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1 Modal Logi
 as `die Klassentheorie'

There are di�erent views on the subje
t of Modal Logi
. For the purpose of this 
hapter it is important

to distinguish between two of them.

A

ording to the lo
al view, Modal Logi
 deals with a number of 
on
rete modal logi
s. Sin
e the

beginning of the 20th 
entury developers and users of Modal Logi
 from philosophy, mathemati
s,


omputer s
ien
e, arti�
ial intelligen
e, linguisti
s and other �elds have introdu
ed and investigated

dozens of parti
ular modal logi
s suitable for their needs: epistemi
, provability, temporal, dynami
,

des
ription, spatial to mention just a few.

With the number of 
on
rete modal logi
s introdu
ed in the literature growing, there 
ame an

understanding that it may be interesting and important to formulate general abstra
t notions of

what a modal logi
 
ould be and to investigate these modal logi
s per se.j The pioneers of this global Not


lear?

approa
h were S
roggs [127℄ who 
onsidered all extensions of S5, Dummett and Lemmon [33℄ who

studied all logi
s between S4 and S5, Bull [14℄ and Fine [40℄ who investigated the logi
s 
ontain-

ing S4:3, and Lemmon [86,87,88℄ and Segerberg [129℄ who laun
hed a systemati
al investigation of

various 
lasses of modal logi
s. Two other in
uential �gures that should also be mentioned here are

Kuznetsov [81,84,85℄ and Jankov [67,66,68,69℄ who investigated the 
lass of all extensions of intu-

itionisti
 propositional logi
 whi
h is 
losely related to the 
lass of modal logi
s 
ontaining S4; see

Se
tion 9.

Although not formulated expli
itly, the `globalist's' dream resear
h programme was to develop a

mathemati
al ma
hinery that 
ould provide general solutions to the following major problems:

1

(i) given a 
lass of models/stru
tures, axiomatise the modal logi
 it determines, de
ide in an e�e
tive

way whether it has 
ertain important properties, say, de
idability, 
ompa
tness, interpolation,

et
., and determine its 
omputational 
omplexity.

(ii) given a modal logi
 in the form of a �nite set of axioms and inferen
e rules, 
hara
terise the

(simplest, smallest, largest, et
.) 
lass of models/stru
tures with respe
t to whi
h this logi
 is

sound and 
omplete, de
ide in an e�e
tive way whether it has important properties as above,

and determine its 
omputational 
omplexity.

This resear
h programme is formulated in quite general terms and therefore 
an be interpreted in

various ways. For example, it is not spe
i�ed what kind of 
lasses of frames/models we 
onsider and

what kind of axiomati
 systems we take into a

ount. Of 
ourse, di�erent interpretations may lead to

di�erent solutions, but anyway �rst results within this ambitious programme looked very promising

indeed! For example, Bull [14℄ proved that all extensions of S4:3 have the �nite model property and

Fine [40℄ showed that all of them are �nitely axiomatisable, and so de
idable. (A
tually, Dummett

and Lemmon [33℄ 
laimed that all logi
s between S4 and S5 have the �nite model property, but their

proof was wrong: ten years later Jankov [68℄ 
onstru
ted a 
ounterexample.) In view of Makinson's

theorem [94℄, one 
an e�e
tively de
ide whether a given logi
 aboveK is 
onsistent. Maksimova [95,97℄

1

Kuznetsov did formulate su
h problems expli
itly in the 
ontext of superintuitionisti
 logi
s; e.g., given an axioma-

tisation of a superintuitionisti
 logi
, 
an we de
ide in an e�e
tive way whether the logi
 is 
hara
terised by a �nite

algebra?
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proved that two properties of logi
s 
ontaining S4|tabularity and interpolation|are de
idable as

well. It seems that many modal logi
ians did believe in an eventual su

ess of this Big Programme.

In this 
hapter we analyse the development of Modal Logi
 within the resear
h framework for-

mulated above, starting from the beginning of the 1970s, although not ne
essarily in 
hronologi
al

order; for a histori
al analysis of mathemati
al modal logi
 the reader is referred to the re
ent paper

of Goldblatt [57℄ and notes in [26℄. Be
ause of spa
e limitations, we mainly 
on
entrate on normal

(multi-) modal logi
s and their de
idability and 
ompleteness (in parti
ular, with respe
t to Kripke

or �nite frames).

Roughly, our plan is as follows. We start in Se
tion 2 with Thomason's expli
ation (i

0

) of the

semanti
al part (i) of the resear
h programme above. Then, in Se
tion 3, we lay the foundation for

the most important synta
ti
al notion of Modal Logi
, namely, that of a normal modal logi
. Having

introdu
ed an adequate semanti
s for normal modal logi
s in terms of general frames, we dis
uss in

detail Blok's di
hotomy in order to 
larify the di�eren
e between Thomason's semanti
al de�nition

of modal logi
s and the synta
ti
ally de�ned normal modal logi
s. Based on this dis
ussion, we then


ome to the appropriate re�nement (ii

0

) of the synta
ti
al part (ii) of the resear
h programme for

normal modal logi
s and solutions to it given by Chagrov and Thomason.

Although beautiful from a mathemati
al point of view, the results of Thomason and Chagrov are

`negative' in the sense that almost all general algorithmi
 problems formulated in the Big Resear
h

Programme turn out to be unde
idable. In the same way as the negative solution to the 
lassi-


al de
ision problem of Hilbert transformed the original problem into a 
lassi�
ation problem, the

`negative' solution to the modal de
ision problems brings us down to a more `modest' and realisti


`relativisation' of the programme to various synta
ti
ally or semanti
ally de�ned 
lasses of modal

logi
s.

In Se
tion 4, we 
onsider logi
s axiomatised by formulas satisfying 
ertain synta
ti
al 
onstraints,

in parti
ular, Sahlqvist formulas, uniform formulas, modal redu
tion prin
iples, et
., and see whether

su
h 
onstraints allow us to prove general de
idability/
ompleteness results. In Se
tion 5, we survey

the literature on general de
idability/
ompleteness results for logi
s with some `strong' axioms, say,

extensions of tabular and pretabular logi
s, logi
s of �nite depth and width, extensions of S4:3, K5,

et
.

Then, in Se
tion 6, we dis
uss an attempt to atta
k the Big Resear
h Programme for normal

extensions of K4 (that is, unimodal logi
s with transitive general frames) and the tense logi
 Lin

(of linear 
ows of time) by means of �nite representations of modally de�nable 
lasses of frames via

frame and subframe formulas of Jankov and Fine [69,41,45℄ and more general `
anoni
al' formulas of

[172,174,163℄. This te
hnique will be also used to draw and dis
uss 
onne
tions between extensions

of S4 and superintuitionisti
 logi
s in Se
tion 9.

In Se
tion 7 we provide a `positive' solution to the Big Resear
h Programme for the 
lass of all

tense logi
s of linear 
ows of time. In fa
t, it turns out that for this 
lass of logi
s all the questions

posed in the programme are de
idable (sometimes even in nondeterministi
 polynomial time).

In Se
tion 8, we 
onsider the 
lass of subframe logi
s|i.e., logi
s determined by 
lasses of (general)

frames 
losed under the formation of substru
tures in the standard model-theoreti
 sense|and explore

to what extent the resear
h programme 
an be realised for this semanti
ally de�ned 
lass of modal

logi
s.

A number of important open problems are formulated throughout the 
hapter.

2 Thomason's analysis

As we saw in Chapter ??, the standard propositional modal language with a 
ountably in�nite set

of propositional variables (say, p

0

; p

1

; : : : ), the Boolean 
onne
tives ^, : (and their derivatives !,

_, et
.) and unary modal operators 2

1

; : : : ;2

n


an be regarded as a basi
 tool for talking about

relational stru
tures F = hW;R

1

; : : : ; R

n

i, where the R

i

are binary relations on W 6= ;. We denote
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this n-modal language byML

n

and 
all F an n-frame or simply a (Kripke) frame, if n is understood.

ML

n

is interpreted in n-frames by means of valuations V whi
h asso
iate with every propositional

variable p

i

a subset V(p

i

) of W . The pair M = (F;V) is 
alled a (Kripke) model based on F. Given

an ML

n

-formula ', the truth-relation (M; x) j= ', read as `' is true at x in M' (for x 2 W ), is

de�ned by indu
tion on the 
onstru
tion of ' as follows:

(M; x) j= p

i

i� x 2 V(p

i

);

(M; x) j=  ^ � i� (M; x) j=  and (M; x) j= �;

(M; x) j= : i� not (M; x) j=  ;

(M; x) j= 2

j

 i� (M; y) j=  for all y 2W su
h that xR

j

y:

If (M; x) j= ' does not hold then we write (M; x) 6j= ' and say that M refutes ' at x. Instead of

(M; x) j= ' and (M; x) 6j= ' we write simply x j= ' and x 6j= ', if M is understood. A formula ' is

said to be true in M (M j= ', in symbols) if x j= ' for all x 2 W ; ' is satis�ed in M if x j= ' for

some x 2W . We say that ' is valid in the frame F (or F validates ') and write F j= ' if ' is true in

all models based on F; ' is satis�able in F if it is satis�ed in some model based on F. For a set � of

ML

n

-formulas, we say that F is a frame for � if all formulas from � are valid in F. In this 
ase we

write F j= �. A formula ' is �-satis�able if it is satis�able in a frame for �. Finally, we write � j� '

if ' is valid in every frame for � (that is, if ' is a semanti
 
onsequen
e of � over Kripke frames).

As in 
lassi
al �rst-order logi
, given a 
lass K of stru
tures for our language|that is, a 
lass of

n-frames|we de�ne the theory ThK of K by the equation

ThK = f' 2ML

n

j ' is valid in every frame from Kg:

For example, as we know from Chapter ??,j K

n

is the theory of the 
lass of all n-frames and S4 is Ref

miss-

ing

the theory of the 
lass of all partial orders (or all quasi-orders).

Conversely, given a set � ofML

n

-formulas, denote by Fr� the 
lass of frames for �. For example,

Fr f2p ! 22pg is the 
lass of all transitive frames F = hW;Ri. This and other similar results were

in fa
t obtained by Kripke in his seminal paper [79℄.

Being equipped with these notions and notations, let us take a 
loser look at the resear
h pro-

gramme from Se
tion 1. Clearly, problem (i) depends on how exa
tly the 
lass of models/frames we

are interested in is presented. For example, it 
an be given as the 
lass of stru
tures satisfying 
ertain

�rst- or se
ond-order senten
es. This understanding of (i) would lead us to the bran
h of Modal

Logi
 known as 
orresponden
e theory (whi
h was partially 
onsidered in Chapters ?? and ??;j see Ref


or-

re
t?

also [156℄). In the pure modal perspe
tive, it makes sense to des
ribe frame 
lasses by means of modal

formulas, namely as Fr f'g, for ' 2ML

n

. Thus, we arrive to our �rst pre
ise approximation of (i):

(i

0

) given an arbitrary ML

n

-formula ', axiomatise ThFr f'g = f 2 ML

n

j ' j�  g, de
ide in an

e�e
tive way whether ThFr f'g has 
ertain important properties, say, 
onsisten
y, de
idability,

interpolation, et
., and determine its 
omputational 
omplexity.

Note that this problem is not as trivial as it might look from �rst sight. Of 
ourse, for numerous

formulas ' the theory ThFr f'g was axiomatised and thoroughly investigated a long time ago. Well-

known examples are, for instan
e, T = ThFr f2p ! pg, the theory of the re
exive frames, and

K4 = ThFr f2p ! 22pg, the theory of the transitive frames; see Chapter ??.j Our 
on
ern here, Ref


or-

re
t?

however, is not some parti
ular formulas, but e�e
tive axiomatisation pro
edures whi
h 
ould work

for all modal formulas. Su
h a pro
edure is available, for example, for �rst-order logi
: by G�odel's


ompleteness theorem, given a �rst-order senten
e ', we 
an axiomatise the theory of stru
tures

validating ' by adding ' as an extra axiom to any standard Hilbert-style �rst-order system. But do

we have a G�odel-type 
ompleteness theorem for ML

n

with respe
t to Kripke frames?
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A 
omprehensive analysis of problem (i

0

) was laun
hed by S. Thomason in his series of papers

[140,141,143,145,144℄.

Theorem 2.1 (Thomason) (a) There is an ML

1

-formula ' su
h that the set

ThFr f'g = f 2ML

1

j ' j�  g

is �

1

1

-
omplete (in parti
ular, it is not re
ursively enumerable).

(b) There is no algorithm whi
h is 
apable of de
iding, given an ML

2

-formula ', whether the

theory ThFr f'g is 
onsistent, or, equivalently, whether there exists a 2-frame validating '.

(
) There is a set � of ML

1

-formulas and an ML

1

-formula ' su
h that � j� ', but � j6� ' for

any �nite � � �.

(d) For every n < ! + !, there is an ML

2

-formula 


n

su
h that every rooted frame validating 


n

is of 
ardinality i

n

and, moreover, all su
h frames are isomorphi
.

2

(Here i

0

= �

0

, i

m+1

= 2

i

m

,

and i

!

= limfi

m

j m < !g.)

Theorem 2.1 (a) shows that the �rst part of resear
h problem (i

0

) 
annot be solved, while both

(a) and (b) indi
ate that the se
ond part is also hopeless. In fa
t, this theorem 
learly shows that

modal theories behave similarly to se
ond-order logi
: we do not have any of the 
lassi
al properties

of �rst-order logi
 su
h as 
ompa
tness, re
ursive enumerability of valid formulas or the L�owenheim{

Skolem theorem. Moreover, as was observed by Segerberg [129℄, there areML

1

-formulas ' su
h that

Fr f'g is not �rst-order de�nable. Perhaps, the best known example is the L�ob formula

la = 2(2p! p)! 2p

whi
h is valid in a frame F = hW;Ri i� F is transitive and 
ontains no in�nite as
ending 
hain

x

1

Rx

2

Rx

3

: : : . The latter 
ondition is not de�nable in �rst-order logi
.

Thomason proved his results (a) and (
)j by �rst 
onstru
ting (rather 
omplex and `arti�
ial') Corre
t?

multi-modal formulas with the required properties and then by showing that multi-modal logi
 
an

be redu
ed to unimodal logi
. (For a dis
ussion of this kind of redu
tions see Chapter ??.)j Now (in Ref


or-

re
t?

