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Abstra
t

In 
omputer s
ien
e, ontologies are dynami
 entities: to adapt them to new and

evolving appli
ations, it is ne
essary to frequently perform modi�
ations su
h as

the extension with new axioms and merging with other ontologies. We argue

that, after performing su
h modi�
ations, it is often important to know whether

the resulting ontology is a 
onservative extension of the original one. If this is not

the 
ase, then there may be unexpe
ted 
onsequen
es when using the modi�ed

ontology in pla
e of the original one in appli
ations. In this paper, we propose

and investigate new reasoning problems based on the notion of 
onservative ex-

tensions, assuming that ontologies are formulated as TBoxes in the des
ription

logi
 ALC. We show that the fundamental su
h reasoning problems are de
idable

and 2ExpTime-
omplete. Additionally, we perform a �ner-grained analysis that

distinguishes between the size of the original ontology and the size of the addi-

tional axioms. In parti
ular, we show that there are algorithms that are `only'

exponential in the size of the original ontology. If the size of the new axioms is

small 
ompared to the size of the ontology, these algorithms are thus not (mu
h)

more 
omplex than the standard reasoning servi
es implemented in modern de-

s
ription logi
 reasoners. If the extension of an ontology is not 
onservative, our

algorithm is 
apable of 
omputing a 
on
ept that witnesses non-
onservativeness.

We show that the 
omputed 
on
epts are of (worst-
ase) minimal size. A natural

re�nement of the notion of a 
onservative extension is presented and analysed as

well.

1 Introdu
tion

Ontologies are used to de�ne the terminology of appli
ation domains. As modern

appli
ations require ontologies of large s
ale and 
omplex stru
ture whose design and

maintenan
e is a 
hallenging task, there is a need to support ontology developers by

automated reasoning tools. This need explains the su

ess of des
ription logi
s (DLs)

as an underlying formalism for ontologies: powerful and theoreti
ally well-founded

reasoning systems for DLs are readily available. In parti
ular, DL reasoners like

Ra
er, Fa
t and Pellet [13, 14, 17℄ are 
apable of answering queries su
h as \Can the


on
ept C have any instan
es in models of the ontology T ?" (satis�ability of C) and
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\Is the 
on
ept D more general than the 
on
ept C in models of the ontology T ?"

(subsumption C v D).

In many appli
ation domains of DL ontologies su
h as the semanti
 web, medi-


al informati
s, and bio-informati
s, ontologies are not stati
 [5, 22℄. The ne
essity

to maintain, re�ne, 
ustomize, and integrate ontologies frequently requires revisions,

extensions, and mergings with other ontologies. When su
h operations are performed

on well-established and tested ontologies, it is of prime importan
e for the ontology

developer to have 
ontrol of the 
onsequen
es of her modi�
ations. In parti
ular, it fre-

quently happens that unintended 
onsequen
es are introdu
ed, and su
h 
onsequen
es


an be far from obvious. There appears to be 
onsensus that the reasoning servi
es

provided by 
urrent DL reasoners do not provide suÆ
ient support to verify whether

a modi�ed ontology behaves as intended. In this paper, we address this short
oming

and propose novel DL reasoning servi
es that support the user in understanding the


onsequen
es of extending and merging existing ontologies.

To illustrate what kind of reasoning is desirable in the 
ontext of ontology extension

and merging, we dis
uss two example s
enarios. First, suppose that an ontology

developer maintains a well-tested ontology T that formalizes an appli
ation domain.

Assume that she wants to extend T with a number of additional axioms that des
ribe

the terminology of a part of the domain that was not yet 
overed by T . Moreover,

the developer wants to use the extended ontology in an appli
ation that requires


omputing subsumptions between 
on
epts, and for whi
h she has previously used T .

To avoid unexpe
ted results in su
h appli
ations when using the extended ontology,

the existing part of T should not be \
ompromised" by the new axioms. Thus, the

extended ontology should not entail new subsumptions between 
on
epts that are

formulated in the signature of the old ontology, where the term \signature" refers to

the 
on
ept and role names used. An automated reasoning tool should support the

ontology developer in 
he
king whether any su
h additional subsumptions have been

generated by the extension.

Se
ond, assume that there are two well-established ontologies T

1

and T

2

that de-

s
ribe di�erent and largely independent aspe
ts of an appli
ation domain, but never-

theless have an overlap in signature. To use T

1

and T

2

together in the same appli
ation,

one would like to merge them by simply taking their union. Similarly to the 
ase of

ontology extensions, it is then important to know whether the merging operation 
om-

promises the 
omponent ontologies: are there any subsumptions in the signature of T

1

entailed by T

1

[ T

2

that are not entailed by T

1

alone, and likewise for T

2

. Intuitively,

the entailment of su
h subsumptions means that there may be unexpe
ted results

when using the merged ontology in pla
e of the 
omponent ontologies.

The reasoning problems suggested by these two examples 
an be 
onveniently

formalized using the notion of a 
onservative extension, whi
h has been widely stud-

ied and applied in mathemati
al logi
 and in the philosophy of s
ien
e. In software

engineering, 
onservative extensions have been suggested to de�ne the notion of a

re�nement of a spe
i�
ation [23℄. In a similar spirit and following [1℄, we use them

in the 
ontext of ontologies. Formally, an ontology T

0

is a 
onservative extension of

an ontology T i� every subsumption in the signature of T entailed by T

0

is already
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entailed by T (equivalently, i� every 
on
ept in the signature of T that is unsatis�able

w.r.t. T

0

is already unsatis�able w.r.t. T ). We use 
onservative extensions to phrase

two fundamental reasoning problems for ontology extension and merging:

1. Is the extension T

0

of the ontology T a 
onservative extension of T ?

2. Is the merged ontology T

1

[ T

2

a 
onservative extension of its parts?

While these reasoning tasks already provide the ontology designer with relevant in-

formation, we 
an be even more informative: assume that the given extension of the

ontology turns out not to be a 
onservative extension of the original one. This may or

may not be intended, and it is up to the developer to de
ide whether the new ontology

faithfully represents the domain under 
onsideration. To support her in this de
ision,

it is useful to 
ompute witness 
on
epts, i.e., examples of 
on
epts that were satis�able

before, but not after the extension. Thus, we obtain another reasoning servi
e:

3. If T � T

0

, and T

0

is not a 
onservative extension of T , 
ompute witness 
on
epts

that are as small as possible.

The purpose of this paper is to provide a �rst formal analysis of reasoning problems

based on 
onservative extensions in the basi
 propositionally 
losed des
ription logi


ALC [21℄. More pre
isely, we show that Problems 1 and 2 are de
idable and that

witness 
on
epts from Problem 3 are 
omputable, pinpoint the exa
t 
omputational


omplexity of Problems 1 and 2, and determine tight bounds on the (worst-
ase)

length of witness 
on
epts. In this way, we lay a solid foundation for the 
reation of

automated reasoning tools that support ontology developers during ontology extension

and merging.

We also 
onsider a further re�nement of our reasoning problems that is motivated

by the observation that non-
onservative extensions and mergings of ontologies are

sometimes intended and 
ompletely a

eptable. Suppose the original ontology T 
on-

sists of a 
ore ontology (e.g., an upper-level ontology [12℄) that by no means should

be 
orrupted, and of other parts for whi
h a non-
onservative extension is a

eptable

or even intended. In this 
ase, the required reasoning problem is the following:

4. Given a set � of 
on
ept names and roles, and ontologies T and T

0

su
h that

T � T

0

, is there a 
on
ept in the signature � that is unsatis�able w.r.t. T

0

, but

not w.r.t. T ? If so, provide a witness 
on
ept.

This problem 
learly subsumes Problems 1 to 3. Again, we prove de
idability and es-

tablish tight bounds on the length of witness 
on
epts. Con
erning the 
omputational


omplexity, we show that Problems 1 and 2 are easier than Problem 4.

2 Preliminaries

We introdu
e the des
ription logi
 ALC and de�ne a notion of 
onservative extensions

in the 
ontext of DLs. Let N

C

and N

R

be disjoint and 
ountably in�nite sets of 
on
ept
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names and role names. Then, ALC 
on
epts are formed a

ording to the following

syntax rule:

C;D �! > j A j :C j C uD j 9r:C

where A ranges over 
on
ept names and r ranges over role names. The 
on
ept


onstru
tors ?, t, and 8r:C are de�ned as abbreviations: ? stands for :>, C tD for

:(:C u :D) and 8r:C abbreviates :9r::C.

The representation of ontologies in des
ription logi
s is based on TBoxes, and we

will from now on use these two terms inter
hangeably. Formally, a TBox is a �nite set

of 
on
ept impli
ations C v D. For the sake of 
ompleteness, we brie
y illustrate the

use of TBoxes as an ontology formalism: the following TBox provides an (extremely

simpli�ed) ontology of web servi
es, where C

:

= D is an abbreviation for the two


on
ept impli
ations C v D and D v C:

webservi
e v 9provider:> u 9input:> u 9output:>

amazonservi
e

:

= webservi
e u 9provider:amazon

The upper line des
ribes ne
essary 
onditions for being a web servi
e: every web

servi
es has to have at least one provider, input, and output. The lower line provides

both ne
essary and suÆ
ient 
onditions for being a web servi
e of Amazon: a web

servi
e is an Amazon web servi
e if and only if its provider is Amazon. Note, however,

that 
on
ept impli
ations in TBoxes are not required to have atomi
 left-hand sides.

The semanti
s of ALC 
on
epts is de�ned set-theoreti
ally in terms of interpre-

tations. An interpretation is a pair I = (�

I

; �

I

), where �

I

is a non-empty set (the

domain) and �

I

is the interpretation fun
tion, assigning to ea
h 
on
ept name A a set

A

I

� �

I

, and to ea
h role name r a binary relation r

I

� �

I

��

I

. The interpretation

fun
tion is indu
tively extended to 
on
epts as follows:

>

I

:= �

I

(:C)

I

:= �

I

n C

I

(C uD)

I

:= C

I

\D

I

(9r:C)

I

:= fd 2 �

I

j 9e:(d; e) 2 r

I

^ e 2 C

I

g

An interpretation I satis�es an impli
ation C v D if C

I

� D

I

, and I is a model of

a TBox T if it satis�es all impli
ations in T . A 
on
ept C is satis�able relative to a

TBox T if there exists a model I of T su
h that C

I

6= ;. A 
on
ept C is subsumed

by a 
on
ept D relative to a TBox T (written T j= C v D) if every model I of T

satis�es the impli
ation C v D.

We now introdu
e 
onservative extensions of TBoxes. A �nite set � � N

C

[N

R

of


on
ept and role names is 
alled a signature. The signature S(T ) of a TBox T is the

set of 
on
ept and role names o

urring in T . Given a signature �, we use C(�) to

denote the set of ALC-
on
epts using only 
on
ept and role names from �.

De�nition 1 Let T

1

and T

2

be TBoxes and let � � S(T

1

). Then

1. T

1

[ T

2

is a 
onservative extension of T

1

w.r.t. � if, for all C

1

; C

2

2 C(�), we

have T

1

j= C

1

v C

2

i� T

1

[ T

2

j= C

1

v C

2

:
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2. T

1

[T

2

is a 
onservative extension of T

1

if T

1

[T

2

is a 
onservative extension of

T

1

w.r.t. S(T

1

).

Note that T

1

[ T

2

is 
onservative extension of T

1

w.r.t. � if and only if ea
h 
on
ept

C 2 C(�) that is satis�able relative to T

1

is satis�able relative to T

1

[ T

2

. The two

kinds of 
onservative extensions introdu
ed in De�nition 1 give rise to two reasoning

problems:

� De
iding 
onservative extensions means, given TBoxes T

1

and T

2

, to de
ide

whether T

1

[ T

2

is a 
onservative extension of T

1

� De
iding relativized 
onservative extensions means, given TBoxes T

1

, T

2

and a

signature � � S(T

1

), to de
ide whether T

1

[ T

2

is a 
onservative extension of T

1

w.r.t. �.

As dis
ussed in the introdu
tion, it is likely that users ask for eviden
e if T

1

[ T

2

turns out not to be a 
onservative extension of T

1

. Su
h eviden
e 
an be provided by

witness 
on
epts: a 
on
ept C 2 C(�) is 
alled a witness 
on
ept for (T

1

;T

2

;�) if C is

satis�able relative to T

1

, but not relative to T

1

[ T

2

. A witness 
on
ept for (T

1

;T

2

) is

simply de�ned as a witness 
on
ept for (T

1

;T

2

; S(T

1

)).

To illustrate the use of 
onservative extensions for 
ontrolling the 
onsequen
es of

ontology extensions, we give a simple example. The following ontology T

1

des
ribes

web servi
es on a general level (like the OWL-S ontology [16℄). For simpli
ity, our T

1


onsists only of a single 
on
ept impli
ation:

webservi
e v 9provider:> u 9input:> u 9output:>:

Suppose that an ontology developer wants to re�ne the TBox T

2

for a spe
ial 
lass of

web servi
es that take an integer and an array as input. This 
an be done by taking

the union of T

1

and the following TBox T

2

:

mywebservi
e v webservi
e u 9input:integer u 9input:array

integer v :array

It is not diÆ
ult to 
he
k that T

1

[ T

2

is a 
onservative extension of both T

1

and

T

2

. Therefore, the developer 
an be sure that, in every appli
ation that uses only

the 
on
ept name web servi
e and the role names provider, input, and output, she 
an

safely repla
e the TBox T

1

by its re�nement T

1

[ T

2

. In a next step, the developer

further extends T

1

[ T

2

with the following TBox T

3

:

mywebservi
e v 9input:user id

user id v :array

user id v :integer

Then, T

1

[T

2

[T

3

is not a 
onservative extension of T

1

[T

2

, as is shown by the witness


on
ept mywebservi
e u 8input:(integer t array): By inspe
ting the witness 
on
ept,

the developer has to de
ide whether or not non-
onservativeness of the extension was
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intended. In any 
ase, non-
onservativeness indi
ates that appli
ations using the TBox

T

1

[ T

2

have to be inspe
ted for 
ompatibility with new TBox T

1

[ T

2

[ T

3

.

