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Abstract

In computer science, ontologies are dynamic entities: to adapt them to new and
evolving applications, it is necessary to frequently perform modifications such as
the extension with new axioms and merging with other ontologies. We argue
that, after performing such modifications, it is often important to know whether
the resulting ontology is a conservative extension of the original one. If this is not
the case, then there may be unexpected consequences when using the modified
ontology in place of the original one in applications. In this paper, we propose
and investigate new reasoning problems based on the notion of conservative ex-
tensions, assuming that ontologies are formulated as TBoxes in the description
logic ALC. We show that the fundamental such reasoning problems are decidable
and 2ExpTime-complete. Additionally, we perform a finer-grained analysis that
distinguishes between the size of the original ontology and the size of the addi-
tional axioms. In particular, we show that there are algorithms that are ‘only’
exponential in the size of the original ontology. If the size of the new axioms is
small compared to the size of the ontology, these algorithms are thus not (much)
more complex than the standard reasoning services implemented in modern de-
scription logic reasoners. If the extension of an ontology is not conservative, our
algorithm is capable of computing a concept that witnesses non-conservativeness.
We show that the computed concepts are of (worst-case) minimal size. A natural
refinement of the notion of a conservative extension is presented and analysed as
well.

1 Introduction

Ontologies are used to define the terminology of application domains. As modern
applications require ontologies of large scale and complex structure whose design and
maintenance is a challenging task, there is a need to support ontology developers by
automated reasoning tools. This need explains the success of description logics (DLs)
as an underlying formalism for ontologies: powerful and theoretically well-founded
reasoning systems for DLs are readily available. In particular, DL reasoners like
Racer, Fact and Pellet [13, 14, 17] are capable of answering queries such as “Can the
concept C' have any instances in models of the ontology 77" (satisfiability of C') and



“Is the concept D more general than the concept C' in models of the ontology 77"
(subsumption C C D).

In many application domains of DL ontologies such as the semantic web, medi-
cal informatics, and bio-informatics, ontologies are not static [5, 22]. The necessity
to maintain, refine, customize, and integrate ontologies frequently requires revisions,
extensions, and mergings with other ontologies. When such operations are performed
on well-established and tested ontologies, it is of prime importance for the ontology
developer to have control of the consequences of her modifications. In particular, it fre-
quently happens that unintended consequences are introduced, and such consequences
can be far from obvious. There appears to be consensus that the reasoning services
provided by current DL reasoners do not provide sufficient support to verify whether
a modified ontology behaves as intended. In this paper, we address this shortcoming
and propose novel DL reasoning services that support the user in understanding the
consequences of extending and merging existing ontologies.

To illustrate what kind of reasoning is desirable in the context of ontology extension
and merging, we discuss two example scenarios. First, suppose that an ontology
developer maintains a well-tested ontology 7 that formalizes an application domain.
Assume that she wants to extend 7 with a number of additional axioms that describe
the terminology of a part of the domain that was not yet covered by 7. Moreover,
the developer wants to use the extended ontology in an application that requires
computing subsumptions between concepts, and for which she has previously used 7.
To avoid unexpected results in such applications when using the extended ontology,
the existing part of 7 should not be “compromised” by the new axioms. Thus, the
extended ontology should not entail new subsumptions between concepts that are
formulated in the signature of the old ontology, where the term “signature” refers to
the concept and role names used. An automated reasoning tool should support the
ontology developer in checking whether any such additional subsumptions have been
generated by the extension.

Second, assume that there are two well-established ontologies 77 and 75 that de-
scribe different and largely independent aspects of an application domain, but never-
theless have an overlap in signature. To use 77 and 75 together in the same application,
one would like to merge them by simply taking their union. Similarly to the case of
ontology extensions, it is then important to know whether the merging operation com-
promises the component ontologies: are there any subsumptions in the signature of Ty
entailed by 71 U 72 that are not entailed by 77 alone, and likewise for 75. Intuitively,
the entailment of such subsumptions means that there may be unexpected results
when using the merged ontology in place of the component ontologies.

The reasoning problems suggested by these two examples can be conveniently
formalized using the notion of a conservative extension, which has been widely stud-
ied and applied in mathematical logic and in the philosophy of science. In software
engineering, conservative extensions have been suggested to define the notion of a
refinement of a specification [23]. In a similar spirit and following [1], we use them
in the context of ontologies. Formally, an ontology 7' is a conservative extension of
an ontology 7 iff every subsumption in the signature of 7 entailed by 77 is already



entailed by 7 (equivalently, iff every concept in the signature of 7 that is unsatisfiable
w.r.t. 7' is already unsatisfiable w.r.t. 7). We use conservative extensions to phrase
two fundamental reasoning problems for ontology extension and merging;:

1. Is the extension 7' of the ontology 7 a conservative extension of 77
2. Is the merged ontology 71 U 73 a conservative extension of its parts?

While these reasoning tasks already provide the ontology designer with relevant in-
formation, we can be even more informative: assume that the given extension of the
ontology turns out not to be a conservative extension of the original one. This may or
may not be intended, and it is up to the developer to decide whether the new ontology
faithfully represents the domain under consideration. To support her in this decision,
it is useful to compute witness concepts, i.e., examples of concepts that were satisfiable
before, but not after the extension. Thus, we obtain another reasoning service:

3. If T C 7', and T’ is not a conservative extension of 7, compute witness concepts
that are as small as possible.

The purpose of this paper is to provide a first formal analysis of reasoning problems
based on conservative extensions in the basic propositionally closed description logic
ALC [21]. More precisely, we show that Problems 1 and 2 are decidable and that
witness concepts from Problem 3 are computable, pinpoint the exact computational
complexity of Problems 1 and 2, and determine tight bounds on the (worst-case)
length of witness concepts. In this way, we lay a solid foundation for the creation of
automated reasoning tools that support ontology developers during ontology extension
and merging.

We also consider a further refinement of our reasoning problems that is motivated
by the observation that non-conservative extensions and mergings of ontologies are
sometimes intended and completely acceptable. Suppose the original ontology T con-
sists of a core ontology (e.g., an upper-level ontology [12]) that by no means should
be corrupted, and of other parts for which a non-conservative extension is acceptable
or even intended. In this case, the required reasoning problem is the following:

4. Given a set T' of concept names and roles, and ontologies 7 and 7' such that
T C T, is there a concept in the signature I' that is unsatisfiable w.r.t. 7', but
not w.r.t. 77 If so, provide a witness concept.

This problem clearly subsumes Problems 1 to 3. Again, we prove decidability and es-
tablish tight bounds on the length of witness concepts. Concerning the computational
complexity, we show that Problems 1 and 2 are easier than Problem 4.

2 Preliminaries

We introduce the description logic ALC and define a notion of conservative extensions
in the context of DLs. Let N¢ and Ng be disjoint and countably infinite sets of concept



names and role names. Then, ALC concepts are formed according to the following

syntax rule:
C,D—T|A|-C|CNOD|3rC

where A ranges over concept names and r ranges over role names. The concept
constructors L, LI, and Vr.C' are defined as abbreviations: L stands for =T, C' LD for
—(=C 1 =D) and Vr.C abbreviates —3r.=C.

The representation of ontologies in description logics is based on TBoxes, and we
will from now on use these two terms interchangeably. Formally, a TBoz is a finite set
of concept implications C' C D. For the sake of completeness, we briefly illustrate the
use of TBoxes as an ontology formalism: the following TBox provides an (extremely
simplified) ontology of web services, where C' = D is an abbreviation for the two
concept implications C C D and D C C"

webservice [ dprovider. T M dinput. T M Joutput. T

amazonservice = webservice ' dprovider.amazon

The upper line describes necessary conditions for being a web service: every web
services has to have at least one provider, input, and output. The lower line provides
both necessary and sufficient conditions for being a web service of Amazon: a web
service is an Amazon web service if and only if its provider is Amazon. Note, however,
that concept implications in TBoxes are not required to have atomic left-hand sides.

The semantics of ALC concepts is defined set-theoretically in terms of interpre-
tations. An interpretation is a pair T = (AZ,.7), where AZ is a non-empty set (the
domain) and T is the interpretation function, assigning to each concept name A a set
AT C AT, and to each role name r a binary relation rZ C AZ x AT, The interpretation
function is inductively extended to concepts as follows:

T = AT
(-C)f = AT\C*
(cnbDY? = ctnD?
(3r.0)t = {de AT |3e.(d,e) €rf Aec CT}

An interpretation Z satisfies an implication C T D if CT C DT, and 7 is a model of
a TBox 7T if it satisfies all implications in 7. A concept C is satisfiable relative to a
TBox 7 if there exists a model Z of 7 such that C% # (. A concept C is subsumed
by a concept D relative to a TBox 7 (written 7 = C' C D) if every model Z of T
satisfies the implication C' C D.

We now introduce conservative extensions of TBoxes. A finite set I' C N¢ U Ng of
concept and role names is called a signature. The signature S(T) of a TBox T is the
set of concept and role names occurring in 7. Given a signature I', we use C(T") to
denote the set of ALC-concepts using only concept and role names from T'.

Definition 1 Let 71 and T, be TBozes and let T' C S(T1). Then

1. T1 UT; is a conservative extension of 71 w.r.t. ' if, for all C1,Cy € C(T), we
have Ty |= CiCCyiff UT, ):Cl C O,.



2. T1UTsy is a conservative extension of 71 if 71 U T2 is a conservative extension of

Ti w.r.t. S(T7).

Note that 77 U 75 is conservative extension of 7; w.r.t. I' if and only if each concept
C € C(') that is satisfiable relative to 77 is satisfiable relative to 71 U 72. The two
kinds of conservative extensions introduced in Definition 1 give rise to two reasoning
problems:

e Deciding conservative extensions means, given TBoxes 77 and T2, to decide
whether 77 U 73 is a conservative extension of 7y

e Deciding relativized conservative extensions means, given TBoxes Ty, 75 and a
signature I' C S(77), to decide whether 77 U7 is a conservative extension of Ty
w.r.t. I'.

As discussed in the introduction, it is likely that users ask for evidence if 71 U Ts
turns out not to be a conservative extension of 77. Such evidence can be provided by
witness concepts: a concept C' € C(T') is called a witness concept for (71, T3, T) if C is
satisfiable relative to 77, but not relative to 71 U Ta. A witness concept for (T1,7T2) is
simply defined as a witness concept for (71, T2, S(71)).

To illustrate the use of conservative extensions for controlling the consequences of
ontology extensions, we give a simple example. The following ontology 7; describes
web services on a general level (like the OWL-S ontology [16]). For simplicity, our 73
consists only of a single concept implication:

webservice C Jprovider. T M Jdinput. T M Joutput.T.

