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4 INTRODUCTION

Introduction

In this paper we investigate modal logics from a lattice theoretic point of view. There
are essentially two well-known methods of research on lattices of modal logics. The in-
vestigation of the lattice of modal logics as a whole, and the local investigation of the
lattice of extensions of some strong logic. In this thesis we will provide a third one by
investigating proper complete sublattices, which are not filters within the whole lattice,
but compactness preserving. The framework of our investigation is the lattice of normal
n-modal logics (i.e. normal modal logics with n modal operators), which is denoted by
N,. The lattice of normal monomodal logics is also denoted by N.

It is now more than one decade ago that the lattice theoretic point of view on modal
logics filled as much papers as for instance completeness theory or correspondence the-
ory. Perhaps the first non-trivial, explicite lattice theoretic theorem was the result of
MAKINSON [71] that the lattice of normal monomodal logics has exactly two co-atoms. It
followed a discussion of the lattice of extensions of A'4. The first results were obtained by
MAKSIMOVA [75b], MaksIMOVA & RyBAKow [74] and BLOK [76]. MAKsIMOVA [75a] and
EsAKIA & MEskHI [77] independently proved that there are exactly 5 pretabular exten-
sions of S4. RAUTENBERG [79),[80] used the technique of splittings to give lattice-theoretic
descriptions of most of the standard systems above K4. BLOK [80a] showed that a logic
above K4 is tabular if and only if it has finite codimension. In this paper he also proved
that there exist 2% pretabular logics above K4, contrasting to the situation above S4.

At about the same time systematic research on the lattice A started. RAUTENBERG
[77] observed that the lattice A is distributive and used JONSsONs Lemma for proving
that tabular logics are finitely axiomatizable and that extensions of a tabular logic are
tabular again. It was discovered that the upper part of N is more complicated than the
upper part of the lattice of extensions of K4. BLOK [78] showed that both of the co-
atoms have 2" lower covers, among which are 2% incomplete logics. His research on the
lattice of normal modal logics culminated in the characterization of the strictly complete
logics and the result that a logic is either strictly complete or has degree of incompleteness
2% If a logic is not strictly complete, then it has 280 lower covers. These deep results
had one disadvantage: They are negative because they show that all standard systems
with the exception of K(<OT) are not strictly complete and have no interesting positive
lattice theoretic property within M. Thus, for A lattice theoretic methods did not provide
positive results, contrasting to the situation above K4.

In the following years and up to now research on lattice theoretic questions is restricted
to the lattice of extensions £A of some strong logic A. The main example is of course the
lattice of extensions of K4. In KRACHT [93] splittings of £K4 are used to prove the
fmp for standard systems above K4. The concept of a canonical formula, introduced
in ZAKHARYASCHEV [87],[92], coincides in the standard cases with splitting-formulas for
sublattices of £ K4, as will be shown in this thesis. Nevertheless, I think that it is correct
to say that nowadays most of the interesting questions above K4 lie outside the scope of
lattice-theoretic notions. Outside £ K'4 there are investigations from NAGLE & THOMASON
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[85] about the lattice of extensions of K'5 and from SEGERBERG [86] about the extensions
of K.Alt,.

It is obvious that most of the negative results in monomodal logic transfer to lattices
of polymodal logics. The situation is even worse. For instance the mentioned result of
MAKINSON does not hold for polymodal logics. It is well known that even the lattice of
tense logics has infinitely many incomplete co-atoms. Also the tool of splittings, which is
basic for studying extensions of K4, is not directly applicable to polymodal logics. For
instance, KRACHT [92] shows that the lattice of extensions of the minimal tense extension
of K4 has only the trivial splitting. This situation seems to be one reason for the fact
that the interest in polymodal logic lies mainly in definability theory or the investigation
of rather specific systems.

The aim of this dissertation is to show that W. J. BLOK’S results and the negative
results about lattices of polymodal logic do not force us to restrict lattice theoretic inves-
tigations to lattices of extensions of strong logics. It follows from these results that one
cannot formulate interesting and solvable lattice theoretic problems by referring only to
the lattice of normal (poly-) modal logics as a whole. But this difficulty is manageable
by looking at some proper complete sublattices. Since we do not want to leave the whole
lattice out of sight we restrict attention to sublattices D for which for a finitely axiomati-
zable logic A its upward projection A 1P:= {A’ D A|A’ € D} is finitely axiomatizable as
well. Such lattices are called compactness preserving sublattices of A,,. In Chapter
2 some general properties of such lattices are proved and a characterization of splittings
is given. Examples are the lattices of n-modal subframe logics, denoted by SN, and the
lattice of confinal subframe logics above K4, which was introduced in ZAKBEARYASCHEV
[92]. Subframe logics above K4 were introduced in FINE [85]. There is no obvious way
to extend K. FINE’s definition to non-transitive modal logic. However, a rather natural
definition is as follows: Consider a (generalized) frame G = (g, 4, A). Then, foreach b € A
the structure (b, < N (b x b), {a N bla € A}) is a frame again, and we call it a subframe
of G. Define an operation Sf on the class of frames by

Sf(G) := {H|H a subframe of G}.
A logic A is a subframe logic if the class of A-frames is closed under Sf. Lattices of
subframe logics are the main subject of this thesis and we first discuss some reasons for
this choice.

(1) The n-modal subframe logics form a compactness preserving sublattice of N,,.
Moreover, given an axiomatization of a logic A, the upward projection of A, denoted by
A 1%, can be axiomatized effectively. The lattice of monomodal subframe logics lies rather
natural within A. For instance, it will be shown that
K©T)1¥ = T=K@p—p),
K@Op—00p)1¥ = Grz (Grz= Grzegorczyks-system),
K@ivoow)1¥ = G (G = Godel/Léb-system).

(2) The subframe logics above K4 are precisely the subframe logics defined by K. FINE;
it will be shown that a complete logic is a subframe logic iff its Kripke frames are closed
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under arbitrary substructures. About half of the systems discussed in the literature on
modal logic are subframe logics.

(3) Forming the subframes of a frame is a natural operation. Short reflection shows that
subframes correspond to the relativizations of the boolean reduct of a modal algebra or,
more general, subframes correspond to the relativizations of cylindric algebras defined by
HENKIN, MONK & TARsKI in [71]. This means on the syntactical side that a logic is a
subframe logic iff its tautologies are closed under relativization to any proposition. (The
relativization of a formula ¢ to a propositional variable is defined in Chapter 2.2 and is
called the Sf-formula of ¢). This seems to be a natural condition in many intensional
contexts, e.g. for O as necessity or O as action. Another possible area of application
is O as provability. Indeed, all known provability logics turn out to be subframe logics.
For instance, the provability logic of Peano arithmetic coincides with GG. At present the
important provability logic of bounded arithmetic, Ag + 2y, is not known. But it follows
immediately from the results of BERARDUCCI & VERBRUGGE [93] that this logic is a
subframe logic iff it coincides with G.

In FINE [85] it is shown that all subframe logics above K4 have the finite model
property. The question whether this result extends to all subframe logics was one of the
issues of this paper. It turned out that this is not the case and that, to the contrary, there
are quite a lot of incomplete subframe logics with simple axiomatizations. One central
part of this paper deals with the location of complete and incomplete subframe logics
within the lattice of n-modal subframe logics. The other central part, strongly connected
with the first one, is the study of splittings in lattices of subframe logics. Thus, we look
at subframe logics from a lattice theoretic point of view.

The dissertation is divided into three parts. In the first part some basic concepts of
modal logic are introduced. The concept of a complex variety is defined, which is the
main subject of GOLDBLATT [89]. It is shown that the variety of modal algebras corre-
sponding to a modal logic is w-complex if and only if the logic is compact. This theorem
connects a purely algebraic concept with the model theoretic concept of compactness and
prepares the investigation of general properties of subframe logics in Chapter 3. It was
mentioned before that a lot of literature on monomodal logics investigates the upper part
of the lattice . Now one may ask why to start an investigation of lattices of polymodal
logics with subframe logics and not with upper parts of lattices of polymodal logics. The
answer is simple. As a rule, an interesting filter even in the lattice of bimodal logics is as
complicated as the whole lattice of monomodal logics and all the negative results transfer
to these lattices. This is shown in Section 1.5.2 by means of an embedding of the lattice of
extensions of T into the lattice of extension of a bimodal logic §5 & A, where A is a quite
simple tabular logic. (A; ® A, denotes the fusion of A; and A,, introduced in KRACHT &
WoLTER [91].)

The second part introduces the notion of compactness preserving sublattices of N,
c.p. sublattices for short. The concept of a describable operation is defined and used to
give a model-theoretical characterization of c.p. sublattices. A describable operation is
a closure operation C on the class of frames (or, equivalently, the class of modal algebras)
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such that for a formula ¢ there is a formula ¢° with C(G) | ¢ iff G |= ¢° for all frames G.
Now call a logic a C-logic if its frames are closed under C'. It will be shown that a subset
of N, is a c.p. sublattice of A, iff it is the set of C-logics for a describable operation
C. Forming the subframes of a frame, that is, the operation Sf, defines a describable
operation. Another example is the forming of confinal subframes in the sense of M.
ZAKHARYASCHEV. After that we give a model-theoretic and syntactical characterization
of splittings in c.p. sublattices by using the notion of a describable operation. From this
characterization the main properties of the

splitting-formulas (alias Jankov-formulas or frame-formulas),
subframe-formulas (FINE [85]) and

canonical formulas for confinal subframe logics (ZAKHARYASCHEV [92])

follow as easy corollaries. In fact, all these formulas describe splittings in different lat-
tices of modal logics and therefore are in a sense instantiations of the theory of splittings
initiated by MCKENZIE [72]. The proof of the splitting-theorem is inspired by the inves-
tigation of splittings of filters in A, in KRACHT [90a]. The advantage of the proof given
here is that we get JONSSONS Lemma (for modal varieties) as a corollary and that we do
not restrict attention to finitely presentable algebras. I believe that the proof of JONSSONS
Lemma for varieties of modal algebras is of some relevance, for it is of model-theoretic
nature and uses only methods known from other areas of modal logic. Part 2 is pursued
with some propositions concerning the use of splittings in modal logic. Here the notion
of Fine-spectra is relativized to lattices of subframe logics. The Sf-Fine-spectrum of a
subframe logic © € SA := SN, N EA is Fngp(0) := {©; € SA|Fr(©) = Fr(0,)}. The
Sf-degree of incompleteness of © above A is the cardinality of Fngss(©) and © is strictly
Sf-complete above A if this degree is 1. The notion of Sf-degree of incompleteness will
be the main tool to locate the complete and incomplete subframe logics. The notions of
splittings and strict completeness are connected by the observation that a complete logic
which is an iterated splitting of SA by tabular logics, by finite frames for short, is strictly
Sf-complete above A.

One reason for the investigations in Part 2 was the observation that the well-known
splitting-formulas and subframe-formulas are two sides of the same coin. I believe that
this observation can even be useful in the general context of investigations of lattices of
subvarieties of a given, not necessarily modal, variety. One reason that splittings occur
rather seldom in the literature seems to be the fact that in many cases there are simply not
enough splittings of the whole lattice. The idea to overcome this problem is to investigate
splittings in proper sublattices. Most of the concepts and proofs of this chapter have a
straightforward translation into a more general context.

The third part investigates lattices of monomodal and polymodal subframe logics. In
Chapter 3.1 a theorem of K. FINE is extended by showing that for subframe logics the
concepts of R-persistence (or of a natural logic), canonicity, compactness, and complex
varieties are equivalent. Note that this does not hold for all modal logics because there
are canonical logics which are not R-persistent.
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The chapters 3.2 - 6 hinge on the notions of Sf-degree of incompleteness and splittings.
There are mainly three problems we try to solve:

(1) Given a subframe logic A, characterize the logics which split SA.

(2) Given a logic © € SA. Decide whether © is an iterated splitting of SA by finite
frames.

(3) Given a logic © € SA. Decide whether © is strictly Sf-complete above A.

It will follow from the splitting theorem that problem (1) causes no troubles for m-
transitive logics A with the finite model property, since in this case a logic © splits SA if
and only if © = Th(Sf(g)) for a finite rooted frame g. Chapter 6 and parts of Chapter 3
are concerned with problem (1) in the non m-transitive case. A complete answer is given
for the lattices SA,, and SA with A = ®"T, K.t, S5% S5 and K4 & K4. It turns out that
for NV, and £(K4 & K4) there is a one to one correspondence between splittings of N,
and splittings of SN, respectively between splittings of £(K4® K4) and of S(K4 & K4).
In the other three cases the situation is completely different. The lattices £K.t, £(%™T)
and £(55® S5) have only the trivial splittings but the corresponding lattices of subframe
logics have many splittings with nice properties.

In Chapter 3, 4 and 5 iterated Sf-splittings are used to determine classes of strictly
Sf-complete logics and several classes of frames are defined to determine incomplete and
not strictly Sf-complete subframe logics. Here, among others, the strictly Sf-complete
monomodal standard-systems are determined. For instance, it turns out that a subframe
logic above K4 is strictly Sf-complete, if and only if it is not weaker than G.3. It is
shown that contrary to the situation in A there is a logic in SA which has degree of
incompleteness 2% in SA” but has only finitely many lower covers in SA. Surprisingly
enough, the logic G is such a logic with exactly 3 lower covers in SN.

In the case of polymodal logic we mainly investigate lattices of connected logics. The
extensions of K.t, where K.t denotes the minimal tense extension of K, and of §5% S5 are
examples of connected logics. It is proved that in these lattices there exist large classes
of strictly Sf-complete logics. The perhaps most surprising result is that K4.t is strictly
complete in SK.t, contrasting to the result that K4 has degree of incompleteness 2% in
SN. It follows immediately that there exist 2% monomodal subframe logics whose minimal
tense extension is equal to K'4.t. Another result, again contrasting to the situation above
K4, is that for a monomodal subframe A above K4 its minimal tense extension A.t is
strictly complete in SK.t if and only if the class of A-frames is elementary. These results
show that there are quite a lot of surprising phenomena in lattices of subframe logics and
that we have a completely different situation compared to the lattices A,,.

In Chapter 5.3 the upper part of the lattices SA,, is investigated. The main result
is that for all n,! all logics in S(®™K.Alt;) are strictly Sf-complete. In this case I have
not been able to give a proof via splittings, hence a direct proof is delivered. It follows
immediately that a subframe logic has finite codimension in SN, if and only if it is tabular.
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Thus, the situation in the upper part of lattices of subframe logics is comparable with the
upper part of £K4. Among the pretabular logics in SN there is only one not strictly
Sf-complete logic, namely G.3. But even for .3 the situation is not too complicated
since G.3 has only 4 lower covers in SN.

Questions concerning the fmp and decidability of subframe logics are merely touched
upon in this paper. In Section 5.4.4 the techniques introduced for the determination of
splittings are used to show that a wide range of non-elementary and natural subframe
logics above K4.t do not have the fmp. In Chapter 7 we give an example of a monomodal,
complete and elementary subframe logic without fmp. These examples and a bimodal
example given in Wolter [93] show that we should not expect too many positive results
concerning the fmp for subframe logics not above K4. Nevertheless, some general and
positive results as regards the fmp of subframe logics above K'4.t can be obtained. These
results are stated in Section 5.4.4 without proofs. The proofs will be published elsewhere,
since the methods involved are different from those introduced in this paper.

Throughout this paper the following notations will be used. For a set A the cardinality
of A is denoted by |A|. If (g,<) is a frame, we draw ¢ in such a way that e represents a
reflexive point and x represents an irreflexive point. A completed proof is indicated by -.

Several persons contributed to this thesis. The first to thank is Prof. W. RAUTENBERG
for his supervision and generous support. Deeply indebted I am to M. KRACHT for both
his inspiring ideas when I started to write this thesis as well as for several dicussions during
the last two years. He did not only teach me how to use splittings in modal logic but also
insisted that the subframe logics defined in FINE [85] should be generalized to modal logics
not above K4. In addition, I wish to thank M. ZAKBARYASCHEV for his advice on logics
above K4 during my visit in Moscow. His ideas and results concerning elementarity of
logics above K4 heavily influenced the investigation of strict Sf-completeness for tense
logics. Many thanks also to A. BiLL, C. GREFE, V. RyBAKOW and V. SHEETMAN. Last
but not least I thank I. WULFF for moral as well as technical support.
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1 Basic Concepts

1.1 Syntax

For n € w let L,, denote the propositional language of polymodal logic with a denumerable
set Var = {p;|t € w} of propositional variables and primitive symbols =, A,Oy,...,0,.
The symbols V,—,<Cq,...,On, T, L are defined in the usual way. A normal n-modal
logic is a subset A of £,,, which contains the axioms of classical logic, the formulas MD:
O;(p — q) — (0;p — Oig) and is closed under Modus Ponens, MN: p/O;p for i < n
and Substitution. The lattice of normal n-modal logics is denoted by A,,. Given a logic
A the lattice of extensions of A is £A := {©® € A,,|0 D A}. For a modal logic A and a
set of formulas T let A(T') denote the smallest normal n-modal logic containing I'. The
smallest n-modal logic is denoted by K,. The set of subformulas of a formula ¢ is defined
as usual and is denoted by sb(¢). The modal depth of a formula is defined by induction:
dg(p) = 0, dg(¢Ay) = maz{dg(¢),dg(v)}, dg(—¢) = dg(¢), dg(Di¢) = dg(¢)+1. We will
often not specify the number of boxes and simply call the language £ and a corresponding
n-modal logic a modal logic or simply a logic.

We associate two consequences with a modal logic: For a logic A, a set of formulas
I’ and a formula ¢ we write I' k5 ¢ if ¢ is derivable from A UT by Modus Ponens. If ¢
is derivable from A UT by Modus Ponens and M N we write I' -} ¢ and say that ¢ is
sequentially derivable from I'. A formula ¢ is consistent with a logic A if ~¢ € A. A
set of formulas I is consistent with A if A @ is consistent with A for any finite subset ¢
of I'.

For a formula ¢ € L,, we will frequently use the following construction. For m € w the
formula O™ ¢ is defined as follows:

0% := ¢.
amtly .= /\(l:l,-u"‘¢|i5n).

Let O(™)¢ := A\(Q'¢|i < m) and define for a set of formulas I’

otMr = {0'%li<m, €T}
oWr = {O"™¢imew,peT}

Let O™¢ := =0™=¢ and OM)¢p := -~0O(m)p. Notice that the construction of am¢
depends on the language. If we want to indicate that O™ ¢ is defined in the language £ we
write O7'¢. A n-modal logic A is m-transitive if the formula I:Is: )p - I:I""'"p belongs
to A. A frame for this formula is m-transitive in the sense defined on page 12

Sometimes there is need to expand the language £ to uncountably many propositional
variables {p;|i € k}, k € card. The corresponding modal language is denoted by £*. All
concepts defined for £ extend without any problem to £*.
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1.2 Modal Algebras

An n-modal algebra is an algebra A = (4,n,—,0,,...,0,,1) such that (4,n,—,1)is a
boolean algebra and 0;1 = 1 and O;(a Nb) = O;a N O;b for i < n. The n-modal algebras
A form a variety (an equational class), denoted by MA,. A valuation of A is a map
B :Var — A. Any valuation can be extended to a homomorphism B : £,, — A, mostly
denoted by 3 as well. A model is a pair (A, 8).

A formula ¢ is consistent in A if there is a model (A,B) with 5(¢) > 0, we write
A,B = ¢ > 0. A set of formulas I is consistent in an algebra A if there is a model
(A, B) such that B(T) := {B#(#)|¢ € T} has the finite intersection property, i.e. any finite
intersection of elements of B(T') is not 0. We write (A,8) =T > 0. T is called consistent
in a class K of algebras if there is an A € K such that T is consistent in A. A formula ¢
is true in a model (A, 3), in symbols A, 3 = ¢, if 5(¢) = 1. A formula ¢ is a theorem of
A, in symbols A k= ¢, if ¢ is true in any model on A. The set of theorems of an algebra
A is denoted by Th(.A). The theory of a class K of algebras, defined by

Th(K) := [{Th(A)A€K},
is a normal modal logic. Dually, for a modal logic A the class of A-algebras
V(A) = {AlAE A}

is a variety. For a class K of modal algebras we denote the class V(Th(K)) by V(K). This
defines a Galois-correspondence between the lattice A, and the lattice of subvarieties
of MAp. For K € card and A a logic let Fry(x) denote the k-generated free algebra
in V(A). For A € V(A) any valuation 8 : £L* — A can be lifted to a homomorphism
7 : Fra(k) — A. We will therefore sometimes denote such homomorphisms as valuations
and write Fra(po,...,Px) instead of Frp(x).

The concepts of subalgebras, homomorphisms, products and ultraproducts are as in
universal algebra. For K a class of algebras HK (SK, PK, PyK) denotes the class homo-
morphic images (subalgebras, products, ultraproducts) of K. Given an n-modal algebra
A, m € wand a € A, O™a € A is defined analogously to O™p, p € Var. An open filter
of a modal algebra A is a subset F of A which is a boolean filter of the boolean reduct of .A
and is closed with respect to MN: a € F = O;a € F for i < n. The lattices of congruences
¥ and open filters of a modal algebra A are isomorphic via ¥ — {a|(a,1) € ¥}. The
inverse homomorphism F — ¥ is defined by (a,b) € ¥r if a « b € F. For an open filter
F of A we denote A/¥r by A/F and for a set D C A we denote the smallest open filter
containing D by (D).

A modal algebra is subdirectly irreducible, s.i. for short, if it has exactly one
minimal non-trivial congruence. For a variety V the symbol V, ;. (Vy, Vy,..) denotes the
class of subdirectly irreducible (finite, finite and subdirectly irreducible) algebras in V.
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1.3 Generalized Frames

An n-frame is a structure G = (g, (<;|¢ < n), A) such that g is a set, (Qi|i < n) is a
sequence of binary relations on g and A C 29 contains g and is closed with respect to N, —
and O;a:= {z € g|Vy € g: 24,y = y € a}, ¢ < n. The elements of A are called internal
sets of G. These form a normal n-modal algebra Gt := (A4,N,—,(0;|¢ < n),g). Dually,
given a modal algebra A, let U(.A) denote the set of ultrafilters in the boolean reduct of
A. Then A, := (U(A),(<QA]i < n),S4) is a frame, where

Uy 4{‘(12 if Vae A: O;a€ U; = a € Uz and

S4:= {aq|a € A} with ay = {U € U(A)|a € U}.
It is easy to check that A ~ (A4)*. For a cardinal x and a logic A the k-canonical
A-frame is Fp(k) := (Fra(x))+. The class of frames is denoted by Gfr.

A valuation of a frame G = (g, A) isamap B : Var — A. A valuation can be extended
to a homomorphism 3 : L — G*. Again we will often write § instead of 5. A model
is a pair (G,3). A formula ¢ is consistent in G if there is a model (G,) and z € g with
z € f3(¢), in symbols G, B,z |= ¢. It follows that a formula is consistent in G if and only if it
is consistent in G*. A formula ¢ is true in a model (G, 3), in symbols G, B = ¢, if B(¢) = g.
¢ is a theorem of G, G = ¢, if ¢ is true in any model (G, B). Th(G) := {¢|G | ¢} is the
theory of G. For a class of frames M

Th(M) := ({Th(9)IG € M}
is the theory of M. Dually, for a logic A

Gfr(A) :=={G|G E A}
is the set of A-frames. For a class M of frames we denote the class Gfr(Th(M)) by Gfr(M).
The notions of a p-morphism, a generated subframe and the disjoint union of frames
are defined as usual.

There are several distinguished classes of frames. A frame (g, A) is a Kripke frame
if A = 29. In this case we write g instead of (g, A). The class of Kripke frames is denoted
by Fr. Dually, an algebra A is a full algebra if A ~ g* for a Kripke frame g.

A path of length m in an n-frame (g, (<;|t < n)) is a sequence (z;|j° < m) such that
for j < m there exists ¢ < n with z; 4; zj41. For a C g define the m-transit of ¢ in g
by Tr3'(a) := {y € g| there exist a path (z;|j < k) with k < m, 2o € a and zx = y}.
The transit of a in g is Try(a) := H{Trj(a)|ln € w}. A frame g is m-transitive if
Trg(z) C Try(z) forz € g. Call z € g a root of g if g = Try(z). A frame with a root
is called rooted. An n-frame g is cycle free if zo # z,, for any path (z;|j < m) with
0 # m. For an n-frame g define g* := (g,(<: — {(v,¥)ly € g}|: < n)) (i.e., replace all
reflexive points by irreflexive points.) Then an n-frame g is T-cycle free if ¢g* is cycle
free. An n-frame (g, A) is refined if

1. Vz,y€g:z=y&Vac€cA:z€a &S y€a.
2. Vz,y€g:z24,y&Va€e A:z€0;a=> y €a.

The class of refined frames is denoted by Rfr. The term refined is due to THOMASON [72];
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FINE [75b] calls refined frames natural frames. A frame G is descriptive if it is refined
and (U # @ for each U € U(G*). The class of descriptive frames is denoted by Dfr. A4
is a descriptive frame for every algebra A. Given a logic A we define

Rfr(A) := Gfr(A) N Rfr,

Dfr(A) := Gfr(A) N Dfr,

Fr(A):= Gfr(A)N Fr and

Fry(A) := Gfr(A)N Fry,
where Fr; denotes the class of finite Kripke-frames.

1.4 Completeness and Persistence

A logic A is complete if Th(Fr(A)) = A and it has the finite model property, fmp for
short, if Th(Fry(A)) = A. It is easy to show that A has fmp if and only if Th(Vs(A)) = A
if and only if Th(V;s(A)) = A. Following GORANKO & Passy [92] we call a logic A
sequentially complete if for all ¢, € L:

¢+ v iff for all g € Fr(A) and valuations : g¢,8F ¢ = g,8F ¥.
A logic A has sequential fmp if we have for all ¢, € L:
@ F5 o iff for all g € Fry(A) and valuations 8: ¢, ¢ =>g,8 F 9.
A logic A is k-compact for an infinite k € card if for I'; ¢ C L" the following is equivalent:

1. T, &.

2. For all g € Fr(A), z € g and valuations #: g¢,8,zkET = g,8,zF ¢.
A logic is compact if it is w-compact. A logic A is sequentially k-compact, K € card
and infinite, if for all I'; ¢ C £* the following is equivalent:

1. T+ ¢.
2. For all g € Fr(A) and valuations 8: ¢g,8ET = g,8F ¢.

A logic is sequentially compact if it is sequentially w-compact. Following GOLDBLATT
[89] we call a logic A complex if any A-algebra is isomorphic to a subalgebra of a full
A-algebra. The following definition refines this: A logic is k-complex for k € card infinite
if any A-algebra of cardinality at most & is a subalgebra of a full A-algebra.

A logic A is R-persistent if g € Fr(A) whenever (g, A) € Rfr(A). FINE [75b] calls R-
persistent logics naturallogics. A is D-persistent if g € Fr(A) whenever (g, A) € Dfr(A).
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Call a class of Kripke frames M elementary if there is a set of sentences T' in first order
logic (with =, <; for i < n) with g € M iff g = T. A logic A is elementary if Fr(A) is el-
ementary. We have the following picture of implications between the concepts introduced:

R-persistent = complete and elementary

D-persistent < complete w.r.t. an elementary class

4

k-compact < sequentially k-compact <> K-complex
sequential fmp = sequentially-complete
4

fmp = complete

These implications are well-known with the exception of the line with the «'s (consult
FINE [75b], GOLDBLATT [89] and GORANKO & Passy [92]). It is shown in FINE [75b]
that a complete and elementary logic is not necessarily R-persistent. In WOLTER [93]
is given an example of a logic with fmp but without sequential fmp. As far as I know
the problems whether there are D-persistent logics which are not complete with respect
to an elementary class and whether there are complete logics which are not sequentially
complete are still open.

The following proof makes use of the fact that a logic A is x-compact if and only if for
any consistent set I' with |I'| < & there is a A-frame g, z € g and a valuation § with

9,8,z T.

Theorem 1.4.1 Let A be a modal logic and k € card, k infinite. Then the following
conditions are equivalent:

(1) A is k-compact.
(2) A is sequentially k-compact.

(8) A is k-complez.

Proof. (1) = (3). Let .A be an algebra in V(A) with | 4| < k. Choose a surjective
homomorphism 7 : L% — A. For U € U(A) the set y~}(U) := {#|7(¢) € U} is maximal
consistent with A. Now A is k-compact and therefore for any 7~!(U) there is a frame
gu € Fr(A) with root zy and a valuation Sy with gy, zy, Bu k= 7~1(U). We take the gy
disjoint and define g = J{gu|U € U(.A)} and B(p;) := U{Bu(p:)|U € U(A)} for i < k. It
follows immediately that g € Fr(A) and that B[L*] = {8(¢)|¢ € L*} is a subalgebra of
g*. We show that B[L*] ~ A. This follows if

{¢ € L5|B(¢) = g} = {# € L"|7(¢) = 1}. But

1(#)=1 & Vay(O"¢)=1
& VWU € U(A) y(O"¢) € U
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VaVU € U(A) O"¢ € v~} (U)
VoYU € U(A) gu,Bu,zv E O"¢
9.8F ¢

B(d)=g

st ¢

(3) = (2). Suppose that & /5 ¢ with |®| < k. By k-complexity of A there is a frame
(g, A) such that g is a A-frame and a valuation g with (g, A), 8 = ® and (g, 4), 8,z = ~¢.
Hence ¢,8 F ® and g,8,z F —¢.

(2) = (1). Consider a A-consistent set T’ with |I'| < . Define & := p; oW {p - ¢|p € T}
with p € T. & remains A-consistent: Suppose that &’ is a finite subset of . We may
assume that &' = p, 0™ {p — ¢|¢ € I'} with m € w and I" a finite subset of . By A-
consistency of I' there exists a model A, = T > 0 with A € V(A). Define a valuation v of
Aby v(p) := B(AT’) and v(q) := B(q) for the other variables. Then A,v |= ' > 0 and ¢’
is A-consistent. It follows that {p — ¢|¢ € I'} I/4 —-p. Now, by sequential x-compactness
of A, there exists a model g,3 = {p — ¢|¢ € T} and ¢,4,z = p. But then g,8,z = T. -

1.5 Polymodal Logics
1.5.1 Fusions

Definition 1.5.1 An n-frame G = (g, (<;|i < n)) is an n-tree if it is cycle free, rooted,
A;NA; =0 for i # j and each z € g has at most one predecessor with respect to the
relation r := | J{<;|i < n}. G is a reflexive n-tree if G is reflezive and G* is an n-tree.

Consider n monomodal logics A;, ¢ < n, and suppose that A; is formulated in the language
with O; for ¢ < n. Then the fusion of (A;]i < n), @(A;|i < n), is the smallest n-modal
logic containing |J{A:|¢ < n}. We note the following theorem from KRACHT & WOLTER
[91].

Theorem 1.5.2 For consistent monomodal logics A;, 1 < n, the following conditions are
equivalent:

1. All A; are complete (have the fmp).
2. @(Aili £ n) is complete (has the fmp).

If all A; are complete with respect to finite trees (finite reflezive trees), then @(A;|i < n)
is complete with respect to finite n-trees ( finite reflezive n-trees).

It follows that K, (®"T') is complete with respect to the set of finite n-trees (finite reflexive
n-trees). We will use this observation in Chapter 3.
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1.5.2 What is the upper part of N,?

One prominent way to investigate the lattice of modal logics is to investigate its upper
part, namely the extensions of a strong logic. In this section we show that a lattice £A, A
a bimodal logic, can be as complicated as £T even if the monomodal fragments of A are
very simple. We denote the box of the monomodal language £, by O and define a map
F: Ly — L3,¢— ¢F, inductively by

pf = Oyp

(oA = ¢FaypF
(~¢)F = Og-gF
(@¢)f = 0,0,0,4F

For T C L, define I'F := {¢F'|¢ € T'}. Define A; := Th([e—e]) and T := K(Op — p).

Theorem 1.5.3 Fr : ET — £(Ay ® S5),T(T) — (A; %0 S5)(TF), is well defined and is
an embedding of ET into £(A1 % S5). Fr reflects decidability, completeness, compactness
and fmp.

For the proof of this theorem we need a simulation of T-frames as (A; % .55)-frames and vice
versa. The idea of the simulation is simple: For a T-frame (g, <) simulate the points of
g as equivalence-classes of a <,-relation. These classes have to be big enough to simulate
the <-relations as a <;-relation between points in different <2-equivalence-classes. The
exact definition is as follows: Consider a T-frame (g, <). For z € g take a new point y,
for any y with z 4 y and z # y. We assume that y, # y. for 2 # z and y, # 2z, if y # 2.
Now define

F(z) {z}U{ylza y,z#y}, forzeg
F(a) := U{F(z)lz €a},foraCyg
b {(¥z, )z < 9} U {(2,2)Iz € F(g)}
az = |J{F(@) x F@)lz € g}

(F(g),<1,<2) is a (A} ® S5)-frame. The <2-equivalence-classes are exactly the sets
F(z),z € g. For G = (9,4, A) € Gfr(T) define F[A] := {F(a)|a € A} and

F[g] := (F(g), <1, 42’[F[A]]>7
where [ F[A]] denotes the modal algebra generated by F[A], i.e. the smallest subset of F(g)
containing F[A] and closed under intersection, complement and O;,0;. The following
lemma states that a union of <j-equivalence-classes is an internal set in F[G] if and only
if it is equal to F'(a) for an internal set a of G.

Lemma 1.5.4 For a T-frame G and a C g : F(a) € [F[A]] if and only if F(a) € F[A].

" Proof. The direction from right to left is trivial. For the other direction suppose that
a C g and F(a) € [F[A]]. Then there is a formula ¥ € £; and a,...,a, € A with
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F(a) = ¥[F(a1),..., F(a,)]. We abreviate ¥[F(a1),..., F(ay)] by ¥[F(@)]. Now F[A]
is closed with respect to intersection, complement and O; and therefore the claim of the
Lemma follows if for ¢ € L;:

(1) O29[F(@)] € FA].

Claim 1 For any ¥ € L; there exists a Aj-equivalent formula ¢ with dg(¢) < 1 and
var(¢) = var(y).