2005) we know more simple and natural bimodal formulas similar to ' in (a) of Theorem 2.1. Take,

for example, the 
onjun
tion ' of the following formulas:

2

1

(2

1

p! p)! 2

1

p; 2

2

(2

2

p! p)! 2

2

p; (1)

2

1

(2

1

p! q) _2

1

(2

1

q ! p); 2

2

(2

2

p! q) _2

2

(2

2

q ! p); (2)

3

2

3

1

p$ 3

1

3

2

p; 3

1

2

2

p! 2

2

3

1

p: (3)

(1) says that both boxes satisfy the L�ob axiom above, (2) ensures that frames for 2

1

and 2

2

satisfy

the 
onne
tedness 
ondition

8x; y; z (xR

i

y ^ xR

i

z ^ y 6= z ! yR

i

z _ zR

i

y);

while (3) says that R

1

and R

2


ommute and satisfy the Chur
h{Rosser property, i.e.,

8x; z

�

9y (xR

2

y ^ yR

1

z)$ 9y (xR

1

y ^ yR

2

z)

�

;

8x8y8z

�

xR

2

y ^ xR

1

z ! 9u (yR

1

u ^ zR

2

u)

�

:

Typi
al frames validating ' are produ
ts of �nite stri
t linear orders or in�nite reverse well-founded

linear orders like hf0; 1; : : : ; ng; <i or h! + 1; >i, where

hW

1

; R

1

i � hW

2

; R

2

i = hW

1

�W

2

; R

h

; R

v

i,

(u; v)R

h

(u

0

; v

0

) i� uR

1

u

0

and v = v

0

,

(u; v)R

v

(u

0

; v

0

) i� vR

2

v

0

and u = u

0

.

2

See also [16℄ and [75℄.
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(For more details about produ
t frames and logi
s see Chapter ??). To show that validity in frames for

' is �

1

1

-hard, one 
an redu
e the following �

1

1

-
omplete re
urrent tiling problem [62℄ to the satis�ability

problem forML

2

-formulas in frames for ': `given a �nite set T of tile types (1�1-squares with 
olours

along their edges) and a t

0

2 T , 
an T tile the N�N -grid in su
h a way that 
olours on adja
ent edges

of adja
ent tiles mat
h and t

0

appears in�nitely often in the �rst 
olumn?' For details the reader is

referred to [49,120℄.

Of 
ourse, the notion of validity in Kripke frames is of a se
ond-order nature. Indeed, we 
an

easily de�ne a translation �

s

of ML

n

into monadi
 se
ond-order logi
 with n extra binary relations

R

1

; : : : ; R

n

by taking indu
tively

p

s

i

= P

i

(x)

(' ^  )

s

= '

s

^  

s

(:')

s

= :'

s

(2

i

')

s

= 8y (xR

i

y ! '

s

[y=x℄);

where y is a fresh variable. And then, for every frame F = hW;R

1

; : : : ; R

n

i and every ML

n

-formula

'(p

1

; : : : ; p

k

), we have F j= ' i� 8P

1

: : : 8P

k

8x '

s

is true in F. This means that for every set �[ f'g

of ML

n

-formulas, � j� ' i� '

s

is a logi
al 
onsequen
e of f


s

j 
 2 �g in se
ond-order logi
.

What is more surprising is that the full monadi
 se
ond-order theory of a binary predi
ate 
an be

redu
ed to propositional modal logi
:

Theorem 2.2 (Thomason) There is an e�e
tive translation �

℄

of the language MSO of monadi


se
ond-order logi
 with one extra binary relation into ML

1

, and there is an ML

1

-formula � su
h

that, for every set � [ f�g of MSO-formulas,

� is a logi
al 
onsequen
e of � i� f�g [ f�

℄

j � 2 �g j� �

℄

:

Thus, Thomason's [145℄ 
on
lusion was thatML

n

or evenML

1


an be regarded as a rather strong

fragment of se
ond-order predi
ate logi
 and that the modal 
onsequen
e relation j� is as 
omplex

as it 
ould be. In parti
ular, there is anML

1

-formula ' su
h that the set f 2ML

1

j ' j�  g is not

de�nable in number theory of any �nite order.

3 Normal modal logi
s

The analogy with se
ond-order logi
 dis
ussed above also indi
ated a way of `regaining' ni
e properties

of �rst-order logi
 (
ompa
tness, re
ursive enumerability and L�owenheim{Skolem). Re
all (see, e.g.,

[34℄) that following Henkin's idea of introdu
ing a spe
ial universe over whi
h the predi
ates 
an

be interpreted, one 
an obtain an essentially �rst-order semanti
s|known as general stru
tures|for

se
ond-order logi
. A
tually, this appears to be Thomason's [141℄ motivation for introdu
ing general

frames (whi
h he 
alled �rst-order semanti
s for modal logi
).

3

The idea is very simple: to restri
t

the range of the valuation fun
tion V in the de�nition of Kripke models to some subset of 2

W

that

is 
losed under the available operations. This leads us to the following de�nition.

A general n-frame is a stru
ture of the form

G = hW;R

1

; : : : ; R

n

; P i ;

where hW;R

1

; : : : ; R

n

i is an ordinary Kripke frame and P is a subset of 2

W


ontaining W and 
losed

under set-theoreti
 interse
tion and 
omplementation as well as under the operations

2

i

X = fx 2W j 8y (xR

i

y ! y 2 X)g;

3

In fa
t, general frames were also introdu
ed in 1951 by J�onsson and Tarski [71℄ as Stone-like representations of Boolean

algebras with operators; see [57℄ for more referen
es, details and dis
ussion.
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for all i = 1; : : : ; n. As before, the language ML

n

is interpreted in general frames by means of

valuations V whi
h asso
iate with every propositional variable p

i

a set V(p

i

). The only di�eren
e is

that now V(p

i

) must belong to P . The pair M = hG;Vi is 
alled then a model based on the general

frame G. The remaining semanti
al notions are de�ned in pre
isely the same way as for Kripke

models, e.g., ThK, a general frame for a logi
, et
.j To simplify notation, we denote general frames of Changed

the form F =




W;R

1

; : : : ; R

n

; 2

W

�

by F = hW;R

1

; : : : ; R

n

i (be
ause the theories of these frames are

the same).

The �rst radi
al di�eren
e between Kripke and general frames is that the set of theories of 
lasses

of general frames 
an be 
hara
terised synta
ti
ally.j Say that a subset L ofML

n

is a normal n-modal Ian?

logi
 if it 
ontains the tautologies of 
lassi
al propositional logi
, the formulas

2

i

(p! q)! (2

i

p! 2

i

q)

for all i = 1; : : : ; n, and is 
losed under the rules of uniform substitution, modus ponens and ne
es-

sitation '=2

i

'. The smallest normal n-modal logi
 is known to be K

n

; it 
learly 
oin
ides with the

theory of the 
lass GFr of all general n-frames.

Now, given a set � of ML

n

-formulas, denote by K

n

� � the minimal normal n-modal logi



ontaining �, and by GFr� the 
lass of general frames for �.

Theorem 3.1 (a) For every 
lass K of general n-frames, ThK is a normal n-modal logi
. More

pre
isely,

ThK = K

n

� f' 2ML

n

j ' is valid in every general frame from Kg:

(b) For every set � of ML

n

-formulas,

K

n

� � = ThGFr�:

(Some 
omments on the proof of this theorem will be given later on in this se
tion; see also

Chapters ?? and ??.)j Refs


or-

re
t?

From now on, instead of ThK we will write LogK and 
all it the (normal n-modal) logi
 
har-

a
terised (or determined) by K. The set of all normal n-modal logi
s 
ontaining a logi
 L will be

denoted by NExtL. In parti
ular, NExtK

n

is the set of all normal n-modal logi
s. Thus,

NExtK

n

= fK

n

� � j � �ML

n

g = fLogK j K � GFr g:

Let Kripke

n

be the set of all Kripke 
omplete normal n-modal logi
s, that is

Kripke

n

= fLogK j K a 
lass of Kripke n-framesg:

As follows from Theorem 2.1 (a), Kripke

n

is a proper subset of NExtK

n

. Indeed, take a formula '

su
h that Log Fr f'g is not re
ursively enumerable and 
onsider the normal modal logi
 K

n

�'. Then

Log Fr f'g % Log GFr f'g = K

n

� '

simply be
ause K

n

� ' is re
ursively enumerable. On the other hand, Log Fr f'g and Log GFr f'g

have pre
isely the same Kripke frames, and so the latter 
annot be Kripke 
omplete. The logi


K

2

� (1) � (2)� (3) is probably the `simplest natural' Kripke in
omplete normal modal logi
.

So what is the relation between the 
lasses Kripke

n

and NExtK

n

? What 
an be said about the


lass NExtK

n

� Kripke

n

?

7



3.1 Blok's di
hotomy

The �rst examples of Kripke in
omplete logi
s were dis
overed by Thomason [141,142℄ and Fine [42℄.

In order to understand the phenomenon of Kripke in
ompleteness more deeply, Fine proposed to

investigate how many logi
s may share the same Kripke frames with a given normal (uni)modal logi


L. The 
ardinality of the set fL

0

2 NExtK j FrL = FrL

0

g was 
alled by Fine the degree of Kripke

in
ompleteness of L. A very interesting 
omplete solution to this problem was found by Blok [9℄. The

key player in his solution was the 
on
ept of splitting originating in latti
e theory [106℄ (for details

see Chapter ??).j Ref


or-

re
t?

To explain the idea behind Blok's result informally, let usj observe �rst that a Kripke 
omplete

Added!

logi
 L is always the maximal logi
 in the set fL

0

j FrL

0

= FrLg. Now suppose that L is a Kripke


omplete logi
 with the following property: there exists a Kripke frame F su
h that L is the smallest

logi
 in the 
lass fL

0

2 NExtK j F =2 FrL

0

g. Then the degree of Kripke in
ompleteness of L is 1.

Indeed, assume that L

0

is a normal modal logi
 with FrL = FrL

0

. Then F =2 FrL

0

, and so L � L

0

.

To prove L

0

� L, assume ' =2 L. As L is Kripke 
omplete, there exists a Kripke frame F

0

2 FrL su
h

that F

0

6j= '. And sin
e F

0

2 FrL

0

, we then have ' =2 L

0

. Of 
ourse, the same argument goes through

if instead of just one frame F we take some set of frames.

Thus, we 
an try to generate modal logi
s with degree of Kripke in
ompleteness 1 by taking sets

F of frames, proving that the smallest normal logi
 L

F

in the 
lass fL

0

2 NExtK j 9F 2 F F =2 FrL

0

g

exists and showing its Kripke 
ompleteness. Blok's a
hievement was that he (a) 
hara
terised sets F

of frames for whi
h the logi
s L

F

exist, (b) proved that all these L

F

are Kripke 
omplete (a
tually,

have the �nite model property), and (
) showed that any normal modal logi
 di�erent from su
h L

F

has degree of Kripke in
ompleteness 2

�

0

.

We now introdu
e the notions required to explain Blok's result in more detail. Given a logi


L

0

2 NExtK, we say that a (�nite rooted) frame F splits NExtL

0

if F is not a frame for the normal

modal logi


L

1

=

\

fL 2 NExtL

0

j F 6j= Lg:

In this 
ase we denote L

1

by L

0

=F and 
all it the splitting of NExtL

0

by F. This notation re
e
ts

the fa
t that L

0

=F is the smallest logi
 in NExtL

0

whi
h does not have F as its frame. If all frames

in a set F split NExtL

0

, we 
all

L

fL

0

=F j F 2 Fg|i.e., the smallest normal modal logi
 
ontaining

S

fL

0

=F j F 2 Fg|the union-splitting of NExtL

0

by F and denote it by L

0

=F .

Example 3.2 Denote by � the Kripke frame whi
h 
onsists of a single irre
exive point. A frame


omprised of a single re
exive point is denoted by Æ.

(a) � splits NExtK and D = K=� (we remind the reader that D = K � 3> is 
hara
terised by

the 
lass of serial Kripke frames in whi
h every point has a su

essor). To see this, set

L

1

=

\

fL 2 NExtK j � 6j= Lg:

Sin
e, for every L 2 NExtK, � 6j= L i� 3> 2 L, L

1

is the interse
tion of all normal modal logi
s


ontaining 3>. But D is the smallest su
h logi
 and therefore L

1

= D.

(b) Æ does not split NExtK. To see this re
all that K is determined by the 
lass of �nite frames

F = hW;Ri without 
y
les (i.e., R-paths from a point to itself); see, e.g., Chapter ??. For every

su
h F, we have Æ 6j= Log fFg be
ause there exists n < ! su
h that 2

n

? 2 Log fFg, but Æ 6j= 2

n

?.

Therefore,

\

fL 2 NExtK j Æ 6j= Lg �

\

fThF 2 NExtK j F �nite and 
y
le free g = K

whi
h means that there does not exist a smallest normal modal logi
 without Æ among its frames.

(
) No frame with 
y
les splits NExtK. The argument is similar to that in (b): just use the fa
t

that no 2

n

? is valid in a frame with 
y
les.
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(d) Every �nite 
y
le-free rooted frame splits NExtK. To prove this, we asso
iate with every

�nite rooted frame F = hW;Ri the formula

Æ

F

=

^

xRy

(p

x

! 3p

y

) ^

^

:xRy

(p

x

! :3p

y

) ^

^

x6=y

(p

x

! :p

y

) ^

_

x2W

p

x

:

Suppose now that F is 
y
le free, r is a root of F, d(F) is the depth of F (i.e., the length of the

longest R-path in F), and 2

�n

' = ' ^ 2' ^ � � � ^ 2

n

'. It is not hard to see then that a (general)

frame G satis�es 2

�d(F)

Æ

F

^ p

r

i� there is a generated subframe H of G whi
h 
an be p-morphi
ally

mapped onto F. It follows that the smallest normal logi
 without F among its frames exists and 
an

be axiomatised as

K=F = K�2

�d(F)

Æ

F

! :p

r

: (4)

(e) The in
onsistent logi
|i.e., ML

1

|
an be represented as D=Æ = (K=�)=Æ (a
tually this is a

variant of Makinson's theorem [94℄).

(f) Note by the way that if L

0

2 NExtK4 then every �nite rooted transitive frame F for L

0

splits

NExtL

0

and L

0

=F = L

0

�2

�1

Æ

F

! :p

r

(a (general) transitive frame G satis�es 2

�1

Æ

F

^ p

r

i� there

is a generated subframe H of G whi
h 
an be p-morphi
ally mapped onto F).