In passing, we note that T

1

[ T

2

is not a 
onservative extension of T

1

if witness


on
epts are allowed to be formulated in ALCN , the extension of ALC with number

restri
tions [6, 3℄: in this 
ase, a witness 
on
ept is webservi
e u (6 1 input): This

shows that being a 
onservative extension strongly depends on the DL under 
onsid-

eration. However, analyzing other DLs than ALC is out of the s
ope of this paper.

Some more dis
ussion is provided in Se
tion 10.

It is easily seen that the standard reasoning tasks satis�ability and subsumption


an be polynomially redu
ed to de
iding 
onservative extensions: �rst, it is well-known

that T j= C v D holds i� C u:D is unsatis�able relative to T . Se
ond, assume that

we want to 
he
k whether C is satis�able relative to T . W.l.o.g., we may assume

that C 2 C(S(T )). Then, C is satis�able relative to T i� T [ f:C

:

= >g is not a


onservative extension of T . It follows that de
iding 
onservative extensions is at least

as hard as de
iding subsumption, i.e., ExpTime-hard in the 
ase of ALC [3, 20℄.

It is interesting to note that the redu
tion of satis�ability to 
onservative extensions


an be reversed if the added 
on
ept impli
ations do not introdu
e new 
on
ept or

role names. Assume that we want to 
he
k whether T

1

[T

2

is a 
onservative extension

of T

1

, where S(T

2

) � S(T

1

). This 
an be done by �rst 
onverting T

2

into the form

f>

:

= Cg, and then de
iding whether :C is unsatis�able w.r.t. T

1

. As implied by the


omplexity results obtained in the following se
tion, su
h a (polynomial) redu
tion is

not possible if T

2

introdu
es additional vo
abulary.

3 Results

The purpose of this se
tion is to summarize the main results of this paper. We

start with a basi
 result about the 
omplexity of de
iding 
onservative extensions and

an upper bound on the length of witness 
on
epts. In the following, we denote by

jCj the length of a 
on
ept C. Similarly, the size jT j of a TBox T is de�ned as

P

CvD2T

(jCj+ jDj).

Theorem 2 It is 2-ExpTime-
omplete to de
ide relativized and non-relativized 
on-

servative extensions. In both 
ases, if input TBoxes are T

1

and T

2

and the extension is

not 
onservative, then there exists a witness 
on
ept C of length at most 3-exponential

in jT

1

[ T

2

j that 
an be 
omputed in time polynomial in jCj.

As we will see later, the upper bound on the length of witness 
on
epts given in

Theorem 2 is tight. We now re�ne Theorem 2 by distinguishing between the size of

the TBoxes T

1

and T

2

. Su
h a more �ne-grained analysis is rewarding if the sizes of

T

1

and T

2


an be expe
ted to di�er substantially. This will usually be the 
ase if an

existing TBox is extended with a set of new 
on
ept impli
ations: then, jT

2

j is small


ompared to jT

1

j. In 
ontrast, when merging two existing TBoxes, then there is no

obvious assumption that 
an be made 
on
erning the relative size of T

1

and T

2

.
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It turns out that, when dis
riminating the size of T

1

and T

2

, a di�eren
e in 
om-

putational 
omplexity emerges between de
iding non-relativized and relativized 
on-

servative extensions. We �rst 
onsider the former and show that, in this 
ase, the

di�erentiation between T

1

and T

2

is rewarding: there exists a de
ision pro
edure that

is only exponential in the size of T

1

, but double exponential in the size of T

2

. Clearly,

we 
annot expe
t a better bound in the size of T

1

: it follows from the redu
tion of

satis�ability given in Se
tion 2 (and the fa
t that already the satis�ability of 
on
ept

names relative to TBoxes is ExpTime-hard) that de
iding 
onservative extensions is

ExpTime-hard even if T

2

is assumed to be 
onstant. We also provide a re�ned upper

bound for the length of witness 
on
epts by proving that, if T

1

[T

2

is not a 
onservative

extension of T

1

, then one 
an 
ompute witness 
on
epts of size `only' 2-exponential

in the size of T

1

, but 3-exponential in the size of T

2

. A mat
hing lower bound on the

size of witness 
on
epts is established as well.

Theorem 3

(i) There exists a deterministi
 algorithm for de
iding 
onservative extensions whose

runtime is bounded by 2

p(jT

1

j)�2

p(jT

2

j)

, with p a polynomial.

(ii) For all TBoxes T

1

and T

2

, if T

1

[ T

2

is not a 
onservative extension of T

1

, then

there exists a witness 
on
ept of length at most 2

2

jT

1

j�2

jT

2

j

.

(iii) There exist families of TBoxes (T

n

)

n>0

and (T

0

n

)

n>0

, su
h that, for all n > 0,

{ T

n

[ T

0

n

is not a 
onservative extension of T

n

,

{ jT

n

j 2 O(n

2

), jT

0

n

j 2 O(n

2

), and

{ every witness 
on
ept for (T

n

;T

0

n

) is of length at least 2

(2

n

�2

2

n

)�1

.

The question arises whether in Theorem 3 (iii) we 
an repla
e the sequen
e (T

n

)

n>0

by a �xed TBox and still obtain a 3-exponential lower bound for the size of witness


on
epts. This problem remains open. However, the following result states that there

is at least a 2-exponential lower bound for witness 
on
epts for a �xed original TBox:

Theorem 4 There exists a TBox T and a family of TBoxes (T

0

n

)

n>0

, su
h that, for

all n > 0,

(i) T [ T

0

n

is not a 
onservative extension of T ,

(ii) jT

0

n

j 2 O(n

2

), and

(iii) every witness 
on
ept for (T ;T

0

n

) is of length at least 2

2

n

�1

.
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We now re�ne our analysis of relativized 
onservative extensions. In 
ontrast to the

previous 
ase, we 
an prove that there exists no de
ision pro
edure that is only single

exponential in the size of T

1

: even for a �xed TBox T

2

, the 
omplexity of de
iding

whether T

1

[ T

2

is a 
onservative extension of T

1

w.r.t. � is 2-ExpTime-hard. The

proof is based on the following redu
tion.

Lemma 5 Let T

1

and T

2

be TBoxes, � = S(T

1

), and B a 
on
ept name not used in

T

1

and T

2

. Denote by T

B

2

the TBox resulting from T

2

by repla
ing every impli
ation

C

1

v C

2

2 T

2

with C

1

u B v C

2

. Let T

3

= fB = >g. Then the following are

equivalent, for every C 2 C(�):

� C is satis�able relative to T

1

but not relative to T

1

[ T

2

;

� C is satis�able relative to T

1

[ T

B

2

but not relative to T

1

[ T

B

2

[ T

3

.

It follows that T

1

[T

2

is a 
onservative extension of T

1

i� T

1

[T

B

2

[T

3

is a 
onservative

extension of T

1

[ T

B

2

w.r.t. �.

Proof. We show the dire
tion from left to right. Suppose there is a model I for T

1

satisfying C but no interpretation for T

1

[T

2

satisfying C. De�ne a new interpretation

I

B

with domain �

I

by setting B

I

B

= ; and not 
hanging the interpretation of any


on
ept name A di�erent from B nor any role name. I

B

still satis�es C and is a

model for T

1

[ T

B

2

(as neither T

1

nor C 
ontain B). Hen
e C is satis�able relative to

T

1

[ T

B

2

. Assume now, in 
ontradi
tion to what we want to show, that C is satis�ed

in a model J for T

1

[ T

B

2

[ T

3

. Then B

J

= �

J

whi
h implies that J is a model for

T

1

[ T

2

satisfying C. We have derived a 
ontradition. The dire
tion from right to left

is proved similarly and left to the reader. ❏

Together with Theorem 3, Lemma 5 allows us to establish the desired 2-ExpTime lower

bound. A mat
hing upper bound is obtained from Theorem 2. Using Theorem 3 and

Lemma 5, we 
an also establish a lower bound on the size of witness 
on
epts that is

triple exponential in the size of T

1

. This should be 
ontrasted with the upper bound

on witness 
on
epts given in Theorem 3 for the 
ase of non-relativized 
onservative

extensions, whi
h is only double exponential in T

1

.

Theorem 6 Let T

0

be a TBox of the form fB = >g, with B a 
on
ept name. Then

(i) it is 2ExpTime-
omplete to de
ide, given a TBox T

1

and a signature � � S(T

1

),

whether T

1

[ T

0

is a 
onservative extension of T

1

w.r.t. �.

(ii) there exist families of TBoxes (T

n

)

n>0

and signatures (�

n

)

n>0

, su
h that, for all

n > 0,

{ T

n

[ T

0

is not a 
onservative extension of T

n

w.r.t. �

n

,

{ jT

n

j 2 O(n

2

), and

{ every witness 
on
ept for (T

n

;T

0

;�

n

) is of length at least 2

(2

n

�2

2

n

)�1

.
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4 Guide to the proofs

For Theorem 2, the upper bound on the size of witness 
on
epts will follow Lemma 13

below. The 2ExpTime upper bound will be proved in Se
tion 7 where we analyse the

de
ision pro
edures given in Figures 1 and 2 below. The lower bound will be proved

in Se
tion 8.2 by a redu
tion of the word problem for exponentially spa
e bounded

alternating Turing Ma
hines. The 
omplexity upper bound of Theorem 3 will be

proved in Se
tion 7 where we analyse the de
ision pro
edure given in Figure 2. The

upper bound for the size of witness 
on
epts will follow from Lemma 13 (ii). The lower

bound for the size of witness 
on
epts ((iii) in the Theorem above) will be established

in Se
tion 8.1.

A proof of Theorem 4 will be given in Se
tion 8.1.

5 Witness 
on
epts and algorithms

To present the algorithms and witness 
on
epts some notation is required. We �x

TBoxes T

1

and T

2

and a signature � � S(T

1

). For a TBox T denote by 
l(T ) the


losure under single negation of the set of sub
on
epts of 
on
epts whi
h o

ur in T .

A type t over (�;T ) (or simply (�;T )-type) is a subset of 
l(T ) \ C(�) su
h that

� C

1

u C

2

2 t i� C

1

2 t and C

2

2 t, for all C

1

u C

2

2 
l(T ) \ C(�);

� :C 2 t i� C 62 t, for all :C 2 
l(T ) \ C(�).

Given a model I and u 2 �

I

, the set

t

�;T

I

(u) = fC 2 
l(T ) \ C(�) j u 2 C

I

g

is a type over (�;T ). If � = S(T ), then a type t over (�;T ) is 
alled a T -type. In

what follows we will not always distinguish between the type t and the 
onjun
tion

u

D2t

D over all members of t.

Types of this form are the basi
 ingredient for many worst-
ase optimal algorithms

that de
ide the satis�ability of DL 
on
epts relative to TBoxes [2℄. Types are also

frequently used in modal and temporal logi
 [24, 19℄. Building on this tradition, the

pro
edure for de
iding 
onservative extensions sket
hed in this se
tion is also type-

based.

The pro
edure and witness 
on
epts introdu
ed in this se
tion will also be type-

based. Let us �rst observe the following:

� Suppose there exists a type t over (�;T ) whi
h 
an be extended to a T

1

-type

t

0

� t whi
h is satis�able relative to T

1

but su
h that t 
annot be extended to a

T

1

[ T

2

-type t

00

� t whi
h is satis�able relative to T

1

[ T

2

. Then T

1

[ T

2

is not a


onservative extension of T

1

w.r.t. �. The 
onjun
tion over the 
on
epts in t is

then a witness 
on
ept.

� Suppose there exists a T

1

-type t whi
h is satis�able relative to T

1

but whi
h


annot be extended to a T

1

[T

2

-type t

0

� t whi
h is satis�able relative to T

1

[T

2

.
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Then T

1

[ T

2

is not a 
onservative extension of T

1

. Again, the 
onjun
tion over

the 
on
epts in t is a witness 
on
ept.

Unfortunately, as the 
omplexity results above and the lower-bounds on witness 
on-


epts show, it is possible that no su
h type exists but nevertheless T

1

[ T

2

is not a


onservative extension of T

1

. Indeed, 
he
king the 
onditions above will be the �rst

step of the algorithms de
iding 
onservativeness, but further steps { and the 
onstru
-

tion of more 
omplex witness 
on
epts than types { will be required in the 
omplete

de
ision pro
edure.

To obtain more 
omplex 
on
epts than types whi
h are still semanti
ally trans-

parent, we now generalize the notion of a (�;T )-type to the notion of a (�;T )-tree.

Similar notions have been developed in [25, 9℄, see also the se
tion on related work.

De�nition 7 ((�;T

1

)-tree) A (�;T

1

)-tree

T = (W;<;L)

is a �nite intransitive tree (W;<) su
h that ea
h node w 2W is labelled by a (�;T

1

)-

type L(w) and ea
h edge (w;w

0

) is labelled by a role name r from � and the following

hold:

� for ea
h w 2W , the 
on
ept u

D2L(w)

D is satis�able relative to T

1

;

� for ea
h non-leaf w and 
on
ept 9r:C 2 
l(T

1

) \ C(�): 9r:C 2 L(w) i� there

exists w

0

su
h that L(w;w

0

) = r and C 2 L(w

0

).

A (�;T

1

)-tree T = (W;<;L) is 
alled singleton-tree if W has exa
tly one element.

Thus, singleton-(�;T

1

)-trees 
oin
ide with (�;T

1

)-types.

De�nition 8 (Diagram) For ea
h point w in a (�;T

1

)-tree T = (W;<;L) we de�ne

the diagram-
on
ept, or simply diagram, diag(T; w) of (T; w). The 
on
ept diag(T; w)

is in C(�) and de�ned indu
tively:

� if w is a leaf of T, then diag(T; w) =uL(w).

