
ase there is a singleton �-tree realizing a root pair

(t; U) su
h that U = ; and in the se
ond 
ase there is a non-singleton

�-tree whi
h realizes a root pair (t; U) with U = ;. In both 
ases

T

1

[ T

2

is not a �-
onservative extension of T

1

.

� Completeness: Suppose T

1

[T

2

is not a �-
onservative extension of T

1

.

By Lemma 14 there exists a �-tree T with root w whi
h has outdegree

not ex
eeding m

T

1

;T

2

su
h that T is �-embeddable into a tree model

of T

1

but not into any model of T

1

[ T

2

. We �x su
h a pair �-tree

T. If T is a singleton tree, then there exists a pair (t; U) with U = ;

whi
h is realizable in T. Hen
e, the algorithm a

epts the input in

Step 1. If no su
h singleton tree exists, then T is a non-singleton tree

and R

0

6= ;. Let n be the depth of T. By de�nition, the sets R

i

,

i < n, generated by the algorithm 
ontain all internal pairs realizable

in subtrees of T generated by nodes of depth � i. Hen
e, a root pair

(t; U) with U = ; is obtained in one step from R

n�1

. Clearly, for the

�rst j with R

j

= R

j

[ R

0

j

, R

j


ontains R

n�1

and, as a 
onsequen
e,

the algorithm a

epts the input.

� Complexity: First observe that the number of internal and root pairs

is bounded by

k

T

1

;T

2

= 2

4�jT

1

[T

2

j

� 2

2

jT

1

[T

2

j

:

Also, the number of subsets of a set S with jSj � k

T

1

;T

2

of 
ardinality

bounded by m

T

1

;T

2

is at most doubly exponential in jT

1

[ T

2

j. Now,
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using the fa
t that ALCQI satis�ability relative to TBoxes is de
id-

able in ExpTime [11℄ and that realizability of root and internal pairs

in a singleton �-tree 
an be 
he
ked using at most exponentially many

satis�ability tests for 
on
epts of polynomial size relative to ALCQI-

TBoxes, it follows that the time 
omplexity of Step 1 and 2 of the

algorithm is at most 2-exponential in jT

1

[ T

2

j. For Step 3., we ob-

viously have R

i

= R

i

[ R

0

i

for some i � k

T

1

;T

2

. Thus, the number

of rounds of 
omputations of R

0

i

from R

i

is bounded by k

T

1

;T

2

. By

Lemma 16, the 
omputation of R

0

i

from R

i

requires at most double

exponentially many 
omputations ea
h of whi
h requires only double

exponential time. Also, by Lemma 16 
he
king whether a root pair

(t; U) with U = ; is obtained in one step from a subset of R

i

of 
ardi-

nality bounded by m

T

1

;T

2

requires not more than doubly exponential

time. Hen
e, Step 3 does not require more than doubly exponential

time.

❏

4 Unde
idability in ALCQIO

We show that 
onservative extensions are unde
idable in ALCQIO. The

proof is by a redu
tion of the following unde
idable tiling problem.

De�nition 18 A domino system D = (T;H; V;R;L; T;B) 
onsists of a

�nite set T of tiles, horizontal and verti
al mat
hing relations H;V � T�T ,

and sets R;L; T;B � T of right tiles, left tiles, top tiles, and bottom tiles.

A solution to D is a pair (n;m; �) where n;m 2 N and � : n�m! T su
h

that the following hold:

1. (�(i; j); �(i + 1; j)) 2 H, for all i < n and j � m;

2. (�(i; j); �(i; j + 1)) 2 V , for all i � n and j < m;

3. �(0; j) 2 L and �(n; j) 2 R, for all j � m;

4. �(i; 0) 2 B and �(i;m) 2 T , for all i � n.

Using proof methods from [12℄, is is easy to show that it is unde
idable

whether a given domino system D has a solution. We show how to 
onvert

a domino system D into TBoxes T

1

and T

2

su
h that D has a solution i�

T

1

[T

2

is not a 
onservative extension of T

1

. In parti
ular, models of witness


on
epts will 
orrespond to solutions of D.

Let D = (T;H; V;R;L; T;B) be a domino system. The TBox T

1

uses

the following signature: an indidual name o, role names r

x

and r

y

, 
on
ept

names top, bottom, left, and right and ea
h element of T as a 
on
ept name.

The TBox T

1


ontains the following:
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� The roles r

x

, r

y

, and their inverses are fun
tional:

> v (6 1 r >); for r 2 fr

x

; r

y

; r

�

x

; r

�

y

g

� Every position in the n�m grid is labeled with exa
tly one tile and

the mat
hing 
onditions are satis�ed:

> v t

t2T

(t u u

t

0

2T; t

0

6=t

:t

0

)

> v u

t2T

(t! ( t

(t;t

0

)2H

8r

x

:t

0

u t

(t;t

0

)2V

8r

y

:t

0

))

� The 
on
epts left, right, et
. mark the boundaries of the grid in the

expe
ted way:

right v :9r

x

:> u 8r

y

:right u 8r

�1

y

:right

:right v 9r

x

:>

and similarly for left, top, and bottom.