Now, returning ba
k to the degree of Kripke in
ompleteness, we obtain the �rst part of Blok's

di
hotomy:

Theorem 3.3 (Blok) (i) A �nite rooted frame F splits NExtK i� it is 
y
le free. In this 
ase we

have K=F = K�2

�n

Æ

F

! :p

r

, where n = d(F).

(ii) Every union-splitting of NExtK has the �nite model property, and so its degree of Kripke

in
ompleteness is 1.

The proof of (ii) is by a variant of standard �ltration (see Chapter ??).j By (e) from the example Ref

miss-

ing?

above, the in
onsistent logi
ML

1

also has degree of Kripke in
ompleteness 1 (it may be of interest to

note that the degree of Kripke in
ompleteness ofML

2

in NExtK

2

is 2

�

0

). The se
ond part of Blok's

di
hotomy states that all normal modal logi
s not 
overed by Theorem 3.3 have degree of Kripke

in
ompleteness 2

�

0

:

Theorem 3.4 (Blok) If a logi
 L is in
onsistent or a union-splitting of NExtK, then L has degree

of Kripke in
ompleteness 1. Otherwise L has degree of Kripke in
ompleteness 2

�

0

in NExtK.

Before we sket
h a proof of this result it is worth spending some time on its interpretation. First,

it means that D is the only `standard' normal modal logi
 with degree of Kripke in
ompleteness 1.

Logi
s like S5, T, K4, and S4 have degree of in
ompleteness 2

�

0

. In fa
t, every 
onsistent normal

logi
 
ontaining K4 or 
ontaining D properly as well as every 
onsistent tabular normal modal logi


(a logi
 is tabular if it is determined by a single �nite frame; see Se
tion 5), has degree of Kripke

in
ompleteness 2

�

0

. Se
ond, in frame-theoreti
 terms it means that for every modally de�nable 
lass

F of, say, transitive frames (that is, F = Fr� for some set � of modal formulas 
ontaining 2p! 22p)

there exist un
ountably many di�erent L 2 NExtK su
h that

F = FrL:

This applies, for example, to the 
lass of all frames based on equivalen
e relations, quasi-orders, linear

orders, and so on.

Proof Suppose that a 
onsistent L is not a union-splitting and L

0

is the greatest union-splitting


ontained in L. Sin
e L

0

has the �nite model property, there is a �nite rooted frame F = hW;Ri for

L

0

refuting some ' 2 L and su
h that every proper generated subframe of F validates L. Clearly, F is

not 
y
le free. Let x

1

Rx

2

R : : : Rx

n

Rx

1

be the shortest 
y
le in F and k = md(') + 1. We 
onstru
t

a new frame F

0

by extending the 
y
le x

1

; : : : ; x

n

; x

1

as shown in Fig. 1 ((a) for n = 1 and (b) for
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n > 1). More pre
isely, we add to F 
opies x

1

i

; : : : ; x

k

i

of x

i

for ea
h i 2 f1; : : : ; ng, organise them into

the nontransitive 
y
le shown in Fig. 1 and draw an arrow from x

j

i

to y 2W �fx

1

; : : : ; x

n

g i� x

i

Ry.

Denote the resulting frame by F

0

= hW

0

; R

0

i and let x

0

= x

k

n

. By the 
onstru
tion, F is a p-morphi


Æ Æ Æ Æ

- -

� � �

6

x

1

x

1

1

x

k�1

1

x

k

1

� � � � � � � � �

- - - -

� � � � � � � � � � � �

6

x

1

x

2

x

n

x

1

1

x

1

2

x

1

n

x

k

1

x

k

2

x

k

n

(a) (b)

Fig. 1.

image of F

0

. Therefore, for all models M = hF;Vi and M

0

= hF

0

;V

0

i su
h that

V

0

(p) = V(p) [ fx

j

i

j x

i

2 V(p); j < kg

and for every x 2 W and every subformula  of ', we have (M; x) j=  i� (M

0

; x) j=  . So we 
an

hook some other model on x

0

, and points inW will not feel its presen
e by means of ''s subformulas.

The frame to be hooked on x

0

depends on whether � j= L or Æ j= L. We 
onsider only the former

alternative.

Fix some m > jW

0

j. For ea
h I � ! � f0g, let F

I

= hW

I

; R

I

; P

I

i be the frame whose diagram

is shown in Fig. 2 (d

0

sees the root of F

0

, all points e

i

and e

0

j

and is seen from x

0

; the subframes in

dashed boxes are transitive, e

0

i

2W

I

i� i 2 I, and P

I


onsists of sets of the form X [ Y su
h that X

is a �nite or 
o�nite subset of W

I

� fb; a

i

j i < !g and Y is either a �nite subset of fa

i

j i < !g or

is of the form fbg [ Y

0

, where Y

0

is a 
o�nite subset of fa

i

j i < !g. It is not hard to see that the

� Æ � � � � � � � � � � � �

- - - - - --

� � � � � �

6

6

�

�

�

H

H

H

�x

0

F

0

�

�

��


 b a

i

a

1

a

0

d

m

d

1

d

0

d

�1

transitive

� � � � � �� � � � � �

Æ

�

�

�I

�

�

�	

�

�

�

�

�

�

�

�

�9

� � �

transitive

e

0

e

1

e

j

e

0

j

Fig. 2.

points a

i

, 
, e

i

and e

0

i

are 
hara
terised by the variable free formulas

�

0

= 3(Æ

m

^3(Æ

m�1

^ � � � ^3Æ

0

) : : : ) ^ :3

2

(Æ

m

^3(Æ

m�1

^ � � � ^3Æ

0

) : : : ); �

i+1

= 3�

i

^ :3

2

�

i

;


 = 3

2

�

0

^ :3�

0

; �

0

= 3
; �

i+1

= 3�

i

^ :3

2

�

i

; �

0

i+1

= 3�

i

^ :3

+

�

i+1

;

(in the sense that x j= �

i

i� x = a

i

, et
.), where

Æ

0

= 32?; Æ

1

= 3Æ

0

^ :Æ

0

; Æ

2

= 3Æ

1

^ :Æ

1

^ :3

+

Æ

0

;

Æ

k+1

= 3Æ

k

^ :Æ

k

^ :3

+

Æ

k�1

^ � � � ^ :3

+

Æ

0

:

De�ne L

I

to be the logi
 determined by the 
lass of frames for L and F

I

, i.e., L

I

= L\ Log F

I

. Sin
e

:(�

0

i

^3

m+6

:') 2 L

J

� L

I

for i 2 I � J (' is refuted at the root of F

0

),

�

�

fL

I

j I � ! � f0gg

�

�

= 2

�

0

.

Let us show now that L

I

has the same Kripke frames as L. Sin
e L

I

� L, we must prove that

every Kripke frame for L

I

validates L. Suppose there is a rooted Kripke frame G su
h that G j= L

I

but G 6j=  , for some  2 L. Sin
e  is in L, it is valid in all frames for L, in parti
ular, � j=  . And

sin
e  62 L

I

,  is refuted in F

I

. Moreover, by the 
onstru
tion of F

I

, it is refuted at a point from

whi
h the root of F

0


an be rea
hed by a �nite number of steps. Therefore, the following formulas
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are valid in F

I

and so belong to L

I

and are valid in G:

: !

l

_

i=0

3

i


; (5)

: !

l

^

i=0

2

i

�


 ! 2(2

0

(2

0

p! p)! p)

�

; (6)

where p does not o

ur in  and l is a suÆ
iently big number so that any point in F

I

is a

essible

by � l steps from every point in the sele
ted 
y
le and every point at whi
h  may be false, and

2

0

� = 2(3�

0

! �). A

ording to (5), G 
ontains a point where 
 is true. By the 
onstru
tion of 
,

this point has a su

essor y where, by (6), 2

0

(2

0

p ! p) ! p is true under any valuation in G and

y j= 3�

0

. De�ne a valuation U in G by taking U(p) = y", where y" is the set of all points a

essible

from y. Then y j= 2

0

(2

0

p ! p), from whi
h y j= p and so y 2 y". Now de�ne another valuation U

0

so that U

0

(p) = y"�fyg. Sin
e y is re
exive, we again have y j= 2

0

(2

0

p! p), when
e y j= p, whi
h

is a 
ontradi
tion. 2

Blok's di
hotomy 
an be generalised in various dire
tions. First, it holds for the languages ML

n

and the 
orresponding 
lasses NExtK

n

as well; see [92℄. And se
ond, it 
an be extended to 
omplete-

ness with respe
t to the neighbourhood semanti
s [29℄ as well as some other, algebrai
ally motivated,

semanti
s for normal modal logi
s [92℄. On the other hand, the following major problem remains

open:

Problem 3.5 Chara
terise the degree of Kripke in
ompleteness of `transitive' logi
s in the 
lasses

NExtK4, NExtS4, et
., where Theorem 3.3 does not hold.j Numbering?

One 
on
lusion to be drawn from these results is that Kripke 
omplete logi
s are rather ex
eptional,

that Kripke 
ompleteness of synta
ti
ally de�ned `standard' modal logi
s is a kind of good lu
k.

Another 
on
lusion is that instead of 
onsidering logi
s in the 
lass Kripke

n

it may be worthwhile to

move to the larger 
lass NExtK

n

. First, as we know from other dis
iplines, more general settings


an be very useful (for example, various problems about natural or rational numbers 
an only be

analysed in the framework of real numbers). The se
ond reason is that NExtK

n

is quite natural

not only from the synta
ti
al point of view. In fa
t, as follows from Chapters ?? and ??,j the latti
e Refs


or-

re
t?

hNExtK

n

;�i is dually isomorphi
 to the latti
e of varieties (alias equational theories) of Boolean

algebras with operators. This means, in parti
ular, that ideas and te
hniques from universal algebra

are more suitable for investigating NExtK

n

rather than Kripke

n

.

Thus, it makes sense to extend the resear
h programme above to the 
lass of all normal n-modal

logi
s.

Resear
h programme for normal modal logi
s

Within the framework of normal modal logi
s, the original resear
h programme 
an be interpreted as

follows. By Thomason's Theorem 2.1, we know that (i

0

) is not realisable. The reformulation of (i

0

)

for general frames has a trivial solution|just remember that Log GFr f'g is axiomatised as K

n

� '.

Instead, we suggest the following reformulation a solution to whi
h would 
learly show how 
omplex

it is to axiomatise logi
s determined by 
lasses of (general) frames:

(i

00

) Chara
terise those modal formulas ' for whi
h we 
an e�e
tively re
ognise whether K �  

axiomatises Log GFr f'g. Chara
terise those formulas ' for whi
h we 
an e�e
tively re
ognise

whetherK� axiomatises Log Fr f'g. For example, is there an algorithm whi
h de
ides, given a

formula  , whetherK� axiomatises the logi
 of all transitive frames (i.e., Log Fr f2p! 22pg),

re
exive frames (i.e., Log Fr f2p! pg), et
.?

The �rst part of (i

00

) 
an be reformulated as an axiomatisation problem. Given a modal formula ' and

a logi
 L

0

2 NExtK, we say that the axiomatisation problem for L

0

� ' is de
idable above L

0

if the

11



set f 2ML

1

j L

0

�  = L

0

� 'g is re
ursive. Then the �rst part of (i

00

) asks for a 
hara
terisation

of those modal formulas ' for whi
h the axiomatisation problem for K� ' is de
idable.

Being equipped with the notion of a normal modal logi
, we 
an give a pre
ise interpretation of

the synta
ti
ally formulated problem (ii) from Se
tion 1:

(ii

00

) Given a modal formula ', 
hara
terise the (simplest, smallest, largest, et
.) 
lass of frames

with respe
t to whi
h K � ' is sound and 
omplete. In parti
ular, is it de
idable whether the

logi
 K� ' is Kripke 
omplete, has the �nite model property, is determined by a �nite frame?

Furthermore, 
an we e�e
tively re
ognise, given a modal formula ', whether K�' is de
idable,


ompa
t, has interpolation, et
.?

3.2 Chagrov's 
lassi�
ation

Rather surprisingly, the partition of NExtK into union-splittings and non-union-splittings not only

gives a 
on
ise solution to the problem of lo
ating Kripke

n

within NExtK

n

, but also provides means

to atta
k (i

00

). A 
omprehensive solution was found by A. Chagrov.

To explain the intuition behind Chagrov's 
lassi�
ation result for the axiomatisation problem,


onsider the logi
 D = K=� and suppose that we want to de
ide, for a given formula  , whether

K=� = K�  or, equivalently, whether

(a) K�  � K=� and

(b) K=� � K�  .

Now, (a) is equivalent to the problem ` 2 K=� ?' whi
h is de
idable be
ause the modal logi
 D is

de
idable. And (b) 
an be 
he
ked e�e
tively be
ause, by the de�nition of splittings, it is equivalent

to the problem `� 6j=  ?'. Thus we have proved the de
idability of the axiomatisation problem for

D using the fa
t that D is de
idable and is a union-splitting of NExtK. By Theorem 3.3, all union-

splittings have the �nite model property and, therefore, are de
idable if �nitely axiomatisable. So

this proof shows the de
idability of the axiomatisation problem for every union-splittingK=F , where

F is a �nite set of �nite rooted 
y
le free frames. Chagrov's a
hievement was to show that for no

other logi
 is the axiomatisation problem de
idable:

Theorem 3.6 (Chagrov) The axiomatisation problem for a 
onsistent logi
 K�' ) K is de
idable

i� K� ' is a union-splitting.

Hen
e, the axiomatisation problem is unde
idable for su
h intuitively simple logi
s as S4 or K4.

Again, D is the only `standard' modal logi
 for whi
h the problem is de
idable. Before explaining

the proof in some detail, we draw 
on
lusions regarding the se
ond part of (i

00

) and formulate and

dis
uss solutions for (ii

00

).

Corollary 3.7 If Fr f'g is nonempty, then the problem `K�  = Log Fr f'g?' is de
idable i�

�

Log Fr f'g is a union-splitting of NExtK or

�

Log Fr f'g is not �nitely axiomatisable.

Similarly to Blok's di
hotomy, this means, for example, that for any nonempty modally de�nable


lass F of transitive frames su
h that LogF is �nitely axiomatisable, no algorithm 
an re
ognise

whether a given formula axiomatises LogF .

The following result due to Thomason [146℄ and Chagrov [18,19,22℄ (for more details see [26℄ and

referen
es therein) gives `negative' solutions to (ii

00

):

Theorem 3.8 (Thomason & Chagrov) The following sets are unde
idable:

(a) f' 2ML

1

j K� ' is Kripke 
ompleteg,

(b) f' 2ML

1

j K� ' is de
idableg,

12



(
) f' 2ML

1

j K� ' has the fmpg,

(d) f' 2ML

1

j K� ' is tabularg,

(e) f' 2ML

1

j K� ' = Lg, where L is an arbitrarily �xed 
onsistent tabular logi
.