� Now suppose that w is not a leaf and that diag(T; w

0

) has deen de�ned for all

su

essors w

0

of w in T. Then diag(T; w) is

uL(w) u u

r=L(w;w

0

)

9r:diag(T; w

0

) uu

r2�

8r: t

r=L(w;w

0

)

diag(T; w

0

):

10



Obviously, diag(T; w) only depends on the subtree generated by w in T. If T is a

singleton-tree withW = fwg, then diag(T; w) is just a type over (�; T

1

). We are going

to show in the next se
tion that whenever T

1

[ T

2

is not 
onservative extension of T

1

w.r.t. �, then there exists a 
on
ept of the form diag(T; w) that is a witness.

But here we �rst use the notion of a diagram to formulate the de
ision pro
edures.

De�nition 9 (Realizable triple) A triple (t; U

1

; U

2

), where t is a type over (�;T

1

),

U

1

is a set of T

1

-types, and U

2

is a set of T

1

[ T

2

-types, is realized by a (�;T

1

)-tree

T = (W;<;L) and a node w in it i�

� L(w) = t;

� U

1

is the set of T

1

-types s su
h that s u diag(T; w) is satis�able relative to T

1

;

� U

2

is the set of T

1

[ T

2

-types s su
h that s u diag(T; w) is satis�able relative to

T

1

[ T

2

;

In this 
ase we say that (t; U

1

; U

2

) is realized by the pair (T; w). The triple (t; U

1

; U

2

)

is realizable if there exists a pair whi
h realizes it.

Noti
e that in a realizable triple (t; U

1

; U

2

) the type t is uniquely determined by U

1

whenever U

1

6= ;. Also noti
e that for triples (t; U

1

; U

2

) realized by a singleton tree

(T; w) with W = fwg the set U

1

is non-empty be
ause, by the de�nition of (�;T

1

)-

trees, the type t = L(w) is satis�able relative to T

1

.

The intuition behind the de�nition of triples and realizable triples is as follows:


learly, if there exists a realizable triple (t; U

1

; U

2

) su
h that U

2

= ; and U

1

6= ;, then

T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. �. The diagram diag(T; w) of any

pair (T; w) whi
h realizes (t; U

1

; U

2

) is a witness 
on
ept for (T

1

;T

2

;�). It will turn

that su
h a triple exists whenever T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t.

�. The algorithmi
 problem we have to solve is therefore the generation of realizable

triples until a realizable triple of the form (t; U

1

; U

2

) with U

1

6= ; and U

2

= ; is

obtained.

De�nition 10 (One step) We say that (t; U

1

; U

2

) 
an be obtained in one step from

a set of triples R if there exists a (�;T

1

)-tree (T; w) whi
h realizes (t; U

1

; U

2

) su
h that

the set of triples realized by f(T; w

0

) j w < w

0

g is in
luded in R.

Now the de
ision pro
edure is given in Figure 1. We are going to show in Se
tion 7

that this is indeed an algorithm (ea
h step 
an be 
arried out e�e
tively) whi
h de
ides

whether T

1

[ T

2

is a 
onservative extension of T

1

w.r.t. � and whi
h terminates in

time 2-exponential in the size of T

1

and T

2

. The diÆ
ult step is of 
ourse to show that

it 
an be 
he
ked in 2-exponential time whether a triple is obtained in one step from

a given set of triples of size not ex
eeding 2jT

1

[ T

2

j2

jT

1

[T

2

j

.

For � = S(T

1

) the de
ision pro
edure is simpler. First we modify the de�nition of

a (�;T

1

)-tree:

De�nition 11 (T

1

-tree) If � = S(T

1

), then a (�;T

1

)-tree is 
alled a T

1

-tree.

11



Suppose TBoxes T

1

and T

2

, and a signature � � S(T

1

) are given.

1. Determine the set R

0

of triples whi
h are realized by singleton (�;T

1

)-trees

(T; w). If R

0

= ;, then T

1

[ T

2

is a 
onservative extension of T

1

w.r.t. �

(be
ause T

1

is not satis�ed in any model). Else,

2. if R

0


ontains a triple (t; U

1

; U

2

) su
h that U

2

= ;, then T

1

[ T

2

is not a


onservative extension of T

1

w.r.t. �. Else

3. generate the sequen
e R

1

;R

2

; : : : of sets of triples su
h that

R

i+1

= R

i

[R

0

i

;

where R

0

i

is the set of triples whi
h 
an be obtained from some subset of R

i

of 
ardinality not ex
eeding 2jT

1

[ T

2

j2

jT

1

[T

2

j

in one step. This is done until

R

i

= R

i

[ R

0

i

or there exists a triple (t; U

1

; U

2

) 2 R

0

i

su
h that U

1

6= ; and

U

2

= ;. In the latter 
ase, T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t.

�. Otherwise, it is 
onservative.

Figure 1: De
ision pro
edure 1.

Now, for � = S(T

1

), for every realizable triple (t; U

1

; U

2

) with U

1

6= ; we have that

U

1

= ftg. Moreover, the T

1

-part of any s 2 U

2


oin
ides with t (i.e. s \ 
l(T

1

) = t).

Therefore, we 
an represent triples by pairs (t; U) 
onsisting of a T

1

-type t and a set

U of T

2

-types.

De�nition 12 (Realizable pair) A pair (t; U) 
onsisting of a T

1

-type t and a set

of T

2

-types U is realized by a T

1

-tree with a point (T; w) if

� L(w) = t,

� diag(T; w) is satis�able relative to T

1

, and

� U 
onsists of pre
isely those T

2

-types s for whi
h s u diag(T; w) is satis�able

relative to T

1

[ T

2

.

We say that (t; U) 
an be obtained in one step from a set of pairsR if there exists a T

1

-

tree (T; w) whi
h realizes (t; U) su
h that the set of pairs realized by f(T; w

0

) j w < w

0

g

is in
luded in R. The algorithm de
iding whether T

1

[ T

2

is a 
onservative extension

of T

1

is given in Figure 2. The 
orre
tness and 
omplexity of this algorithm will be

analysed in Se
tion 7.

6 The upper bound for the witness 
on
epts

In this se
tion we are going to prove the upper bounds for the size of witness 
on
epts.

The upper bounds stated for the witness 
on
epts in Theorem 2 and Theorem 3 follow

immediately from the following lemma.
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Suppose TBoxes T

1

and T

2

are given.

1. Determine the set R

0

of pairs whi
h are realizable by singleton T

1

-trees (T; w).

If R

0

is empty, then T

1

[ T

2

is a 
onservative extension of T

1

(be
ause there is

no model satisfying T

1

). Otherwise,

2. if R

0


ontains a pair (t; U) su
h that U = ;, then T

1

[ T

2

is not a 
onservative

extension of T

1

. Otherwise

3. generate the sequen
e R

1

;R

2

; : : : of sets of pairs su
h that

R

i+1

= R

i

[R

0

i

;

where R

0

i

is the set of pairs whi
h 
an be obtained from some subset of R

i

of 
ardinality not ex
eeding jT

1

j + jT

2

j2

jT

2

j

in one step. This is done until

R

i

= R

i

[R

0

i

or there exists a pair (t; U) 2 R

0

i

su
h that U = ;. In the latter


ase, T

2

is not a 
onservative extension of T

1

. Otherwise, it is.

Figure 2: De
ision Pro
edure 2.

Lemma 13 (i) If T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. �, then there

exists a (�;T

1

)-tree (T; w) whose outdegree is bounded by 2jT

1

[ T

2

j2

jT

1

[T

2

j

and whose

depth is bounded by 2

2�2

jT

1

[T

2

j

su
h that diag(T; w) is satis�able relative to T

1

but not

relative to T

1

[ T

2

.

(ii) If T

2

is not a 
onservative extension of T

1

, then there exists a T

1

-tree (T; w)

whose outdegree is bounded by jT

1

j+jT

2

j2

jT

2

j

and whose depth is bounded by 2

jT

1

j

�2

2

jT

2

j

su
h that diag(T; w) is satis�able relative to T

1

but not relative to T

1

[ T

2

.

On our way to prove this lemma, we are going to present a number of results whi
h will

be useful for the proof of the 
orre
tness and analysis of 
omplexity of the de
ision

pro
edures as well. We 
on
entrate �rst on the general 
ase of 
onservativeness of

T

1

[ T

2

over T

1

w.r.t. a signature � and then show how to simplify/modify the

arguments for � = S(T

1

).

We start with the observation that if T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. �, then there exists a witness 
on
ept of the form diag(T; w). After that we are

going to show that there are `small' su
h witness 
on
epts.

A tree-model I is a model su
h that (�

I

;

S

r2N

R

r

I

) is an intransitive tree and

the r

I

are mutually disjoint. It is well-known (ref) that every 
on
ept C whi
h is

satis�able relative to a TBox T is satis�able in a tree-model satisfying T with �nite

outdegree. The depth d(C) of a 
on
ept C is the maximal number of nestings of 9r:D

in C.

Lemma 14 T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. � i� there exists a

(�;T

1

)-tree (T; w) su
h that diag(T; w) is satis�able relative to T

1

but not satis�able

relative to T

1

[ T

2

.
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Proof. The dire
tion from right to left is 
lear. Conversely, suppose there exists a


on
ept C 2 C(�) whi
h is satis�able relative to T

1

but not relative to T

1

[ T

2

. Take

a model I for T

1

su
h that u 2 C

I

for some u 2 �

I

. We may assume that I is a

tree-model with �nite outdegree. De�ne T = (W;<;L) as follows

� W 
onsists of all u

0

2 �

I

su
h that there is a

S

r2�

r

I

-path from u to u

0

of

length not ex
eeding d(C);

� u

0

< u

00

i� (u

0

; u

00

) 2

S

r2�

r

I

;

� L(u

0

) = t

�;T

1

I

(u

0

);

� for u

0

< u

00

, L(u

0

; u

00

) is the uniquely determined r 2 � su
h that (u

0

; u

00

) 2 r

I

.

We show that diag(T; u) is satis�able relative to T

1

but not relative to T

1

[ T

2

. First,

one 
an show by indu
tion (from the leafs to the root) for all u

0

2W :

u

0

2 (diag(T; u

0

))

I

:

Hen
e, u 2 (diag(T; u))

I

. Now I is a model for T

1

, and therefore diag(T; u) is satis�able

relative to T

1

.

It remains to show that diag(T; u) is not satis�able relative to T

1

[ T

2

. Assume

to the 
ontrary of what has to be shown that diag(T; u) is satis�able in a model for

T

1

[ T

2

. Then there exists exists a tree-model I

0

for T

1

[ T

2

satisfying diag(T; u). Let

v 2 (diag(T; u))

I

0

. One 
an now show by indu
tion for all k � d(C), all negated and

non-negated sub
on
epts D of C with d(D) � k, all v

0

2 �

I

0

su
h that there is a

S

r2�

r

I

0

-path of length d(C) � k from v to v

0

in �

I

0

and all u

0

2 W su
h that there

is a <-path of length d(C)� k from u to u

0

in T: if v

0

2 (diag(T; u

0

))

I

0

, then v

0

2 D

I

0

i� u

0

2 D

I

. In parti
ular, we obtain that v 2 C

I

0

, whi
h 
ontradi
ts our assumption

that C is not satis�able relative to T

1

[ T

2

. ❏

In order to redu
e the size of witness 
on
epts of the form diag(T; w) we �rst have

to understand their semanti
es. The following notion of a �-morphism is used to


hara
terize the satis�ability of su
h 
on
epts.

De�nition 15 (�-morphism) Let I be a tree-model with a root u 2 �

I

and let

(T; w) be a (�; T

1

)-tree. A �-morphism f : (I; u) ! (T; w) is a partial surje
tive

mapping from �

I

onto W su
h that

� u 2 dom(f) and f(u) = w;

� if u

0

2 dom(f) and (u

00

; u

0

) 2

S

r2�

r

I

, then u

00

2 dom(f);

� for all v 2 dom(f), t

�;T

I

(v) = L(f(v));

� if u

0

2 dom(f), f(u

0

) is not a leaf, and (u

0

; u

00

) 2 r

I

for some r 2 �, then

u

00

2 dom(f) and L(f(u

0

); f(u

00

)) = r;

� if u

0

2 dom(f) and L(f(u

0

); w

0

) = r, then there exists u

00

2 dom(f) with (u

0

; u

00

) 2

r

I

su
h that f(u

00

) = w

0

.
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Now we relate �-morphisms to 
on
epts of the form diag(T; w).

Lemma 16 Suppose f : (I; u) ! (T; w) is a �-morphism and f(u

0

) = w

0

. Then

u

0

2 (diag(T; w

0

))

I

.

Proof. Easy. ❏

Lemma 17 Let T = T

1

or T = T

1

[ T

2

and let s be a T -type. Then the following


onditions are equivalent:

� s u diag(T; w) is satis�able relative to T ;

� there exists a tree-model I for T with root u and �nite outdegree su
h that there

is a �-morphism f : (I; u)! (T; w) and u 2 s

I

.

Proof. Suppose s u diag(T; w) is satis�able relative to T . Let I be a tree-model for

T with u 2 (s u diag(T; w))

I

. De�ne a new model I

0

as follows:

� Let �

I

0

be the set of all non-empty sequen
es (u

0

; x

1

; : : : ; x

n

) su
h that u

0

= u,

x

i

= (w

i

; r

i

; u

i

), where w

i

2W , r

i

2 S(T ), u

i

2 �

I

, and (u

i

; u

i+1

) 2 r

I

i

.

� ((u

0

; x

1

; : : : ; x

n

); (u

0

; y

1

; : : : ; y

n+1

)) 2 r

I

i� x

i

= y

i

for i � n and (u

n

; u

n+1

) 2

r

I

n+1

, where u

n

is the last 
omponent of x

n

(or n = 0), and r

n+1

; u

n+1

are the

last two 
omponents of y

n+1

.

� (u

0

; x

1

; : : : ; x

n

) 2 A

I

0

i� u

n

2 A

I

, where u

n

is the last 
omponent of x

n

.

It is easy to see that I

0

is a tree-model for T su
h that (u) 2 (s u diag(T; w))

I

0

.