� The individual name o marks the origin:

fog v left u bottom:

The TBox T

2

introdu
es two new 
on
ept names Q and P . It 
ontains the

following two 
on
ept in
lusions:

fog v Q v 9r

x

:Q t 9r

y

:Q t (9r

x

:9r

y

:P u 9r

y

:9r

x

::P )

The idea behind this de�nition of T

2

is to enfor
e that models I of witness


on
epts are su
h that (i) there is no in�nite outgoing r

x

/r

y

-path starting

at o

I

and (ii) r

x

and r

y


ommute in the 
onne
ted part of I rooted at o

I

.

This is a
hieved as follows: if (i) is violated, then we 
an �nd an assignment

of Q in I that satis�es T

2

. Similarly, if (ii) is violated, then we 
an �nd an

assignment of (Q and) P in I that satis�es T

2

.

It 
an be 
he
ked that, as intended, D has a solution i� T

1

[ T

2

is not a


onservative extension of T

1

. Here, we only show how to 
onstru
t a witness


on
ept in the 
ase that D has a solution. Su
h a witness 
on
ept C has to

ensure that for all models I of C and T

1

, the 
onne
ted part of I rooted at

o

I

is isomorphi
 to the n�m-grid.

For every word w 2 fr

x

; r

y

g

�

, denote by

 �

w the word that is obtained by

reversing w and then adding �

�

to ea
h symbol. Let jwj

r

denote the number

of o

urren
es of the symbol r in w. Now, C is the 
onjun
tion of

fog u 8r

n

x

:right u 8r

m

y

:top
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and for every w 2 fr

x

; r

y

g

�

su
h that jwj

r

x

< n and jwj

r

y

< m, the 
on
ept

9(w � r

x

r

y

r

�

x

r

�

y

�

 �

w ):fog;

where 9w:D abbreviates 9r

1

: � � � 9r

k

:D if w = r

1

� � � r

k

. It is not diÆ
ult to

see that C enfor
es an n�m-grid as required.

Theorem 19 In ALCQIO, 
onservative extensions are unde
idable.

Note that the theorem applies even to the 
ase where � = sig(T

1

) and we

allow (6 1 r >) as the only form of number restri
tion.

5 Witness 
on
epts

In this se
tion, we provide a proof of the remaining impli
ation of Lemma 7

and of the upper bound for the witness 
on
ept part of Theorem 4. For

both proofs we asso
iate with 
ertain �-trees T a 
on
ept (
alled diagram)

C in ALCQI(�) whi
h is satis�ed in a tree model I if, and only if, there is

a �-embedding of T into I. Su
h a diagram 
an be de�ned in a simple way

only for trees in whi
h the open nodes (elements of O) all have the same

distan
e from the root, and this distan
e 
oin
ides with the depth of the

tree. We require some notation.

De�nition 20 (Level, balan
ed) Let T = (W;<;L;O) be a �-tree. The

level `(w) of a node w in T is 1 if O = ;; otherwise it is n, where n is the

length of the minimal path from w to an open node.

A �-tree with root w whose depth does not ex
eed the level of w is 
alled

balan
ed. In a balan
ed tree all open leaves have equal distan
e (namely the

depth of the tree) to the root.

Observe that the �-tree 
onstru
ted in the proof of Lemma 7 is balan
ed.

We are in a position now to de�ne the 
on
epts, 
alled diagrams, des
ribing

�-trees.

De�nition 21 (Diagram) Let T = (W;<;L;O) be a balan
ed �-tree with

root w. Let m be the depth of T. We de�ne, for ea
h node v of level k � m

the diagram of level n (k � n � 0) diag

n

(T; v) of the pair (T; v). The 
on
ept

diag

n

(T; v) is in ALCQI(�) and de�ned indu
tively as follows:

� set, for all nodes v, diag

0

(T; v) = L(v);

� suppose diag

n

(T; v) has been de�ned for all nodes v of level � n. Let

u be a node of level � n + 1. Then all its neighbors have level � n

and the n-diagram has been de�ned. Let, for every �-role r, B

r

=

fA

r

1

; : : : ; A

r

`

g be the partition of the set of r-neighbors of u su
h that

diag

n

(T; u

0

) = diag

n

(T; u

00

) i� there exists i � ` with u

0

; u

00

2 A

r

i

. Set
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diag

n

(T; A

r

i

) = diag

n

(T; u

0

), for some u

0

2 A

r

i

. Then diag

n+1

(T; u) is

de�ned as the 
onjun
tion of

diag

n

(T; u) u u

r a �-role

(= n

r

r >);

where n

r

is the number of r-neighbors of u in T, and

u

r a �-role;A

r

2B

r

;m=jA

r

j

(= m r diag

n

(T; A

r

)):

The diagram diag(T) is de�ned as diag

m

(T; w).

Observe that a diagram of a balan
ed �-tree T des
ribes the T in the

following sense:

Lemma 22 Let T = (W;<;L;O) be a balan
ed �-tree with root w. Then the

following 
onditions are equivalent, for all tree-models I with root u 2 �

I

:

� u 2 diag(T)

I

;

� there is a �-embedding f : T! I.