The proof of Claim 1 is by induction on the subformulas of 1. We only note the main
equivalences in A;. They are easily checked on

A FOOp e (-pAOp)VOp

AMFOOp & Opand Ay HO0Op & OOp

A FEO(OpAg) = (OpAg)VO(pAg)

Ay FO(=OpA Q) = (~OPA GV (PAO(-PAQ))V (~gAO(-pAg))

We need some notation for normal forms in modal logic. Fix variables py,...,p,. Then
the set of atoms in n variables is At, := {mp; A ... A m,pu|7; = blank or m; = -}. For
all partitions (X+, X ) of At, and Q € At,

P(Q,X*,X7) = Q AN(CQ1|Q1 € XT) A A(-OQ1|Q1 € X7)

is a normal form of degree 1. By a result of FINE [75a] any formula ¢ with dg(¢) < 1
is equivalent to L or a disjunction of normal forms of degree 1. Hence, by Claim 1, (I)
reduces to

(I1) O V(P:[F(@)]|: € I} € F[A] for {P;|:'€ I} a set of nf’s of degree 1.

Now O, V(Pi[F(a)]|i € I} = V(O Pi[F(@)]|i € I) and therefore (II) follows immdiately if
O, P[F(@)] € F[A] for all normal forms P of degree 1. We fix a P = P(Q,X*,X ™).
Case 1. Q ¢ X*. Then O, P[F(&@)] = @ because A1 Fp — Op

Case 2. |X*| > 3. Then OP[F(&@)] = @ because no point in a A;-frame has more than
two successors.

Case 3. X* = {Q}. Then O,P[F(d)] = F(Q[a1,...,an]) € F[A).

Case 4. X* = {Q,Q1} with Q # Q.

Then O, P[F(@)] = F(Q A OQ1lay,...,a,)) € F[A]. 4

Now consider a (A;®S55)-frame (h, <1, <d3). The < ,-equivalence-class of an element z € h
is denoted by [z]. Define

F ) := {[z]lz€c}, foreCh
[z] < [y] iff there are z; €[z],y € [y] with z; <
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(F~1(h),<) is a T-frame. For a (A ® S5)-frame H = (h, <1, <2, B) define
F-1(H) := (F-1(h), <, F-1[B]), where F-1[B] := {F-1(b)|b € B}.
Note that F~1(b) = F~1(<O2b) for all b C h and therefore

F7Y[B] = {F7'(b)|b= CO2b,b€ B}
= {F7'(b)lb=0zb,b € B}

= {F7'(b)lb=|J{[z]lz € b},b € B}.

We postpone the proof that F~1(H) is a frame, i.e., that F~![B] is closed with respect to
intersection, complement and O, and first prove the following more general lemma.

Lemma 1.5.5 Suppose that B is a valuation on (F~'(h),<q) and v is a valuation on h
with v(Ozp) = U{[z]l[z] € B(p)} Jor p € Var. Then 7(¢F) = U{lzlllz] € B(¢)} for
€ L.

Proof. We show that for z € kand ¢ € £y : [z] € B(¢) iff [z] C 7(¢F). From this follows
that v(¢F) = U{[z]|[z] € B(¢)} because v(4F) is a union of <I,-equivalence-classes. The
proof is by induction on the subformulas of ¢.

[z] € B(p) « [z] C7(02p) = 7(P").
[z]€ B(oAP) & [z] C (") and [z] C 7(¥F)

& [glSv((er¥)F).
[z] € B(~¢) « [z] & B(¢)
< (21 Zv(¢F)
&[] € O2—7(¢F) = 7((=9)F).
[z] € B(O¢) « V[y]: [z] < [y] = [¥] € B(¢)
& Vzy €[z]Vy €h: z; a1y = [¥) C 7(6F)
& [z] € 0;0,057(¢F) = 7((08)F). 4

We now prove that F~!(¥) is a frame. It is enough to show that for a formula ¢ € £;
and by,...,b, € B with b; = Oyb; for i < n, $[F1(by),...F~1(b,)] € F~![B]. But,
by Lemma 1.5.5, ¢F[by,. .., b,] = U{[z]l[z] € S[F~1(b1),...F~1(b,)]} € B and therefore
HF-1(b1),...F~Y(by)] = F~(¢F[by,...,bn)) € F-1[B].

Lemma 1.5.6 For H € Gfr(A, ® S5) and ¢ € L, : FY(H) k ¢ if H | ¢F. For
GeGf(T): GE ¢ iff F(G) k= ¢F.

Proof. Suppose that F~1(H), 8, (z] | ¢. Define a valuation 4 on H by

7(p) := U{[ll[v] € B(p)} for p € Var.
v is well-defined by definition of F~1(*) and v(Ozp) = v(p). Hence, by Lemma 1.5.5,

7(¢F) = U{l¥llly] € B(¢)}, and H,7,z |= ¢F. Conversely, suppose that H,v,z = ¢F.
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Define a valuation 8 on F~1(H) by B(p) := {[y]ly € 7(C2p)}.

Then v(0O2p) = U{[y]lly] € B(p)} and, by Lemma 1.5.5, F~1(X),7,[z] |E ¢- The first
equivalence is shown. The second equivalence follows directly from F~1F[G] ~ G for
G € Gfr(T). This is a consequence of Lemma 1.5.4: Let G = (g, A). Then

F-1F[G) = ({F(2)lz € g}, <, F{[F[A]).

It is easy to check that z — F(z), z € g, defines an isomorphism between the Kripke-
frames. It is an isomorphism between the modal algebras of the internal sets because for
a Cg: {F(z)|z € a} € F7}([F[A])) if and only if J{F(z)|z € a} € [F[A]] if and only if
(by Lemma 1.5.4) F(a) = U{F(z)|z € a} € F[A] if and only if a € A. -.

Proof of Theorem 1.5.3. Consider two sets I'),I'; C £;. By Lemma 1.5.6, H Ff if and
only if F~'(H) [ T; for H € Gfr(A, .55). It follows that (A ® S5)(TT) = (A1 % 55)(TY)
if T(I'y) = T(T3). Thus, Fr is well-defined. Now suppose that T(T;) # T(T'z). Let G =T
and G £ T. Then F(G) = I'T but F(G) £ TS, Hence Fr is injective.

Fr(V(©:: € 1)) = V/(Fr(@:)li € 1) is clear.

Hence Fr is an embedding if Fr(©:) N Fr(0;) = Fr(0; N ©;) for ©,,0, € £T. This
follows if Fr(©1) N Fr(0;) is equal to (A ® S5)(TF) for a set T C £;. Assume that
Fr(0;) = (A1 00 §5)(TF) and Fr(02) = (A1 & S5)(TY) with var(T1) Nvar(T;) = 0. Then
we have for A := A; ® .55

A({O2 ¢ vOryFlgp e Ty, ¢ €Ty, m e w})
A({(Uzc‘lmz)m¢F V (0,0:0;)"%F|¢ € Ty, ¥ € T2, m € w})
A({(CZ ¢V OZ ) |¢ €T, 9 € Ty, m € w})

Fr(©,)n Fr(02)

It is easy to check that Fr reflects decidability. Suppose that Fr(A)is complete. Then A is
complete with respect to F~1(h), h € Fr(Fr(A)): Suppose that ¢ ¢ A. Then ¢¥ & Fr(A).
By completeness there exists h € Fr(Fr(A)) with h j¢ ¢F. But then, by Lemma 1.5.6,
F~1(h) £ ¢. That Fr reflects fmp and compactness can be proved analogously.-

A few remarks on this embedding. It is easy to check that Fr is not only an embedding
of T in £(A1 % S5), but an embedding into the interval [A; % 55, (A; %0.55)(02p — Oyp)].
It follows that the images are conservative extensions of the monomodal fragments A,
and S5. The simulation of monomodal frames as bimodal frames by giving the points (or
possible worlds) the structure of S5-frames seems to be quite natural - not only from a
mathematical point of view. There are obvious similarities to the constructions of modal
predicate logic and to the embeddings of the lattice of mtermedaa.te logics into 54, which
might be of interest for future investigation.

Let us note the main examples of monomodal logics Ay, Az such that £(A;®A;) behaves
better. Forn € w,n # 0define Alt,, := A(Opili < n+1) = V(O(pinp;)li # 7i1,5 < n+1).
The proof of the following theorem is a simple extension of the monomodal proof in
BELLISSIMA [88].

Theorem 1.5.7 For all m,n > 0 any eztension of ™ K.Alt,, is R-persistent. Especially
for any two tabular logics A1, A; any eztension of Ay ® A, is R-persistent.
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2 Sublattices of N,

For a logic A the map A : T — A(T'),I' C L, is an algebraic closure operator on L. The
closed elements with respect to this operator are the normal modal logics above A. Thus
the normal modal logics above A form a complete lattice, EA. (Note that we use the same
symbol A for a logic and the corresponding closure operator.)

In this chapter we will study certain kinds of sublattices of £A. The following easy and
well-known lattice-theoretic concept is fundamental to our investigation. We assume that
a complete sublattice D of a complete lattice F contains the maximal and minimal element
of F.

Definition 2.0.8 Suppose that D is a complete sublattice of a complete lattice 7. Then
for a € F the upward (downward) projection a{p (alp) of a is defined by

alp = A(beDp>a)
alp = \beDh<a

Now consider a complete sublattice D of £A. Then we call D a compactness preserving
sublattice of £A, a c.p. sublattice of £A for short, if there exists a map fp : L — L,
¢ — ¢p such that A(¢) Tp= A(¢p) for ¢ € L. Hence, by some lattice-theoretic manipu-
lations, D is a c.p. sublattice of £A if and only if for any logic ©® € £A the logic © 1p is
compact in £A if © is compact in £A. This definition is not very informative, if one tries
to find (interesting) c.p. sublattices of the lattice of extensions of a logic. Before giving
an equivalent notion, which will be more useful, we note the following charactarization of
the finite c.p. sublattices of the lattice of extensions of a logic.

Proposition 2.0.9 A finite sublattice D of EA is a c.p. sublattice of EA if and only if it
contains L and A and any © € D is finitely ariomatizable above A.

2.1 Describable Operations

Consider a variety V of modal algebras and suppose that C : V — {K|K C V} is an
operation on V. Define C(K) := [J{C(A)|A € K} for K C V. We call C a describable
operation on V if

Cl CC(K)=C(K)and KC C(K)for KC V.
C I There is amap f.: L — L,¢ — ¢°, such that forany ¢ € Land A€ V: A ¢°
iff C(A) E ¢.

¢° is called a C-formula of ¢. If C is a describable operation and there are two different
maps f,, and f, with property (C II), then the formulas ¢ and ¢ are deductively
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equivalent above A for all ¢ € £. (We call two formulas ¢;,¢, deductively equivalent
above A if A(¢;) = A(¢2).) Suppose not: Then there is an algebra B € V with B | ¢%
and B £ ¢%2. But then C(B) £ ¢ and C(B) ¢ ¢, which is a contradiction. We assume
that for a given describable operation C the the map f, is fixed. Any formula deductively
equivalent to a C'-formula with respect to this fixed f. will be called a C-formula too.

Definition 2.1.1 Let C be a describable-operation on V. A variety W C V is called a
C-variety if C(W) = W. Dually, a logic A is a C-logic if V(A) is a C-variety.

Simple examples of describable operations on V are the operations Identity,/, H and S.
In these cases (C I) is clearly satisfied and (C II) works with ¢ = ¢. Therefore anything
we prove for all C'-varieties or C-logics holds for all modal varieties respectively logics with
(' = Identity. It should be clear how to define the notion of a describable operation on
generalized frames. Hence we will call an operation on Gfr which satisfies the conditions
(C 1),(C II) a describable operation as well.

Proposition 2.1.2 Suppose that C fulfills condition (C I) for describable operations.
Then (1) and (2) are equivalent:
(1) C is a describable operation via f. : ¢ — ¢°.
(2) There is a map fq: L — L, ¢ — ¢%, such that for all B€ V: ¢% is consistent
in B if and only if ¢ is consistent in C(B).

For a given map f. with property (1) the formula ¢% := =((~$)°) satisfies (2) and for a
given map fy with property (2) the formula ¢ := —((~¢)?) satisfies (1). ¢° is called a
dual C-formula of ¢.

Proof. We show the direction from (1) to (2). Define ¢? = ~((—¢)°) and let B € V. Then
¢ is consistent in B iff B £ (~¢)° iff C(B) ¢ —¢ iff ¢ is consistent in C(B). -

The following proposition lists some easily proved but useful properties of describable
operations.

Proposition 2.1.3 Let C be a describable operation on V and A = Th(V). Then we have
for all formulas ¢:

(1) A(8) € A(¢°) (2) A(¢°) = A(¢%) (3) A($) = A(¥) = A(¢°) = A(¥°).
Proposition 2.1.4 For a C-logic A and © € EA the following conditions are equivalent:

(1) © is a C-logic.
(2) If © = A(T"), then A(T¢) = A(T).
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(3) © is complete with respect to a class K with C(K) C K.

Proof. The direction from (1) to (3) is trivial. Now suppose that (3) holds with respect
to K and that © = A(T'). A(T') C A(T*) follows from Prop. 2.1.3. Suppose that ¢ € I'.
Then ¢¢ € A(T) if and only if we have for every A € K that A |= ¢°. For A € K we have
A k= ¢ and it follows C(A) = ¢ because C(A) C K. This implies A |z ¢ and I'“ C A(T)
follows. It remains to show that (1) follows from (2). Consider A € V(0) and take a set
I' with © = A(T). Then A |= I'° and therefore C(A) = T. This implies C(A) C V(0).

It follows from Prop. 2.1.4 that a logic ©® € £A is a C-logic iff © is axiomatizable by
C-formulas iff for all € L : ¢ € O implies ¢¢ € O.

Theorem 2.1.5 For a logic A and a set of logics D C EA the following conditions are
equivalent:

(1) D is a c.p. sublattice of EA.

(2) There is a describable operation C on V(A) such that the C-logics are precisely
the logics in D.

If C satisfies (2) and f.: ¢ — ¢° has property (C II) then A(¢°) = A(¢) Tp for ¢ € L.

Proof. Suppose that D is a compactness preserving sublattice of £A. Now define
C(A) := V(Th(A) lp) and ¢° := ¢p for ¢ € L. Suppose that K C V(A). Then from
A € K follows A € C(K) because A | Th(A)lp. If A € CC(K) then A |= Th(B)|p
for a B € C(K). But for this B there exists a C € K such that B |= Th(C)|p. Now
Th(A)lp 2 Th(B)|p 2 Th(C)|p and therefore A € C(K). For A € V(A) and ¢ € L
the following equivalences hold: A | ¢p iff Th(A) 2 A(ép) iff Th(A) |p 2 A(¢p) iff
Th(A)lp 2 A(¢) iff C(A) E ¢. It is shown that C is a describable operation on V(A).
Now suppose that © € £A. © = A(T) for a set I' of formulas. But then © € D iff
A({¢p|# € T}) = © iff (by Prop. 2.1.4) © is a C-logic.
Now suppose that C is a describable operation on V = V(A). We show that the C-logics
form a compactness preserving sublattice of £A. A is a C-logic because C(V) C V and
L is a C-logic because C(0) C 0. Consider a set of C-logics {©;|i € I}. Then, by Prop.
2.1.4, there exist sets I'; with ©; = A(T¢) for ¢ € I. But then, by Prop. 2.1.4,

Viedi € I) = V(AT?)li € 1) = ATl € 1)
is a C-logic. If ¢ € [{O;|i € I}, then ¢° € N{O;|i € I}, by Prop. 2.1.4. Again, by Prop.
2.1.4, it follows that ({©,|i € I} is a C-logic. We have shown that the C-logics form 2
complete sublattice D of £A. Consider a logic A(¢); clearly A(¢) C A(¢°) and, by Prop.
2.1.4, any C-logic which contains ¢ also contains ¢°. Thus, A(¢) tp= A(¢°). -

From now on we will use the notation of describable operations for compactness pre-
serving sublattices of the lattice of extensions of a logic. For a describable operation C on
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V(A) the lattice of C-logics above A is denoted by CA. The upward and downward pro-
jections of a logic © € £A are denoted by © 1€ and © |°. The projections are represented
by ©1°= A({¢°|¢ € ©}) and O |°= A({¢°|¢° € O}).

Corollary 2.1.6 Suppose that C' is a describable operation on V(A). Then the map
Ac: T A(T)N LS, T C L, is an algebraic closure operator on L such that the lattice
of closed elements with respect to A, is isomorphic to CA via F: © — © N LF.

Definition 2.1.7 A describable operation C' on V is a good operation, if

(1) L¢ is decidable and f. : ¢ — ¢° is computable.
(2) If A €V is finite then C'(A) is a finite set of finite algebras.
(3) The class of full algebras is closed under C'.

If a describable operation on V(A) is good, then nearly all interesting questions concerning
logics in C'A can be translated into questions about A. and L€ :

Theorem 2.1.8 Let C be a good operation and © a C-logic. Then the following holds:

(1) © is decidable if and only if © N LE is decidable.
(2) © has fmp if and only if for any ¢° € O there is a finite O-algebra A with A | ¢°.
(3) © is complete if and only if for any ¢° & © there is a O-frame g with g - ¢°.

Proof. (1) The decidability of ©® N L€ follows from the decidability of ® and £¢. Now
suppose that © N L€ is decidable and take ¢ € L. Then compute ¢°. Now ¢ € O if and
only if ¢ € © N L¢, which is decidable.

(2) The direction from left to right is trivial. For the other direction take ¢ ¢ ©. Then
¢° € © and there exists a finite ©-algebra A with A [£ ¢°. But then C(A) £ ¢.

(3) is proved analogously.—

We now introduce some examples of describable operations.

2.2 Subframe Logics

For frames G = (g, (<;|¢ < n), A) and H we call H a subframe of G induced by h € A if
H ~Gh:=(h,(d:Nh xhli<n),ANh),

where A N h denotes {a N hla € A}. In this case we write H C G. Given a frame G and

h € A, the structure G is always a subframe of G. For the proof it is enough to show that
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AnNh is closed with respect to intersection, complement (relative to k) and
Of@anh):={z€hlVyeh:zq;y=>y€anh).
We show closure with respect to O%.

Fora€ A: Ofanh) = {zehlVyeh:zd;y=>y€anh}
= {z€hlVyeg:zq;yandy€eh=>y€anh}
= D,-(h—»anh)ﬂhGAﬂh.

We remark that a generated subframe (h, B) of (g, A) is not a subframe of (g, A) in general,
namely if h ¢ A.

We define an operation Sf on Gfr by Sf(G) = {H|H C G}. Notice that 5f has the following
closure properties: (1) Sf(Rfr) € Rfr and (II) Sf(Dfr) C Dfr. (I) follows immediately
from the definition. For (II) suppose that G is descriptive, that h € Gt and that U is an
ultrafilter in G;f. Then U C G has the finite intersection property and therefore (U # 0.
AU N h # 0 follows immediately.

Following the definition of a subframe we now define the notion of a subframe algebra.
For modal algebras A and B and b € A the algebra B is a subframe algebra of A induced
by b, in symbols B C A, if B~ A, := (Anb,nt, =, (0% < n),0,b), where

Anb = {anblae A}
(a1nd)nt(aznbd) = ayNaynbd
~b(anb) = =—aNnb

0¥(anb) = O;b—-a)nbi<n.

The boolean reducts of the subframe algebras of a modal algebra .A are obviously the
relativizations of the boolean reduct of .A. Again for each b € A the algebra A, is a
subframe algebra of .A. This can be shown directly but also follows, by representation of
modal algebras as generalized frames, from the following easily proved facts:

For all G and h € G* : (Gn)t = (G*)s.
Forall Aanda € A: (Ag)4 =~ (A4)ay-

Define Sf(A) = {B|B C A}. Sf satisfies condition (C I) for describable operations:
K C Sf(K) is clear. For Sf(Sf(K)) = Sf(K) suppose that b € A and a € A;. Then
a € A and e < b. Now it follows by definition that A, = (A).. Hence Sf is a describable
operation on MAy, for n € w, if for any ¢ € L there exists a formula ¢ such that for
B € MA,, : B ¢ iff Sf(B) E ¢.

For a formula ¢ we define ¢ | p inductively via

qlp = qAp

(eAd)lp = (6lp)A(¥1D)
-¢)lp = -(¢lp)Ap

Cip)lp = Oilp—dlp)Ap, i<n.

The following lemma is the algebraic translation of a lemma proved in KRACHT [90b)].
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Lemma 2.2.1 Suppose that b € A, f : Var — A and v : Var — A, are such that
B(p) = b and v(q) = B(q) N'b for all g € Var, then B(¢ | p) = 7(¢).

We are now ready to prove that Sf is a describable operation.

Theorem 2.2.2 For n € w the operation Sf is a good describable operation on MAy, with
Sf-formula ¢%/ = p — ¢ | p and dual Sf-formula ¢ | p for ¢ € L and p ¢ var(4).

Proof. We first show that ¢ | p is a dual Sf - formula. Suppose that ¢ | p is consistent
in B. Then there is a valuation 8 of B with 3(¢ | p) > 0. It is easy to show that ¢ | p
has the form v A p for a suitable 1. Hence S3(p) > 0. Now define a valuation v of By, by
v(q) = B(p) N B(q). By Lemma 2.2.1, v(¢) = (¢ | p) > 0 and therefore ¢ is consistent in
B. Conversely, suppose that there is a b € B and a valuation v of By with y(¢) > 0. We
define a valuation S of B by 3(p) := b and f3(gq) := ¥(q) for ¢ # p. It follows from Lemma
2.2.1 that B(¢ | p) = 7(¢) > 0; here we need that p ¢ var(¢). It remains to show that
p— ¢ | pis a Sf-formula of ¢. But =((-¢) | p) = ~(~(¢ | P)AP)=p — ¢ | p, and
therefore p — ¢ | p is a Sf-formula, by Lemma 2.1.2. It is now trivial that Sf is a good
operation. -

A logic A is a subframe logic if Gfr(A) is closed under subframes, or, equivalently, if V(A)
is closed under subframe algebras. Some remarks concerning subframe logics. It follows
from Prop. 2.1.4 that a complete logic A is a subframe logic if and only if Fr(A) is closed
under subframes. The subframes of a Kripke frame g coincide with the substructures of g.
Subframe logics above K4 were introduced in FINE [85] in a different way. We will show
in Section 3.1.2 that for logics above K4 both definitions are equivalent.

2.2.1 Examples

The following formulas ¢ are Sf-formulas because K(¢), respectively K3(¢), is complete
with respect to a class of frames closed with respect to subframes:

1. Op,0p « p,0p — p,0p — OOp, Op — OCOp.

2. 0(Ap — p) — Op, O(Q(p — Op) — p) — p).

3. B :=p— 0OOp.

4. Forn€w,n#0: Iy := A(Opili < nt1) = V(O(mA(p;VOR))li # i 36,5 < nt1).

5. Fornew,n#0: Alt,.

6. t:= {p — 0201p;p — 01 O2p}.

7. Uy := 0zp — Oyp,U; := Oyp — Ogp and Id = {U,, U,}.
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Now it is easy to check that the following logics are subframe logics:

1. K, forn € w,Ver = K(Op),Triv= K(Op — p), K4 = K(Op — 0O0p),
T = K(Op— p),S4= K4.T,K5= K(Op — OCp), K.By,
G = K4(0(Op — p) — Op),Grz = S4(0(C(p — Op) — p) — p))

2. For any subframe logic A the logics A.Alt,, and A.I,, are subframe logics.

3. For any two monomodal subframe logics A; and Az the logic A; % A3 is a subframe
logic.

4. For a bimodal subframe logic A the logics A.t, A.U; and A.Id are subframe logics.

All the logics defined are well-known from the literature (consult SEGERBERG [71] or
RAUTENBERG [79]) with the exception of K2.U; and K3.Id. It is easy to show that K,.U;
is the theory of the class of 2-frames (g,<;,<2) with <; C <, and that K,./d is the
theory of the frames (g, <1,<2) with <; = <.

For n € w,n # 0, define Tr, := (Dg)p - Dz"lp)sf. By definition, the logics K.Tr, are
subframe logics.

It is easy to show that (O"t'p — O(p)¥ is a Sahlqvist-formula. (For a definition of
Sahlqvist-formulas consult SAELQVIST [75]), SAMBIN & VACCARO [89] or KRACHT [91a)].)
Hence K.T'r, is elementary and complete. A frame g is a K.T'r,-frames if and only if any
finite subframe of g is n-transitive if and only if for any path (z;|i < n + 1) there exists
a subpath (y;|¢ < m) with m < n and yo = Zo and ym = z,. It is worthwile to note that
from completeness and elementarity of a logic A does not necessarily follow that A 1%
is elementary. As an example take A := K4(0O1 v OOL). This logic is elementary and
complete, but G = A 1% (this will be shown on page 70) and G is not elementary.

2.3 Confinal Subframe Logics and other examples

One possiblity to define more describable operations is to restrict the forming of subframes
to sets which are definable by a single formula. Consider a formula ¢(py,...,ps), a frame
M = (h,(<ili < n),A) and g € A. Then G ~ H, is a ¢-subframe of H if there exist
bi,...,bn € A with ¢[by,...,b;] = g. We write G Cy H. Clearly a subframe is simply a
p-subframe. For ¢ € L define an operation Sfy on Gfr by Sfs(H) := {G|G C4 H}. For a
formula ¥ and p € Var with var(y) Nvar(¢) = 0 and p € var(y) let ¥ | ¢ := v | p[o/p].
It is a straightforward extension of the proof of Theorem 2.2.2 to show

Lemma 2.3.1 For all ¢, with var(¢) Nvar(y) =0 and H € Gfr:
Sff(W)EY if HEé— ¢ | ¢

Hence Sf4 is a describable operation on Gfr(A) with describing formula ¥/¢ = ¢ — v | ¢
if Sf4(Gfr(A)) € Gfr(A) and
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(1) ¥H = (h, A) € Gfr(A) 35 € A: ¢[b] = h.

(2) VH € Gfr(A) Vb € AVE€ {an¢[b]la € A} 3d € A with (Hyp)eia = Hyq)-
An interesting example is the operation Sfc,, with Con:=pAQ(pV Op).
Theorem 2.3.2 Sfcon is a good operation on Gfr(K4).

Proof. We only have to check the conditions (1) and (2). Let H = (h, q, A) € Gfr(K4).
(1) follows from Con[h] = h. Call a set ¢ C h confinal in H if for all z € c and y € Tr,(z)
we have Try,(y) Nc # 0. It is straightforward to prove that a set d € A is confinal in H
if and only if there exists a set b € A with d = C'on[b]. (2) follows immediately from this
observation.

It follows that the Sfco,-logics above K4 are precisely the confinal subframe logics defined
in ZAKHARYASCHEV [92).

2.4 Splittings in Modal Logic
2.4.1 Splittings

Suppose that D = (D, V,A,0,1) is a complete lattice. An element py € D splits D, if
there is a p; € D such that for any a € D : a < pg or a > p; but not both. In this case p,
is uniquely determined by pp and we say that p; is the splitting-companion of py. p;
is denoted by D/pg. (po,p1) is called a splitting-pair. If p, is a splitting-companion we
say that p; co-splits D or simply that p; is a splitting of D.

For a € D let £a := {b € D|b > a} denote the lattice of extensions of a. If p € £a splits
£a we simply denote the splitting companion of po by a/po and call it a splitting of a. An
element a € D is (strongly) irreducible if for all sequences (b;|i € I) with a = A(b;]i € I)
there is an ¢ € I with @ = b;. An element a is (strongly) prime if for a > A(bi|: € I)
there is an 7 € I with a > b;.

Proposition 2.4.1 a € D is irreducible in D if a is prime in D.
Proposition 2.4.2 a € D is prime in D iff a splits D.

Hence splittings can be visualized as follows:
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Po V P
Po

71 = A{glg £ po)
P1 A po

Splittings can be iterated. An element p; € D is a union-splitting of D by F C D if
all po € F split D and p; = \/ F. p, is denoted by D/F. Again for an element a € D and
F C £a we call a union-splitting £a/F a union-splitting of @ and denote it by a/F.

Proposition 2.4.3 Suppose that py = D/F. Then we have for alla € D : a > p, if and
onlyifad pforallpeF.

An element p; € D is an iterated splitting of D by (Fy,...F,), F, C D, if any
po € Fy splits D and for 1 < ¢ < n—1 any po € Fi4; splits D/Fy/F,/.../F; and
1 = D/FR/F;/.../Fa1/F,. An iterated splitting py = D/F/F,/.../Fa1/F, is a
finite iterated splitting if F; U...U F,, is finite.

Proposition 2.4.4 Suppose that p = D/Fy/F;.../F,. Then we have for alla € D :
a>pifandonlyifaL pforallpe HUF,...UF,.

The following proposition gives some information about the connection of splittings in
different lattices.

Proposition 2.4.5 Suppose that F is a complete sublattice of D and that (po,p;) is a
splitting pair in D. Then (po|r,p115) is a splitting-pair in F.

Proof. We write p1 instead of p{r. Let ¢ € F. Then a < pp or a > p; and not both.
Case 1. a < po. Then a < po |, because a € F,and a ¥ p; 1, because a ¥ p; and p; < py 1.
Case 2. a > p;. Again, since @ € F, we know that a > p1 7. @ £ po| follows from a £ po

and po > pol . 4

We have the following picture:

PoV P
F

Pol

3
AN

P1Apo
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2.4.2 A General Splitting-Theorem

In this chapter we give an algebraic and a syntactic characterization of splittings of com-
pactness preserving sublattices of £A. The exposition is inspired by KRACHT [90a], who
investigates splittings of £A. The main differences apart from the one mentioned above
are that we do not restrict attention to finitely presentable algebras and that we do not
use but prove Jénssons Lemma. In this chapter C denotes a describable operation on
V(A) and © a logic in CA. Since any logic which splits C'A is irreducible in C'A let us first
prove a necessary condition for irreducibility of a logic.

Proposition 2.4.6 A logic © is irreducible in CA only if © = Th(C(A)) for a finitely
generated subdirectly irreducible algebra A.

Proof. Suppose that © is irreducible in C'A. As is well-known © = ({Th(A;)|: € I}
with 4; subdirectly irreducible and finitely generated for ¢ € /. Now @ is a C'-logic and
therefore @ = {Th(C(A:))|i € I}. By irreducibility of © in CA and Th(C(A;)) € CA
for all : € I it follows that © = Th(C(A;)) foran i€ I.

Subdirectly irreducible modal algebras are well-understood by the following proposition
proved in RAUTENBERG [79)].

Proposition 2.4.7 (Rautenberg) A modal algebra A is subdirectly irreducible if and
only if there is an o € A with the following property: o # 1 and for alla € A, ifa # 1,
then there is an m € w with 0 > OMa, Such an element o is called an opremum of A.
An opremum has the property that for an open filter F either F = {1} oro € F.

Consider a Kripke-frame (g, q) with root z. It is straightforward to check that g — {z} is
an opremum of g*. Hence gt is a subdirectly irreducible algebra. It is readily shown that
a finite frame g is rooted if and only if g* is subdirectly irreducible.

Lemma 2.4.8 LetT C L%,k € card, be a set of formulas and let K be a class of modal
algebras. Then T is consistent in some C € Py(K) if and only if any finite subset of T is
consistent in K.

Proof. A simple application of classical model theory.-

Proposition 2.4.9 A set of formulas OWT; ¢ C L* is consistent in an algebra B if and
only if there is an A € H(B) and a valuation B of A with A, T and A, ¢ > 0.

Proof. Take a valuation ¥ of B such that 7(0W)T;¢) = {y(#)|¢ € O@T; ¢} has the
finite intersection property. Let F’ be the open filter generated by 7(0(“')1‘) in B. Now
define A := B/F and let pr : B — A be the canonical homomorphism. 8 := proyis a
valuation of A with A,8 T and A, | ¢ > 0. The converse direction is trivial.
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Definition 2.4.10 Suppose that A € V,;(A) is generated by {o,a1,...,ax}, K € card,
and let o be an opremum of A. Define s : Fra(po,p1,---,Px) — A by po — 0 and p; — a;.
Then s is surjective. Now define F := {¢|s(¢) = 1} and let pr : Fra(p) — Fra(p)/F
be the canonical homomorphism. Let i : Fra(p)/F — A be the uniquely determined
isomorphism such that i o pr = s. Any A C L* with (A) = F is called a diagram for
A with respect to A. We call A finitely presentable above A if A has a finite diagram
with respect to A.

Proposition 2.4.11 Suppose that A € V;;(A), that A is a diagram of A with respect to
A and that B € V(A). Then O A; =p, is consistent in B if and only if A € HS(B).

Proof. Suppose that O(“)A; —p, is consistent in B. By Prop. 2.4.9 there exist C € H(B)
and 3 : Fry(p) — C with B(A) = 1 and B(~p,) > 0. From (A) C {%|B(v) = 1} follows
the existence of f : Fra(p)/(A) — C with fopr = B. We show that f is injective.
pr(p,) is an opremum of Fra(p)/(A) and thus injectivity follows if f(pr(p,)) # 1. But
this follows from B(p,) # 1. We have shown that Frp(p)/(A) € SH(B) and it follows that
A € SH(B). But then A is in HS(B).

Conversely, suppose that A € HS(B). By definition, O“)A; -p, is consistent in .A. Now
it is standard to check that OWA; -, is consistent in B. -

Theorem 2.4.12 Let C be a describable operation on V and let A € V, ;. Suppose that A
is a diagram of A with respect to Th(V) and that K C V. Then the following conditions
are equivalent:

(1) A€ HSPyC(K).

(2) A € V(C(K)).

(3) Any finite subset of O A; —p, is consistent in C(K).

(4) Any finite subset of (Q“A; —p,)? is consistent in K.
Proof. (1) = (2) and {2) = (3) can be proved by standard methods. (3) « (4) follows
from the definition of dual C-formulas. We show that (1) follows from (3). Suppose that

any finite subset of O“)A; —p, is consistent in C(K). Then, by Lemma 2.4.8, there is a
C € Py(C(K)) with O®A; —p, consistent in C. Hence, by Prop. 2.4.11, A € HS(C). 4

Notice that for C = Identity we have proved JONSSONS Lemma for any variety of modal
algebras. In case of m-transitive varieties and finite diagrams we do not need ultraproducts.

Corollary 2.4.13 Suppose that C is a describable operation on V, A = Th(V) is m-
transitive and that A € V,; has a finite diagram A with respect to A, i.e. A is finitel,
presentable. Then the following conditions are equivalent for K C V:
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(1) A€ HSC(K).
(2) A€ V(C(K)).
(3) O™ A; -p, is consistent in C(K).