De�ne f indu
tively su
h that for f(u

0

; x

1

; : : : ; x

n

) = w

0

we have u

n

2 (diag(T; w

0

))

I

0

for x

n

= (w

n

; r

n

; u

n

). Set f((u)) = w. Suppose f(u

0

; x

1

; : : : ; x

n

) is de�ned and

f(u

0

; x

1

; : : : ; x

n

) = w

0

is not a leaf of T. For every w

00

su
h that L(w

0

; w

00

) = r

for some r 2 � there is a u

0

su
h that (u

n

; u

0

) 2 r

I

and u

0

2 (diag(T; w

00

))

I

. Let

f(u

0

; x

1

; : : : ; x

n

; (w

00

; r; u

0

)) = w

00

. For those (w

�

; r; u

�

) with (u

n

; u

�

) 2 r

I

for some

r 2 � su
h that f(u

0

; x

1

; : : : ; x

n

; (w

�

; r; u

�

)) has not yet been de�ned 
hoose a w

00

2W

su
h that (w

0

; w

00

) 2 r

I

and u

�

2 (diag(T; w

00

))

I

and set f(u

0

; x

1

; : : : ; x

n

; (w

�

; r; u

�

)) =

w

00

. It is easy to see that f de�nes the required �-morphism.

The 
onverse dire
tion follows from Lemma 16. ❏

Lemma 18 Suppose (T; w) is a (�;T

1

)-tree with root w whi
h realizes (t; U

1

; U

2

) and

v is a node in T su
h that (T; v) realizes (s; V

1

; V

2

). Let (T

0

; v

0

) be a (�;T

1

)-tree with

root v

0

whi
h realizes (s; V

0

1

; V

0

2

), where V

1

� V

0

1

and V

2

� V

0

2

. Denote by T

00

the

(�; T

1

)-tree obtained from T by repla
ing the subtree generated by v by (T

0

; v

0

). Then

U

1

� U

0

1

and U

2

� U

0

2

for the triple (t; U

0

1

; U

0

2

) realized by (T

00

; w). If V

i

= V

0

i

, then

U

i

= U

0

i

, for i = 1; 2.
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Proof. We show that U

1

� U

0

1

. The remaining 
laims are proved in the same way

and left to the reader. Suppose s 2 U

1

. By Lemma 17, we have a tree-model I for T

1

su
h that u 2 s

I

and a �-morphism f : (I; u) ! (T; w). Let Y = f

�1

(v). Then, for

y 2 Y ,

y 2 (t

T

1

I

(y) u diag(T; v))

I

;

by Lemma 16. Therefore t

T

1

I

(y) 2 V

1

. Hen
e, t

T

1

I

(y) 2 V

0

1

. By Lemma 17, we �nd,

for y 2 Y , a tree-model I

y

for T

1

satisfying t

T

1

I

(y) in its root y and a �-morphism

f

y

: (I

y

; y) ! (T

0

; v

0

). Now repla
e, for y 2 Y , in I the model generated by y by

the model I

y

and denote the resulting model by I

0

. We still have u 2 s

I

0

and I

0

is a

model for T

1

. Moreover, we 
an 
onstru
t a �-morphism f

0

: (I

0

; u) ! (T

00

; w) from

the f

y

and f by setting f

0

(z) = f

y

(z) if y is an an
estor of z in I

y

and f

0

(z) = f(z) if

no su
h y 2 Y exists. By Lemma 16, u 2 (diag(T

00

; w))

I

0

. We have shown that there

exists a model for T

1

satisfying s u diag(T

00

; w). Hen
e, s 2 U

0

1

. ❏

Lemma 19 Let (T; w) be a (�;T

1

)-tree whi
h realizes (t; U

1

; U

2

), let T

0

1

= T

1

and

T

0

2

= T

1

[T

2

. Then, for i = 1; 2 and every T

0

i

-type s, s 2 U

i

i� either T is a singleton

tree and su t is satis�able relative to T

0

i

or T is not singleton and the following hold:

(m1) if 9r:C 2 s and r 2 �, then there exists a w

0

> w su
h that L(w;w

0

) = r and

there is a s

0

2 U

0

i

for the triple (t

0

; U

0

1

; U

0

2

) realized by (T; w

0

) su
h that C 2 s

0

and for all 
on
epts :9r:D 2 s, D 62 s

0

.

(m2) if r 2 �, then for every w

0

> w su
h that L(w;w

0

) = r there exists s

0

2 U

0

i

for

the triple (t

0

; U

0

1

; U

0

2

) realized by (T; w

0

) su
h that f:D j :9r:D 2 sg � s

0

.

(m3) t � s and s is satis�able relative to T

0

i

.

Proof. The dire
tion from left to right is 
lear. Conversely, assume that the 
onditions

(m1)-(m3) are satis�ed for a T

0

i

-type s. Let i = 1. The 
ase i = 2 is proved analogously.

Take, for ea
h role r 2 � and 9r:C 2 s a w

0

> w and s

0

as des
ribed in (m1) a tree-

model I

(w

0

;9r:C)

for T

1

satisfying s

0

u diag(T; w

0

) in its root r

(w

0

;9r:C)

. For ea
h w

0

> w

with L(w;w

0

) = r whi
h was not yet sele
ted take an s

0

as des
ribed in (m2) and

a tree-model I

(w

0

;r)

for T

1

whi
h satis�es s

0

u diag(T; w

0

) in its root r

(w

0

;r)

. Finally,

take a tree-model I

w

for T

1

satisfying s in its root w. This is possible by (m3). Now


onstru
t a model I from I

w

by removing, for ea
h r 2 �, the pairs

f(w; v) 2 �

I

w

��

I

w

j (w; v) 2 r

I

w

g;

from r

I

w

(together with the submodels generated in I

w

by the v of the pairs (w; v) 2

r

I

w

) and hooking instead the models I

(w

0

;9r:C)

and I

(w

0

;r)

as de�ned above onto w by

adding all pairs (w; r

(w

0

;9r:C)

) and (w; r

(w

0

;r

)) to r

I

, for r 2 �. Then I is a model for

T

0

1

satisfying s u diag(T; w) in w. It follows that s 2 U

1

. ❏

Lemma 20 Let (T; w) be a (�;T

1

)-tree whi
h realizes (t; U

1

; U

2

). By possibly remov-

ing from (T; w) some nodes from fw

0

j w < w

0

g together with the trees they generate

one 
an obtain a (�;T

1

)-tree (T

0

; w) whi
h realizes (t; U

1

; U

2

) su
h that

jfw

0

j w <

0

w

0

gj � 2� jT

1

[ T

2

j � 2

jT

1

[T

2

j

:
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Proof. Let (T; w) be a (�;T

1

)-tree whi
h realizes (t; U

1

; U

2

). Let W

0

= fw

0

j w < w

0

g.

We sele
t a set W

00

�W

0

so that the 
onditions (m1)-(m3) of the previous lemma are

satis�ed for exa
tly the members of U

1

and U

2

, respe
tively:

Take for ea
h s 2 U

1

a minimal set W

1

s

� W

0

with the following property: for

ea
h 9r:C 2 s \ C(�) the set W

1

s


ontains a w

0

> w su
h that L(w;w

0

) = r and there

is a s

0

2 U

0

1

for the triple (t

0

; U

0

1

; U

0

2

) realized by (T; w

0

) su
h that C 2 s

0

and for all


on
epts :9r:D 2 s, D 62 s

0

.

Also, take for ea
h T

1

-type s 62 U

1

a minimal set W

2

s

� W

0

with the following

property: if there exists a w

0

> w with L(w;w

0

) = r su
h that (T; w

0

) realizes a triple

(t

0

; U

0

1

; U

0

2

) su
h that for ea
h s

0

2 U

0

1

there exists D 2 s

0

su
h that :9r:D 2 s, then

W

2

s


ontains su
h a w

0

.

For s 2 U

2

de�ne V

1

s

in the same way as W

1

s

with T

1

repla
ed by T

1

[ T

2

and U

1

repla
ed by U

2

. De�ne, for ea
h T

1

[ T

2

-type s whi
h is not in U

2

, the set V

2

s

in the

same way asW

2

s

with T

1

repla
ed by T

1

[T

2

and U

1

repla
ed by U

2

. Now letW

00

�W

0

be the union over all W

1

s

, s 2 U

1

, W

2

s

, s a T

1

-type not in U

1

, V

1

s

, s 2 U

2

, and V

2

s

, s a

T

1

[ T

2

-type not in U

2

. Then jW

00

j � 2jT

1

[ T

2

j2

jT

1

[T

2

j

.

De�ne a new (�;T

1

)-tree (T

0

; w) by removing from T the subtrees generated by

w

00

> w whi
h do not o

ur inW

00

. It follows immediately from Lemma 19 that (T

0

; w)

realizes (t; U

1

; U

2

). ❏

We now have 
olle
ted all the ne
essary ingredients to prove the �rst part of Lemma 13.

Proof of Lemma 13 (i). Suppose T

1

[ T

2

is not a 
onservative extension of T

1

w.r.t. �. By Lemma 14, there exists a (�;T

1

)-tree (T; w) su
h that diag(T; w) is

satis�able relative to T

1

but not relative to T

1

[ T

2

. This means that U

1

6= ; and

U

2

= ; for the triple (t; U

1

; U

2

) realized by (T; w). Assume now that there exist w

1

; w

2

in T su
h that w

1

is an an
estor of w

2

and the triples realized by w

1

and w

2


oin
ide.

By Lemma 18 we 
an repla
e the subtree generated by w

1

by the subtree generated

by w

2

and obtain a (�;T

1

)-tree (T

0

; w) whi
h realizes (t; U

1

; U

2

) as well. By iterating

this pro
ess as often as possible we obtain a (�;T

1

)-tree (T

0

; w) whose depth does not

ex
eed 2

2�2

jT

1

[T

2

j

and whi
h realizes (t; U

1

; ;). Now suppose that there is a node u in

(T

0

; w) whi
h has more than 2jT

1

[T

2

j2

jT

1

[T

2

j

dire
t su

essors. By Lemma 20, we 
an

repla
e the subtree T

u

generated by u in T

0

by means of a (�;T

1

)-tree T

0

u

in whi
h u

does not have more than 2jT

1

[T

2

j2

jT

1

[T

2

j

dire
t su

essors and su
h that (T

u

; u) and

(T

0

u

; u) realize the same triple. Denote the resulting tree by T

0

0

. By Lemma 18, (T

0

0

; w)

and (T

0

; w) realize the same triple. Now iterate this pro
ess as often as possible. We

obtain a (�;T

1

)-tree (T

1

; w) whi
h realizes (t; U

1

; ;) and whose depth and outdegree

are bounded by 2

2�2

jT

1

[T

2

j

and 2jT

1

[T

2

j2

jT

1

[T

2

j

, respe
tively. This tree is as required

in Lemma 13 (i).

Before proving the se
ond part of Lemma 13, we modify Lemmas 18, 19, and 20.

Lemma 21 Suppose (T; w) is a T

1

-tree with root w whi
h realizes (t; U) and v is a

node in T su
h that (T; v) realizes (s; V ). Let (T

0

; v

0

) be a T

1

-tree with root v

0

whi
h

realizes (s; V ). Denote by T

00

the T

1

-tree obtained from T by repla
ing the subtree

generated by v by (T

0

; v

0

). Then the pair realized by (T

00

; w) 
oin
ides with (t; U).
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Proof. Follows immediately from Lemma 18. ❏

Lemma 22 Let (T; w) be a T

1

-tree whi
h realizes (t; U). Then, for every T

2

-type s,

s 2 U i� either T is a singleton tree and s u t is satis�able relative to T

1

[ T

2

or T is

not singleton and the following hold:

(n1) if 9r:C 2 s and r 2 S(T

1

), then there exists a w

0

> w su
h that L(w;w

0

) = r

and there is a s

0

2 U

0

for the pair (t

0

; U

0

) realized by (T; w

0

) su
h that C 2 s

0

and for all 
on
epts :9r:D 2 s, D 62 s

0

.

(n2) if r 2 S(T

1

), then for every w

0

> w su
h that L(w;w

0

) = r there exists s

0

2 U

0

for the pair (t

0

; U

0

) realized by (T; w

0

) su
h that f:D j :9r:D 2 sg � s

0

.

(n3) s [ t is satis�able relative to T

1

[ T

2

Proof. Can be proved in the same way as Lemma 19. ❏

Lemma 23 Let (T; w) be a T

1

-tree whi
h realizes (t; U) with U 6= ;. By possibly

removing from (T; w) some nodes from fw

0

j w < w

0

g together with the trees they

generate one 
an obtain a T

1

-tree (T

0

; w) whi
h realizes (t; U) su
h that

jfw

0

j w <

0

w

0

gj � jT

1

j+ jT

2

j � 2

jT

2

j

:

Proof. Can be proved similarly to Lemma 20. To ensure that the T

1

-type at w is t

one just has to take, for every 
on
ept 9r:D 2 t, a w

0

2 W

0

su
h that L(w;w

0

) = r

and the type of w

0


ontains D. Only jT

1

j many su

essors are required to ensure this


ondition. ❏

Proof of Lemma 13 (ii). Suppose T

1

[ T

2

is not a 
onservative extension of T

1

. By

Lemma 14, there exists a T

1

-tree (T; w) su
h that diag(T; w) is satis�able relative to

T

1

but not relative to T

1

[ T

2

. This means that U = ; for the pair (t; U) realized

by (T; w). Now, by repla
ing Lemmas 18, 19, and 20 in the proof of Lemma 13 (i)

by the lemmas above, we obtain a T

1

-tree (T

0

; w) whi
h realizes (t; ;) whose depth is

bounded by 2

jT

1

j

� 2

2

jT

2

j

and whose outdegree is bounded by jT

1

j+ jT

2

j2

jT

2

j

.

7 Analysis of the de
ision pro
edures

We �rst analyse the de
ision pro
edure of Figure 1 for the problem whether T

1

[T

2

is

a 
onservative extension of T

1

w.r.t. �.