Proof We begin by showing how to prove Theorem 3.6. The impli
ation (() should be 
lear from

the example D = K=� dis
ussed above.

()) We show that if L = K � ' 6= K is a 
onsistent logi
 that is not a union-splitting then

the axiomatisation problem for L is unde
idable. The proof is by redu
tion of the unde
idable


on�guration problem for Minsky (alias register) ma
hines with two tapes (registers).

We remind the reader that a Minsky ma
hine (with two tapes) is a �nite set of instru
tions for

transforming triples hs;m; ni of natural numbers, 
alled 
on�gurations. The intended meaning of the


urrent 
on�guration hs;m; ni is as follows: s is the number (label) of the 
urrent ma
hine state and

m, n represent the 
urrent state of information. Ea
h instru
tion has one of the four possible forms:

s! ht; 1; 0i ; s! ht; 0; 1i ; s! ht;�1; 0i (




t

0

; 0; 0

�

); s! ht; 0;�1i (




t

0

; 0; 0

�

):

The last of them, for instan
e, means: transform hs;m; ni into ht;m; n� 1i if n > 0 and into ht

0

;m; ni

if n = 0. For a Minsky ma
hine P , we write P : hs;m; ni ! ht; k; li if starting with hs;m; ni and

applying the instru
tions in P , in �nitely many steps (possibly, in 0 steps) we 
an rea
h ht; k; li.

We use the well known fa
t (see, e.g., [102℄) that the following 
on�guration problem is unde
idable:

given a program P and 
on�gurations hs;m; ni, ht; k; li, determine whether P : hs;m; ni ! ht; k; li.

Now let L = K � '. Similarly to the proof of Blok's Theorem 3.4, we analyse two 
ases: � j= '

and Æ j= '. Here we only show that the axiomatisability problem for L = K � ' with � j= ' is

unde
idable and leave the remaining 
ase to the reader.

We will use a modi�
ation of the (general) frame F

I


onstru
ted in the proof of Blok's theorem.

Let us take another look at this frame. The root of F

0

refutes some formula in L; without loss of

generality we may assume that this formula is '. The part of F

I


omprising points a

i

, b, 
 was used

to ensure that the logi
 of F

I

is Kripke in
omplete, while the points e

0

, e

j

, e

0

j

(j > 0) were used to

produ
e a 
ontinuum of frames of the form F

I

, i.e., to make sure that Log fF

I

g 6= Log fF

J

g whenever

I 6= J . Finally, the points d

k

(�1 � k � m) ensured, in parti
ular, that a

i

, b, 
, e

0

, e

j

, e

0

j

have no

impa
t on F

0

and the other way round.

For our present aims the subframe 
onsisting of points a

i

, b, 
, e

0

, e

j

, e

0

j

is not required and we


an modify it. Namely, we remove from F

I

the points e

j

, e

0

j

(j � 1) and repla
e them with the frame

shown in Fig. 3. More pre
isely, the frame in Fig. 3 is transitive, e

2

1

is its only re
exive point, all

points are a

essible from d

0

and `see' e

0

; the points of the form s(t; k; l) to not see ea
h other and

o

ur in the frame i� P : hs;m; ni ! ht; k; li, where P , hs;m; ni are some �xed Minsky ma
hine and


on�guration. Denote the resulting frame by F(P ; hs;m; ni).

Now, starting with the formula �

0

from the proof of Blok's theorem, we de�ne the following

formulas

�

1

1

= 3�

0

^ :33�

0

; �

2

1

= 33�

0

^ :3�

1

1

;

�

1

2

= 3�

1

1

^ :33�

1

1

^ :3�

2

1

; �

2

2

= 3�

1

1

^33�

2

1

^ :33�

1

1

;

�

1

3

= 3�

1

2

^ :33�

1

2

^ :3�

2

2

; �

1

4

= 3�

1

3

^ :33�

1

3

^ :3�

2

2

;

�

2

3

= 3�

2

2

^ :33�

2

2

^ :3�

1

2

; �

2

4

= 3�

2

3

^ :33�

2

3

^ :3�

1

2

:

These variable free formulas 
hara
terise points e

i

j

in F(P ; hs;m; ni) in the sense that �

i

j

is true in
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�

�

�

�

Æ

�

�

��

�

�

�f

0

1

�f

1

1

�f

2

1

�f

0

2

�f

1

2

�f

2

2

.

.

.

.

.

.

.

.

.

�f

0

t�1

�f

1

k�1

�f

2

l�1

�f

0

t

�f

1

k

�f

2

l

.

.

.

.

.

.

.

.

.

�

s(t; k; l)

X

X

X

Xy

X

X

X

Xy

X

X

X

Xy

X

X

X

Xy

X

X

X

Xy

X

X

X

Xy

�

�I

�

�I

�

�I

�

�

�

��

�

�

�

��

�

�

�

��

. . . . . .

6

6

6

6

6 6 6

e

2

1

e

2

2

e

1

1

e

1

2

e

1

3

e

1

4

e

2

3

e

2

4

f

0

0

f

1

0

f

2

0

6 6 6

J

J

J℄








�

�

�

�

�

�

�*

Fig. 3.

F(P ; hs;m; ni) only at the point denoted by e

i

j

. Further, let

�

0

0

= 3�

1

2

^3�

2

2

^ :33�

1

2

^ :33�

2

2

;

�

1

0

= 3�

1

3

^3�

2

3

^ :33�

1

3

^ :33�

2

3

;

�

2

0

= 3�

1

4

^3�

2

4

^ :33�

1

4

^ :33�

2

4

;

�

i

j+1

= 3�

i

j

^ :33�

i

j

^

2

^

i 6=k=0

:3�

k

0

for i 2 f0; 1; 2g, j � 0. The formula �

i

j

is true only at f

i

j

. The formulas 
hara
terising s(t; k; l) are

denoted by �(t; �

1

k

; �

2

l

), where

�(t;  ; �) =

t

^

i=0

3�

0

i

^ :3�

0

t+1

^3 ^ :3

2

 ^3� ^ :3

2

�:

We also require formulas 
hara
terising not only �xed but arbitrary 
on�gurations:

�

1

= (3�

1

0

_ �

1

0

) ^ :3�

0

0

^ :3�

2

0

^ p

1

^ :3p

1

;

�

2

= 3�

1

0

^ :3�

0

0

^ :3�

2

0

^3p

1

^ :3

2

p

1

;

�

1

= (3�

2

0

_ �

2

0

) ^ :3�

0

0

^ :3�

1

0

^ p

2

^ :3p

2

;

�

2

= 3�

2

0

^ :3�

0

0

^ :3�

1

0

^3p

2

^ :3

2

p

2

;

where p

1

and p

2

are fresh variables.

Now we are fully equipped to simulate the behaviour of Minsky ma
hines by means of modal

formulas. Let

� =  _3 _ � � � _3

n

 ;

where n is a suÆ
iently large number su
h that if xR

�

y in F(P ; hs;m; ni) then xR

k

y for some k � n.

(Note that in the proof of Blok's theorem we took n = m+ 6.)

With ea
h instru
tion I in P we asso
iate a formula AxI by taking:

AxI = :' ^ ��(t; �

1

; �

1

)! :' ^ ��(t

0

; �

2

; �

1

)

if I has the form t! ht

0

; 1; 0i,

AxI = :' ^ ��(t; �

1

; �

1

)! :' ^ ��(t

0

; �

1

; �

2

)
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if I is t! ht

0

; 0; 1i,

AxI = (:' ^ ��(t; �

2

; �

1

)! :' ^ ��(t

0

; �

1

; �

1

)) ^ (:' ^ ��(t; �

1

0

; �

1

)! :' ^ ��(t

00

; �

1

0

; �

1

))

if I is t! ht

0

;�1; 0i (ht

00

; 0; 0i),

AxI = (:' ^ ��(t; �

1

; �

2

)! :' ^ ��(t

0

; �

1

; �

1

)) ^ (:' ^ ��(t; �

1

; �

2

0

)! :' ^ ��(t

00

; �

1

; �

2

0

))

if I is t! ht

0

; 0;�1i (ht

00

; 0; 0i). The formula simulating P as a whole is

AxP =

^

I2P

AxI:

Now, by indu
tion on the length of 
omputations one 
an show that, for every program P and all


on�gurations hs;m; ni, ht; k; li, we have the following property (+)

P : hs;m; ni ! ht; k; li

+

:' ^ ��(s; �

1

m

; �

2

n

)! :' ^ ��(t; �

1

k

; �

2

l

) 2 K�AxP :

Finally, de�ne a logi
 L(P ; hs;m; ni ; ht; k; li) by taking

L(P ; hs;m; ni ; ht; k; li) = K�AxP � (:' ^ ��(s; �

1

m

; �

2

n

)! :' ^ ��(t; �

1

k

; �

2

l

))! ':

Clearly, for given P and 
on�gurations hs;m; ni and ht; k; li, the logi
 L(P ; hs;m; ni, ht; k; li) is


onstru
ted e�e
tively. We 
laim that

P : hs;m; ni ! ht; k; li i� L(P ; hs;m; ni ; ht; k; li) = K� ':

The impli
ation ()) is proved using (+) above and the obvious L(P ; hs;m; ni ; ht; k; li) � K� '. To

show ((), it suÆ
es to observe that if P : hs;m; ni 6! ht; k; li then F(P ; hs;m; ni) validates all the

axioms of L(P ; hs;m; ni ; ht; k; li) and refutes '.

To prove Theorem 3.8, we modify the de�nition of the logi
 L(P ; hs;m; ni ; ht; k; li) above. First

we take a formula ' su
h that K � ' is a 
onsistent tabular logi
. One 
an show that every su
h

logi
 is not a union-splitting.

Now observe that there exist a program P and a 
on�guration hs;m; ni su
h that no algorithm

is 
apable of de
iding, given a 
on�guration ht; k; li, whether P : hs;m; ni ! ht; k; li (for details see

[26℄). Fix some P and hs;m; ni satisfying this 
ondition, and let

L

0

(ht; k; li) = K�AxP �

�

:' ^ ��(s; �

1

m

; �

2

n

)! :' ^ ��(t; �

1

k

; �

2

l

)

�

! '�

:'!

l

_

i=0

3

i


 �

:'!

l

^

i=0

2

i

�


 ! 2(2

0

(2

0

p! p)! p)

�

;

where p is a fresh variable.

If P : hs;m; ni ! ht; k; li then, as in the proof of Theorem 3.6, it is easy to see that we have

L

0

(ht; k; li) = K� '. Thus, this logi
 is tabular (
oin
ides with the 
hosen tabular logi
, to be more

pre
ise), and so it is de
idable, Kripke 
omplete and has the fmp.
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If P : hs;m; ni 6! ht; k; li then L

0

(ht; k; li) 6= K � ', whi
h 
an be shown with the help of the

frame F(P ; hs;m; ni). Thus, our logi
 is di�erent from the 
hosen tabular logi
 K � '. Moreover,

using the last two axioms (
f. formulas (5), (6) in the proof of Blok's theorem) one 
an show that

although ' =2 L

0

(ht; k; li), no Kripke frame for L

0

(ht; k; li) 
an refute '. It follows that L

0

(ht; k; li) is

Kripke in
omplete and does not have the �nite model property. Next we use the properties of P and

hs;m; ni to show that

P : hs;m; ni 6!




t

0

; k

0

; l

0

�

i� L

0

(ht; k; li) ` :' ^ ��(s; �

1

m

; �

2

n

)! :' ^ ��(t

0

; �

1

k

0

; �

2

l

0

):

The impli
ation ()) is proved by indu
tion on the length of 
omputation and (() is shown using

the frame F(P ; hs;m; ni). It follows that L

0

(ht; k; li) is unde
idable. 2

In fa
t, using the te
hnique above one 
an prove unde
idability of many other important properties

of modal logi
s su
h as �rst-order de�nability (i.e., whether Fr f'g is de�nable by �rst-order formulas,

for an arbitrarily given '), 
anoni
ity, the interpolation and the disjun
tion properties, et
.; see

[26℄ and referen
es therein. A
tually, we know only two interesting de
idable properties of �nitely

axiomatisable logi
s in NExtK: 
onsisten
y and 
oin
iden
e with K. However, even 
onsisten
y

be
omes unde
idable in NExtK

2

[146℄.

Theorems 3.6 and 3.8 give rise to further interesting questions. First, we still do not know a

solution to the following open problem:

Problem 3.9 Is the set f' 2ML

1

j K� ' is a union-splittingg de
idable?

Se
ond, some of the unde
idable problems formulated above may turn out to be re
ursively enu-

merable, so that we 
an at least e�e
tively enumerate �nitely axiomatisable logi
s with this or that

property. For example, it is easy to show re
ursive enumerability of the set f' 2ML

n

j K

n

�' = Lg,

where L is �xed 
onsistent tabular logi
 (just use the fa
t that L is �nitely axiomatisable, say, by a

formula  and enumerate those ' from whi
h  is derivable in K

n

and vi
e versa). However, for the

majority of important properties of modal logi
s this problem remains open:

Problem 3.10 Is it possible to e�e
tively enumerate ML

n

-formulas ' for whi
h K

n

�' is de
idable

(Kripke 
omplete, has the �nite model property, interpolation, et
.)?

Finally, one may wonder what happens if we 
onsider the de
ision problems above for re
ursively

axiomatisable modal logi
s, i.e., those that are given by programs generating their formulas. In this


ase we have the following analogue of the Ri
e theorem from general re
ursion theory:

Theorem 3.11 (Kuznetsov) No nontrivial property of re
ursively axiomatisable logi
s is de
idable

in any of the 
lasses of logi
s 
onsidered above.

In parti
ular, this result applies even to NExtS5 (where all logi
s are �nitely axiomatisable)|

provided that its logi
s are represented as programs 
omputing their formulas. Of 
ourse, we 
an

re
ognise, say, 
onsisten
y in NExtS5 if all logi
s in the 
lass are given by �nite sets of axioms. The

situation is di�erent in, e.g., NExtS4 where there exist re
ursively enumerable logi
s that are not

�nitely axiomatisable. The proof of this theorem (Kuznetsov left it unpublished) is very simple. In

fa
t, it has nothing to do with modal logi
s; it is rather about e�e
tive 
omputations. The reader


an �nd it in [26℄.

