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Abstra
t

Categorisation of obje
ts into 
lasses is 
urrently supported by (at least) two `orthog-

onal' methods. In logi
-based approa
hes, 
lassi�
ations are de�ned through ontologies or

knowledge bases whi
h des
ribe the existing relationships among terms. Des
ription logi


(DL) has be
ome one of the most su

essful formalisms for representing su
h knowledge

bases, in parti
ular be
ause theoreti
ally well-founded and eÆ
ient reasoning tools have

been readily available.

In numeri
al approa
hes, 
lassi�
ations are obtained by �rst 
omputing similarity (or

proximity) measures between obje
ts and then 
ategorising them into 
lasses by means

of Voronoi tessellations, 
lustering algorithms, nearest neighbour 
omputations, et
.

In many areas su
h as bioinformati
s, 
omputational linguisti
s or medi
al informati
s,

these two methods have been used independently of ea
h other: although both of them

are often applied to the same domain (and even by the same resear
her), up to now no

formal intera
tion me
hanism has been developed.

In this paper, we propose a DL-based integration of the two 
lassi�
ation methods.

Our formalism, 
alled SL + ALCQIO, extends the expressive DL ALCQIO by means

of the 
onstru
tors of the similarity logi
 SL whi
h allow de�nitions of 
on
epts in terms

of both 
omparative and absolute similarity. In the 
ombined knowledge base the user

should de
lare the similarity spa
es where the new operators are interpreted.

Of 
ourse, SL+ALCQIO 
an only be useful if 
lassi�
ations with this logi
 are sup-

ported by automated reasoning tools. We lay theoreti
al foundations for the development

of su
h tools by showing that reasoning problems for SL+ALCQIO 
an be de
omposed

into the 
orresponding problems for its DL-part ALCQIO and similarity part SL. Then

we investigate reasoning in SL and prove that 
onsisten
y and many other reasoning

problems are ExpTime-
omplete for this logi
. Using this result and a re
ent 
omplexity

result of Pratt-Hartmann for ALCQIO, we prove that reasoning in SL + ALCQIO is

NExpTime-
omplete.

As the `
loser' operator of SL has the same expressive power as the standard impli
a-

tion > of 
onditional logi
, these results may have interesting 
onsequen
es for 
onditional

logi
 as well.

Keywords: similarity logi
, des
ription logi
, ontology, 
omplexity, 
onditional logi
.

1 Introdu
tion

Classi�
ation | \the a
tual or ideal arrangement together of those whi
h are like, and the

separation of those whi
h are unlike" (see [28, 23℄ and referen
es therein) | is said to be one of
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the main obje
tives of s
ien
e, the Linnaean taxonomy and the Mendeleev periodi
 table being

probably the best known witnesses. Modern 
lassi�
ation and 
on
eptualisation problems

in bioinformati
s, linguisti
s or the World Wide Web are 
hara
terised by huge numbers of

obje
ts to be 
ategorised and/or their very 
omplex stru
tures. Building adequate `ontologies'

for su
h areas and developing powerful tools for dealing with them have been re
ognised

among the most important and urgent tasks, and 
an be regarded as a real 
hallenge for the

knowledge representation and reasoning (KR&R) 
ommunity.

There are (at least) three general ways of 
ategorising things into 
lasses:

� by establishing logi
al relationships between them (e.g., `a mother is a woman with a


hild'),

� by identifying prototypi
al (the most representative) instan
es of 
lasses against whi
h

the surrounding `poorer' instan
es are 
ategorised (e.g., a 
olour is blueish if it is more

similar to the prototypi
al 
olour blue than to the prototypi
al 
olours green, red, et
.),

� by means of 
lustering, that is, by partitioning a set of obje
ts into subsets (
lusters),

so that the obje
ts in ea
h subset are more similar to ea
h other than to the obje
ts in

other subsets.

From the KR point of view, the main di�eren
e between these approa
hes is that the �rst one

is logi
-based and usually involves building knowledge bases or ontologies in su
h formalisms

as des
ription logi
 or (fragments of) �rst-order logi
, while the last two are `quantitative'

in that they are based on impli
it or expli
it similarity (or proximity) measures and use nu-

meri
al 
omputations (say, Voronoi tessellations, nearest neighbour or 
lustering algorithms).

Su

essful examples of the logi
-based approa
h are su
h well-known ontologies in medi
ine

and bioinformati
s as SNOMED (www.snomed.org) or GO (www.geneontology.org). On

the other hand, in those (still huge) areas of bioinformati
s, 
omputational linguisti
s, et
.

where there exist vast amounts of poorly investigated and unstru
tured data, the quantita-

tive, similarity-based methods (say, using alignment algorithms and tools like BLAST [1℄)

often seem to be the only 
hoi
e.

The apparent `qualitative{quantitative orthogonality' of these approa
hes was probably

the reason why they have not been formally integrated | despite the fa
t that resear
hers in

bioinformati
s and linguisti
s as well as `ordinary people' in their everyday life use all these

methods frequently and in parallel. We will illustrate this point by two simple examples from

the `World of Whisky.' The 
lassi�
ation at www.whiskymag.
om 
an easily be represented

in a suÆ
iently expressive des
ription logi
. For instan
e, the de�nition `vatted malt Spey-

side whisky is malt whisky blended from several distilleries lo
ated in the Speyside region of

S
otland ' 
an be formalised as

Vatted malt Speyside whisky �

Malt whiskyu � 2 made by:Distillery u 8made by:9is lo
ated in:fSpeysideg

One would hardly like to repla
e this 
lear axiom with a quantitative similarity-based repre-

sentation. In general, we do not see any eviden
e that ontologies 
ould be built purely on the

basis of, say, 
on
eptual similarity spa
es in the sense of [10℄.

On the other hand, it appears to be extremely diÆ
ult to de�ne by means of logi
al rela-

tions the taste 
hara
teristi
s of whiskies in terms of natural fa
tors su
h as the geographi
al

region, the type of ro
k from whi
h the water sour
e originates, the amount of peat, et
.
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For example, the 
lassi�
ation of malt whiskies a

ording to their taste in [36℄ is based on


omputing a proximity matrix and does not 
orrespond to more traditional regional (and

other) 
lassi�
ations (`the regional 
lassi�
ation is really only helpful today if you are trying

to visit a distillery'). Again, there appears to be no eviden
e that logi
-based formalisms


ould repla
e su
h similarity-based 
lassi�
ations.

Given that both approa
hes are applied for 
lassifying obje
ts from the same domain (and,

moreover, 
an potentially 
orre
t errors of ea
h other

1

), it seems natural to try integrate them

into a single knowledge representation formalism and support it with suitable reasoning and


lassi�
ation tools.

In this paper we propose an integration of logi
-based and similarity-based approa
hes of

the following form. A knowledge base 
onsists of three ingredients: a set of axioms �xing

the terminology (usually 
alled a TBox), a set of assertions about individuals (an ABox),

and a de
laration of similarity spa
es that are used in the TBox and ABox. The TBox

de�nes logi
al relations between 
on
epts as it is by now standard in des
ription logi
s (DLs);

see the example above. However, in 
ontrast to standard DLs, we do not only 
onsider

de�nitions within abstra
t spa
es of 
on
epts, but also those based on similarity measures

(these similarity measures should not be 
onfused with semanti
 similarity 
onsidered, e.g.,

in [27℄). First, we allow de�nitions by means of `
omparative similarity.' To be able to use


omparative similarity in 
on
ept de�nitions, the user has to de
lare a similarity spa
e by

means of an atomi
 
on
ept 
omprising the elements of the spa
e and 
ertain 
onstraints on

the spa
e (saying that it is symmetri
 and/or satis�es the triangle inequality; for a dis
ussion

of these properties of similarity see, e.g., [34℄). For example, in the World of Whisky, one


ould de
lare a similarity spa
e for 
omparing `tastes' by introdu
ing a 
on
ept name Taste

whi
h 
omprises the set of all elements of the (possibly not 
ompletely spe
i�ed) similarity

spa
e with a similarity measure d

Taste

on it. Using the role has taste and its inverse taste of,

the ontology designer 
an �rst introdu
e the taste of a whisky (e.g., of Caol Ila) by the axiom

T Caol Ila � Taste u 9taste of: fCaol Ilag

and then de�ne, for example,

Peaty malt � Single malt u 9has taste:

�

T Caol Ila�

Taste

T Ma
allant� � �tT Glenmorangie

�

:

Intuitively, this TBox axiom states that peaty malt whiskies are those single malt whiskies

that are more similar regarding their taste to (the prototype) Caol Ila than to (the prototypes)

Ma
allan, . . . , Glenmorangie. Noti
e that, as Taste is a 
on
ept, we 
an further re�ne the

notion of taste in the TBox by means of various 
avour and taste des
riptors: for example,

Taste v 9has taste des
riptor: (Winey tWoody t � � � t Peaty):

Along with 
omparative similarity, the user has an option to de�ne 
on
epts in terms of

`absolute similarity' whi
h 
an, for example, be found using numeri
al te
hniques in the

proximity matrix:

T Caol Ila v :9

<0:67

Taste

9taste of:Medium sweet whisky

says that the taste of Caol Ila 
annot be too 
lose (at most 0.67 
lose) to the taste of medium

sweet whiskies.

1

For example, the 
lustering algorithm in [19℄ pla
es the Hungarian language into the same family as

Turkish, whi
h 
ontradi
ts the existing ontologies.
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Besides the TBox, the knowledge base 
ontains an ABox whi
h provides data about 
on-


rete obje
ts. First, one 
an spe
ify within des
ription logi
:

Lagavulin : Dry whisky Lagavulin Distillery is lo
ated in Islay

where the former says that Lagavulin is a dry whisky. Se
ond, one 
an in
lude information

about similarities between 
on
rete obje
ts by writing down (part of the) proximity matrix

in assertions of the form

d

Taste

(`

1

; `

2

) = 0:15 d

Taste

(`

3

; `

4

) < 1

The resulting knowledge representation formalism, 
alled SL+ALCQIO, is a 
ombination

of two logi
s. One of them is a suitable DL (see [2℄ for a survey); in this paper we 
onsider

the expressive DL ALCQIO, but it 
ould be repla
ed with any other well-behaved DL. The

se
ond one is the similarity logi
 SL, whi
h itself is a 
ombination of two logi
s:

� the logi
 MS of `absolute' similarity with 
on
ept 
onstru
tors of the form 9

<a

C and

9

�a

C, that is, `in the a-neighbourhood of C' (ex
luding or in
luding the boundary),

where a is a positive rational number (this and other similar logi
s were �rst introdu
ed

and investigated in [17, 37, 22, 38℄), and

� the logi
 CSL of `
omparative' similarity with the `
loser' operator C � D whi
h is

interpreted by the set of all points in the similarity spa
e that are 
loser to the instan
es

of C than to the instan
es of D. For example, it 
an be used to model statements like

`X resembles C more than D.' This logi
 was �rst introdu
ed in [30℄. CSL is 
losely

related to 
onditional logi
s [18, 29℄; we will brie
y dis
uss this 
onne
tion in Se
tion 5.

The appli
ations of SL+ ALCQIO we envisage are similar to the use of DL in the pro
ess

of ontology formation and maintenan
e, whi
h means that reasoning with the logi
 is of

fundamental importan
e (to 
he
k whether the resulting 
lassi�
ation is 
onsistent, whether

it re
e
ts properly the available knowledge, et
.); see [15, 24, 14℄ for the pure DL-reasoners

Fa
t, Pellet, and Ra
er.

The main 
ontributions of this paper are as follows:

1. An analysis of the 
omputational 
omplexity of reasoning in the similarity logi
s SL

and CSL interpreted in various distan
e spa
es, in parti
ular, metri
 spa
es. We show

that the satis�ability (or 
onsisten
y) problem for either logi
 is ExpTime-
omplete over

standard distan
e spa
es, even under the binary 
oding of the parameters in absolute

distan
e operators of the logi
 SL. We also prove the �nite model property of the logi
s

under 
onsideration. The ExpTime upper bound proofs depend heavily on whether the

underlying distan
e spa
es are assumed to be symmetri
 or not: in the non-symmetri



ase the upper bound is established by an exponential redu
tion to the emptiness prob-

lem for �nite looping tree automata, whereas in the symmetri
 
ase it is proved by an

exponential redu
tion to the emptiness problem for single 
omplemented pair automata.

(Note that the 
omplexity of the logi
MS of `absolute' similarity has been determined

in [38℄.)

2. A modular reasoning pro
edure for the 
ombination SL+ALCQIO of SL andALCQIO

is developed. Reasoning in this logi
 is shown to be NExpTime-
omplete.
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2 Similarity des
ription logi


We begin by introdu
ing the syntax and semanti
s of our logi
. The language 
an be based on

any of the standard DLs with the nominal 
onstru
tor, say, the very expressive DL SHOIQ

[16℄ whi
h is the 
ore of the ontology language OWL-DL. For simpli
ity, in this paper we


onsider the DL ALCQIO, that is, SHOIQ without transitive roles and role hierar
hies [2℄.

Language. Let N

C

be a 
ountable set of 
on
ept names, N

R

a 
ountable set of role names,

N

O

a 
ountable set of obje
t names, and S a �nite set of names for similarity spa
es. The set

R of roles is N

R

[ fR

�1

j R 2 N

R

g.

The 
on
epts of the `similarity + des
ription' language SL + ALCQIO are de�ned in-

du
tively as follows:

C;D ::= A j f`g j C uD j :C j � nR:C j � nR:C

C �

s

D j 9

<a

s

C j 9

�a

s

C (1)

where A ranges over N

C

, R over R, ` over N

O

, n over the natural numbers N, a over the

positive rational numbers Q

>0

, and s over the names for similarity spa
es from S. As usual,

9R:C stands for � 1R:C. We also use t, ? (for ;), and > (for the whole spa
e) as the

standard Boolean abbreviations.

A knowledge base (KB, for short) in this language is a triple of the form � = (T

�

;A

�

;D

�

),

where

� T

�

is a �nite set (
alled a TBox ) of subsumption relations C v D between 
on
epts C

and D of SL+ALCQIO,

� A

�

is a �nite set (
alled an ABox ) of assertions of the form

`

1

: C; `

1

R`

2

; d

s

(`

1

; `

2

) < a; d

s

(`

1

; `

2

) = a;

where C is a 
on
ept, R a role, s 2 S, the `

i

are obje
t names, d

s

is the distan
e (or

similarity) measure on the distan
e (similarity) spa
e s (see below), and a 2 Q

>0

,

� D

�

asso
iates with ea
h s 2 S a pair (D

1

(s);D

2

(s)), where D

1

(s) is a 
on
ept name

from N

C

and D

2

(s) � fsym; trg (to indi
ate whether the similarity spa
e on D

1

(s) is

symmetri
 and/or satis�es the triangle inequality; see below for de�nitions).