� Corre
tness: 
learly, if the algorithm states that T

1

[ T

2

is not a 
onservative

extension of T

1

w.r.t. �, then this is indeed the 
ase. Conversely, suppose T

1

[T

2

is not a 
onservative extension of T

1

w.r.t. �. By Lemma 13, we �nd a (T; w)

su
h that diag(T; w) is satis�able relative to T

1

but not relative to T

1

[ T

2

and

su
h that the outdegree of T does not ex
eed 2jT

1

[T

2

j2

jT

1

[T

2

j

. This means that

U

1

6= ; and U

2

= ; for the triple (t; U

1

; U

2

) realized by (T; w). We show that

every triple (t; U

1

; U

2

) realized by some v in T is in some R

i

: the triples realized
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by leafs are in R

0

. It follows by indu
tion that, for every i, the triples realized

by nodes of depth i in T are in R

i

. Therefore, some R

i

with i � 2

2�2

jT

1

[T

2

j


ontains (t; U

1

; U

2

) and the algorithm 
on�rms that T

1

[T

2

is not a 
onservative

extension of T

1

w.r.t. �.

� Complexity: we show that the algorithm terminates after at most 2-

exponentially many steps in the size of T

1

[ T

2

: As satis�ability of 
on
epts

relative to a TBox is in ExpTime, we 
an generate the set R

0

in 2-exponential

time by 
he
king for ea
h triple (t; U

1

; U

2

) whether it is in R

0

. Suppose now

that R

i

has been 
omputed. We have to show that for ea
h subset R of R

i

of 
ardinality not ex
eeding 2jT

1

[ T

2

j2

jT

1

[T

2

j

one 
an 
ompute in 2-exponential

time the set of triples whi
h 
an be obtained in one step from R. Consider su
h

a set of triples R and a triple (t; U

1

; U

2

) su
h that U

1

6= ;. Then it follows from

Lemma 19 that (t; U

1

; U

2

) is obtained in one step from R if there exist relations

r

F

� ftg�R, for r 2 �, su
h that, for T

0

1

= T

1

and T

0

2

= T

1

[T

2

and i = 1; 2 the

following modi�
ations of 
onditions (m1)-(m3) of Lemma 19 hold for a T

0

i

-type

s if, and only if, s 2 U

i

:

(m1)' if 9r:C 2 s and r 2 �, then there exists a (t

0

; U

0

1

; U

0

2

) 2 R su
h that

(t; (t

0

; U

0

1

; U

0

2

)) 2 r

F

and there is a s

0

2 U

0

i

su
h that C 2 s

0

and for all


on
epts :9r:D 2 s, D 62 s

0

.

(m2)' if r 2 �, then for every (t

0

; U

0

1

; U

0

2

) 2 R su
h that (t; (t

0

; U

0

1

; U

0

2

)) 2 r

F

there

exists s

0

2 U

0

i

su
h that f:D j :9r:D 2 sg � s

0

.

(m3)' t � s and s is satis�able relative to T

0

i

.

Those 
onditions 
an be 
he
ked in 2-exponential time in the size of T

1

[ T

2

.

We now analyse the de
ision pro
edure of Figure 2 for the problem whether T

1

[T

2

is a 
onservative extension of T

1

:

� Corre
tness: 
learly, if the algorithm states that T

1

[ T

2

is not a 
onservative

extension of T

1

, then this is indeed the 
ase. Conversely, suppose T

1

[ T

2

is

not a 
onservative extension of T

1

. By Lemma 13, we �nd a (T; w) su
h that

diag(T; w) is satis�able relative to T

1

but not relative to T

1

[ T

2

and su
h that

the outdegree of T does not ex
eed jT

1

j+ jT

1

j2

jT

2

j

. This means that U = ; and

for the pair (t; U) realized by (T; w). We show that every pair (t; U) realized

by some v in T is in some R

i

: the pairs realized by leafs are in R

0

. It follows

by indu
tion that, for every i, the pairs realized by nodes of depth i in T are in

R

i

. Therefore, some R

i

with i � 2

jT

1

j

� 2

2

jT

2

j


ontains (t; U) and the algorithm


on�rms that T

1

[ T

2

is not a 
onservative extension of T

1

.

� Complexity: we show that the algorithm terminates after at most exponential

in T

1

and 2-exponential in T

2

many steps: As satis�ability of 
on
epts relative

to a TBox is in ExpTime, we 
an generate the set R

0

within this time-bound.

Suppose now that R

i

has been 
omputed. We have to show that for ea
h subset

R of R

i

of 
ardinality not ex
eeding jT

1

j+ jT

2

j2

jT

2

j

one 
an 
ompute within the

time-bound the set of pairs whi
h 
an be obtained in one step from R. Consider
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su
h a set of pairs R and a pair (t; U). Then if follows from Lemma 22 that

(t; U) is obtained in one step from R if t is satis�able relative to T

1

and there

exist relations r

F

� ftg �R, for r 2 �, su
h that

{ for all 9r:D 2 
l(T

1

), 9r:D 2 t i� there exists (t

0

; U

0

) 2 R su
h that

(t; (t

0

; U

0

)) 2 r

F

and D 2 t

0

and the following modi�
ations of 
ondition (n1)-(n3) of Lemma 22 hold for a

T

2

-type s if, and only if, s 2 U :

(n1)' if 9r:C 2 s and r 2 S(T

1

), then there exists a (t

0

; U

0

) 2 R su
h that

(t; (t

0

; U

0

) 2 r

F

and there is a s

0

2 U

0

su
h that C 2 s

0

and for all 
on
epts

:9r:D 2 s, D 62 s

0

.

(n2)' if r 2 S(T

1

), then for every (t

0

; U

0

) 2 R su
h that (t; (t

0

; U

0

)) 2 r

F

there

exists s

0

2 U

0

su
h that f:D j :9r:D 2 sg � s

0

.

(n3)' s [ t is satis�able relative to T

1

[ T

2

.

Those 
onditions 
an be 
he
ked in time 1-exponential in T

1

and 2-exponential

in T

2

.

8 Lower Bounds

In this se
tion, we prove the lower bounds on the size of witness 
on
epts and lower


omplexity bounds for de
iding whether a TBox T

1

[ T

2

is a 
onservative extension

of T

1

.

8.1 Size of Witness Con
epts

We start with proving the 2-exponential lower bound on the size of witness 
on
epts

stated in Theorem 4 above, and then improve this bound to a 3-exponential one as

stated in Theorem 3 (iii). There are two reasons for this in
remental approa
h. The

�rst one is dida
ti
: the TBoxes used for the 2-exponential lower bound are smaller

and more intuitive than the TBoxes underlying the 3-exponential bound, and the

latter 
an be seen as a re�nement of the former. The se
ond reason is that, as will

be dis
ussed in more detail later, the 3-exponential bound does a
tually not properly

subsume the 2-exponential one.

2-Exponential Witness Con
epts

For the 
onvenien
e of the reader, we here state Theorem 4 again:

Theorem 24 There exists a TBox T and a family of TBoxes (T

0

n

)

n>0

, su
h that, for

all n > 0,

(i) T [ T

0

n

is not a 
onservative extension of T ,

(ii) jT

0

n

j 2 O(n

2

), and
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(iii) every witness 
on
ept for (T ;T

0

n

) is of length at least 2

2

n

�1

.

We now des
ribe the basi
 idea for �nding TBoxes T and (T

0

n

)

n>0

as in Theorem 24.

First a bit of notation: for an interpretation I, a sequen
e w = w

0

; : : : ; w

k�1

2 fr; sg

�

,

and elements x; y 2 �

I

, we say that y is w-rea
hable from x if there exists a sequen
e

of elements x

0

; : : : ; x

k

su
h that x

0

= x, x

k

= y, and (x

i

; x

i+1

) 2 w

I

i

for all i < k.

Then T and T

0

n


an be des
ribed as follows:

� the TBox T is, in prin
iple, used only to �x the signature of witness 
on
epts:

they may use 
on
ept names A and B, and role names r and s.

� in the signature fA;B; r; sg, the TBox T

0

n

expresses that its models I are not

n-violating, where I is n-violating if there exist elements x

w

2 �

I

, for all w 2

fr; sg

�

of length smaller than 2

n

, su
h that the following are true:

(a) x

"

2 A

I

;

(b) (x

w

; x

w

0

) 2 r

I

if w

0

= w � r, and (x

w

; x

w

0

) 2 s

I

if w

0

= w � s;

(
) x

w

=2 B

I

if w is of length 2

n

� 1.

Thus, a witness 
on
ept C for T and T

0

n

has to enfor
e that all its models are n-

violating. Intuitively, this means that the 
on
ept must enfor
e an instan
e of A that

is the root of a binary tree of depth 2

n

su
h that left 
hildren are 
onne
ted with the

role r, right 
hildren are 
onne
ted with the role s, and all leafs are instan
es of :B.

The fa
t that the number of nodes in su
h a tree is 2-exponential in n 
an be used to

show that the size of witness 
on
epts for T and T

0

n

is at least 2-exponential in n as

well.

The pre
ise formulation of the TBoxes T and T

0

n


an be found in Figure 3. In

T

0

n

, we use a binary 
ounter C for 
ounting modulo 2

n

. The 
ounter is based on the


on
ept names C

0

; : : : ; C

n�1

representing the bits of C. The expression 8r:(C++) is

an abbreviation for the usual 
on
ept stating that the value of C is in
remented when

going to r-su

essors, i.e.:

u

k=0::n

�

u

j=0::k

C

j

�

!

�

(C

k

! 8r::C

k

) u (:C

k

! 8r:C

k

)

�

u

k=0::n

�

t

j=0::k

:C

j

�

!

�

(C

k

! 8r:C

k

) u (:C

k

! 8r::C

k

)

�

Note that T

0

n

enfor
es more in the signature fA;B; r; sg than what was stated above.

For example, due to the use of the 
ounter C there 
an be no model of T

0

n

in whi
h

an instan
e of A has an r-su

essor that is also an instan
e of A. However, we 
learly

do not want that small 
on
epts su
h as A u 9r:A qualify as a witness 
on
ept. This

explains Line (1) of T : by enfor
ing the A holds only in points with no r- and s-

prede
essors, we guarantee that, already in models of T , there are no two instan
es x

and y of A su
h that y is w-rea
hable from x for some w 2 fr; sg

�

.

In the following, when we talk of a model of T , we assume that this model in-

terpretes only A, B, r, and s. An extension of su
h a model additionally interpretes

the 
on
ept names A

0

and C

0

; : : : ; C

n�1

used in T

0

n

. We now establish a semanti



hara
terization of T

0

n

.
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T : > v 8r::A u 8s::A (1)

B v B (2)

T

0

n

: A v A

0

u (C = 0) (3)

A

0

u (C < 2

n

� 1) v 8r:(C++) u 8s:(C++) (4)

A

0

u (C < 2

n

� 1) v 8r:A

0

t 8s:A

0

(5)

A

0

u (C = 2

n

� 1) v B (6)

Figure 3: The TBoxes T and T

0

n

.

Lemma 25

1. A model I of T that is n-violating 
annot be extended to a model of T

0

n

;

2. a tree model I of T that is not n-violating 
an be extended to a model of T

0

n

.

Proof. (1) Let I be a model of T that is n-violating, and assume to the 
ontrary of

what is to be shown that there exists an extension J of I that is a model of T

0

n

. Sin
e

I is n-violating and due to (3) to (5), there exists an x 2 A

I

and a y 2 �

I

su
h that

y is w-rea
hable from x, for some w 2 fr; sg of length 2

n

� 1, and y 2 (:B u A

0

)

I

.

Clearly, we also have y 2 (C = 2

n

� 1)

I

, and thus obtain a 
ontradi
tion to (6).

(2) Let I be a tree-model of T that is not n-violating. By (1) and sin
e I is a

tree-model, A is either empty or a singleton. In the former 
ase, we 
an extend I to

a model of T

0

n

by interpreting all of A

0

; C

0

; : : : ; C

n�1

as the empty set. In the latter


ase, let A

I

= fx

A

g. If y 2 �

I

is w-rea
hable from x

A

, with w 2 fr; sg

�

, then the

level of y is the length of w. An x

0

2 �

I

is 
alled A

0

-feasible if there exists a set

S

x

0

� �

I

su
h that the following hold:

(i) x

0

2 S

x

0

;

(ii) if x 2 S

x

0

and x is on a smaller than 2

n

� 1, then fy j (x; y) 2 r

I

g � S

x

0

or

fy j (x; y) 2 s

I

g � S

x

0

;

(iii) if x 2 S

x

0

and x is on level 2

n

� 1, then x 2 B

I

.

We now show that x

A

is A

0

-feasible. Assume to the 
ontrary that it is not. Our aim

is to derive a 
ontradi
tion by showing that, under this assumption, I is n-violating.

To this end, we 
hoose elements x

w

2 �

I

, for all w 2 fr; sg

�

of length smaller 2

n

,

su
h that Properties (a) to (
) from the de�nition of n-violating are satis�ed. This is

done by indu
tion on the length of w and ensures that none of the x

w

is A

0

-feasible

and that x

w

is on level n if w is of length n:

� As the indu
tion start, set x

"

:= x

A

. By assumption, x

"

is not A

0

-feasible;

� Now let w be of length n < 2

n

� 1 with x

w

already 
hosen. Then x

w

is on level

n and not A

0

-feasible. By de�nition of A

0

-feasibility, it follows that there are

y

r

; y

s

2 �

I

that are not A

0

-feasible and su
h that (x

w

; y

r

) 2 r

I

and (x

w

; y

s

) 2 s

I

.

Set x

w�r

= y

r

and x

w�s

= y

s

. Clearly, x

w�r

and x

w�s

are on level n+ 1.
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It is not diÆ
ult to verify that the elements x

w


hosen in this way indeed satisfy

Properties (a) to (
) from the de�nition of n-violating. Thus, I is n-violating and we

have derived the intended 
ontradi
tion.

We 
on
lude that x

A

is A

0

-feasible and extend I as follows:

� Let S

x

A

be the set witnessing that x

A

is A

0

-feasible. Then set (A

0

)

I

:= S

x

A

.