Suppose that an ontology developer wants to refine the TBox 75 for a special class of
web services that take an integer and an array as input. This can be done by taking
the union of 77 and the following TBox 75:

mywebservice [ webservice M Jdinput.integer I dinput.array
integer C  —array

It is not difficult to check that 7; U 75 is a conservative extension of both 77 and
T5. Therefore, the developer can be sure that, in every application that uses only
the concept name web_service and the role names provider, input, and output, she can
safely replace the TBox 77 by its refinement 7; U 75. In a next step, the developer
further extends 7; U 73 with the following TBox T3:

mywebservice C dinput.user_id
user.id C -—array
user.id C —integer

Then, 71 U732 UTs is not a conservative extension of 77 U7, as is shown by the witness
concept mywebservice MM Vinput.(integer Ll array). By inspecting the witness concept,
the developer has to decide whether or not non-conservativeness of the extension was



intended. In any case, non-conservativeness indicates that applications using the TBox
T1 U T2 have to be inspected for compatibility with new TBox 71 U To U T3.

In passing, we note that 7; U T2 is not a conservative extension of 77 if witness
concepts are allowed to be formulated in ALCN, the extension of ALC with number
restrictions [6, 3]: in this case, a witness concept is webservice (< 1 input). This
shows that being a conservative extension strongly depends on the DL under consid-
eration. However, analyzing other DLs than ALC is out of the scope of this paper.
Some more discussion is provided in Section 10.

It is easily seen that the standard reasoning tasks satisfiability and subsumption
can be polynomially reduced to deciding conservative extensions: first, it is well-known
that 7 |= C C D holds iff C' M =D is unsatisfiable relative to 7. Second, assume that
we want to check whether C is satisfiable relative to 7. W.l.o.g., we may assume
that C' € C(S(T)). Then, C is satisfiable relative to 7 iff T U {-~C = T} is not a
conservative extension of 7. It follows that deciding conservative extensions is at least
as hard as deciding subsumption, i.e., EXPTIME-hard in the case of ALC [3, 20].

It is interesting to note that the reduction of satisfiability to conservative extensions
can be reversed if the added concept implications do not introduce new concept or
role names. Assume that we want to check whether 77 U7; is a conservative extension
of T1, where S(72) C S(71). This can be done by first converting 75 into the form
{T = C}, and then deciding whether —C' is unsatisfiable w.r.t. 7;. As implied by the
complexity results obtained in the following section, such a (polynomial) reduction is
not possible if 75 introduces additional vocabulary.

3 Results

The purpose of this section is to summarize the main results of this paper. We
start with a basic result about the complexity of deciding conservative extensions and
an upper bound on the length of witness concepts. In the following, we denote by
|C| the length of a concept C. Similarly, the size |T| of a TBox T is defined as

Yccper(C] + D).

Theorem 2 [t is 2-FExpTime-complete to decide relativized and non-relativized con-
servative extensions. In both cases, if input TBozes are T1 and Ty and the extension is
not conservative, then there exists a witness concept C' of length at most 3-exponential
in |T1 U Ta| that can be computed in time polynomial in |C|.

As we will see later, the upper bound on the length of witness concepts given in
Theorem 2 is tight. We now refine Theorem 2 by distinguishing between the size of
the TBoxes 77 and 73. Such a more fine-grained analysis is rewarding if the sizes of
T1 and T3 can be expected to differ substantially. This will usually be the case if an
existing TBox is extended with a set of new concept implications: then, |73| is small
compared to |77]. In contrast, when merging two existing TBoxes, then there is no
obvious assumption that can be made concerning the relative size of 77 and 7.



It turns out that, when discriminating the size of 7; and 73, a difference in com-
putational complexity emerges between deciding non-relativized and relativized con-
servative extensions. We first consider the former and show that, in this case, the
differentiation between 7; and 7 is rewarding: there exists a decision procedure that
is only exponential in the size of 71, but double exponential in the size of 7. Clearly,
we cannot expect a better bound in the size of 77: it follows from the reduction of
satisfiability given in Section 2 (and the fact that already the satisfiability of concept
names relative to TBoxes is EXPTIME-hard) that deciding conservative extensions is
ExpTIME-hard even if 75 is assumed to be constant. We also provide a refined upper
bound for the length of witness concepts by proving that, if 77 U753 is not a conservative
extension of 7Tq, then one can compute witness concepts of size ‘only’ 2-exponential
in the size of 71, but 3-exponential in the size of 75. A matching lower bound on the
size of witness concepts is established as well.

Theorem 3

(i) There exists a deterministic algorithm for deciding conservative extensions whose

|7'1|)><2p(l7'2\)

runtime is bounded by 2P( , with p a polynomial.

(11) For all TBozes Ty and Ta, if T1 U Ty is not a conservative extension of Ty, then
[ T2
there exists a witness concept of length at most 92T X2

(iii) There exist families of TBozes (Tp)n>o and (T, )n>0, such that, for all n > 0,

— Tn UT, is not a conservative extension of Ty,
= |Tal € O(n?), |T;] € O(n?), and
— every witness concept for (T, T,.) is of length at least 9(2"x27")—1,
The question arises whether in Theorem 3 (iii) we can replace the sequence (7y,)n>0
by a fixed TBox and still obtain a 3-exponential lower bound for the size of witness

concepts. This problem remains open. However, the following result states that there
is at least a 2-exponential lower bound for witness concepts for a fixed original TBox:

Theorem 4 There exists a TBox T and a family of TBozes (T,)n>0, such that, for
all n > 0,

(i) T UT, is not a conservative extension of T,
(ii) T] € O(?), and

(iii) every witness concept for (T,T,) is of length at least 22" 1.



We now refine our analysis of relativized conservative extensions. In contrast to the
previous case, we can prove that there exists no decision procedure that is only single
exponential in the size of 77: even for a fixed TBox T2, the complexity of deciding
whether 77 U 73 is a conservative extension of 7; w.r.t. I' is 2-ExpTime-hard. The
proof is based on the following reduction.

Lemma 5 Let Ty and To be TBozes, T' = S(T1), and B a concept name not used in
Ti and T. Denote by T2 the TBox resulting from T by replacing every implication
Ci € Cy € Ty with CyMBE Cy. Let T3 = {B = T}. Then the following are
equivalent, for every C' € C(T'):

e C is satisfiable relative to Ty but not relative to Ty U Ta;
e (' is satisfiable relative to T; U 7~23 but not relative to T; U 7~23 UT7s.

It follows that T1 U7 is a conservative extension of Tq iﬂ'TlU'TQBU'E, 18 a conservative
extension of Tt U T w.r.t. T.

Proof. We show the direction from left to right. Suppose there is a model Z for T;
satisfying C but no interpretation for 77 U7 satisfying C. Define a new interpretation
Tp with domain AZ by setting BZ2 = () and not changing the interpretation of any
concept name A different from B nor any role name. Zp still satisfies C' and is a
model for 71 U 752 (as neither 71 nor C contain B). Hence C is satisfiable relative to
71 U T,B. Assume now, in contradiction to what we want to show, that C is satisfied
in a model J for 77 U 7'2B U7s. Then BY = A7 which implies that J is a model for
T1 U Ty satisfying C. We have derived a contradition. The direction from right to left
is proved similarly and left to the reader. 0

Together with Theorem 3, Lemma 5 allows us to establish the desired 2-ExpTime lower
bound. A matching upper bound is obtained from Theorem 2. Using Theorem 3 and
Lemma 5, we can also establish a lower bound on the size of witness concepts that is
triple exponential in the size of 7;. This should be contrasted with the upper bound
on witness concepts given in Theorem 3 for the case of non-relativized conservative
extensions, which is only double exponential in 77.

Theorem 6 Let T' be a TBozx of the form {B = T}, with B a concept name. Then

(i) it is 2Ezp Time-complete to decide, given a TBox Ty and a signature I' C S(Ty),
whether T{ UT' is a conservative extension of T; w.r.t. T.

(ii) there exist families of TBoxes (Ty)n>o and signatures (I'y)n>o0, such that, for all
n >0,

— T, UT" is not a conservative extension of T, w.r.t. 'y,
— |Tn] € O(n?), and
— every witness concept for (Tn, T',Ty) is of length at least 9(2"2°")—1



4 Guide to the proofs

For Theorem 2, the upper bound on the size of witness concepts will follow Lemma, 13
below. The 2ExpTime upper bound will be proved in Section 7 where we analyse the
decision procedures given in Figures 1 and 2 below. The lower bound will be proved
in Section 8.2 by a reduction of the word problem for exponentially space bounded
alternating Turing Machines. The complexity upper bound of Theorem 3 will be
proved in Section 7 where we analyse the decision procedure given in Figure 2. The
upper bound for the size of witness concepts will follow from Lemma 13 (ii). The lower
bound for the size of witness concepts ((iii) in the Theorem above) will be established
in Section 8.1.
A proof of Theorem 4 will be given in Section 8.1.

5 Witness concepts and algorithms

To present the algorithms and witness concepts some notation is required. We fix
TBoxes 71 and T3 and a signature I' C S(77). For a TBox 7 denote by cI(7) the
closure under single negation of the set of subconcepts of concepts which occur in 7.
A type t over (I, T) (or simply (T, T)-type) is a subset of ¢l(7) N C(T") such that

e Ci1NCyetif Cr etand Cy € t, forall CinCy € CZ(T) ﬂC(F);
o ~C etiff O ¢t forall =C € cl(T)NC(D).

Given a model Z and u € AT, the set
2T (w) = {C e d(T)NC(T) | u € CT}

is a type over (I', 7). If I' = S(T), then a type t over (I, T) is called a T-type. In
what follows we will not always distinguish between the type ¢ and the conjunction

! tD over all members of .
€
Types of this form are the basic ingredient for many worst-case optimal algorithms

that decide the satisfiability of DL concepts relative to TBoxes [2]. Types are also
frequently used in modal and temporal logic [24, 19]. Building on this tradition, the
procedure for deciding conservative extensions sketched in this section is also type-
based.

The procedure and witness concepts introduced in this section will also be type-
based. Let us first observe the following:

e Suppose there exists a type t over (I, 7) which can be extended to a Ti-type
t' D t which is satisfiable relative to 77 but such that ¢ cannot be extended to a
T1 U Ta-type t” D t which is satisfiable relative to 7; U 73. Then 77 U 75 is not a
conservative extension of 7; w.r.t. I". The conjunction over the concepts in ¢ is
then a witness concept.

e Suppose there exists a 7Ti-type ¢ which is satisfiable relative to 71 but which
cannot be extended to a 71 UTs-type t' D t which is satisfiable relative to 77 U75.



Then 77 U 75 is not a conservative extension of 77. Again, the conjunction over
the concepts in ¢ is a witness concept.

Unfortunately, as the complexity results above and the lower-bounds on witness con-
cepts show, it is possible that no such type exists but nevertheless 73 U 75 is not a
conservative extension of 77. Indeed, checking the conditions above will be the first
step of the algorithms deciding conservativeness, but further steps — and the construc-
tion of more complex witness concepts than types — will be required in the complete
decision procedure.

To obtain more complex concepts than types which are still semantically trans-
parent, we now generalize the notion of a (I, 7)-type to the notion of a (T", T)-tree.
Similar notions have been developed in [25, 9], see also the section on related work.