(4) (B™A A =p,)? is consistent in K.

Proof. The only implication which does not directly follow from Theorem 2.4.12 is (3)
= (1). a(™A; -p, is consistent in C(K) if and only if g A; -p, is consistent in C(K)
if and only if A € HSC(K), by Prop. 2.4.11. -

We now come to the main theorem of this chapter. Let us first define some notations for
splittings. It is said that a logic © C-splits A if it splits CA. The splitting-companion of
O is denoted by A/°O and we call it a C-splitting of A. By Prop. 2.4.6, a logic © which
splits C'A is representable as @ = Th(CA) for a subdirectly irreducible finitely generated
algebra A. Therefore we say that A C-splits A if Th(CA) splits CA. A/Th(C(A)) is
denoted by A/°A.

Theorem 2.4.14 Suppose that © = Th(C(.A)) with A € V,(A) finitely generated, A a
C-logic. Let A be a diagram of A with respect to A. Then the following conditions are
equivalent:

(1) © splits CA.

(2) There are m € w and Ay € A finite such that for any B € V(A) the following
holds:

Ifama fin N\ 2o is consistent in C(B)
then
any finite subset of OWA; —~p, is consistent in C(B).

(3) {B €V(A)|A¢g HSPyC(B)} is a variety.
(4) {B € V(A)|A ¢ HSPyC(B)} is closed with respect to ultraproducts.
(5) {B € V(A)|A ¢ HSPyC(B)} is elementary.

If (2) is satisfied by m and Agin, then A/°O = A((O(™A 4, — po)°) and
V(A/®)={B € V(A)|A¢g HSPyCA}.
5p5(A) := (0™ A 4, = p,)° is the C-splitting formula of A above A.

Proof. Define M := {B € V|A ¢ HSPyCB}. We first prove (1) = (3). Suppose that
(©,©0) is a splitting-pair in CA. Then the following equivalences hold for all B € V(A) :
Th(B) 2 O, iff Th(C(B)) 2 O iff Th(C(B)) € Th(C(A)) iff Th(C(B)) € Th(A) iff
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A ¢ HSPyCB. We have shown that V(0,) = M.
The implications (3) = (5) and (5) = (4) are trivial. (4) = (2). Suppose that (2) is false.
Then for any m € w, A’ C A finite there is an algebra B(m,a/) € V(A) with

(i) at™A’; -p, consistent in C(B(mn,a1)»

(ii) C(B(m,a) E OMA” — p, for some n and A” C A finite.

First note that, by Theorem 2.4.12, A ¢ HSPyCBy, ar), because OM™A"; —p, is not
consistent in CBy, a+) for some n and A" C A finite. Define

K := U{CB(m,aylm € w, A’ C A finite }.

A € HSPy(K) because, by (i), any finite subset of OA; —p, is consistent in K and so
we can apply Theorem 2.4.12. We have shown that K C M but Py(K) € M.

We now show (2) = (1). This is done by proving that (©,A((DM™Ag, — p,)%)) is
a splitting pair of CA. Consider a logic ©; € CA. Then there exists an algebra B €
V(A) with Th(C(B)) = ©;. Now Th(C(B)) 2 A((QM™A p;r, = po)°) iff DA 15 -p, s
consistent in C(B) iff (by condition (2)) any finite subset of O(“)A; -p, is consistent in
C(B) iff (by Theorem 2.4.12) Th(A) 2 Th(C(B)) iff Th(C(A)) 2 Th(C(B)).

If A splits the lattice CA, then we have the following picture of CA:

Th(C(A))V A/A
Th(C(A))

A/A = A(SP(A)
A/SAN Th(C(A)

For ¢ € L let ¢ denote the dual C-formula of ¢. Then (2) of the Splitting-Theorem can
be reformulated:

(2’) There is an m € w and Ay, C A finite such that for all B € V(A) the following holds:
If (Q(™ A 4, A~p,)? is consistent in B, then for all n € w and A’ C A finite (O A’ A-p, )
is consistent in B.

Corollary 2.4.15 Suppose that A,0,A and A satisfy the conditions of Theorem 2.4.14
with A finite and A m-transitive for an m € w. Then

1. © splits CA.
2. A/°0 = A((A™A - p,)).
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3. V(A/°©) = {B € V(A)|A ¢ HSCB}.

One might be tempted to conclude that even for not weakly transitive logics A we have
V(A/A) = {B|A ¢ HSB} if A splits A. For the standard modal logics this is true but it
is not generally true. There is a tense logical counterexample in KRACHT [92]. In Section
2.4.3 we will give a simple monomodal counterexample. In many cases only finite algebras
induce a C-splitting:

Proposition 2.4.16 Let (' be a good operation and suppose that A has the fmp and ©
splits CA. Then © = Th(C.A) for a finite and subdirectly irreducible algebra A.

Proof. By Prop. 2.4.6, there is a subdirectly irreducible algebra A with © = Th(C'(A)).
A has the fmp and therefore A = ({Th(A;)|i € I} with A; finite for all : € I. Then

A = N{Th(C(A))|i € I}, because A is a C-logic. By definition of a splitting-pair there
is an A; with A/°© € Th(C(A;)). But then Th(C(A;)) C Th(C(.A)) C Th(A). Now A is
s.i. and therefore A € HSPy(C(A;)). It follows that A is finite because C'(A;) is a finite
set of finite algebras.-

For a finite frame g with root 0 reserve a propositional variable p, for y € g. The
following formula A, is a well-known diagram of g+.

8, = Ny — Oip:ly<iz2)
A NPy = =Oip:lysiz)
A N(py = -p:ly # 2)
A\ (pyly € g)

It follows that any finite subdirectly irreducible n-modal algebra is finitely presentable
with respect to K,. o := g — {0} is an opremum of g* and therefore p, corresponds to
—po in the notation of the definition above. If g C-splits A then the C-splitting formula
is Sp5(g) = (AM™A, — ~po)° for an m € w.

2.4.3 A Counterexample

Define A := K.Alt3(Op — p;p — OOp). It is easy to check that g € Fr(A) if and only if
g is symmetrical, reflexive and no point in g has more than 3 successors.

Theorem 2.4.17 h := [es=e] splits A but V(A/h) # {B € V(A)|h* ¢ HSB}.

Proof. We first show that k splits A. Denote the two points of h by z and y. Then h
splits A if the following holds for all G € Rfr(A):
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Ap A pz is consistent in G iff O™ A, A p, is consistent in G for all n € w.
By Theorem 1.5.7 any extension of A is R-persistent and therefore this follows if we have
for all rooted frames g € Fr(A): Aj A p; is consistent in g iff OW)A; p; is consistent in
g. The only rooted A-frame in which A, A p; is not consistent is [o]. The other rooted
A-frames devide into four types:

L 3n>1: g={(n{G)lli-Jjl<1}).
2.Im>1:g=(n{G)|i-7<1}u{(n-1,0),(0,n—-1)}).

3. 9= (w,{(& M-l < 1}).

4. g = (Z,{(3,5)|li = 3] £ 1}), where Z denotes the set of integers.

If g is of type 1,3 or 4 or of type 2 with n = 2m define a valuation on g by

B(pz) := {2ili € Z} N g and B(py) := g — B(pz)-
It is easy to check that g, F Aj and g,8,0 | p.. For the case that g is of type 2 with
n = 2m + 1 define B(p;) := ({0} U {2i + 1]i € w}) N g and B(p,) := g — B(p:). Again
9,8 E Ay and g,3,0 = p.. Notice that it follows that for g € Fr(A): g+ € V(A/R) iff
h* ¢ HSg*t. We now show that there exists B € V(A) with h* ¢ HSB but B ¢ V(A/h).
Define G := (w, {(i,7)||i — 7] < 1}, {a C w|a finite or cofinite }).
It is clear that G* & V(A/h). Suppose that At € HSG*. Then there is a valuation § of G
such that ﬁ(D(‘")Ah; p-) has the finite intersection property. For such a valuation f either
B(pz) is finite and B(p,) is cofinite or B(p;) is cofinite and S(p,) is finite. Hence there
exists an m € w with 8(0™(p; — Opy A py — Opz)) = 0. A contradiction. -

2.4.4 The Use of Splittings

Most of the theorems of this section are not new. They are scattered in the literature
of modal logic (consult KRACHT [90a],[93], ZAKBEARYASCHEV [87], RAUTENBERG [77),[80],
FINE [74a),[74b],[85] or BLOK [78]). What is new is that we have found a way by means
of describable operations to formulate and prove them in a uniform way. We illustrate
the theorems by simple examples; more elaborated applications will follow in the next
chapters.

Definition 2.4.18 A C-logic © € £A is strictly C-one-axiomatizable above A if for
any set I' of formulas with A(T) = © there ezists ¢ € T with A(¢°) = O.

The following proposition follows immediately from the results of MCKENZIE [72].

Proposition 2.4.19 A C-logic © is strictly C-one-aziomatizable above A if and only if
O is a C-splitting of A.
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Example. It is shown in BLOK [78], that T is not a splitting of K. Therefore there are
two formulas ¢;, ¢, with T = K(é1,¢2) and T # K (1), T # K(¢,). But we will show
that T = K/ E] and therefore it follows that T = K(¢) or T = K(¢3). 1t follows
that if T is a union of two logics not equal to T', then one of these logics is not a subframe
logic.

Proposition 2.4.20 Suppose that O is a finite iterated C-splitting of A by (Fy,...F,)
and that C is a good operation. Then A(¢°) = O is decidable
if © as well as all ©, € F:= FyU...U F, are decidable.

Proof. Consider a formula ¢. ¢° is computable because C' is good. Now A(¢°) = O iff
A(¢°) 2 O and ¢° € O iff (by Prop. 2.4.4) A(¢°) € O, for all @; € F and ¢° € O iff
¢ € O, for all O, € F and ¢ € O, which is decidable.

Example. It is decidable whether T = K (¢*) because T = K/ [x]and T is decidable.
We remark that it does not follow that it is decidable whether T = K (¢) because it may
not be decidable whether ¢ and ¢ are deductively equivalent.

Following ZAKHARYASCHEV [87] we call a set of formulas I' complete for CA if

1. For any logic © € CA there is a subset I of T' with © = A(T").

2. Forall IV CT: A(T') € CA.
A set of formulas T is a basis for CA if it is complete and no proper subset is complete.

Proposition 2.4.21 CA has a basis if and only if any logic in CA is a union-C-splitting
of A.

Proof. Without restriction we may assume that any set of formulas complete for CA is
of the form I'°. Call a formula ¢° indecomposable if there exist no two formulas ¢§ and
@5 with A(¢°) = A(¢5) V A(¢3). By Prop. 2.4.19, a formula ¢° is indecomposable if and
only if A(¢°) is a C-splitting of A. Now if all logics in CA are union C-splittings of A
then the set of C-splitting-formulas is a basis of CA. But if there is a logic which is not
a union-C-splitting then any complete set I'® for CA contains a decomposable formula ¢¢
and therefore I'® \ {¢°} remains complete.-

Example. £K.Alt; has no basis: We show that Th( [¢]) is not a union-splitting of
K.Alt,. In BELLISSIMA [88] it is shown that K.Alt, is complete with respect to finite and
cycle free frames. It follows that only finite, cycle free rooted frames induce a splitting
of K.Alt;. Now consider © := K.Alt;/F with F a set of finite, cycle free rooted frames.

Then € Fr(©) and therefore © # Th( [o]).
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Definition 2.4.22 A partial ordered set (D, <) without infinite strictly descending chains
is a well partial ordered set, a w.p.o. for short, if any set N C D of mutually incom-
parable elements s finite.

Now suppose that C is a good operation on V(A). Define a relation <¢ on V;,i(A) by
A <c Biff A€ HSCB. 1t is easy to check that <¢ is a partial order without infinite
descending chains. For a set K C Vy,i(A) let mc(K) denote the set of <¢ minimal
algebras in K.

Definition 2.4.23 Let C' be a describable operation on V(A) and © € CA. Then ©, isa
lower cover of © in C'A if there is no logic ©2 € CA with ©, C ©2 C O.

Proposition 2.4.24 Let C be a good operation on V(A) and let © = A/°F be an iterated
C'-splitting of A by a set F of finite algebras. Then a logic ©, is a lower cover of © in CA
if and only if there is an A € mc(F) with ©; = © NTh(C(A)).

It follows that an iterated splitting of CA by finite algebras is finitely axiomatizable above
A if and only if it has only finitely many lower covers in CA. Another consequence is that
iterated splittings of C'A by finite algebras have not more than Ry lower covers in CA.

Example. We have T = K/ [x]. Therefore T N Th( [x]) is the only lower cover of T
in the lattice of subframe logics.

We now define one of the main concepts of this essay. The Fine-spectrum of a logic
was introduced in FINE [74b]. Here we relativize this concept to compactness preserving
sublattices of N;,.

Definition 2.4.25 Let C' be a describable operation on V(A) and ® € CA. Then the
C-Fine-spectrum of © above A is defined by

Fncp(0) := {©, € CA|Fr(©) = Fr(0,)}.
The fmp-C-Fine-spectrum of © above A 1s
fFncA(@) := {0, € CA|Fry(0) = Fry(6,)}.

The C-degree of incompleteness of © above A is defined by Cdga(©) := |Fnca(0)).
© is called strictly C-complete above A if Cdga(©) = 1. The C-degree of fmp of
© above A is defined by Cdgfa(©) := |fFnca(®)|. © has strict C-fmp above A if
Cdng(@) =1.
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Proposition 2.4.26 Suppose that C is a good operation on V(A) and that © an iterated
C-splitting of A by finite algebras. Then © is strictly C-complete above A if and only if ©
is complete, and © has strict C-fmp above A if and only if © has the fmp.

Proof. The implications from right to left are trivial. Suppose that © = A/°F is an
iterated C-splitting by a set F of finite algebras. Consider @; € CA with Fr(©) = Fr(0,).
Then ©; C © and Vy(0O) = V4(0;). Take B € V(0,). We have A ¢ HSPyCB for A€ F
because these A are not in V;(©). But then B € V(©) and therefore ©; 2 ©. That from
fmp follows strict C-fmp can be proved analogously. -

Example. T has strict Sf-fmp. That means that any subframe logic © whose finite
frames are exactly the reflexive frames is T. By a result of BLOK [78] there are 2% logics
whose finite frames are exactly the reflexive frames. It follows that none of these logics is
a subframe logic.

Proposition 2.4.27 Suppose that A has the fmp and is m-transitive and suppose that C'
is a good operation on V(A). Then the following conditions are equivalent:

(1) Any union-C-splitting of CA has fmp.

(2) Any © € CA has fmp.

(8) Any © € CA is a union-C-splitting of CA.
(4) CA has a basis.

Proof. The equivalence of (3) and (4) was shown in Prop. 2.4.21. For © € CA define
Ke := (V(A)—V(0))s.s.i. By m-transitivity of A all algebras in Kg C-split A. Therefore
A/°Kg is well-defined. It is straightforward to check that © is a union C-splitting if and
only if @ = A/°Ke.

For the implication from (1) to (3) suppose that there is a logic © € CA with © #
A/°Ke. Then © D A/°Ke and V;,;(0) = V;,.i(A/°Ke). Hence A/°Kg cannot have
the fmp. For (3) = (2) suppose that ® = A/°Kg for all © € CA. Then, by Prop.
2.4.26 , a C-logic has fmp iff it has strict C-fmp above A. Suppose there is a C-logic ©
without fmp. Then Th(V;(0)) is a C-logic with fmp and the same finite algebras as 0.
A contradiction. The direction from (2) to (1) is trivial.-

Examples. £G,£Grz and £K4.3 do not have a basis because G, Grz and K4.3 have fmp
but have an extension which does not have fmp. £54.3 and £K5 have a basis because
any extension of these logics has fmp (BuLL [66] and NAGLE & THOMASON [85).) The
condition that A is m-transitive cannot be omitted: By a result of BLOK[78] each union-
splitting of K has fmp but clearly not every monomodal logic has fmp.

Proposition 2.4.28 Suppose that one of the conditions of Prop. 2.4.27 is satisfied by A.
Then the following conditions are equivalent:
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(1) Zc s a w.p.o..
(2) Any © € CA is finitely aziomatizable above A.
(3) Any © € CA is decidable.

(4) CA is denumerable.

Proof. Let K C V;,i(A). It is easy to check that A/°K = A/°m¢(K). Therefore we have
for K1,K3 C Vy,.:.(A) that A/K; = A/°K; if and only if mc(K,;) = mc(K;). Suppose
that <c is a w.p.o.. Any © € CA is representable as @ = A/°Kg = A/*m¢(Kg) (Ko
defined as in the proof of Prop. 2.4.27). But then © = A({5p§(A)|A € mc(Ke)}). Now
mc(Ke) is finite and therefore © is finitely axiomatizable above A. (2) = (3) follows from
fmp of all extensions of A and (3) = (4) is trivial. For (4) = (1) suppose that <¢ is not a
w.p.o.. Take an infinite set K of mutually incomparable elements. Then A/°K; # A/°K;
for K;, K, C K with K; # K,. It follows that C'A has cardinality 2%. -

Definition 2.4.29 Let C be a describable operation on V(A) and © € £A. The C-
spectrum of O above A is defined by

Spca(©) 1= {©; € £A|O, 1¢= ©1°).

Proposition 2.4.30 Let C be a good operation on V(A) and let © = A/°K be an iterated
C-splitting of A by a set of finite algebras K. Then

(1) Spca(©) = {©, € EA|O D O, and A & V(0,) for A € mc(K)}.
If mc(K) defines an iterated splitting of EA, then
(2) Spca(©) = [A/me(K), ©).

Proof. (1) Let ©; € Spca(©) and suppose that A € V(0O,) for an A € mg(F). We
have C(A) — {A} C V(O) and therefore C(A) C V(6,). But then C(A) C V(0 1°)
and ©, 1°#¢ 6. We have a contradiction. Suppose that 8; C © and A ¢ V(0,) for
A € mc(K). Let B € V(6,1°). Then C(B) C V(©,) and therefore A ¢ V(C(B)) for
A € mc(K). Hence B € V(0). (2) follows from (1) and the Splitting-Theorem.

Example. It is proved in RAUTENBERG [79] that K(OT) = K/ [x].
Hence from T = K/¥ [x]follows Spssk(T) = [K(OT),T).
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2.4.5 Some Results of W.J.Blok

The deepest results concerning the structure of the lattice A" of monomodal logics were
attained by W. J. BLOK in his articles BLOK [78],[80a] . We state some of these results
here in order to clarify (1) the complexity of the lattice A, (2) the need for investigations
of proper sublattices of A/ and (3) to contrast these negative results with the results
concerning the lattice of monomodal subframe logics SN of the next chapters.

Theorem 2.4.31 A finite rooted frame splits N if and only if it is cycle free. A logic A
is strictly complete if and only if it is a union-splitting of N'. Otherwise A has degree of
incompleteness 2% and has 2% lower covers in N.

Theorem 2.4.32 Any logic A D T, A # L, has degree of incompleteness 2% above T.
ET contains only one splitting logic, namely L.

A logic A is tabular if A = Th(F) for a finite set F of finite frames.

Corollary 2.4.33 Any tabular logic not equal to L has degree of incompleteness 2%o.

Corollary 2.4.34 Any subframe logic not equal to K, L has degree of incompleteness 2%
and has 2% lower covers in N.

Proof. Suppose that A = K/F with F # 0 a set of rooted, cycle free and finite frames.
Take G = (g,<4) € F. Then G ¢ Fr(A). Now take a point z ¢ g and define

H:=(gU{z},qU{(y,z)ly€ gory =z} U {(z,y)ly € g})-
Clearly H € Fr(A) and G € Sf(H). Hence A is not a subframe logic.



40 3 SUBFRAME LOGICS

3 Subframe Logics

3.1 General Properties

Lemma 3.1.1 Suppose that g,3,z = I'. Then there is a countable elementary substruc-
ture h of g with z € h and a valuation a with h,a,z = T.

Proof. The technique of the proof we give is well-known from FINE [75b]. Suppose that
(9,(«ili € n)), B,z = T. Take the first order language with =, and symbols «; for i < n
and D; for i € w. Define a structure D = (g, (<;|¢ < n),(D;|]i € w)) by D; := B(p;). Now
there exists a countable elementary substructure (h,(<; N Ah%|i < n),(hN D;|i € w)) of
D with £ € h. Define a valuation a on h by a(p;) := h N D;. It is easy to show that
h,a,z =T.

Proposition 3.1.2 If A is complete with respect to a class of frames closed under ele-
mentary substructures, then A is complete with respect to countable frames. A complete
subframe logic is complete with respect to countable frames.

Consider a countable frame (g, (Q;|¢ < n)). Reserve a variable p, for any y € g. We define
a set of formulas X, by

Xy, = {Pv — Oip:ly Q. 2}
U{p, — O;-p.|ly iz}
u{py = -p:ly # 2}

Define V, := A X, if g is finite. A frame H is subreducible onto a frame g if g is a
p-morphic image of a subframe of H.

Lemma 3.1.3 (1) A Kripke-frame h is subreducible onto a frame g with root 0 if and
only if there ezists y € h and a valuation B with h,B,y D(”)Xg;po.

(2) Let g be finite and H € Rfr. Then H is subreducible onto g if and only if there is a
valuation B and y € h with H,B = Vg and H, B,y E po-

Proof. (1) Suppose that f C h and p : f — g is a surjective p-morphism. Define a
valuation on k by 8(p:) := p~!(z) for z € g and take a y € p~1(0). It is easy to show that
h,B8,y | 0 X; po.

Now suppose that h, 8,y = O®) X,; po. Define b := Tri(y) N U{B(p:)|z € ¢} and

p:hy — g by p(z) =z if z € B(p;). It follows by the definition of X, that p is well-
defined and a surjective p-morphism. (2) follows immediately from the proof of (1) and
the fact that X is finite if g is finite. -
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For the proof of the following theorem, which is an extension of a theorem for logics above
K4 in FINE [85), we need a weak version of a theorem proved in SAMBIN & VACCARO [88].
For a frame G = (g, A) let Gy denote g.

Lemma 3.1.4 For a modal logic A and G = (g, A) € Rfr(A): g C (Fa(k))y for k := |A].

Proof. There is a surjective homomorphism 3 : Frp(k) — G*. Define s : ¢ — (Fa(k))y
by s(z) := {¢ € L*|z € B(¢)}. s is an embedding:

1=y & Va€A:z€a&yca
& VoeLlr: zef(p)eyceB()
& s(z) = s(y)

z <; y iff s(z) <; s(y) is considered analogously.-

A class of Kripke-frames F has the finite embedding property if the following holds
for all g € Fr: g € F if and only if any finite subframe f of g is in F.

Theorem 3.1.5 For a subframe logic A the following conditions are equivalent:
(1) Fr(A) is universal and A is complete.

(2) Fr(A) is elementary and A is complete.

(3) A is D-persistent.

(4) A is R-persistent.

(5) A is complez.

(6) A is w-complez.

(7) A is compact.

(8) Fr(A) has the finite embedding property and A is complete.

Proof. (1) = (2) is clear and (2) = (3) is shown in FINE [75b]. For the implication from
(3) to (4) suppose that (g, A) € Rfr(A). Then, by Lemma 3.1.4 , we have g C (Fa(x))y
for k := |A|. But (Fa(k))y is in Fr(A) because A is D-persistent. (4) = (5) and (5) =
(6) are trivial. (6) = (7) follows from Theorem 1.4.1. For (7) implies (8) suppose that
there exists a frame g ¢ Fr(A) such that all finite subframes are in Fr(A). By Prop.3.1.2
we may assume that g is countable and has root 0. Now any finite subset of D)X g1 Po is
A-consistent because these sets are consistent in finite subframes of g. Hence DX 9:Po
is A-consistent. It follows that A is not compact: For otherwise there exist a A-frame
h,y € h and a valuation 8 with h,8,y D(“’)Xg;po and g would be a A-frame, by Lemma
3.1.3. The implication from (8) to (1) is proved in TARSKI [54].

Corollary 3.1.6 (Goldblatt) G is not complez.

Proof. G is a subframe logic and not elementary. Therefore G is not complex.-

One should compare this proof with the proof in GOLDBLATT [89] to recognize the
power of the theory of subframe-logics. A logic A is basic elementary if there is a finite
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set of first order formulas I such that for h € Fr: h € Fr(A)if and only if A |=T. For a
finite rooted frame g let P, denote the universal formula in first order logic with A |= P,
iff gZ hforall h € Fr.

Corollary 3.1.7 Suppose that a subframe logic A is finitely aziomatizable, complete and
elementary. Then there is a finite set of finite rooted frames F such that for all h € Fr:

he Fr(A) iff h = Py for g€ F.

Proof. In VAN BENTHEM [83] it is proved that any finitely axiomatizable, elementary
and complete logic is basic elementary. Now Fr(A) is universal and therefore there exists
a finite set of universal formulas I such that h € Fr(A)iff A= T. 4

The modal axiomatic universal classes of Kripke frames have a simple characterization:

Theorem 3.1.8 A universal class of Kripke frames F is modal ariomatic, i.c. there ezxist
a modal logic A with Fr(A) = F, if and only if F s closed with respect to p-morphic
tmages and disjoint unions.

Proof. The direction from left to right is trivial. For the other direction suppose that
g € Fr(Th(F)). Then, by Lemma 3.1.4, we have g C (FryF)(x))y for k := 2l Therefore
g € F follows if (FruF)(x))y € F. But, by a result of FINE [75b], (Fru)(K)) is a
p-morphic image of an ultraproduct of a disjoint union of frames in F. 4

Corollary 3.1.9 For a set of finite rooted frames F the class
K:={he€ Fr|fZh for f € F}

s modal aziomatic iff K is closed under p-morphic images.

Proof. K is a universal class closed under disjoint unions.-

3.1.1 Sf-splitting-formulas

The lattice of n-modal subframe logics is denoted by SA,, and for an n-modal subframe
logic A define SA := EANSN,.

For n € w we know that Sf is a describable operation on MA,. Hence the splitting
theorem tells us how to determine the splittings of a lattice SA. Nevertheless it will pay
off in the next chapters to have a closer look at the special situation of splittings of lattices
of subframe logics. For a finite frame G with root z let Sf®(G) := (O(™Ag — -p.)¥. It
follows from the splitting theorem that G splits SA if and only if there is an m € w such
that A(SF™(G)) = A(Sf®(G)) for all n > m. In this case we have A/¥G = A(SF™(G)).
FINE [85] defines subframe logics above K4 as follows. A logic A above K4 is a subframe
logic if and only if there is a set F of finite and rooted K4-frames such that

A = K4({0WVg — =p,|G € F, z a root of G}).
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So far we do not know whether 0V — —p, is deductively equivalent to Sf1(G) above
K4. First of all it is not the case that for all finite G with root z and m € w the formulas
Sf®(G) and O(™Vg — —p, are deductively equivalent: Consider the frame

h:= x<—:>x

Let G :=[¢]. It is readily checked that h }& ST2(G) but that h | 0@V — -p,. The
following lemma clarifies the situation.

Lemma 3.1.10 Let H € Gfr,m € w and G € Fry with root z. Then

(1) a(™Ag A p, is consistent in H
= D("‘)Vg A pr is consistent in ‘H
= (A™Vg Ap.) | g, g & var(Vg), is consistent in H
& (AMAg Aps) | g, g & var(Ag), is consistent in H.

(2) Ko(OM™Ag — =p;) € Ka(AMVg — —p;) C Ka(BMVg — —p2)¥) = Ku(SF2(G)).

Proof. (1) We show that (O(™)Vg A p;) | ¢ consistent in H implies (O™ Ag Ap;) | ¢
consistent in H. The other implications follow from Ag = Vg A \/(py|y € g). Consider a
valuation 8 and z € h with H, 8,z = (O(™Vg Ap.) | . Define

7(9) := B(¢) N B(V(pyly € 9)) and 7(p,) := B(p,) for y € g.
It is easy to check that M,7,z |= (O™ Ag Ap.) | ¢. (2) follows immediately from (1).4

Proposition 3.1.11 Let H be refined and let all frames in Sf(H) be n-transitive. Further
suppose that G is a finite frame with root z. Then the following conditions are equivalent:
(1) O™Vg A p, is consistent in H.

(2) (BM™Ag A p;) | q, g & var(Ag), is consistent in H.

(3) There ezist sets by, € A,y € g, with Vglb,|y € g] = h and b, # 0.

(4) G € Fr(Sf(H)).
(5) H is subreducible onto G.

Proof. (2) « (4) follows from Corollary 2.4.13. (3) = (1) = (2) are clear. (3) & (5)
follows from Lemma 3.1.3. We show that (2) implies (3).

Suppose that M, 8,z = (O™Ag A p.) | q. Define by := (O™ Ag | ¢)n B(p,) for y € g.
It is readily checked that {b,|y € g} satisfies (3).4

By duality, we get from the equivalence of (4) and (5) that for all finite subdirectly
irreducible algebras A and algebras B € V(K.Tr,) the following equivalences hold:

A € V(5f(B)) iff A € HS(Sf(B)) iff A € S(Sf(B)).
In other words, we do not need homomorphisms to generate the finite and subdirectly
irreducible algebras in n-transitive varieties. If follows that

V(K.Tro/¥ A) = {B € V(K.Tr,.)|A ¢ S(S5f(B))}.
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Corollary 3.1.12 For all finite monomodal frames G with root z and n > 0 we have
K.Trn(an(g)) = K_Trn(D(ﬂ)Vg — "lpz.).

Hence above K4 FINE’S subframe formulas O()Vg — —p, are deductively equivalent to
the Sf-splitting formulas Sf1(G). We will use the results of this section without referring
to the propositions.

3.1.2 Subframe Logics and Confinal Subframe Logics above K4

Theorem 3.1.13 The subframe logics above K4 are precisely the subframe logics defined
in FINE [85]. Therefore any subframe logic above K4 has fmp and is a union-Sf-splitting
of K4 and SK4 has a basis.

Proof. We denote the set of subframe logics defined by K. FINE by D. We know from
Corollary 3.1.12 that a logic © is in D if and only if there is a set of finite rooted frames
F with © = K4({Sf}(G)|G € F}). It follows that SK4 O D and that D is the set of
union-Sf-splittings of K4. By FINE [85] all logics in D have fmp and therefore all union-
Sf-splittings of K4 have fmp. By Prop. 2.4.27, all logics in SK4 are union-Sf-splittings
of K4. Hence SA4 = D. By Prop. 2.4.21, SK4 has a basis.

The similarity between the subframe-formulas introduced in FINE [85] and frame-
formulas introduced in FINE [74a] is completely explained: Both of them are splitting-
formulas; the frame-formulas are splitting-formulas for £ K4 and the subframe-formulas
are splitting-formulas for S K4.

We denote the operation Sfcon by Cf. Cf is good a operation on Gfr(K4) and the
Cf-logics are exactly the confinal subframe logics defined by M. ZAKHARYASCHEV. ZA-
KHARYASCHEV associates with a finite transitive and rooted frame G a formula (G, 0, L)
such that for all H € Gfr(K4): G € Fr(Cf(H)) if H ¢ «(G,0,1). It follows that
K4/%G = K4(-a(G,0, 1)) and that ~c(G,0, L) and (OMAg — -pg)*! are deductively
equivalent above K4. Hence the canonical formulas -a(G,0,L1) are, up to deductive
equivalence, the Cf-splitting-formulas. For a finite transitive frame G with root z we have
the following situation:

(Th(G), K4(OWAg — —p,)) is a splitting-pair in £K4.
(Th(CS(G)), K4((OMAg — =p.))) is a splitting pair in CfK4.
(Th(S5(G)), K4((BMAg — =p.)¥)) is a splitting-pair in SK4.

It is shown in ZAKHARYASCHEV [92] that all confinal subframe logics are union-Cf-
splittings of K4 and therefore have the finite model property. A lot of consequences
follow immediately from the propositions we proved in The Use of Splittings. For instance
it follows that Spcri4(A) is always an interval. For let A = K4/CY/F. Then it follows from
Proposition 2.4.30 that Spcsx4(A) = [K4/mcy(F), A].



3.2 Basic Splittings of SN, 45

3.2 Basic Splittings of SN,

Given two subframe logics ©,A with ©® € SA there are mainly two questions we try to
answer in the following chapters:

(1) Is © an iterated Sf-splitting of A by finite frames?
(2) Is O strictly Sf-complete above A?

By Proposition 2.4.26, we know that a positive answer for (1) implies a positive answer for
(2) if © is complete. If O is R-persistent and A is m-transitive even the converse direction
holds: For suppose that @ is R-persistent. Then, by the finite embedding property of
Fr(0), there exists a set of finite rooted ©-frames F such that
Fr(©)={h € Fr(A)|GZ h for G € F}.

But then © F Sf™(G) for G € F. Define ©; := A({Sf™(G)|G € F}). Now it is easy to
check that Fr(©) = Fr(©;) and it follows that © is strictly Sf-complete above A if and
only if © = ©, if and only if © = A/¥F. We conjecture that this is also true for not
weakly transitive logics but have found no way to prove this.

Definition 3.2.1 Suppose that F = (f,(rili < n)) and G = (g, (si|i < n)) are finite n-
frames and =z € g. Then F is an z-arrow subframe of G, ¥ <, G, if f = g,r; C s; for

1t < n, and z is a root of F. F is a strict z-arrow subframe of G, in symbols F <, G,
tf F<:Gand F #G.

We explain this definition by an example. Consider the frame G = . Let z be the
reflexive point and y be the irreflexive point in G. Then the frame F = is not an
z-arrow subframe of G but is a y-arrow subframe of G. The reason is that z is not a root
of F.

Troughout the following three chapters F (G) denotes a finite frame (f, (ri|i < n))

({g, (s:]z < n))) with root 0. In the monomodal case we write and r (s) instead of r; (s;).
We write (K — G) if G is a p-morphic image of X’ and (F — G) if F is a set of frames such
that for any K € F the frame G is a p-morphic image of K.

Definition 3.2.2 Suppose that H = (h,(<;|i < n), A) is a refined n-frame and suppose
that b C h is finite such that hy is rooted. Further suppose that (hy — G) via a p-morphism
pand F <o G. In this case we write (F <o G «— hy). A set {a,|ly € g} C A recognizes
(F <0G —Mhy)inH if

(R€) Foryeg: p~'(y) C ay.
(RO) Fory,z€g9: ay > Oia, =h ifyr; 2.