Models. To introdu
e models interpreting su
h knowledge bases, we need a de�nition of a

distan
e (or similarity) spa
e. Stri
tly speaking, the notions of distan
e and similarity are

dual, but it will be more 
onvenient for us not to distinguish between them here.

A distan
e spa
e is a stru
ture of the form D = (D; d), where D is a nonempty set and

d, the distan
e fun
tion (or similarity measure), is a map from D � D to the set R

�0

of

nonnegative real numbers su
h that, for all x; y 2 D, we have d(x; y) = 0 i� x = y. If d

satis�es two additional well-known properties

d(x; y) = d(y; x) (sym)

d(x; z) � d(x; y) + d(y; z) (tr)

then D is a standard metri
 spa
e. The distan
e d(X;Y ) between two nonempty sets X and

Y of D is de�ned by

d(X;Y ) = inffd(x; y) j x 2 X; y 2 Y g:
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If at least one of X, Y is empty then d(X;Y ) =1. Finally, if we a
tually have

d(X;Y ) = minfd(x; y) j x 2 X; y 2 Y g (min)

for any nonempty X;Y � D, then D is 
alled a min-spa
e. Every �nite distan
e spa
e is

obviously a min-spa
e. From now on we will only work with min-spa
es. This means, in

parti
ular, that the topology indu
ed by the distan
e spa
es under 
onsideration is trivial:

every set of the spa
e is both 
losed and open. Su
h a restri
tion seems to be quite natural for

the intended appli
ations, sin
e most similarity spa
es are either �nite or 
an be approximated

by min-spa
es (unlike those in spatial and temporal KR&R). It is of interest to observe that

a similar restri
tion is required in the semanti
s of 
onditional logi
s (where it is 
alled the

limit assumption). The 
ondition (min) and the relation between the logi
s 
onsidered here

and 
onditional logi
s will be dis
ussed in more detail in Se
tion 5.

Now, a �-type model (or interpretation) I 
onsists of a nonempty domain �

I

and inter-

pretations

� `

I

2 �

I

, for ea
h ` 2 N

O

,

� A

I

� �

I

, for ea
h A 2 N

C

,

� R

I

� �

I

��

I

, for ea
h R 2 N

R

,

� (R

�1

)

I

= (R

I

)

�1

, for ea
h R 2 N

R

,

� a min-spa
e s

I

= (A

I

s

; d

I

s

) su
h that D

1

(s) = A

s

2 N

C

, A

I

s

6= ;, and s

I

satis�es the


onstraints in D

2

(s), for ea
h s 2 S.

Given a �-type model I, we de�ne indu
tively the extension C

I

of a 
on
ept C:

f`g

I

= f`

I

g

(:C)

I

= �

I

n C

I

(C

1

u C

2

)

I

= C

I

1

\ C

I

2

(� nR:C)

I

=

�

x 2 �

I

�

�

jfy 2 C

I

j xR

I

ygj � n

	

(� nR:C)

I

=

�

x 2 �

I

�

�

jfy 2 C

I

j xR

I

ygj � n

	

(C

1

�

s

C

2

)

I

= fx 2 A

I

s

j d

I

s

(x;C

I

1

\A

I

s

) < d

I

s

(x;C

I

2

\A

I

s

)g

(9

<a

s

C)

I

= fx 2 A

I

s

j 9y 2 (A

I

s

\ C

I

) d

I

s

(x; y) < ag

(9

�a

s

C)

I

= fx 2 A

I

s

j 9y 2 (A

I

s

\ C

I

) d

I

s

(x; y) � ag

Finally, a �-type model I satis�es a 
on
ept in
lusion C v D i� C

I

� D

I

. It satis�es ` : C i�

`

I

2 C

I

, `

1

R`

2

i� `

I

1

R

I

`

I

2

, d

s

(`

1

; `

2

) < a i� d

I

s

(`

I

1

; `

I

2

) < a, and d

s

(`

1

; `

2

) = a i� d

I

s

(`

I

1

; `

I

2

) = a.

A �-type model I satis�es � if is satis�es all 
on
ept in
lusions and assertions in �.

Reasoning problems. The �rst important reasoning problem when dealing with a given

KB � is its 
onsisten
y, that is, the question:

� Is there a �-type model satisfying �?

Other standard reasoning tasks in
lude:
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� Con
ept satis�ability relative to a KB: given a 
on
ept C and a KB �, does there exist

a �-type model I satisfying � and su
h that C

I

6= ;?

� Subsumption relative to a KB: given a 
on
ept in
lusion C v D and a KB �, is it the


ase that every model I satisfying � also satis�es C v D?

� Instan
e 
he
king relative to a KB: given a 
on
ept C, an obje
t name `, and a KB �,

is it the 
ase that every model I satisfying � satis�es ` : C?

All these tasks are redu
ible to ea
h other. For example, there exists a model I satisfying �

where C

I

6= ; i� � [ f` : Cg is 
onsistent, for some fresh obje
t name `. Or, every model

satisfying � satis�es ` : C as well i� � [ f` : :Cg is not 
onsistent.

Component logi
s. The logi
 SL+ALCQIO 
onsists of two 
omponents. The �rst line

of (1) de�nes ALCQIO 
on
epts. In every ALCQIO knowledge base � = (T

�

;A

�

;D

�

) the

third 
omponent is empty and the �rst two are restri
ted to the language of ALCQIO.

The other 
omponent logi
 is the new similarity logi
 SL. Its 
on
epts are 
onstru
ted

using nominals f`g, the Booleans u, :, and the similarity operators�, 9

<a

, and 9

�a

. In fa
t,

SL+ALCQIO 
ontains as many `
opies' of this logi
 as the 
ardinality of S (the number of

similarity spa
es) pres
ribes (we then use the subs
ript s to distinguish between them).

An SL-model I is a distan
e spa
e (�

I

; d

I

) together with interpretations `

I

and A

I

of

the obje
t and 
on
ept names. The extension C

I

of an SL-
on
ept C is 
omputed as de�ned

above. An SL knowledge base � = (T

�

;A

�

;D

�

) is restri
ted to the language of SL and D

�


ontains just a single similarity spa
e.

3 De
idability and 
omplexity of SL+ALCQIO

The �rst main result of this paper is the following

Theorem 1. The 
onsisten
y and 
on
ept satis�ability problems formulated above for SL+

ALCQIO KBs � are NExpTime-
omplete. The subsumption and instan
e 
he
king prob-

lems (relative to knowledge bases) are 
oNExpTime-
omplete. These 
omplexity results hold

for the binary 
oding of the numeri
al parameters in both number restri
tions and similarity

operators.

The NExpTime lower bound follows from the fa
t that already 
onsisten
y of ALCQIO

knowledge bases is NExpTime-hard [33℄. In what follows we, therefore, 
on
entrate on the


orresponding upper bound.

An almost obvious idea of how to prove this theorem would be to try to de
ompose

SL + ALCQIO into the fusion [4℄ of its 
omponent logi
s. Indeed, one 
an polynomially

redu
e the reasoning problems for SL+ALCQIO to the 
orresponding problems for the fusion

of the des
ription logi
 ALCQIO and the similarity logi
s SL

s

, s 2 S. But unfortunately su
h

a redu
tion does not help to determine the 
omputational 
omplexity of the reasoning tasks.

What is more important is that the redu
tion does not even provide us with a de
idability

proof. The reason is that all known transfer results for fusions, with the ex
eption of [11℄,

rely upon the assumption that the 
omponent languages do not 
ontain nominals. In the

language we 
onsider here, however, the presen
e of nominals is 
ru
ial (to model, for example,

prototypi
al reasoning). The transfer result of [11℄ does apply to logi
s with nominals. Yet,
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we 
annot use it for our logi
 be
ause it makes the strong assumption that there are no

`hidden' nominals in the 
omponents in the sense that they must not be able to express,

using a TBox, that 
ertain 
on
epts C have to be interpreted as singleton sets unless there

a
tually exists an obje
t name ` su
h that f`g = C follows from the TBox (this property is


alled nominal-
losedness in [11℄). Clearly, the logi
 ALCQIO does not have this property.

In spite of these diÆ
ulties, we show in the remaining part of this se
tion that a NExpTime

de
ision pro
edure for SL + ALCQIO 
an be obtained as a modular 
ombination of an

existing de
ision pro
edure for ALCQIO (a
tually, we take a de
ision pro
edure for C

2

, the

two-variable fragment of �rst-order logi
 with 
ounting [26℄) and a de
ision pro
edure for SL

developed in Se
tion 4.

Before turning on to te
hni
al details, we observe that without loss of generality we


an always assume that the ABox of a given KB is empty. Indeed, the assertion ` : C is

equivalent to f`g v C, `

1

R`

2

is equivalent to f`

1

g v 9R:f`

2

g, d

s

(`

1

; `

2

) < a is equivalent to

f`

1

g v 9

<a

s

f`

2

g, and d

s

(`

1

; `

2

) = a is equivalent to f`

1

g v 9

�a

s

f`

2

g, f`

1

g v :9

<a

s

f`

2

g. In

what follows we always assume that our knowledge bases have empty ABoxes.

The de
ision pro
edure for SL+ALCQIO. We now show how the 
onsisten
y problem

for an arbitrary KB � 
an be split into the 
onsisten
y problems for SL and ALCQIO

knowledge bases. Let P(�) be the set of all rational numbers (we will 
all them parameters)

o

urring in the similarity operators (9

<a

s

and 9

�a

s

) from �, and let

P

+

(�) = fb = a

1

+ � � �+ a

n

j a

i

2 P(�) & b < maxP(�)g:

Let 9

s

D = D �

s

?. Note that 9

s

behaves like the existential modality on the spa
es A

I

s

[12℄,

that is, (9

s

D)

I

= A

I

s

if D

I

\A

I

s

6= ;, and (9

s

D)

I

= ; otherwise.

Denote by 
l(�) the smallest set of 
on
epts 
ontaining all 
on
epts from � and 
losed

under the following rules:

� 
l(�) is 
losed under taking sub
on
epts and single negation,

� if D

1

�

s

D

2

2 
l(�) then 9

s

D

1

;9

s

D

2

2 
l(�),

� if 9

<a

s

D 2 
l(�) or 9

�a

s

D 2 
l(�) then 9

s

D 2 
l(�),

� if 9

s

D 2 
l(�) and a 2 P

+

(�) then 9

<a

s

D;9

�a

s

D 2 
l(�).

It should be 
lear that the size of 
l(�) is at most exponential in the length l(�) of � if the

parameters are 
oded in binary.

A very important notion in our 
onstru
tion is that of a type over �. Namely, a type over

� is a subset T of 
l(�) su
h that the following 
onditions are satis�ed:

� D

1

uD

2

2 T i� D

1

;D

2

2 T , for every D

1

uD

2

2 
l(�),

� :D 2 T i� D =2 T , for every :D 2 
l(�),

� 9

<a

s

D 2 T implies 9

<b

s

D;9

�b

s

D;9

s

D 2 T , for every 9

s

D 2 
l(�) and all b 2 P

+

(�),

b � a,

� 9

�a

s

D 2 T implies 9

<b

s

D;9

�b

s

D;9

s

D 2 T , for every 9

s

D 2 
l(�) and all b 2 P

+

(�),

b > a,

� if D

1

�

s

D

2

2 T and 9

�a

s

D

2

2 T , then 9

<a

s

D

1

2 T ,

� 9

s

D 2 T for some D, then A

s

2 T .
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It is to be noted that although the size of 
l(�) 
an be exponential in l(�) (due to taking

the 
losure under addition when de�ning P

+

(�)), we still have at most exponentially many

distin
t types over � be
ause whenever 9

<a

s

D 2 T , then 9

<b

s

D 2 T for all b � a, b 2 P

+

(�)

(and similarly for 9

�a

s

D).

Given an interpretation I and an element u of its domain, de�ne the type T

I

(u) of u in

I by taking

T

I

(u) = fC 2 
l(�) j u 2 C

I

g:

It is easily seen that this is indeed a type over �. We remind the reader that types of a similar

form are basi
 ingredients of various worst-
ase optimal algorithms in des
ription, modal, and

temporal logi
s [35, 25℄. In the de�nition above, however, we had to be parti
ularly 
areful

in order to avoid 
reating double-exponentially many types.

To design a modular 
onsisten
y 
he
king algorithm for SL+ALCQIO knowledge bases,

we de�ne `abstra
tions' of 
on
epts that will be used as inputs for the 
omponent algorithms.

For ea
h C of the form 9

<a

s

D, 9

�a

s

D, D

1

�

s

D

2

, � nR:D and � nR:D we reserve a fresh


on
ept name A

C

, the surrogate of C. Now, given an arbitrary 
on
ept C, denote by C

DL

the

result of repla
ing in C all outermost o

urren
es of sub
on
epts of the form 9

<a

s

D, 9

�a

s

D,

D

1

�

s

D

2

with their surrogates. Let 
l(�)

DL

(or T

DL

) be the set of all C

DL

su
h that

C 2 
l(�) (respe
tively, C 2 T ).

Similarly, for ea
h s 2 S and ea
h 
on
ept C, denote by C

s

the result of repla
ing in

C all outermost o

urren
es of sub
on
epts of the form � nR:D, � nR:D, 9

<a

s

0

D, 9

�a

s

0

D,

D

1

�

s

0

D

2

, for s

0

6= s, with their surrogates.

Say that a set T of types over 
l(�)

DL

is ALCQIO-realisable if there exists an interpre-

tation I su
h that

fT

I

(u) j u 2 �

I

g = T : (2)

Similarly, we say that a set T of types over 
l(�)

s

is SL-realisable if there exists an SL-model

I with domain A

I

s

, where possibly not all nominals are interpreted, su
h that (2) holds.

A modular nondeterministi
 
onsisten
y 
he
king pro
edure for knowledge bases over

SL+ALCQIO is sket
hed in Fig. 1.

It is easily seen that if there is no set T with the properties listed in Fig. 1, then � is

in
onsistent. Indeed, suppose that � is 
onsistent. Take a �-type model I satisfying �.

De�ne T by

T = fT

I

(u) j u 2 �

I

g:

It is straightforward to see that for this set T the algorithm in Fig. 1 returns the answer YES.

The 
onverse dire
tion as well as the proof that this algorithm runs in NExpTime are based

on two theorems. The �rst one shows that item 3 in Fig. 1 
an be 
he
ked in NExpTime:

Theorem 2. It is de
idable in NExpTime (in the size of �) whether a set T of types over an

ALCQIO knowledge base � is realisable. This holds for the binary 
oding of the numeri
al

parameters in the quali�ed number restri
tion operators.