Definition 7 ((I", 71)-tree) A (T',7y)-tree

T=(W,<, L)
is a finite intransitive tree (W, <) such that each node w € W is labelled by a (', 7T1)-
type L(w) and each edge (w,w") is labelled by a role name r from T and the following

hold:

o for each w € W, the concept |_(| )D is satisfiable relative to Ti;
DeL(w

e for each non-leaf w and concept Ir.C' € cl(Ty) NC(T): Ir.C € L(w) iff there
erists w' such that L(w,w') =r and C € L(w').

A (T, Tq)-tree T = (W, <, L) is called singleton-tree if W has ezactly one element.

Thus, singleton-(T", 71)-trees coincide with (T, 77)-types.

Definition 8 (Diagram) For each point w in a (T, Ty)-tree T = (W, <, L) we define
the diagram-concept, or simply diagram, diag(%,w) of (¥, w). The concept diag(T, w)
is in C(T) and defined inductively:

e if wis a leaf of T, then diag(%T,w) = |_| L(w).

e Now suppose that w is not a leaf and that diag(%,w') has deen defined for all
successors w' of w in T. Then diag(T,w) is

[Tow)n [T 3rdiagEo)ynl Ive. L diag(z, w).

r=L(w,w") rel r=L(w,w")

10



Obviously, diag(¥,w) only depends on the subtree generated by w in ¥. If T is a
singleton-tree with W = {w}, then diag(¥, w) is just a type over (I, T7). We are going
to show in the next section that whenever 77 U 73 is not conservative extension of 7Ty
w.r.t. T, then there exists a concept of the form diag(¥,w) that is a witness.

But here we first use the notion of a diagram to formulate the decision procedures.

Definition 9 (Realizable triple) A triple (t,Uy,Us), where t is a type over (T',Ty),
Ui is a set of Ti-types, and Us is a set of Ty U Ta-types, is realized by a (T, Ty)-tree
T =(W,<,L) and a node w in it iff

o L(w) =t;
e U, is the set of Ti-types s such that s N diag(%,w) is satisfiable relative to Ti;

e Uy is the set of T1 U Tao-types s such that s Ndiag(%,w) is satisfiable relative to
Ti U Ta;

In this case we say that (t,Uy,Us) is realized by the pair (¥,w). The triple (t,Uy,Us)
is realizable if there exists a pair which realizes it.

Notice that in a realizable triple (¢,Uy,Us) the type ¢ is uniquely determined by Uy
whenever U; # (). Also notice that for triples (¢, Uy, Us) realized by a singleton tree
(T,w) with W = {w} the set U; is non-empty because, by the definition of (T", 7;)-
trees, the type t = L(w) is satisfiable relative to 7;.

The intuition behind the definition of triples and realizable triples is as follows:
clearly, if there exists a realizable triple (¢, Uy, Us) such that Uy = () and Uy # 0, then
71 U T3 is not a conservative extension of 7; w.r.t. I'. The diagram diag(¥,w) of any
pair (%, w) which realizes (¢,U;,Us) is a witness concept for (71, 72,T'). It will turn
that such a triple exists whenever 77 U 73 is not a conservative extension of 7; w.r.t.
I'. The algorithmic problem we have to solve is therefore the generation of realizable
triples until a realizable triple of the form (t,Uy,Us) with Uy # 0 and Uy = 0 is
obtained.

Definition 10 (One step) We say that (t,Uy,Us) can be obtained in one step from
a set of triples R if there exists a (T, T1)-tree (T, w) which realizes (t,Uy,Us) such that
the set of triples realized by {(T,w') | w < w'} is included in R.

Now the decision procedure is given in Figure 1. We are going to show in Section 7
that this is indeed an algorithm (each step can be carried out effectively) which decides
whether 77 U 75 is a conservative extension of 77 w.r.t. I' and which terminates in
time 2-exponential in the size of 71 and 7. The difficult step is of course to show that
it can be checked in 2-exponential time whether a triple is obtained in one step from
a given set of triples of size not exceeding 2|7; U T3|2/71V72I,

For T" = S(77) the decision procedure is simpler. First we modify the definition of

a (T, T1)-tree:

Definition 11 (7i-tree) IfT' = S(T1), then a (T, Ty)-tree is called a Ti-tree.

11



Suppose TBoxes T; and T, and a signature I' C S(7;) are given.

1. Determine the set Ry of triples which are realized by singleton (T, 77)-trees
(Z,w). If Ry = 0, then 73 U T3 is a conservative extension of 77 w.r.t. T'
(because T; is not satisfied in any model). Else,

2. if Ry contains a triple (¢,U;,Us) such that Uy = 0, then 73 U 73 is not a
conservative extension of 7; w.r.t. I'. Else

3. generate the sequence R, Ro, ... of sets of triples such that
Riv1 =R; U 'R,;,

where R} is the set of triples which can be obtained from some subset of R;
of cardinality not exceeding 2|77 U 72|27Vl in one step. This is done until
Ri = Ri; UR] or there exists a triple (¢,U1,Us) € R} such that U; # 0 and
Us = (0. In the latter case, 71 U 75 is not a conservative extension of 7; w.r.t.
I'. Otherwise, it is conservative.

Figure 1: Decision procedure 1.

Now, for T' = S(77), for every realizable triple (¢,U;,Us) with Uy # () we have that
U, = {t}. Moreover, the Ti-part of any s € Uy coincides with ¢ (i.e. sNel(T1) = t).
Therefore, we can represent triples by pairs (¢,U) consisting of a Ti-type t and a set
U of To-types.

Definition 12 (Realizable pair) A pair (t,U) consisting of a T1-type t and a set
of Ta-types U is realized by a Ti-tree with a point (T, w) if

o L(w)=t,
o diag(%,w) is satisfiable relative to Ty, and

e U consists of precisely those Ty-types s for which s M diag(T,w) is satisfiable
relative to T1 U Ts.

We say that (¢, U) can be obtained in one step from a set of pairs R if there exists a 77-
tree (T, w) which realizes (¢, U) such that the set of pairs realized by {(T,w') | w < w'}
is included in R. The algorithm deciding whether 77 U 75 is a conservative extension
of 77 is given in Figure 2. The correctness and complexity of this algorithm will be
analysed in Section 7.

6 The upper bound for the witness concepts

In this section we are going to prove the upper bounds for the size of witness concepts.
The upper bounds stated for the witness concepts in Theorem 2 and Theorem 3 follow
immediately from the following lemma.
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Suppose TBoxes 71 and 75 are given.

1. Determine the set Rg of pairs which are realizable by singleton Ti-trees (T, w).
If Ry is empty, then 73 U7 is a conservative extension of 77 (because there is
no model satisfying 77). Otherwise,

2. if Ry contains a pair (¢,U) such that U = (), then 77 U 73 is not a conservative
extension of 77. Otherwise

3. generate the sequence Ri,Ro, ... of sets of pairs such that
Riy1 =R; U R;,

where R/ is the set of pairs which can be obtained from some subset of R;
of cardinality not exceeding |7;| 4+ |73/2!72| in one step. This is done until
R; = R; UR] or there exists a pair (¢,U) € R} such that U = (. In the latter
case, T2 is not a conservative extension of 71. Otherwise, it is.

Figure 2: Decision Procedure 2.

Lemma 13 (i) If 71 U T3 is not a conservative extension of Ty w.r.t. T, then there
exists a (T, T7)-tree (%, w) whose outdegree is bounded by 2|T; U T2|2/T1Y72! and whose
depth is bounded by 922Vl oo that diag(%, w) is satisfiable relative to Ty but not
relative to T1 U Ts.

(i1) If Ty is not a conservative extension of Ty, then there exists a Ti-tree (T, w)
whose outdegree is bounded by |T;|+|T2|2/ 72! and whose depth is bounded by 217! x 227!
such that diag(%,w) is satisfiable relative to Ty but not relative to T; U Ts.

On our way to prove this lemma, we are going to present a number of results which will
be useful for the proof of the correctness and analysis of complexity of the decision
procedures as well. We concentrate first on the general case of conservativeness of
Ti U Ty over T wr.t. a signature I' and then show how to simplify/modify the
arguments for I' = S(77).

We start with the observation that if 7; U 75 is not a conservative extension of T;
w.r.t. I', then there exists a witness concept of the form diag(%,w). After that we are
going to show that there are ‘small’ such witness concepts.

A tree-model Z is a model such that (AZ, Ureng r%) is an intransitive tree and
the rZ are mutually disjoint. It is well-known (ref) that every concept C which is
satisfiable relative to a TBox T is satisfiable in a tree-model satisfying 7 with finite
outdegree. The depth d(C') of a concept C' is the maximal number of nestings of 3r.D
in C.

Lemma 14 71 U Ty is not a conservative extension of Ty w.r.t. T iff there exists a
(T, T1)-tree (T, w) such that diag(T,w) is satisfiable relative to Ty but not satisfiable
relative to T1 U Ts.
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Proof. The direction from right to left is clear. Conversely, suppose there exists a
concept C' € C(T") which is satisfiable relative to 77 but not relative to 7; U 75. Take
a model Z for 77 such that v € C* for some v € AT. We may assume that 7 is a
tree-model with finite outdegree. Define T = (W, <, L) as follows

e W consists of all 4’ € AT such that there is a U,er rZ-path from u to u' of
length not exceeding d(C');

o v <uiff (u,u") € U eprt;
o L) =17 (u');
o for v’ <", L(u',u") is the uniquely determined r € I" such that (u/,u") € rZ.

We show that diag(%,u) is satisfiable relative to 77 but not relative to 7; U 7. First,
one can show by induction (from the leafs to the root) for all v’ € W:

u' € (diag(%,u"))?.

Hence, u € (diag(%,u))%. Now Z is a model for 77, and therefore diag(T, u) is satisfiable
relative to 7.

It remains to show that diag(¥,u) is not satisfiable relative to 7; U T2. Assume
to the contrary of what has to be shown that diag(¥,u) is satisfiable in a model for
71 U T3. Then there exists exists a tree-model Z' for 71 U T; satisfying diag(%, u). Let
v € (diag(T,u))T. One can now show by induction for all k < d(C), all negated and
non-negated subconcepts D of C with d(D) < k, all o' € AT such that there is a
U,er rZ -path of length d(C) — k from v to v’ in AT and all ' € W such that there
is a <-path of length d(C) — k from u to «' in T: if v’ € (diag(¥,«'))”, then v’ € DT
iff ' € DZ. In particular, we obtain that v € CZ', which contradicts our assumption
that C' is not satisfiable relative to 71 U 7. O

In order to reduce the size of witness concepts of the form diag(%,w) we first have
to understand their semantices. The following notion of a I'-morphism is used to
characterize the satisfiability of such concepts.