(RO) Fory,z€g: ay—> O;—a,=h ify 4; z.



46 3 SUBFRAME LOGICS

(RN) Fory,z€g: ayNa. =0 if y # z.

(F <0 G « h;) is recognizable in M if there ezists a set which recognizes (F <o G « hy)
in H. We write

(G —h) if F=G,

(F<oG=hy) if G hy,
(G~hy) if G=F and G = hy,

(F<ohy) if G=hy.

Note that we allow b to be not internal but that we do not allow b to be infinite. Let
M = (h, A) € Rfr and let G be finite with root 0. We have (1) = (2), where

(1) There is a finite set b C h such that (G « hy) is recognizable in H.
(2) There is a set {az|z € g} C A with Vg[az|z € g] = h and ao # 0.

Let G = (g, (si|¢ < n)). Suppose that {a;|z € g} recognizes (G « hy) = (G <o G « hy) in
H. Then r; = s; in (RO) and Vg[a,|z € g] = h follows from the definition of Vg. Further

ao 2 p~1(0) # 0.

The main tool for proving that a frame G Sf-splits a logic A will be the following

Observation 3.2.3 Suppose that A is an R-persistent subframe logic and G € Fry(A) is
rooted. Then G Sf-splits A and A/ G is R-persistent if there is a finite set of finite rooted
frames Fg C Fr(A) with (Fg — G) such that

R I There ezists an m € w such that for all h € Fr(A) : If O™V A py is consistent in
h, then there ezists K € Fg with K C h.

RII VH € Rfr(A) and K € Fg : If K ~ hy, for a set b C h then (G « hy) is recognizable
in M.

In this case Fr(A//G) = {h € Fr(A)KZ h for K € Fg} and
A5G = A(SE™(G)) = A(B™Vg — -po).

Proof. Take an m € w which satisfies (RI) and suppose that (O(™Ag A po) | ¢ is
consistent in H € Rfr(A). Then there is a subframe H; C H with O(™)Vg A py consistent
in ;. By (RI) there is a K € Fg with K C h. Hence, by (RII) and the implication (1)
= (2) above there is a set {a.|z € g} C A with Vg[a.|z € g] = h and ao # 0. But then
(O@™Ag A po) | ¢ is consistent in H for all n € w. It follows from the splitting theorem
that G Sf-splits A. The other claims follow immediately with Lemma 3.1.10.4

We need some more technical notations:
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Definition 3.2.4 For a finite T-cycle free frame G = (g, (si|i < n)) define the depth of
z€ginG by

dpg(z) =0 & VyeTrg(z): z=y.
dpg(z)=k+1 & 3yeTrg(z): dpg(y) =k andVy € Trg(z): dpg(y) < korz=y.

The depth of G is defined by dp(G) := maz{dpg(z)|z € g}. The inverse depth ofz € g
is dp; (z) = dp(G) — dpg(z).

Lemma 3.2.5 (1) Suppose that H is refined, that (F <o G — ) and that F is cycle
free. Then (F <o G — hy) is recognizable in H.

(?) Suppo%‘ that H € Rfr(%"T), that F € Fr(®"T) is T-cycle free and that

(F <0G « hy). Then (F <o G — hy) is recognizable in H.

Proof. (1) Suppose that H = (h, A) is refined and that p : hy — G is a surjective
p-morphism for a finite b C h such that A, is rooted. For y € g p~!(y) is finite and g is
finite; therefore there exists a set {cy|y € g} C A such that ¢, 2 p"(y) for y € g and
¢y, Ney, = 0 for y1 # y2. For 1 A; y2 there exists a set d( ) € A with d(y ) 2P H(y,)

and p~(y)) C O;—d; )- Now define for y € g:

(v1.32
by := ¢y N({Ci=dj, ) ly Aiz,i < n} N N{df_ |z Ay, < n}.

It is easy to check that {b,]y € g} C A satisfies the conditions (R €),(R O) and (R N).
We now define a set {a,|y € g} by induction on dpr(y). Suppose that a, is defined for
dpr(y) < n. Then define for dpr(y) = n:

a, = b, NN{Oia.|y ri 2}.

This is well-defined because for y,z € g y r; 2z implies dpr(y) < dps(z) since F is cycle
free. We show that {a,|y € g} recognizes (F <o G — hy). (R N) is obvious because
a, C b, for y € g. (R O) follows from (R O) for {b,]y € f}. (R ©) and (R €) are proved
by induction on dpr(y): Suppose that (R ©) and (R €) are shown for all 2 € g with
dpr(z) < n and that dpr(y) = n. If z; € ay and y 7; z then, by definition, z; € O;a..
It follows that ay — Oia. = h. Now p~(y) C a, follows from p~!(z) C a, for y r;z, by
induction hypothesis.

(2) The construction is analogous: Define {b,|y € g} as above. Then define by induction
on dpr(y) aset {a,ly€ g} C A:

ay := by NN{Cia.ly ri 2,y # z}.

Again this is well defined and (R N) and (R O) follow immediately. For (R <) and
(R €) notice that from H € Rfr(®"T) follows a, C O;a, for all y€ g and i < n. 4
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Corollary 3.2.68 (1) Suppose that H € Rfr, that F is cycle free and that (F « hy).
Then (F « hy) is recognizable in H.

(2) Suppose that H € Rfr(®"T), that F € Fr(®"T) is T-cycle free and (F « hy).
Then (F — hy) is recognizable in H.

Theorem 3.2.7 (1) A finite rooted n-frame G Sf-splits K, iff G is cycle free. In this
case Kn/9G = Kno(0WPODV; — —po) = Kn(Sf9)(G)). Any union-Sf-splitting of K,
ts R-persistent.
(2) A finite rooted frame G € Fr(x"T) Sf-splits W"T iff G is T-cycle free. In this case
&"T/5G = 9" T(QPOIVg — —pg) = & T (ST (G)). Any union-Sf-splitting of " T
ts R-persistent.

Proof. (1) Suppose that G € Fry is cycle free. We define a set Fg and check conditions
(R 1) and (R II) for (G, Fg). First define m(y) € w for y € g by induction on the inverse
depth dp~(y) := dpg(y) : m(y) = 1iff dp~(y) = 0. m(y) = Y(m(z)|zsiy,y # z,i < n) if
m(z) is defined for all z € g with dp~(2) < dp~(y). Now define

Fg := {K € Fr|K rooted, 3p : K — G surjective with Vy € g : |[p~1(¥)| < m(y)}.

It follows immediately that Fy is a finite set of finite, cycle free rooted frames. By Corollary
3.2.6, (G, Fg) satisfies condition (R II). Define m := dp(G). For (RI) suppose that h € Fr
and h,B,z | O™V A po. By induction on I € w we define sets by C h: by := {z}.
Suppose that b; is defined. For i < n,y € b; and z,,z; € g define

biyzy,z; 1= {z€h|z€ ﬂ(pzz)ay di2,y € ﬂ(ng)ay € Oi(bi N ﬂ(Pzg))}-

Now let a; be a set containing exactly one element from any b; .z, -, # @ and define
bi4+1 := by Ua;. Let b:=b,,. We prove that hy € Fg. It is straightforward to check that
p: hy — G defined by p(y) := z if y € B(p.) is well defined and a surjective p-morphism.
|[p~1(2)| £ m(z) is proved by induction on dp~(z). If dp~(z) = 0 then p~'(z) = {z} and
therefore [p~1(z)| = 1. Now suppose that |[p~!(z1)| < m(z) for dp~(z1) < dp~(z) and
dp~(z) > 0. By definition of b for y;,y2 € p~}(z) with y; # y; there exist i,j < n and
z1,z2 € b with 7, Q; 1 and 72 9 y2 and © # j or z; # z;. There exist z;,2; € g with
z1 € p~1(z1),z2 € p~1(22). But then z;s;z and z;s;z and therefore dp~(z;),dp~(z2) <
dp=(z). It follows that |p~1(2)| < Y (m(z1)|z18iz,2 # z1,i < m).

For the converse direction suppose that G is not cycle free. By Theorem 1.5.2

Kn = N{Th(Sf(F))|F a finite n-tree } C Th(Sf(G)).
But Th(Sf(F)) € Th(Sf(G)) for any finite n-tree F. This follows from the fact that any
p-morphic image of a finite cycle free frame is cycle free. It follows that Th(Sf(G))'is not
prime in SK,,.

(2) The proof that a finite rooted T-cycle free frame Sf-splits ®"T is word by word the
same proof as above. That a frame G which is not T-cycle free does not Sf-split ®™T
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follows with Theorem 1.5.2 from

®"T = N{Th(Sf(F))|F a finite reflexive n-tree } C Th(Sf(G))
and Th(Sf(F)) € Th(Sf(G)) for all finite reflexive n-trees . This follows from the fact
that any p-morphic image of a finite T-cycle free frame is T-cycle free. -

Examples. T = K/¥[x]and T.B; = T/¥e—s] = K/¥[x] /¥ [o—2}
Corollary 3.2.8 A finite rooted frame splits K,, if and only if it Sf-splits K,,.

Corollary 3.2.8 does not hold for T because T has only one splitting: (Th([e]),L).

Corollary 3.2.9 (1) Suppose that G is a finite n-tree. Then Fr(K./¥G) = {h|G T h}.
(2) For a finite reflezive n-tree G Fr(%"T/S/G) = {h € Fr(¢o"T)|G Z h}

Some remarks concerning this proof: That a finite rooted cycle free frame Sf-splits K,
follows from BLOKS result that these frames split K,. But let us note once more that
we cannot conclude that K,,/Sf G is R-persistent even if we use the fact that K, /G is
R-persistent. Nevertheless there is a more elegant proof for the irreflexive case of both
facts via unravelling. In this case the set Fg can be defined as the set of p-morphic images
K of the total unravelling of G such that G is a p-morphic image of K’; this set is finite
because G is cycle free. Such a simple definition is not possible for the reflexive case, even
if we use reflexive unravelling. It is in general not possible to construct a set of T-cycle
free frames Fg for a T-cycle free frame G such that
(I) Fr(T/¥G) = {h € Fr(T)|K Z h for K € Fg}.

As an example define G := [€=2=4] G Sf-splits T because G is ﬁnjte, rooted and T-cycle
free. But it is easy to prove that any set Fg with (I) must contain [*<=_¥] , which is not
T-cycle free.

Theorem 3.2.10 (1) There are 2% union-Sf-splittings of K and K.Alt,.
(2) There are 2% union-Sf-splittings of T and T.Alts.

Proof. (1) For n € w define G,, = (gn,rs) by

gn 3= {(0,m){m < n} U {(1,m)|m < n} U{0,Zy, yn, v, wn}.

Tn = {((0, n)a 2,;), ((09 n)9 yn)9 ((13 n)s vﬂ)’ ((l’ n)’ wﬂ)’ (0’ (0’ 0))? (0’ (1’ 0))}
U{((0,9),(0,5)li =i+ 1,5 < n}U{((1,9),(1, )i =i+ 1,5 < n}.
Yo Yo

VAVA

(o 0) (1,0)

Go = 0
All G, are cycle free and therefore Sf-splits K and K/SM is a union- Sf-splitting of K for
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M C {Gn|n € w}. We show that K/M # K /N for M # N. This follows if Gy, is not
subreducible onto G, for m # n. Suppose that there exists b C g, with p: (G )o — Gn.
Then m > n. We may assume that (G,,)s is rooted. Now it follows from the definition
of p-morphism that if p(z) has k successors then z has at least k successors. It follows
that 0,(0,m),(1,m) € b. Now it is obvious that b = g,,. Hence p is a p-morphism from
Gm onto G,. It follows by induction on dpg,,(z) that dpg,,(z) = dpg,(p(z)) and from this
that m = n.

All G, are K.Alt,-frames and Sf-split K.Alt; because they Sf-split K.

Again K.Alty/S'M # K.Alty/SN for M # N.

(2) For n € w define H,, = (hn, Sn) by hy := g, and s, := 1, U{(z,z)|z € h,}. Al H,, are
T-cycle free and reflexive and therefore Sf-split . The same arguments as above show
that /M # T/5N for M # N and M, N C {H,|n € w}. The claim for T.Alt; follows
immediately.-

Let 7 = (t,(<; |t < n))((t, (<i |i £ n))) always denote a (reflexive) n-tree with root 0.

Definition 3.2.11 For a (reflexive) n-tree T define (T) := {F € Fr|T <o F}. Then
({7, <o) is a finite partially ordered set with minimum 7. For F € (T) the T-closure
of F is F< := {K € (T)|K <o F} and the strict T-closure of F is F<:= F< - {F}. A
set F C (T) is T-closed if F € F implies F< C F.

Note that the set F< = {K € (7)|K <o F} depends on 7. Nevertheless we will often
write F< without referring to 7, if this causes no confusion.

If we try to show that a specific logic is an iterated Sf-splitting it is useful to have a
canonical axiomatization of this logic. Such a canonical axiomatization should show the
geometrical meaning of the axioms. One possible approach are the sketch omission logics
introduced in KRACHT [90b]. Indeed, it can be shown that the logics defined in the
following proposition are sketch omission logics.

Definition 3.2.12 For a finite n-tree T = (g,(<i |t < n)) and T <o G = (g, (si]i < n))
define

Vos = A(pe— -pylz # v)
A N (py = Cip:ly <i z)
A NPy = ~Oipzlz Aiy)

Proposition 3.2.13 For H € Rfr and T <o G : D(“P(T))Vgs A po is consistent in H
if and only if there is an F € G< with F C h. A := Kn(D(d”(T))Vgg — -pp) is an
R-persistent subframe logic with Fr(A) = {h € Fr|F  h for F € G<}.

Proof. Let G = (g,(sili < n)). Suppose that h,8,z | OUP(TNV A py. 1t is easy to
show that there exists a frame F with T <o F and b C h such that p : F — h; defined
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by p(y) € B(py) N b is an isomorphism. Then we have for y1,y; € t that p(y1) < p(y2)
implies y;s;y2. Hence F <o G.

Now suppose that H € Rfr(A) and that there is a frame F € GS with F ~ h, fora b C h.
By Lemma 3.2.5, (T <o F = h;) is recognizable in . But then OV z<;po is consistent
in H and it follows that El(d”(ﬂ)Vgs;po is consistent in H; a contradiction. -

It is important to note that we cannot conclude that the logics defined in Proposi-
tion 3.2.13 are iterated Sf-splittings of K,. To the contrary we will show that many of
these logics are not iterated Sf-splittings and even not strictly Sf-complete. Note that
D(")Vg< — —pp is deductively equivalent to

00 \(V£|T <o F <o G) — —po,
but it will follow from the results concerning strict Sf-completeness that this formula is
not always deductively equivalent to
V(OWV£|T <o F <o G) — —Po,
even above n-transitive logics. (There is a mistake concerning this point in KRACHT [90b].)
First, it is readily shown that
RK.Tr,({0™ V5 — =po|T <o F <o G})
= k"TT7;(V<D(")V.TlT <o F <o G> - “PO)-
As an immediate consequence we get that the following two conditions are equivalent:
(1) K'Tru(D(u)VGS — —po)
= K.Tro(V({@MWV|T <o F <o G) = ~po)
(2) K.Tr,(O™V ;< — —po) is strictly Sf-complete above K.Tr,.
This equivalence shows the subtle difference between axiomatizations by sketch omission
formulas of KRACHT [90b] and axiomatizations by Sf-splitting-formulas.

Examples (I) For m € w define 7,,, := (m +1,5), where ¢ S jiff j =i + 1.

T, = [ %]

Now define 7% := (m + 1,<) and Ny, := (7;3)<. It follows from Theorem 3.2.7 that

m

Ny, defines a union Sf-splitting of K and that K/9Nm = K(D("‘)VN — -po) is R-
persistent. This union-Sf-splitting will play a fundamental role in our investigation of
monomodal Sf-splittings.

(I1) Define F, := (n+ 1,<) and By := F5. Now let B, := K(D(")VB- — —po). It is
readily shown that, up to deductive equivalence, p = O0Op = B;.

(Il) Define K, := (n +2,{(i,7)| < i + 1}) and Tr] := K5.

Then K.Tr, = K(U(")VT‘,_ — =pyp).

1 1
(IV) Define Z,, := x< and G, := ‘<: .
n+1 n+1

Define I := G5. Then K.I, = K(IZJ(I)VI;l — —po).
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Let us note two technical corollaries which will be useful for determining Sf-splitting logics.

Corollary 3.2.14 Suppose that G € (T). Define M := {h|F Z h for F € G<}. Then for
h e M:

G C h if 0TV, A py is consistent in h.

Hence, if A is an R-persistent subframe logic with Fr(A) D M, then (RI) is satisfied by
m =dp(7T) and Fg = {G}.

Corollary 3.2.15 Suppose that H € Rfr, that T <o F and that {a,|y € t} recognizes
(F <0 G ~ hy) in H. Further suppose that h € M, M defined as in Corollary 3.2.14.
Then for any = € ao there exist by C h such that z is a root of hy, and an isomorphism
p:G — hy, with p(0) = z so that {ay|y € t} recognizes (F <o G =~ hy,) in M.

For a frame (g, (<;|i < n)) define the transitive closure of (<;|¢ < n) by:
(z,y) € (4|t < n)* iff there is a path of length > 0 from z to y.

Definition 3.2.16 For an n-tree 7 the set (T)r C (T) is defined by :
Fe(TMrRFT <oF andr; C (< |7 < n)*U{(z,0)|z €t} fori<n.

It follows immediately that (T)g is T-closed. For T <o G let G! denote a fixed maximal
cycle free frame with 7 <o G! <o G. Then we extend the definition of depth to not cycle
free frames G: For y € g define dpg(y) := dpgi(y).

Theorem 3.2.17 Suppose that G € (T)g and that A is a R-persistent subframe logic with
Fr(A) C{h|K Z h for K € G<}. Then G Sf-splits A and A/SG is R-persistent.

Proof. Define Fg := {G}. We check (RI) and (RII). (RI) follows from Corollary 3.2.14.
For (R II) suppose that H € Rfr(A) and G ~ hy for a set b C h. By Lemma 3.2.5, there
exists a set {b,|y € t} which recognizes (7 <o G ~ h;) in H. By induction on dpg(y)
we define a set {ay|y € t} C A. Suppose that a, is defined for dpg(y) < m and that
dpg(z) = m. Then

a; = b N({Oiay|zs:9,y # 2,9 # 0,i < n} N N{Oibo|25:0,i < n}.

a; is well-defined because G € (T)r. We prove that {a,|y € t} recognizes (G ~ h;). First
it is easy to show that

(I) for any b; C h with G = hy, : {a,|y € t} recognizes (T <o G =~ hy,) in H if {b,|y € t}
recognizes (7 <o G =~ hy,) in H.
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For (G ~ hy) and {a,ly € t} the conditions (R€), (RO) and (RN) follow from the corre-
sponding properties of {b,|y € t}. For (RO) suppose that z € a, and ys;y. H y1 # 0
then z € ;ay,, by definition of a,. Now suppose that y; = 0. Then, by definition of ay,
y € O;bo. Take z € by with y <; z. By Corollary 3.2.15, there exists by C & such that hy,
has root z and (7 <o G =~ h;,) and this is recognized by {b,|y € t}. By (I), {ayly € t}
recognizes (7 <o G = hs,). It follows that z € ap and therefore that y € Cao.

For F € {T) the height of F in ({(T), <o) is defined in the obvious way so that the height
of T is 0. F;(T) denotes the set of frames of height 7 in (7). For F C (7) closed define
(F); := (F(T)NF,R(T)NF,...,F(T)NF) where n is maximal with Fn F,,(7) # 0.
Now the following corollary follows by induction.

Corollary 3.2.18 Suppose that F C (T)r is closed. Then (F); defines an iterated Sf-
splitting of K,,. )
K./ (F); is R-persistent and Fr(K,/¥(F);) = {h € Fr|GZ h for G € F}.

We will often abbreviate A/¥ (F); by A/*/F and say that F defines an iterated Sf-splitting
of A.

Example. Define an n-tree 7 by 7 := ({0}, ({0}|i < n)). Then (7T )r defines an iterated
Sf-splitting of K,, and ®"T = K,./sf(T)R.

Definition 3.2.19 For a reflezive n-tree T = (t,(<; |¢ < n)) define a set (T)rey C (7T)
by: F €(T)pes iff F € (T) and r; C (< |i < n))* U{(2,0)|z € t} for all i < n.

The proof of the following theorem is anologous to the proof of Theorem 3.2.17.

Theorem 3.2.20 Let 7 be a reflezive n-tree, G € (T)g.y and let A be an R-persistent
subframe logic above QT such that Fr(A) C {h|K Z h for K € G<}. Then G Sf-splits A
and A/5G is R-persistent.

Note that any iterated Sf-splitting of ®"T is an iterated Sf-splitting of K,, because 6" T
is an iterated Sf-splitting of K.

Example. We need some conventions for pictures of n-frames. A n-frame (g, (<;]i < n))
is drawn as ((g, <:)|¢ < n).

Define 7y := ([e=¢],[s__e]) and Gy := ([e==s],[e=0]).

G5 C (Tu)Res and (T®T).Uy = TOT/¥G5. Hence T®T.U; and T & T.Id are iterated
Sf-splittings of K, by finite frames and strictly Sf-complete.
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4 The Lattice of Monomodal Subframe Logics

Let us start with a list of the results for the monomodal standard systems. The listed
properties will be shown in this chapter with the exception of the result that all monomodal
subframe logics above K.Alt, for an n > 0 (and therefore all tabular subframe logics) are
strictly Sf-complete. This will be shown in Chapter 5, where we prove that all polymodal
subframe logic above %™ K.Alt,, are strictly Sf-complete.

Subframe logic A Strictly Sf-complete Iterated Sf-splitting by finite frames
Ver
Trwv

T
O"LeA
A tabular
K4CACG3
K4CAZG3
K.Tr,
K.B,
K.I,
A D K.Alt,
K.B,,.I,
A D K5

w4+

+++ 1+ 4+

N I S

4.1 Basic Monomodal Splittings

Definition 4.1.1 Let h € Fr and b C h. The n-reflexive iteration b, of b in h is
defined as follows: by := b, b4 := b, N Ob,,.

Lemma 4.1.2 Suppose that h € Fr and that n € w with F £ h for all F € Np. Let b®
denote the n-reflezive iteration of b C h. Then b* — Ob® = h.

Proof. Let z € b*. Then there exists a path {z, 4 Zp—1 4 ...d zo} C h with z = z,, and
z; € b; for i < n. Suppose that z ¢ Ob®. It follows by induction that z; & b;4,. Hence
z; # zj for i # j and z; 4 z; for j > i. But then ({z;]i < n},q N {zi < n}?) € Ny,
which is a contradiction.~

Corollary 4.1.3 Suppose that A is a R-persistent subframe logic. Then [¢] Sf-splits A
and A/ [*]is R-persistent if and only if there is an n € w with A D K/ Ny,.

Proof. Suppose that [¢] Sf-splits A and Ay := A/ [¢]is R-persistent. Let T) denote
the first order theory of F'r(A;) and suppose that for n € w there exist g, € Ny with
gn € Fr(A;). Then TYU{z; < zi41]i € w} is a consistent set of formulas and T is universal.
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Therefore there exists (g, <) | T) such that any point in g has a successor. But then
[¢]is a p-morphic image of (g,<) € Fr(A,), which is a contradiction. For the converse
direction we distinguish two cases: Case 1. A D T = K/ [x]. In this case it is clear that
[*] 5f-splits A and that A [¢]= L is R-persistent. Case 2. There exists n € w such that
A 2 K/¥Ny. Let n be maximal with this property. Define G := [¢]and

Fg:= {F € Fry(A)|F E Alt;;OT, F is rooted and |F| < n 4+ 1}.

We check conditions (R 1) and (R II) for (G, Fg). Let h € Fr(A) and suppose that
O(+1)Yg A pg is consistent in k. Then it is easy to show that there exists F € Fg with
F C h. For (R II) suppose that H € Rfr(A) and F = h; for a F € Fg and b C h. Take
a € A with a D b and let a® denote the n+1-reflexive iteration of a. By Lemma 4.1.2, {a*}
recognizes (G «— hy) in H. -

It follows immediately that K(O"L) = K/¥Ny/¥ [¢]for n € w. Clearly Fr(K(O"1))
contains only cycle free frames. Now K(0O"L1) is n-transitive and, by a result of BLOk
[78], V(K (O™ 1)) is locally finite. It follows that any © € SK(O".1) has the fmp. Hence,
by Proposition 2.4.27, any © € SK (O™ L) is a union-Sf-splitting of K(O™L).

Corollary 4.1.4 Any subframe logic © with 0" L € O for an n € w is strictly Sf-complete
and an iterated Sf-splitting of K by finite frames.

Example. Th([x]) = K/ /¥ [¢].
Definition 4.1.5 For a finite tree T define (T)n C (T) by
(fir) €(TIN iff (fir) €(T) and r C<* U{(2,0)|z € t} U {(=,2)|z € t}.

Theorem 4.1.6 Let G € (T)n, n € w and let A be a R-persistent subframe logic with
Fr(A) C{h|K Z h for K € GSUNpn}. Then G Sf-splits A and A/S'G is R-persistent.

Proof. Define Fg := {G}. Again we check conditions (RI) and (RII). (RI) follows from
Corollary 3.2.14. Now suppose that % € Rfr(A) and G =~ h;. Take a set {by|y € t} which
recognizes (7 <o G =~ hy) in H. By induction on dpg(z) we define a, € A for z € t. For
a C h let a® denote the n-reflexive iteration of a.

. { (b: NN{Caylzsy,y # z,y # 0} N N{Obo|250})® if zsz
z b: N N{Caylzsy,y # 0} N N{Obo|zs0} if =z 4=z

a: is well-defined because G € (T)n. The interesting steps of the proof that {a,|y € t}
recognizes (G = hy) in M are (a) ay = Gay = hif y s y and (b) ay — Cag=hif y s 0.
(a) follows from Lemma 4.1.2 by the definition of a,. (b) Suppose that y s 0 and z € ay.
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Then there exists z € by with z 4 z. By Corollary 3.2.15 there is a set a C h such that
hq has root z and G ~ h, and {by|y € t} recognizes (7 <o § =~ hy). It is easy to check
that for ¢ C h with h. ~ G {a,|y € t} recognizes (T <o G ~ h.) if {by|y € t} recognizes
(T <0G ~ h.). Hence z € ap and z € Cag.

Corollary 4.1.7 Suppose that F C (T)n is closed and that n € w. Then F defines an
iterated Sf-splitting of K/ Ny and K/ Ny /¥F is R-persistent.
Fr(K/Np/¥F)={h € Fr[K Z h for K € Ny UF}.

Examples.
(1) Th([3]) = K/¥ [ /% =21 /¥ [==3}

(I1) By defines an iterated Sf-splitting of A and
K.B, = K(D‘"’VB; — -po) = K/¥Bg.

(II1) For any subframe logic A with A 2 K/¥Ny, for an n € w the set I defines an
iterated Sf-splitting of A and A.I,, = A(':‘“’Vx;n — apo) = A/¥1g,.

(IV) Define F := { [—x], [e—x], [e—=0], [e—=x], [3—=2] }.

Now 77 = , N; = {T1} and F C (T1)n is closed. It follows that F defines an
iterated Sf-splitting of K and K/'F is R-persistent. By the example above I7 defines
an iterated Sf-splitting of K //F and K//F /1] is R-persistent. It follows immediately
that K5 = K/SF/1]. By a result of NAGLE & THOMASON [85] all logics above K5
have the fmp and K5 is 2-transitive. It follows that all subframe logics above K5 are
iterated Sf-splittings of K by finite frames.

4.2 Subframe Logics above K4 (II)

Define G, := [€==#|. Then T <o G. Define F; := G5,

G=p=] G=f= =
Gs := Y—bd Ge 1= — = Gy = ==

We assume that the points of the frames G; are from left to right 0, 1,2, respectively 0, 1.
Define TR~ := F1 U {G...G7}. The following proposition follows immediately.

Proposition 4.2.1 A frame b is transitive if and only if G Z h for G € TR~.

Theorem 4.2.2 For n € w Ay := K/S T2 [SF [5Gy /5 ... /¥ Gy is well-defined and
An = K(Sf%(G)|G € TR U {T;*}) = K4/ T*.
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Proof. Let n € w. 7,* and 7; are cycle free and therefore Sf-split K and K [ITr T is
R-persistent. Define m := maz{n,2}. Then K/¥T; /9T, 2 K/¥Np. Now Fy C(Tx)n
and Fy is closed. It follows that F; defines an iterated Sf-splitting of K/ 7, and that
0, := K/ T*/¥Fq is R-persistent. We prove by induction :

() For 1 < j < 7: Gjp1 Sf-splits ©; := 0,/9G,.../9G; and Oj4; = 0;/¥G;4 is
R-persistent.

For 1 < j < 4 define Fg;,, := {G;41}. We check conditions (RI) and (RII) for ©; and
(Gi+1,Fg,,,). For b C h € Frlet b° denote the m-reflexive iteration of b.

i = 1. (RI) It is easy to show for h € Fr(©,): G, C hif 0@V, A po is consistent in
h. (RII) Suppose that G, ~ h;, for a b C h and H € Rfr(©,). There exists {bo,b;} which
recognizes (77 <o G2 ~ hy) in H. Define a; := by N Obp and ag := bp N Cay. It is easy to
check that {ao, a;} recognizes (G, ~ h;) in H. (One only has to use 7; Z h).

j = 2. (RI) Suppose that h € Fr(0©;) and h,B,z = 0@Vg, A po. Then z € B(po) and
there exist zy,y;1,y, wWith z; € B(po), ¥1,¥2 € B(p1) and z 4 ¥ <4 71 4 2 and y14 ¥,

nid . Case 1. z = z;. Then hyy ..} =~ G3 because G, Z h. Case 2. z # z;. Then
y2 4 z; and again Ay, .3 =~ Gs. (RII) Suppose that G3 ~ hy and H € Rfr(©2). Let
{bo, b1} recognize (7; <o G3 ~ hy) in H. Define a; := b; N Obp and ag := (bo N Caop)®.
The problematic step of the proof that {ap,a,} recognizes (G ~ hp) is a3 — Cag = h.
Suppose that z € a;,z € Oap. Then there exists y € bp — ap,z € by withz <y 2, z # 2,
zd z,24 z. But then 2y and y4 y because G, Z h. It follows that y € ao; a contradiction.

j = 3. (RI) Suppose that h € Fr(©3) and k,8,z = O®)Vg, A po. Then there exist
¥1,92 € B(p1), 21 € B(po) and 21 € B(p2) With y; < 71,21 4 ¥2,21 4 23 and y1 4 21. Hence
214z and z; 4 21,71 4 z7. From z; 4 27 4 y; and 27 4 y; follows y2 < z; and y; 4 ¥
Hence h(;, 4, 2} = Ga. (RII) Suppose that G4 ~ hy with H € Rfr(©3) and that 7 is the
tree with 7 <q G4. Let {bo, b1, b2} recognize (7 <o Go ~ hy) in H. Define a; := (b; N Obp)*
for i = 1,2 and ag := (bgN<Ca;NCay)®. The problematic step of the proof that {ao, a;,az}
recognizes (G4 >~ hy) is a; » Oag = h for 1 = 1,2. We prove this for i = 1. Suppose that
z € ay,z € <ag. Then there exist z; € b1,y € bp —ap and 2z € by with z 4 y,yd z,,yd 2
and z4 z,z14 z,2i z,244 z;. But then 2q4 y and y <4 y,2 <4 2. Now 24 y q z; and
therefore z; < y and z; 4 z;. Hence y € ap, which is a contradiction.

J = 4. For this step (RII) is false. We will show (RI) for Fg, := {G5} and then prove that
for H € Rfr(©4) with Gs ~ hy there exists a generated subframe G of a subframe of H such
that b C g and (Gs ~ gs) is recognizable in G. That G5 Sf -splits ©4 and R-persistence of
O; follow immediately. (RI) It is easy to check that G5 C h if El(z)V;;5 A po is consistent
in h. Now suppose that G5 ~ h; via an isomorphism p : Gs — h;, with p(0) = z € h. Let
{bo, b1, b2} recognize (72 <o Gs =~ hy) in H. Define H; := My ub,ub, and let G denote the
subframe of H; generated by z. Define ¢; := b; N h; for i = 0,1,2. {co, 1,3} recognizes
(T2 <0 Gs ~ g3) in G. Define a3 := (c; N Oc1)*, a1 := (¢; N Caz)® and ap := ¢ N Oa;. We
prove that {ao, a1, a;} recognizes (Gs ~ g;) in G. The problematic step is a; — Oa; = g.
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Suppose that y € a;. Let n € w be minimal with y € Try(z). co N Ocz = 0 and co = {z}

and therefore n > 2. There exists a path 2 = 7o 4 z; 4 ... 4 z,, = y with z;4 z; for
j > i+ 1. It follows by induction that z;; <1 z; for i > 0. From this follows, by G,,G3 Z g,
that z; is reflexive for 7 > 0. Again it follows by induction that z; < z; for i > 0 because
G4 Z g. Hence y < z,. Now z; € by N Ob,. Therefore there exists z € b with z; < z. It
follows that z <4 z; and z 4 z. Hence z; € a; and y € Ca,.

The step 7 = 5 is proved anlogously.

j = 6. Define Fg, := {G7}. (RI) follows from Corollary 3.2.14. (RII) Suppose that
Gr ~ hy with H € Rfr(@¢). Let {bo,b;,bs} recognize (T2 <o G7 =~ hy) in H. Define
az 1= (b N Oby N Obp)*, ag := (b1 N Caz N Obp)® and ag := (bo N Cay)®. It is easy to check
that {ag, a;,az} recognizes (Gz =~ hy) in H.

(1) is proved. From (I) and Prop. 4.2.1 follows A, = K4/S/T*. The axiomatization of A,,
follows immediately. -

4.3 A Chain of incomplete Subframe Logics

For the following construction we use ordinal arithmetic and the notion of intervals in the
usual way. For two ordinals a;, a; let [a, az] denote the set {y € ord]a; < 7 < az}.
Define (h,<) by h := ww + 1 and

d := {(wn + my,wn + my)|n, m;, mg € w,m; > my}
U{(wa,wa)la € w+1,a# 0} U {(w(n+1),wn+m)|n,m € w}.