3.3 Postmortem

So, was the Big Resear
h Programme a failure or a su

ess? Or simply lost illusions?

Dealing with individual systems like K

n

, S4 or even PDL, one might think that Modal Logi


is `harmless,' that it is a reasonable 
ompromise between expressiveness and e�e
tiveness, espe
ially

in various appli
ation areas in 
omputer s
ien
e and arti�
ial intelligen
e. Looking at modal logi
s

from a more general perspe
tive, we see, however, that the propositional modal language is extremely

16



expressive, even if we have a single box operator. Modal Logi
 has been praised by `users' for

being robustly de
idable. The analysis above shows that, when put in a more general setting, Modal

Logi
 is rather robustly unde
idable. (However, we 
an take 
omfort in the mathemati
al beauty

of the splitting-based di
hotomy between Kripke 
ompleteness and Kripke in
ompleteness and its

transparent reper
ussions for modal de
ision problems.)

The out
omes of the Big Resear
h Programme dis
ussed above appear to be similar to the neg-

ative solution to the Classi
al De
ision Problem, das Ents
heidungsproblem, of Hilbert; see [11℄ and

referen
es therein. A

ording to [11℄, `the rea
tion of logi
ians to the dis
overies of Chur
h and Tur-

ing was that the 
lassi
al de
ision problem was wider than the yes/no version of it . . . The logi
ians

started to think about the 
lassi
al de
ision problem as a 
lassi�
ation problem. Whi
h fragments

are de
idable for satis�ability and whi
h are unde
idable? Whi
h fragments are de
idable for �nite

satis�ability and whi
h are unde
idable? Whi
h fragments have the �nite model property and whi
h


ontain axioms of in�nity (that is satis�able formulae without �nite models)?'

Similar questions make sense in Modal Logi
 as well. The modal de
ision problems 
onsidered

above 
an be transformed into modal 
lassi�
ations problems:

(iii) determine (in some sense) maximal 
lasses of modal logi
s with the desirable properties.

Of 
ourse, parti
ularly interesting are natural 
lasses like

�

extensions of 
ertain logi
s, e.g., K4, S5� S5, K4

t

;

�

logi
s axiomatised by 
ertain `normal' formulas (e.g., redu
tions of modalities, Sahlqvist or uniform

formulas);

�

logi
s whose 
lasses of frames are 
losed under 
ertain natural operations (e.g., taking subframes).

To understand the lands
ape of modal logi
s in this respe
t, a variety of di�erent methodologies

are required. One established path is to look `outside' and, e.g., employ modal logi
s' relation to

�nite variable/guarded fragments of �rst-order logi
 (see Chapter ??),j or their relation to languages Ref

miss-

ing?

re
ognised by tree automata (see Chapter ??).j In this 
hapter we follow the `internal' approa
h and

Ref

miss-

ing?

analyse how di�erent `modal' synta
ti
 or semanti
 restri
tions 
an guarantee this or that desirable

property.

4 Synta
ti
al 
lasses of modal logi
s

To understand a modal logi
 is, to a large extent, to understand the stru
ture of its frames, in

parti
ular, Kripke frames. An obvious way of doing this is to try to 
hara
terise frames by means of

�rst-order formulas in some suitable signature. Classi
al observations going ba
k to Kripke [79℄ are

as follows, where F = hW;Ri is treated as a Kripke frame in the left-hand 
olumn and as a �rst-order

stru
ture in the right-hand one:

F j= 2p! p i� F j= 8x R(x; x);

F j= 2p! 22p i� F j= 8x; y; z

�

R(x; y) ^R(y; z)! R(x; z)

�

;

et
.

A ni
e �rst-order 
hara
terisation not only helps in understanding the stru
ture of frames. First, using

the standard translation �

s

of modal formulas into the �rst-order language from Se
tion 2 (see also

Chapters ?? and ??)j and G�odel's 
ompleteness theorem, it is readily seen that if Fr f'g is de�nable Refs


or-

re
t?

by a �rst-order formula as above, then Log Fr f'g is re
ursively enumerable, while in general, by

Theorem 2.1 (a), Log Fr f'g might be �

1

1

-hard and even more 
omplex. Se
ond, as was proved by

Fine [44℄ (see also [154,155℄), we have the following:

Theorem 4.1 (Fine) If a logi
 L 2 NExtK is determined by a �rst-order de�nable 
lass of frames

then L is D-persistent and, in parti
ular, 
anoni
al.j one

or

both?
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This means that to investigate a �rst-order de�nable Log Fr f'g, we 
an use the well-known meth-

ods of 
anoni
al models and �ltration developed in the 1960{1970s (see, e.g., [26℄ and referen
es

therein). Although the 
onverse of Fine's theorem does not hold, as has been re
ently shown in [58℄,

it is nevertheless a kind of empiri
 rule that logi
s not determined by �rst-order de�nable 
lasses are

not 
anoni
al, and therefore, the standard way of proving 
ompleteness or the �nite model property

is blo
ked for them.

By Chagrova's theorem [28℄, there is no e�e
tive way of de
iding, given a formula ', whether

Fr f'g is �rst-order de�nable. However, one 
an try to �nd and des
ribe synta
ti
ally some 
lasses

of formulas ' for whi
h Fr f'g is �rst-order de�nable. In fa
t, this approa
h has been the driving

for
e behind mu
h resear
h in Modal Logi
 sin
e the 1960s (see, e.g., [88℄). The (so far) most general

synta
ti
ally de�ned 
lass of formulas for whi
h this holds true was dis
overed by H. Sahlqvist [125℄.

4.1 Sahlqvist logi
s

Sahlqvist's theorem [125℄ (see also [53℄)|perhaps the most 
elebrated general result in Modal Logi
|

gives a suÆ
ient 
ondition for �rst-order de�nability and Kripke 
ompleteness of logi
s in NExtK

n

.

To formulate it we require the following de�nitions.

Say that a formula is positive if it is 
onstru
ted from variables and the 
onstants >, ? using ^,

_, 3

i

and 2

i

. An arbitrary �nite sequen
e of boxes 2

i

, i = 1; : : : ; n will be denoted by 2

�

.

A formula ' 2ML

n

is 
alled a Sahlqvist formula if it is equivalent in K

n

to a formula of the form

2

�

( ! �), where � is positive and  is 
onstru
ted from variables and their negations, ? and >

with the help of ^, _, 2

i

and 3

i

in su
h a way that no subformula of  of the form  

1

_ 

2

or 3

i

 

1

,


ontaining an o

urren
e of a variable without :, is in the s
ope of some 2

j

. For example, formulas

(2){(3) from Se
tion 2 are Sahlqvist, while the L�ob axiom (1) and the M
Kinsey axiom

ma = 23p! 32p (7)

are not.

Theorem 4.2 (Sahlqvist) (a) Given a Sahlqvist formula ' 2 ML

n

, one 
an e�e
tively 
onstru
t

a �rst-order formula �(x) in R

1

; : : : ; R

n

and = having x as its only free variable and su
h that, for

every des
riptivej or Kripke frame F and every point a in F, Give

ref-

er-

en
e?

(F; a) j= ' i� F j= �(x)[a℄:

(Here (F; a) j= ' means that ' is true at a in F under any valuation.)

(b) If � is a set of SahlqvistML

n

-formulas and L 2 NExtK

n

is a D-persistent logi
 then the logi


L � � (in parti
ular, K

n

� �) is D-persistent as well. Moreover, L � � is elementary (in the sense

that the 
lass of Kripke frames for it 
oin
ides with the 
lass of all models for some set of �rst-order

formulas in R

i

and =) whenever L is so.

Various detailed proofs of this result 
an be found in [126,70,7℄ (for some generalisations see,

e.g., [30,60,72,50℄). So, instead of going into te
hni
al details, we will 
on
entrate on the meaning of

Sahlqvist's theorem.

First, it gives mu
h more than just �rst-order de�nability of Fr f'g, for a Sahlqvist formula ', and,

therefore, re
ursive enumerability of Log Fr f'g. In fa
t, we also obtain an axiomatisation, namely,

that Log Fr f'g = K�'. As we know from Blok's theorem, this is mu
h stronger than just �rst-order

de�nability. (For example, there are a lot of formulas ' su
h that Fr f'g is the 
lass of transitive

frames, but K � ' 6= K4.) Thus, Sahlqvist's theorem has two aspe
ts: the 
orresponden
e part

(stating �rst-order de�nability of Fr f'g) and the 
ompleteness part (stating that Log Fr f'g = K�').

However, Sahlqvist axioms do not guarantee good 
omputational properties of modal logi
s. For

example, there are �nitely axiomatisable Sahlqvist logi
s without the �nite model property in NExtS4
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[25℄ (see also [65℄). There are unde
idable �nitely axiomatisable Sahlqvist logi
s in NExtK. Su
h

a logi
 
an easily be 
onstru
ted if we have more than one box [23℄. For instan
e, 
onsider the

unde
idable asso
iative 
al
ulus T of [148℄ with the axioms

a
 = 
a; ad = da; b
 = 
b; bd = db; edb = be; e
a = ae; aba
 = aba

:

The reader will noti
e immediately an analogy between these axioms and the axioms of the following

modal logi
 with �ve ne
essity operators:

L = K

5

� 2

1

2

3

p$ 2

3

2

1

p � 2

1

2

4

p$ 2

4

2

1

p � 2

2

2

3

p$ 2

3

2

2

p � 2

2

2

4

p$ 2

4

2

2

p �

2

5

2

4

2

2

p$ 2

2

2

5

p � 2

5

2

3

2

1

p$ 2

1

2

5

p � 2

1

2

2

2

1

2

3

p$ 2

1

2

2

2

1

2

3

2

3

p:

Moreover, it is not hard to see that words x, y in the alphabet fa; b; 
; d; eg are equivalent in T i�

f(x)p $ f(y)p 2 K

5

, where f is the natural one-to-one 
orresponden
e between su
h words and

modalities in language f2

1

; : : : ;2

5

g under whi
h, for instan
e, f(
adedb) = 2

3

2

1

2

4

2

5

2

4

2

2

. It

follows immediately that the Sahlqvist 5-modal logi
 L is unde
idable. An even simpler example of

an unde
idable �nitely axiomatisable Sahlqvist logi
 is the bimodal produ
t K4 � K4; for details

see Chapter ??. Now, using the redu
tion of multi-modal logi
s to those in NExtK [77℄ one 
an


onstru
t an unde
idable �nitely axiomatisable Sahlqvist logi
 from NExtK.

Problem 4.3 Are �nitely axiomatisable Sahlqvist logi
s in NExtK4 de
idable?

It is also worth noting that there is no e�e
tive way of re
ognising whether a given modal formula

is (dedu
tively equivalent to) a Sahlqvist formula; in parti
ular, the set

f' 2ML

1

j S4� ' is a Sahlqvist logi
g

is not re
ursive [25℄.

The simplest formula not 
overed by Sahlqvist's theorem is the M
kinsey axiom ma (see (7)

above). It is neither �rst-order de�nablej [56,152℄

4

, nor 
anoni
al [55℄. The problem whether the Re
all

def?

following equality holds

K � 23p! 32p = Log Fr f23p! 32pg

and whether the logi
 K�ma is de
idable had resisted all attempts based on the standard methods

of 
anoni
al models and �ltration until Fine [44℄ introdu
ed a new proof te
hnique based on 
ertain

normal forms to be 
onsidered in the next se
tion.j New

Another logi
 not 
overed by Sahlqvist's theorem is the logi
 KM

1

= K�fma

k

j k � 1g de�ned

in [88℄, where

ma

k

= 3

^

1�i�k

(3p

i

! 2p

i

):

ma

1

is K-equivalent to ma, so KM

1

� K�ma. In fa
t, KM

1

is the logi
 of the 
lass of frames

satisfying

8x9y

�

R(x; y) ^ 8z; z

0

(R(y; z) ^R(y; z

0

)! z = z

0

)

�

; (8)

so by Theorem 4.1 it is 
anoni
al.

In [64℄, the proof of Sahlqvist's theorem is extended to KM

1

and other logi
s. The method uses

`quasipositive' hybrid senten
es; see Chapter ??j for full details of hybrid logi
. In these formulas, REF??

existential and relativised universal quanti�ers over nominals are allowed, negation 
an only o

ur in

the latter, and there are no free nominals or propositional variables. From any quasipositive senten
e

', an in�nite set of modal axioms 
an be obtained e�e
tively. The modal axioms approximate ', by

4

This result was �rst proved by R. Goldblatt in his PhD thesis in 1974.
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treating nominals as propositional variables ranging over the partition sets of �nite partitions of the

worlds of a model. Ea
h partition is de�ned by the truth values of an arbitrary �nite set of modal

formulas. Existential and universal quanti�
ation are simulated by disjun
tions and 
onjun
tions

over partition sets. The axioms obtained in this way axiomatise a modal logi
 L

'

, whi
h is shown to

be the logi
 of the 
lass of frames validating ': i.e., L

'

= Log Fr f'g.

For example, let ' = 39i2i, where i is a nominal. Then ' is valid in pre
isely the frames satisfying

(8). The axioms obtained from ' are equivalent to substitution instan
es of the ma

k

above, and so

L

'

= KM

1

. For instan
e, the axiom obtained by approximating ' with respe
t to the �nite set

X = fp

1

; : : : ; p

k

g is

3

_

Y�X

2

�

^

p2Y

p ^

^

p2X�Y

:p

�

;

and this is K-equivalent to ma

k

.

The method extends to sets � of quasipositive senten
es. Every L

�

is the logi
 of an elementary


lass of frames, namely, Fr�. [64℄ shows that the modal logi
s of elementary 
lasses of frames are

pre
isely those of the form �

�

. The result applies to multi-modal logi
s and to logi
s with polyadi


modalities.

This result gives an interesting link between modal and hybrid logi
. It is analogous to Sahlqvist's


ompleteness theorem, sin
e Log Fr� = L

�

. An analogue of Sahlqvist's 
orresponden
e theorem

would state that FrL

�

is �rst-order de�nable (by �), but this 
annot be a
hieved in general, sin
e in

many 
ases, FrL

�

is non-elementary.

4.2 Uniform logi
s

Fine [44℄ used a modal analogue of the full disjun
tive normal form for 
onstru
ting �nite models

and proving the fmp of a family of logi
s in NExtD (
ontaining, in parti
ular, K�ma).