Definition 15 (I'-morphism) Let T be a tree-model with a root u € AT and let
(T,w) be a (I',T1)-tree. A I'-morphism f : (Z,u) — (%,w) is a partial surjective
mapping from AT onto W such that

e u € dom(f) and f(u) = w;
o ifu' € dom(f) and (u",u') € U,cp 7%, then u” € dom(f);
e for all v € dom(f), t;’T(v) = L(f(v));

o if u' € dom(f), f(u') is not a leaf, and (u',u") € r% for some r € T, then
u" € dom(f) and L(f(u), f(u")) =r;

o ifu’ € dom(f) and L(f(u'),w") = r, then there exists u” € dom(f) with (u',u") €
rT such that f(u") = w'.

14



Now we relate [-morphisms to concepts of the form diag(%, w).

Lemma 16 Suppose [ : (Z,u) — (Z,w) is a T-morphism and f(u') = w'. Then
u' € (diag(T,w'))t.

Proof. Easy. O

Lemma 17 Let T =Ty or T =Ty U7y and let s be a T-type. Then the following
conditions are equivalent:

e sMdiag(%,w) is satisfiable relative to T ;

e there exists a tree-model T for T with root u and finite outdegree such that there
is a T-morphism f : (Z,u) — (Z,w) and u € sT.

Proof. Suppose s Mdiag(%,w) is satisfiable relative to 7. Let Z be a tree-model for
T with u € (s Mdiag(%,w))%. Define a new model 7' as follows:

e Let AT be the set of all non-empty sequences (ug, 1, ... ,x,) such that uy = u,
z; = (w;,7i,u;), where w; € W, r; € S(T), u; € AT, and (uj,uip1) € 7.

o (w0, 21, 2n), (W0, Y1, - Ynt1)) € 7 iff 2y = y; for i < n and (up,uny1) €
r%_H, where u,, is the last component of z,, (or n = 0), and 7,41, up41 are the
last two components of y,1.

o (ug,x1,...,2,) € AT iff u, € AT, where u, is the last component of z,.

It is easy to see that 7' is a tree-model for 7 such that (u) € (s M diag(%, w))% .
Define f inductively such that for f(ug,z1,...,2,) = w' we have u, € (diag(%,w’))¥
for z, = (wp,n,uy). Set f((u)) = w. Suppose f(ug,z1,...,o,) is defined and

flug,z1,-..,2,) = w' is not a leaf of T. For every w” such that L(w',w") = r
for some r € T there is a u' such that (up,u') € ¥ and u' € (diag(%,w"))%. Let
flug,z1,...,xp, (" r,u')) = w". For those (w*,r,u*) with (u,,u*) € r for some

r € I' such that f(ug,z1,...,Zn,, (w*,r,u*)) has not yet been defined choose a w"” € W
such that (w',w") € r¥ and u* € (diag(T,w"))? and set f(ug,z1,...,Tn, (W*,r,u*)) =
w'. It is easy to see that f defines the required I'-morphism.

The converse direction follows from Lemma 16. U

Lemma 18 Suppose (T,w) is a (T, T1)-tree with root w which realizes (t,Uy,Us) and
v 18 a node in X such that (T,v) realizes (s,V1,V32). Let (T',v") be a (T, Ty)-tree with
root v' which realizes (s,V{,Vy), where Vi C V| and Vo D V4. Denote by T" the
(T, Ty)-tree obtained from T by replacing the subtree generated by v by (T',v"). Then
Uy C U] and Uy D Uy for the triple (t,U7,U}) realized by (2", w). If V; = V!, then
U, =U!, fori=1,2.
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Proof. We show that U; C U{. The remaining claims are proved in the same way
and left to the reader. Suppose s € U;. By Lemma 17, we have a tree-model Z for T;
such that v € sT and a T-morphism f : (Z,u) — (T,w). Let Y = f~!(v). Then, for
yey,
y € (t] (y) N diag(T,v))7,

by Lemma 16. Therefore t? (y) € V1. Hence, t? (y) € V/. By Lemma 17, we find,
for y € Y, a tree-model 7, for T} satisfying t? (y) in its root y and a I'-morphism
[y (Zy,y) — (T',v'). Now replace, for y € Y, in Z the model generated by y by
the model Z,, and denote the resulting model by Z'. We still have u € s and 7' is a
model for 7;. Moreover, we can construct a I'-morphism f': (Z',u) — (2", w) from
the f, and f by setting f'(z) = f,(2) if y is an ancestor of z in 7, and f'(z) = f(z) if
no such y € Y exists. By Lemma 16, u € (diag(¥”,w))”. We have shown that there
exists a model for 77 satisfying s M diag(T”,w). Hence, s € U]. O

Lemma 19 Let (T,w) be a (T, T1)-tree which realizes (t,Uy,Us), let T/ = Ti and
T3 = TiUTa. Then, fori=1,2 and every T -type s, s € U; iff either X is a singleton
tree and st is satisfiable relative to T, or T is not singleton and the following hold:

(m1) if Ir.C € s and r € T, then there exists a w' > w such that L(w,w') = r and
there is a s € U for the triple (t',U7,Us) realized by (T,w') such that C € s
and for all concepts =3r.D € s, D € s'.

(m2) if r € T, then for every w' > w such that L(w,w') = r there exists s' € U] for
the triple (t',U],U;) realized by (T, w') such that {-D | -3r.D € s} C s'.

(m3) t C s and s is satisfiable relative to T; .

Proof. The direction from left to right is clear. Conversely, assume that the conditions
(m1)-(m3) are satisfied for a T/-type s. Let i = 1. The case ¢ = 2 is proved analogously.
Take, for each role » € I and Ir.C' € s a w' > w and s’ as described in (ml) a tree-
model Z,y 5,y for Ty satisfying s' M diag(T,w’) in its root r(y 3,.cy. For each w' > w
with L(w,w") = r which was not yet selected take an s’ as described in (m2) and
a tree-model Z(, .y for 71 which satisfies s’ [ diag(T,w’) in its root r(,s ). Finally,
take a tree-model Z,, for 77 satisfying s in its root w. This is possible by (m3). Now
construct a model Z from Z,, by removing, for each r € I, the pairs

{(w,v) € ATv x ATv | (w,v) € riv},

from rZv (together with the submodels generated in Z,, by the v of the pairs (w,v) €
rZv) and hooking instead the models Z(w ar.cy and L,y ;) as defined above onto w by
adding all pairs (w, r(, 3,.c)) and (w, () to rZ, for r € I'. Then 7 is a model for
T, satisfying s Mdiag(%,w) in w. Tt follows that s € Uy. O

Lemma 20 Let (T, w) be a (T, Tq)-tree which realizes (t,Uy,Us). By possibly remov-
ing from (T, w) some nodes from {w' | w < w'} together with the trees they generate
one can obtain a (T, Ty)-tree (T',w) which realizes (t,Uy,Us) such that

{w' | w < W'} <2 x|TUTs| x 21Vl
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Proof. Let (T, w) be a (T, 7T1)-tree which realizes (¢, Uy, Us). Let W' = {w' | w < w'}.
We select a set W” C W' so that the conditions (m1)-(m3) of the previous lemma are
satisfied for exactly the members of U; and Us, respectively:

Take for each s € U; a minimal set W) C W' with the following property: for
each Ir.C € sNC(T) the set W} contains a w' > w such that L(w,w') = r and there
is a s’ € U] for the triple (¢/,U7,Us) realized by (%, w’) such that C € s’ and for all
concepts —IAr.D € s, D & s'.

Also, take for each Ti-type s ¢ U; a minimal set W2 C W’ with the following
property: if there exists a w’ > w with L(w,w") = r such that (T, w’) realizes a triple
(t',U],Uj) such that for each s’ € U] there exists D € s’ such that =3r.D € s, then
W2 contains such a w'.

For s € Uy define V! in the same way as W, with 7; replaced by 7; U 73 and U,
replaced by Us. Define, for each 77 U To-type s which is not in Us, the set V2 in the
same way as W2 with 77 replaced by 7; UT5 and U; replaced by Us. Now let W’ C W'
be the union over all W}, s € Uy, W2, s a Ti-type not in Uy, V!, s € Us, and V2, s a
T1 U To-type not in Us. Then |[W"| < 2|77 U 7'2|2|7'1UT2‘.

Define a new (T, 77)-tree (%', w) by removing from ¥ the subtrees generated by
w” > w which do not occur in W”. Tt follows immediately from Lemma 19 that (T', w)
realizes (t, Uy, Us). 0

We now have collected all the necessary ingredients to prove the first part of Lemma 13.

Proof of Lemma 13 (i). Suppose 71 U T3 is not a conservative extension of T;
w.r.t. T'. By Lemma 14, there exists a (T, 7;)-tree (T,w) such that diag(%,w) is
satisfiable relative to 77 but not relative to 73 U 75. This means that U; # ) and
Us = () for the triple (¢, Uy, Us) realized by (¥, w). Assume now that there exist wy, wo
in € such that wy is an ancestor of wy and the triples realized by wq and ws coincide.
By Lemma 18 we can replace the subtree generated by w; by the subtree generated
by wy and obtain a (T, 77)-tree (%', w) which realizes (¢, Uy, Uz) as well. By iterating
this process as often as possible we obtain a (T, 77)-tree (%o, w) whose depth does not
exceed 2272792 and which realizes (t,U1,0). Now suppose that there is a node u in
(%o, w) which has more than 2|7; UT3|2I71Y72] direct successors. By Lemma 20, we can
replace the subtree ¥, generated by u in Ty by means of a (T', 71)-tree ¥}, in which u
does not have more than 2|7; U 73|2/71Y72l direct successors and such that (%, u) and
(%!,,u) realize the same triple. Denote the resulting tree by |. By Lemma 18, (%}, w)
and (%, w) realize the same triple. Now iterate this process as often as possible. We
obtain a (T, T;)-tree (%1, w) which realizes (¢, Uy, () and whose depth and outdegree
are bounded by 92x2 TVl 5 g 2|71 UT3|21 7192l respectively. This tree is as required
in Lemma 13 (i).

Before proving the second part of Lemma 13, we modify Lemmas 18, 19, and 20.

Lemma 21 Suppose (T,w) is a Ti-tree with root w which realizes (t,U) and v is a
node in X such that (Z,v) realizes (s,V). Let (Z',v") be a Ty-tree with root v' which
realizes (s,V). Denote by " the Ti-tree obtained from T by replacing the subtree
generated by v by (T',v"). Then the pair realized by (T, w) coincides with (t,U).
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Proof. Follows immediately from Lemma 18. u

Lemma 22 Let (T,w) be a Ty-tree which realizes (t,U). Then, for every Ta-type s,
s € U iff either X is a singleton tree and st is satisfiable relative to T U Te or X is
not singleton and the following hold:

(nl) if Ir.C € s and r € S(T1), then there exists a w' > w such that L(w,w') = r
and there is a 8" € U' for the pair (t',U") realized by (T,w') such that C' € &'
and for all concepts =3r.D € s, D € s'.

(n2) if r € S(T1), then for every w' > w such that L(w,w') = r there exists s' € U’
for the pair (t',U") realized by (%,w') such that {=D | =3r.D € s} C s'.