Proof. It is well known that ALCQIO 
an be regarded as a fragment of C

2

, the two-variable

fragment of �rst-order logi
 with 
ounting [2, page 152℄. A re
ent result of Pratt-Hartmann

[26℄ shows that the satis�ability problem for C

2

-formulas is NExpTime-
omplete under the

binary 
oding of number restri
tions. We 
annot apply this result dire
tly to the problem

stated in the theorem be
ause the C

2

-formula en
oding the realisability of T is already ex-

ponential in the size l(�) of �. However, Pratt-Hartmann's proof is type-based in the sense

9



Given a knowledge base � (without an ABox),

1. Guess a nonempty set T of types over �.

2. Che
k whether the following 
onditions hold:

{ if C v D 2 T

�

then :C 2 T or D 2 T , for all T 2 T ,

{ if 9

s

D 2 T for some T 2 T , then 9

s

D 2 T

0

for all T

0

2 T su
h that A

s

2 T

0

.

3. Che
k whether the set fT

DL

j T 2 T g of types over 
l(�)

DL

is ALCQIO-realisable.

4. For ea
h s 2 S, 
onsider the set of types

T

s

= fT

s

j A

s

2 T; T 2 T g

over 
l(�)

s

and 
he
k whether the set T

s

is SL-realisable in an interpretation satisfying the


onstraints in D

2

(s).

5. If the answer is YES for at least one guessed set T of types over �, then � is 
onsistent;

otherwise it is in
onsistent.

Figure 1: De
ision pro
edure.

that in order to de
ide (in NExpTime) whether a C

2

-formula ' is satis�able, it guesses a

set of types over the formula ' (together with some additional information about the types)

and then 
he
ks whether this set of types is realisable (again together with a number of ad-

ditional 
onstraints). A 
lose inspe
tion of Pratt-Hartmann's pro
edure shows that it still

runs in NExpTime if the input is not a formula but a set of types whose realisability is to be


he
ked.

We now formulate the se
ond main result of this paper whi
h gives an ExpTime de
ision

pro
edure for the similarity logi
 SL. It also establishes in (ii) that item 4 in Fig. 1 
an be


he
ked in ExpTime. Under (iii) it lists the property required to show the 
orre
tness of our

algorithm.

Theorem 3. (i) The 
onsisten
y problem for SL knowledge bases is ExpTime-
omplete for

the binary 
oding of the numeri
al parameters in the similarity operators.

(ii) It is de
idable in ExpTime (in the size of �) whether a set T of types over an SL

knowledge base � is realisable in a model satisfying the given 
onstraints from fsym; trg. This

holds for the binary 
oding of the numeri
al parameters in the similarity operators.

(iii) Moreover, let T

1

; : : : ; T

n

be an enumeration of all those types from T that do not


ontain nominals, and let k

1

; : : : ; k

n

be a sequen
e of some positive numbers from N [ f!g.

If T is realisable then it is realisable in a model where the set of points realising T

i

is of


ardinality k

i

, for i = 1; : : : n.

A proof of this theorem will be given in Se
tion 4.

Let us see now that the algorithm in Fig. 1 is 
orre
t. Suppose that the pro
edure returns

`YES' for some set T of types over �.

Take an interpretation I whi
h realises fT

DL

j T 2 T g. As ALCQIO is a fragment of

�rst-order logi
, we may assume that �

I

is 
ountable. By Theorem 3 (iii), for ea
h s 2 S,

there exists an interpretation I

s

with �

I

s

= A

I

s

s

whi
h realises T

s

= fT

s

j A

s

2 T; T 2 T g
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in su
h a way that, for ea
h T 2 T with A

s

2 T ,

�

�

\

C2T

s

C

I

s

�

�

=

�

�

\

C2T

DL

C

I

�

�

:

For every pair (s; T ) with s 2 S and T 2 T

s

, take a bije
tion f

s;T

from the set in the left-hand

side of this equality to the set in the right-hand side. Let

f

s

=

[

T2T

s

f

s;T

:

Then f

s

is a bije
tion from �

I

s

onto A

I

s

. Now de�ne a new model I

0

with domain �

I

by

taking the interpretation of atomi
 
on
epts and role names from I and de�ning, for all s 2 S

and x; y 2 A

I

s

, d

I

0

s

(x; y) = d

I

s

s

(f

�1

s

(x); f

�1

s

(y)): One 
an prove by indu
tion that, for all

C 2 
l(�) and s 2 S, we have

C

I

0

\A

I

0

s

= (C

DL

)

I

\A

I

s

= ff

s

(x) j x 2 (C

s

)

I

s

g:

First note that the equalities

(C

DL

)

I

\A

I

s

= ff

s

(x) j x 2 (C

s

)

I

s

g

follow (without any indu
tive argument) from the de�nition of f

s

. For 
on
ept names the two

equalities follow immediately from the de�nitions. For the proof by indu
tion it is therefore

suÆ
ient to show that

C

I

0

\A

I

0

s

= (C

DL

)

I

\A

I

s

if C starts with a des
ription logi
 operator, and

C

I

0

\A

I

0

s

= ff

s

(x) j x 2 (C

s

)

I

s

g

if C starts with an SL-operator. As an example of the indu
tive step we 
onsider C = 9

<a

s

0

D.

Suppose that the equalities above hold for D and all elements of S. Let s

0

2 S. First assume

s = s

0

. Let u 2 (9

<a

s

D)

I

0

\A

I

0

s

. This is the 
ase i� there exists v 2 A

I

0

s

su
h that d

I

0

s

(u; v) < a

and v 2 D

I

0

. By the de�nitions of f

s

, d

I

0

s

and the indu
tion hypothesis, this is the 
ase i�

there exists v 2 A

I

0

s

su
h that d

I

s

s

(f

�1

s

(u); f

�1

s

(v)) < a and f

�1

s

(v) 2 (D

s

)

I

s

. But this is

equivalent to f

�1

s

(u) 2 (9

<a

s

D

s

)

I

s

. For s 6= s

0

the equality follows immediately from the 
ase

s = s

0

.

Using these equalities, one 
an show that I

0

satis�es �: every subsumption C v D 2 T

�

is true in I

0

be
ause (by the �rst 
ondition of item 2 in Fig. 1) :C 2 T or D 2 T for every

T 2 T , and therefore C

I

0

� D

I

0

.

4 The similarity logi
 SL

In this se
tion we prove Theorem 3. Re
all that in SL we do not have quali�ed number

restri
tions. Moreover, we deal with only one similarity spa
e, and so 
an omit indexes from

the distan
e operators and write simply 9

<a

, 9

�a

, �.

An SL-model I was de�ned as a min-spa
e (�

I

; d

I

) together with interpretations `

I

and

A

I

of the obje
t and 
on
ept names. We are going to prove Theorem 3 for two types of SL

knowledge bases �:
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� the non-symmetri
 
ase: D

�

states that the min-spa
es to be 
onsidered satisfy the

triangle inequality only,

� the symmetri
 
ase: D

�

states that the min-spa
es to be 
onsidered are a
tually metri


spa
es (satisfying both (tr) and (sym)).

The remaining two 
ases are mu
h simpler in the sense that one 
an easily obtain proofs for

them by a straightforward modi�
ation of the proofs for the 
ases above. We leave this to

the reader.

For all possible types of 
onstraints, the ExpTime lower bound required for Theorem 3

(i) was proved in [30℄ even for the language without nominals and operators of the form 9

<a

and 9

�a

. The proof was by redu
tion of the global 
onsequen
e relation for the modal logi


K whi
h is known to be ExpTime-hard [31℄. Another en
oding of the global 
onsequen
e

relation for K using the operator 9

�1

and the Booleans 
an be found in [38℄.

In order to ease presentation, in the proof of the ExpTime upper bound we will 
onsider the

satis�ability problem for SL-
on
epts instead of the 
onsisten
y problem for SL-knowledge

bases. We 
all an SL-
on
ept C satis�able in a 
lass M of SL-models if there exists I 2 M

su
h that C

I

6= ;. To see that 
onsisten
y of SL-knowledge bases is redu
ible to satis�ability

of SL-
on
epts, re
all �rst that we may assume that the ABox of � is empty. Also re
all the

de�nitions of the `universal modalities:' 9D = D � ? and 8D = :9:D. Now, � is 
onsistent

i� 8C is satis�able in a model from the 
lass M of all SL models meeting the 
onstraints in

D

�

, where

C =

l

D

1

vD

2

2T

�

(:D

1

tD

2

):

The statements (ii) and (iii) of Theorem 3 will also be proved for sets of types over a 
on
ept

C instead of sets of types over a knowledge base �. It will be
ome 
lear that this does not

make any essential di�eren
e.

The stru
ture of this se
tion is now as follows. We start with a proof of the (bounded)

�nite model property of 
on
ept satis�ability for both non-symmetri
 and symmetri
 
ases.

This result will �rst be used to prove Theorem 3 (iii). And then it will be employed as a basi


ingredient for the proof of the upper bound of (i) for the non-symmetri
 and symmetri
 
ases.

The 
ru
ial idea in this proof is that satis�able SL-
on
epts 
an be satis�ed in `abstra
t

tree distan
e spa
es,' and that satis�ability in these tree distan
e spa
es 
an be redu
ed

(exponentially) to the emptiness problem for tree automata with one 
omplemented pair,

whi
h is known to be de
idable in polynomial time [8℄. Claim (ii) will then be a simple


orollary of the proof of (i).

4.1 The �nite model property

Sin
e here our 
on
ern is SL-
on
ept satis�ability, we relativise the de�nitions of the 
losure,

type, et
. to 
on
epts of the language SL.

So suppose an SL-
on
ept C is given. Then P(C) is the set of all rational numbers

(parameters) o

urring in C, and

P

+

(C) = fb = a

1

+ � � � + a

n

j a

i

2 P(C); b < maxP(C)g:

Denote by sub(C) the set of all sub
on
epts of C, and by 
l(C) the smallest set of 
on
epts


losed under the following rules:
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� 
l(C) 
ontains sub(C) and is 
losed under taking single negation,

� if D

1

� D

2

2 
l(C) then 9D

1

;9D

2

2 
l(C),

� if 9

<a

D 2 
l(C) or 9

�a

D 2 
l(C) then 9D 2 
l(C),

� if 9D 2 
l(C) and a 2 P

+

(C) then 9

<a

D;9

�a

D 2 
l(C).

As we have already observed, the size of 
l(C) is at most exponential in the length l(C) of C

if the parameters are 
oded in binary.

If P

+

(C) = fa

0

; : : : ; a

N�1

g with a

0

< � � � < a

N�1

, then we set

a

N

= minfa+ b j a; b 2 P

+

(C); a+ b > a

N�1

g; and
P
(C) = fa

0

; : : : ; a

N

g: (3)

Given an SL-model I and its element u, de�ne the type T

I

(u) of u in I by taking

T

I

(u) = fD 2 
l(C) j u 2 D

I

g:

Theorem 4. Let M be the 
lass of metri
 min-models or the 
lass of min-models with (tr).

If C is satis�able in M then C is satis�able in a �nite model from M (whose size is at most

exponential in the length of C).

Proof. The proof uses a more or less standard �ltration argument from modal logi
 (see, e.g.,

[5℄). The main diÆ
ulty will be to de�ne a proper distan
e fun
tion on the �ltrated model.

We 
onsider �rst the 
ase of M 
ontaining arbitrary (not ne
essarily symmetri
) min-

models with (tr). In fa
t, the te
hnique we use below works for a wider 
lass of models where

(min) is relaxed to the following 
ondition:

d(x; Y ) = minfd(x; y) j y 2 Y g (wmin)

for every point x and every nonempty set Y . Su
h models are 
alled weak min-models.

Non-symmetri
 
ase. Suppose that C is satis�ed in a weak min-model I with (tr). Our

aim is to 
onstru
t a �nite (not ne
essarily symmetri
) model I with (tr) satisfying C.

De�ne an equivalen
e relation � on �

I

by taking

u � v i� T

I

(u) = T

I

(v); (4)

and let [u℄ = fv 2 �

I

j u � vg, for every u 2 �. The model I will be based on the set

�

I

= f[u℄ j u 2 �

I

g. To de�ne a suitable distan
e fun
tion on �

I

, some extra work has to

be done.

For every a 2 P(C), we �rst introdu
e two binary relations R

<a

and R

�a

on �

I

. We have

[u℄R

<a

[v℄ i� the following 
onditions are satis�ed for all 9D 2 
l(C) and all b; a+b 2 P

+

(C):

v 2 D

I

implies u 2 (9

<a

D)

I

;

v 2 (9

�b

D)

I

implies u 2 (9

<a+b

D)

I

:

(5)

Let d

<

([u℄; [v℄) = min

�

a 2 P(C)

�

�

[u℄R

<a

[v℄

	

. It should be 
lear that these de�nitions do not

depend on the 
hoi
e of u and v from [u℄ and [v℄.
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Similarly, [u℄R

�a

[v℄ holds i� the following 
onditions are satis�ed:

v 2 D

I

implies u 2 (9

�a

D)

I

;

v 2 (9

�b

D)

I

implies u 2 (9

�a+b

D)

I

;

v 2 (9

<b

D)

I

implies u 2 (9

<a+b

D)

I

;

(6)

and we let d

�

([u℄; [v℄) = min

�

a 2 P(C)

�

�

[u℄R

�a

[v℄

	

.

Re
all from (3) that a

N

denotes the maximal element of P(C) and a

N

=2 P

+

(C). It follows

from the de�nition above that R

<a

N

= R

�a

N

= �

I

��

I

.

Let a � b = minfa

N

; a + bg for a; b 2 P(C). It is straightforward to 
he
k the following

properties:

Lemma 5. For all a; b 2 P(C) and u; v 2 �

I

, we have:

(1) R

<a

ÆR

�b

� R

<a�b

, R

�a

Æ R

<b

� R

<a�b

, R

�a

ÆR

�b

� R

�a�b

,

(2) if d(u; v) < a then [u℄R

<a

[v℄ and d

<

([u℄; [v℄) � a,

if d(u; v) � a then [u℄R

�a

[v℄ and d

�

([u℄; [v℄) � a,

d

�

([u℄; [v℄) � d

<

([u℄; [v℄).

Corollary 6. The fun
tions d

<

and d

�

satisfy the triangle inequality. Moreover, for all

u; v; w 2 �

I

, we have:

d

<

([w℄; [u℄) � d

<

([w℄; [v℄) + d

�

([v℄; [u℄);

d

<

([w℄; [u℄) � d

�

([w℄; [v℄) + d

<

([v℄; [u℄):

We will use d

�

as a �rst approximation for the distan
e fun
tion on �

I

we need. Let

P(C) = fa

0

; : : : ; a

N

g, a

0

< � � � < a

N

, be as in (3). For every a

s

2 P(C), we introdu
e a set

E

s

of `suÆ
iently small' positive numbers that will serve as `possible adjusting values.' To

ensure that the triangle inequality still holds for the modi�ed distan
es, we need to ful�l the

following requirements:

a

r

< a

s

+ a

t

implies a

r

< a

s

� e

s

+ a

t

� e

t

;

a

r

= a

s

+ a

t

implies a

r

� e

r

� a

s

� e

s

+ a

t

� e

t

;

for all r; s; t � N and e

i

2 E

i

. This 
an be a
hieved as follows. De�ne Æ and "

0

; : : : ; "

N

by

taking

Æ = minfa+ b� 
 j a; b; 
 2 P(C) [ f0g; a+ b > 
g

Æ=4 = "

N

; "

N

=4 = "

N�1

; : : : ; "

1

=4 = "

0

:

(7)

Now, if K = j�

I

j then we let E

s

be any (�xed) subset of the open interval ("

s

; 2"

s

) su
h that

jE

s

j = K

2

.