Observe �rst that every modal formula '(p

1

; : : : ; p

m

) is equivalent in K either to ? or to a

disjun
tion of normal forms (in the variables p

1

; : : : ; p

m

) of degree md(') (the modal depth of '),

whi
h are de�ned indu
tively in the following way. NF

0

, the set of normal forms of degree 0, 
ontains

all formulas of the form :

1

p

1

^ � � � ^ :

m

p

m

, where ea
h :

i

is either blank or :. NF

n+1

, the set of

normal forms of degree n+ 1, 
onsists of formulas of the form

� ^ :

1

3�

1

^ � � � ^ :

k

3�

k

;

where � 2 NF

0

and �

1

; : : : ; �

k

are all distin
t normal forms in NF

n

. Put NF =

S

n<!

NF

n

. Using

the fa
t that

W

f3� j � 2 NF

n

g 2 D, it is not hard to see also that in D every formula ' with

md(') � n is equivalent either to ? or to a disjun
tion of normal forms of degree n su
h that at least

one of :

1

; : : : ;:

k

in the indu
tive step of the de�nition above is blank. Su
h normal forms are 
alled

D-suitable. It should be 
lear that, for any distin
t �

0

; �

00

2 NF

n

, :(�

0

^ �

00

) 2 K. Consequently, for

every � 2 NF

n

and every '(p

1

; : : : ; p

m

) with md(') � n, we have either �! ' 2 K or � ! :' 2 K.

With ea
h D-suitable normal form � we asso
iate a modelM

�

= hF

�

;V

�

i based on F

�

= hW

�

; R

�

i

by taking

W

�

= f>g [ f�

0

2 NF j �

0

<

n

�; for some n � 0g;

�

0

< �

00

i� 3�

0

is a 
onjun
t of �

00

;

�

0

R

�

�

00

i� either �

0

> �

00

or md(�

0

) = 0 and �

00

= >;

V

�

(p) = f�

0

2W

�

j p is a 
onjun
t of �

0

g:

A

ording to the de�nition, > is the re
exive end-point in F

�

, and so F

�

is serial. By a straightforward

indu
tion on the degree of �

0

2 W

�

one 
an show that (M

�

; �

0

) j= �

0

. It follows immediately that D

has the �nite model property (fmp, for short). Indeed, given ' 62 D, we redu
e :' to a disjun
tion

of D-suitable normal forms with at least one disjun
t �, and then (M

�

; �) j= �.
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It turns out that in the same way we 
an prove the fmp of all logi
s in NExtD axiomatisable

by uniform formulas whi
h are de�ned as follows. Every ' without modal operators is a uniform

formula of degree 0; and if ' =  (�

1

�

1

; : : : ;�

m

�

m

), where �

i

2 f2;3g, md( (p

1

; : : : ; p

m

)) = 0

and �

1

; : : : ; �

m

are uniform formulas of degree n, then ' is a uniform formula of degree n + 1. A

remarkable property of uniform formulas is the following. Suppose that ' is a uniform formula of

degree n and M, N are models based on the same frame F = hW;Ri and su
h that, for some point

x, (M; y) j= p i� (N; y) j= p for every y 2 x"

n

and every variable p in ', where

X" = X"

1

= fy 2W j 9x 2 X xRyg; X"

n+1

= (X"

n

)" :

Then (M; x) j= ' i� (N; x) j= '.

Given a logi
 L, we 
all a normal form � L-suitable if F

�

j= L.

Theorem 4.4 (Fine) Every logi
 L 2 NExtD axiomatisable by uniform formulas has the fmp.

Proof It suÆ
es to prove that ea
h formula ' with md(') � n is equivalent in L either to ? or to

a disjun
tion of L-suitable normal forms of degree n. And this fa
t will be established if we show

that every D-suitable normal form � su
h that � ! ? 62 L is L-suitable. Suppose otherwise. Let

� be an L-
onsistent and D-suitable normal form of the least possible degree under whi
h it is not

L-suitable. Then there are a uniform formula  2 L of some degree m and a model M = hF

�

;Vi

su
h that (M; �) 6j=  .

For every variable p in  , let �

p

= f�

0

2 �"

m

j (M; �

0

) j= pg and let Æ

p

=

W

�

p

(if �

p

= ; then

Æ

p

= ?). Observe that for every �

0

2 �"

m

we have (M

�

; �

0

) j= Æ

p

i� �

0

2 �

p

i� (M; �

0

) j= p. Therefore,

the formula  

0

that results from  by repla
ing ea
h p with Æ

p

is false at � inM

�

. Now, if md( 

0

) > n

then m > n, and so Æ

p

= ? for every p in  , i.e.,  

0

is variable free. But then  

0

is equivalent in D

to > or ?, 
ontrary to F

�

6j=  

0

and L being 
onsistent. And if md( 

0

) � n then either � !  

0

2 K,

whi
h is impossible, sin
e (M

�

; �) 6j= � !  

0

, or � ! : 

0

2 K, from whi
h  

0

! :� 2 K and so

:� 2 L, 
ontrary to � being L-
onsistent. 2

It is not hard to extend Fine's theorem to the multi-modal 
ase, namely, to those logi
s that


ontain 3

i

>, for all i = 1; : : : ; n, and are axiomatisable by formulas ' in whi
h all maximal sequen
es

of nested modal operators 
oin
ide with respe
t to the distribution of the indi
es i of 2

i

and 3

i

.

As a 
onsequen
e of Theorem 4.4 we obtain that KM = K �ma enjoys the fmp and so is

de
idable. Strange as it may seem, the following problem is still open:j New

Problem 4.5 What is the 
omputational 
omplexity of KM?

4.3 Logi
s with 23-axioms

Another result, 
onne
ting the fmp of logi
s with the distribution of 2 and 3 over their axioms,

is based on the following observation whi
h 
an be regarded as the modal analogue of Glivenko's

theorem for intuitionisti
 logi
 (see, e.g., [26℄): for any '; 2 ML

1

, we have 3' $ 3 2 S5 i�

23' $ 23 2 K4. The proof of this observation is almost trivial. Suppose 23' ! 23 =2 K4.

Then there exist a �nite modelM, based on a transitive frame, and a point x in it su
h that x j= 23'

and x 6j= 23 . It follows from the former that every �nal 
luster a

essible from x, if any, is non-

degenerate and 
ontains a point where ' is true. The latter means that x `sees' a �nal 
luster C at

all points of whi
h  is false. Now, by taking the generated submodel of M based on C, we obtain a

model for S5 refuting 3'! 3 . The rest is obvious, sin
e 3p$ 23p is in S5 and K4 � S5.

ML

1

-formulas in whi
h every o

urren
e of a variable is in the s
ope of a modality 23 will be


alled 23-formulas. The next theorem is due to Rybakov [124℄.

Theorem 4.6 (Rybakov) If a logi
 L 2 NExtK4 is de
idable (or has the fmp) and  is a 23-

formula then L�  is also de
idable (has the fmp).
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Proof Let  =  

0

(23�

1

; : : : ;23�

n

), for some formula  

0

(q

1

; : : : ; q

n

). If '(p

1

; : : : ; p

m

) 2 L �  

then there exists a derivation of ' in L� in whi
h substitution instan
es of  
ontain no variables

di�erent from p

1

; : : : ; p

m

. Ea
h of these instan
es has the form  

0

(23�

0

1

; : : : ;23�

0

n

), where every

�

0

i

is some substitution instan
e of �

i


ontaining only p

1

; : : : ; p

m

. Now, it is not hard to see that,

similarly to 
lassi
al propositional logi
, there are �nitely many pairwise nonequivalent formulas in

S5 built from p

1

; : : : ; p

m

(for more details see, e.g., [129℄ or [26℄). In view of the observation above,

there are �nitely many pairwise nonequivalent in K4 substitution instan
es of 23�

i

of that sort

(the reader 
an easily estimate the number of them). So there exist only �nitely many pairwise

nonequivalent in K4 substitution instan
es of  
ontaining p

1

; : : : ; p

m

, say,  

1

; : : : ;  

k

, and we 
an

e�e
tively 
onstru
t them. Then, by the dedu
tion theorem,

' 2 L�  i� 2

+

( 

1

^ � � � ^  

k

)! ' 2 L;

where 2

+

� = � ^ 2�. Thus, L �  is de
idable (or has the fmp) whenever L is de
idable (has the

fmp). 2

It should be noted that by adding in�nitely many 23-formulas to a logi
 L with the fmp one 
an


onstru
t a Kripke in
omplete logi
; for a 
on
rete example see [123℄.

4.4 Logi
s with noniterative axioms

Lewis [91℄ 
onsidered those logi
s in NExtK

n

that 
an be axiomatised by ML

n

-formulas without

nested modal operators. We 
all su
h logi
s noniterative. Examples of noniterative logi
s are

T = K � 2p! p or K

2

� 2

2

p! 2

1

p:

Theorem 4.7 (Lewis) All noniterative logi
s in NExtK

n

have the fmp.

Proof Suppose that the axioms of L = K

n

� � have no nested modal operators and ' 62 L. Let

sub' be the set of all subformulas of '. By a '-des
ription we mean any set of subformulas of '

together with the negations of the remaining formulas in sub'. For ea
h L-
onsistent '-des
ription

�, take a maximal L-
onsistent set �

�


ontaining �. Denote by W the (�nite) set of the sele
ted

�

�

and de�ne F = hW; hR

i

j i 2 Iii and M = hF;Vi by taking

�

�

R

i

�

	

i� 3

i

^

	 2 �

�

andV(p) = f�

�

2W j p 2 �

�

g. It is easily proved that (M;�

�

) j=  i�  2 �

�

, for all subformulas

 of ' and �

�

2 W . Hen
e F 6j= '. It is also easy to see that for all truth-fun
tional 
ompounds  

of subformulas in ',

(M;�

�

) j= 3

i

 i� 3

i

 2 �

�

: (9)

Consider now a model M

0

= hF;V

0

i and � 2 �. For ea
h variable p put

 

p

=

_

n

^

� j �

�

2 V

0

(p)

o

and denote by �

0

the result of substituting  

p

for p, for ea
h p in �. Then M

0

j= � i� M j= �

0

. In

view of (9), we haveM j= �

0

be
ause �

0

has no nested modalities. Thus, F j= � and so F j= L. 2

4.5 Modal redu
tion prin
iples

Modal redu
tion prin
iples|that is, formulas of the form Mp ! Np, where M and N are strings

of 2

i

and 3

j

|have always attra
ted the attention of modal logi
ians, with the aim being to redu
e

the number of nested modal operators. (For example, both 23p $ 3p and 32p $ 2p are in S5.)

In the 
ontext of this 
hapter, we are interested in 
ompleteness and de
idability of normal modal

logi
s axiomatised by modal redu
tion prin
iples.
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As we know from Se
tion 4.1, there are unde
idable logi
s in NExtK

2

with �nitely many modal

redu
tion prin
iples as their axioms. But it seems that nearly nothing is known about the behaviour

of logi
s with su
h axioms in NExtK. Perhaps one of the most intriguing open problems in Modal

Logi
 is the following:

Problem 4.8 Do the logi
s of the form K�2

n

p! 2

m

p have the �nite model property?

Note, however, that by Sahlqvist theorem all logi
s of the form K�2

n

p! 2

m

p are 
hara
terised

by their Kripke frames that are de�nable by �rst-order formulas (whi
h are similar to transitivity: if

y is a

essible from x in m steps, then y is a

essible from x in n steps as well).

Van Benthem [153℄ showed that modal redu
tion prin
iples in ML

1

are all �rst-order de�nable

over transitive frames (this is not the 
ase in general: e.g., the M
Kinsey axiom 23p! 32p is not

�rst-order de�nable over arbitrary frames; see [153℄ for a 
omplete 
hara
terisation).

The following result was proved in [175℄ using the method of 
anoni
al formulas to be dis
ussed

in Se
tion 6:

Theorem 4.9 All logi
s in NExtK4 axiomatisable by modal redu
tion prin
iples have the fmp and

are de
idable.

Problem 4.10 Are extensions of K

n

with modal redu
tion prin
iples Kripke 
omplete?

Problem 4.11 Are extensions of K with modal redu
tion prin
iples de
idable?

4.6 Logi
s with n-variable axioms

A very natural synta
ti
al parameter of a modal logi
 L � � is the number of variables in its extra

axioms � over L. For example, D = K � 3> is axiomatised by a variable-free formula over K

and almost all standard modal logi
s|e.g., K4, S4, S5, Grz, GL|
an be axiomatised by adding

axioms with only one variable to K. (A notable ex
eption is K4:3 whose axiomatisation requires two

variables; see [119℄).

We start our dis
ussion of variable-free axioms with a simple observation that the truth of a

variable-free formula ' does not depend on the valuation, i.e., for every model M based on a frame

F, we have M j= ' i� F j= '. Therefore, we 
an redu
e dedu
tion in L � ' to `global' dedu
tion

in L. More pre
isely, we say that a formula  follows globally from a set of formulas � in a logi
 L

if M j= � implies M j=  for every model M based on a frame for L. Now, if global dedu
tion is

de
idable for L, then L� ' is de
idable: indeed,  2 L� ' i�  follows globally from ' in L.

To make use of this observation we need to know how to prove de
idability of `global dedu
ibility'

for modal logi
s L. For L 2 NExtK4 this is simple be
ause  follows globally from ' in L i�

' ^2'!  2 L.

Theorem 4.12 If ' is variable-free and L 2 NExtK4 is de
idable, then L� ' is de
idable.

Note that there are extensions of K4 with in�nitely many variable free formulas whi
h are un-

de
idable and do not have the fmp; for a 
on
rete example and further details see [26℄. This 
annot

happen in NExtGL, however, sin
e ea
h variable-free formula is dedu
tively equivalent in GL to one

of the formulas >, 2

n

?, for n < !. As 2

i

? ! 2

j

? 2 K4 � GL, for i � j, all extensions of GL

with variable-free formulas are �nitely axiomatisable and de
idable.

The simple redu
tion of global dedu
ibility above does not apparently work for `non-transitive'

logi
s in NExtK. In fa
t, there are de
idable normal modal logi
s L su
h that global dedu
ibility is

unde
idable for L. (The �rst example of su
h a logi
 was 
onstru
ted by Spaan [139℄. Another natural

example is K�K; for details see Chapter ??j or [48℄.) It should be 
lear that global dedu
ibility in a Ref?