(n3) s Ut is satisfiable relative to Ty U Ty

Proof. Can be proved in the same way as Lemma 19. O

Lemma 23 Let (Z,w) be a Ti-tree which realizes (t,U) with U # (. By possibly
removing from (%,w) some nodes from {w' | w < w'} together with the trees they
generate one can obtain a Ti-tree (T',w) which realizes (t,U) such that

[{w' |w <" w'}| < |Ti| +[T2| x 21,

Proof. Can be proved similarly to Lemma 20. To ensure that the 7i-type at w is ¢
one just has to take, for every concept Ir.D € t, a w' € W' such that L(w,w') = r
and the type of w' contains D. Only |71| many successors are required to ensure this
condition. 0

Proof of Lemma 13 (ii). Suppose 71 U 73 is not a conservative extension of 7;. By
Lemma 14, there exists a Ti-tree (T, w) such that diag(¥,w) is satisfiable relative to
71 but not relative to 73 U 7T3. This means that U = 0 for the pair (¢,U) realized
by (%,w). Now, by replacing Lemmas 18, 19, and 20 in the proof of Lemma 13 (i)
by the lemmas above, we obtain a Ti-tree (¥',w) which realizes (¢,0) whose depth is
bounded by 2171 x 22 and whose outdegree is bounded by |T;| + [73|2/72].

7 Analysis of the decision procedures

We first analyse the decision procedure of Figure 1 for the problem whether 7; U 75 is
a conservative extension of 77 w.r.t. I'.

e Correctness: clearly, if the algorithm states that 77 U 73 is not a conservative
extension of 77 w.r.t. I', then this is indeed the case. Conversely, suppose 71 U7
is not a conservative extension of 71 w.r.t. I'. By Lemma 13, we find a (%, w)
such that diag(%,w) is satisfiable relative to 7; but not relative to 73 U T3 and
such that the outdegree of ¥ does not exceed 2|77 U 73/2/71Y72l, This means that
Uy # 0 and Uy = 0 for the triple (¢,U;,Us) realized by (T,w). We show that
every triple (¢, Uy, Us) realized by some v in ¥ is in some R;: the triples realized
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by leafs are in Ry. It follows by induction that, for every 7, the triples realized
by nodes of depth ¢ in ¥ are in R;. Therefore, some R; with i < 92x 2| 71T
contains (¢, Uy, Usy) and the algorithm confirms that 7; U753 is not a conservative
extension of 77 w.r.t. T

e Complexity: we show that the algorithm terminates after at most 2-
exponentially many steps in the size of T U Ts: As satisfiability of concepts
relative to a TBox is in ExpTime, we can generate the set R in 2-exponential
time by checking for each triple (¢, Uy, Us) whether it is in Rg. Suppose now
that R; has been computed. We have to show that for each subset R of R;
of cardinality not exceeding 2|7; U 7'2|2|7’1U7—2‘ one can compute in 2-exponential
time the set of triples which can be obtained in one step from R. Consider such
a set of triples R and a triple (¢, Uy, Us) such that Uy # (). Then it follows from
Lemma 19 that (¢,U;,Us) is obtained in one step from R if there exist relations
r$ C {t} x R, for r € T, such that, for 7/ = 7; and 75 = T;UT5 and i = 1,2 the
following modifications of conditions (m1)-(m3) of Lemma 19 hold for a 7;-type
s if, and only if, s € U;:

(ml)” if 3r.C € s and r € T, then there exists a (#,U],U}) € R such that
(t,(#',U{,Us)) € S and there is a s’ € U such that C' € s’ and for all
concepts —r.D € s, D ¢ s'.

(m2)’ if r € T, then for every (#,U],U}) € R such that (¢, (¢,U],U})) € 5 there
exists ' € U] such that {-D | -=3r.D € s} C s'.

(m3)’ t C s and s is satisfiable relative to 7}’
Those conditions can be checked in 2-exponential time in the size of 77 U 75.

We now analyse the decision procedure of Figure 2 for the problem whether 77 U 75
is a conservative extension of 77:

e Correctness: clearly, if the algorithm states that 77 U 73 is not a conservative
extension of 77, then this is indeed the case. Conversely, suppose 71 U T3 is
not a conservative extension of 7;. By Lemma 13, we find a (T, w) such that
diag(%,w) is satisfiable relative to 7; but not relative to 73 U 75 and such that
the outdegree of ¥ does not exceed |T7| + |77|2/72l. This means that U = () and
for the pair (¢,U) realized by (%,w). We show that every pair (¢,U) realized
by some v in ¥ is in some R;: the pairs realized by leafs are in Rg. It follows
by induction that, for every 7, the pairs realized by nodes of depth ¢ in ¥ are in
Ri. Therefore, some R; with 7 < 271l x 227! contains (t,U) and the algorithm
confirms that 77 U 73 is not a conservative extension of 7;.

e Complexity: we show that the algorithm terminates after at most exponential
in 71 and 2-exponential in 75 many steps: As satisfiability of concepts relative
to a TBox is in ExpTime, we can generate the set Rg within this time-bound.
Suppose now that R; has been computed. We have to show that for each subset
R of R; of cardinality not exceeding |7;| +|72/2/72! one can compute within the
time-bound the set of pairs which can be obtained in one step from R. Consider
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such a set of pairs R and a pair (¢,U). Then if follows from Lemma 22 that
(t,U) is obtained in one step from R if ¢ is satisfiable relative to 71 and there
exist relations ¥ C {t} x R, for r € T, such that

— for all Ir.D € cl(Ty), Ir.D € t iff there exists (¢,U’) € R such that
(t,(t',U")) € rS and D € ¢/

and the following modifications of condition (n1)-(n3) of Lemma 22 hold for a
To-type s if, and only if, s € U:

(n1)” if Ir.C € s and r € S(T7), then there exists a (#,U’) € R such that
(t,(#',U') € rS and there is a s' € U’ such that C € s’ and for all concepts
-dr.Des, D¢s.

(n2)" if r € S(T1), then for every (#',U’) € R such that (¢, (#,U")) € rS there
exists s’ € U’ such that {—D | —=3r.D € s} C s'.

(n3)’ s Ut is satisfiable relative to 71 U 7.

Those conditions can be checked in time 1-exponential in 77 and 2-exponential

in 7Ts.

8 Lower Bounds

In this section, we prove the lower bounds on the size of witness concepts and lower
complexity bounds for deciding whether a TBox 7; U 75 is a conservative extension

of 7.

8.1 Size of Witness Concepts

We start with proving the 2-exponential lower bound on the size of witness concepts
stated in Theorem 4 above, and then improve this bound to a 3-exponential one as
stated in Theorem 3 (iii). There are two reasons for this incremental approach. The
first one is didactic: the TBoxes used for the 2-exponential lower bound are smaller
and more intuitive than the TBoxes underlying the 3-exponential bound, and the
latter can be seen as a refinement of the former. The second reason is that, as will
be discussed in more detail later, the 3-exponential bound does actually not properly
subsume the 2-exponential one.

2-Exponential Witness Concepts

For the convenience of the reader, we here state Theorem 4 again:

Theorem 24 There exists a TBox T and a family of TBozes (T, )n>0, such that, for
all n > 0,

(i) T UT, is not a conservative extension of T,

(ii) |T;| € O(n?), and
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(iii) every witness concept for (T,T,) is of length at least 22" .

We now describe the basic idea for finding TBoxes 7 and (7, ),>0 as in Theorem 24.
First a bit of notation: for an interpretation Z, a sequence w = wy, ..., wx_1 € {r, s}*,
and elements z,y € AL, we say that y is w-reachable from z if there exists a sequence
of elements zy,...,z) such that zo = z, z = y, and (z;, z;41) € wiI for all 7 < k.
Then 7 and 7, can be described as follows:

e the TBox 7 is, in principle, used only to fix the signature of witness concepts:
they may use concept names A and B, and role names r and s.

e in the signature {A, B,r, s}, the TBox 7, expresses that its models Z are not
n-violating, where T is n-violating if there exist elements z,, € AZ, for all w €
{r,s}* of length smaller than 2", such that the following are true:

(a) z: € AL
(b) (T, zy) €rT if w' =w-r, and (24, 2, ) € s if w' = w - s
(¢) xy ¢ BT if w is of length 2" — 1.

Thus, a witness concept C for T and 7, has to enforce that all its models are n-
violating. Intuitively, this means that the concept must enforce an instance of A that
is the root of a binary tree of depth 2" such that left children are connected with the
role r, right children are connected with the role s, and all leafs are instances of —B.
The fact that the number of nodes in such a tree is 2-exponential in n can be used to
show that the size of witness concepts for 7 and 7, is at least 2-exponential in n as
well.

The precise formulation of the TBoxes 7 and 7, can be found in Figure 3. In
7., we use a binary counter C for counting modulo 2". The counter is based on the
concept names Cy, ..., Cp,_1 representing the bits of C. The expression Vr.(C++) is
an abbreviation for the usual concept stating that the value of C'is incremented when
going to r-successors, i.e.:

kgln (jzl_o.l.k Cj) = ((Ck = Vr.=Cy) N (=Cy, — Vr.Cy))

k::|:|n (jlzﬁl.k_‘Cj) — ((Ck — VT‘.Ck) Il (—|Ck — Vr.ﬁCk))

Note that 7, enforces more in the signature { A, B, r, s} than what was stated above.
For example, due to the use of the counter C there can be no model of 7, in which
an instance of A has an r-successor that is also an instance of A. However, we clearly
do not want that small concepts such as A M 3dr.A qualify as a witness concept. This
explains Line (1) of 7: by enforcing the A holds only in points with no r- and s-
predecessors, we guarantee that, already in models of 7, there are no two instances z
and y of A such that y is w-reachable from z for some w € {r, s}*.

In the following, when we talk of a model of 7, we assume that this model in-
terpretes only A, B, r, and s. An eztension of such a model additionally interpretes
the concept names A’ and Cjy,...,Cp_1 used in 7. We now establish a semantic
characterization of 7,..
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T: T C Vr—ANVs.—A (1)
B C B 2)

T, : A C A'n(C=0) (3)
AnC<2"=1) C Vr(C++)NVs.(C++) (4)
AnECc<2"—1) C vrA' UVs.A (5)
AnEC=2"-1 C B (6)

Figure 3: The TBoxes 7 and 7.

Lemma 25

1. A model T of T that is n-violating cannot be extended to a model of T, ;

2. a tree model T of T that is not n-violating can be extended to a model of T,.

Proof. (1) Let Z be a model of 7 that is n-violating, and assume to the contrary of
what is to be shown that there exists an extension J of Z that is a model of 7. Since
T is n-violating and due to (3) to (5), there exists an = € AT and a y € AT such that
y is w-reachable from z, for some w € {r,s} of length 2" — 1, and y € (B M A")%.
Clearly, we also have y € (C = 2" — 1)7, and thus obtain a contradiction to (6).