For all s = 0; : : : ; N , de�ne

J

s

=

n

([u℄; [v℄) 2 �

I

��

I

j d

�

([u℄; [v℄) = d

<

([u℄; [v℄) = a

s

and [u℄ 6= [v℄

o

: (8)

Note that jJ

s

j � K

2

.
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For ea
h [u℄ 2 �

I

, �x some representative bu 2 [u℄, and, for ea
h ([w℄; [v℄) 2 J

s

, 
hoose a

number "([w℄; [v℄) 2 E

s

in su
h a way that the 
ondition

"([w℄; [v℄) > "([w℄; [u℄) i� d( bw; [v℄) < d( bw; [u℄)

holds for all ([w℄; [v℄) and ([w℄; [u℄) in J

s

.

We are now in a position to de�ne a distan
e fun
tion d

I

on �

I

. Namely, for [u℄; [v℄ 2 �

I

,

let

� d

I

([u℄; [u℄) = 0,

� d

I

([u℄; [v℄) = d

�

([u℄; [v℄), if [u℄ 6= [v℄ and d

�

([u℄; [v℄) < d

<

([u℄; [v℄),

� d

I

([u℄; [v℄) = d

�

([u℄; [v℄) � "([u℄; [v℄), if [u℄ 6= [v℄ and d

�

([u℄; [v℄) = d

<

([u℄; [v℄).

Finally, we set D

I

= f[u℄ j u 2 D

I

g and `

I

= f`g

I

, for every 
on
ept name D and every

obje
t name `.

Lemma 7. I is an SL-model satisfying the triangle inequality.

Proof. We need to show that d

I

is a distan
e fun
tion satisfying (tr). We have d

I

([u℄; [v℄) = 0

by de�nition. And if [u℄ 6= [v℄ and d

�

([u℄; [v℄) = a

s

then d

I

([u℄; [v℄) � a

s

� 2"

s

> Æ � Æ=2 > 0.

Now 
onsider [w℄; [v℄; [u℄ 2 �

I

. We may assume that [w℄; [v℄; [u℄ are all di�erent, sin
e

otherwise the triangle inequality trivially holds. Let d

�

([w℄; [v℄) = a

s

, d

�

([v℄; [u℄) = a

t

and

d

�

([w℄; [u℄) = a

r

. By Corollary 6, a

r

� a

s

+ a

t

. If a

r

< a

s

+ a

t

then a

s

+ a

t

� a

r

� Æ,

"

s

; "

t

� Æ=4, and therefore

d

I

([w℄; [v℄) + d

I

([v℄; [u℄) � d

I

([w℄; [u℄) > a

s

+ a

t

� a

r

� 2"

s

� 2"

t

� 0:

Suppose now that a

r

= a

s

+ a

t

. Then a

s

; a

t

< a

r

, and hen
e "

s

; "

t

� "

r

=4. Therefore, if

d

<

([w℄; [u℄) = a

r

, then

d

I

([w℄; [v℄) + d

I

([v℄; [u℄) � d

I

([w℄; [u℄) > � 2"

s

� 2"

t

+ "

r

� 0:

Thus, it remains to 
onsider the 
ase d

<

([w℄; [u℄) > a

r

. But then, by Corollary 6, we have

d

<

([w℄; [v℄) � d

<

([w℄; [u℄) � d

�

([v℄; [u℄) > a

r

� a

t

= a

s

;

d

<

([v℄; [u℄) � d

<

([w℄; [u℄) � d

�

([w℄; [v℄) > a

r

� a

s

= a

t

:

Therefore, d

I

([w℄; [u℄) = a

r

, d

I

([w℄; [v℄) = a

s

, and d

I

([v℄; [u℄) = a

t

, i.e., the triangle inequality

holds.

Thus, to 
omplete the proof of Theorem 4 for the non-symmetri
 
ase, it is enough to

show the following:

Lemma 8. For all w 2 �

I

and D 2 
l(C), we have [w℄ 2 D

I

i� w 2 D

I

.
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Proof. The proof is by indu
tion on the 
onstru
tion of D. The basis of indu
tion and the

Boolean 
ases are trivial.

Case D = D

0

� D

1

. We 
an assume that D

I

0

;D

I

1

6= ;, sin
e otherwise the 
laim follows

easily from the indu
tion hypothesis. Let w 2 (D

0

� D

1

)

I

. Then d

I

( bw;D

I

0

) < d

I

( bw;D

I

1

)

where bw is the �xed representative of [w℄. There exist v

0

2 D

I

0

and [v

1

℄ 2 D

I

1

su
h that

d

I

( bw; v

0

) = d

I

( bw;D

I

0

) and d

I

([w℄; [v

1

℄) = d

I

([w℄;D

I

1

) (note that by the indu
tion hypothesis

we also have [v

0

℄ 2 D

I

0

and v

1

2 D

I

1

). We thus need to show that d

I

([w℄; [v

0

℄) < d

I

([w℄; [v

1

℄).

First, note that d

I

( bw; [v

0

℄) = d

I

( bw;D

I

0

) < d

I

( bw;D

I

1

) � d

I

( bw; [v

1

℄). Next, we prove that

d

<

([w℄; [v

0

℄) � d

�

([w℄; [v

1

℄). Let d

�

([w℄; [v

1

℄) = a, so we may assume that a < a

N

, be
ause

otherwise the statement is trivial. We have [w℄ 2 R

�a

[v

1

℄ and 9

<a

D

0

;9

�a

D

1

2 
l(C), sin
e

D

0

� D

1

2 
l(C). Therefore v

1

2 D

I

1

implies bw 2 (9

�a

D

1

)

I

, when
e bw 2 (D

0

� D

1

)

I

implies

bw 2 (9

<a

D

0

)

I

. Thus d

I

( bw; v

0

) � d

I

( bw;D

I

0

) < a, and, by Lemma 5 (2), d

<

([w℄; [v

0

℄) � a, as

required.

We now have three sub
ases. If d

�

([w℄; [v

1

℄) < d

<

([w℄; [v

1

℄), then by de�nition we have

d

I

([w℄; [v

0

℄) < d

<

([w℄; [v

0

℄) < d

�

([w℄; [v

1

℄) = d

I

([w℄; [v

1

℄). If d

�

([w℄; [v

0

℄) < d

<

([w℄; [v

0

℄) then

d

�

([w℄; [v

1

℄)� d

�

([w℄; [v

0

℄) � Æ, "([w℄; [v

1

℄) < Æ=2, and therefore

d

I

([w℄; [v

1

℄)� d

I

([w℄; [v

0

℄) � d

�

([w℄; [v

1

℄)� "([w℄; [v

1

℄)� d

�

([w℄; [v

0

℄) > 0:

Finally, if d

�

([w℄; [v

0

℄) = d

<

([w℄; [v

0

℄) and d

�

([w℄; [v℄) = d

<

([w℄; [v℄) then

d

I

([w℄; [v

1

℄)� d

I

([w℄; [v

0

℄) = � "([w℄; [v

1

℄) + "([w℄; [v

0

℄) > 0;

sin
e d

I

( bw; [v

0

℄) < d

I

( bw; [v

1

℄).

In the same way one 
an show that w =2 (D

0

� D

1

)

I

implies d

I

([w℄;D

I

1

) � d

I

([w℄;D

I

0

).

Case D = 9

<a

D

0

. Let w 2 (9

<a

D

0

)

I

, i.e., there is v 2 D

I

0

with d

I

(w; v) < a. Then

d

I

([w℄; [v℄) < d

<

([w℄; [v℄) � a in view of Lemma 5 (2), and [v℄ 2 D

I

0

by the indu
tion hypoth-

esis.

Conversely, suppose that [v℄ 2 D

I

0

for some [v℄ with d

I

([w℄; [v℄) < a. Then d

�

([w℄; [v℄) � a,

and v 2 D

I

0

by the indu
tion hypothesis. If d

�

([w℄; [v℄) = d

<

([w℄; [v℄), then d

<

([w℄; [v℄) � a,

wR

<a

v and, therefore, w 2 (9

<a

D

0

)

I

, sin
e v 2 D

I

0

. And if d

�

([w℄; [v℄) < d

<

([w℄; [v℄), then

d

�

([w℄; [v℄) = d

I

([w℄; [v℄) < a. Let d

�

([w℄; [v℄) = b. Then [w℄R

�b

[v℄ and, sin
e v 2 D

I

0

, we

have w 2 (9

�b

D

0

)

I

� (9

<a

D

0

)

I

.

Case D = 9

�a

D

0

. Let w 2 (9

�a

D

0

)

I

, i.e., there is v 2 D

I

0

with d

I

(w; v) � a. Then

d

I

([w℄; [v℄) � d

�

([w℄; [v℄) � a in view of Lemma 5 (2); and [v℄ 2 D

I

0

by the indu
tion hypoth-

esis. Conversely, suppose [v℄ 2 D

I

0

for some [v℄ with d

I

([w℄; [v℄) � a. Then d

�

([w℄; [v℄) � a,

i.e., [w℄R

�a

[v℄, and v 2 D

I

0

by the indu
tion hypothesis. Therefore, w 2 (9

�a

D

0

)

I

.

Symmetri
 
ase. Now let I be a metri
 min-model. We �rst note one important property

that follows from 
ondition (min). For every A;B;C � �

I

, A 6= ;, we have

if 8a 2 A d

I

(a;B) < d

I

(a;C) then d

I

(A;B) < d

I

(A;C): (9)

Indeed, let d

I

(A;B) = d

I

(a

0

; B) and d

I

(A;C) = d

I

(a

1

; C) for some a

0

; a

1

2 A. Then

d

I

(a

0

; B) � d

I

(a

1

; B) < d

I

(a

1

; C).

As in the previous 
ase, to 
onstru
t a �nite model I from I we �rst introdu
e the

equivalen
e relation � on �

I

by (4), denote by [u℄ the equivalen
e 
lass of u 2 �

I

, and set
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�

I

= f[u℄ j u 2 �

I

g. For every a 2 P(C), de�ne relations R

<a

and R

�a

by (5) and (6). Let

S

<a

= R

<a

\ (R

<a

)

�1

and S

�a

= R

�a

\ (R

�a

)

�1

. Now we set

d

<

([u℄; [v℄) = min

�

a 2 P(C)

�

�

[u℄S

<a

[v℄

	

;

d

�

([u℄; [v℄) = min

�

a 2 P(C)

�

�

[u℄S

�a

[v℄

	

:

As an easy 
orollary of Lemma 5 we obtain

Lemma 9. For all a; b 2 P(C) and all u; v 2 �

I

, we have

(1) S

<a

Æ S

�b

� S

<a�b

, S

�a

Æ S

<b

� S

<a�b

, S

�a

Æ S

�b

� S

�a�b

,

(2) if d(u; v) < a then [u℄S

<a

[v℄ and d

<

([u℄; [v℄) � a,

if d(u; v) � a then [u℄S

�a

[v℄ and d

�

([u℄; [v℄) � a,

d

�

([u℄; [v℄) � d

<

([u℄; [v℄).

Corollary 10. The fun
tions d

<

and d

�

are symmetri
 and satisfy the triangle inequality.

As in the previous 
ase, we introdu
e Æ, "

s

, E

s

, and J

s

; see (7){(8). Now, for every s � N

and ([w℄; [v℄) 2 J

s

, we 
hoose "([w℄; [v℄) in E

s

in su
h a way that the 
ondition

"([w℄; [v℄) < "([w

0

℄; [v

0

℄) i� d([w℄; [v℄) > d([w

0

℄; [v

0

℄) (10)

holds for all ([w℄; [v℄) and ([w

0

℄; [v

0

℄) in J

s

. Again, this is possible be
ause jJ

s

j � jE

s

j. Note

that (10) guarantees that " is a symmetri
 fun
tion.

We are now in a position to de�ne the metri
 fun
tion d

I

: for [u℄; [v℄ 2 �

I

,

� d

I

([u℄; [u℄) = 0,

� d

I

([u℄; [v℄) = d

�

([u℄; [v℄), if [u℄ 6= [v℄ and d

�

([u℄; [v℄) < d

<

([u℄; [v℄),

� d

I

([u℄; [v℄) = d

�

([u℄; [v℄) � "([u℄; [v℄), if [u℄ 6= [v℄ and d

�

([u℄; [v℄) = d

<

([u℄; [v℄).

Finally, we set D

I

= f[u℄ j u 2 D

I

g and `

I

= f`g

I

for every 
on
ept name D and every

obje
t name `.

Lemma 11. I is a metri
 model.

Proof. The proof is almost the same as the proof of Lemma 7. The only di�eren
e is the

symmetry 
ondition, where it is enough to observe that the fun
tions d

<

, d

�

and d are

symmetri
, when
e " is symmetri
, and so is d

I

.

Lemma 12. For all w 2 �

I

and D 2 
l(C), we have [w℄ 2 D

I

i� w 2 D

I

.

Proof. The proof (by indu
tion on the 
onstru
tion of D) is similar to that of Lemma 8. The

only essential di�eren
e is that here we use property (9) instead of pi
king up representatives

in ea
h 
lass [w℄.

Case D = D

0

� D

1

. We assume that D

I

0

6= ; and D

I

1

6= ;; otherwise the lemma follows

easily from the indu
tion hypothesis. Let w 2 (D

0

� D

1

)

I

. Then d

I

(w

0

;D

I

0

) < d

I

(w

0

;D

I

1

)

for every w

0

2 [w℄, and so d

I

([w℄;D

I

0

) < d

I

([w℄;D

I

1

) in view of (9). There exist w

0

2 [w℄,

v

0

2 D

I

0

and [v

1

℄ 2 D

I

1

su
h that d

I

(w

0

; v

0

) = d

I

([w℄;D

I

0

) and d

I

([w℄; [v

1

℄) = d

I

([w℄;D

I

1

).
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By the indu
tion hypothesis, [v

0

℄ 2 D

I

0

and v

1

2 D

I

1

. So we need to show that d

I

([w℄; [v

0

℄) <

d

I

([w℄; [v

1

℄). Noti
e �rst that d

I

([w℄; [v

0

℄) = d

I

([w℄;D

I

0

) < d

I

([w℄;D

I

1

) � d

I

([w℄; [v

1

℄). Next

we prove d

<

([w℄; [v

0

℄) � d

�

([w℄; [v

1

℄). Let d

�

([w℄; [v

1

℄) = a. We may assume that a < a

N

be
ause otherwise the statement is trivial. We have [w

0

℄S

�a

[v

1

℄ and 9

<a

D

0

;9

�a

D

1

2 
l(C),

sin
e D

0

� D

1

2 
l(C). Then v

1

2 D

I

1

implies w

0

2 (9

�a

D

1

)

I

, and so w

0

2 (D

0

�

D

1

)

I

implies w

0

2 (9

<a

D

0

)

I

. Thus d

I

(w

0

; v

0

) � d

I

(w

0

;D

I

0

) < a, and, by Lemma 9 (2),

d

<

([w℄; [v

0

℄) � a, as required.