�nitely axiomatisable modal logi
 L is de
idable if L enjoys the so-
alled global �nite model property

(global fmp, for short): for every �nite set � [ f g of formulas,  does not follow globally from �

i� there exists a �nite model M based on a frame for L su
h that M j= � and M 6j= '. The global
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fmp of many standard modal logi
s like K

n

, K4

n

, S5

n


an be proved by �ltration: just start with a

possibly in�nite modelM su
h thatM j= � andM 6j=  , and then �ltrate it through the subformulas

of � [ f g; see [59℄ for details. For example, we have the following:

Theorem 4.13 If ' is variable-free, then K

n

� ' is de
idable.

The unde
idable Sahlqvist logi
 on page 19 shows that this result does not hold for axioms with

one variable. Chagrov [21℄ 
onstru
ted a one-variable formula ' su
h that GL�' is unde
idable. It

turns out, however, that we have the following theorem whi
h was proved in [175℄ using the method

of 
anoni
al formulas (to be dis
ussed in Se
tion 6):

Theorem 4.14 For every one-variable formula ', S4� ' has the fmp and is de
idable.

On the other hand, an in�nite number of one-variable axioms 
an yield an extension of S4 without

the fmp [133℄. A Kripke in
omplete extension of S4 with a two-variable axiom was 
onstru
ted by

Shehtman [132℄ and an unde
idable logi
 above S4 with a three-variable axiom by Chagrov [21℄.

Problem 4.15 Are extensions of S4 with a two-variable axiom de
idable?

5 Semanti
ally 
onstrained 
lasses of modal logi
s

In the previous se
tion we 
onsidered `ni
e' 
lasses of modal logi
s de�ned in terms of the form of the

logi
s' axioms. Here we give a brief overview of well-behaved 
lasses of modal logi
s determined by

imposing some natural 
onstraints on the form of their frames.

Tabular logi
s

A normal modal logi
 L is said to be tabular if it is determined by a �nite set of �nite frames. Sin
e

the 
lass of frames for a normal modal logi
 is 
losed under disjoint unions, L is tabular i� there exists

a single �nite frame that determines L. In many respe
ts tabular logi
s are easy to deal with. For

instan
e, the problem of de
iding whether a formula ' belongs to a tabular logi
 is trivially de
ided

in NP by 
onsidering all possible valuations in the �nite frame 
hara
terising L. Moreover, it is not

diÆ
ult to provide a �nite axiomatisation for a tabular logi
; for details see, e.g., [177℄. Thus, we

arrive at the following:

Theorem 5.1 Every tabular normal modal logi
 is NP-
omplete and �nitely axiomatisable.

What is the position of tabular logi
s within the latti
es NExtK

n

? First, it is easy to see that

every normal modal logi
 
ontaining a tabular modal logi
 L is tabular as well and is determined by

frames that are p-morphi
 images of generated subframes of any frame whi
h determines L. Therefore,

we have:

Theorem 5.2 If L is tabular then NExtL is �nite and 
ontains only tabular logi
s. NExtL 
an be

e�e
tively 
omputed.

On the other hand, a

ording to Theorem 3.8, the axiomatisation problem for tabular modal

logi
s is always unde
idable in NExtK

n

. The situation is not so hopeless if we 
onsider the following

relativised version of the axiomatisation problem for tabular logi
s above some suÆ
iently `strong'

logi
 L

0

� K

n

: given a tabular logi
 L � L

0

and an arbitrary formula ', de
ide whether L

0

�' = L.

For example, one 
an easily show (see, e.g., [26,177℄ and referen
es therein) that every tabular logi



ontaining K4 is a union-splitting of K4 and that a logi
 is tabular in NExtK4 i� it has �nitely

many normal extensions. Moreover, the following holds:

Theorem 5.3 If L 2 NExtK4 is tabular then f' j K4� ' = Lg is de
idable.
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How to determine whether a given logi
 is tabular? The key idea suggested by Kuznetsov [82℄ is

to 
onsider the so-
alled pretabular logi
s.

A logi
 L 2 NExtL

0

is said to be pretabular if L is not tabular but every proper extension of L

in NExtL

0

is tabular. In other words, a pretabular logi
 is a maximal nontabular logi
 in NExtL

0

.

Using Zorn's lemma it is easily seen that, in NExtK

n

, every non-tabular logi
 is 
ontained in a

pretabular one. It is also known that every pretabular logi
 in NExtK4 has the fmp (for proofs and

referen
es 
onsult [26℄). Moreover, Maksimova [96℄ and Esakia and Meskhi [38℄ showed that there are

only �ve (pretty simple) pretabular logi
s in NExtS4. Using this result one 
an show the following:

Theorem 5.4 The set f' j S4� ' is tabularg is de
idable.

Note that there are a 
ontinuum of pretabular logi
s in NExtK4, while NExtGL 
ontains 
ount-

ably many of them [10,17℄, and the set f' j GL� ' is tabularg is de
idable.

Transitive logi
s of �nite depth and width

A very natural semanti
al 
onstraint on logi
s from NExtK4 is the length of maximal 
hains and

anti
hains in their rooted frames. Say that a logi
 L 2 NExtK4 is of depth n < ! if L has a frame

hW;Ri with a 
hain x

1

Rx

2

R : : : Rx

n

of points from distin
t 
lusters, but no frame with su
h 
hains

of greater length validates L. Synta
ti
ally, logi
s of depth n 
an be de�ned as those extensions of

K4 that 
ontain the formula bd

n

but not bd

n+1

, where

bd

1

= 32p

1

! p

1

;

bd

n+1

= 3(2p

n+1

^ :bd

n

)! p

n+1

:

The following theorem was proved in [129℄:

Theorem 5.5 (Segerberg) Every logi
 of �nite depth has the �nite model property (in fa
t, is

lo
ally tabular in the sense that it has only �nitely many nonequivalent formulas with variables

p

1

; : : : ; p

n

), and so is de
idable if �nitely axiomatisable.

It is to be noted that there are a 
ontinuum of logi
s of depth 3 [84℄.

Say that a logi
 L 2 NExtK4 is of width n < ! if it has a rooted frame hW;Ri with an anti
hain

x

1

; : : : ; x

n

(i.e., x

i

Rx

j

does not hold for any distin
t i; j � n) but no rooted frame with an n+1-point

anti
hain validates L. Synta
ti
ally, logi
s of width n 
an be des
ribed as those extensions of K4

that 
ontain the formula bw

n

but not bw

n+1

, where

bw

n

=

n

^

i=0

3p

i

!

_

0�i 6=j�n

3

�

p

i

^ (p

j

_3p

j

)

�

:

The logi
s of width 1 are pre
isely the extensions of NExtK4:3.

The following theorem was proved in [43℄:

Theorem 5.6 (Fine) All logi
s of �nite width are Kripke 
omplete.

There are a 
ontinuum of logi
s of width 1. However, those of them that are �nitely axiomatisable

behave quite ni
ely as was shown in [176,93℄:

Theorem 5.7 All �nitely axiomatisable logi
s in NExtK4:3 are de
idable (in fa
t 
oNP-
omplete),

though not ne
essarily have the �nite model property.

Nothing is known about de
idability of �nitely axiomatisable logi
s of width n > 1 (our 
onje
ture

is that all of them are de
idable):

Problem 5.8 Are �nitely axiomatisable logi
s of width n > 1 de
idable? What is their 
omputational


omplexity?

25



For logi
s above S4:3 we have the following 
lassi
al result of [14,40,139℄:

Theorem 5.9 (Bull, Fine, Spaan) All logi
s in NExtS4:3 are �nitely axiomatisable, have the �-

nite model property and are 
oNP-
omplete.

Problem 5.10 Does there exist an algorithm that de
ides, given a formula ', whether the logi


K4� ' is of �nite width/depth?

Logi
s 
ontaining K5

Re
all that K5 = K � 3p2 ! 2p is the logi
 determined by all Eu
lidean frames hW;Ri, where

Eu
lidean means that

8x8y8z(xRz ^ xRy ! yRz):

The papers [113,114℄ investigate the (possibly non-normal) extensions of K5. The following theorem

summarises the results for logi
s in NExtK5:

Theorem 5.11 (Nagle, Thomason) All logi
s in NExtK5 have the �nite model property, are �-

nite axiomatisable, and so de
idable. The latti
e NExtK5 
an be 
omputed e�e
tively.

It is not diÆ
ult to see that a
tually all logi
s in NExtK5 have the polynomial �nite model

property and are 
oNP-
omplete.

Logi
s 
ontaining S5� S5

S5 � S5 is the bimodal logi
 determined by produ
t frames of the form hW �W;R

1

; R

2

i, where

(w

1

; w

2

)R

1

(w

0

1

; w

0

2

) i� w

2

= w

0

2

, and (w

1

; w

2

)R

2

(w

0

1

; w

0

2

) i� w

1

= w

0

1

. It was introdu
ed and investi-

gated be
ause of its 
lose relation to the two-variable fragment of �rst-order logi
 [130,48℄; see also

Chapter ??. S5 � S5 
an be axiomatised by adding to the fusionj of S5 with S5 the modal axiom Referen
e

or

def?

3

1

3

2

p$ 3

2

3

1

p saying that R

1

and R

2


ommute. Logi
s 
ontaining S5� S5 are surprisingly well-

behaved. Indeed, while S5 � S5 itself is NEXPTIME-
omplete [103℄, it was proved in [6,5℄ that we

have the following:

Theorem 5.12 Every normal bimodal logi
 properly 
ontaining S5 � S5 has the poly-size model

property (i.e., every refutable formula ' is refutable in a model of size polynomial in '), it is �nitely

axiomatisable, and 
oNP-
omplete.

The axiomatisation result is based on a variant of Kruskal's tree theorem. The pi
ture is di�erent

if a 
onstant for the diagonal f(w;w) j w 2 Wg (motivated by its interpretation as `equality' in

�rst-order logi
) is added to the bimodal language. In this 
ase there exist un
ountably many normal

modal logi
s extending S5�S5 with the diagonal, and it is open whether all of them have the �nite

model property [3,4℄.

Logi
s 
ontaining K� alt

n

A frame F = hW;Ri validates the formula

alt

n

= 2p

1

_2(p

1

! p

2

) _ � � � _2(p

1

^ � � � ^ p

n

! p

n+1

);

where n � 0, i� ea
h point in F has at most n distin
t R-su

essors. Segerberg [131℄ proved the

following:

Theorem 5.13 All logi
s in NExt (K� alt

1

) have the �nite model property, are �nitely axiomatis-

able, and so de
idable. The latti
e NExt (K� alt

1

) 
an be 
omputed e�e
tively.

It is not diÆ
ult to see that a
tually all extensions of K� alt

1

have the polynomial �nite model

property and are 
oNP-
omplete. Extensions of K� alt

n

for n > 1 are investigated in [1℄:
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Theorem 5.14 All logi
s in NExt (K � alt

n

) are Kripke 
omplete and their frames are �rst-order

de�nable.

An analysis of extensions of fusions of NExt (K� alt

n

) is given in [76,61℄.

6 Frame-theoreti
 
hara
terisation

Finding 
hara
terisations of those 
lasses of stru
tures that 
an be de�ned by (sets of) formulas of a

given language L is one of the 
entral resear
h problems in the development of a model theory for the

language. This is often a
hieved by introdu
ing 
ertain truth-preserving operators on 
lasses of stru
-

tures (e.g., the formation of p-morphi
 images, generated subframes, disjoint unions, ultraprodu
ts,

et
.) and then proving that the L-de�nable 
lasses are pre
isely those that are 
losed under these

operators|a kind of Birkho�-type theorem for varieties of abstra
t algebras. Su
h 
hara
terisations

for modal logi
s are dis
ussed in Chapters ?? and ??j on modal model theory. Unfortunately, abstra
t Refs


or-

re
t?


hara
terisations of this sort are of limited use when we deal with modal de
ision problems. In this


ontext, what we need is not 
hara
terisations that are `as abstra
t as possible,' but rather expli
it

�nitely presentable ones.

Of 
ourse, modal formulas themselves 
an be regarded as a `�nitely presented 
hara
terisation'

of modally de�nable 
lasses of frames. However, in general, the information 
ontained in formulas

is rather impli
it and non-stru
tural (or `non-geometri
')|one has to work hard to learn how to

de
ipher their meaning.

As a �rst step towards more informative �nite presentations of modally de�nable 
lasses of general

frames, let us �nd out whi
h of these 
lasses F 
annot be de
omposed in the sense that whenever

F = GFr�, for some set � of modal formulas, then there is a  2 � su
h that F = GFr f g. In

other words, this means that we 
annot make the information provided by su
h a formula  `more

expli
it' by repla
ing it with two (or more) formulas  

1

and  

2

su
h that GFr f g = GFr f 

1

;  

2

g,

but GFr f g $ GFr f 

i

g for i = 1; 2.

Again, as in Blok's di
hotomy and Chagrov's 
lassi�
ation, it is the notion of splittings that

provides a proper framework for investigating inde
omposability. In fa
t, one 
an show that, for

every normal modal logi
 L, the 
lass GFrL is inde
omposable i� there exists a �nite rooted (
y
le

free) frame F su
h that L = K=F. Indeed, suppose that L = K=F = K� � for some set of formulas

�. Then there is a  2 � su
h that F 6j=  (for otherwise F j= � and therefore F 2 GFrL). But

then L � K�  , from whi
h (sin
e  2 �) L = K�  . (For the other dire
tion and further details

see Chapter ??.j) Thus, we 
an say that the formula  des
ribes F . Moreover, in view of (4),  is Ref


ortre
t?

dedu
tively equivalent to the formula 2

�n

Æ

F

! :p

r

, where n = d(F), whi
h expli
itly says: `G 2 F

i� there does not exist a generated subframe of G having F as its p-morphi
 image.' The formula

2

�n

Æ

F

! :p

r


an be regarded as a modal diagram of F.

It follows from these 
onsiderations that we would have a kind of optimal expli
it and �nite

presentation of modally de�nable 
lasses if we 
ould prove that for every formula ' there exists a set

F of �nite rooted frames su
h that

GFr' = GFr (K=F):

Then every modally de�nable 
lass 
ould be presented by means of a set of inde
omposable geomet-

ri
ally expli
it formulas as above.

Now, the bad news is that we know from the proof of Blok's di
hotomy that this is far from being

the 
ase: D is the only standard modal system that 
an be represented in this way.

But the good news is that this situation 
hanges drasti
ally as soon as we 
on�ne ourselves to

`transitive' modal logi
s, in parti
ular, unimodal normal extensions of K4, linear tense logi
s, or

bimodal provability logi
s. Although, as we shall see below, it is impossible to represent all normal

modal logi
s extending, say, K4 in the form L = K4=F , for some set F of �nite rooted frames, we
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an still introdu
e appropriate modi�
ations and extensions of the notion of splitting whi
h allow

geometri
 �nite representations of every normal extension of K4. In this 
hapter we will show su
h

representations �rst for normal extensions of K4 and then for extensions of linear tense logi
s. The


ase of bimodal provability logi
s is 
onsidered in [167℄.