(2) Let Z be a tree-model of T that is not n-violating. By (1) and since 7 is a
tree-model, A is either empty or a singleton. In the former case, we can extend Z to
a model of 7 by interpreting all of A’,Cy,...,C,—1 as the empty set. In the latter
case, let AT = {z,}. If y € AT is w-reachable from x4, with w € {r,s}*, then the
level of y is the length of w. An zy € AT is called A'-feasible if there exists a set
Sz, C AT such that the following hold:

(1) zo € Suy;

(ii) if # € S, and z is on a smaller than 2" — 1, then {y | (z,y) € 7} C S, or
{y | (z,y) € SI} C Szo;

(iii) if z € Sy, and z is on level 2" — 1, then = € BZ.

We now show that x4 is A'-feasible. Assume to the contrary that it is not. Our aim
is to derive a contradiction by showing that, under this assumption, Z is n-violating.
To this end, we choose elements x,, € AT, for all w € {r,s}* of length smaller 2",
such that Properties (a) to (c¢) from the definition of n-violating are satisfied. This is
done by induction on the length of w and ensures that none of the z,, is A’-feasible
and that z,, is on level n if w is of length n:

e As the induction start, set z. := 4. By assumption, z. is not A’-feasible;

e Now let w be of length n < 2" — 1 with z,, already chosen. Then z,, is on level
n and not A'-feasible. By definition of A’-feasibility, it follows that there are
yr,ys € AT that are not A’-feasible and such that (z,y,) € % and (24, ys) € sT.
Set z4.r = ypr and xy.s = ys. Clearly, x,.» and x,.5 are on level n + 1.
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It is not difficult to verify that the elements z,, chosen in this way indeed satisfy
Properties (a) to (c) from the definition of n-violating. Thus, Z is n-violating and we
have derived the intended contradiction.

We conclude that z 4 is A’-feasible and extend Z as follows:

e Let S;, be the set witnessing that x4 is A’-feasible. Then set (A') := S,,.

e The concepts Cy,...,C,_1 are interpreted such that, for each y € AZ, the
counter C' encodes the level of y is defined, and 0 otherwise.

It is readily checked that the extended interpretation is a model of 7. O
Lemma 25 provides us with important information on witness concepts for 7 and 7).
Corollary 26

1. A concept C that is satisfiable w.r.t. T and such that all models of C and T are
n-violating is a witness concept for T and T, ;

2. if a concept C is a witness concept for T and T,, then all tree models of C' and
T are n-violating.

By Point 1 of Corollary 26, the concept Cyn defined in the following is a witness
concept for 7 and 7. This shows that 7 U 7, is indeed not a conservative extension

of T:

DO = -B
D;y1 = 3Ir.D;MN3s.D;
C, = AnND;

Note that the concepts D; are introduced only as abbreviations, and not as concept
names in a TBox. It is not hard to see that the length of Cyn is O(2%"). To establish
Theorem 24, it remains to prove that each witness concept for 7 and 7,! is of length
at least 22" ~1. By (1), A can only be satisfied in the root of tree models of Z. Thus,
Point 2 of Corollary 26 and the definition of n-violating imply that every witness
concept for T and 7, satisfies the preconditions of the following lemma, which yields
the required lower bound on the size of witness concepts.

Lemma 27 Let P be the set of all sequences w € {r,s}* of length 2" — 1, and let C
be a concept such that the following holds:

(i) C is satisfiable w.r.t. T;

11) for all tree models L o an with root r € , we haver € M w. .
i) for all dels T of C and T with AL we b A |_}|93 T?
we

Then C' is of length at least 22" 1.
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In this lemma and in what follows, Jw.C with w = w;---w, abbreviates
Jwq.Jws. - - - Jw,.C, and de.C' is just C. For proving Lemma 27, we need the no-
tion of path sets. For each concept C, we define the path set Pc of C' by structural
induction as follows:

e P4 := {e} for concept names A;
o P.c:=Fc;
e Perp := Pc U Pp;

o Py.c:={c}U{r-p|pé€ Pc}.

The following is easy to prove by structural induction:

Lemma 28 For all concepts C, we have |C| > |Pc|.

We now return to the proof of Lemma 27.

Proof. Let P and C be as in Lemma 27. Moreover, let Z be a tree model of C
and 7 with root zy. Such a model exists by (i). Since Z is a model of C, we have
zo € OT: if x € C7 for some z # xg, then the model I’ obtained from Z by setting
AT .= AT\ {z} is still a tree model of C' and T, which is a contradiction to (ii).
Moreover, zy € AL.

Since |P| = 22" ! and by Lemma 28, there exists a sequence @ € P\ Pc. Define

A7 := AT\ {y | y is w-reachable from zy with @ prefix of w},

and let J be the restriction of Z to domain AY. Then we have zq ¢ (3@.T)7. Since
w € P we have that J is not a model of C. We now establish the following claim.
For each z € A7, let w(z) denote the sequence w such that = is w-reachable from z.

Claim. For all z € AY and D € sub(C) such that {w(z)-w | w € Pp} C P, we have
z € DY iff z € D7,

For suppose that the claim has been proved. Together with zo € CZ, it implies
zo € C7 and thus contradicts the fact that J is not a model of C. Therefore, we have
proved that C is length at least 22" 1.

The proof of the claim is by induction on the structure of D. As the induction
start and the Boolean cases are trivial, we only treat the case D = 3r.F:

e “if”. Let # € D7. Then there is a y € A7 such that (z,y) € 77 and y € E7.
The former yields (z,y) € rZ. It thus remains to show that y € EZ. To this
end, observe that we have w(y) = w(z)-r and P = {w | rw € Pp}. Thus,
{w(z) -w | w € Pp} C Pe yields {w(y) -w | w € Pg} C Pe. Finally, IH and
y € B yield y € ET as required.

e “onlyif”. Let z € DT. Then thereis a y € A such that (z,y) € rZ and y € EZ.
Since w(y) = w(z) -r, P = {w | rw € Pp}, and {w(z) -w | w € Pp} C Pg, we
have

{w(y) -w|we Pp} C Pe. (%)
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Since ¢ € Pp (this holds for every concept), () yields w(y) € Pc. Since Pc is

prefix-closed, this means that y € A7. Therefore, y € EZ, TH, and (*) give us

y € EY. Since (z,y) € r* implies (z,y) € 7, we get z € (Ir.E)7 as required.
]

3-Exponential Witness Concepts

We now improve the 2-exponential lower bound on the size of witness concepts to a
3-exponential one, as stated in Theorem 3 (iii). We formulate the result here again:

Theorem 29 There exist families of TBozes (Ty)n>0 and (T, )n>0, such that, for all
n >0,

(i) Tn UT, is not a conservative extension of T,
(ii) |Tal € O(n?), |T;] € O(n?), and
(iii) every witness concept for (T, T,) is of length at least 9(222")-1,

Note that, in contrast to Theorem 24, the size of the unprimed TBox grows with n
instead of being fixed. Therefore, Theorem 29 does not imply Theorem 24. We believe
that Theorem 29 can be strengthened such that the unprimed TBox is fixed, but leave
details as future work.

The idea for constructing 7, and 7, is very similar to what was done in the
previous section, only that witness concepts must now enforce binary trees of depth
double exponential in n. To increase the depth of trees to double exponential, we
need a counter X that counts modulo 22°. Obviously, such a counter cannot be
realized using one concept name for every bit as this would result in a TBox of size
exponential in n. Therefore, we use a “distributed” form of counting: a single value
of X is described using an X-sequence, i.e., a sequence x1,...,zo» € AT such that
(25, zi11) € rT U st for all i < 2". Bach domain element in the X-sequence represents
the truth value of one bit of the counter value via the concept name X.! To describe
the position of the bit represented by a domain element, we use another counter C' that
counts modulo 2" using concept names Cy,...,C,_1. The idea is that C' counts from
0 to 2™ — 1 along each X-sequence, thus assigning bit positions to domain elements.

The TBox T, is given in Figures 4. We use role union as an abbreviation: V(rUs).C
abbreviates Vr.C' MVs.C. Tt is easily seen that role union can be eliminated from 7,
(and 7,)) with only a linear blowup in size. Line (11) and (12) of 7, are identical to
Lines (1) and (2) of the TBox 7 from the previous section, and Line (13) ensures that
the counter C' counts correctly. Lines (14) to (16) guarantee that X-sequences starting
at instances of A encode the value null, and that all elements of such sequences are
marked with the concept name F. The purpose of Lines (17) to (19) is to ensure that,
if an element x is part of an X-sequence, then z is an instance of Z iff the X-sequence
has a null-value for some bit strictly lower than z.

'We deliberately confuse the name of the counter and the name of the concept name representing
the truth value of bits.
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T C Vr-oANVs.—A (11)

B C B (12)

T C VY(rUs).(C++) (13)

A C (C=0)NF (14)
Fnn(C<2") C VY(rus).F (15)
F C =X (16)

(C=0) C -Z (17)
~XUZ C VYr(-(C=0)— 2) (18)
XN=Z C VYr(=(C=0)—-2) (19)

Figure 4: The TBox 7,.

The TBox 7, can be found in Figure 5. It uses a third counter D that counts
modulo 2" using concept names Dy, ..., D, 1. This counter is used to ensure that X
counts correctly in models of witness concepts. Before we go into any detail, let us

give a semantic characterization of the interplay between 7, and 7.

Let Z be an interpretation. For each w = wy ---wy € {r, s}*, we call a sequence
of domain elements z1,...,z,41 € AT a w-path starting at x if x = x; and, for
1 <i <k (rj,xi41) € wiI. If w is not important, we simply speak of a path. For
i > 1, an interpretation T is called strongly n-violating iff there exists an z € AZ such
that the following two properties are satisfied, where m := 2" . 22",

(P1) for all paths x1,...,x; in Z starting at z of length at most m, the X values of
T1,...,z) describe the first & bits of a 2"-bit counter counting from 0 to 22 — 1.

(P2) there exist elements z,, € AL, for all w € {r,s}* of length at most m — 1, such
that the following are true:

(a) z. € AT,
(b) (T, ) €T if w' =w-7r, and (34, 2y ) € sT if w' = w - s

(¢) zuw ¢ BT if w is of length m — 1.

Intuitively, (P2) is the double-exponential version of what was called “n-violating” in
the previous section. We use the bound m — 1 since the counter X has 22" possible
values, each value of X is represented by an X-sequence of length 2" — 1, and any two
consecutive X-sequences are connected by an additional r- or s-edge. Property (P1)
guarantees that the counter X counts correctly.