Proof. We start the proof with the following 
laim:

Claim 1. Let w and w

0

be two nodes in T of level `

w

and `

w

0

, respe
tively.

Take ` = min(`

w

; `

w

0

). Then, for all n � `, diag

n

(T; w) 6= diag

n

(T; w

0

)

implies that diag

n

(T; w) u diag

n

(T; w

0

) is not satis�able.

The proof is by a straighforward indu
tion and left to the reader. Claim

1 is 
ru
ial for the indu
tive de�nition of the diagrams: it ensures that

there are no \hidden" impli
ations between synta
ti
ally di�erent diagrams

of nodes in a �-tree. In parti
ular, there are no nodes to whi
h diagrams

whi
h are synta
ti
ally di�erent from its diagram apply. This ensures that

the following 
an be proved by indu
tion:

Claim 2. Let f : T ! I be a �-embedding. Then u 2 diag(T)

I

for the

root u of I.

Claim 2 implies one impli
ation of Lemma 22. Conversely, the inje
tion

f required to show that for every tree model I with root u, u 2 diag(T)

I

implies that there is an �-embedding f : T! I is easily 
onstru
ted indu
-

tively from the root. ❏

We are now in the position to prove the remaining impli
ation of Lemma 7:

Suppose T = (W;<;L;O) is a �-tree whi
h is �-embeddable into a model

of T

1

but not into any model of T

1

[ T

2

. Let f : T ! I be a �-embedding

into a tree model I of T

1

. We may assume that I has �nite outdegree. If T

is balan
ed, then diag(T) is a witness 
on
ept, by Lemma 22. Thus, T

1

[ T

2

is not a �-
onservative extension of T

1

. If T is not balan
ed, then let n be

the depth of T. We hook to ea
h u 2 O of distan
e k < n from the root w
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the labeled tree of depth at most n � k indu
ed by the set of points in I

rea
hable from f(u) in n � k-steps. (This 
an be done the same way as in

the proof of Lemma 7.) The resulting �-tree is balan
ed and its diagram is

a witness 
on
ept.

We are also in the position to prove the witness 
on
ept part of Theo-

rem 4. Suppose T

1

[ T

2

is not a �-
onservative extension of T

1

. Then the

algorithm in Figure 2 above (impli
ity) 
onstru
ts a �-tree T = (W;<;L;O)

whi
h is �-embeddable into a model I of T

1

but not into any model for T

1

[T

2

.

The depth of this tree is a most double exponential, say m, in jT

1

[ T

2

j. Its

outdegree is at most exponential in jT

1

[ T

2

j.

Of 
ourse, following the a

epting 
omputation, we 
an asso
iate with

ea
h node v of T a T

1

-type t(v) su
h that there is a �-embedding f : T! I

into a tree model I of T

1

and t

T

1

I

(f(v)) = t(v) holds for all v in T. We

are now going to 
onstru
t a balan
ed �-tree T

0

from T by hooking 
ertain

�-trees to leafs v 2 O. Let v be a leaf in T with v 2 O. Let k � m be

the distan
e between v and the root w of T. If k = m, then we do nothing

with v. Suppose k < m. Then k is not the root of T. There exists a �-tree

T

v

= (W

v

; <

v

; L

v

; O

v

) and a model I

v

of T

1

su
h that, for the prede
essor v

0

of v with L(v

0

; v) = r (for a �-role r) there are d

0

; d in I

v

with d

0

2 t(v

0

)

I

v

,

d 2 t(v)

I

, d

0

r

I

v

d and

� T

v

is �-embeddable into I

v

d

;

� the outdegree of T

v

is only exponential jT

1

j;

� either T

v

has depth < m� k and O

v

= ; or it has depth = m� k and

O

v

is a subset of the set of leafs with distan
e m� k from v.

Moreover, given t, t

0

and r su
h a �-tree 
an be 
onstru
ted in triple expo-

nential time in jT

1

j. Now hook to ea
h su
h v 2 O su
h a �-tree T

v

and

denote the resulting �-tree by T

0

. T

0

is balan
ed and is embeddable into

a model of T

1

but not into any model of T

1

[ T

2

. The diagram of T

0

is a

witness 
on
ept of size at most three exponential in jT

1

[ T

2

j.

6 Con
lusion

We have shown that 
onservative extensions are de
idable and 2-ExpTime


omplete in ALCQI, but unde
idable in ALCQIO. Although the high 
om-

putational 
omplexity suggests that eÆ
ient tools for de
iding 
onservative

extensions will be diÆ
ult to attain, our results and te
hniques lay theoreti-


al foundations that are important for pra
ti
al appli
ations of 
onservative

extensions. These 
ould be based on approximations, semi-de
ision pro
e-

dures, and on synta
ti
 restri
tions in a normative framework su
h as [3℄.

Finally, transitive roles are a main ingredient of DLs underlying OWL-DL.
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It remains an important open problem to investigate 
onservative extensions

for DLs 
ontaining transitive roles and role hierar
hies.
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