� The 
on
epts C

0

; : : : ; C

n�1

are interpreted su
h that, for ea
h y 2 �

I

, the


ounter C en
odes the level of y is de�ned, and 0 otherwise.

It is readily 
he
ked that the extended interpretation is a model of T

0

n

. ❏

Lemma 25 provides us with important information on witness 
on
epts for T and T

0

n

.

Corollary 26

1. A 
on
ept C that is satis�able w.r.t. T and su
h that all models of C and T are

n-violating is a witness 
on
ept for T and T

0

n

;

2. if a 
on
ept C is a witness 
on
ept for T and T

0

n

, then all tree models of C and

T are n-violating.

By Point 1 of Corollary 26, the 
on
ept C

2

n

de�ned in the following is a witness


on
ept for T and T

0

n

. This shows that T [ T

0

n

is indeed not a 
onservative extension

of T :

D

0

:= :B

D

i+1

:= 9r:D

i

u 9s:D

i

C

i

:= A uD

i

Note that the 
on
epts D

i

are introdu
ed only as abbreviations, and not as 
on
ept

names in a TBox. It is not hard to see that the length of C

2

n

is O(2

2

n

). To establish

Theorem 24, it remains to prove that ea
h witness 
on
ept for T and T

0

n

is of length

at least 2

2

n

�1

. By (1), A 
an only be satis�ed in the root of tree models of I. Thus,

Point 2 of Corollary 26 and the de�nition of n-violating imply that every witness


on
ept for T and T

0

n

satis�es the pre
onditions of the following lemma, whi
h yields

the required lower bound on the size of witness 
on
epts.

Lemma 27 Let P be the set of all sequen
es w 2 fr; sg

�

of length 2

n

� 1, and let C

be a 
on
ept su
h that the following holds:

(i) C is satis�able w.r.t. T ;

(ii) for all tree models I of C and T with root r 2 �

I

, we have r 2

�

Auu

w2P

9w:>

�

I

:

Then C is of length at least 2

2

n

�1

.
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In this lemma and in what follows, 9w:C with w = w

1

� � �w

n

abbreviates

9w

1

:9w

2

: � � � 9w

n

:C, and 9":C is just C. For proving Lemma 27, we need the no-

tion of path sets. For ea
h 
on
ept C, we de�ne the path set P

C

of C by stru
tural

indu
tion as follows:

� P

A

:= f"g for 
on
ept names A;

� P

:C

:= P

C

;

� P

CuD

:= P

C

[ P

D

;

� P

9r:C

:= f"g [ fr � p j p 2 P

C

g.

The following is easy to prove by stru
tural indu
tion:

Lemma 28 For all 
on
epts C, we have jCj � jP

C

j.

We now return to the proof of Lemma 27.

Proof. Let P and C be as in Lemma 27. Moreover, let I be a tree model of C

and T with root x

0

. Su
h a model exists by (i). Sin
e I is a model of C, we have

x

0

2 C

I

: if x 2 C

I

for some x 6= x

0

, then the model I

0

obtained from I by setting

A

I

0

:= A

I

n fx

0

g is still a tree model of C and T , whi
h is a 
ontradi
tion to (ii).

Moreover, x

0

2 A

I

.

Sin
e jP j = 2

2

n

�1

and by Lemma 28, there exists a sequen
e bw 2 P n P

C

: De�ne

�

J

:= �

I

n fy j y is w-rea
hable from x

0

with bw pre�x of wg;

and let J be the restri
tion of I to domain �

J

. Then we have x

0

=2 (9 bw:>)

J

. Sin
e

bw 2 P we have that J is not a model of C. We now establish the following 
laim.

For ea
h x 2 �

J

, let w(x) denote the sequen
e w su
h that x is w-rea
hable from x

0

.

Claim. For all x 2 �

J

and D 2 sub(C) su
h that fw(x) �w j w 2 P

D

g � P

C

; we have

x 2 D

I

i� x 2 D

J

.

For suppose that the 
laim has been proved. Together with x

0

2 C

I

, it implies

x

0

2 C

J

and thus 
ontradi
ts the fa
t that J is not a model of C. Therefore, we have

proved that C is length at least 2

2

n

�1

.

The proof of the 
laim is by indu
tion on the stru
ture of D. As the indu
tion

start and the Boolean 
ases are trivial, we only treat the 
ase D = 9r:E:

� \if". Let x 2 D

J

. Then there is a y 2 �

J

su
h that (x; y) 2 r

J

and y 2 E

J

.

The former yields (x; y) 2 r

I

. It thus remains to show that y 2 E

I

. To this

end, observe that we have w(y) = w(x) � r and P

E

= fw j rw 2 P

D

g. Thus,

fw(x) � w j w 2 P

D

g � P

C

yields fw(y) � w j w 2 P

E

g � P

C

. Finally, IH and

y 2 E

J

yield y 2 E

I

as required.

� \only if". Let x 2 D

I

. Then there is a y 2 �

I

su
h that (x; y) 2 r

I

and y 2 E

I

.

Sin
e w(y) = w(x) � r, P

E

= fw j rw 2 P

D

g, and fw(x) � w j w 2 P

D

g � P

C

, we

have

fw(y) � w j w 2 P

E

g � P

C

: (�)
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Sin
e " 2 P

E

(this holds for every 
on
ept), (�) yields w(y) 2 P

C

. Sin
e P

C

is

pre�x-
losed, this means that y 2 �

J

. Therefore, y 2 E

I

, IH, and (�) give us

y 2 E

J

. Sin
e (x; y) 2 r

I

implies (x; y) 2 r

J

, we get x 2 (9r:E)

J

as required.

❏

3-Exponential Witness Con
epts

We now improve the 2-exponential lower bound on the size of witness 
on
epts to a

3-exponential one, as stated in Theorem 3 (iii). We formulate the result here again:

Theorem 29 There exist families of TBoxes (T

n

)

n>0

and (T

0

n

)

n>0

, su
h that, for all

n > 0,

(i) T

n

[ T

0

n

is not a 
onservative extension of T

n

,

(ii) jT

n

j 2 O(n

2

), jT

0

n

j 2 O(n

2

), and

(iii) every witness 
on
ept for (T

n

;T

0

n

) is of length at least 2

(2

n

�2

2

n

)�1

.

Note that, in 
ontrast to Theorem 24, the size of the unprimed TBox grows with n

instead of being �xed. Therefore, Theorem 29 does not imply Theorem 24. We believe

that Theorem 29 
an be strengthened su
h that the unprimed TBox is �xed, but leave

details as future work.

The idea for 
onstru
ting T

n

and T

0

n

is very similar to what was done in the

previous se
tion, only that witness 
on
epts must now enfor
e binary trees of depth

double exponential in n. To in
rease the depth of trees to double exponential, we

need a 
ounter X that 
ounts modulo 2

2

n

. Obviously, su
h a 
ounter 
annot be

realized using one 
on
ept name for every bit as this would result in a TBox of size

exponential in n. Therefore, we use a \distributed" form of 
ounting: a single value

of X is des
ribed using an X-sequen
e, i.e., a sequen
e x

1

; : : : ; x

2

n

2 �

I

su
h that

(x

i

; x

i+1

) 2 r

I

[ s

I

for all i < 2

n

. Ea
h domain element in the X-sequen
e represents

the truth value of one bit of the 
ounter value via the 
on
ept name X.

1

To des
ribe

the position of the bit represented by a domain element, we use another 
ounter C that


ounts modulo 2

n

using 
on
ept names C

0

; : : : ; C

n�1

. The idea is that C 
ounts from

0 to 2

n

� 1 along ea
h X-sequen
e, thus assigning bit positions to domain elements.

The TBox T

n

is given in Figures 4. We use role union as an abbreviation: 8(r[s):C

abbreviates 8r:C u 8s:C. It is easily seen that role union 
an be eliminated from T

n

(and T

0

n

) with only a linear blowup in size. Line (11) and (12) of T

n

are identi
al to

Lines (1) and (2) of the TBox T from the previous se
tion, and Line (13) ensures that

the 
ounter C 
ounts 
orre
tly. Lines (14) to (16) guarantee that X-sequen
es starting

at instan
es of A en
ode the value null, and that all elements of su
h sequen
es are

marked with the 
on
ept name F . The purpose of Lines (17) to (19) is to ensure that,

if an element x is part of an X-sequen
e, then x is an instan
e of Z i� the X-sequen
e

has a null-value for some bit stri
tly lower than x.

1

We deliberately 
onfuse the name of the 
ounter and the name of the 
on
ept name representing

the truth value of bits.
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> v 8r::A u 8s::A (11)

B v B (12)

> v 8(r [ s):(C++) (13)

A v (C = 0) u F (14)

F u (C < 2

n

) v 8(r [ s):F (15)

F v :X (16)

(C = 0) v :Z (17)

:X t Z v 8r:(:(C = 0)! Z) (18)

X u :Z v 8r:(:(C = 0)! :Z) (19)

Figure 4: The TBox T

n

.

The TBox T

0

n


an be found in Figure 5. It uses a third 
ounter D that 
ounts

modulo 2

n

using 
on
ept names D

0

; : : : ;D

n�1

. This 
ounter is used to ensure that X


ounts 
orre
tly in models of witness 
on
epts. Before we go into any detail, let us

give a semanti
 
hara
terization of the interplay between T

n

and T

0

n

.

Let I be an interpretation. For ea
h w = w

1

� � �w

k

2 fr; sg

�

, we 
all a sequen
e

of domain elements x

1

; : : : ; x

k+1

2 �

I

a w-path starting at x if x = x

1

and, for

1 � i � k, (x

i

; x

i+1

) 2 w

I

i

. If w is not important, we simply speak of a path. For

i � 1, an interpretation I is 
alled strongly n-violating i� there exists an x 2 A

I

su
h

that the following two properties are satis�ed, where m := 2

n

� 2

2

n

.

(P1) for all paths x

1

; : : : ; x

k

in I starting at x of length at most m, the X values of

x

1

; : : : ; x

k

des
ribe the �rst k bits of a 2

n

-bit 
ounter 
ounting from 0 to 2

2

n

�1.

(P2) there exist elements x

w

2 �

I

, for all w 2 fr; sg

�

of length at most m� 1, su
h

that the following are true:

(a) x

"

2 A

I

;

(b) (x

w

; x

w

0

) 2 r

I

if w

0

= w � r, and (x

w

; x

w

0

) 2 s

I

if w

0

= w � s;

(
) x

w

=2 B

I

if w is of length m� 1.

Intuitively, (P2) is the double-exponential version of what was 
alled \n-violating" in

the previous se
tion. We use the bound m � 1 sin
e the 
ounter X has 2

2

n

possible

values, ea
h value of X is represented by an X-sequen
e of length 2

n

�1, and any two


onse
utive X-sequen
es are 
onne
ted by an additional r- or s-edge. Property (P1)

guarantees that the 
ounter X 
ounts 
orre
tly.

To ensure that witness 
on
epts enfor
e models that are strongly n-violating, T

0

n

has to express that ea
h instan
e of A violates either (P1) or (P2). Let x be su
h an

instan
e. The purpose of Line (20) is to de
ide whether (P1) or (P2) is violated at x.

If the latter is 
hosen, the violation is enfor
ed via Lines (32) and (33) similar to what

was done in the previous se
tion. If (P1) is 
hosen, Lines (21) to (31) ensure that there
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A v P

1

t P

2

(20)

P

1

v M

0

t 9r:P

1

t 9s:P

1

(21)

P

1

u (C = 2

n

� 1) v Z t :X (22)

M

0

v M u (D = 0) (23)

M

0

u :Z v NX $ X (24)

M

0

u Z v NX $ :X (25)

M u (D < 2

n

) v 8(r [ s):(D++) (26)

M u (D < 2

n

) uNX v 9(r [ s):(M uNX) (27)

M u (D < 2

n

) u :NX v 9(r [ s):(M u :NX) (28)

M u (D = 2

n

� 1) uNX v X (29)

M u (D = 2

n

� 1) u :NX v :X (30)

M u (D < 2

n

� 1) u (C = 2

n

� 1) v Z t :X (31)

P

2

u (:(C = 2

n

� 1) t Z t :X) v 8r:P

2

t 8s:P

2

(32)

P

2

u (C = 2

n

� 1) u :Z uX v B (33)

Figure 5: The TBox T

0

n

.

is a path x

1

; : : : ; x

k

in I starting at x of length at most m su
h that the X-values

along this path do not des
ribe the �rst k bits of a 2

n

-bit 
ounter 
ounting from 0 to

2

2

n

� 1. Due to Lines (13) to (16) of T

n

, we know that the �rst 2

n

X-values along

x

1

; : : : ; x

k

are null as required. Hen
e, a failure of 
ounting on the path x

1

; : : : ; x

k


an

only be due to failure of in
rementation of the 
ounter X.

Lines (21) and (22) mark the pla
e where in
rementation fails using the 
on
ept

name M

0

. More pre
isely, the domain element marked with M

0

is a bit su
h that

the 
orresponding bit in the following X-sequen
e violates in
rementation. There

are two ways in whi
h this may happen: �rst, there may be no 0-bit lower than

the bit marked with M

0

, but the 
orresponding bit in the following X-sequen
e is

not toggled. Se
ond, there may be a 0-bit lower than the bit marked with M

0

, but

the 
orresponding bit in the following X-sequen
e is toggled. These two 
ases are

distinguished by Lines (24) and (25). In the �rst 
ase, the 
ase of X is stored in NX.

In the se
ond 
ase, the toggled value of X is stored in NX. The 
ounter D is then

reset in Line (23) and in
remented in Line (26) to identify the 
orresponding bit in

the following 
on�guration. Through lines (27) and (28), the value of NX is passed

on all the way to this bit. Finally, Lines (20) and (30) ensure that the X-value of the


orresponding bit 
oin
ides with NX.

Lemma 30

1. A model I of T

n

that is strongly n-violating 
annot be extended to a model of T

0

n

;
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2. a tree model I of T

n

that is not strongly n-violating 
an be extended to a model

of T

0

n

.