To ensure that witness concepts enforce models that are strongly n-violating, 7,/
has to express that each instance of A violates either (P1) or (P2). Let z be such an
instance. The purpose of Line (20) is to decide whether (P1) or (P2) is violated at .
If the latter is chosen, the violation is enforced via Lines (32) and (33) similar to what
was done in the previous section. If (P1) is chosen, Lines (21) to (31) ensure that there
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A C PUP (20)

P, T MyU3r.P U3s.P (21)

Pn(C=2"-1) C ZU-X (22)

My T Mn(D=0) (23)

MynN-Z C NX & X (24)

MyNZ C NX & -X (25)

Mn(D<2" C Y(rus).(D++) (26)
MMO(D<2")NNX C 3F(rUs).(MNNX) (27)
MnN(D<2")N-NX C 3(ruUs).(MN-NX) (28)
Mn(D=2"-1)NNX C X (29)
MM(D=2"-1)N-NX C =X (30)
MMOD<2"-1)N({C=2"-1) C ZU-X (31)
PBn(-C=2"-1)UuZu-X) C VrPUVs.P, (32)
pnC=2"-1)N-ZNnX C B (33)

Figure 5: The TBox 7).

is a path x1,...,z, in Z starting at = of length at most m such that the X-values
along this path do not describe the first k bits of a 2™-bit counter counting from 0 to
22" — 1. Due to Lines (13) to (16) of 7, we know that the first 2" X-values along
z1,...,c, are null as required. Hence, a failure of counting on the path zq,...,z; can
only be due to failure of incrementation of the counter X.

Lines (21) and (22) mark the place where incrementation fails using the concept
name My. More precisely, the domain element marked with Mj is a bit such that
the corresponding bit in the following X-sequence violates incrementation. There
are two ways in which this may happen: first, there may be no 0-bit lower than
the bit marked with Mgy, but the corresponding bit in the following X-sequence is
not toggled. Second, there may be a 0-bit lower than the bit marked with Mj, but
the corresponding bit in the following X-sequence is toggled. These two cases are
distinguished by Lines (24) and (25). In the first case, the case of X is stored in NX.
In the second case, the toggled value of X is stored in NX. The counter D is then
reset in Line (23) and incremented in Line (26) to identify the corresponding bit in
the following configuration. Through lines (27) and (28), the value of NX is passed
on all the way to this bit. Finally, Lines (20) and (30) ensure that the X-value of the
corresponding bit coincides with N X.

Lemma 30

1. A model T of T, that is strongly n-violating cannot be extended to a model of T, ;
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2. a tree model T of T, that is not strongly n-violating can be extended to a model

of T,..

Proof. (1) Assume that Z is n-violating and counting and that, to the contrary of
what is to be shown, there exists an extension J of Z that is a model of 7;1’ Since 7
is n-violating, there is an x € A7 satisfying (P1) and (P2). By (20), it follows that
T € Plj or r € PQJ .

First assume z € P{. By (21), one of the following holds:

(i) there exists an infinite word w € {r, s} and an infinite w-path z1,z9,... in J
starting at x such that z; € P1‘7 for all 7 > 1;

(ii) there exists a path z1,...,z, in J starting at x such that zq,...,z; € P1‘7 and
T M
k€ My .

In Case (i), (13) and (14) imply that z,,_s» € (C = 0)Y and z,, € (C = 2" —1)7.
Moreover, (P1) implies that =, on,...,7, € X and (17) to (19) imply that =, ¢
ZJ. Thus, z,, violates (22), which is a contradiction.

In Case (ii), it follows from (23) and (26) to (28) that there are zpi1,...,Tp1on €
M7 such that z1,..., 2,400 is a path in J starting at z. It follows from zq,...,z; €
P, (P1), and (22) that k < m. This together with zj1,...,2510n € M7, (P1), and
(31) yields k¥ < m —2". Thus, the length of the path x1,...,zton is at most m. Now,
(24) to (30) can be used to prove that the X-values on this path do not describe the
first k& 4 1 bits of the 2"-bit counter counting from 0 to 22" — 1, thus contradicting
(P1).

Now assume z € Py . Using (32) and (P2), and also referring to (13), (14), (17) to
(19), and (P1), it is not difficult to show that there is a path z1,...,z,, in Z starting
at = such that z,, € Py and z,,, ¢ BY. By (13) and (14), z,, € (C = 2" —1). By (17)
to (19) and (P1), z,, € (=Z)7. By (P1), z,,, € XZ. Thus, by (33), we have z,, € B7,
which is a contradiction.

(2) Assume that Z is a tree model of 7, that is not strongly n-violating. Due to (9)
and since 7 is a tree model, AZ is empty or a singleton. If A is empty, we may simply
interprete all additional concept names as the empty set. The resulting extension of
T is a model of T,!. If AT = {z} is a singleton, then (P1) or (P2) is violated for z.

First assume that (P1) is violated, i.e., there exists an outgoing path z1,...,zj in
7 of length at most m starting at  such that the X-values on the path do not describe
the first &+ 1 bits of a 2"-bit counter counting from 0 to 22". Due to (13) to (16), we
know that the first 2" X-values encode the number 0 as required. Therefore, there
must be a failure in incrementation when counting along z1,...,z. For i < k, set
pos(i) := i mod 2". Then failure of incrementation means that there is a p < k — 2"
such that one of the following cases holds:

(i) z; € XT for p— pos(p) <i < pand z, € XL ¢ 7y 90 € X7T;
(ii) z; ¢ XT for some j with p — pos(p) <i < p and z, € XT < x40 ¢ X7,

We extend Z as follows:
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° PQI =)
o Mg = {zp};
o MT :={zp, ..., Tpion};

o NX :={zp,...,2pion} ifz; € (XT1=2Z)U(=X1Z))E, and NXT := () otherwise;

e The values of Dy,...,D,_; are set such that, for all domain elements y € AZ,
D has value / if there is a w-path from z, to y with w of length Z, 0 if no such
path exists.

It is readily checked that the extended Z satisfies 7.

Now assume that (P1) is satisfied, but (P2) is violated. Then we can show analo-
gously to the proof of Point 2 of Lemma 25 that Z can be extended to a model of 7).
In this extension P, My, M, NX, and Dy, ..., D, 1 are interpreted as the empty set.
In the proof, we need the fact (P1) is satisfied because, only then, the precondition
of (33) identifies domain elements y such that there is ao w-path from z4 to y with
w of length m — 1, and similarly for the precondition of (32). Details are left to the
reader. O

Similar to the previous section, we obtain a corollary characterizing witness concepts

for 7, and 7.

Corollary 31

1. A concept C that is satisfiable w.r.t. T, and such that all models of C' and T are
n-violating and counting is a witness concept for T, and T, ;

2. if a concept C is a witness concept for T, and T,., then all tree models of C and
T are n-violating and counting.

We now define a witness concept for 7, and 7,], thus showing that 7, U 7, is indeed
not a conservative extension of 7,. For 1 < i < m, let b; denote the i-th bit of a 2"-bit
counter counting from 0 to 22" — 1. Then we set:

DU = -B
D;yy = 3Fr.D;MN3s.D;
C, = AnND;n |_| Yw.—X M |_| Yw. X

we{r,s},1<i<n,b;=0 we{r,s}i,1<i<n,b;=1

By Point 1 of Corollary 31, the concept C), is a witness concept for 7, and 7,. Tt can
be checked that the length of C), is O(2™), i.e., O(22n'22n). To establish Theorem 29,
it remains to prove that each witness concept for 7,, and 7! is of length at least 2™ 1.
This is a consequence of the following lemma, whose proof is analogous to the proof
of Lemma, 27.
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Lemma 32 Let m = 2" - 22", P the set of all sequences w € {r,s}* of length m — 1,
and C' a concept such that the following holds:

(i) C is satisfiable w.r.t. Ty;

(ii) for all tree models T of C and Ty, there exists a y € (ATl IZ'P EIw.T)I.
w

Then C is of length at least 2™,

8.2 Lower Complexity Bounds

The aim of this section is to prove the 2-EXPTIME lower bound of Theorem 2; namely
that, given two TBoxes 71 and 73, it is 2-EXPTIME-hard to decide whether 7; U 75
is a conservative extension of 7y. The proof is by reduction of the word problem of
exponentially-space bounded ATMs.

8.2.1 Alternating Turing Machines

An Alternating Turing Machine (ATM) is of the form M = (Q, X, T, qp, A). The set
of states Q = Q3 W Qv W {q,} W {qr} consists of existential states from @3, universal
states from Qy, an accepting state q,, and a rejecting state q.; ¥ is the input alphabet
and T" the work alphabet containing a blank symbol [1 and satisfying 3 C T'; g9 € Q3
is the starting state; and the transition relation 0 is of the form

§ C QxI'x@xT x{L,R}.

We will write d(q,a) for {(¢',b, M) | (q,a,q',b, M) € 6}. As usual, we assume that
q € Q73U Qy implies §(q,b) # 0 for all b € T and ¢ € {q,, ¢} implies d(g,b) = () for all
bel.

A configuration of an ATM is a word wqw' with w,w’ € T* and ¢ € Q. The
intended meaning is that the tape contains the word ww’ (with only blanks before
and behind it), the machine is in state ¢, and the head is on the leftmost symbol of
w'. The successor configurations of a configuration wquw' are defined in the usual way
in terms of the transition relation . A halting configuration is of the form wquw’ with

q € {qa,ar}-
A computation path of an ATM M on a word w is a (finite or infinite) sequence of
configurations cy, ca, ... such that ¢; = qow and ¢;4; is a successor configuration of ¢;

fori > 0. All ATMs considered in this paper have only finite computation paths on any
input. Since this case is simpler than the general one, we define acceptance for ATMs
with finite computation paths, only, and refer to [7] for the full definition. Let M be
such an ATM. A halting configuration is accepting iff it is of the form wq,w’. For non-
halting configurations ¢ = wqw’, the acceptance behaviour depends on ¢: if ¢ € Q3,
then ¢ is accepting iff at least one successor configuration is accepting; if ¢ € Qv, then
¢ is accepting iff all successor configurations are accepting. Finally, the ATM M with
starting state qg accepts the input w iff the initial configuration qyw is accepting. We
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use L(M) to denote the language accepted by M, i.e., L(M) = {w € ¥* | M accepts
w}.

To obtain a witness for the acceptance of an input by an ATM, it is common to
arrange configurations in a tree. Such an acceptance tree of an ATM M with starting
state qo on a word w is a finite tree whose nodes are labelled with configurations such
that

e the root node is labelled with the initial configuration ggw;

e if a node s in the tree is labelled with wqw', ¢ € @3, then s has exactly one
successor, and this successor is labelled with a successor configuration of wquw';

e if a node s in the tree is labelled with wqw’, ¢ € Qv, then there is exactly one
successor of s for each successor configuration of wquw';

e leaves are labelled with accepting halting configurations.

The following is immediate.

Lemma 33 Let M be an ATM with only finite computation paths. Then there exists
an acceptance tree of M on w iff M accepts w.

The Reduction

According to Theorem 3.4 of [7], there is an exponentially space bounded ATM M
whose word problem is 2-EXPTIME-hard. According to Theorem 2.6 of the same pa-
per, we may w.l.o.g. assume that there exists a polynomial p such that the length of
every computation path of M on w € 3" is bounded by 22;.(11), and all the configura-
tions wqw' in such computation paths satisfy |ww'| < 2P(") | Tt is also easy to see that
we can w.l.o.g. make the following assumption: for each ¢ € Qv and each b € ¥, the
set d(q,b) has exactly two elements. We assume that these elements are ordered, i.e.,
d(q, b) is an ordered pair ((¢',b', M'), (a", 0", M")).