Consider three sub
ases. If d

�

([w℄; [v

1

℄) < d

<

([w℄; [v

1

℄), then by de�nition we have

d

I

([w℄; [v

0

℄) < d

<

([w℄; [v

0

℄) � d

�

([w℄; [v

1

℄) = d

I

([w℄; [v

1

℄).

If d

�

([w℄; [v

0

℄) < d

<

([w℄; [v

0

℄) then d

�

([w℄; [v

1

℄)� d

�

([w℄; [v

0

℄) � Æ, "([w℄; [v

1

℄) < Æ=2 and,

therefore,

d

I

([w℄; [v

1

℄)� d

I

([w℄; [v

0

℄) � d

�

([w℄; [v

1

℄)� "([w℄; [v

1

℄)� d

�

([w℄; [v

0

℄) > 0:

Finally, if d

�

([w℄; [v

0

℄) = d

<

([w℄; [v

0

℄) and d

�

([w℄; [v℄) = d

<

([w℄; [v℄) then

d

I

([w℄; [v

1

℄)� d

I

([w℄; [v

0

℄) = � "([w℄; [v

1

℄) + "([w℄; [v

0

℄) > 0;

sin
e d

I

([w℄; [v

0

℄) < d

I

([w℄; [v

1

℄). Similarly, starting from w =2 (D

0

� D

1

)

I

, we obtain

d

I

([w℄;D

I

1

) � d

I

([w℄;D

I

0

).

The remaining part of the proof is similar to that of Lemma 8 and left to the reader.

This 
ompletes the proof of Theorem 4.

Remark 13. Theorem 4 and its proof give a nondeterministi
 exponential time algorithm for


he
king satis�ability of a given 
on
ept C. Indeed, as we have already observed, the size

of P(C) and 
l(C) is exponential in l(C). Moreover, the number of di�erent types is also

exponential in l(C), sin
e every type T is determined by the following:

� for every subterm D of C, whether D belongs to T ,

� for every subterm of C of the form 9D, what is a minimal value b (if any) su
h that

9

�b

D belongs to T , and whether 9

<b

D belongs to T .

Therefore, if C is satis�ed in a 
lass of modelsM under 
onsideration, then C is satis�ed in a

�nite model in M of exponential in l(C) size. Moreover, the distan
e fun
tion of this model


an possess the values from a pres
ribed set of exponential in l(C) size. So the existen
e of

su
h a model 
an be dete
ted nondeterministi
ally in exponential in l(C) time.

4.2 Proof of Theorem 3 (iii)

Fix an SL-
on
ept C. First we relativise the general de�nition of a type over a KB � to the


ase of a single 
on
ept. Namely, we say that a subset T of 
l(C) is a type for C if it satis�es

the following 
onditions:

� D

1

uD

2

2 T i� D

1

;D

2

2 T , for every D

1

uD

2

2 
l(C),

� :D 2 T i� D =2 T , for every :D 2 
l(C),

� 9

<a

D 2 T implies 9

<b

D;9

�b

D;9D 2 T , for every 9D 2 
l(C) and all b 2 P

+

(C),

a � b,

18



� 9

�a

D 2 T implies 9

<b

D;9

�b

D;9D 2 T , for every 9D 2 
l(C) and all b 2 P

+

(C),

a < b,

� D

1

� D

2

;9

�a

D

2

2 T implies 9

<a

D

1

2 T , for all D

1

;D

2

2 
l(C) and a 2 P

+

(C).

(The last 
ondition of the de�nition of types over � is irrelevant in this 
ase be
ause all models

now are based on a single similarity spa
e.) As we observed above, the number of types for

C is exponential in l(C).

Let T be a realisable set of types, let T

1

; : : : ; T

n

be an enumeration of those of them that

do not 
ontain nominals, and let T

n+1

; : : : ; T

m

be the remaining types in T . As we saw in the

proof of Lemma 4, if T is realised in some model, then it is also realised in a (�nite) model I

su
h that T

I

(u) 6= T

I

(v) whenever u 6= v. In other words, every type from T is realised by

pre
isely one point from I. Denote by u

i

the point realising T

i

, i = 1; : : : ;m.

Not let k

1

; : : : ; k

n

with k

i

2 N

>0

[ f!g be given, and let k

j

= 1 for j = n+ 1; : : : ;m. Our

aim is to 
onstru
t, starting from I, a model J su
h that, for every i = 1; : : : ;m,

fu 2 �

J

j T

J

(u) = T

i

g = k

i

:

Let U

i

be a set of 
ardinality k

i

�1. We assume that all of the U

i

and �

I

are pairwise disjoint.

Let U

+

i

= U

i

[ fu

i

g and let

d = minfd

I

(u; v) j u; v 2 �

I

; u 6= vg:

Constru
t a new model J by taking

� �

J

= U

+

1

[ � � � [ U

+

m

,

� d

J

(u; v) = d

I

(u

i

; u

j

) for u 2 U

+

i

, v 2 U

+

j

, i 6= j,

� d

J

(u; v) = d for u; v 2 U

i

, u 6= v,

� `

J

= `

I

, for every obje
t name `,

� u 2 A

J

i� u 2 U

+

i

and u

i

2 A

I

, for every 
on
ept name A.

The reader 
an readily 
he
k by indu
tion that the model J is as required.

4.3 Proof of Theorem 3 (i)

Now we show that the 
on
ept satis�ability problem for SL is de
idable in ExpTime for the

binary 
oding of parameters. Fix again an arbitrary SL-
on
ept C.

For ea
h a 2 P(C), we introdu
e a fresh symbol a

�

and set

Q(C) = P

+

(C) [ fa

�

j a 2 P(C)g [ f0g

(note that Q(C) 
ontains a

�

N

, but not a

N

). De�ne a linear order < on Q(C) in su
h a way

that 0 is its minimal element, and b < a

�

< a < a

�

N

whenever b < a in P

+

(C).

We are now in a position to introdu
e the `building material' for 
onstru
ting models from

types.

A bouquet for C is a triple B = (T

B

;�

B

; d

B

) where

� T

B

is a set of types for C su
h that 2 � jT

B

j � l(C),
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� �

B

is a linear quasi-order on T

B

with a unique minimal element T

B

2 T

B

, and

� d

B

is a map from T

B

to Q(C),

and the following 
onditions are satis�ed, for all T; T

0

2 T

B

:

(B1) d

B

(T ) = 0 i� T = T

B

,

(B2) T �

B

T

0

implies d

B

(T ) � d

B

(T

0

),

(B3) d

B

(T ) = d

B

(T

0

) 2 P

+

(C) implies T �

B

T

0

�

B

T ,

(B4) D

1

� D

2

2 T

B

i� D

1

� D

2

2 
l(C), there is T 2 T

B

for whi
h D

1

2 T , and D

2

=2 T

0

whenever T

0

�

B

T ,

(B5) 9

<a

D 2 T

B

i� 9

<a

D 2 
l(C) and there is T 2 T

B

su
h that d

B

(T ) � a

�

and D 2 T ,

(B6) 9

�a

D 2 T

B

i� 9

�a

D 2 
l(C) and there is T 2 T

B

su
h that d

B

(T ) � a and D 2 T ,

(B7) 9D 2 T

B

i� 9D 2 T ,

(B8) if a; b; a+b 2 P

+

(C) and 9D 2 
l(C), then

9

<a

D 2 T and d

B

(T ) � b imply 9

<a+b

D 2 T

B

,

9

�a

D 2 T and d

B

(T ) � b

�

imply 9

<a+b

D 2 T

B

,

9

�a

D 2 T and d

B

(T ) � b imply 9

�a+b

D 2 T

B

.

We will write T '

B

T

0

for T �

B

T

0

�

B

T , and T <

B

T

0

for T �

B

T

0

6�

B

T .

We use the notion of a bouquet to en
ode the lo
al requirements ensuring that the type

T

B


an be realised. A `typi
al' bouquet is 
onstru
ted as follows.

Let I be a model and w 2 �

I

. For every 9D 2 T

I

(w) with D =2 T

I

(w), 
hoose a

point v 2 D

I

with a minimal distan
e d

I

(w; v); let V denote the set of all sele
ted points.

We have jV j < l(C), sin
e D 2 sub(C), for every 9D 2 
l(C); and we 
learly 
an assume

that T

I

(v

1

) 6= T

I

(v

2

) for any distin
t v

1

; v

2

2 V . If jV j � 1, then we de�ne the bouquet

(T

I

V

(w);�

w

; d

w

) indu
ed by w and V in I by taking:

T

I

V

(w) = fT

I

(w)g [ fT

I

(v) j v 2 V g;

T

I

(v

1

) �

w

T

I

(v

2

) i� d

I

(w; v

1

) � d

I

(w; v

2

);

d

w

(T

I

(v)) =

8

>

<

>

:

a; if d

I

(w; v) = a 2 P

+

(C);

a

�

; if d

I

(w; v) < a = minfb 2 P

+

(C) j d

I

(w; v) � bg;

a

�

N

; if d

I

(w; v) > a

N�1

:

Note that if we require a 
ertain type T realised in I to be a member of the bouquet then we


an add to V a point v su
h that d(w; v) is minimal with T = T

I

(v) and form the bouquet

indu
ed by w and V [fvg. In parti
ular, if I realises at least two distin
t types, then we 
an

always �nd a set V su
h that w and V indu
e a bouquet.

Note also that the number of all bouquets is exponential in l(C).

In what follows we will only be working with models satisfying at least two distin
t types,

be
ause 
he
king satis�ability of a 
on
ept in a model satisfying only one type redu
es to the


ase of pure Boolean 
on
epts, whi
h is de
idable in NP.

Again we 
onsider two 
ases.
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Non-symmetri
 
ase. Let N be the set of nominals o

urring in C. A set B of bouquets

is said to be nominal ready if there is a set fT

`

j ` 2 Ng of types su
h that

B = fB j B is a bouquet; f`g 2 T 2 T

B

implies T = T

`

g:

Thus, every nominal ready set is determined by a 
ertain set fT

`

j ` 2 Ng of the size < l(C),

hen
e there exist only exponentially many in l(C) nominal ready sets.

Let k = l(C). As usual, f1; : : : ; kg

�

denotes the set of all �nite sequen
es of elements of

f1; : : : ; kg. By the full k-ary tree over f1; : : : ; kg

�

we mean the tree that 
ontains the empty

sequen
e � as its root, and the immediate su

essors (
hildren) of ea
h node � are pre
isely

the nodes �i, where 1 � i � k. Given some set L (of labels), a fun
tion K : f1; : : : ; kg

�

! L

will be 
alled an L-labelled tree over f1; : : : ; kg

�

.

A Hintikka tree satisfying C is a B-labelled tree K over f1; : : : ; kg

�

, for some nominal

ready set B of bouquets, su
h that the following 
onditions are satis�ed (where, as before,

T

K(�)

denotes the unique �

K(�)

-minimal element of the set of types T

K(�)

in the bouquet

K(�)):

(H1) C 2 T

K(�)

,

(H2) for every nominal ` 2 N , there exists a type in K(�) 
ontaining f`g,

(H3) for every � 2 f1; : : : ; kg

�

, K(�) is a bouquet su
h that

T

K(�)

n fT

K(�)

g = fT

K(�i)

j 1 � i � kg;

and T

K(�)

2 T

K(�i)

, for all 1 � i � k.

Theorem 14. For every 
on
ept C, the following 
onditions are equivalent:

(a) C is satis�able in a min-model with (tr) and at least two distin
t types,

(b) there exists a Hintikka tree over f1; : : : ; kg

�

satisfying C, where k = l(C).

Proof. (a) ) (b) Suppose that C

I

6= ; in some model I with the triangle inequality and at

least two distin
t types. We de�ne a Hintikka tree K satisfying C by indu
tion as follows.

First take some w 2 C

I

and set

K(�) = (T

I

V

(w);�

w

; d

w

);

where (T

I

V

(w);�

w

; d

w

) is a bouquet indu
ed by w and a suitable set V �W 
ontaining f`g

I

for all ` that o

ur in C.

Suppose now that we have already de�ned K(�), for some � 2 f1; : : : ; kg

�

:

K(�) = (T

I

V

�

(w

�

);�

w

�

; d

w

�

);

where (T

I

V

�

(w

�

);�

w

�

; d

w

�

) is indu
ed by w

�

and a suitable set V

�

. For ea
h j 2 f1; : : : ; kg,


hoose some w

�j

2 V

�

so that V

�

= fw

�1

; : : : ; w

�k

g, and let

K(�j) = (T

I

V

�j

(w

�j

);�

w

�j

; d

w

�j

);

where (T

I

V

�j

(w

�j

);�

w

�j

; d

w

�j

) is the bouquet indu
ed by w

�j

and a suitable set V

�j

whi
h


ontains some v with T

I

(v) = T

I

(w

�

).
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It is easy to see that the resulting K is a Hintikka tree satisfying C.

(b) ) (a) Let K be a Hintikka tree over f1; : : : ; kg

�

satisfying C. First we de�ne a distan
e

spa
e (�

0

; d

0

) with the domain f1; : : : ; kg

�

in the following way.

To begin with, take an arbitrary node � and de�ne d

0

for � and its su

essors �1; : : : ; �k.

Let Æ and "

0

; : : : ; "

N

be de�ned by (7). For every s � N , let

I

�;s

= fi j 1 � i � k; d

K(�)

(T

K(�i)

) = a

�

s

g:

Then we 
hoose "(�; �i) 2 ("

s

; 2"

s

), for all i 2 I

�;s

, in su
h way that

"(�; �i) � "(�; �j) i� T

K(�i)

�

K(�)

T

K(�j)

;

for all i; j 2 I

�;s

. Now de�ne

d

0

(�; �i) =

(

a; if d

K(�)

(T

K(�j)

) = a 2 P

+

(C);

a� "(�; �j); if d

K(�)

(T

K(�j)

) = a

�

2 Q(C) n P

+

(C):

Now we 
an extend d

0

to the whole set �

0

as follows. Let d

0

(�; �) = 0, d

0

(�i; �) = a

N

, and,

for every �j

1

� � � j

n

,

d

0

(�; �j

1

� � � j

n

) = d

0

(�; �j

1

) + � � �+ d

0

(�j

1

� � � j

n�1

; �j

1

� � � j

n

);

d

0

(�j

1

� � � j

n

; �) = d

0

(�j

1

� � � j

n

; �j

1

� � � j

n�1

) + � � �+ d

0

(�j

1

; �):

Finally, for every two nodes �j

1

� � � j

n

and �j

0

1

� � � j

0

n

0

su
h that j

1

6= j

0

1

, we let

d

0

(�j

1

� � � j

n

; �j

0

1

� � � j

0

n

0

) = d

0

(�j

1

� � � j

n

; �) + d

0

(�; �j

0

1

� � � j

0

n

0

):

One 
an easily see that

T

K(�i)

�

K(�)

T

K(�j)

i� d

0

(�; �i) � d

0

(�; �j) (11)

for all � 2 f1; : : : ; kg

�

and 1 � i; j � k.