Now define H := (h, q, A), where A := [0]; denotes the closure of § C h with respect to
finite intersection, complement and O. Define Inty := w + 1 = [0,w] and for n > 0 define
Int, := [wn 4+ 1,w(n + 1)]. Then h = J{Intu|n € w} U {ww}. Define a set C by c € C
iff ¢ C h and there is an m € w with ¢ C J{Int,|n > m} U {ww} and for m < n either
c N Int,, is finite and w(m + 1) € c or Int,, — cis finite and w(m + 1) € c. Define

B := {c|c€ C or —c € C}.

Claim 1. A = B.

Proof. B C A. The following equations are easily checked:
1. Inty, = OOQU OP.

Int,yy = —Int, NOlnt,.

For m € w: m = O™+,

Formew: {(m}=m+10-m.

A

Fora,mew:{w(n+1)+m+1} = —0™Iat, N O™+ Int,.
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It follows that Int, € A for n € w and that {a} € A if @ = 0 or a is a successor ordinal.
From this follows immediately that B C A. A C B: It is clear that B is closed under
finite intersection and complement. We show that B is closed under O. For b C & define
min,(b) € ww if Int,Nb # @ by min,(b) := min(bNInt,). Then ObNInt, = [0, ming(b)+1]
if bN Inty # @ and ObN Inty = {0} else. We have for n > 0
[wn +1,min,(b)+1] if bNInt, #0,wnebd

obniInt, =< 0 if wngbd

{ {wn +1} if bnint, =Pandwne€b
It follows immediately that B is closed under O.

For any ordinal a with a + 1 < ww + 1 define H, = (hq, da, Aa) by
ho:=a+1, dq:=<anh?and A, :={an(a+1)la€ A}

Let A, := Th(H,) and A := A,.. Any H, is a generated subframe of H = H,,, and
Ay = [0]h,. Huz+1 looks as follows:

@ e s Nt @—e o o Nt —t o o o N

wd+1 w2 w 10
The logic G.3 = G.I, will play a fundamental role in our investigation of incomplete
subframe logics. The rooted G.3-frames are the irreflexive linear orders without infinite

ascending chains. The set of finite rooted G.3-frames is, up to isomorphism, the set
{Z7|n € w}.

Lemma 4.3.1 Forall a < ww:

~
.

H, is descriptive.

to

. H} is subdirect irreducible if a = 0 or a a successor ordinal.

s

. Aa = {Ag|B < @} if a is a limit ordinal.
4. Aq is a subframe logic.
5. Fr(Ay) = Fr(G.3) if a # ww and a > w.

Proof. 1. It is clear that H, is refined. Suppose that U is an ultrafilter in H}. If U
contains a finite set then (YU # @. Now suppose that U contains no finite set. Then
a=wf+mforaf#0and S €w+1and m € w. But then it is easy to check that there
exists f; < B with wpB; € a for any a € U. Hence YU # 0. 2. If @ = 0 then {0} is an
opremum of H{. If @ = 8+ 1 then (@ + 1)— {8} is a opremum of H}. 3. Suppose that a
is a limit ordinal and 7 is a valuation of H, with 7(4) # 0. Let 9(¢) = a € A,. Then, by
Claim I, thereis a < a with fNa # (. Define a valuation 7; on Hg by 71(p) := 7(p)Nhp.
Then 7:1(¢) # 0. 4. Let a € A,. We show that (H,), is a A,-frame. Then it is shown
that A, is complete with respect to a class of frames closed under subframes and therefore



60 4 THE LATTICE OF MONOMODAL SUBFRAME LOGICS

is a subframe logic. Consider a rooted generated subframe F of (H,)q. It is obvious that
there is a 8 < a with F ~ Hg. But then F | A,. 5. Fr(G.3) C Fr(A,) is clear. Now
let @ = wm + n. Then A, is m + 1-transitive. G :=[e]¢ Fr(A,) because ot +t)Vg; po is
not consistent in H,. Now suppose that there is an intransitive frame F € Fr(A,). Then
T, C F because G € Fr(A,). But then D("’)an; Po is consistent in H,. By Corollary 3.2.14
T2 C ho. Since this is false, F'r(A,) contains only transitive frames. Clearly Hq = .
These observations together imply Fr(A,) C Fr(G.3).

Corollary 4.3.2 Forw+ 1 < a < ww the A, are different incomplete subframe logics.

Corollary 4.3.3 For n > 1 we have Fusg.Tro,, (K.T7s) 2 {Aunsm 0 K.TTo|m > 1}.
Hence K.Tr, has Sf-degree of incompleteness > Ro above K.Tryy .

Proof. Define © := A n4m N K.T7y,.

It follows immediately that Hyn4+m € Rfr(0) and Hynim € Rfr(K.Tt,). Therefore
K.Try4y C © C K.Tr,. We show Fr(®) = Fr(K.Tr,). © is a subframe logic complete
with respect to {Huntm } U Fr(K.Tr,). Hence, by Corollary 2.4.13 and example (III) on
page 51, Fr(@) = Fr(K.Try) if Trg N Fr(Hun4+m) = 0. But, by Lemma 4.3.1 (5), this is
the case. -

Corollary 4.3.4 For n > 1 the logic K.Tr, is not strictly Sf-complete.

So far we have only examples for Sf-splittings by finite frames. Splittings of the lattice
SA provide nice examples for splittings and Sf-splittings by infinite frames.

Lemma 4.3.5 LetG = (g,<, A) be a descriptive frame and A generated by 0. Let {z} € A
and let G, denote the subframe generated by z in G. Then G, splits A := Th(G). If A is
n-transitive for an n € w then A/G. = Th(G) with b := O™ (g— {z}).

Proof. It is clear that I : Fry(0) — G*,¢ — ¢[0], is an isomorphism. g, — {z} is an
opremum of G, and therefore G} is subdirectly irreducible. Let f : G* — G},a — ang,,
be the canonical homomorphism. Define pr := fol : Fra(0) — GF and let A be a
corresponding diagram of G} and v € £ with pr(¥) = {z}. Suppose that v is consistent
in A € V(A). For ¢ € A,k € w we have A 9 — O%¢ because 1 and ¢ are constant
formulas. It follows that O(“A; 4 is consistent in .A. Hence, by the Splitting Theorem,
G splits A and A/G} = A(-9). Now suppose that A is n-transitive. G is a generated
subframe of G. It is clear that G, € Rfr(A(~v)). Takea ¢ € A(~%). Then O™ -9p - p & A
and there exists a valuation B of G and y € g with G, 8,y |= O™ =) A-¢. But then y € G;.
_|

Corollary 4.3.6 Let o be a successor ordinal, o = a; + 1. Then
(1) Ha splits and Sf-splits A, .
(2) For ww > 8> a: Hy splits Ag and Ag/Hq = Ay, .
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Proof. A simple consequence of Lemma 4.3.1 and Lemma 4.3.5.1
Corollary 4.3.7 Foralla < ww: SAy = EAx = ({Ag|B < 0} U{L},C) = (a+1,3).

Proof. Consider a © € £A, with © # £, Ao. Let § be minimal with © D Ag. f fis a
successor ordinal, 3 = (; + 1, then Ag splits £A, and EAq/Ag = Ap,. Thus, © = Ag. If
B is a limit ordinal then Ag = {Ag, |61 < B}. Now any Ag, 41 with B; < a splits £A,
and £A,/Ap,+1 = Ag,. Hence © C Ap, for 5, < B and therefore © = Ag.

4.4 Subframe Logics above K4 (III)

Theorem 4.4.1 Suppose that F is a set of finite, transitive and rooted frames and that
n > 2. Then the following conditions are equivalent:

(1) K4/5F is strictly Sf-complete.

(2) K.Tr,/¥(TR™ UF) = K4/5F.

(83) K.Tr,/¥ (TR~ UF) has fmp.

(4) K.Tr,/¥ (TR~ UF) is complete.

(5)3mew: T, €F.

(6) K4/5F is an iterated Sf-splitting of K by finite frames.

Proof. It follows from Prop. 4.2.1 that Fr(K4) = Fr(K.Tr,/% TR™). Therefore
(1) Fr(K4/¥F) = Fr(K.Tr,/¥ (TR~ UF))

for any set of finite rooted transitive frames F. (1) = (2) follows immediately from this
observation. The implication from (2) to (3) follows from the fact that any subframe
logic above K'4 has fmp. (3) = (4) is trivial. (4) = (5). Suppose that 7; ¢ F for all
m € w. Then Hus1 € RF(K.Tr,/S(TR™ U F)) because Fr(H,41) = Fr(G.3). But
Hu41 & Rfr(K4) and therefore, by (I), K.Tr./ (TR~ UF) is not complete. (5) = (6).
Suppose that 7;; € F. By Theorem 4.2.2 K4/5/ 7T is an iterated Sf-splitting of K by
finite frames. Hence K4/¥F is an iterated Sf-splitting of K by finite frames. (6) = (1).
Strict Sf-completeness of K'4/5F follows from completeness of K4/ F.

Corollary 4.4.2 For A € SK4 the following conditions are equivalent:
(1) AZ G3.

(2) A is an iterated Sf-splitting of K by finite frames.

(8) A is a union Sf-splitting of K.Tr, by finite frames.

(4) A is strictly Sf-complete above K.

(5) A has strict Sf-fmp above K.

(6) A is strictly Sf-complete above K.Tr,.

(7) A has strict Sf-fmp above K.Tr,.
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Proof. We know that all subframe logics above K4 are union-Sf-splitting of K4. Let
A = K4/5TF for a set of finite and rooted transitive frames F. It is easy to show that
A € G.3 iff there is an m € w with 7% € F. Now all the equivalences follow immediately
from Theorem 4.4.1.

Clearly we can replace H,4+1 by Ha, w < a < ww, in the proof of Theorem 4.4.1. Hence
we get for a subframe logic A = K4/%F C G.3,F a set of finite rooted K4-frames:

Forn>2: Fnsk.1r.(A) = [K.Tro/¥(TR-UF),A] D {AN Aplw < @ < wn}.

It follows that A has Sf-degree of incompleteness > Ro above K.T'r, for n > 2. The ques-
tion arises whether there exist subframe logics above K'4 with Sf- degree of incompleteness

2R0,

Theorem 4.4.3 Let K4 C A C G, A a subframe logic. Then A has Sf-degree of incom-
pleteness 2% agbove K.Tr,.

Proof. Consider the frame H,, = (hy, <., Au), defined on page 58, and a finite G-frame
G = (g9, <) with root z. Assume that g Nk, = 0. Then define G, = (gu, 4y, , B.) by
gw:=h,Ug.
dg, = <du,UdyU{(z,w)}.

B,:={bCg,l3a€ A,3cCg: b=aUc}.
It is readily checked that
G. E K.Tr; and Fr(Sf(G.)) € Fr(G.3)U Fr(Sf(G)) C Fr(G).

A simple variant of the construction in ZAKBEARYASCHEV [92a] shows that there exists
an infinite set N of mutually <s; incomparable finite rooted G-frames. Now consider a
subframe logic A with K4 C A C G. Define for M C N :

Am = ANTh({5f(9u)IG € M}).

Clearly, AM  K.Tr; and Fr(Ap) = Fr(A). We show that Am, # AM2 for M; € M.

Take a G € M — M2. Define ¢ := (Q®)Vg A p,) — (Op — 0OO0p), where z is the root of
G and p ¢ var(Vg). It is clear that —¢ is consistent in G, and therefore AM1 F ¢. But
it follows immediately from Th(Sf(F)) € Th(G) for all F € M3 that Am, E . 4

An analogous construction with #,, replaced by H,,, shows
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Corollary 4.4.4 For n > 1 the logic K.Tr, has S f-degree of incompleteness 2% above
K .TT,,.H .

The question arises whether all subframe logic above K4 and weaker than G.3 have Sf-
degree of incompleteness 2%¢. We conjecture that this is not the case. The proof delivered
above shows that all subframe logics A above K4 and weaker than G.3 with |SA| = 2Re
have Sf-degree of incompleteness 2%. We conjecture that this also holds for 2% replaced
by Ro. In this case it would follow that the Sf-degree of incompleteness of G.3 is Ro.

Let A = K4/¥F ¢ G.3, where F is a set of finite rooted K4-frames. Then it follows
from Proposition 2.4.24 that a logic © is a lower cover of A in SN if and only if there is a
frame F € mg (TR~ UF) with © = AN Th(Sf(F)). Hence for a finitely axiomatizable
subframe logic A above K4 and not weaker than G.3 the lower covers of A in SA are easily
determined. We will now describe the lower covers (in SA') of subframe logics between G

and G.3.

Theorem 4.4.5 Let A = G/'F C G.3, where F is a set of finite and rooted G-frames.
Then the lower covers of A in SN are

(1) ANTh(Sf(F)) for F € mgs(F).
(2) ANTh( [¢]).
(3) AN TH( )

(4) ANTh(Hus1)-

Hence if A is finitely aziomatizable then A has finitely many lower covers in SN and if
A is not finitely ariomatizable then A has Ry lower covers in SN.

Before starting the proof let us note some remarks and consequences. We know from the
results of BLOK that a logic which is not strictly complete in A" has 2% lower covers in N.
Theorem 4.4.5 tells us that in SN the situation is different. There exist subframe logics
with Sf-degree of incompleteness 280 but with only finitely many lower covers in SA”. For
instance, G has exactly 3 lower covers in SA but has Sf-degree of incompleteness 2o,
Even if Kripke-semantics is not strong enough to seperate a logic from its lower covers
in SN, the lattice itself can be rather thin. We believe that the same is true for all
subframe logics above K4 but have not been able to prove this. A nice and easily checked
consequence is that we have for a finitely axiomatizable subframe logic A above G that
for ¢ € L it is decidable whether A = K'(¢%). We start the proof of Theorem 4.4.5 with
a lemma.

Lemma 4.4.6 Suppose that A is a subframe logic with K.Tr, € A for alln € w. Then
[e) € Fr(A).
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Proof. Let A be a subframe logic with A 2 K.Tr, for all n € w. Hence for n € w
there is a H € Rfr(A) and a valuation 8 such that M, 8,z | OV, - . A po, Where
n4+

a4l = ICE,H. Define b := U{B(py)|ly € Ks+1} and y(p) := b. It is readily checked that

Hp, v,z | O (p — Op) A p. Hence OW)(p — Op);pis consistent with A and therefore
[e]€ Fr(A). 4

Proof of Theorem 4.4.5. Let A be a subframe logic with G C A C G.3. It follows from
Proposition 2.4.24 and Corollary 4.3.7 that the logics defined in the theorem are lower
covers of A in SN. Now suppose that © is a lower cover of A in SN.

Case 1. ® D K4. Then, by Proposition 2.4.24 and the fact that G = K4/ [¢],0© is
one of the logics defined in (1) and (2).

Case 2. © 2 K4 and there is a H = (h, <, A) € Rfr(©) such that G C h for a frame
GeF:={T,G2,Gs,...,G12}, where

T = >, 6 = ==, o = 1=, G = [,
g10=ag11=@’g12='

It follows immediately from the proof of Theorem 4.2.2 that {7;,G,} defines an iterated
Sf-splitting of K such that K/ T;/5/G, is R-persistent. Now F — {G;} C (T2)r and
therefore it follows from Corollary 3.2.18 that F — {G,} defines an iterated Sf-splitting
of K/T,/5/G, such that K/¥F is R-persistent. Hence, if G C h for an M € Rfr(©)
and G € F, then there is an F € F with F € Fr(0). Now, if F = T, € Fr(0O) then
© = ANTh(T;) and if F € F — {73} then © = AN Th([e]).

Case 3. Else. If [e]€ Fr(0) then © = ANTh([¢]). Now assume that [¢]¢ Fr(©). By
Lemma 4.4.6, there is a minimal n € w with © | T'r,,;. We have n > 1. There is a refined
O-frame H = (h, 4, A) with H | l:l(""”)V.n.l_l A po. Hence there are sets bo,...,b, € A
with b; # @ for 2 < n and b;Nb; = @ for ¢ # j and b; — Obiyy = h,b; N Ob; = P for
J > i+ 1. Take a sequence 2o 4 21 4 ...d z, With z; € b;. It follows from [¢] ¢ Fr(0©)
and O | Tr,4 that

(T) For all reflexive z € h and b € A with z € b and m € w:
Hy, z | Ot)(@™+1 L A ~O™ ).

Hence, by minimality of n, we may assume that b, N Ob, = 0. It follows from G Z h
for G € F that for all z € b,_2,2z € b,_; with z 4 = we have that z is reflexive. Hence
Tp-2 4 Tp-1 4 Z, and Z,_; is reflexive, z,, is irreflexive and z,_ 4 z,. Now let m € w.
Then Hs,,_,,Za—1 | OF)(@™+H1 L A ~O™1). It follows again by minimality of n that
there is a set of irreflexive points {zp <4 21 4 ... <9 zm41} C bp—y and a reflexive point y
in bp—y with 2,2 9 ¥y < zp and z,_ 24 z;, 2,4y for i < m + 1. Hence there exist sets
o, -.-yCm+3 € A with co # @ and
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(i)co—=Cer=h,coNOcg=0fori#1,
(i) ciNOc;j=0fori>2and 0< j <4,

(iii) ¢ = Ocj = hfor 1 < i< j.

We show that there are z € co,y € ¢; with z 4 y and y4 z. Suppose that this is not the
case. Then define d; := OcoNe;. It is readily shown that (coUd;) — O(coUd;) = h. Hence
E]e Fr(0©), which is a contradiction. It follows that there are sets ag,...,an4+3 € A with
the properties (i),(ii),(iii) and a; N Gao = @ for i < m + 3. Define a := o U...U gy43.
Then we have for z € ag:

Hapz | OOT A-OLANOKO@™H LA™ L)vOn L)1 < k< n+ 1)
It follows immediately from G Z h for G € F that

[:= 00T A-OL; {AC*O@ 1 LA-O"L)vO"H D)1 <k<n+1)|mew}

is consistent with ©. Now take a descriptive O-frame H with root z such that #,z = T.
Define p: H — H,41 by

p 1 {w+1}):={z€ h|H,z E OOT A -O1}

p1({m}):={z € h|H,z | O™+ L A ~O™1}

Pl ({wh) =h-U{p'({e})le €w,a=w +1}.
Using the assumption that G Z h for G € F it is readily checked that p is a surjective
p-morphism. Hence © = AN Th(H, 41).1
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4.5 Simple incomplete and not strictly Sf-complete Logics

In this section we use some variants of the frames H, to give examples of incomplete
subframe logics with simple axioms and of R-persistent, not strictly Sf-complete, subframe
logics. For expositional reasons we will not formulate the theorems as general as possible
but in a way that makes it possible to transfer them easily to other classes of logics. We
hope to convince the reader that, with the tools we have at hand now, it is more or less
a child game to produce incomplete subframe logics. First we need some notations for
isomorphic copies of frames.

1. Forz € g,y ¢ 9, let (g, A}[y/z] := ((9—{z})U{y}, qU{(y, 2)lza z}U{(z, ¥)I(2 < z}).
2. For m € w define (g, <) x {m} := (g x {m},{((z,m), (y,m))|z < y}).
For a finite tree 7 with root 0 define for z € ¢,z # 0 the structure 7;(;) := (t, < U{(z, 7)}).
That is, we simply define a point z € t to be reflexive. Let 7. denote the subframe

generated by z in 7 and define 7_, := (t_,,< N(t— t;)?), where t_, := t—t,. Define
T(-z):= (t_z U {z},< N(t-z U {z})?). Now define

(90, 4.qo) = (Tz x {0})[0/(3770)]'
For m #0: (gmy <gn) i= (To X {m})wm + 1/(m, 2))
For m # 0: (fm,4) 1= (T(-2z) x {m})lwm/(m,z)].

Remember the definition of Hym = (hum, 9wm, Awm) On page 58.
For m € w,m # 0, we define H,,,(7,z) = (hyu(z), 4z, Az) by

hm(2) = hum U frn U| H{gnln < m}
dz = dum U4y, U U{dg,,ln <m}U{(y,2)|ly € (Int,, — gn),z € gn,n < m}
Az = {cC hm(z)|3a € AumIb C (fm — {wm}) U| Hgaln < m}: c=aub)

H3(T, z) looks as follows:

éT(-z) ;7; ;7; ._‘ﬁ
b A A

We omit the proof that (7, z) is a refined frame. It is similar to the proof on page 59.
For m € w let (m 4 7;) denote the subframe generated by {m} in H,(7,z).
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Lemma 4.5.1 LetT beatree,z €t and z # 0. Then

(1) Forn > 0: Fry(Sf(Ha(T,2))) = Fri(Sf({(m q Tz)lm € w} U{Tc})).
(2) Form > dp(T) : D("‘)VT'(:) A po s consistent in H,,(T,z).

(3) Form > dp(7T) : (D“""Vf'(x) Apo) | g is not consistent in H,,(7T,z).

Proof. (1) Fry(Sf(H.(T,z))) 2 Fry(Sf({(m < T;)|m € w} U{7_.})) is clear. Suppose
that G € Fry(Sf(H.(7,z))) is rooted. Then there exists a set b € A, such that G is a
p-morphic image of (H.(7,z))s via a p-morphism p. We may assume that (H,,(7,z)), is
rooted. b contains no limit ordinal: Suppose that wm € b and p(wm) = z € g. Then, since
wm 4 wm, we have z <, z and therefore p~!(z) C Op~'(z), which is clearly impossible.
Hence M, (T,z) ~ (md7T,)or (Hu(T,z))s ~ 7_,. (2) Define a valuation on H,,(7,z) by
B(pz) = hum, ﬂ(py) = {(y, m)} fory € t_, and ﬁ(py) = {(y,n)|n < 7"'} foryet.,y#z.
It is easy to check that Hn,(7,z),5,(0,m) D("‘)V»yr(z) A po. (3) follows immediately
from 2m-transitivity of H,,(7,z), Corollary 2.4.13 and (1).4

Corollary 4.5.2 Suppose that T is a tree withz € t,z # 0. Then (1) Frg(Sf(H.(T,z)))
contains only cycle free frames for n > 0. (2) If z is not a successor of 0 or 0 has at least
two successors, then T € Fri(Sf(H.(T,z))).

Theorem 4.5.3 Suppose that T is a tree with root 0 and that z € t,z # 0, is not a
successor of 0 or 0 has at least two successors. Then the following holds for n > m :=

2dp(T):
(1) ©, := (K/¥ T)(Sf*(7;(s))) ts an incomplete subframe logic with
Fr(0,) = {h € Fr|T,T,(z) € h}.
(2) Omi # Omj fori# j withi,j>1.
(3) Ty(z) does not Sf-split K [ T.

Proof. Define k := dp(T). (1) We have, by Proposition 3.2.13,

Fr(0,) = Fr(K(D(")VT;(g) — po)) = {h € Fr|T,T,(;) € h} for n > k.

By Corollary 4.5.2 and Lemma 4.5.1, Hx(7,z) € Rfr(0,) and, by Proposition 3.2.13,
He(T,z) ¥ D(")VTS — —po. O, is incomplete because there exists a complete logic
different from ©,, with the same Kripke frames.

(2) By Lemma 4.5.1, Hmi(7,z) € Rfr(Om(iz1)) and Hum(i+1)(T,2) ¢ Rfr(Om(is1)) for
i > 1. Hence Oy # Op(iz1) and, by Opi C Oy for ¢ > 5, O # Opj for i # 5. (3)
follows immediately from (2) and the Splitting Theorem.-
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Hence with any tree 7 with |7| > 3 there is associated a quite natural descending chain of
finitely axiomatizable incomplete subframe logics with a basic elementary class of Kripke
frames.

Example. The perhaps simplest incomplete subframe logic is given by

K(SfY(T,),S£2(G1)), where I; := ><: and Gy := :<:

The condition z # 0 and z not a successor of 0 or 0 has at least two successors cannot be
omitted. Consider the following two examples. Define

Go := <:

Then, by Corollary 3.2.18, {Z1,Go} defines an iterated Sf-splitting of K and K/, /%Gy
is R-persistent with Fr(K/¥TI,/5Go) = {h € Fr|T;,Go £ h}.

Remember that 7; = and define F := .

Then, by Corollary 4.1.7, {T;, F} defines an iterated Sf-splitting of K and K/ T,/ F
is R-persistent with Fr(K/¥ T/ F)={h € Fr|T,,F € h}.

Theorem 4.5.4 Let A be an R-persistent subframe logic and suppose that there ezist a
tree T and z € t such that T,T,(;) € Fr(A). Further suppose that (m 4 T;) € Fr(A) for
allm € w and that T_; € Fr(A). Then A is not strictly Sf-complete.

Proof. Let k := dp(7) and define A, := Th(Sf(H(T,z)))NA. Fr(A,) = Fr(A): Suppose
that there exists h € Fr(A;) such that h @ Fr(A). Then there exists a finite rooted
subframe g of h with g € Fr(A). A, is a subframe logic and therefore g € Fr(A;). Then
g € Fry(Sf(Hk(T,z))) and, by Lemma 4.5.1, g € Fry(Sf({(m q Tz)|m € w} U {T_;})).
But then g € Fr(A), which is a contradiction. A; # A because, by Corollary 3.2.14,
A+ D(")Vq;(z) — —pg but, by Lemma 4.5.1, Hx(7, z) £ D(")Vq;(‘) — =pg.

Corollary 4.5.5 Suppose that T is a tree and that F = (f,r) with T <o F and
r C<U{(z,2)|lz €t} U {(z,0)|z € t}.

Further suppose that T, (;) <o F for an z such that either z is not a successor of 0 or 0
has at least two successors. Then K(OWP(TNY oo — —pg) is not strictly Sf -complete.

Proof. By Lemma 4.5.1, K(OWP(T)V < — -pp) satisfies the conditions of Theorem
4.54.4
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Example. K.I, is not strictly Sf-complete because I satisfies the conditions of Corollary
4.5.5.

Notice that for any F satisfying the conditions of Corollary 4.5.5 we have that the logic
(K/SNp)(0UEP(T)V o — —py) is strictly Sf-complete because F< C (T)n. This obser-
vation shows once more the fundamental role of Sf-splittings by Ny,.

4.6 A note on Neighbourhood Semantics

This paper deals with algebraic and Kripke semantics for modal logic. A well known
alternative approach is the neighbourhood semantics. It is known that there exist normal
modal logics which are complete with respect to neighbourhood semantics but incomplete
with respect to Kripke semantics (consult GERSON [76].) But all known examples require
the construction of rather difficult generalized frames. The logic Th(H.4+1) provides a
rather simple subframe logic with these properties. For neighbourhood semantics we use
the notation from GERSON [76]. A neighboorhood frame is a pair (g, N) such that N is
a function from g to sets of subsets of g. The theory of a neighboorhood frame (g, N) is
denoted by Th({g,N)).

Theorem 4.6.1 Th(H,+1) is complete with respect to neighbourhood semantics.

Proof. Define g := wU {w+1}. Forn € wlet N(n) := {a C gla 2 {0,...n — 1}} and
let N(w + 1) be a nonprinciple ultrafilter on g. It is readily checked that Th(H,4+1) =
Th((g,N)). 4

The notion of strict Sf-completeness with respect to neighbourhood semantics is defined
in the obvious way. By Theorem 4.4.5, we get the following

Corollary 4.6.2 All subframe logics above G are strictly Sf-complete with respect to
neighbourhood semantics.

4.7 Subframe spectra

If © is an iterated Sf-splitting of A by finite frames, then we know from Proposition 2.4.30
how to determine the subframe-spectrum of © above A.

If © = A/¥F then Spsa(©) = {©; € EA|©: C O and g ¢ Fr(©,) for g € mg(F)}. I
msy(F) defines an iterated Sf-splittung of A then Spsa(©) = [A/mgs(F),O]. Hence for
all © 2 K4 the subframe-spectrum of © in £K'4 is an interval. Let us note some examples:

Define §4.2 := §4(©O0p — OOp). Then Spssa(S54.3) = [54.2, 54.3), because

54.2 = S4/ <: , (RAUTENBERG [79]) and §4.3 = S4/sf'<:
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Define S4.1 := §4(0Cp — OOp). Then Spssq(S4.1) = [$4.1, Grz], because

54.1 = 54/ , (RAUTENBERG [79]) and Grz = §4/¥ [e—e].

Spsk4(G) = [K4(OL v OO1),G], because K4(OLV OOL) = K4/ [e]and
G = K4/% [o].

For a finite, cycle free and rooted frame g we have Spsx(K/g) = [K /g, K/¥g).
Especially Spsk(T) := [K(<OT),T).

Spsk(Th([x])) = {Al [x] € Fr(A), =x] , [¢] ¢ Fr(A)}.
Spsk(Th([])) = {Al[eJ€ Fr(A),[x],[e==e],[e=e] & Fr(A)}.

Spsk(Grz) = {A C Grz| @ ,[or=e],|==2=2| ,[e—o—¢| & Fr(A)}.
Hence K(OOp— <©0p) 1°/= Grz.

Now suppose that O is not an iterated Sf-splitting by finite frames. In this case it is
in general not so easy to prove that ©; 1= ©. But if we know the lower covers of ©
in S./Vj then again straightforward reasoning is possible. As an example let us show that
K(OLv<o0oOL)1¥= G. This follows if @, £ OL1 v OOL for all lower covers O, of G in
SN. But this follows immediately from Theorem 4.4.5.
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5 Sf-completeness in Polymodal Logic

We start our investigation of Sf-completeness in polymodal logic with some negative
results.

Proposition 5.0.1 Let A;,i < n, be monomodal subframe logics with A; # L. Then all
A; are strictly Sf-complete if @(A;|i < n) is strictly Sf-complete.

Proof. It is shown in KRACHET & WOLTER [91] that A; = @(A;|i < n)NL;. Now suppose
that A; is not strictly Sf-complete. Then there exists a monomodal subframe logic © C A,
with Fr(©) = Fr(A,). It follows that Fr(© @ @®(A:]2 < i < n)) = Fr(@(A;]i < n)) but
0 %0 ®(Ai|2 < i < n) C ®(Aili < n). Hence @(A;|¢ < n) is not strictly Sf-complete.

With this easy observation at hand we can extend the negative results concerning strict
Sf-completenes from monomodal logic to polymodal logic. The converse direction is not
valid. Before giving a counterexample we define some bimodal frames which we use to
deduce some more basic counterexamples. Define

h:=w+2and 4 := {(4,)]i,j S w,i > j} U {(w,w)}.

A := {c C h|w € ¢ and c cofinite or w ¢ ¢ and c finite }.

Now let H, := (h, <%, <3, A), where 4§ := q U {(w + 1,w)} and «3 := q.
Hy := (h, <8, <8, A), where 4% := 4% and <} := 4!
Mo := (h, 4§, <%, A), where 4§ := 9§ U<~ and «q§ := «.

We need some more notations. For an n-frame G = (g, (d;|i < n), A) define the
i-projection by

Pri(g) = (gv 4l')A)‘
For an n-modal logic A let Pr;(A) denote the fragment of A in the language with O;.

Lemma 5.0.2 Ford € {a,b,c} Hq is a descriptive 3-transitive frame and
(1) Fr(Sf(H.)) = Fr((®?*G.3).1d),

(2) Fr(Sf(Hy)) = Fr({(n,<,>)In € w})

(3) Fr(Sf(H.)) € Fr(K.B: ® K).

Proof. That the My are descriptive 3-transitive frames can be proved by standard meth-
ods. (1) Clearly Fr(5f(M,)) 2 Fr((®%G.3).Id). Now suppose that g € Fr(Sf(H,)).
Then Pry(g) € Fr(Sf(PriH,)) and, by Lemma 4.3.1, Pry(g) € Fr(G.3). Suppose that
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<1 # 2. Then, since 4§ D <3, there are z;,z, € g with z; <; z2 but not z; 92 72. By
3-transitivity of H, and Corollary 2.4.13 there exists a p-morphism p from a subframe of
H, onto a subframe f of g with z;,z, € f. Clearly p~'(z1) = {w + 1} and w € p~'(z2).
But then, since w 4§ w, we have p~1(z;) C O1p71(z2), which is obviously impossible. (2)
and (3) can be proved analogously. -

Proposition 5.0.3 (1) K.B, is an iterated Sf-splitting of K and strictly Sf-complete but
K.B; % K is not strictly Sf-complete.

(2) Let A € SK2.t with Pri(A) C G.3. Then A is not strictly Sf-complete above K,.

(3) Let A be a bimodal subframe logic with A C ®*G.3. Then A.U; and A.Id are not
strictly Sf-complete above K.

Proof. (1) Define A := Th(Sf(H.)) N K.B; ® K. Clearly A C K.B; ® K and, by the
Lemma above, Fr(A) = Fr(K.B, ® K). (2) If A is incomplete there is nothing to show.
Otherwise define © := Th(Sf(Hs)). Clearly ® 2 K,.t and therefore ®© N A C A. But
Fr(A) D Fr(G.36 G.3.t) 2 Fr(©) and therefore Fr(A) = Fr(A N ©). (3) can be proved
analogously.

This proposition shows that, contrary to the transfer results of KRACHT & WOLTER [91]
concerning completeness, the map A — A ® K does not preserve Sf-completeness. (3)
shows that there is a large class of bimodal subframe logics A with O;p < O2p € A but
whose Kripke-frames satisfy <1; = <2. Remember that above ®27 there is no such logic.
We will now restrict our investigation to connected logics.

5.1 Connected Logics

For a map 7, : {1,...,n} — {1,...,n} with 7, o 7, = Id define
Crn = {p = 0Oy, ypli < n}.

It is easy to check that K,.Cy,, is an R-persistent subframe logic with
Fr(Kn.Cr,)={h € FrlVi: <, =< '.)}.

If the dimension is clear we will omit the subscript n a.mi write 7 instead of 7y,.

Examples.
(I) ¥"K.By = Kn.C1a,, where Id,, denotes the identity on {1,...,n}.

(II) Define p : {1,2} — {1,2} by p(1) := 2 and p(2) := 1. Then K3.t = K3.C).

A simple filtration argument shows

Proposition 5.1.1 For any 7 the logics K,.Cr,®"T.Cy,®"K4.Cx and ®"S54.C, have
the fmp.