Proof. (1) Assume that I is n-violating and 
ounting and that, to the 
ontrary of

what is to be shown, there exists an extension J of I that is a model of T

0

n

. Sin
e I

is n-violating, there is an x 2 A

J

satisfying (P1) and (P2). By (20), it follows that

x 2 P

J

1

or x 2 P

J

2

.

First assume x 2 P

J

1

. By (21), one of the following holds:

(i) there exists an in�nite word w 2 fr; sg

!

and an in�nite w-path x

1

; x

2

; : : : in J

starting at x su
h that x

i

2 P

J

1

for all i � 1;

(ii) there exists a path x

1

; : : : ; x

k

in J starting at x su
h that x

1

; : : : ; x

k

2 P

J

1

and

x

k

2M

J

0

.

In Case (i), (13) and (14) imply that x

m�2

n

2 (C = 0)

J

and x

m

2 (C = 2

n

� 1)

J

.

Moreover, (P1) implies that x

m�2

n

; : : : ; x

m

2 X

J

and (17) to (19) imply that x

m

=2

Z

J

. Thus, x

m

violates (22), whi
h is a 
ontradi
tion.

In Case (ii), it follows from (23) and (26) to (28) that there are x

k+1

; : : : ; x

k+2

n

2

M

J

su
h that x

1

; : : : ; x

k+2

n

is a path in J starting at x. It follows from x

1

; : : : ; x

k

2

P

J

1

, (P1), and (22) that k < m. This together with x

k+1

; : : : ; x

k+2

n

2M

J

, (P1), and

(31) yields k � m�2

n

. Thus, the length of the path x

1

; : : : ; x

k+2

n

is at most m. Now,

(24) to (30) 
an be used to prove that the X-values on this path do not des
ribe the

�rst k + 1 bits of the 2

n

-bit 
ounter 
ounting from 0 to 2

2

n

� 1, thus 
ontradi
ting

(P1).

Now assume x 2 P

J

2

. Using (32) and (P2), and also referring to (13), (14), (17) to

(19), and (P1), it is not diÆ
ult to show that there is a path x

1

; : : : ; x

m

in I starting

at x su
h that x

m

2 P

J

2

and x

m

=2 B

J

. By (13) and (14), x

m

2 (C = 2

n

�1). By (17)

to (19) and (P1), x

m

2 (:Z)

J

. By (P1), x

m

2 X

I

. Thus, by (33), we have x

m

2 B

J

,

whi
h is a 
ontradi
tion.

(2) Assume that I is a tree model of T

n

that is not strongly n-violating. Due to (9)

and sin
e I is a tree model, A

I

is empty or a singleton. If A

I

is empty, we may simply

interprete all additional 
on
ept names as the empty set. The resulting extension of

I is a model of T

0

n

. If A

I

= fxg is a singleton, then (P1) or (P2) is violated for x.

First assume that (P1) is violated, i.e., there exists an outgoing path x

1

; : : : ; x

k

in

I of length at most m starting at x su
h that the X-values on the path do not des
ribe

the �rst k+1 bits of a 2

n

-bit 
ounter 
ounting from 0 to 2

2

n

. Due to (13) to (16), we

know that the �rst 2

n

X-values en
ode the number 0 as required. Therefore, there

must be a failure in in
rementation when 
ounting along x

1

; : : : ; x

k

. For i � k, set

pos(i) := i mod 2

n

. Then failure of in
rementation means that there is a p � k � 2

n

su
h that one of the following 
ases holds:

(i) x

i

2 X

I

for p� pos(p) � i < p and x

p

2 X

I

$ x

p+2

n

2 X

I

;

(ii) x

i

=2 X

I

for some j with p� pos(p) � i < p and x

p

2 X

I

$ x

p+2

n

=2 X

I

.

We extend I as follows:
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� P

I

1

:= fx

1

; : : : ; x

p

g;

� P

I

2

:= ;;

� M

I

0

:= fx

p

g;

� M

I

:= fx

p

; : : : ; x

p+2

n

g;

� NX := fx

p

; : : : ; x

p+2

n

g if x

i

2 ((Xu:Z)t(:XuZ))

I

, and NX

I

:= ; otherwise;

� The values of D

0

; : : : ;D

n�1

are set su
h that, for all domain elements y 2 �

I

,

D has value ` if there is a w-path from x

p

to y with w of length `, 0 if no su
h

path exists.

It is readily 
he
ked that the extended I satis�es T

0

n

.

Now assume that (P1) is satis�ed, but (P2) is violated. Then we 
an show analo-

gously to the proof of Point 2 of Lemma 25 that I 
an be extended to a model of T

0

n

.

In this extension P

1

;M

0

;M;NX, and D

0

; : : : ;D

n�1

are interpreted as the empty set.

In the proof, we need the fa
t (P1) is satis�ed be
ause, only then, the pre
ondition

of (33) identi�es domain elements y su
h that there is ao w-path from x

A

to y with

w of length m � 1, and similarly for the pre
ondition of (32). Details are left to the

reader. ❏

Similar to the previous se
tion, we obtain a 
orollary 
hara
terizing witness 
on
epts

for T

n

and T

0

n

.

Corollary 31

1. A 
on
ept C that is satis�able w.r.t. T

n

and su
h that all models of C and T are

n-violating and 
ounting is a witness 
on
ept for T

n

and T

0

n

;

2. if a 
on
ept C is a witness 
on
ept for T

n

and T

0

n

, then all tree models of C and

T are n-violating and 
ounting.

We now de�ne a witness 
on
ept for T

n

and T

0

n

, thus showing that T

n

[ T

0

n

is indeed

not a 
onservative extension of T

n

. For 1 � i � m, let b

i

denote the i-th bit of a 2

n

-bit


ounter 
ounting from 0 to 2

2

n

� 1. Then we set:

D

0

:= :B

D

i+1

:= 9r:D

i

u 9s:D

i

C

i

:= A uD

i

u u

w2fr;sg

i

;1�i�n;b

i

=0

8w::X u u

w2fr;sg

i

;1�i�n;b

i

=1

8w:X

By Point 1 of Corollary 31, the 
on
ept C

m

is a witness 
on
ept for T

n

and T

0

n

. It 
an

be 
he
ked that the length of C

n

is O(2

m

), i.e., O(2

2

n

�2

2

n

). To establish Theorem 29,

it remains to prove that ea
h witness 
on
ept for T

n

and T

0

n

is of length at least 2

m�1

.

This is a 
onsequen
e of the following lemma, whose proof is analogous to the proof

of Lemma 27.
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Lemma 32 Let m = 2

n

� 2

2

n

, P the set of all sequen
es w 2 fr; sg

�

of length m� 1,

and C a 
on
ept su
h that the following holds:

(i) C is satis�able w.r.t. T

n

;

(ii) for all tree models I of C and T

n

, there exists a y 2

�

A uu

w2P

9w:>

�

I

:

Then C is of length at least 2

m�1

.

8.2 Lower Complexity Bounds

The aim of this se
tion is to prove the 2-ExpTime lower bound of Theorem 2; namely

that, given two TBoxes T

1

and T

2

, it is 2-ExpTime-hard to de
ide whether T

1

[ T

2

is a 
onservative extension of T

1

. The proof is by redu
tion of the word problem of

exponentially-spa
e bounded ATMs.

8.2.1 Alternating Turing Ma
hines

An Alternating Turing Ma
hine (ATM) is of the form M = (Q;�;�; q

0

;�). The set

of states Q = Q

9

℄Q

8

℄ fq

a

g ℄ fq

r

g 
onsists of existential states from Q

9

, universal

states from Q

8

, an a

epting state q

a

, and a reje
ting state q

r

; � is the input alphabet

and � the work alphabet 
ontaining a blank symbol � and satisfying � � �; q

0

2 Q

9

is the starting state; and the transition relation Æ is of the form

Æ � Q� ��Q� �� fL;Rg:

We will write Æ(q; a) for f(q

0

; b;M) j (q; a; q

0

; b;M) 2 Æg. As usual, we assume that

q 2 Q

9

[Q

8

implies Æ(q; b) 6= ; for all b 2 � and q 2 fq

a

; q

r

g implies Æ(q; b) = ; for all

b 2 �.

A 
on�guration of an ATM is a word wqw

0

with w;w

0

2 �

�

and q 2 Q. The

intended meaning is that the tape 
ontains the word ww

0

(with only blanks before

and behind it), the ma
hine is in state q, and the head is on the leftmost symbol of

w

0

. The su

essor 
on�gurations of a 
on�guration wqw

0

are de�ned in the usual way

in terms of the transition relation Æ. A halting 
on�guration is of the form wqw

0

with

q 2 fq

a

; q

r

g.

A 
omputation path of an ATMM on a word w is a (�nite or in�nite) sequen
e of


on�gurations 


1

; 


2

; : : : su
h that 


1

= q

0

w and 


i+1

is a su

essor 
on�guration of 


i

for i � 0. All ATMs 
onsidered in this paper have only �nite 
omputation paths on any

input. Sin
e this 
ase is simpler than the general one, we de�ne a

eptan
e for ATMs

with �nite 
omputation paths, only, and refer to [7℄ for the full de�nition. Let M be

su
h an ATM. A halting 
on�guration is a

epting i� it is of the form wq

a

w

0

. For non-

halting 
on�gurations 
 = wqw

0

, the a

eptan
e behaviour depends on q: if q 2 Q

9

,

then 
 is a

epting i� at least one su

essor 
on�guration is a

epting; if q 2 Q

8

, then


 is a

epting i� all su

essor 
on�gurations are a

epting. Finally, the ATM M with

starting state q

0

a

epts the input w i� the initial 
on�guration q

0

w is a

epting. We
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use L(M) to denote the language a

epted by M, i.e., L(M) = fw 2 �

�

jM a

epts

wg.

To obtain a witness for the a

eptan
e of an input by an ATM, it is 
ommon to

arrange 
on�gurations in a tree. Su
h an a

eptan
e tree of an ATM M with starting

state q

0

on a word w is a �nite tree whose nodes are labelled with 
on�gurations su
h

that

� the root node is labelled with the initial 
on�guration q

0

w;

� if a node s in the tree is labelled with wqw

0

, q 2 Q

9

, then s has exa
tly one

su

essor, and this su

essor is labelled with a su

essor 
on�guration of wqw

0

;

� if a node s in the tree is labelled with wqw

0

, q 2 Q

8

, then there is exa
tly one

su

essor of s for ea
h su

essor 
on�guration of wqw

0

;

� leaves are labelled with a

epting halting 
on�gurations.

The following is immediate.

Lemma 33 Let M be an ATM with only �nite 
omputation paths. Then there exists

an a

eptan
e tree of M on w i� M a

epts w.

The Redu
tion

A

ording to Theorem 3.4 of [7℄, there is an exponentially spa
e bounded ATM M

whose word problem is 2-ExpTime-hard. A

ording to Theorem 2.6 of the same pa-

per, we may w.l.o.g. assume that there exists a polynomial p su
h that the length of

every 
omputation path of M on w 2 �

n

is bounded by 2

2

p(n)

, and all the 
on�gura-

tions wqw

0

in su
h 
omputation paths satisfy jww

0

j � 2

p(n)

. It is also easy to see that

we 
an w.l.o.g. make the following assumption: for ea
h q 2 Q

8

and ea
h b 2 �, the

set Æ(q; b) has exa
tly two elements. We assume that these elements are ordered, i.e.,

Æ(q; b) is an ordered pair ((q

0

; b

0

;M

0

); (a

00

; b

00

;M

00

)).

Let w = a

0

� � � a

n�1

2 �

�

be an input toM. In the following, we 
onstru
t TBoxes

T

1

and T

2

su
h that T

1

[ T

2

is a 
onservative extension of T

1

if, and only if, M does

not a

ept w. The main idea is to 
onstru
t T

1

and T

2

su
h that models of witness


on
epts for T

1

and T

2

des
ribe an a

eptan
e tree of M on w. In su
h models, ea
h

domain element represents a tape 
ell of a 
on�guration of M, and the role names

r and s indi
ates both \moving to the next tape 
ell in the same 
on�guration" and

\moving to the �rst tape 
ell of a su

essor 
on�guration". Thus, ea
h node of the

a

eptan
e tree (whi
h des
ribes a 
omplete 
on�guration) is spread out over many

nodes in the model.

The TBoxes T

1

and T

2

will be de�ned as extensions of the TBoxes T

n

and T

0

n

given

in the previous se
tion. In parti
ular, models of witness 
on
epts will be strongly

n-violating, and there will be a dire
t 
orresponden
e between the a

eptan
e tree

for M and w des
ribed by su
h models and the r; s-tree of double exponential length

des
ribed by Property (P2) of strong n-violation. Intuitively, the only di�eren
e be-

tween these two kinds of trees is as follows: the (spread-out) a

eptan
e tree requires
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> v :(A

r

uA

s

) u 8r:A

r

u 8s:A

s

(34)

> v t

a2�

S

a

(35)

> v u

a;b2� with a6=b

:(S

a

u S

b

) (36)

> v u

q;q

0

2Q with q 6=q

0

:(S

q

u S

0

q

) (37)

t

q2Q

S

q

v H (38)

H u (C < 2

n

� 1) v 8(r [ s):(H u :t

q2Q

S

q

) (39)

(C = 0) u :t

q2Q

S

q

v :H (40)

:H v 8(r [ s):(:t

q2Q

S

q

! :H) (41)

:H u (C = 2

n

� 1) v ? (42)

(C = 0) u F v S

q

0

u S

a

0

(43)

(C = i) u F v S

a

i

for 1 � i < n (44)

(C � n) u F v S

blank

(45)

S

q

r

v ? (46)

Figure 6: Additional GCIs for T

1

.

bran
hing only at those domain elements that represent tape 
ells under the head

when the ATM is in a universal state. In 
ontrast, the tree enfor
ed by (P2) bran
hes

at every node. This gap is bridged as follows: from a (P2) tree, we 
an always \
ut

out" a (spread-out) a

eptan
e tree. Conversely, a (spread-out) a

eptan
e tree 
an be


onverted into a (P2) tree by dupli
ating parts of it in order to generate the additional

bran
hing.