Finally, we de�ne an interpretation I

0

on the spa
e (�

0

; d

0

) by taking, for every 
on
ept

name A 2 N

C

and every obje
t name ` 2 N

O

,

A

I

0

= f� 2 f1; : : : ; kg

�

j A 2 T

K(�)

g;

`

I

0

= f� 2 f1; : : : ; kg

�

j f`g 2 T

K(�)

g:

Observe that this interpretation is not `real' be
ause obje
t names 
an be interpreted by

non-singleton sets, but let us forget about this for the moment.

Lemma 15. Let �; � 2 f1; : : : ; kg

�

and D 2 T

K(�)

, for some 9D 2 
l(C). Then either

D 2 T

K(�)

, or D 2 T

K(�j)

and d

0

(�; �j) � d

0

(�; �), for some j 2 f1; : : : ; kg.

Proof. First, using 
ondition (B7), it is not hard to show by indu
tion on the length of

� 2 f1; : : : ; kg

�

that

9C

0

2 T

K(�)

i� 9C

0

2 T

K(�)

;

for all 9C

0

2 
l(C). Therefore, T

K(�)


ontains 9D.
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If D 2 T

K(�)

then we are done. Suppose that D =2 T

K(�)

. Then � 6= � and we 
an 
hoose

j 2 f1; : : : ; kg su
h that d

0

(�; �j) is minimal with D 2 T

K(�j)

.

If � is not a su

essor of � then, by the de�nition of d

0

, d

0

(�; �i) < a

N

� d

0

(�; �), as

required. So, let � = �j

1

� � � j

n

and pro
eed by indu
tion on n.

n = 1: This means that � = �j

1

, and we are done again.

n = 2: Let a = d

0

(�; �j), b = d

0

(�; �j

1

), 
 = d

0

(�j

1

; �), and r, s, t be su
h that

d

K(�)

(T

K(�j)

) 2 fa

�

r

; a

r

g; d

K(�)

(T

K(�j

1

)

) 2 fa

�

s

; a

s

g; d

K(�j

1

)

(T

K(�)

) 2 fa

�

t

; a

t

g:

We need to show a � b+ 
. If a

r

< a

s

+ a

t

then we have

b+ 
� a > (a

s

+ a

t

� a

r

)� 2"

s

� 2"

t

� Æ � Æ=2 � Æ=2 = 0:

Therefore, we may assume that a

s

+ a

t

� a

r

, in parti
ular s; t < r and a

s

+ a

t

2 P

+

(C). Four


ases are possible now: b < a

s

, 
 < a

t

; b < a

s

, 
 = a

t

; b = a

s

, 
 < a

t

; and b = a

s

, 
 = a

t

.

As all of them are similar, and we only 
onsider the se
ond one as most demonstrative.

Sin
e D 2 T

K(�)

, we have 9

�a

t

D 2 T

K(�j

1

)

by (B6), when
e 9

<a

s

+a

t

D 2 T

K(�)

by (B8),

and d

K(�)

(T

K(�j)

) � (a

s

+ a

t

)

�

in view of (B5) and by the 
hoi
e of j. Thus, a

r

= a

s

+ a

t

,

a = a

�

r

, and

b+ 
� a > � 2"

s

� 2"

t

+ "

r

� 0;

sin
e "

r

; "

s

� "

r

=4.

n > 2: Let �

0

= �j

1

. By the indu
tion hypothesis, there exists j

0

2 f1; : : : ; kg su
h that

D 2 T

K(�

0

j

0

)

and d

0

(�

0

; �

0

j

0

) � d

0

(�

0

; �). Again by the indu
tion hypothesis, there exists

j 2 f1; : : : ; kg su
h that D 2 T

K(�j)

and d

0

(�; �j) � d

0

(�; �

0

j

0

). Hen
e

d

0

(�; �j) � d

0

(�; �

0

) + d

0

(�

0

; �

0

j

0

) � d

0

(�; �

0

) + d

0

(�

0

; �) = d

0

(�; �);

a

ording to the de�nition of d

0

.

Lemma 16. For every D 2 
l(C), we have � 2 D

I

0

i� D 2 T

K(�)

.

Proof. The proof is by indu
tion on the 
onstru
tion of D. The basis of indu
tion and the

Boolean 
ases are trivial.

Case D = D

0

� D

1

. Let � 2 (D

0

� D

1

)

I

0

, i.e., d

0

(�;D

I

0

0

) < d

0

(�;D

I

0

1

). By Lemma 15,

d

0

(�;D

I

0

0

) = d

0

(�;D

I

0

0

\X); where X = f�g [ f�j j 1 � j � kg: (12)

Hen
e, there exists � 2 D

I

0

0

\ X su
h that d

0

(�; �) < d

0

(�; �

0

) for all �

0

2 D

I

0

1

\ X. By

the indu
tion hypothesis and (11), this means that D

0

2 T

K(�)

and T

K(�)

<

K(�)

T , for all

T 2 T

K(�)

with D

1

2 T . Thus D

0

� D

1

2 T

K(�)

by (B4).

For the 
onverse, suppose D

0

� D

1

2 T

K(�)

, i.e., by (B4), there exists T 2 T

K(�)

su
h

that D

0

2 T and T <

K(�)

T

0

for all T

0

2 T

K(�)

with D

1

2 T

0

. Let T = T

K(�

0

)

for some

�

0

2 X. Then �

0

2 D

I

0

0

by the indu
tion hypothesis. If D

I

0

1

= ; then � 2 (D

0

� D

1

)

I

0

holds

trivially. Let D

I

0

1

6= ;. By Lemma 15, there is �

0

2 D

I

0

1

\X su
h that d

0

(�;D

I

0

1

) = d

0

(�; �

0

).

By the indu
tion hypothesis, we have D

1

2 T

K(�

0

)

, and so T

K(�

0

)

<

K(�)

T

K(�

0

)

, when
e

d

0

(�; �

0

) < d

0

(�; �

0

) by (11). But then � 2 (D

0

� D

1

)

I

0

by the 
hoi
e of �

0

and �

0

.

Case D = 9

<a

D

0

. Let � 2 (9

<a

D

0

)

I

0

, i.e., d

0

(�;D

I

0

0

) < a. By Lemma 15, we have (12).

Hen
e there exists � 2 D

I

0

0

\X su
h that d

0

(�; �) < a. By the indu
tion hypothesis and the
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de�nition of d

0

, we obtain that D

0

2 T

K(�)

and d

K(�)

(T

K(�)

) � a

�

. Thus 9

<a

D

0

2 T

K(�)

by

(B5).

For the 
onverse, let 9

<a

D

0

2 T

K(�)

, i.e., by (B4), d

K(�)

(T ) � a

�

and D

0

2 T for some

T 2 T

K(�)

. Let T = T

K(�

0

)

for some �

0

2 X. Then �

0

2 D

I

0

0

by the indu
tion hypothesis,

and d

0

(�; �

0

) < a by the de�nition of d

0

. But then � 2 (9

<a

D

0

)

I

0

.

Case D = 9

�a

D

0

is similar to the previous one.

Thus, it remains to �x the problem with nominals, whi
h 
an be done as follows. We apply

to the pseudo-interpretation I

0

the `�ltration' pro
edure des
ribed in the proof of Theorem 4.

Sin
e, by de�nition, the Hintikka tree K is labelled by a nominal ready set of bouquets and

sin
e the �ltration results in a model where ea
h type 
an be realised only on
e, we then

obtain an SL-model satisfying C where ea
h set of the form f`g is interpreted by a singleton

set.

We are now in a position to prove the ExpTime upper bound by a redu
tion to the

emptiness problem for �nite looping tree automata; see [35, 32℄. Re
all that a �nite looping

tree automaton A for in�nite k-ary trees is a quadruple (�; Q;�; Q

0

), where

� � is a (nonempty) �nite alphabet,

� Q is a (nonempty) �nite set of states of the automaton,

� � � ��Q�Q

k

is a transition relation,

� Q

0

� Q is a (nonempty) set of start states of the automaton.

Let T be a �-labelled tree over f1; : : : ; kg

�

. A run of A on T is a fun
tion R : f1; : : : ; kg

�

! Q

su
h that

� R(�) 2 Q

0

, and

�

�

T (�); R(�); (R(�1); : : : ; R(�k))

�

2 � for all nodes � of T .

A a

epts T if there exists a run R of A on T . The following emptiness problem for looping

automata is de
idable in polynomial time [32℄: given a looping automaton for k-ary trees,

de
ide whether the set of trees it a

epts is empty.

To redu
e the satis�ability problem for SL-
on
epts C in M, we asso
iate with every


on
ept C and every nominal ready set B of bouquets for C a �nite looping automaton

A

B

C

= (�; Q;�; Q

0

) whi
h is de�ned as follows:

� � is the set of types o

urring in bouquets from B,

� Q = B,

� Q

0

= fB 2 B j C 2 T

B

, B 
ontains a type 
ontaining `, for every ` in Cg,

�

�

T;B

0

; (B

1

; : : : ;B

k

)

�

2 � i� T

B

0

= T , T

B

0

nfT

B

0

g = fT

B

1

; : : : ; T

B

k

g, and T

B

0

2 T

B

i

,

for 1 � i � k.

It follows immediately from Theorem 14 and the given de�nitions that the runs of A

B

C

on

�-labelled trees are exa
tly the B-labelled Hintikka trees satisfying C.
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Lemma 17. A 
on
ept C is satis�able in a min-model (with at least two types) i� there exists

a nominal ready set B su
h that A

B

C

a

epts at least one tree.

As there are only exponentially many di�erent nominal ready sets B and as A

B

C

is only

exponential in l(C), the satis�ability problem in min- (and �nite) models whi
h satisfy the

triangle inequality is de
idable in ExpTime.

Symmetri
 
ase. The 
onstru
tion of the min-model in the proof of Theorem 14 
annot

be dire
tly extended to the symmetri
 
ase be
ause we had there d

0

(�i; �) = a

N

> d

0

(�; �i).

The straightforward idea of de�ning d

0

(�i; �) = d

0

(�; �i) 
ould lead to the situation where

d

0

(�; �i) � d

0

(�i; �ij) � d

0

(�ij; �ijk) � : : : and in�nitely many � are a
tually >. The


orresponding metri
 model would not be then a min-model. Our �rst task is to guarantee

that su
h situations are impossible.

With ea
h Hintikka tree K we asso
iate a 
ertain node-
olouring 
. The set of 
olours

is: in
 (for in
reasing), 
onst (for 
onstant), and de
 (for de
reasing), and 
 is a map from

f1; : : : ; kg

�

to fin
; 
onst; de
g de�ned by the following rules. The root � and its immediate

su

essors 1; : : : ; k are 
oloured in the same way, say, 
(�) = 
(1) = � � � = 
(k) = in
. And for

every �ij 2 f1; : : : ; kg

�

we set


(�ij) =

8

>

<

>

:

de
; if T

K(�ij)

<

K(�i)

T

K(�)


onst; if T

K(�ij)

'

K(�i)

T

K(�)

in
; if T

K(�)

<

K(�i)

T

K(�ij)

:

We 
all K a min-tree if the following 
onditions hold:

(H4) d

K(�i)

(T

K(�)

) � d

K(�)

(T

K(�i)

), for all � 2 f1; : : : ; kg

�

and 1 � i � k,

(H5) every bran
h with in�nitely many de
 nodes also 
ontains in�nitely many in
 nodes.

Note �rst that we 
an `prune' Hintikka trees with `loops' in the following sense:

Lemma 18. Let K be a Hintikka tree satisfying C, and let �

0

; �

1

; : : : ; �

n

; �

n+1

be a path in

K su
h that (K(�

0

);K(�

1

)) = (K(�

n

);K(�

n+1

)). For � 2 f1; : : : ; kg

�

, let

K

℄

(�) = K(�

℄

); where �

℄

=

(

�

n+1

�

1

; if � = �

1

�

1

for some �

1

6= �;

�; otherwise:

Then K

℄

is also a Hintikka tree satisfying C, and 


℄

(�) = 
(�

℄

), for all � 2 f1; : : : ; kg

�

, where




℄

and 
 are the 
olourings of K

℄

and K, respe
tively.

Proof. The straightforward proof is left to the reader.

Let K be a Hintikka tree and � = (�

1

; : : : ; �

n

) be a path in K. We say that � is a

des
ending path of degree m if 
(�

1

); : : : ; 
(�

n

) 2 fde
; 
onstg and � 
ontains exa
tly m nodes


oloured with de
.

Lemma 19. Let K be a min-tree over f1; : : : ; kg

�

satisfying C. Let h = b

2

C

, where b

C

is the

number of all bouquets for C. Then there exists a min-tree H over f1; : : : ; kg

�

satisfying C

and su
h that every des
ending path in H is of degree < h.
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Proof. Call a des
ending path �

0

; : : : ; �

n+1

in K spe
ial if n > 1, 
(�

1

) = 
(�

n+1

) = de
, and

(K(�

0

);K(�

1

)) = (K(�

n

);K(�

n+1

)). We say that �

0

; : : : ; �

n+1

is maximal if no path of the

form �

0

; : : : ; �

r

with r > n + 1 is spe
ial in K. In view of (H5), every spe
ial path in K is


ontained in a maximal one.

We note also that every des
ending path �

1

; : : : ; �

l

of degree � h gives rise to some spe
ial

path. Indeed, let �

0

be the immediate prede
essor of �

1

. Sin
e K(�) 6= K(�i) for all �i 2

f1; : : : ; kg

�

, the number of possible 
ombinations (K(�

m�1

);K(�

m

)) is less than h, i.e., less

then the number of �

m

with 
(�

m

) = de
. Therefore (K(�

m�1

);K(�

m

)) = (K(�

n�1

);K(�

n

))

for some 1 � m < n � l with 
(�

m

) = 
(�

n

) = de
, i.e., �

m�1

; : : : ; �

n

is a spe
ial path.

Let �

0

be a node of a minimal length in K that starts some spe
ial path. Let �

0

; : : : ; �

n+1

be a maximal spe
ial path. By pruning the tree as des
ribed in Lemma 18, we obtain a min-

tree K

℄

satisfying C and su
h that no spe
ial path inK

℄


an start with the pair �

0

; �

1

or with

a node shorter than �

0

. Indeed, suppose that �

0

; : : : ; �

m+1

is a spe
ial path in K

℄

. Then

�

0

; �

1

; : : : ; �

n+1

; �

℄

2

; : : : �

℄

m

; �

℄

m+1

is a spe
ial path in K, 
ontrary to the maximality assumption.