Definition 5.1.2 An n-modal logic A is connected if there ezists a 7 with K,.C, C A.
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If we call an extension of K.t a tense logic then all tense logic are connected logic.
Other examples of connected logics are the logics ®".55. By Proposition 5.0.3, K.t is
not strictly Sf-complete above K, and it follows that in general the logics K,,.C’» are not
strictly Sf-complete. But in presence of ®"T we have

Proposition 5.1.3 For all # with # o = id the logics ¥"T.C, are iterated Sf-splitting
of K, and strictly Sf-complete.

Proof. Since %"T is an iterated Sf-splitting of K,, the proposition follows if 0"7T.Cy is
an iterated Sf-splitting of ®"T. Define for : < n:

T+ = ({0,1}, (<l < n),
G := ({0,1}, (rilj < n)),

o 0,0,(1,1))  ci#g c {0y x (0,1} :j#7()
where < { {(0,0),(1,1),(0,1)} :i =3 * P47 "{ {(0,0),(1,1),(0,1)} : 5 = =(3)

Clearly (G')S C (T*)Res. By Theorem 3.2.20, all sets (G')<,i < n, define an iterated
Sf-splitting of ®@"T and ®"T/¥(G*)< is R-persistent. It follows immediately that
@"T.Cr = @"T/¥F, where F := J{(G*)S|i < n}. 4

It follows that (®2T).t and ®"T.B; = ®"B, where B denotes the Brouwer-axiom, are
strictly Sf-complete.

5.2 Sf-splittings in Lattices of Connected Logics

We now prepare some rather general splitting-theorems for lattices of connected logics.
Fix an n € w and a map = : {1,...,n} — {1,...,n} with 7 o7 = Id. For an n-tree
T = (t,(<i |i < n)) with root 0 and z € t define z= := {y € t|z € Trr(y)}.

Now define 7(z) = (t, (<% |¢ < n)) by

s y<izand {z,y} £z or
y<izif { y <; zand {2,y} C z< and 7(j) = i.
T(z) is an n-tree with root z. It is easy to show that

(I) For all G € Fr(Kn.Cy): T <o G iff T(z) <; G.
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Theorem 5.2.1 Let A be a connected R-persistent subframe logic and G € (T) such that
Fr(A)C{h€ Fr[K € h for K € G<}. Then G Sf-splits A and A/¥/G is R-persistent.

Proof. Let G = (g,(ri|i < n)) and let 0 be a root of G. Define Fg := {G}. We check
conditions (R I) and (R II). (R I) follows from Corollary 3.2.14. For (R II) suppose that
M € Rfr(A) and G ~ h; for a b C h. Let {b,|y € t} recognize (T <o G ~ hy) in H.
By induction on dp7(z) we define a set {a,|y € t} C A. Suppose that a, is defined for
dp7(y) < dpz(z). If = = 0 define ag := bo. Otherwise let (,y) be the pair such that
y <; z. Then let

az = by N Op(yay.

We show that {ay|y € t} recognizes (G =~ h;) in H. The interesting step is (R ©). Suppose
that £ € t and y € a,. It is easy to show that there is a F; >, 7Zz5) and ana C h
with y € a such that there is an isomorphism p; : F; — h, with py(2) € a, for z € z<.
But then it is clear that there exists an F >, 7(z) and a by C h with y € b; such that
there exists an isomorphism p : F — hy, with p(y) € b, for y € t. Hence, by (I),
(T <o F ~ hy,). Now {b,|y € t} recognizes (7 <o G =~ h) and therefore F <o G. Hence,
because H € Rfr(A), G = F and p is a isomorphism from G to hy,. It follows immediately
that p(y) € a, for y € t. Now suppose that zr;2. Then y = p(z) 4 p(z) € a.. Hence
y € O4a,.

Note that most of the G € (7) are not in Fr(K,.C,) and therefore Sf-split K,.C'r but
without effect. We will often have the situation that, for notational reasons, it is more
convenient to work with sets containing superfluous frames than to omit these frames.

Corollary 5.2.2 Let T be an n-tree and F C (T) be T-closed. Then F defines an iterated
Sf-splitting of K,,.Cy and K,.C/5'F is R-persistent.

Examples. For a monomodal frame F = (f,r) define
Fri= {(f, (rili < n))|r = U{rili < n}}

and for a set of monomodal frames F define F* := |J{G"|G € F}. Now consider a set
F € {Ig, Trg,}. It follows immediately from Corollary 5.2.2 that F™ defines an iterated
Sf-splitting of K,,.Cr and that K. ,,.C,,/Sf F" is R-persistent. We have

Kn.Co/¥ (Try)" = K,,.c,,((ug:)p — arHip))

an this is the smallest m-transitive subframe logic above K,,.C,. The strict Sf-completeness
of these logics above K,.Cr contasts to the result proved in Chapter 4 that K.Tr,,n > 1,
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is not strictly Sf-complete. It is worthwile to note that these logics are proper extensions
of (3" K.Try).Cr.

K,..C./%(Ig)" is the smallest n-modal logic A above K,,.Cy such that in all A-frames
(f,(<;li < n)) all z € f have less than m + 1 incomparable successors with respect to the
relation U{«;|i < n}.

For a monomodal frame G := (g, r) define

Ezt,(G) := {{g,(rili < n))lr =11, ri C g x g for i # 1}.

For a set of monomodal frames F define Ezt,(F) := |J{Ezt,(G)|G € F}. For amonomodal
formula ¢ let Pri(¢) denote the corresponding formula in the language with O;.

Corollary 5.2.3 Let T be a tree and F C (T) be T-closed. Then Ezxt,(F) defines an
iterated Sf-splitting of K,.Cr and K,.Cx/¥ Ezt,(F) is R-persistent. If F defines an
iterated Sf-splitting of K then

(K/SIF & Kn-1).Cx = Ku.Cn/S Ext,(F).

Proof. It follows immediately from Corollary 5.2.2 that Ezt,(F) defines an iterated Sf-
splitting of K,,.Cr and that K,,.C/ S Ezt,(F)is R-persistent. Now suppose that F defines
an iterated Sf-splitting of K. Then Fr(K/¥F ® K.-1.Cx) = Fr(KsCx/% Ezt,(F)) and
K,..Cr/¥ Ezt,(F) is strictly Sf-complete and K,.Cx/ Ezt,(F) 2 (K/¥F ® K,-1).Cr.
It follows that the logics are equal.

Examples. For (¢,F) € {(Im,17), (Bm,Bm), (Trm, Trg,)} the set Ezt,(F) defines an
iterated Sf-splitting of K,,.Cr and K,.Cr(Pr1(¢)) = Kn.Cx/S Ezt,(F). This contrasts
to the result that only By, defines an iterated Sf-splitting of K.

1
Remember the definition of Z,,, = X< .
m+1

Ezt,((Z,x)) defines an iterated Sf-splitting of K,.Cr and K,.Cr/S Ezt,((Z,.)) is R-
persistent. This is the smallest logic A above K,.C, such that for all A-frames A all
z € h have less than m+1 <;-successors different from z. We will use this logic to show
that (K.Alt,, ® K,—1).Cr is an iterated S f- splitting of K,.Cx.

Given a finite rooted monomodal frame G which Sf-splits a monomodal logic A the
question arises whether Ezt,(G) defines an iterated Sf-splitting of (A ® K,,_,).C, and, if
this is the case, whether K/9G ® Kn_.Cr = K,,.Cr/¥ Ezt,(G). This does not hold in
general as will follow from the results of Chapter 6.
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Theorem 5.2.4 Let A be an R-persistent monomodal subframe logic and suppose that
T <0G € Fr(A). Then both A/¥G and K,.Cr/¥ Ezt,(G) are defined and
(A/¥G % Kpn_1).Cx = A 6 Kn—1.Cx/¥ Ezt,(G) if

(RI)* (R I) holds with Fg = {G} above A.

(RII)t For all M € Rfr(A): If G =~ hy, then there ezists a set {b,|y € g} C A which
recognizes (G ~ hy) such that

(+) for all F >o T,by C h and isomorphisms ¢ : F — hy, with q(y) € by fory € t
we have F = G.

Proof. Let 7 = (t,<;) and define T(n) := (t,(<; | <i= {0} for ¢ # 1)). Clearly
Eat,(G) C (T(n))-

Claim. Suppose that F € Ezt,(G) and F := {K € Ezt,(G)|K <o F} defines an iterated
Sf-splitting of (A® Kpn_1).Cr and A; := (A® Kn—1).Cx/¥F is R-persistent. Then F Sf-
splits A; and A,/¥ F is R-persistent.

Define Fr := {F}. We check the conditions (RI),(RII) for (F, Fr) above A;. (RI)
follows from (RI)* for G above A. (RII) Suppose that H € Rfr(A,) and F =~ hy for a
b C h. Then we have G ~ Pry(hy) and Pri(H) € Rfr(A). Now let {b,|y € t} satisfy
the conditions of (RII)* for (G ~ Pry(hy)) in Pri(M). By Lemma 3.2,5, there is a set
{cyly € t} C A with ¢, C b, such that {c |y € t} recognizes (7(n) <o F =~ hs) in
M. Clearly {cy|y € t} still has property (+). By induction on dp7(y) we define a set
{ayly € t} C A. For y = 0 let @, := ¢,. For y # 0 take the z € t such that z <, y and
define a, := ¢, N Op(1)a.. We prove that {a,|y € t} recognizes (F ~ h;) in H. Again
the interesting step is (RC). Suppose that z € t and y € a;. An argument similar to
the proof of Theorem 5.2.1 shows that there is a K >¢ 7(n) and b C h with y € b,
such that there is an isomorphism p : K — hy, with p(2) € ¢, for z € t. It follows from
(+) that Pry(K) = G, and then, by definition of A, and because {c,|y € t} recognizes
(T(n) <o F =~ hy), that K = F. Clearly p(z) € a, for z € t. Now suppose that zr;z.
Then y = p(z) 4, p(2) € a, and therefore y € O;a,.

It follows by induction that Ezt,(G) defines an iterated Sf-splitting of (A ® Ky—1).Cx
such that (A ® K,_1).Cx/¥ Ezt,(G) is R-persistent. The claimed equality of the logics
follows immediatety.-

1
Examples. (I) Define Fp,, = (f,7) = E : and K, := (f, f x f).

Clearly K,, € (Zz). Define A := K (CI(I)VK,S" — =po). Then, by the example above,
(A® Kp—1).Cr = Ky.Cr /¥ Ezt,((T,)). It is easy to check that the set

F:= {glfm-l <o G <o K:m-l} .
defines an iterated Sf-splitting of A such that (RI)* and (RII)* are satisfied for all
steps. It follows that Ezt,(F) defines an iterated Sf-splitting of (A ® Kn_1).Cr and




5.2 Sf-splittings in Lattices of Connected Logics 7

that (A/¥F ® Kp—1).Cr = (A ® Ky21).Cr /¥ Ezt,(F). Now A/¥F = K.Alt,,. Hence
(K.Alty, ® Ky—1).Cy is an iterated Sf-splitting of K,,.Cx.

(I1) Define G, := and G3 := . We have G,,G3 € ([==x] )- It is easy to check
that G, satisfies the conditions (R/)* and (RII)* above K.Tr; and that 99 satisfies these
conditions above K.Tr,/¥G,. It should be clear that K4 = K.Tr1/%G2/5G;. Hence

(K.Tr1/¥G2/¥ G360 Kn1).Cx
(K.TT] Y Kn—] )~C1r/s/Eztn(gi)/S!Ezt"(ga)
K.Cx/¥ Ext,(Tr17)/¥ Exta(G2)/™ Exta(Gs)

(K4 ® Krﬂ—l )Cﬂ

It follows that R4.t is an iterated Sf-splitting of A’.t and strictly Sf-complete above
K;.t. Note that this result contrasts to the result that A4 is not an iterated Sf-splitting
of K by finite frames. Another example is 0™S55. «"T.B; is an iterated Sf-splitting of
K, and ®"S5 = 0" h4.T.B, is an iterated Sf-splitting of ®"T.B;. Hence ®™S5 is an
iterated Sf-splitting of A, and strictly Sf-complete. We will later investigate the lattices
of extensions of these logics in more detail.

Corollary 5.2.5 The logic K4.t is an iterated Sf-splitting of K.t by finite frames.

A note on the Universal Modality

GORANKO & Passy [92] study the extensions of (K ® S$5).U;. We can axiomatize this
system by (K & S4).C, with p: {1,2} — {1,2} with p(2) = 2 and p(1) = 2. Hence for
t = 1,2 we have p — 0;0,p € (K ® 55).U; but we do not have pop = id as was required in
the definition of connected logics. At first sight this should not make any difference for the
study of strict Sf-completeness, but it turns out that = o # = id is exactly the reason for
so many strictly Sf-complete logics: It follows from the results in GORANKO & Passy [92]
that a monomodal subframe logic A is strictly Sf-complete above K only if (A ¢ 54).Cp is
strictly Sf-complete above (K ® 54).C,. It follows that for instance (K.T'r, 60.54).Cp and
(K4 ® 5§4).Cp are not strictly Sf-complete above (K ® 54).Cp. But in case of a 7 with
7 ox = id the logics (T'r, ® 54).C» and (K4 ® §4).C, are strictly Sf-complete even above
K3.Cy. These examples show that the proofs of Theorems 5.2.1 and 5.2.4 make essential
use of the fact that the inverse modalities are uniquely determined in connected logics.
Nevertheless (K & 55).U; is 2-transitive and therefore any finite rooted 2-frame splits and
Sf-splits (K ® §5).U,.
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5.3 The upper part of SN,

Theorem 5.3.1 For all n,l € w all subframe logics above %™ K.Alt; have the fmp.

Proof. Let A be a subframe logic above ®" K.Alt; and —¢ € A. There are a A-frame
9,7 € g and a valuation § with g, 3,z = ¢. Define m := dg(4) and b := Try*(z). Clearly
gs is finite. Define a valuation v by ¥(p) := B(p) N b for p € Var. It is easy to check that

hba Y, T l= ¢'-|

Theorem 5.3.2 For all n,l € w all subframe logics above W™K .Alt; are strictly Sf-
complete and have strict Sf-fmp.

Proof. We first prove strict .Sf-completeness. For a frame H = (h, (|t < n), A) let
< := J{«ili £ n}. The proof is based on the following simple definition.

Definition 5.3.3 Let H = (h,(<;|i < n),A) € Rfr. Then H is weakly smaller than
m, in symbols ||H|| < m, if |Tr}(z)| < m for all points z € h. If ||Hy|| < m forabe A
we write ||b]| < m. We write ||b]| = m if ||b]| < m and ||b|| £ m — 1. A class of frames F
is weakly smaller than m if all H € F are weakly smaller than m, we write ||F|| < m.

Strict Sf-completeness is shown if for all n,m € w the sets
HT := {H € Rfr(Kn)llIH|| £ 1 for all | € w and ||Fr(Sf(H))|| < m}.

are empty. Note that for ¥ € H and H; € Rfr(Sf(H)) with ||H;|| £ m we have
H, € HY. Define &, := {p — 0; V(<O;p|j < n)|i < n}. It is easy to check that
{M € Rfr(K,)|4: C 47! for i < n} = Rfr(Ka(®,)).

Claim 1. For all n,m € w and H € H™ we have H [£ ®,,.

Proof. Let H € H]'. There exist z,zy,...Z, € h with z 4 z; for i < m. Choose
b= {z,z1,...,Zm} such that Y (| <; Nb?||i < n) is minimal. Choose a cycle free K <, h;
and {cy|y € b} C A which recognizes (K <. h;) in H. Now define

az; = ¢z, NN{Ojczlzidjz,j<n}fori<m
and e; := c,. It follows with the methods of the previous chapters that {a,|y € b}
recognizes hy in H if H |= ®,. But hy € Fr(Sf(H)) and therefore H £ ®,,.

We need some notations for generated subframes. For a frame H = (h, (q;|¢ < n), A) and
z € h define H, := (h;, (Q:NhZ]i < n), A;), where h; := Tri(z) and A, := {ank.|a € A}.

Claim 2. Let H € H} and b,,b; € A with ||b;]] < m for i = 1,2. Then ||b, U by|| < m.

Proof. Let b := b; U b; and suppose that [|b|| £ m. Then we have ||| £ k for all k € w.
We may asumme that b, N b, = @ and that there are z € b, and z,,...,z,, € b with
z 4 z; for j < m. Now choose a = {z,z;,...,Z,} with these properties so that
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(] <; Na?||i < n) is minimal.

Let A be cycle free with K <; h,. Choose {c,|y € a} which recognizes (K <; h,) in H
with ¢, C b; and ¢, C by for y € a— {z}. Let ¢; := J{¢y|y € a — {z}}. Choose ¢ C b such
that there exist p : h. ~ h, with p~1(y) € ¢, for y € a such that

S(ITri(2) N cil|z € ¢ — p~}()) is maximal.

Define z := p~!(z) and for y € ¢ — {z} define ¢(y) := Tr}(y) Nc1. Choose cycle free
frames Ky <y hc(y) for y € ¢ — {z} and choose sets {c!|z € ¢(y)} € A which recognize
(Ky <y hey)) in H with ¢ C ¢, for y € ¢ — {z} and ¢ C¢; for z € c(y). Let

a; :=c; N{Cich|z i p(y),y € c — {z},i < n}.

Define H! := Hy with d := a, U (J{c}|y € ¢ — {z}}. Consider the frame H}. It is tedious
but easy to show that {a, N Tr4,(2)} U {cy N Try,(2)|ly € c — {2}} recognizes h. in M.
But then h. € Fr(Sf(H)) and ||h¢|| £ m and this contradicts to H € HJ'.

Claim 3. For all H € H} and z € h such that z has more than 2m successors there
exists a set b C T'r}(z) with |b| > m such that H, € H for all points y € b.

Proof. Suppose that there is an H € H™ and a point z € h such that |Tr}(z)| > 2m
and |¢| < m for ¢ := {y € Tri(z) — {z}|H, € HT}. Take a set b C Tri(z) — ({z}Uc)
with |b| = m such that H, ¢ H} for y € b. Then choose a set ¢; 2 ¢ with ¢; € A and
z ¢ ec1,e1Nb=0. Let H! := Hj—,. Consider M. = (g, B). Then ||g,|| < m for any point
y € g with y # z and Tr)(z) > m. We have H; € H] and obviously {z} € B. Now
II{z}, llg = {z}|| £ m and therefore, by Claim 2, ||H1|| < m. We have a contradiction.

Now suppose that there is an n € w with J{H}}|m € w} # 0. Let N be minimal with this
property. We show that HF; # 0 leads to a contradiction.

Claim 4. Let H € HY; and z € h with z4;z for an ¢ < N. Then there is a set a € A
with z € a and ||a|| £ m.

Proof. Let z € h and z4;z. Choose a € A with z € a and a N O;a = 0. Suppose that
lla]] £ m. Then H, € HY; and H, | O;1. Let H, = (h,,(<;l¢ < n), B). It follows
immediately that (hq,(<;|j < n,5 # ), B) € Hj_,, which contradicts the assumption
that N is minimal.

Claim 5. There is an m € w and H € HY with 1 € Rfr(@NT).

Proof. Suppose that the claim is false. Then choose H € H}} with

M := maz{||b|| € w|b € A,b+# 0} minimal.
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It follows from Claim 3 that there is an z € h such that there is a set b C Tr}(z) — {z}
with |b| = m and H, € HT for all y € b. It follows that H, £ @VT for y € b. Hence, by
Claim 4, there exist sets a, € A with ay N hy # 0 for y € b and |[[a,|| < m. Take a k € w
with Trf(y) Nay # 0 for y € b. Now define for y € b by induction:

do(y) := U{O:ali < N} - ay.
di1(y) 1= U{0ud;(9)li < N} - ds(v).

We have bU {z} C d := U{a,ly € b} U U{d;(¥)ly € b,5 < k + 1}. We check that
ldj(y)ll < m forall j < k+1and y € b. Suppose that this is shown for all j < n and
suppose that ||d,(y)|| £ m; we assume that n > 0; the step n = 0 is proved analogously.
Then it follows from the definition of M that thereis a ¢ C d,,(y) withc € A and ||c|| =
Take a z; € ¢ with |Tr}(z1)N¢| = M. Now there is an ¢ < N and z; € d,_1(y) with
21 < z3. But then ||d,—1(y)Uc|| £ m by Claim 2 and ||d,,.—1(y)Uc|| £ M. This contradicts
to the definition of M.

It follows again from Claim 2 that ||d|| < m. But this is false, since bU {z} C d. We have
a contradiction.

Define K7 := HR N Rfr(®NT).

Claim 6. There are m € w and X € K}, with
(+) for all points z for which there is a y with z 4 y and y4 = there is a set a € A with
z € a and ||a|]| < m.

Proof. Suppose that there is no such M. Let H € K%.. Take z,y and 4o < N withz <, y
but y4 z such that z is a counterexample for (+). Then take sets ag,bp € A,z € ao,
with a9 — O;bp = h and bp N Cjap = @ for j < N. We have |lag|| £ m. Hence
we can choose i; < N and z1,y; € ap with z; <;, y1 but y14 z; such that z; is a
counterexample for (+) in H,,. Choose ay,b; C @ in A with z; € a; and @y — O;,by = h
and b N Oja; = @ for j < N. Again we have ||a;|| £ m. We go on in this way and get a
sequence by € A,k < m+1 with bpy1 — O bx = hand bpyNOjby =0 for k< 1,5 < N and
biNby = O for | # k. Take zx € bi for k < m+1 such that 2,41 <, zi for k < m+1. Let
b:= {zo,...,Zm41}. Clearly we have ||hs|| £ m and h, is T-cycle free. Hence h; Sf-splits
6oNT and @NT/5 h, is R-persistent. But then we have hy € Fr(Sf(?)). This contradicts
to H € Kjy.

Now let H € K} with property (+) such that M := maz{||b|| € w|b € A,b # 0} is
minimal. It follows from Claim 3 that there is an z € h such that there is a set b C
Tr)(z) — {z} with |b| = m and H, € K} for all y € b. Hence, by Claim 1 and property
(+) of H, there exist sets a, € A w1th ayNhy # 0 for y € b and ||ay|| < m. Take a
k € w with Trf(y)Na, # 0 for y € b. Define d i(y) as in the proof of Claim 5 and let
d := J{ayly € b} UU{d;(¥)ly € b,j < k + 1}. It follows as in the proof of Claim 5 that
ld]| £ M and ||d|| < m. Again we have a contradiction to the definition of M.

We prove strict Sf-fmp. Let A O ®" K.Alt,, and let A; € SN,, with Fri(A) = Fry(Ay).



5.3 The upper part of SN, 81

Suppose that A; C A. Then A; 2 ®"K.Alt; for all £k € w. It follows from H: = 0 for
k € w that there is a frame h € Fr(A,) with h £ ®"K.Alt,,. Hence there is a finite
subframe g of h with g £ ®" K.Alt,,.-

Corollary 5.3.4 All tabular subframe logics are strictly Sf-complete and have strict Sf-
Jmp.

Definition 5.3.5 Let C be a describable operation and let A be a C-logic. Then A 1s
C-pretabular if A is not tabular but all C-logics © D A are tabular.

The following proposition follows immediately from Zorn’s Lemma and the fact that tab-
ular logics are finitely axiomatizable.

Proposition 5.3.6 All non-tabular C-logics are contained in a C-pretabular logic.

With the help of the following easily proved lemma we get all desirable properties of the
upper part of SA,,.

Lemma 5.3.7 Suppose that A is a subframe logic such that there is a rooted frame
g € Fr(A) with |g| > m. Then A has co-dimension > m in SN,,.

Corollary 5.3.8 All Sf-pretabular logics have infinite co-dimension in SN,,.

Corollary 5.3.9 An n-modal subframe logic is tabular if and only if it has finite co-
dimension in SN,. For an n-modal tabular subframe logic A it is decidable whether
K.(¢%) = A.

Corollary 5.3.10 All Sf-pretabular logic have the fmp.

It is shown in BLOK [80a] that there are 2% pretabular logics above K4. This contrasts
to

Theorem 5.3.11 A monomodal subframe logic A not above K.Alt, for all n € w is an
Sf-pretabular logic iff A is one of the following logics: A € {G.3,Grz.3,55} or

1
A =Th(F) with Fy := { X<E: [n € w} or
n+l
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1
A = Th(Sf(F2)) with F := { ‘<: |n € w} or

n+l

o 1
A = Th(Sf(F3)) with F3:= { X<3: el In € w} or

1
A = Th(Fy) with Fy := { ‘<: In € w} or

n+1

1
A = Th(Sf(Fs)) with F5:={ '<: |n € w} or

n+1

1
A = Th(Sf(Fs)) with Fg := { x<: |n € w} or

n+l

1
A = Th(Sf(F7)) with F7 := { x< |n € w} or
n+1

1
A = Th(Sf(Fs)) with Fg := { ‘< [n € w}.

n+1

Proof. It is easy to prove that all the defined logics are Sf-pretabular. Now suppose that
A is Sf-pretabular and A 2 K.Alt, for all n € w. We know that A has the fmp. The proof
is based on the following easily checked observation

Observation. Let ({gn, <n))new be a sequence of finite frames with |g,,| > n forall 7 € w.
Then there is a sequence ((Am, Tm))mew With |hy| > m for all m € w such that all (h,., Tm)
are subframes of a frame (g, dy) for an n € w and

(1) 74 = @ for all m € w or
(2) T = {(z,2)|z € hy,} for all m € w or
(3) (hm>Tm) =~ ({0,...,m}, 8p,) with s, 2< for all m € w.

A has fmp and A 2 K.Alt, for all n € w. Hence there is a sequence ({(gn,<An,Zn))new
with A = Th(Sf({gnln € w})), Ign] > n and g, = T'r} (z,) for all n € w.

Case 1. There is a sequence (A, )me. Of subframes of (g, — {z,}, 4,), n € w, with property
(1). It follows immediately that A is one of the logics Th(F,), Th(Sf(F2)), Th(Sf(Fy)) or
Th(Sf(F)).

Case 2. There is a sequence (A )mew Of subframes of (g, —{zn}, 9n),n € w, with property
(2). It follows immediately that A is one of the logics Th(Sf(F3)), Th(Fy), Th(Sf(Fs)) or
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Th(SS(Fs)).

Case 3. There is a sequence (h,,)meo of subframes of (g, — {z..},<n),n € w, with
property (3). In this case A = Th(Sf({{{0,...,m},sn)|m € w})) with s,, 2< for all
m € w. Consider the sequence (({0,...,m},sm— <))mew-

Case A. There is a sequence (fm )mew of subframes of ({0,...,m}, s;— <), m € w, with
property (1). Then we have A = G.3.

Case B. There is a sequence (fy)mew of subframes of ({0,...,m},s,— <), m € w, with
property (2). Then we have A = Grz.3.

Case C. There is a sequence (f)mew Of subframes of ({0,...,m},s,— <),m € w, with
property (3). Then A = Th(Sf({({0,...,m},<dm)|m € w})) with 4, 2< U > for all
m € w. Hence A C S5. But then A = 55.4

It follows that there are exactly 7 Sf-pretabular logics above A'4 and that an Sf-pretabular
logic A is above K.Tr, if and only if it is above K.T'r, for an n > 1 if and only if it is not
above K.Alt, for all n € w. Let us note that is easy to show that there are at least Rq Sf-
pretabular logics above K.Alt;. We conjecture that there are precisely Ro Sf-pretabular
logics in A but lack a strict proof.

Corollary 5.3.12 There ezist Sf-pretabular logics which are not pretabular.

Proof. Th(Sf(Fz)) is not pretabular. -

The following theorem shows once more the fundamental role of the logic G.3 for investi-
gations on strict Sf-completeness.

Theorem 5.3.13 All monomodal Sf-pretabular logics not equal to G.3 are strictly Sf-
complete.

Proof. We know that all subframe logics above K.Alt, for an n € w are strictly Sf-
complete. Further it follows from Theorem 4.4.1 that G.3 is the only non-strictly .Sf-
complete logic above K4. Hence it remains to show that the logics Th(Sf(F;)) with
1t = 5,...,8 are strictly Sf-complete. Let A be one of these logics. Clearly we have
ADK. B, K /By . Define 75 := ({0, 1,2,3},<). Now K.B; is connected and therefore
(T3) defines an iterated Sf-splitting of K.B; such that © := K.B, /¥ (T3) is R-persistent.
We have A O ©. It should be clear that V(O) is a locally finite variety and it follows
that all extensions of © have the fmp. Now O is an iterated Sf-splitting of K by finite
frames; hence, all subframe logics above © are iterated Sf-splittings of K by finite frames.
It follows that all subframe logics above © are strictly Sf-complete.—
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5.4 Tense Logics

A bimodal logic A is a tense logic if A D K3.t. We denote the modality 0;(02z) by O(07).
For a monomodal formula ¢ the translation of ¢ into the language with O+ (0~) is denoted
by ¢t(¢~). For a monomodal logic A define A*.t := (A& K).t and A™.t := (K o0 A).t.
A*.tis called the minimal tense extension of A. A bimodal frame H = (h, <1, <2, A)
is a tense frame if <; = 43 1 Hence in a tense frame the relation <, which will be
denoted by <%, uniquely determines the relation <1, ( denoted by <~) and vice versa.
In a tense frame the operation O; (O2) is denoted by O* (0O~). Let H = (h, <, A) be a
monomodal frame such that {z € h|Vy : y<d z = y € a} € A for all a € A. Then the
tense extension H* of H is defined by

H! := (h, 4%, 497, A), where 4t := q and 47 := gL

It is worthwile to note that one has to take some care by switching between tense frames
and monomodal frames: Clearly for every Kripke frame (kh, <) the structure (h,<,<~!)
is a tense frame, but for a general frame (h, <, A) the structure (h,<1,<~!, A) need not
even be a frame. The existence of such a monomodal frame follows immediately from the
next theorem and the fact that there are non strictly Sf-complete logics above K4. The
1-projection (2-projection) of a tense frame H is denoted by H* (H™). For a class of
tense frames K let Kt denote the class of 1-projections of the frames in K. For a tense
logic A let Fr*(A) denote (Fr(A))*. The 1-projection of A is denoted by A;. Note that
Fr*(A) C Fr(A4) but that equality does not necessarily hold. A p-morphism between
tense frames is called a t-p-morhism.

It is easy to check that the map ( ).t : SK — SK.t,A — A*.t, is a \/-homomorphism.
KRACHT [92] assumes that this map is injective or equivalently, that (A*.t)y = A for all
A € SK. It follows immediately from the following theorem that this is not the case.

Theorem 5.4.1 For all subframe logic A above K4
{0 € SK|(0*.t)y = A} = Fnsk(A).
Especially we have that {© € SK|(0%.t); = A} = {A} iff A is strictly Sf-complete.

Proof. First note that Fr((©*.t);) = Fr(©) for any monomodal logic ©. Hence
(@*.t)4 = O if © is complete, especially if © is a subframe logic above K4. The in-
clusion "C” follows immediately from this observation. Now suppose that (©+.t), # A
but Fr(A) = Fr(©). We first show that ©+.t DO K4.t: Suppose that this is not the
case. Then there is a refined non-transitive tense frame X with H = ©+.t. Now any
g € Fr(©%.t) is transitive because Fr(A) = Fr(©). Hence O%.t N K4.t is a subframe
logic not equal to K'4.t with the same frames as K4.t. But this is impossible since K4.t is
strictly Sf-compete above K.t.
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Hence (©%.t); is a subframe logic above K4 with Fr((©%.t);) = Fr(A). But then both
logics are equal since they are complete.-

It follows from Theorem 4.4.3 that for all subframe logics A with K4 C A C G the
cardinality of {@ € SK|(@t.t); = A} is 2%, Let us state the main theorem of this
chapter.

Theorem 5.4.2 Let A be a monomodal subframe logic above K4. Then the following
conditions are equivalent:

(1) At.t is strictly Sf-complete above K.t.

(2) A*.t is an iterated Sf-splitting of K.t by finite frames.
(3) A*.t is an iterated Sf-splitting of K'4.t by finite frames.
(4) At.t is strictly Sf-complete above K4.1.

(5) A is elementary.

(6) A*.t is elementary.

Before starting the proof let us note some consequences. One conclusion of our investiga-
tion on strict Sf-completeness in monomodal logic was that there is no direct connection
between this concept and other concepts of modal logic. The situation in tense logic is
completely different. The theorem states that at least for a quite natural class of tense
logics strict Sf-completeness is equivalent to some well-known concepts of modal logic,
namely to elementarity and therefore, by Theorem 3.1.5, to compactness. The following
theorem will follow immediately from the proof of Theorem 5.4.2 and Proposition 5.1.3.

Theorem 5.4.3 Let A be a monomodal subframe logic above S4. Then the conditions
(1), ..., (6) are equivalent with K.t replaced by K2 and K4.t replaced by S4.t.

Note that in presence of Proposition 5.0.3 we cannot replace K.t by K; in Theorem 5.4.2
because a logic A € SK;.t with Ay C G.3 is not strictly Sf-complete above K.

Corollary 5.4.4 For any two elementary subframe logics Ay, A, above K4 the tense logic
AT .A7 .t is an iterated Sf-splitting of K.t by finite frames. If Ay D S4 then A} .A7 .t is an
iterated Sf-splitting of K, by finite frames.

It follows from the results concerning connected logics that any reasonable elementary
subframe logic above K4.t is an iterated Sf-splitting of K3.t by finite frames.

For the proof of Theorem 5.4.2 we need some concepts well-known from the study of logics
above K4. Suppose that G = (g, <) is a transitive frame. A set U C g is called a cluster
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if U = {z} and z4 z or U is maximal with the property Vz,y € U : z a4 y. A cluster U is
called degenerated if U = {z} and z4 z; U is called simpleif U = {z} and z a4 z. A
cluster U is proper if |[I/| > 1. We can extend the relation < to clusters in the following
way: For z € g and clusters Uy, U define (1) z 4 U, if there is a y € U; with z 4 ¥, (2)
Uy < z if there is a y € Uy with y 4 z and (3) U; q U; if there are z € U; and y € U,
with £ 4 y. Let CI(G) denote the set of clusters of G. Then it is easy to check that
Clu(G) := (Cl(G), <) is a T-cycle free frame. If G is finite we define the depth of z € ¢
by dpg(z) := dpciu(g)(U), where U is the cluster with z € U.

Again we have to manipulate some frames. Suppose that G = (g, ) is a finite transitive
frame, that U is a cluster in G and that H = (h,<q%,< ™, A) is a transitive tense frame
with AN g = @. Then the substitution of U by H in G is defined as follows.