We �rst 
onstru
t the TBox T

1

. It is the extension of T

n

with the GCIs shown in

Figure 6. The purpose of Line (34) simply is to introdu
e marker 
on
epts A

r

and A

s

that help to distinguish r-su

essors from s-su

essors. The remaining GCIs des
ribe

some basi
 properties of ATM 
omputations. As usual, we assume that there is one


on
ept name S

a

for every a 2 � and one 
on
ept name S

q

for every q 2 Q. Lines (35)

to (37) simply say that there is exa
tly one alphabet symbol labelling ea
h tape 
ell,

and there is at most one state labelling ea
h tape 
ell. Lines (38) to (42) say that ea
h


on�guration has exa
tly one head position. Then, Lines (43) to (45) express that

the 
omputation starts with head on the left-most tape 
ell in state q

0

, and that the

initial tape ins
ription is a followed by blanks. Finally, Line (46) ensures a

eptan
e

of the ATM by stating that the reje
ting state is never en
ountered.
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This �nishes the de�nition of T

1

. We de�ne T

2

su
h that a model I of T

1


an

be extended to a model of T

1

[ T

2

i� I is not M; a-violating. An interpretation I is

M; a-violating if there exists an x 2 A

I

su
h that Properties (P1) and (P2) from the

de�nition of strong n-violation given in the previous se
tion hold and, additionally,

the following properties are satis�ed:

(P3) The Turing ma
hine moves a

ording to its transition table: let x

1

; : : : ; x

k

be

an outgoing path in I starting at x of length at most m � (2

n

+ 1) su
h that

x

k

2 S

I

q

\ S

I

a

. Then if q 2 Q

9

, one of the following holds

{ there exists an (q

0

; b; L) 2 Æ(q; a) su
h that, for all outgoing path y

0

; : : : ; y

2

n

in I starting at x

k

, we have y

2

n

2 S

I

b

and y

2

n

�1

2 S

I

q

0

;

{ there exists a (q

0

; b; R) 2 Æ(q; a) su
h that, for all outgoing path

y

0

; : : : ; y

2

n

+1

in I starting at x

k

, we have y

2

n

2 S

I

b

and y

2

n

+1

2 S

I

q

0

;

Likewise, if q 2 Q

8

and Æ(q; a) = ((q

`

; b

`

;M

`

); (q

r

; b

r

;M

r

)), both of the following

hold, for all p 2 f`; rg:

{ if M

p

= L, then, for all outgoing path y

0

; : : : ; y

2

n

in I starting at x

k

with

y

2

n

2 A

I

p

, we have y

2

n

2 S

I

b

p

and y

2

n

�1

2 S

I

q

p

;

{ ifM

p

= R, then, for all outgoing path y

0

; : : : ; y

2

n

+1

in I starting at x

k

with

y

2

n

2 A

I

p

, we have y

2

n

2 S

I

b

p

and y

2

n

+1

2 S

I

q

p

.

(P4) The tape 
ontents of 
ells not under the head does not 
hange in the next


on�guation: for all outgoing paths x

1

; : : : ; x

k

in I starting at x of length at

most m � (2

n

� 1) with x

k

=2

S

q2Q

S

I

q

and all outgoing paths y

0

; : : : ; y

2

n

in I

starting at x

k

, we have x

k

2 S

I

a

i� y

2

n

2 S

I

a

, for all a 2 �.

T

2

is de�ned as an extension of T

0

n

from the previous se
tion. First, Line (20) in

Figure 5 is repla
ed with the following:

A v P

1

t P

2

t P

3

t P

4

(�)

Additionally, we add the GCIs given in Figure 7. Here, we introdu
e 
on
ept names

Y

r

q;a;M

, Y

`

q;a;M

, and Y

a

for all q 2 Q, a 2 �, and M 2 fL;Rg.

Re
all that a model of T

1

should be extendable to a model of T

2

if it is not M; a-

violating, i.e., ea
h instan
e of A has to violate one of the properties (P1) to (P4). For

ea
h instan
e of A, (�) sele
ts the property to be violated. Violation of (P1) and (P2)

is then enfor
ed by the familiar GCIs from T

0

n

in Figure 5. Violation of (P3) is ensured

by Lines (47) to (57), and violation of (P4) is taken 
are of by Lines (58) to (65) take


are of (P4). In the 
ase of both (P3) and (P4), the strategy to enfor
e violation is

very similar to what was done in Figure 5 to enfor
e proper 
ounting of the 
ounter

X: the 
on
ept name M

0

is used to mark the position where the violation takes pla
e,

and the 
ounter D is used to identify the 
orresponding take 
ell in the 
onse
utive


on�guration. In the 
ase of (P3), the 
on
ept names Y

p

q;a;M

are used to memorize the

(violated) move of the Turing ma
hine. In the 
ase of (P4), the 
on
ept names Y

a

are
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P

3

v M

0

t 9r:P

3

t 9s:P

3

(47)

P

3

u (C = 2

n

� 1) v Z t :B (48)

M

0

v M u (D = 0) ut

q2Q

S

q

(49)

M

0

u S

q

u S

a

v u

(q

0

;b;M)2Æ(q;a)

(Y

r

q

0

;b;M

t Y

`

q

0

;b;M

) (50)

for all q 2 Q

9

and a 2 �

M

0

u S

q

u S

a

v Y

`

q

`

;b

`

;M

`

t Y

r

q

r

;b

r

;M

r

(51)

for all q 2 Q

8

and a 2 �

with Æ(q; a) = f(q

`

; b

`

;M

`

); (q

r

; b

r

;M

r

)g

M u (D < 2

n

) v 8(r [ s):(D++) (52)

M u (D < 2

n

� 1) u Y

p

q;a;M

v 9(r [ s):(M u Y

p

q;a;M

) (53)

M u (D = 2

n

� 1) u Y

p

q;a;M

v A

p

(54)

M u (D = 2

n

� 1) u Y

p

q;a;R

v :S

a

t 9(r [ s)::S

q

(55)

M u (D = 2

n

� 2) u 8p:(Y

p

q;a;L

! S

a

) v :S

q

(56)

M u (D < 2

n

� 1) u (C = 2

n

� 1) v Z t :B (57)

P

4

v M

0

t 9r:P

4

t 9s:P

4

(58)

P

4

u (C = 2

n

� 1) v Z t :B (59)

M

0

v M u (D = 0) u :t

q2Q

S

q

(60)

M u (D < 2

n

) v 8(r [ s):(D++) (61)

M

0

u S

q

v Y

a

for all a 2 � (62)

M u (D < 2

n

� 1) u Y

a

v 9(r [ s):(M u Y

a

) for all a 2 � (63)

M u (D = 2

n

� 1) u Y

a

v :S

a

for all a 2 � (64)

M u (D < 2

n

� 1) u (C = 2

n

� 1) v Z t :B (65)

Figure 7: Additional GCIs for T

2

.

used to memorize the symbol that is not preserved in the next 
on�guration although

the tape head was somewhere else.

Using argument similar to the ones employed in the proof of Lemma 30, it is not

hard to prove the following lemma. Details are omitted.

Lemma 34 T

1

[ T

2

is a 
onservative extension i� M a

epts a.

It is readily 
he
ked that the size of T

1

and T

2

is quadrati
 in n, i.e., in the length of

a. Therefore, we get the following result.

Theorem 35 Given TBoxes T

1

and T

2

, it is 2-ExpTime-hard to de
ide whether T

1

[
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T

2

is a 
onservative extension of T

1

.

9 Related work

The problem to de
ide for two TBoxes T

1

and T

2

whether T

1

[ T

2

is a 
onservative

extension of T

1

is 
losely related to the notion of uniform interpolants, an extension of

the standard Craig interpolants in whi
h the interpolant is required to be uniform for

all possible formulas in the ante
edent [18℄. As uniform interpolation appears to be

the most important notion related to the algorithmi
 problem we are 
on
erned with

in this paper, and sin
e results on uniform interpolation might be useful for future

resear
h on the notion of 
onservative extensions for DL-ontologies, we brie
y dis
uss

their 
onne
tion.

De�nition 36 (Uniform interpolants for TBoxes) Given a TBox T and a sig-

nature � � S(T ), we 
all a TBox T

�

over S(T ) � � a uniform interpolant of T with

respe
t to � if the following 
onditions hold:

� T j= T

�

;

� for every impli
ation C v D over S(T )� �: if T j= C v D, then T

�

j= C v D.

It is not diÆ
ult to see now that T

1

[ T

2

is a 
onservative extension of T

1

if, and only

if, T

1

is a uniform interpolant for T

1

[ T

2

with respe
t to S(T

2

)� S(T

1

). Thus, if for

every TBox T and signature � a uniform interpolant T

�

exists (and is 
omputable),

then we have a pro
edure de
iding whether a TBox T

1

[T

2

is a 
onservative extension

T

1

: just 
ompute the uniform interpolant and 
he
k whether it is logi
ally equivalent

to T

1

. Unfortunately, in general, uniform interpolants for TBoxes do not exist.

Theorem 37 Let T be the TBox 
onsisting of

8r::A = >; A v B; B v 9r:C; C v 9r:B; B v E; C v :E:

Let � = fB;Cg. Then there exists no uniform interpolant of T w.r.t. �.

Proof. Let T

�

be the in�nite set of impli
ations 
onsisting of 8r::A = > and the set

A v E; A v 9r::E; A v 9r:(:E u 9r:E); A v 9r:(:E u 9r:(E u 9r::E)); : : :

One 
an show that, for every 
on
ept D over fr;A;Eg the following 
onditions are

equivalent:

1. T

�

[ fDg is satis�able;

2. T [ fDg is satis�able.
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The impli
ation from (2.) to (1.) is trivial. For the 
onverse impli
ation 
onsider

an interpretation I satisfying T

�

[ fDg in d. We may assume that I is based on an

intransitive irr
exive tree with edges r

I

and root d 2 D

I

. If A

I

= ;, then T [D is


learly satis�able. Otherwise, A

I

= fdg. Let n be the number of nestings of 9r in

D. Let d = d

0

; d

1

; : : : ; d

n

be a sequen
e of points su
h that d

i

r

I

d

i+1

for i < n and

d

2k

2 E

I

, d

2k+1

2 (:E)

I

. De�ne a new model I

0

by removing all points whi
h are

not rea
hable from d in at most n steps and adding a sequen
e of points d

n+1

; d

n+2

: : :

su
h that d

i

r

I

0

d

i+1

for i � n. De�ne the interpretation E

I

0

of E as before on the

points rea
hable from d in n steps and by adding to its interpretation the points d

2i

,

i > n=2. De�ne the interpretations of B and C by

B

I

0

= fd

2i

j i � 0g; C

I

0

= fd

2i+1

j i � 0g:

It is not diÆ
ult to see that I

0

satis�es T [ fDg.

Now, a straighforward 
ompa
tness argument shows that there does not exists a

�nite TBox equivalent to T

�

. ❏

Noti
e that it is often quite diÆ
ult to show that a 
ertain logi
 has uniform

interpolation. The most important logi
s known to have uniform interpolation are

intuitionisti
 logi
, the G�odel-Loeb logi
, the Grz-logi
, the �-
al
ulus, and the modal

logi
 K (for its lo
al 
onsequen
e relation) [25, 9, 8, 18℄. On the other hand, 
lassi
al

�rst-order logi
, modal logi
 S4 and dynami
 logi
 PDL do not have uniform inter-

polation [11, 10℄. To the best of our knowledge, neither the 
omplexity of 
omputing

uniform interpolants nor the size of uniform interpolants has been investigated for any

logi
 
lose to the des
ription logi
s we are 
on
erned with. Still, the 
lose relationship

between the notion of a 
onservative extension and the properties of uniform inter-

polants suggests that the two resear
h dire
tions might bene�t from ea
h other and

explains why some of the notions introdu
ed in the proofs of the results of this paper

resemble 
on
epts known from the literature on uniform interpolation.

10 Outlook

We have proposed several reasoning problems that are suitable for providing auto-

mated reasoning support when de
iding whether a given extension of an ontology is

well-behaved. Still, substantial resear
h remains to be done to evaluate the feasibil-

ity and usefulness of reasoning support based on 
onservative extensions. First, one

should try to re�ne the worst-
ase optimal algorithms presented in this paper into

more pra
ti
al algorithms that 
an be implemented and tested regarding their feasi-

bility for reasoning about real-world ontologies. We hope that the 
lose relationship

[4℄ between type-based approa
hes and tableau-based de
ision pro
edures as imple-

mented in DL reasoners su
h as Fa
t and Ra
er will make su
h a re�nement possible.

Se
ond, the 
omplexity analysis provided here for ALC should be extended to the

more expressive DLs 
urrently supported by DL reasoners, su
h as SHIQ [15℄. We


onje
ture that, as long at the DL under 
onsideration has the tree-model property,

modi�
ations of the te
hniques introdu
ed in this paper 
an form the basis of su
h a


omplexity analysis.
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Finally, this paper opens the way to introdu
e and investigate pragmati
ally mo-

tivated variations of the notion of a 
onservative extension that are possibly 
om-

putationally less 
omplex: a developer might be interested in having a 
onservative

extension not for all 
on
epts over a given signature, but only for 
on
epts of a 
ertain

form (e.g., positive 
on
epts, existential 
on
epts, and universal 
on
epts). Similarly,

when 
onsidering DLs with (quali�ed) number restri
tions, the developer might want

to a
hieve a 
onservative extension regarding 
on
epts not 
ontaining number restri
-

tions and, at the same time, intend to obtain a non-
onservative extension when


on
epts 
ontaining quali�ed number restri
tions are involved. We have seen above

that there are natural ontologies T

1

and T

2

su
h that T

1

[T

2

is a 
onservative extension

of T

1

for the language ALC but not for its extension ALCN by number restri
tions.
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