Suppose now that �

0

; : : : ; �

m+1

is a spe
ial path in K

℄

su
h that �

0

is shorter than �

0

.

If �

1

= �

l

for some l � m then we arrive to a 
ontradi
tion in the same way as before.

Otherwise, we have �

℄

l

= �

l

for all l � m+1. Hen
e �

0

; : : : ; �

m+1

is a spe
ial path in K itself,

and �

0

is shorter than �

0

, whi
h is again a 
ontradi
tion.

Thus we 
an 
onstru
t a sequen
e K

0

;K

1

;K

2

; : : : of min-trees satisfying C su
h that, for

all m < n in N and � 2 f1; : : : ; kg

m

,

K

0

= K; K

n

(�) = K

m

(�); K

n


ontains no spe
ial path starting with �:

De�ne a labelled tree H by taking

H(�) = K

n

(�); whenever � 2 f1; : : : ; kg

n

;

for all n 2 N. ThenH is a min-tree satisfying C and 
ontaining no spe
ial paths, in parti
ular,

no des
ending paths of degree � h.

We are now in a position to prove the following:

Theorem 20. For every 
on
ept C, the following 
onditions are equivalent:

(a) C is satis�able in some metri
 min-model with at least two distin
t types,

(b) there exists a min-tree satisfying C over f1; : : : ; kg

�

, where k = l(C).

Proof. (a)) (b) Suppose that C

I

6= ; in some metri
 model I with at least two distin
t types.

Let K be the Hintikka tree K 
onstru
ted in the same way as in the proof of Theorem 14,

(a) ) (b). We only need to show that (H4) and (H5) hold for K.

(H4) follows from the requirement T

K(�)

2 T

K(�i)

for all �i 2 f1; : : : ; kg

�

[see (H3)℄ and

the 
onstru
tion of bouquets.

Now suppose that (H5) does not hold, i.e., there exists a bran
h (�

m

j m 2 N) in K

su
h that 
(�

m

) 2 fde
; 
onstg for all m, and 
(�

m

) = de
, for in�nitely many m. As the set

fT

I

(�

m

) j m 2 Ng is �nite and T

K(�

m

)

6= T

K(�

m+1

)

for every m, we must have two distin
t

types T; T

0

su
h that the set of pairs

X =

�

(�

m

; �

m+1

)

�

�

(T

K(�

m

)

; T

K(�

m+1

)

) = (T; T

0

)
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is in�nite. For ea
h m 2 N, take the point w

�

m

2 �

I

whi
h indu
es the node �

m

. As I is

symmetri
 and by the 
onstru
tion of bouquets, we have d(w

�

m

; w

�

m+1

) � d(w

�

m+1

; w

�

m+2

)

whenever 
(�

m+2

) = 
onst, and d(w

�

m

; w

�

m+1

) > d(w

�

m+1

; w

�

m+2

) whenever 
(�

m+2

) = de
.

Now let Z � �

I

and Z

0

� �

I

be de�ned by

Z = fw

�

m

j (�

m

; �

m+1

) 2 Xg and Z

0

= fw

�

m+1

j (�

m

; �

m+1

) 2 Xg:

As I is a min-model, there are points u 2 Z and u

0

2 Z

0

su
h that d

I

(u; u

0

) = d

I

(Z;Z

0

). By

the de�nition of bouquets indu
ed by points of I, we may assume that (u; u

0

) gives rise to a

(�

r

; �

r+1

) 2 X. Now take some (�

s

; �

s+1

) 2 X su
h that s > r and a de
 node o

urs between

�

r

and �

s

. Let v and v

0

be the points from I indu
ing �

s

and �

s+1

. Sin
e all �

m

, m 2 N, are

de
 or 
onst nodes we 
ome to the 
on
lusion that d

I

(v; v

0

) < d

I

(u; u

0

) = d

I

(Z;Z

0

), whi
h is

a 
ontradi
tion.

(b) ) (a) Let K be a min-tree satisfying C. In view of Lemma 19, we 
an assume that

every des
ending path in K is of degree < h = b

2

C

.

De�ne a metri
 spa
e (�

1

; d

1

) over f1; : : : ; kg

�

in the following way. First, we introdu
e

d

1

for every node and its su

essors by indu
tion. Let Æ and "

0

; : : : ; "

N

be de�ned by (7). For

every s � N , let E

s

be an arbitrary �xed subset of ("

s

; 2"

s

) of 
ardinality h � k, and let F

s

be

a 
ountable subset of ("

s

;minE

s

) with the order type of the negative integers.

For every � 2 f1; : : : ; kg

�

, set

I

�;s

= fi j 1 � i � k; d

K(�)

(T

K(�i)

) = a

�

s

g:

For every s � N , 
hoose "(�; i) 2 F

s

, for i 2 I

�;s

, in su
h a way that

"(�; i) � "(�; j) i� T

K(i)

�

K(�)

T

K(j)

;

for all i; j 2 I

�;s

. Then we de�ne

d

1

(�; i) =

(

a; if d

K(�)

(T

K(j)

) = a 2 P

+

(C);

a� "(�; j); if d

K(�)

(T

K(j)

) = a

�

2 Q(C) n P

+

(C):

Now suppose that d

1

(�

0

; �) is already de�ned, where �

0

is the immediate prede
essor of �.

For all s � N , 
hoose "(�; �i) 2 E

s

[ F

s

, for i 2 I

�;s

, satisfying the following 
onditions:

(D1) if 
(�i) = 
onst and d

1

(�

0

; �) � a

s

, then "(�; �i) 2 F

s

,

(D2) if 
(�i) = 
onst and d

1

(�

0

; �) < a

s

, then "(�; �i) = "(�

0

; �) = a

s

� d

1

(�

0

; �),

(D3) if 
(�i) = in
, then "(�; �i) 2 F

s

,

(D4) if 
(�i) = de
, then

"(�; �i) = minfx 2 E

s

j x > "(�; �j); for all j 2 I

�;s

with T

K(�i)

<

K(�)

T

K(�j)

g;

(D5) "(�; �i) � "(�; �j) i� T

K(�i)

�

K(�)

T

K(�j)

, for all i; j 2 I

�;s

.

The next lemma shows that the sets E

s

is large enough to satisfy these 
onditions.

Lemma 21. Let "(�; �i) 2 E

s

, for some �i 2 f1; : : : ; kg and s � N . Then �i is the end of

some des
ending path of positive degree. Let m be degree of the longest su
h path, and E(�i)

denote the set fx 2 E

s

j x � "(�; �i)g. Then jE(�i)j � m � k.
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Proof. Note �rst that � 
annot be empty, sin
e "(�; �i) =2 F

s

. Let �

0

be the immediate

prede
essor of �.

Claim 1. Let �

1

; : : : ; �

n+1

be a path su
h that �

n+1

= �i and 
(�

1

) 6= 
onst = 
(�

m

), for all

2 � m � n+1. Then 
(�

1

) = de
 and "(�

m

; �

m+1

) = "(�; �i), for all m < n.

The proof is by indu
tion on n.

Case n = 0: then 
(�i) 6= 
onst. But 
(�i) = in
 implies "(�; �i) 2 F

s

, 
ontrary to

"(�; �i) 2 E

s

. Hen
e 
(�i) = de
, as required.

Case n > 0: then 
(�i) = 
onst, i.e., T

K(�i)

'

K(�)

T

K(�

0

)

. By applying (B2) and (H4) we

obtain a

�

s

= d

K(�)

(T

K(�i)

) = d

K(�)

(T

K(�

0

)

) � d

K(�

0

)

(T

K(�)

). So we have either d

1

(�

0

; �) � a

s

,

or d

1

(�

0

; �) = a

s

� "(�

0

; �). In the former 
ase we obtain "(�; �i) 2 F

s

by (D1), 
ontrary to

"(�; �i) 2 E

s

. Therefore "(�; �i) = "(�

0

; �) by (D2), i.e., "(�

0

; �) 2 E

s

, and we are done by

the indu
tion hypothesis (note that �

0

= �

n�1

).

Claim 2. Let E

0

(�i) = fx 2 E

s

j a

s

� d

1

(�

0

; �) < x � "(�; �i)g. Then jE

0

(�i)j � k.

In view of Claim 1, we have 
(�i) 2 fde
; 
onstg. Suppose that 
(�i) = 
onst. Then, again

by Claim 1, we obtain that a

s

� d

1

(�; �

0

) = "(�

0

; �) = "(�; �i), i.e., jE

0

(�i)j = 0.

We assume therefore that 
(�i) = de
. Then T

K(�

0

)

<

K(�)

T

K(�i)

and by applying (B2)

and (H4) we obtain a

�

s

= d

K(�)

(T

K(�i)

) � d

K(�)

(T

K(�

0

)

) � d

K(�

0

)

(T

K(�)

). So we have either

d

1

(�

0

; �) � a

s

or d

1

(�

0

; �) = a

s

� "(�

0

; �).

Consider �rst the 
ase d

1

(�

0

; �) � a

s

. Then, for all j 2 I

�;s

su
h that 
(�j) 2 f
onst; in
g,

we obtain "(�; �j) 2 F

s

by (D1) or (D3). Let

fj 2 I

�;s

j 
(�j) = de
g = fj

1

; : : : ; j

l

g; where T

K(�j

r

)

�

K(�)

T

K(�j

s

)

for r � s: (13)

Then, in view of (D4), we obtain

"(�; �j

1

) = minE

s

;

"(�; �j

r+1

) = "(�; �j

r

) or minfx 2 E

s

j x > "(�; �j

r

)g; for all r < l:

Therefore, jE

0

(�i)j � jI

�;s

j � k.

Suppose now that d

1

(�

0

; �) = a

s

�"(�

0

; �). Then, for all j 2 I

�;s

with 
(�j) 2 f
onst; in
g,

we have T

K(�i)

�

K(�)

T

K(�

0

)

, and so "(�

0

; �) � "(�; �j) by (D5). Consider again (13). Then,

in view of (D4), we obtain

"(�; �j

1

) = minfx 2 E

s

j x > "(�

0

; �)g;

"(�; �j

r+1

) = "(�; �j

r

) or minfx 2 E

s

j x > "(�; �j

r

)g; for all r < l:

Therefore, jE

0

(�i)j � jI

�;s

j � k.

Let us now return to the proof of Lemma 21. In view of Claim 1, we 
an 
onsider the

longest des
ending path �

0

; : : : ; �

n+1

with �

n+1

= �i. We prove jE(�i)j � m �k by indu
tion

on n.

Case n = 0: then 
(�) = in
 and, in view of Claim 1, 
(�i) = de
, i.e., m = 1. As before,

we have either d

1

(�

0

; �) � a

s

or d

1

(�

0

; �) = a

s

� "(�

0

; �). And sin
e 
(�) = in
, we have

"(�

0

; �) 2 F

s

in the latter 
ase by (D5). Therefore, in any 
ase, a

s

� d

1

(�

0

; �) < x for all

x 2 E

s

. We obtain jE(�i)j � k � m � k by Claim 2.
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Case n > 0: then 
(�i) 2 fde
; 
onstg and m � 1 by Claim 1. Suppose �rst that


(�i) = 
onst. Then, in view of Claim 1, E(�i) = E(�) and the degree of the longest

des
ending path whi
h ends at � is m as well. We obtain jE(�i)j � m � k by the indu
tion

hypothesis.

Suppose now that 
(�i) = de
. Then, as before, we have either d

1

(�

0

; �) � a

s

or

d

1

(�

0

; �) = a

s

� "(�

0

; �). If d

1

(�

0

; �) � a

s

or "(�

0

; �) 2 F

s

, then E(�i) = E

0

(�i), and so

jE(�i)j � k(� m � k) by Claim 2. Assume therefore that d

1

(�

0

; �) = a

s

� "(�

0

; �), where

"(�

0

; �) 2 E

s

. Then the longest des
ending path with the end � is of degree m � 1. Hen
e

jE(�)j � (m � 1)k by the indu
tion hypothesis, and jE

0

(�i)j � k by Claim 2. Finally, we

obtain jE(�i)j = jE(�) [E

0

(�i)j � m � k.

Thus, we 
an set

d

1

(�; �i) =

(

a; if d

K(�)

(T

K(�j)

) = a 2 P

+

(�);

a� "(�; �j); if d

K(�)

(T

K(�j)

) = a

�

2 Q(C) n P

+

(�):

It is not hard to see that

T

K(�i)

�

K(�)

T

K(�j)

i� d

1

(�; �i) � d

1

(�; �j) (14)

for all � 2 f1; : : : ; kg

�

and 1 � i; j � k.

We extend d

1

to the whole tree K as follows. Let d

1

(�; �) = 0 and, for every node

�j

1

� � � j

n

,

d

1

(�; �j

1

� � � j

n

) = d

1

(�; �j

1

) + � � �+ d

1

(�j

1

� � � j

n�1

; �j

1

� � � j

n

):

Finally, for every two nodes �j

1

� � � j

n

and �j

0

1

� � � j

0

n

0

su
h that j

1

6= j

0

1

we let

d

1

(�j

1

� � � j

n

; �j

0

1

� � � j

0

n

0

) = d

1

(�; �j

1

� � � j

n

) + d

1

(�; �j

0

1

� � � j

0

n

0

):

All the remaining distan
es are de�ned by symmetry.

Now we 
an we de�ne an interpretation I

1

on the spa
e (�

1

; d

1

) by taking, for every


on
ept name A 2 N

C

and every obje
t name ` 2 N

O

,

A

I

1

= f� 2 f1; : : : ; kg

�

j A 2 T

K(�)

g;

`

I

1

= f� 2 f1; : : : ; kg

�

j f`g 2 T

K(�)

g:

Observe that, as before, this interpretation is not `real' be
ause obje
t names 
an be inter-

preted by non-singleton sets, but let us forget about this for the moment.

Lemma 22. Let �; � 2 f1; : : : ; kg

�

and D 2 T

K(�)

, for some 9D 2 
l(C). Then either

D 2 T

K(�)

, or D 2 T

K(�j)

and d

1

(�; �j) � d

1

(�; �), for some j 2 f1; : : : ; kg.

Proof. First, using 
ondition (B7), it is not hard to show by indu
tion on the length of

� 2 f1; : : : ; kg

�

that

9C

0

2 T

K(�)

i� 9C

0

2 T

K(�)

;

for all 9C

0

2 
l(C). Therefore T

K(�)


ontains 9D.