G[H/U) := (g[h/U],s*,s~, B) with

glh/U) :=(g-U)Uh.
s:= (rHUxU))uau{(z,y)lz € g-U,y € h,z r U}U{(z,y)|z € h,y € g=U,U r y}.

B:={aUcla€ A,cCg-U}.

Lemma 5.4.5 G[H/U] is a transitive tense frame. G[H /U] is descriptive if H is descrip-
ttive.

Proof. Transitivity is clear. G[H/U] is a frame if B is closed under N, —, 0% and ¢~
Closure under N, —, is obvious. We show closure under ¢&+. Closure under O~ can be
proved analogously. Let a € A and ¢ C g—U. Then O*(aUc) € Bif Ot(aUc)Nhe A
since G is a Kripke-frame. But O*(aUc¢)Nh = h if there is an z € ¢ with U r z and
O*(aUc)Nh = Ofa otherwise. The proof of the second claim is straightforward.

If this causes no confusion we will also write G[H/U] for the monomodal and transitive
frame (g[h/U]), s*, B).
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5.4.1 Descendants and Variants

In this chapter we define variants and descendants of finite transitive frames. Both con-
cepts were introduced in FINE [85], but there are essential differences to our definition.
First FINE’s definition of descendants is not weak enough, even for the results proved
in this paper. Second we need an induced partial order <. on the finite frames without
strictly ascending chains to prove Theorem 5.4.2. This is the reason why we have to iterate
the process of forming descendants and variants and thus get a closure operator on the
finite transitive frames. Besides of FINE’S paper [85] the exposition is also inspired by M.
ZAKHARYASCHEV’S [92a] investigation of elementary confinal subframe logics above A'4.
In the following two sections we only deal with monomodal transitive frames.

Let G = (g,r) be a finite transitive rooted frame and U € CI(G) and let Img(U) denote
the set of immediate predecessors of U in Clu(G). Suppose that |Img(U)| > 1. Then a
transitive Kripke frame F = (f, s) is an immediate descendant of G by replacement of
U if there are two clusters U3, U, € Img(U) and two sets V;,V, C f such that

(1) f=(g-U)UWV U V.

(2) V4 and V; are clusters in F isomorphic to U and V;4 V; for i # j.
(3)Forallz,yeg-U:zryszsy.

(4) UysVh,UasV, and Uy £ Vo, U; 4 V4.

(5) For U' e CI(G),U'# U and i1 = 1,2: V;sU' & UrU'.

(6) For U' e CI(G),U'# U and i = 1,2: U'sV; = U'rU.

(7) For U’ € CI(G),U' # U: If U'rU then there is an i with U’sV;.

Note that, by (1),(2),(3), the clusters in F are (CI(G) — {U})U {W;, V»}. Hence (4) ... (7)
are well-defined. We sometimes write ¥ = G[{V}, V2}/U]), but note that F is not uniquely
determined by G,U,V; and V,.

Now define operations D; for j = 1,2,3by F € Do(G)(D1(G), D2(G)) iff F is an immediate
descendant of G by replacement of a degenerated (simple, proper) cluster. The following
figure illustrates the definition of immediate descendants. The frames to the left of a frame

/K= K
N

<

are its immediate descendants.
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A function
7 :{(G,U)|G € Frs(K4) rooted, U € CI(G) non-degenerated } — w — {0}

is called a cluster valuation. Now let G be a finite, rooted and transitive frame, let
U € CI(G) be non-degenerated and v a cluster valuation. Remember the definition of
T = ({0,...n — 1},<) and define 7,7 := ({0,...,n — 1}, <). Then
G[T:/U},n:=v((G,U)), is an ir-immediate variant of G by application of y to U.

If U is proper then

G[T2/U),n:=v((G,U)),is an r-immediate variant of G by application of 7 to U.

We define operations V,j and VJ on the class of finite and transitive frames by

F € Vi(G) iff F is an ir-immediate variant of G by application of 7.
F € VI(G) iff F is an r-immediate variant of G by application of .

Let D := {Do, Dy, D;} and V, := {Vi,VI}. For H C D := {Do, D1, D;,V;,VI} and
n € w define

FR(G) := U(WiW,.. . Wy (G)IW; € H for i < n}

Definition 5.4.6 Let v be a cluster valuation, G be a finite rooted transitive frame and
H C D.,. The closure of {G} under H is Fy(G) := U{FF(G)In € w}. The strict closure
of G under H is Fj(G) := U{FF(G)|1 < n € w}. The set of descendants of G is F},(G).
The v-closure of {G} is F(G) := Fp,(G) and the strict y-closure of G is F7(G) :=
D.,(G). A set of finite rooted frames F is y-closed if F,(F) := U{F,(§)IG € F} CF.

It is easy to check that for any cluster valuation v the operation F, is a closure operator
on the set of finite rooted frames and that F3(G) is 7-closed for all G. Define relations <.,
and <, on the finite transitive frames by ¥ <., G iff G € F,(F) and F <, Giff G € F;(F).
It follows that

<, is a partial order without infinite strictly descending chains.
Any G has only finitely many immediate successors (because F,}((}) is finite).

<. is the strict partial order corresponding to <.

Proposition 5.4.7 For any cluster valuation y and any G the set (F,(G),<,) contains
no infinite strictly ascending chains.
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For the proof of this proposition we need some more notations. For G, € W(G),W € D,,
there is a cluster U € CI(G) such that G; = G[S/U] for an S € {{W;,V2},7;},7,;’}. Fora
sequence (G;)i<n With Giy1 € W(G;), W; € D, for i < n, we define by induction whether
the occurence W; is weakly applied to U € Cl(Go):

We say that Wy is weakly applied to U € Cl(Gp) if Gi = Go[S/U] for a suitable 5. W; is
weakly applied to U € Cl(Go) if there is an i < j such that Giy; = G;[S’/V] and W; is
weakly applied to U and Gj4+1 = G;[S”/V’] for a cluster V' in §’. Note that any occurence
W; is weakly applied to precisely one cluster in Go. We will sometimes use the term applied
instead of weakly applied.

Claim 1. Let G, C G be a generated subframe of G and let G, € W1(G1),G1 € Wo(G),
where Wy, W; € D.,, Wy is applied to a cluster in b and W, is applied to a cluster in g —b.
Then there are a cluster valuation 7’ equal to ¥ on F,(G;) and W{, W, € D.,s of the same
type as Wo, W such that there is a G; with G € W[(G), G2 € W{(G}]) and W] is applied
to a cluster in g — b, W{ is applied to a cluster in b.

Proof. Easy but tedious.

Let G, be a generated subframe of G. Then Claim 1 tells us that we can first apply
operations in D., to clusters in g — b and then apply these operations to clusters in b. Now
the following claim follows by induction.

Claim 2. Suppose that (G;)e. is an infinite sequence with G;4, € W;(G;),W; € D,, and
let F be a generated subframe of G. Further suppose that only finitely many occurences
of W; are weakly applied to clusters not in F. Then there is a cluster valuation 9’ and an
infinite sequence (G})ie. With G, € W/(G!), W] € D, so that F is a generated subframe
of G} and any W] is weakly applied to a cluster in F.

Claim 3. For any G and cluster valuation 5 the set (Fp(G),<,) contains no infinite
strictly ascending chains.

Proof. By induction on dp(G). The case dp(G) = 0 is trivial. Assume that the lemma is
shown for all ¥ with dp(F) < n and that dp(G) = n + 1. Let F := G, with
b:= {z € g|dpg(z) = 0}.

Then Gy_; has depth n. (Remember that the definition of depth is not the one usually
used for transitive frames. A point has depth 0 iff it has no strict successor. Hence our
definition of depth does not distinguish between irreflexive and reflexive points.) Suppose
that there is an infinite strictly ascending chain in Fp(G). Then there is a sequence
(G)iew with G, € W/(G!),W! = Dj,j = 0,1,2. By induction hypothesis, only finitely
many occurences of W/ are weakly applied to G,_;. Hence, by the claim above, there is a
chain (G;)iew, Git+1 € Wi(Gi), W; € D, so that F is a generated subframe of Gy and any W;
is weakly applied to a cluster in F. Then the following holds for all ¢ € w and U € CI(G;) :

(i) ¥ U € Cl(Gi1), then [{U’ € CUG)|U' «g, U} > HU' € CUGir)IU' <g,,, U}

(ii) i Giy1 = Gi[{V4, V2}/U], then |{U’ € CU(G:)|U'ag, U} > {U’ € CUGi1)|U'<g,,, V5}|
for3=1,2.
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(ii) follows from the definition of a descendant and (i) follows from the fact that a
U € Cl(G;) with Giy1 = Gi[{V4,V2}/U] has no strict successor in G;. Hence there is
no U € CI(F) such that infinitely many occurences W; are weakly applied to U. This
contradicts to the fact that all W; are weakly applied to a cluster in F. -

Claim 4. For any G and cluster valuation 7 the set (F(p, p,vi}(¢),<y) contains no
infinite ascending chain.

Proof. By induction on dp(G). The case dp(G) = 0 is trivial. Let dp(G) = n + 1. Define
F as in the proof of Claim 3. Again by induction hypothesis and the corollary above we
have: If there is an infinite strictly ascending chain in F§ Do,Dl,V.;'}(g ), then there is a cluster
valuation 7’ so that there is a chain (G;)iew, Gi+1 € Wi(Gi), with W; € {Do, Dy, V,,f,} and F
is a generated subframe of Go and any W; is weakly applied to a cluster in F. If W; = V,;',
is applied to a cluster U in G;, then D; cannot be weakly applied to this cluster afterwards
and the number of clusters to which D; can be applied does not increase. Hence, by Claim
3, D, occurs only finitely many times among the W,. From this follows that V,j, occurs
only finitely many times. But then, again by Claim 3, even Dg occurs only finitely many
times. We have a contradiction. -

Proof of Proposition 5.4.7. By induction on dp(G). The proof is anologous to the proof of
Claim 4. Let us start for the induction step with a cluster valuation 4’ so that there is a
chain (G;)iew, Gi+1 € Wi(G:), W; € D.y, such that F is a generated subframe of Gy and any
W; is weakly applied to a cluster in F (F defined as above.) Now it follows immediately
from Claim 3 that D; occurs only finitely many times and therefore that even V, occurs
only finitely many times. Hence there is a j € w with W; € {Dy, Dy, V,:,} for all i > j.
This is a contradiction to Claim 4.4

By an easy extension of Kénig’s Lemma we get

Corollary 5.4.8 For any cluster valuation v and finite and rooted transitive frame G the
set F,(G) is finite.

Lemma 5.4.9 Let F be a descendant of G. Then G is a p-morphic image of F.

Proof. Clearly the lemma follows if it is shown for immediate descendants. So let
F = G[{Vh,V2},U]. Take maps p; : V; — U,i = 1,2, onto U and define p : F — G by
p(z) := z for z € g — U and p(z) := pi(z) for z € V;,7 = 1,2. It is readily checked that p
is a surjective p-morphism.-

Lemma 5.4.10 Let U € CIl(G) be non-degenerated. Then G is a p-morphic image of both,
Gl{w, <}/ U] and G[{w, <)/ U].

Proof. Let U = {zq,...,Zm-1}. Define p: G[(w,<)/U] — G by p(z):=zforz € g-U
and p(mn + k) := z4 for n € w,0 < k < m — 1. pis a surjective p-morphism. The case
G[(w,<)/U] is considered analogously.
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Let G = {(g,r) and b C g. Then b is downward closed in G if
Vz,y€g:zry,yeb=>z €b.
If Uy, U, are subsets of clusters U], U}, then we write UyrU, iff U{rUj.

Lemma 5.4.11 Let G = (g,r) be finite, a C g be downward closed in G,a # 0. Let
UecClG),Una=0, with Img(U) = {Uh,...,Us} C Cl(G,). Further let F = (f,s) be a
transitive frame with f = (g—U)UV1U...UV,, n > 1, and (U,r) ~ (V;,s) for i < n and

(1)Vz,y€ g—U:zry & zsy.

(2) Vi 4V, for i # .
(8)Vzeg-UyeVy,i<n: ysz & Urz.
(4)Vzeg-Uy€eV,i<n: zsy=>zrl.
(5) Vi < k35 < n: UisV;.

(6)V; <nIi<k: Ui §V,.

Suppose that there is no proper subset I of {1,...n} such that ((¢ — U) UJ{Vili € I}, s)
has property (5). Then there is a p-morphism from F onto a descendant of G.

Proof. Let F have the required properties. First there are ¢,j < k such that we have for
all I < n:UisVi = U; gVi. For suppose that this is not the case. Take a U; such that
Ui #V1. Then for all j < k there is an m < n,m # 1 with U;sV,,,. Hence

{(9 = U)UU{VmIm < n,m # 1}, s) has property (5).
Now take i,j < k such that for all I < n : UisVi = U; AV; and take W, V,, with
UisVi,UjsVy. Let V1= J{V;,|UisV;, }, V2 i= U{V;,|U;sV;, } and
V3= U{V;,|U;i #V;,,U; #V;,} and define Fy = (fy,81) by f1:= (g - U)UV, UV, and

s = (Vi lir < n,51 # m, 1})?
{(z1,22)|z1 € a,z; € V},3y € V! : 215y}
{(z1,22)|z1 € a,z2 € Vy,Iye VU V3 1 z18y}

$1

cC C

Now it can be checked that F; is of type G[{V}, V;,}/U] and therefore is a descendant of
G. Defineamapp: F — Fibyp(z) =zforz € (g-U)UViUV, and p(z) € V;
if z € V! and p(z) € Vi if 2 € V2U V3. Clearly we can define p in such a way that
plVi] := {p(z)lz € Vi} = Vifor V; C V! and p[V}] = V,, for V; C V1 U V2. It can be
checked that p is a surjective p-morphism.—



92 5 SF-COMPLETENESS IN POLYMODAL LOGIC

Lemma 5.4.12 Let v be a cluster valuation, G = (g,r) be finite with root 0 and h =
(h,<1). Let {b; C hlz € g} be a set with Vg[bz|z € g] = h,bop # @ and let a C g be
downward closed in G and b C h with p : hy ~ G, so that (Go ~ hy) is recognized by
{bs|z € a}. Further let U € CI(G),UNa = 0, with Img(U) = {U1,...,Ux} C Cl(Ga).
Define n := v(G,U) and by := |U{bz|z € U}. Then h is subreducible onto an F € F,*(G)
if one of the following conditions is satisfied:

(Ezt) There is no set ¢ C h with Gouu = hpue so that (Gauvu ~ hyue) 1s recognized by
{bz|z € aL U}.

(R-Om) U is proper and for any V = p"’(U ),i < k, there is a chain of reflezive
points {yi 4 ... yi} Cby withV qQ 3} .

(Ir-Om) U is non-degenerated and for any V = p° =1(U;),1 < k, there is a chain of
irreflezive points {yi 4 ... 4 y.} Cby with V q y}.

(Cl-Om) b # O and there are sets ci,...,¢; C by,l > 1, with (c;,q) =~ (U,r) and
(a) cidhc; for all i # j,

(b) for all i < k there is a j < 1 with p~(U;) 4 ¢,

(c) for all j <1 there is an i < k with p~ (U;) 4 c;.

Proof. Define V; := p~}(U;) for i < k.

Suppose that (Ext) holds. Let a,,...a, C by be a minimal set such that a; N b, # @ for
all i <m,z €U and

(a) for all ¢ < k there is a j < m such that a; C O~V;,

(b)forall i # j: CajNa; =0,

(c) for all j < m either (i) (aj, <) ~ U or (ii) (aj,d) =~ (w, <) or (iii) (e;,d) =~ (w,<).
The existence of such sets follows from the fact that Vg[b:|z € g] = h. Clearly m < k.

Case 1. m = 1. Then, by condition (Ext), a; is an infinite chain of reflexive or irreflexive
points and U is non-degenerated. (i) a; is a chain of irreflexive points. We proof that h
is subreducible onto F = G[T,7/U]. Take {yod ... yn-1} C a; and define c; := b, for
z€g—(aUU),c; :=p~(z) for z € a and ¢; := {y;} for i < n. It is easy to check that
Vrlcz|z € f] = h. Hence h is subreducible onto F. (ii) a, is a chain of reflexive points.
Then, by condition (Ext), |U| > 1. In this case h is subreducible onto G[Z,?/U].

Case 2. m > 1. Define a frame F = (f,s) by f:= (¢ - U)UU;...u Uy, with |U]| = |U|

8

r—(UxU)
{(m,¥2)ln1 € a,y2 € U},p”}(11) € Ca;}

{(n,9)ln €Uj,y2€9-U,Ury}
{(»1,¥2)ln1,¥2 € U/, U non-degenerated}.

CcC C C

Now define ¢, := p~!(z)forz € a, ¢, := b, for z € g—(aUU) and let for i < m {c,|z € U!}
be a partition of a; with ¢; C O¢y for z,y € U/ if U is non-degenerated. It can be checked
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that Vrc,|z € f] = h. It follows from Lemma 5.4.11 that there is a descendant of G
which is a p-morphic image of F. Hence h is subreducible onto a descendant of G.

Suppose that (R-Om) holds. We show that & is subreducible onto F := G[7;?/U]. Define
d = {y;lj < n,i < k}andlet ¢ := b, forz € g—(aUU),c, :=pYz)ifz €a
and ¢; := {y € d|dpn,(y) = n— 1~ 1} for i < n~ 1. Again it can be checked that
Vrlelz € fl=h.

Suppose that (Ir-Om) holds. Then the argumentation is as in (2), but reflexive points are
replaced by irreflexive ones. This time & is subreducible onto G[7,7/U].

Suppose that (Cl-Om) holds. We assume that ¢;,...,¢ is minimal with the required
properties, especially that ! < k. Define F = (f, s) by
f=(@-U)Uc...U¢ and

r—(UxU)
{(y, 92)l1n Q y2, 91,92 € i, i < 1}

{(31,92)lm € a, 92 € ci,p™ (1) < 12}
{(yl’y2)|y1 € ¢, Y2 € g - U? Ur 112}

S

CcC C C

Define d; := p~}(z) forz € a,d, := b, forz € g~ (aUU),d;:= {z} forz €1 U...Ug.
It can be checked that Vx[d.|z € f] = h. Again, by Lemma 5.4.11, F is subreducible onto
a descendant of G. Hence h is subreducible onto a descendant of G. 4

Corollary 5.4.13 (Extension Lemma) For any cluster-valuation v, finite G with root
0, h € Fr(K4/¥ F;(G)) and {b: C h|z € g} with Vglb.|z € g] = h,bo # 0: Ifq: hy ~ G,
for a downward closed a C g is recognized by {b;|z € a} then there arec D a andg: h. ~ G
such that (h. ~ G) is recognized by {b.|z € g}.

Proof. his not subreducible onto an F € F;(G). Hence the corollary follows by induction
from Lemma 5.4.12 (Ext).

Corollary 5.4.14 For all cluster valuations v and finite G with root 0 and all
he Fr(K4/SfF;((])): h is subreducible onto G iff G C h.

Proof. The direction from right to left is trivial. Now suppose that h is subreducible
onto G. Then there exists {b, C h|z € g} with Vg[b.|z € g] = h and b # 0. Now the
lemma follows from the Extension Lemma applied to a = b = 0. -
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Corollary 5.4.15 Let F,G be finite and rooted frames. Then F is subreducible onto G
iff there is a Gy € Fp(G) with G, C F.

Proof. The implication from right to left follows from Lemma 5.4.9. Now suppose that
F is subreducible onto G. Then, by Corollary 5.4.14, for all cluster valuations v there is
a Gy € F,(G) with G; C F. Take a v such that y(G;,U) > |F| for all G; and U € Cl(G,).
Then Fo(G) N {Gil|G:| < |FI} = Fp(G) n{Gil|G| < |F|}.A
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5.4.2 Subframe logics above K4 (IV)

Let us note the main consequences for subframe logics above K'4. The following theorem
is essentially a reformulation of theorems known from FINE [85] and ZAKHARYASCHEV
[92a].

Theorem 5.4.16 For all subframe logics A above K4 the following conditions are equiv-
alent:

(1) A is elementary.

(2) There is a cluster valuation v with
Fv,(Fry(K4)— Fry(A)) C Fry(K4) - Fry(A).

(3) There is a cluster valuation v such that for all finite sets F of rooted frames
from A = K4/%F follows A = K4/% F,(F).

(4) There is a cluster valuation v and a 7-closed set of finite rooted frames F
with A = K4/5F

If (4) is satisfied by v and F, then Fr(A) = {h € Fr(K4)|F £ h for any F € F}.

Proof. (1) = (2). Suppose that there is no cluster valuation with the property required
in (2). Then there is a finite frame G [£ A and a non-degenerated cluster U € Cl(G) such
that (i) G[7,; /U] EAfor0 < n € wor
(ii) U is proper and G[T? /U] E Afor0 < n € w.

But then all finite subframes of G[(w,<)/U] are A-frames or all finite subframes of the
frame G[(w, <)/U] are A-frames. Now, by Lemma 5.4.10, G is a p-morphic image of both
of these frames. Hence Fr(A) does not have the finite embedding property. (2) = (3)
follows from Lemma 5.4.9 and (3) = (4) is trivial. For the implication from (4) to (1) let
h & Fr(A). Then h is subreducible onto a G € F. Take a maximal F in (F,(G), <) such
that h is subreducible onto . By Corollary 5.4.14, we have # C h. Hence A has the
finite embedding property. -

Our work on variants and descendants begins to pay off with the following theorem.

Theorem 5.4.17 All elementary subframe logics above K4 are aziomatizable by a set T
of formulas such that K4(¢) is an elementary subframe logic for all ¢ € T.

Proof. Let A = K4/5F be elementary. Clearly the theorem follows if there is a family
Ai,i € I, of elementary, finitely axiomatizable subframe logics with A = \/(A;|i € I).
Define for G € F Ag := K4/¥ F,(G), with v such that Fr;(K4) — Fr;(A) is 7-closed.
Fv(G) is finite and therefore Ag is a finitely axiomatizable and elementary subframe logic
and A = V(Ag|G € F). 4
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5.4.3 Proof of Theorem 5.4.2

Proof of Theorem 5.4.2. (5) <> (6). The direction from left to right is clear. For the other
direction note that Fr(A) = (Fr(A*.t)), which is an elementary class if Fr(A*.t) is an

elementary class.
(1) ¢ (4) and (3) & (2) follow from the fact that K4.t is an iterated Sf-splitting of K.t

by finite frames. Hence it remains to show (4) = (5) = (3) = (4).

(4) = (5). Suppose that A is not elementary. Then there is a finite rooted frame G = (g, 7)
with G ¢ Fr(A) and a non-degenerated cluster U € CI(G) such that

(1) G[T; /U] E Aforall n > 0 or
(ii) U is proper and G[7,7 /U] = A for all n > 0.

We assume that there is no proper subframe of G with these properties. Let (i) be the
case and |U| = m. Define a tense frame H := (h, 4%, <7, A) by

h:=wU{(0,n)]1 < n<m},

4 :={(0,n)]1 < n <mP U{(5(0,n))li € w,1 < n < m}U{(§,5)li,j € w,i <5}

and let A be the closure of

C := {aC h|a finite and (0,n) ¢ a forall 1 < n < m}
U {{njli € w}u{((0,n))}i1 < n < m}

under N and —. It is standard to check that H is a descriptive tense frame. H looks as

follows: 0o 1 2 n‘l-cluster

By Lemma 5.4.5, G*[H/U] = ((g— U) U h,s*,s™, B) is a descriptive tense frame.

Claim 1. G{[H/U] } A*.t.

Proof. Let U = {z1,...2y}. Define a set {b:|z € g} C B by b, := {z} forz € g— U and
b;, := {ijlj € w}u{(0,7)} for 1 < i < m. It is easy to check that Vg[b;|z € g] = (9—U)Uh.
Hence G{{H/U] i (OMVg — —po)* € At.t.

Define © := Th(Sf(G'[H/U]))).

Claim 2. Fry(©) C Fry(At.t).

Proof. Let F = (f,s*,s~) € Fry(©). Then F |= At.t if any rooted generated subframe

of F* = (f,s*) is a A-frame. Hence we may assume that F+ is a rooted frame. Let z be

the root of F. Clearly © is n-transitive for an n € w. Hence, by Corollary 3.1.11, there

exists a set {b-|z € f} C B with Vz[b;|z € fl]=(9—U)Uh and b, # 0. Now let
d:={z € flb. N {(0,m)|1 < n < m} # 0.
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Case 1. d = 0. Then there is an n € w with U{b.|z € f} C G![7,;/U] € Fr(A*.t). Hence
we get F € Fr(At.1).

Case 2. d # 0. Then we have b, C O*b, and b, C O~b, for all z,y € d. Hence d
is a subset of a non-degenerated cluster V in F*+. It follows immediately that there is
a cluster U/ in G with U'rU and b, N U’ # @ for z € V. Now it can be checked that
(¢ — U',r) is subreducible onto F+. Hence, by Lemma 5.4.15, there is an F; € Fp(F*)
with 7y C (g — U',7). If 71 € Fry(A), then F € Fr(A*.t). Suppose that 7, € Fry(A).
Then we have U N f; =: U" # 0. Hence Fi[7;;/U"] € Fr(A) for all n € w which is a
contradiction to the assumption that G is minimal.

Claim 3. Fr(0) C Fr(At.t).

Proof. Clearly Claim 3 follows from Claim 2 if all rooted frames in Fr(©)* are finite.
Let n € w be maximal such that .there is a cluster V in G with |V| = n. Then let
K := (n+1,n41xn+1). Clearly we have (0()V,: — -po)* € 0,(0MVy: — —pg)~ € 0.
Hence a frame in Fr(©)* contains no cluster with cardinality > n, no strictly ascending
chains and no strictly descending chains. Further it is clear there is a k € w with 1: € 0.
It follows immediately that any rooted F € Fr(0)* is finite.

Define A, := @ N A*.t. Then Ay € SK4.t,A; C A*.t by Claim 1 and Fr(A,) = Fr(At.t)
by Claim 3. Hence A*.t is not strictly Sf-complete above K'4.t.

Now let (ii) be the case and |[U| = m > 1. Let H*® be the reflexive closure of H. It can be
checked that this is again a descriptive tense frame. Define © := Th(Sf(G[H*/U])). Now
the proof that A; := © N A.t satisfies Ay € SK4.t,A; C A*.t,and Fr(A,) = Fr(A*t.t)is
completely analogous to the proof above.

Before going on with the proof let us note that there is a crucial difference between the
formula Vg and the formula Vg for a finite rooted frame G € Fr(K4). This difference
reflects the fact there there are p-morphims p : H — G which are not t-p-morphisms from
H* to G'. We sometimes write V§ instead of Vg:. Let us also note that a set {a;|z € g}
which recognizes (i ~ G) in H = (h, <, A) does not necessarily recognize (A} ~ G*)in H'.
The proof of (5) = (3) is essentially a description of how to manipulate a set {a.|z € g}
which recognizes (2 ~ G) in H so that {a|z € g} recognizes (A ~ G*) in H'. It turns
out that such a manipulation is possible for H € Rfr(K4/% F3(G)).

(5) = (3) Let A = K4/S'F, F a set of finite rooted frames, and let 7 be a cluster valuation

with F,(F) C F. We proof by inverse induction on <. that the following holds for all
v-closed sets Fy C F:

(i) F% defines an iterated Sf-splitting of K4.t
(i) (K4/¥F).t = K4.t/5F}

Then we have for F; := F that F} defines an iterated Sf-splitting of K4.t with
Att= K4/5Fi.

Let G € F with root 0 and suppose that (i) and (ii) hold for F7(G). Now define
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0 := K4/¥ F;(G). © and O%.t are elementary subframe logics. Hence they are R-
persistent and Rfr(©%.t) = {H € Rfr(K4.t)|F* Z h for all F € F;(G)}.
©/5/G is elementary and therefore R-persistent and we have

Rfr(©/¥G) = {MH € Rfr(©)IG € h}.
It follows for all h € Fr(©%.t) : OV, Apy is consistent in h if and only if G T h. Hence
(i) and (ii) are shown for F,(G) if

(Rec) For all H € Rfr(©%.t) : If G' C h, then there is a set {b;|z € g} C A with
Vilbz|z € g) = h and bo # 0.

Let H = (h,<a%,<47,A) € Rfr(©%.t) and let G' C h. We will often write < instead of
at.

Claim 1. Let a C g be downward closed and let {b;|z € g} C A be a set with

(4) There is a ¢ C h such that h, ~ G* and so that {b.|z € g} satisfies (R O),(R €)
and (R N) for (h. ~ G*) in H.

Then there is a set {az|z € g} C A with

(i) if U € CI(G,) is non-degenerated and d C h with p: b} ~ G such that (h} ~ G)
is recognized by {a.|z € g} in H*, then
(i.1) there is no y € U{a-|z € U} with p~(U) < y and y4 v,
(i.2) if U is proper then there is no y € J{a:|z € U} with p~}(U) < y and
ydp (V).

(i) a C b, forall z € g.

(ii) Vglaz]z € g] = h and ao # 0.

(iv) Vz € a,y € a thereis a b C h with y € b such that h} ~G, and (h:' ~ G,) is
recognized by {a:|z € a} in H*.

Proof. The proof is by induction on |{Ci(G,)| for all downward closed a C g.

Let @ = @ and let {b;|]z € g} C A be a set with property (+). We prove by induction on
|CI(F)| for all generated subframes F of G: There is a set {a|z € g} C A with a, C b,
for z € g, (+) and

(a) Vrlaz|z € f] = h.

(b) For all U € CI(¥) and d C h with ¢ : A} ~ G and ¢(y) = z iff y € a, there

is no y € U{az|z € U} with ¢"}(U) < y and y4 y. If U is proper then there is no
y € U{az|z € U} with ¢"1(U) a4 y and y4 ¢~ (V).
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Suppose that {a.|z € g} C A has these properties for F. Let U be a cluster in G such
that all strict r+-successors of U are in f.
Case 1. U is degenerated. Then define d; := a; for z € g — U and

dz =ag N n{°+ay|$7‘3/}

for {z} = U. 1t is easy to check that {d:|z € g} has all the required properties for
(fuU,r). (For (4) note that for {z} = U we have O*e N e, =@ by (R O).)
Case 2. U is non-degenerated. Define n := ¥(G,U). Now takeasetd; C hand ¢; : h;’l ~G
with ¢;(y) = z iff y € a, for which there is a maximal chain

b= {1 9% ... % g} C Ufeslz € U}
of irreflexive points with y <t y; fora y € ql_l(U). By Lemma 5.4.12 (Ir-Om), we have
m < n. If b= 0 define al := a; for z € g . Otherwise choose a cycle free frame X’ with
(N <: hfy,) fora z € ¢7'(U) and

ezqryifzdyandzebUU,y€bd.
Now choose a set {c,|y € bU U} which recognizes (K < k) in H* with

® C-i() CazforzeU.

o ¢y ClU{az|lz €U} forallyec bU U.

Define al := a, forz € g — U and al := i) forz € U. {al]z € g} still has (+) and
the required properties for . But now we have for all V € CI({fU U,r)) and d C h with
q:h} ~ G and g(y) = z iff y € a} that there is no y € J{al|z € V} with ¢} (U)q y
and y4 y: Assume to the contrary that there is a d; C h, an isomorphism ¢, and a y
with these properties. Then g;(y) = z iff y € a, because al C a; for z € g. Further we
have y € € () for an z € U. Hence there is a chain {y; 4%t ... 4% y,.} C U{a:|z € U}

with y <+ 1. But then ¢;'(U)a*t yat ;1 a*... a4t y,,, which contradicts the
assumption that d; was chosen so that m is maximal.

If U is proper we still have to eliminate reflexive chains. The construction is analogous:
Take a set d C h such that ¢ : h}' ~ G with ¢(y) = z iff y € al for which there is a
maximal chain b = {y; 4t ... 4% yn} C {al|z € U} of reflexive points with y < y; for
ay € ¢"1(U). By Lemma 5.4.12 (R-Om), we have m < n. If U was not proper or b =
define a2 := gl for z € g . Otherwise choose a cycle free frame K with (K <, h{i,) for a
z€ ¢ }(U) and

ezdxyifzdyandz€dbUU,yeband z # y.

Again choose a set {cy|y € bU U} which recognizes (K <. h{ ;) in Ht with
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® cp1(y) Cazforzel.

e ¢, CU{allz€ U} foranyye bUU.

Then define a2 := a for z € g — U and a? := cy-1(;) for z € U. Again {aZ|z € g} still
has (+) and the required properties for 7 and we have for all proper V € CI((fU U,r))
and d C h with ¢ : h} ~ G and ¢(y) = z iff y € a2 that there is no y € U{a2|z € V} with
¢~ (U) < y and y< ¢~1(U). This is proved as above (by using that the irreflexive chains
are eliminated). Now define for z € U a set c; by

¢z := a2 N{Orad|zry}.
Define d, := a2 for z € g — U and define for an z, € U:
d-"-‘l ‘= ey n D+(1) n{cyx - O+Cy2|ylvy'2 € U}

For all y € U with y # z; define d, := ¢, N O~d,,. Then {d;|z € g} has (+) and all the
required properties for (fU U,r).

It follows for F = G that there is a set {az|z € g} C A with (i),(ii) and (iii). The condition
(iv) is trivial for a = 0.

Let a C g be downward closed and suppose that Claim 1 is shown for a. Let U € C!(G) be
such that Una = 0, {U1,...Ui} = Img(U) C a,and suppose that {b;|z € g} C A satisfies
(4). Define n := 4(G,U) if U is non-degenerated. We construct sets {a%|z € g}, < 10,
and finally get from {al®|z € g} a set {d:|z € g} which will have the required properties
for a U . We will frequently use the following principle which easily follows from the
Extension Lemma:

Extension Principle: Let {bilz € g} C A,i = 1,2, be sets with b1 C b2 for z € g and
Vglbilz € g] = h. Let p: hf ~ G, be recognized by {b1|z € a} in H*. Then there are
¢ 2 band p:h} ~ G such that (h} =~ G) is recognized by {b2|z € g} in H*+.

Claim 1.1 (C 1) There is a set {a3|z € g} C A with a2 C b for z € g and properties

(i) ... (iv) for a such that

(1) if U is non-degenerated then there is no chain of irreflexive points
{nnat...aty} CU{adlz € U},

(2) if U is degenerated then z 4 y for all z,y € J{a3|z € U}.