Let w =ag---ap—1 € X* be an input to M. In the following, we construct TBoxes
T and T3 such that 77 U 75 is a conservative extension of 77 if, and only if, M does
not accept w. The main idea is to construct 7; and 75 such that models of witness
concepts for 77 and 75 describe an acceptance tree of M on w. In such models, each
domain element represents a tape cell of a configuration of M, and the role names
r and s indicates both “moving to the next tape cell in the same configuration” and
“moving to the first tape cell of a successor configuration”. Thus, each node of the
acceptance tree (which describes a complete configuration) is spread out over many
nodes in the model.

The TBoxes 71 and T2 will be defined as extensions of the TBoxes T, and 7, given
in the previous section. In particular, models of witness concepts will be strongly
n-violating, and there will be a direct correspondence between the acceptance tree
for M and w described by such models and the r, s-tree of double exponential length
described by Property (P2) of strong n-violation. Intuitively, the only difference be-
tween these two kinds of trees is as follows: the (spread-out) acceptance tree requires
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Figure 6: Additional GCIs for 7.

branching only at those domain elements that represent tape cells under the head
when the ATM is in a universal state. In contrast, the tree enforced by (P2) branches
at every node. This gap is bridged as follows: from a (P2) tree, we can always “cut
out” a (spread-out) acceptance tree. Conversely, a (spread-out) acceptance tree can be
converted into a (P2) tree by duplicating parts of it in order to generate the additional
branching.

We first construct the TBox 77. It is the extension of 7, with the GCIs shown in
Figure 6. The purpose of Line (34) simply is to introduce marker concepts A, and A
that help to distinguish r-successors from s-successors. The remaining GCIs describe
some basic properties of ATM computations. As usual, we assume that there is one
concept name S, for every a € ¥ and one concept name S, for every ¢ € Q). Lines (35)
to (37) simply say that there is exactly one alphabet symbol labelling each tape cell,
and there is at most one state labelling each tape cell. Lines (38) to (42) say that each
configuration has exactly one head position. Then, Lines (43) to (45) express that
the computation starts with head on the left-most tape cell in state ¢gg, and that the
initial tape inscription is a followed by blanks. Finally, Line (46) ensures acceptance
of the ATM by stating that the rejecting state is never encountered.
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This finishes the definition of 7;. We define 75 such that a model Z of 7; can
be extended to a model of 71 U T3 iff 7 is not M, a-violating. An interpretation Z is
M, a-violating if there exists an z € AT such that Properties (P1) and (P2) from the
definition of strong m-violation given in the previous section hold and, additionally,
the following properties are satisfied:

(P3) The Turing machine moves according to its transition table: let z1,...,z be
an outgoing path in 7 starting at z of length at most m — (2" 4+ 1) such that
T € SqI N SZ. Then if ¢ € Q3, one of the following holds

— there exists an (¢’,b, L) € §(q, a) such that, for all outgoing path yo, ...,y
in 7 starting at xp, we have yon € SbI and yon 1 € S(f;

— there exists a (¢/,b,R) € d(¢g,a) such that, for all outgoing path
Yo, - --,Yany1 in L starting at z, we have yon € SbI and yon 1 € Si;

Likewise, if ¢ € Qv and 6(q,a) = ((q¢, be, My), (qr, by, M), both of the following
hold, for all p € {¢,r}:

— if M, = L, then, for all outgoing path yq,...,yo» in Z starting at x; with
Yon € AzI), we have yon € S,i and yon 1 € Squ;

— if M, = R, then, for all outgoing path yo, ..., yon41 in Z starting at xj, with
Yon € A%, we have yon € S,%; and yon 1 € Squ.

(P4) The tape contents of cells not under the head does not change in the next
configuation: for all outgoing paths zi,...,z; in Z starting at x of length at
most m — (2" — 1) with zj ¢ quQ SqI and all outgoing paths yg,...,yon in 7
starting at xj, we have z € ng iff yon € SaI, for all ¢ € X.

T2 is defined as an extension of 7, from the previous section. First, Line (20) in
Figure 5 is replaced with the following;:

AEPluP2L|PgL|P4 (*)

Additionally, we add the GCIs given in Figure 7. Here, we introduce concept names
Y, o Yq{a’M, and Y, for all g € Q, a € ¥, and M € {L, R}.

Recall that a model of 77 should be extendable to a model of 75 if it is not M, a-
violating, i.e., each instance of A has to violate one of the properties (P1) to (P4). For
each instance of A, (x) selects the property to be violated. Violation of (P1) and (P2)
is then enforced by the familiar GCIs from 7, in Figure 5. Violation of (P3) is ensured
by Lines (47) to (57), and violation of (P4) is taken care of by Lines (58) to (65) take
care of (P4). In the case of both (P3) and (P4), the strategy to enforce violation is
very similar to what was done in Figure 5 to enforce proper counting of the counter
X: the concept name M is used to mark the position where the violation takes place,
and the counter D is used to identify the corresponding take cell in the consecutive
configuration. In the case of (P3), the concept names Yqzj a,v are used to memorize the
(violated) move of the Turing machine. In the case of (P4), the concept names Y, are
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Figure 7: Additional GCIs for 7.

used to memorize the symbol that is not preserved in the next configuration although
the tape head was somewhere else.

Using argument similar to the ones employed in the proof of Lemma 30, it is not
hard to prove the following lemma. Details are omitted.

Lemma 34 71 U Ty is a conservative extension iff M accepts a.

It is readily checked that the size of 77 and 73 is quadratic in n, i.e., in the length of
a. Therefore, we get the following result.

Theorem 35 Given TBozes T and Ta, it is 2-EXPTIME-hard to decide whether T; U
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Ty is a conservative extension of Ti.

9 Related work

The problem to decide for two TBoxes 7; and 75 whether 77 U 75 is a conservative
extension of 77 is closely related to the notion of uniform interpolants, an extension of
the standard Craig interpolants in which the interpolant is required to be uniform for
all possible formulas in the antecedent [18]. As uniform interpolation appears to be
the most important notion related to the algorithmic problem we are concerned with
in this paper, and since results on uniform interpolation might be useful for future
research on the notion of conservative extensions for DL-ontologies, we briefly discuss
their connection.

Definition 36 (Uniform interpolants for TBoxes) Given a TBox T and a sig-
nature I' C S(T), we call a TBox Tr over S(T) —T' a uniform interpolant of T with
respect to I' if the following conditions hold:

« TET

e for every implication C T D over S(T) —T: if T = C C D, then Tr = C C D.
Tt is not difficult to see now that 7; U 75 is a conservative extension of 77 if, and only
if, 71 is a uniform interpolant for 7; U 72 with respect to S(73) — S(71). Thus, if for
every TBox T and signature T' a uniform interpolant 7r exists (and is computable),
then we have a procedure deciding whether a TBox 771 U753 is a conservative extension

Ti: just compute the uniform interpolant and check whether it is logically equivalent
to T1. Unfortunately, in general, uniform interpolants for TBoxes do not exist.

Theorem 37 Let T be the TBox consisting of
Vr—mA=T, ACB, BC3r.C, CC3r.B, BC E, CLC —F.
Let T'={B,C}. Then there exists no uniform interpolant of T w.r.t. T'.
Proof. Let Tt be the infinite set of implications consisting of Vr.—A = T and the set
ACE, AC3r—-E, AC3Ir(-EN3Ir.E), AC Ir.(-ENIr.(ENIr.-FE)),...

One can show that, for every concept D over {r, A, E'} the following conditions are
equivalent:

1. Tr U{D} is satisfiable;

2. TU{D} is satisfiable.
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The implication from (2.) to (1.) is trivial. For the converse implication consider
an interpretation Z satisfying 70 U {D} in d. We may assume that Z is based on an
intransitive irrflexive tree with edges 77 and root d € D*. If AZ = (), then T U D is
clearly satisfiable. Otherwise, AT = {d}. Let n be the number of nestings of Ir in
D. Let d = dy,dq,...,d, be a sequence of points such that dirIdHl for i < m and
dop € E%, dop1 € (~E)%. Define a new model Z' by removing all points which are
not reachable from d in at most n steps and adding a sequence of points dp, 1, dp12 . ..
such that dirIldiH for © > m. Define the interpretation ET' of E as before on the
points reachable from d in n steps and by adding to its interpretation the points dy;,
i > n/2. Define the interpretations of B and C' by

BT = {dy; |i >0}, CT = {daiy1 | i > 0}.

It is not difficult to see that Z' satisfies T U {D}.
Now, a straighforward compactness argument shows that there does not exists a
finite TBox equivalent to 7r. O

Notice that it is often quite difficult to show that a certain logic has uniform
interpolation. The most important logics known to have uniform interpolation are
intuitionistic logic, the Godel-Loeb logic, the Grz-logic, the p-calculus, and the modal
logic K (for its local consequence relation) [25, 9, 8, 18]. On the other hand, classical
first-order logic, modal logic S4 and dynamic logic PDL do not have uniform inter-
polation [11, 10]. To the best of our knowledge, neither the complexity of computing
uniform interpolants nor the size of uniform interpolants has been investigated for any
logic close to the description logics we are concerned with. Still, the close relationship
between the notion of a conservative extension and the properties of uniform inter-
polants suggests that the two research directions might benefit from each other and
explains why some of the notions introduced in the proofs of the results of this paper
resemble concepts known from the literature on uniform interpolation.

10 Outlook

We have proposed several reasoning problems that are suitable for providing auto-
mated reasoning support when deciding whether a given extension of an ontology is
well-behaved. Still, substantial research remains to be done to evaluate the feasibil-
ity and usefulness of reasoning support based on conservative extensions. First, one
should try to refine the worst-case optimal algorithms presented in this paper into
more practical algorithms that can be implemented and tested regarding their feasi-
bility for reasoning about real-world ontologies. We hope that the close relationship
[4] between type-based approaches and tableau-based decision procedures as imple-
mented in DL reasoners such as Fact and Racer will make such a refinement possible.
Second, the complexity analysis provided here for ALC should be extended to the
more expressive DLs currently supported by DL reasoners, such as SHZQ [15]. We
conjecture that, as long at the DL under consideration has the tree-model property,
modifications of the techniques introduced in this paper can form the basis of such a
complexity analysis.
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Finally, this paper opens the way to introduce and investigate pragmatically mo-
tivated variations of the notion of a conservative extension that are possibly com-
putationally less complex: a developer might be interested in having a conservative
extension not for all concepts over a given signature, but only for concepts of a certain
form (e.g., positive concepts, existential concepts, and universal concepts). Similarly,
when considering DLs with (qualified) number restrictions, the developer might want
to achieve a conservative extension regarding concepts not containing number restric-
tions and, at the same time, intend to obtain a non-conservative extension when
concepts containing qualified number restrictions are involved. We have seen above
that there are natural ontologies 77 and 73 such that 7; U753 is a conservative extension
of 77 for the language ALC but not for its extension ALCN by number restrictions.
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