If D 2 T

K(�)

then we are done. So suppose that D =2 T

K(�)

. Then � 6= � and there is

j 2 f1; : : : ; kg su
h that D 2 T

K(�j)

.
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Let � = 
i

1

: : : i

m

and � = 
j

1

: : : j

n

. We pro
eed by the indu
tion on m+ n.

m = 0, n = 1: this means that � = �j

1

, and so we are done again.

m = 1, n = 0: this means that � = �i

1

, and so T

K(�)

2 T

K(�)

by (H3). Take j 2 f1; : : : ; kg

su
h that T

K(�j)

= T

K(�)

. Then 
(�j) = 
onst, and hen
e d

1

(�; �j) � d

1

(�; �) by (D1) or

(D2), as required.

m = 1, n = 1: 
hoose j 2 f1; : : : ; kg su
h that d

1

(�; �j) is minimal with D 2 T

K(�j)

. Let

a = d

0

(�; �j), b = d

0

(
; �), 
 = d

0

(
; �), and r, s, t be su
h that

d

K(�)

(T

K(�j)

) 2 fa

�

r

; a

r

g; d

K(
)

(T

K(�)

) 2 fa

�

s

; a

s

g; d

K(
)

(T

K(�)

) 2 fa

�

t

; a

t

g:

We need to show that a � b+ 
. If a

r

< a

s

+ a

t

then we have

b+ 
� a > (a

s

+ a

t

� a

r

)� 2"

s

� 2"

t

� Æ � Æ=2 � Æ=2 = 0:

Therefore, we may assume that a

s

+ a

t

� a

r

, in parti
ular s; t < r and a

s

+ a

t

2 P

+

(C).

Four 
ases are possible now: b < a

s

, 
 < a

t

; b < a

s

, 
 = a

t

; b = a

s

, 
 < a

t

; and b = a

s

,


 = a

t

. As all of them are similar, and we only 
onsider the se
ond one, whi
h is the most

demonstrative.

Note �rst that d

K(�)

(T

K(
)

) � a

�

s

by (H4). Now, sin
e D 2 T

K(�)

, we have 9

�a

t

D 2

T

K(
)

by (B6), when
e 9

<a

s

+a

t

D 2 T

K(�)

by (B8) and the observation above. Therefore,

d

K(�)

(T

K(�j)

) � (a

s

+ a

t

)

�

by (B5) and the 
hoi
e of j. Thus, a

r

= a

s

+ a

t

, a = a

�

r

, and

b+ 
� a > � 2"

s

� 2"

t

+ "

r

� 0;

sin
e "

r

; "

s

� "

r

=4.

The 
ase m = 2, n = 0 is 
onsidered similarly to the previous one, while the 
ase m = 0,

n = 2 remains the same as in the non-symmetri
 
ase.

m > 2: Let �

0

= 
i

1

: : : i

m�1

. By the indu
tion hypothesis, there exists j

0

2 f1; : : : ; kg

su
h that D 2 T

K(�

0

j

0

)

and d

1

(�

0

; �

0

j

0

) � d

1

(�

0

; �). Again by the indu
tion hypothesis, there

exists j 2 f1; : : : ; kg su
h that D 2 T

K(�j)

and d

1

(�; �j) � d

1

(�; �

0

j

0

). Hen
e

d

1

(�; �j) � d

1

(�; �

0

) + d

1

(�

0

; �

0

j

0

) � d

1

(�; �

0

) + d

1

(�

0

; �) = d

1

(�; �);

by the de�nition of d

1

.

The 
ase n > 2 is similar.

Lemma 23. For every D 2 
l(C), we have � 2 D

I

1

i� D 2 T

K(�)

Proof. The proof is similar to the proof of Lemma 16, and we leave it to the reader.

Thus, it remains to �x the problem with nominals, whi
h 
an be done as follows. We apply

to the pseudo-interpretation I

1

the `�ltration' pro
edure des
ribed in the proof of Theorem 4.

Sin
e, by de�nition, the min-tree K is labelled by a nominal ready set of bouquets and sin
e

the �ltration results in a model where ea
h type 
an be realised only on
e, we then obtain an

SL-model satisfying C where ea
h set of the form f`g is interpreted by a singleton set.

A single 
omplemented pair automaton A on in�nite k-ary trees is a tuple (�; Q;�; Q

0

; F ),

where
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� (�; Q;�; Q

0

) is a looping tree automaton as de�ned above,

� F is a pair of disjoint sets of states from Q; it will be 
onvenient for us to assume that

F = (de
; in
) and de
; in
 � Q.

A a

epts a �-labelled tree T over f1; : : : ; kg

�

i� there exists a run R of A on T su
h that, for

every path i

0

i

1

: : : in T , if R(i

0

i

1

: : : i

j

) 2 de
 for in�nitely many j, then R(i

0

i

1

: : : i

j

) 2 in


for in�nitely many j as well.

As was shown in [8℄, the emptiness problem for single 
omplemented pair automata is

de
idable in polynomial time. We show now how to redu
e the satis�ability problem for

SL-
on
epts in symmetri
 models to the emptiness problem for these automata.

A 
oloured C-bouquet is a pair (B; 
) where B = (T

B

;�

B

; d

B

) is a bouquet for C and 


is a fun
tion from T

B

to fde
; in
; 
onstg.

With every 
on
ept C and every nominal ready set B of 
oloured C-bouquets we asso
iate

a single 
omplemented pair automaton A

B

C

= (�; Q;�; Q

0

; F ) by taking

� � to be the set of types o

urring in 
oloured bouquets of B,

� Q = B,

� Q

0

= f(B; 
) 2 B j C 2 T

B

, B 
ontains a type with ` for every ` in �g,

� de
 = f(B; 
) 2 B j 
(T

B

) = de
g,

� in
 = f(B; 
) 2 B j 
(T

B

) = in
g,

�

�

T; (B

0

; 


0

); (B

1

; 


1

); : : : ; (B

k

; 


k

)) 2 � i� T

B

0

= T , T

B

0

n fT

B

0

g = fT

B

1

; : : : ; T

B

k

g,

T

B

0

2 T

B

i

, 


i

(T

B

i

) = 


0

(T

B

i

), and d

B

i

(T

B

0

) � d

B

0

(T

B

i

) for 1 � i � k, and for all

T

0

2 T

B

i

n fT

B

i

g,

{ 


i

(T

0

) = in
 i� T <

B

i

T

0

,

{ 


i

(T

0

) = 
onst i� T

0

�

B

i

T ,

{ 


i

(T

0

) = de
 i� T

0

<

B

i

T .

It follows immediately from Theorem 20 and the given de�nitions that the runs of A

B

C

on

�-labelled trees are exa
tly the B-labelled Hintikka-trees satisfying C.

Lemma 24. A 
on
ept C is satis�able in a symmetri
 min-model (with at least two distin
t

types) i� there exists a nominal ready set B of 
oloured C-bouquets su
h that A

B

C

a

epts at

least one tree.

As there are only exponentially many di�erent nominal ready sets B of 
oloured C-

bouquets and as A

B

C

is only exponential in l(C), the satis�ability problem in symmetri


min-models is de
idable in ExpTime.

4.4 Proof of Theorem 3 (ii)

As in the proof of Theorem 3 (iii), we show this result for types over an SL-
on
ept C rather

than types over a knowledge base �. Suppose that a set T of types over a 
on
ept C is given.

We �rst 
onsider the problem of 
he
king realisability in a min-spa
e satisfying the triangle

inequality (but not ne
essarily symmetri
).

Denote by B the set of bouquets for C with types from T . For every T

0

2 T 
onstru
t a

�nite looping automaton A

T

0

= (�; Q;�; Q

0

) as follows:
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� � is the set T ,

� Q = B,

� Q

0

= fB 2 B j T

0

2 T

B

g,

�

�

T;B

0

; (B

1

; : : : ;B

k

)

�

2 � i� T

B

0

= T , T

B

0

n fT

B

0

g = fT

B

1

; : : : ; T

B

k

g, and T

B

0

2 T

B

i

,

for 1 � i � k.

Now the de
ision pro
edure runs as follows:

� Che
k whether T is nominal ready in the sense that for ea
h ` in C there exists only

one T 2 T su
h that f`g 2 T . If this is not 
ase, then T is not realisable. Otherwise

we go to the next step.

� Che
k whether for ea
h 9D 2 
l(C), if there exists T 2 T su
h that 9D 2 T , then

9D 2 T

0

for all T

0

2 T . If this is not the 
ase, then T is not realisable. Otherwise we

go to the next step.

� Che
k, for ea
h T 2 T , whether (i) T is satis�ed in a min-model with one point or

(ii) A

T

a

epts at least one tree. If (i) or (ii) hold for all T 2 T , then T is realisable.

Otherwise it is not realisable.

It follows immediately from our previous results that if this pro
edure states that T is not

realisable, then T is not realisable indeed. Moreover, the pro
edure 
learly terminates after

exponentially many steps. Now suppose that the pro
edure 
laims that T is realisable. By

the de�nition of A

T

, for ea
h T 2 T there exists a min-model I

T

whi
h realises a subset of

T 
ontaining T . In view of the �nite model property we 
an assume all these models to be

�nite.

We �rst 
onstru
t a `disjoint union' I of the models I

T

, T 2 T , as follows. Take

d = maxfd

I

T

(u; v) j u; v 2 �

I

T

; T 2 T g;

and then de�ne

�

I

=

[

�

�

I

T

� fTg j T 2 T

	

;

d

I

�

(u; T ); (v; T

0

)

�

=

(

d

I

T

(u; v); if T = T

0

;

d+ 1; if T 6= T

0

;

`

I

=

�

(`

I

T

; T ) j T 2 T

	

; for every obje
t name `;

A

I

=

[

fA

I

T

� fTg j T 2 T g; for every 
on
ept name A:

It is not hard to 
he
k that I is a min-model with (tr) whi
h satis�es exa
tly the types from

T . However, the obje
t names may be interpreted by non-singleton sets in I. Therefore we

apply to I the `�ltration' pro
edure above to 
onstru
t the required model I.

Let us now 
onsider the problem of realisability in metri
 min-spa
es. Denote by B

0

the set

of 
oloured bouquets with types from T . For every T

0

2 T 
onstru
t a single 
omplemented

pair automaton A

0

T

0

= (�; Q;�; Q

0

; F ) as follows:

� � is the set T ,
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� Q = B

0

,

� Q

0

= f(B; 
) 2 B

0

j T

0

2 T

B

g,

� de
 = f(B; 
) 2 B j 
(T

B

) = de
g,

� in
 = f(B; 
) 2 B j 
(T

B

) = in
g,

�

�

T; (B

0

; 


0

); (B

1

; 


1

); : : : ; (B

k

; 


k

)) 2 � i� T

B

0

= T , T

B

0

n fT

B

0

g = fT

B

1

; : : : ; T

B

k

g,

T

B

0

2 T

B

i

, 


i

(T

B

i

) = 


0

(T

B

i

), and d

B

i

(T

B

0

) � d

B

0

(T

B

i

) for 1 � i � k, and for all

T

0

2 T

B

i

n fT

B

i

g,

{ 


i

(T

0

) = in
 i� T <

B

i

T

0

,

{ 


i

(T

0

) = 
onst i� T

0

�

B

i

T ,

{ 


i

(T

0

) = de
 i� T

0

<

B

i

T .

Then the de
ision pro
edure is the same as above, but with A

T

repla
ed by A

0

T

.

5 Related logi
s

The operator � of the fragment CSL of SL without the absolute distan
e operators 9

<a

and

9

�a

is 
losely related to the `impli
ation' > of 
onditional logi
s. A

ording to Lewis' [18℄

semanti
s for 
onditionals, propositions are interpreted in a set W of possible worlds whi
h


ome together with orderings �

w

�W �W , for w 2W , whi
h 
an be understood as follows:

w

0

�

w

w

00

if w

0

is more similar or 
loser to w than w

00

. A formula C > D is true at w i�,

for every �

w

-minimal v with v j= C, we have v j= D. Various authors (see, for example,

[7, 29℄) have 
onsidered the 
ase where the relations �

w

are indu
ed by min-spa
es (�; d) (in


onditional logi
, the requirement (min) is often 
alled the limit assumption) by setting

w

0

�

w

w

00

i� d(w;w

0

) � d(w;w

00

):

Under this interpretation the operators� and > have exa
tly the same expressive power: for

every min-model I = (�

I

; d

I

; A

I

1

; A

I

2

; : : : ) we have

(A

1

> A

2

)

I

= ((A

1

� (A

1

u :A

2

)) t 8:A

1

)

I

(re
all that the universal modality 8 is de�nable using �) and, 
onversely,

(A

1

� A

2

)

I

= (((A

1

tA

2

) > A

1

) u (A

1

> :A

2

) u :(A

1

> ?))

I

:

Relations �

w

indu
ed by symmetri
 distan
e spa
es have not been 
onsidered in the 
on-

ditional logi
 literature. A

ording to the 
lassi�
ation of [9℄, our (nominal-free) logi
 of

arbitrary min-spa
es 
orresponds to the 
onditional logi
 of frames satisfying the normal-

ity, re
exivity, stri
t 
entering, uniformity and 
onne
tedness 
ondition. In parti
ular, the

ExpTime upper bound for the nominal-free fragment of CSL over arbitrary min-models, was

obtained before in [9℄ in the framework of 
onditional logi
.

The requirement (min) on distan
e spa
es is 
ru
ial for the 
omplexity results obtained

for SL and CSL. Observe that in arbitrary metri
 models the operator 2 de�ned by taking

2C = (> � :C) a
tually 
orresponds to the interior operator of the indu
ed topology.
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Thus, CSL 
ontains the full logi
 S4

u

of topologi
al spa
es, and so 
an be used for spatial

representation and reasoning (see, e.g., [6℄). The topologi
al aspe
ts of CSL will be 
onsidered

elsewhere. It will also be shown that even the nominal-free fragment of CSL is unde
idable

when interpreted over R, Q , Z or their �nite subspa
es. The proof is by redu
tion of the

de
ision problem for Diophantine equations (Hilbert's 10th problem).

The integration of des
ription logi
 and similarity logi
 presented in this paper is 
losely

related to the well-established 
onstru
tion of adding 
on
rete domains to des
ription logi
s

[3, 20, 21, 13℄. From the expressiveness point of view, the main di�eren
e between our

approa
h and the 
on
rete domain approa
h is that in our integration the domains of the

similarity spa
es are part of the `abstra
t' domain of the des
ription logi
, whereas 
on
rete

domains are separated from the abstra
t domain interpreting the des
ription logi
 
on
epts

and roles. Thus, in 
ontrast to 
on
rete domains we 
an, for example, atta
h attributes and

properties to elements of the similarity spa
es (in the example from the introdu
tion, we

introdu
ed the role has taste des
riptor). The 
omputational behaviour of DLs with 
on
rete

domains is in general mu
h worse 
ompared to the results above: even rather weak languages

for the 
on
rete domain 
an result in unde
idable logi
s. Needless to say, however, that the


on
rete domain approa
h is 
onsiderably more generi
 and applies to various formalisms

whi
h we 
annot 
over.
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