Proof of Claim 1.1. By induction hypothesis, there is a set {a.|z € g} C A which satisfies
(i) ... (iv) for a. Clearly {a:|z € g} satisfies (C1) if U is degenerated. Now suppose that
U in non-degenerated and that (C1) does not hold for {a;|z € g}. Then takea d, C h and
@ : hf ~ G with (k] =~ G) recognized by {a;|z € g} in H* such that there are chains
{vi at...a* 4l } C {as|z € U} of irreflexive points with ¢, (U;) a+t 4y} for i < k so that
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N := Y (min(n,m;)|i < k) is maximal.
We have N < kn, by Lemma 5.4.12 (I-Om). Define b; := {y}|i < k,5 < m;} and let
b:= b UU{g (Ui < k}UgT (V). Clearly 7 (U)Nby = 0.
The following picture shows an idealized
version of the situation. /

Now choose a cycle-free K with K < h;" such that
ezdxyifzayandz €b—g (U),y€ b uUgr(V).

(Note that A is not rooted. So, K < h;f is not defined so far; but the meaning should be
clear.) Then choose a set {c.|z € b} C A which recognizes (K < h}) in H* and

e ¢y, C{azlz € U} for y € b;.

® i) S8 forz € UImg(U)UU.

Now define al := a, for z € g— (UImg(U)UU) and al := €1 () ToT z € UImg(U)uU.
Clearly, {al|z € g} has property (4). Hence, by induction hypothesis, there is a set
{a%|z € g} C A with a2 C al and (i) ... (iv) for a.

Define a3 := a2 N N{O~a2ly € UImg(U)} forz € U and a3 := a2 forz € g - U.

We check (C1). It follows immediately from Lemma 5.4.12 (Ext) that {a2|z € g} still
satisfies (i) ... (iv) for a. Suppose that there is a chain of irreflexive points
{m<a*...a* g} C U{ad|z € U}.
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It follows from Lemma 5.4.12(Ext) that b; # 0. Let y; € a3. Now choose a U; € Img(U)
with m; < n and take a y € a2 with z € U; and y; <~ y. By condition (iv), there are a
set ¢ C h with y € c and p: h} ~ G, recognized by {a3|z € a}. By the extension principle
there is a set ¢ C ¢; and P : h} =~ G which is recognized by {a:|z € g} in H*. For any
p~'(U;) there is a chain of irreflexive points
{dat...qa*#,,} CU{ad|z € U} C U{aslz € U}

with p~1(U;) @t z]. But then N < Y (min(n,m;)|j < k,j # i) + n. A contradiction to
the assumption that ¢;,d; were chosen so that N is maximal.

Claim 1.2 (C2) There is a set {a3|z € g} C A4 with a3 D a? and property (C1) such for all
d C h with g : b} ~ G and (h} =~ G) recognized by {a3|z € g} thereis no y € U{a.|z € U}

with y < ¢71(U) and y4 y.

Proof of Claim 1.2. The claim is trivial if U is degenerated. Otherwise choose d; C h
and ¢ : h}’l ~ G recognized by {a2|z € g} in H* such that there is a maximal chain of
irreflexive points b; = {y1 4% ... 4% yn} C U{ad|z € U} with y,, a* ¢} (U). We have
m < n, by (C1). Define b := by U g7 (V).

Now choose a cycle free frame K <. h; (!) with
ezdxyifz<ad~yand z€b,y€b.
Choose a set {cy|y € b} C A which recognizes (K <. h; ) in H~ with

hd CvQU{azlzeU}

* ¢l Cazforzel.

Define al := C(z) for z € U and ag := a for z € g— U. Clearly {a}|z € g} still has



5.4 Tense Logics 103

property (+). Hence, by induction hypothesis there is a set {a3|z € g} with a? D a} and
(i) ... (vi) for a. It follows with the extension principle that {a3|z € g} has property (C2).

Claim 1.3 (C3) There is a set {af|z € g} C A with a8 C a® and property (C2) such that
there is no chain of reflexive points {y; 4% ... <a4% y2,} C U{a€|z € U}, if U is proper.

The proof is analogous to the proof of Claim 1.1. This time one has to use Lemma 5.4.12
(R-Om) and property (C2) of {a2|z € g}. Since we did not exclude chains of length < n
of irreflexive points in (C1) we get only the bound 2n for the reflexive chains.

Claim 1.4 (C4) There is a set {al|z € g} C A with a] C af and property (C3) so that
if U is proper then for all d C h with ¢ : AT ~ G and (h} ~ G) recognized by {al|z € g}
there is no y € J{az|z € U} with y <1 ¢71(U) and ¢~ (U)4 y.

The proof is analogous to the proof of Claim 1.2.
We are now ready to finish the induction step.

Choose d; C h and ¢ : b} ~ G recognized by {al|z € g} in H* such that there is a
maximal set I C {1,...,k} with the following property:
There are sets V1,...V; C U{al|z € U} with (V;,<q) ~ (U,r) and
(a) Vid V; for i # 5,
(b) for all i € I there is a j <! with ¢7(U;) a4t V;,
(c) for all j <1 there is an i < k with g7 (U:)4 V;.
We may assume ! < k and have, by Lemma 5.4.12 (C1-Om), I # {1,...k}.

Define b; := Vi U...UV; and b:= by U g7} (U Img(U) U U). Clearly b; N g7} (U) = 0. The
following picture shows an idealized version of the situation.

SEEED
//
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Choose a cycle free frame K < hy with z <y y if z 4 y for z € g7 (U Img(U)),y € by.
Take a set {cy|y € b} C A which recognizes (K < h}) in H* with

e c, CU{allz e U} for y € b,

® Coi(g) C al for z € UulImg(U).

Case 1. U is degenerated. Define a® := o’ for z € g — (U U Img(U)) and a8 := Corl@)

else. {ad|z € g} has (+). Hence, by induction hypothesis, there is a set {a2|z € g} with
a C af and (i) ... (iv) for a. Define d; := ad N(N{O~ad|yrz} if z € U and d; := a2,
else. It is easy to check that {d.|z € g} satisfies (i) ... (iv) for a. We check (iv) foraU U.
Let y € a, with {z} = U. It is clear that y is irreflexive. Take a j € {1,...k} —I. By
definition there exists a z € J{d:|z € U;} with z<* y. By (iv) for a, there are aset d C h
with 2z € d and p : ] =~ G such that (h} ~ G) is recognized by {d.|z € g} in H*. By
definition there exist sets V{,..., V., C |U{al|z € U} of degenerated cluster which satisfy
(a),(b),(c) for I and p. By the Extension Lemma, there is a ¢ D d such that p: h} ~ G
is recognized by {a’|z € g} in H*. Hence we get p~}(U;) @t y for all i < k, because
otherwise {y}, V],...,V,, would satisfy the conditions (a),(b),(c) for I U {5} which would
contradict the assumption that I is maximal. It follows that {d.|z € g} satisfies (iv) for
aUl.

Case 2. U is simple. Let V; = {2} for i < I. By (C1) the sets c.,z € b, contain no
chains of irreflexive points of length > n. It follows from Lemma 4.1.2 that there exist
¢, Cc,yc. € A, with z € ¢/, for z € b; and

o, — Ot =h.

Let {y} = U. Now define a8 := Cimiz) N N{O*cLler (z) 4 2,z € by} for z € U Img(U)
and af := Cor1(y) 3nd a® := a’, else. Clearly {a8|z € g} satisfies (+). Hence, by induction
hypothesis, there is a set {a2|z € g} with a2 C a® and (i),.. ., (iv) for a. Define

a}® := a$ NN{O~al|zry,z € a} and then

dy := a}® N 0~M(a)? - O-4al%)

and d; := a for z € g - U. It follows from (C2) that {d.|z € g} still has (i) ... (iv) for
a. We now check (iv) for aU {y}. Let z € d,. Then there is a reflexive point z; € d, with
z1 47 z. It follows as in the proof above that there are ad C h and p : b} ~ G recognized
by {d:|z € a} with p~1(U;) q z for all i < k. From (i.1) we get that z is reflexive and
p 1 (U;) < z for all i < k.

Case 3. U is proper. The sets (J{c:|z € Vi},i < k, do not contain chains of length more
than 3n. Hence there are sets ¢, C c;,c, € A, with z € ¢/ for z € b, with c, — <>+c;2 =h



5.4 Tense Logics 105

for 23,23 € V;,i < 1. Now the construction is analogous to the construction above. Define
a8 for z € |JImg(U) as above and a8 := €4 (z) forz € U and ad := al, else. Again thereis
aset {ad|z € g} with a2 C a8 and (i),... (iv) for a. Define a}° := a¥NN{O~ad|zry,z € a}
for y € U and then take a y € U and let

dy :=al® N0~ N{al® - 0~al%z € U}

Now define d := al® N Otd, for z € U — {y} and d. := a2 for z € g — U. It follows from
(C4) that {d|z € g} still has (i) ... (iv) for a. We check (iv) foraUU. Let z € d;,z € U.
Then there is a set V with V a4t 2, (V,qa%) ~ U and V nd, # 0 for y € U, because
U{dyly € U} contains no chains of length > 3n. As in the proof above there are d C 1
and p: h} ~ G recognized by {d:|z € g} with p~1(U;) @ V for i < k. By (i.2) we get that
z 41 V and therefore there is a cluster V/ D V with z € V'. (iv) follows immediately.
Claim 1 is shown.

Proof of (Rec). Let h, ~ G* for a ¢ C h. By Lemma 3.2.5, there is a set {b;|z € g} C A
with (R €), (R N) and (R O). Hence, by Claim 1 for a = g, there is a set {a |z € g} C A
with (iii) and (iv). We show V[a;|z € g] = h. The interesting step is a; — O~ay = h
for yrz. Let z € az. Then, by (iv), there is a b C h with z € b and h} ~ G recognized by
{az|z € g}. It follows that there is a 23 € a, with z; 4 2. Hence 2z € O~ a,.

(3) = (4) Let At.t be an iterated Sf-splitting of K4.t by finite frames. We show that A is
elementary, from which follows that A*.t complete. Then strict Sf-completeness follows
from completeness. Suppose that A is not elementary. It follows from the proof of (4) =
(5) that there is a logic © € SK4.t with @ C A*.t and Fr(©) = Fr(A*.t). But then A*.t
is not an iterated Sf-splitting of K4.t by finite frames. We have a contradiction.-

Let us note the following corollary to the proof of (4) = (5).

Corollary 5.4.18 Let A € SK4.t. Then A is not strictly Sf-complete above K4.t if
G C A, CG.3 and A is not strictly Sf-complete above S4.t if Grz C A, C Grz.3.

Proof. Let G C Ay C G.3. Then G =[¢] £ A. If A is not complete there is nothing to
show. Otherwise define 7 as in the proof of (4) = (5) for m = 1. Then G'[H/U] = H
where the cluster U should be clear. Define © := Th(Sf(?)). It follows from the proof of
(4) = (5) that the rooted ©-frames are exactly the frames in F := {7;7|n € w}!. Now A
is complete and therefore F C Fr(A). Hence we get © N A C A but Fr(© N A) = Fr(A).
Now let Grz C A4 C Grz.3 and suppose that A is complete. Then G = ¥ A. Define
H* as in the proof of (4) = (5) for m = 2. Then the rooted frames of © := Th(Sf(H"*))
are exactly the frames in F* := {7;?|n € w}'. Again © N A is a subframe logic with the
same Kripke frames as A but ©NA C A. 4
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5.4.4 Some Remarks on the FMP

We now use the techniques of the last chapter to deduce some negative results concerning
the fmp of tense logics.

Theorem 5.4.19 Let A be a subframe logic above K4 and let G ¢ Fr(A) be finite such
that Clu(G)* = (CI(G),r)* is a transitive tree. Then A*.t does not have the fmp if there
is a non-degenerated cluster U € CI(G) such that (i) G[Tr /U] € Fr(A) for alln € w or
(i) U is proper and G[T,? /U] € Fr(A) for alln € w.

Proof. Let A,G = {g,r) and U € CI(G) satisfy (i). Define H := G*[(w, >, <)/U].
Claim 1. H | A* .
We show H* |= A. Suppose that H* is subreducible onto F € Fry(K4) with F rooted.

Let {b, C h|z € f} be a set with Vg[b;|z € f] = h and by # 0. Then define

a; ;= {y €Ebs V2 € by :ydy+ z2=> 2dp+ y} forz € f.
Now M contains no infinite strictly ascending <j;-chains. Hence Vrla |z € f] =
and ap # 0 and J{a|z € f} is finite. Hence there is an n € w such that G[T}/U] is
subreducible onto F. Thus, ¥ € Fr(A) and Claim 1 is shown.
Reserve a variable p, for any z € g. Now define

¢ = V(g,r‘)[pxlz € g]
N Vig-vnlp:zlz € g - U]
A A(py g O+Pz|y € U,.’t €g—- U’ yrz)
A /\(Py - Otp.lye g— U,z € U,yrz)
It should be clear that D( )¢ A po is consistent in H and therefore that D( )¢ - ﬂpo ¢

A*.t. We show that this formula holds on any finite A*.t-frame. Let .7-' = (f,s*,s”)
be a finite A*.t-frame and suppose that there is a set {b, C flz € g} and y € f thh
0(532)41 A polbz|z € g]. Take an z; € g with dpg(z;) = 0 and Ur*z;. Now take a
%1 € by, with ysty;. Clu(G)* is a tree. Hence there is a set 5 C T'rL_(%) so that
p:hy =~ ({z € g|lzrzy},r¥,r7) with p(21) = z iff z; € b,.
But then it follows again from the condition that Clu(G)* is a tree that thereis aset ¢ D b
with F. ~ G. It is shown that F ¢ Fr(At.t).

The case (ii) can be proved analogously. In this case one has to consider the frame

Gl{w, 2,<)/U]. 4

Examples. Let A € SK4. Then At.t does not have the fmp if

(1)GCACG3or
(2) GrzC AC Grz3or
(3) K4.3 C A and A is not elementary.
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Proof. (1) In this case the conditions of Theorem 5.4.19 are satisfied by G = [¢]. (2) In
this case the conditions of Theorem 5.4.19 are satisfied by G = . (3)Let A D K4.3
be non-elementary. By the characterization of non-elementary subframe logics above h'4
there exists a finite and rooted G € Fr(K4.3),G ¢ Fr(A), so that (i) or (ii) is satisfied.
Clearly Clu(G)* is a tree.

Corollary 5.4.20 Let A, be a subframe logic above K4 with the properties of Thm. 5.4.19
and let Ay be an elementary subframe logic above K4 such that A := A} .A3 .t is a conser-
vative extension of A,. Then A does not have the fmp.

Proof. We have only to check that the relevant frames H; = G'[{w, >, <)/U] respectively
Hy = GY{w, >, <)/ U] are A A7 .t-frames. We prove this for ;. We know from the proof
of Theorem 5.4.19 that H is a A;-frame. H] is a Ap-frame if any finite subframe of H isa
Az-frame. But the finite subframes are the subframes of frames in F := {G[7;; /U]" |n € w}.
It should be clear that these frames are Aj-frames if Ai".A; .t is a conservative extension
of A;. 4

Examples. Let A € SK4 satisfy (1),(2) or (3). Then A*.I; .t does not have the fmp.

Note that the elementarity of A, is essential in Corollary 5.4.20. Take for instance
G.3%.G.3~.t. This logic has the fmp (see the following theorem) and is a conservative
extension of G.3.

Let us mention the following positive results concerning the fmp of tense logics. They
will be proved elsewhere since the proof methods are different from those introduced in
this paper.

Theorem 5.4.21 (1) If A is a monomodal and elementary subframe logic above K4, then
A*.t has the fmp.

(2) All R-persistent subframe logics above K4.I}.I .t for an n € w have the fmp.

(3) All R-persistent subframe logics above K 4.1;" .t have the fmp.

(4) All subframe logics above G*.G~.I}.I .t have the fmp.

(5) All subframe logics above G.3%.G~.t have the fmp.

The proof of this theorem uses an extended version of the elimination theorem of Fine
[85]. The main difficulty is that one has to take maximal points in both directions, @+
as well as 4~. We conjecture that the converse of Theorem 5.4.21 (1) is also true. Notice
that for all non elementary subframe logics A above K4 there is a finite and rooted frame
G ¢ Fr(A) which satisfies (i) or (ii) of Theorem 5.4.19. But there is not necessarily a
frame G with these properties so that Clu(G)* is a tramsitive tree, and in this case the
proof of Theorem 5.4.19 does not work.

The following theorem, which will be proved elsewhere too, shows the limits as regards
positive results concerning the fmp for R-persistent subframe logics above K4.t.
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Theorem 5.4.22 There is an R-persistent subframe logic above K4.1}.BF .B; .t without
the fmp.

A*.t is an iterated S f-splitting of K.t if A is an elementary subframe logic above K4.
Hence we get from Theorem 5.4.21 (1):

Corollary 5.4.23 Let A be a finitely aziomatizable and elementary subframe logic above
K4. Then K t(¢) = A*.t is decidable.
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6 Splittings and Sf-splittings in some sublattices of A

So far we have investigated splittings mainly to decide whether a given logic is an iterated
Sf-splitting. But there is another point of view concerning splittings: Given a logic A,
then characterize the finite rooted frames which (Sf-) split £A. Corollary 2.4.15 solves
this problem for logics which are m-transitive for an m € w. In Chapter 3 we have given
a characterization of the finite rooted frames which split SA,, and S(®"T) and got the
interesting corollary that a finite rooted frame Sf-splits A, if and only if it splits A,
but that there exist frames which Sf-split ®*T but do not split ™7T. We will now give
solutions to this problem for the lattices £(K4 ® K4), EK,.t, £(55060 55). For some of
the proofs in this chapter the reader should have at hand KRACHET & WoLTER [91].

For a 2-frame (g, <1,<2) ({g,m1,72)) let < := Q; Uz (r:=rUry).

Definition 6.0.24 A K4 K4-frame G contains no internal cycles if for alln > 1 and
b={z1dz,4...42,} C g with z; = z,, there isan i € {1,2} withb>na; = 0.

Define by induction (0)! L := O;1,(0)**' L := 0,(0)*" L and (0)?"+21 := O,(0)+1 1.

Theorem 6.0.25 Let G be a finite and rooted K4 @ K4-frame. Then the following con-
ditions are equivalent:

(1) G contains no internal cycles.

(2) There is an n € w with G = (O)* L.
(3) G splits K4 ® K4.

(4) G Sf-splits K4 K4.

Proof. Let G = (g,71,72) and let 0 be a root of G. The equivalence of (1) and (2) is
easy to check. (1) = (3). Suppose that G contains no internal cycles. Let m := 2|g| + 1
and let H = (h,<;,<2,A) € Rfr(K4 ® K4) with H,8,z | O™Ag A ps. We show
that Trj**!(z) — Tr[*(z) = 0. Then we have M, 8,z = O“Ag; po and it follows from the
Splitting Theorem that G splits £(K4® K4). Suppose that Trh"‘“(z)-Trh"‘(z) # 0. Then
we may assume that there is a set b = {z 432y 91 222 23... 4275, } C h with z; # z;
and z # z; for all i # j. We have H, 8,z = O(™) \/(p,|z € g). It follows immediately from
(1) and the definition of Ag that |b,| < 2 for z € g and b, := B(p.) N b. Hence |b] < m,
which is a contradiction. The implication from (3) to (4) is clear. It remains to show

(4) = (1). Clearly we have

K4 =Th({G € Fr;(K4)|G has a root z such that {y|y < z} = 0}).

It follows immediately from the proof of the completeness theorem in KRACHET & WOLTER
[91] that



110 6 SPLITTINGS AND SF-SPLITTINGS IN SOME SUBLATTICES OF N,

K4 K4 =Th({G € Fry(K4 % K4)|G is rooted and contains no internal cycles }).

Now consider a finite and rooted K4 % K4-frame F with an internal cycle. It follows from
the equivalence of (1) and (2) that F ¢ Fr(Sf(G)) for all finite K4 & K4-frames G without
internal cycles. Hence Th(Sf(G)) is not prime in S(K4 & K4) and therefore does not
Sf-split K4 % K4. 4

One might hope that K4.t is an iterated splitting, or at least an iterated Sf-splitting,
of K4 % K4 by finite frames. This hope is destroyed by the following frame. Define
H= (h’qla<21A) by h =w+2,

d: = {(w’w)} u {(11])11'7.7 €w,1> J},

dz = {(w,w)}U{(w+ 1,w)}U{(3,5)li,5 € w,i < 5},

A = {a C h|w € a and a cofinite or w ¢ a and a finite }.
It is readily checked that A := Th(Sf(H)) 2 K4 ® K4 and that Fr(Sf(H)) C Fr(K4.t).
It follows immediately that Fr(A N K4.t) = Fr(K4.t) and that AN K4.t C K4.t. Hence
K4. is not strictly Sf-complete above K4 % K4 and is not an iterated Sf-splitting of
K4 % K4 by finite frames.

Splittings of £ K.t are characterized in KRACHT [92]:

Theorem 6.0.26 ({0}, (0,0)) is the only frame which splits K,.t.

Definition 6.0.27 A tense-frame G = (g, <1, <l2) s t-cycle free if

(i) (9,<1) and (g, <2) are cycle free.

(ii) for alln > 3 and {zo 4 21 4 ... 4 z,} C g with o = z,, we have 2, = 7,
Or T,y = Tiy for ani with0 < i < n.

For a bimodal frame G with root z let G* denote the minimal tense frame with G <, G'.
(Here, minimal means minimal with repect to <;).

Theorem 6.0.28 For a finite and rooted tense frame G the following conditions are equiv-
alent:

(1) There is a 2-tree T such that G = T*.
(2) G is t-cycle-free.
(8) G Sf-splits K,.t.

Proof. The implication from (1) to (3) follows from Theorem 5.2.1. (3) = (2). A simple
variant of the ramification method shows

K.t = Th({G € Fry(K,.t)|G rooted and t-cycle free }).
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Now let F = (f,r1,72) be a finite and rooted not t-cycle free frame. We show that
F ¢ Fr(Sf(G)) for all finite t-cycle free frames G. Then Th(Sf(F)) is not prime in SK,.t
and therefore does not Sf-split K.t. So, assume to the contrary that there is a finite ¢-
cycle free frame G = (g, <11, <12) and a surjective p-morphism p: G — F. Clearly (f, 1)
and (f,r2) are cycle free. Hence there are n > 3 and {zorz 7...7 2,} C f with 2o =z,
such that z; # z,—1 and zj_1 # zj41 for all § with 0 < j < n. It follows that there is
a sequence (zm|m € w) with zn, € ¢ and 2z, <4 Zm41 and P(Zmnti) = i for m € w and
0 <1< n-1. gis finite and therefore there are m;,m; € w with m; # m; and 2,,, = 2y,
Hence thereis an m > 1 with 2,1 = zu41. It follows that p(zm—1) = p(2m+1), which is
a contradiction.

(2) = (1). Let G = (g, 1, 72) satisfy condition (2) and let z be a root of G. Clearly there
is a 2-tree 7 with root z such that 7 <, G. Suppose that 7% # G. Let 7% = (g, <1, 42).
Then there exist » < 3 and {Zo 4 Z2 4 ...Zn—1} C g with z; # z; for i # j but zorz,_,.
But then G is not t-cycle free. -

It follows with Theorem 5.2.1 that all union-Sf-splittings of A’;.t are R-persistent.

Definition 6.0.29 An S5 S5-frame G = (g, 1, <2) is S5-cycle free if

(i) for all z € g : {ylz 41y} N {y|lz 92y} = {z}.
(i) For alln > 3 and 2o 4 21 4 ... 4 z,, with 2o = z,, so that there is an i with

z; 4 zo there are ji, j with j; # j» and 0 < jy,j2 < n such that zj, = zj,.
For a 2-frame G with root z let G55 denote the minimal S5 ¢ S5-frame with G <, G55.

Theorem 6.0.30 For a finite and rooted S5% S5-frame the following conditions are equiv-
alent:

(1) There is a 2-tree T with TS% = G.
(2) G is S5-cycle free.
(8) G Sf-splits §5 % S5.

Proof. The implication from (1) to (3) follows from Theorem 5.2.1. (1) = (2). It follows
immediately from the proof of the completeness theorem in KRACHT & WOLTER [91] that

5§5® §5=Th({G € Fry(S5® 55)|G rooted and S5-cycle free }).

Now let F = (f,ry,72) be a finite and rooted not S5-cycle free frame. We show that
F ¢ Fr(Sf(G)) for any finite §5-cycle free frame G. Then Th(Sf(F)) is not prime in
S(55® 55). Assume to the contrary that there is a finite $5-cycle free frame

G = (g,<1,<32) and a surjective p-morphism p: G — F.

Case 1. There are n > 3 and {zorz;r...rz,} C f with 7o = z,, and z; fzp forani < n
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and z;, # z;, for j; # j2 and 0 < 71,52 < n.
Then there is a sequence (zp,|m € w) in g with 2, 4 2;m+1, P(Znm+i) = i for m € w
and 0 < 7 < n. Now g is finite and therefore there exist m;,ms with m; # m; and
Zm; = Zm,. We may assume that M := |m; — my| is minimal with this property. pis a
p-morphism and G is §5-cycle free and therefore M < n. But then p(zm,) = p(zm,) leads
to a contradiction.
Case 2. There exist zg,z; € f with zo # z; and zor12z; and zor2z;.
Then there is a sequence (z,;|m € w) with 23, <41 Z2m+1, P(22m) = Zo, Z2m+1 2 Z2m+2
and p(zzm41) = z1 for m € w. There are 1,5 € w with ¢ # j and z; = 2;. We assume
that M := |i — j| is minimal with this property. Then, by condition (i) for $5-cycle free
frames, M > 2 and, by condition (ii) for S5-cycle free frames, M < 3. A contradiction.
It remains to show (2) = (1). Let G = (g,71,72) satisfy (2) and let = be a root of G.
Jlearly there is a 2-tree 7 with root z such that 7 <, G. Suppose that 755 # G. Let
T5% = (g,<1,<2). We may assume that there exists a path {zo <4 z1 4 ...4 7,1} Cg
with n > 3 and z; # z; for ¢ # j such that zof1Z,_1 but zor1z,_1. Then, by condition
(i) for S5-cycle free frames, z¢ 72Z,-1. Clearly this is a contradiction to condition (ii) for
S§5-cycle free frames.-

It follows from Theorem 5.2.1 that all union Sf-splittings of S5 ® S5 are R-persistent.

For 1 < a < w define §5(a) := Th({a,a x a)). Then it is easy to generalize Theorem
6.0.30.

Theorem 6.0.31 For 1< a,f < w and finite rooted S5(a) ® S5(8)-frames G the condi-
tions (1) and (2) are equivalent:

(1) G is S5-cycle-free.
(2) G Sf-splits S5(a) & S5(8).

Again there is a crucial difference between Sf-splittings and splittings:

Theorem 6.0.32 Foralll < a,f <w ({0},({(0,0)},{(0,0)})) is the only frame which
splits S5(a) & S5(B).

Proof. Clearly ({0}, ({(0,0)},{(0,0)})) splits any $5(a) ® S§5(8). For the other direction
we first show

Claim 1. Let G € Fry(55(a)®55(8)) split §5(a)®S55(8). Then G € Fr;(55(2)%55(2)).

Proof. If follows immediately from the completeness proof in KRACET & WOLTER [91]
that we have for n € w:

§5(a) ® §5(8) = N{(55(c) ® 55(8))(O*™D™)(Pry(Altz) A Pry(Alty))lm > n})
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Now let G ¢ Fry(55(2) ® 55(2)) be finite. Clearly there is an » € w with
G 02"‘0(’")(Pr1(Alt2) A Pro(Alty)) for all m > n.
Hence Th(G) is not prime in £(S5(a) ® S5(8)).

It follows that the theorem is proved if ({0}, ({(0,0)},{(0,0)})) is the only frame which
splits §5(2)®55(2). It follows from Theorem 6.0.31 that a frame which splits §5(2)%055(2)
is S5-cycle free. The finite and rooted S5-cycle free frames above §5(2) ® §5(2) are
{g(m,0)|m € w} U {g(m,i)jm > 0,i = 1,2}, where

g(m,0):= 2m + 1,(<d1 N (2m + 1)2, 92 N (2m + 1)?)) for m € w,
g(m, 1) := (2m, 51, 83) with 81 := <41 N (2m)? and s; := <42 N (2m)?,
g(m,2) := (2m, 11, 72) with r; := 9, N (2m)? and 73 := <y N (2m)?, where

a; := {(n,n)|n € WU {(2n,2n + 1)|n € w},
dy:= {(n,n)|n €w}U{(2n + 1,20 + 2)|n € w}.

Clearly we have for all infinite sets R C w and ¢ = 0,1, 2 that

55(2) 0 §5(2) = ({Th(g(m,i))|m € R}.
Now g(n,%) € Fr(g(m,0)) for i = 1,2 and n > 0,m € w because g(n, 1) contains no point
z with {y|zs2y} = {z} and g(n,2) contains no point z with {y|zr1y} = {z}. It follows
that the theories Th((g(m,7))) are not prime in £(S55(2) % §5(2)) for m > 0 and i = 1,2.
Now consider a frame g(m,0) with m > 0. It is readily proved that g(m,0) € Fr(g(n,0))
if 2m +1 f2n + 1. We have

55(2) ® 55(2) = N{Th(g(n,0))[2m+1 J2u +1}.

Hence Th(g(m,0))is not prime in £(55(2) ® 55(2)). -

7 R-persistent Subframe Logics without the FMP

So far we do not have an example of a complete subframe logic without the fmp. Here
we give an example of a monomodal complete and elementary subframe logic without the
fmp. In WoLTER [93] is an example of a finitely axiomatizable bimodal logic with these
properties.

We list some universal conditions with corresponding modal axioms.

Define QF[q1,--.,9x) := A(m;gjll < j < n,7m; = blank ,7; = = for j # i). We will
sometimes abbreviate Q%[q,...,gx] by Q" or Q?[q].

Define ptu[g1,...,qx) := A(OQFV QP11 < i< n).

1. Universal condition E(B;): Vz,y:z2dy=>ydz.
Modal axiom: B;.
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2. Universal condition:
Forall m e w: E(Al,,) :=Vy,z:z € Tr™(y),ydy,242=>y = 2.
Modal axioms: Al := O™(0Op A -p) A (Og A ~q) — (Op A -p).

3. Universal condition: E(C1):=Vz,y,2,21,22:
z2# 21,01 # 22,2 F 22,24 Y, Y4 9,24 2,24 21,2d z2=> A z10T T 2.
Modal axiom C1 := O(Op A -p) A O(Q3 A OQ3 A OQ3) — (OQ3 v ORI).

4. Universal condition:
For all m € w: E(A2y,) :=Vz,y:|Tr!(z)| > 5,y € Tr™(z),|Tr'(y)| 2 5=>z < ».
Modal axioms: A2, := (Op A pts[q, ..., qs]) = O™(pts[p1,...ps] = p).

5. Universal condition: E(C2):=Vz :|Trl(z)|>4=>z4 z.
Modal Axiom: C2 := pt4[qi,...,q94) — (Op — p).

6. Universal condition: E(C3):= Vz1,%z,,23,74:
|TTY(z1)| > 5,21 4 22 4 23 4 T4, 219 23, Z1 4 24,23 # 24 = |Tr(24)] < 3.
Modal Axiom: C'3 := (0Q3[4] A pts[7)) — 0P®(Q3[g] — O(Q3[g] — -ptalA)))-

Define for i = 1,2 sets A* := {Ai,|m € w} and let A := K(By; A, A% C1;C2;C3). It is
easy but tedious to check that A is an R-persistent subframe logic with

Fr(A) = {h € Fr|lh = E(D) for D = A',i=1,2,D = B,,D = C1,C2,C3}. Hence A is
a complete and elementary subframe logic.

Theorem 7.0.33 A does not have the fmp.

Proof. Define

¢ := 0O((O¢— q) = ~q1 A ~g2 A =g3)
A pts[pr,...,ps] A O(Og A ~q)
A O((Bg - g) — O(Qild] A O(Q3[a] A (Q3[4) A O(QF1d) A Opts[pr, - -, ps]))))-
We show that ~¢ ¢ A but g  —¢ for any g € Fry(A). Define a frame (h,<) by
h := {3n|n € w} U (w x {a}) and

4 = {3n|new)?

U {(3n,(3n,a))ln € w} U{((3n,a),3n)|n € w}
U {((n,a),(n,a))ln € w - {0}} U {((n,a),(m,a))|ln—m| =1}
oo 5
(h,q) = [
0 3

It is clear that (h, <) = A. Define a valuation 8 by f(q) := h — {(0,a)} and
B(gi+1) := {(3n +1,a)|n € w} for i = 0,1,2 and B(p;) := {3i} for i = 1,...,5. It follows
immediately that (k,<),8,0 E ¢.
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Now suppose that (g,<1) € Fr(A) and g,0,z = ¢. We may assume that z is a root of g.
Then |Try(z)| > 5 and there is an irreflexive point z§ € g with z < z§ and z # zg. It
follows from B1 and C'1 that z} is the only irreflexive point in g. Define b := Tr}(z)—{zj}.
We have

(1) 5N B(Q3) = 0 for i = 1,2,3 ( by definition of ).
(2) B(pts) C b (by A2m).
(3) For any z € b: |Tr)(z) —b| < 1 (by C1).
(4) ITri(a)] < 3 (by C2).
Now z} € B(Q3) and there exist 23 € B(Q3),z3 € B(Q3),z] € B(Q3),z1 € B(pts) with

zQz)dzdqzy<azlqz. It follows with (4) that z} # z} and z}4z]. By (1)
we have z # 2 and by (2) we have z 4 z;. Hence, by (C3), the picture is as follows:

1 .2 .3 .1
o Tp To Ty

Py o

T 21
Now we have 2; € OB(Q3AO(Q3AO(Q3AO(Q3 A Opts)))). It follows from (3) that there
are z2 € B(Q3),z3 € B(Q3),z} € B(Q3) and z; € B(pts) with z} 9 z? a4 23 a4z} Q 2. It
follows from (4) and C3 and the same arguments as above that the picture is as follows:

1 2 3 1 2 3

& & O~ &
@ ag @ @

L 4

1
T2

T 2 22
Again z 4 2. It should be clear that we can go on in this way and get sequences of
different points z},z2,23,2;,1 € w in g. Hence g is infinite.
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