6.1 Canoni
al formulas for K4

This frame-theoreti
 or `geometri
' approa
h to investigating modal logi
s in NExtK4 and similar


lasses was laun
hed by Jankov [66,69℄ (in the framework of extensions of intuitionisti
 logi


5

),

Blok [8℄, Fine [45℄ and Zakharyas
hev [172,174,175℄. Let us observe �rst that a number of standard

logi
s in NExtK4 are indeed union-splittings, and so their frames 
an be elegantly 
hara
terised in

frame-theoreti
 terms. For example,

S4 = K4 � 2p! p = K4=f�; �

Æ

6

g;

S4:1 = S4 � 23p! 32p = S4=
2 ;

S4:2 = S4 � 32p! 23p = S4= Æ

Æ Æ

A

AK

�

��

;

where 
2 is a two-point 
luster. As we saw above, this means that, e.g., for every (general) frame F

for S4, F 6j= 23p! 32p i� there is a generated subframe of F whi
h 
an be p-morphi
ally mapped

onto 
2 . To appre
iate the elegan
e of this frame-theoreti
 language, 
ompare the purely geometri



hara
terisation above with the standard �rst-order des
ription of the Kripke frames for S4:1:

hW;Ri j= 23p! 32p i� 8x9y

�

xRy ^ 8z (yRz ! y = z)

�

:

This observation leads to the following natural questions:

(A) Is it possible to 
hara
terise transitive frames for arbitrary formulas in a similar way?

(B) If this is indeed the 
ase, then perhaps the de
ision problem (as well as many other problems)


ould be redu
ed to `
omparing' some �nite frames? (E.g., K4=F � K4=G i� G is a p-morphi


image of some generated subframe of F.)

We analyse these questions using a number of simple examples. Consider �rst the G�odel{L�ob prov-

ability logi
 GL = K4� la, where

la = 2(2p! p)! 2p:

It is well-known that a Kripke frame F validates la i� F is transitive, irre
exive (i.e., a stri
t partial

order) and Noetherian in the sense that it 
ontains no in�nite as
ending 
hain. It is also well-known

that the 
ondition of Noetherianness is not a �rst-order one. But what is more important in the

present 
ontext, the frame

Æ � � �

- --

� � �

refutes la and yet 
ontains no generated subframe that 
an be p-morphi
ally mapped onto a �nite

frame refuting la. This means that GL is not a union-splitting of NExtK4 by means of �nite frames.

To �nd an expli
it �nitely presentable geometri
 
hara
terisation of frames for GL some other frame-

theoreti
 
onstru
tions are needed. Let us have another look at the stru
ture of 
ountermodels for

la.

5

Jankov [69℄ des
ribed all `
onjun
tively inde
omposable' intuitionisti
 formulas|i.e., splittings of the extensions of

intuitionisti
 logi
|and promised to investigate `de
omposable formulas' in his next paper whi
h has never appeared.

At the beginning of the 1980s he was arrested by the KGB for his support of the Solidarity movement in Poland.
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Suppose that a general frame F = hW;R;P i refutes la under some valuation. Then the set

V = fx 2 W j x 6j= lag is in P and V � V # = fw 2 W j 9v 2 V wRvg. It follows from the former

that G = hV;R�V; fX \ V j X 2 Pgi is a frame|we 
all it the subframe of F indu
ed by V . And

the latter 
ondition means that there is a p-morphism from G onto a single re
exive point Æ, whi
h

is the simplest refutation frame for la. Moreover, one 
an readily 
he
k that the 
onverse also holds:

if there is a subframe G of F whi
h 
an be p-morph
ally mapped onto Æ then F 6j= la.

This example motivates the following de�nitions. Given frames F = hW;R;P i and G = hV; S;Qi,

a partial (i.e., not totally de�ned, in general) map f from W onto V is 
alled a subredu
tion of F to

G if it satis�es the following 
onditions, for all x; y 2 dom f = f

�1

(V ) and all X 2 Q,

�

xRy implies f(x)Sf(y);

�

f(x)Sf(y) implies 9z 2W

�

xRz ^ f(z) = f(y)

�

;

�

f

�1

(X) 2 P .

In other words, an f -subredu
t of F is a p-morphi
 image|or a redu
t|of the subframe of F indu
ed

by dom f . A frame G = hV; S;Qi is a subframe of F = hW;R;P i if V � W and the identity map on

V is a subredu
tion of F to G, i.e., if S = R�V and Q � P . Note that a generated subframe G of F

is not in general a subframe of F, sin
e V may be not in P .

Thus, the 
hara
terisation of frames for GL 
an be reformulated like this: F 6j= la i� F is subre-

du
ible to Æ. Here are two more examples:

�

A frame F refutes the Grzegor
zyk axiom 2(2(p! 2p)! p)! p i� is subredu
ible to � or to 
2 .

�

A quasi-order F refutes the Dummett axiom 2(2p! q)_2(2q ! p) i� F is subredu
ible to Æ

Æ Æ

A

AK

�

��

.

Now let us 
onsider the logi
 GL:2 = GL � ga, where ga is the Gea
h axiom 32p! 23p. It

is easy to see that every Kripke frame refuting ga must 
ontain the fork �

� �

A

AK

�

��

as a subframe, and in

general, if F 6j= ga then F is subredu
ible to this fork. However, the 
onverse does not hold|just

add a point � above the spikes of the fork to obtain a 
ounterexample. What we a
tually need is a

fork-like subframe with its spikes having no 
ommon su

essor. A good mathemati
al notion that is


apable of des
ribing this and other similar 
ases is the notion of 
o�nality.

A subredu
tion f of F to G is 
alled 
o�nal if

domf " � dom f [ dom f #

or in English: if a point x is a

essible from the domain of f then either x belongs to the domain of

f itself or `sees' a point in dom f . For example, if we add to the fork a top point as above, then the

resulting frame is subredu
ible to the original fork, but not 
o�nally be
ause the top point 
annot

belong to the domain of the subredu
tion.

Returning ba
k to the Gea
h axiom ga, it is an easy exer
ise to show that a frame F for GL

refutes ga i� F is 
o�nally subredu
ible to �

� �

A

AK

�

��

. Another example: a transitive F refutes 3> i� F is


o�nally subredu
ible to �.

For the majority of standard modal axioms these two notions|plain and 
o�nal subredu
tions|

are enough. But not for all. The simplest 
ounterexample is the density axiom den = 22p ! 2p.

It is refuted by the 
hain H of two irre
exive points but be
omes valid if we insert between them a

re
exive one. In fa
t, F 6j= den i� there is a subredu
tion f of F to H su
h that f(x") = fag for no

point x in dom f"�dom f , where a is the �nal point in H.

Intuitively, every refutation frame for formulas like la 
an be 
onstru
ted by adding new points to

a frame G that is redu
ible to some �nite refutation frame of �xed size. For formulas like ga we have

to take into a

ount the 
o�nality 
ondition and do not pla
e new points `above' G. And formulas
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like den impose another restri
tion: some pla
es inside G may be `
losed' for inserting new points.

These `
losed domains' 
an be singled out in the following way.

Suppose N = hH;Ui is a model and a an anti
hain in H|i.e., the points in a do not see ea
h

other. Say that a is an open domain in N relative to a formula ' if there is a pair t

a

= (�

a

;�

a

) su
h

that �

a

[�

a

= sub',

V

�

a

!

W

�

a

62 K4 and

�

2 2 �

a

implies  2 �

a

,

�

2 2 �

a

i� a j= 2

+

 for all a 2 a.

Otherwise a is 
alled a 
losed domain in N relative to '. A re
exive singleton a = fag is always

open: just take t

a

= (f 2 sub' j a j=  g; f 2 sub' j a 6j=  g). It is easy to see also that anti
hains


onsisting of points from the same 
lusters are open or 
losed simultaneously; we will not distinguish

between su
h anti
hains.

Given a frame H and a (possibly empty) set D of anti
hains in H, we say that a subredu
tion f

of F to H satis�es the 
losed domain 
ondition for D if

(CDC) :9x 2 dom f"� dom f 9 d 2 D f(x") = d [ d".

In terms of (CDC) refutation frames for the density axiom den 
an be 
hara
terised as follows:

F 6j= den i� there is a subredu
tion of F to �

�

6

a

satisfying (CDC) for ffagg.

Suppose now that N = hH;Ui is a �nite 
ountermodel for ' and D is the set of all 
losed domains

in N relative to '. We 
laim that in this 
ase F 6j= ' whenever there is a 
o�nal subredu
tion f of F

to H satisfying (CDC) for D. Moreover, if ' is negation free (i.e., 
ontains no ?, :, 3) then a plain

subredu
tion satisfying (CDC) for D is enough. Indeed, if f is 
o�nal and F = hW;R;P i then we 
an

assume that dom f [ dom "= W . De�ne a valuation V in F as follows. If x 2 dom f then we take

x j= p i� f(x) j= p, for every variable p in '. If x =2 dom f then f(x") 6= ;, sin
e f is 
o�nal. Let a be

an anti
hain in H su
h that a [ a"= f(x"). By (CDC), a is an open domain in N, and we put y j= p

i� p 2 �

a

, for every y =2 dom f su
h that f(y") = f(x"). It is easy to 
he
k that under this valuation

x j=  i� f(x) j=  in the 
ase x 2 dom f , and x j=  i�  2 �

a

, where a is the open domain in N

asso
iated with x, in the 
ase x =2 dom f , for every  2 sub'. If ' is negation free and f is a plain

subredu
tion then f(x") may be empty. In su
h a 
ase we just put x j= p, for all variables p.

Moreover, given an arbitrary formula ', one 
an e�e
tively 
onstru
t a �nite 
olle
tion of �nite

rooted frames F

1

; : : : ;F

n

(of some �xed size that depends on the size of ') and sele
t in them sets

D

1

; : : : ;D

n

of anti
hains su
h that, for any frame F, F 6j= ' i� there is a 
o�nal subredu
tion of F

to F

i

, for some i, satisfying (CDC) for D

i

. If ' is negation free then a plain subredu
tion satisfying

(CDC) is enough. Details 
an be found in [172,26℄.

This `expli
it �nitely presentable' 
hara
terisation of the 
onstitution of refutation transitive

frames 
an be expressed in the language of modal formulas similarly to the equation

K=F = K � 2

�n

Æ

F

! :p

r

:

Indeed, with every �nite frame F = hW;Ri with root r and every (possibly empty) set D of anti
hains

in F we 
an asso
iate formulas �(F;D;?) and �(F;D) su
h that G 6j= �(F;D;?) (G 6j= �(F;D)) i�

there is a 
o�nal (respe
tively, plain) subredu
tion of G to F satisfying (CDC) for D. Consider, for

example, the following formulas

�(F;D;?) = 2

+

Æ(F;D)! :p

r

;

where
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D4 = K4� �(�;?)

S4 = K4� �(�)

GL = K4� �(Æ)

Grz = K4� �(�) � �(
2 )

K4:1 = K4� �(�;?) � �(
2 ;?)

Triv = K4� �(�) � �(
2 )� �( Æ

Æ

6

)

Verum = K4� �(Æ) � �( �

�

6

)

S5 = S4� �( Æ

Æ

6

)

K4B = K4� �( �

�

6

) (4 axioms)

K4:2 = K4� �( �

�

�

6

6

;?)� �( Æ

�

6

;?)� �( �

� �

A

AK

�

��

;?) (8 axioms)

K4:3 = K4� �( �

� �

A

AK

�

��

) (6 axioms)

Dum = S4� �( Æ


2

Æ

A

AK

�

��

)� �(
2

Æ

6

)

Table 1

Canoni
al axioms of standard modal logi
s

Æ(F;D) =

^

xRy

(p

x

! 3p

y

) ^

^

:xRy

(p

x

! :3p

y

) ^

^

x6=y

(p

x

! :p

y

) ^

^

d2D

�

^

x2d[d"

y=2d[d"

(3p

x

^ :3p

y

)!

_

z2W

p

z

�

^

^

x2W

(p

x

! 3

_

y2W

p

y

)

and �(F;D) is obtained by omitting the last 
onjun
t from Æ(F;D). The formulas �(F;D;?) and

�(F;D) (or any other dedu
tively equivalent formulas) are 
alled the 
anoni
al and negation free


anoni
al formulas for F and D, respe
tively (it is not hard to get rid of : and 3 in the latter

formula; see, e.g., [26℄). The semanti
al meaning of these formulas should be 
lear: �(F;D;?) is

refuted in a frame G i� there is a 
o�nal subredu
tion of G to F satisfying (CDC) for D.

Theorem 6.1 There is an algorithm whi
h, given an ML

1

-formula ', returns 
anoni
al formulas

�(F

1

;D

1

;?); : : : ; �(F

n

;D

n

;?) su
h that

K4 � ' = K4 � �(F

1

;D

1

;?)� � � � � �(F

n

;D

n

;?):

If ' is negation free then one 
an use negation free 
anoni
al formulas.

Table 1 shows 
anoni
al axiomatisations of some standard modal logi
s in the �eld of K4. For

brevity we write �(F;?) instead of �(F; ;;?) and �(F) instead of �(F; ;). Ea
h � in the table is to

be repla
ed by both Æ and �.
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Theorem 6.1 provides a solution to problem (A) formulated at the beginning of this se
tion. It

shows that as far as su
h properties of modal logi
s (from NExtK4) as de
idability, 
ompleteness,

the fmp, et
. are 
on
erned, we 
an always deal with 
anoni
al formulas|whi
h expli
itly des
ribe

their frames. And the following observation gives a partial solution to problem (B).

Theorem 6.2 (1) For every logi
 L = K4�f�(F

i

; ;) j i 2 Ig and every 
anoni
al formula �(F;D;?),

we have �(F;D;?) 2 L i� F is subredu
ible to F

i

for some i 2 I.

(2) For every logi
 L = K4 � f�(F

i

; ;;?) j i 2 Ig and every 
anoni
al formula �(F;D;?), we

have �(F;D;?) 2 L i� F is 
o�nally subredu
ible to F

i

for some i 2 I.

(3) For every logi
 L = K4�f�(F

i

;D

i

;?) j i 2 Ig and every 
anoni
al formula �(F;D

℄

;?) where

D

℄

is the set of all anti
hains in F, we have �(F;D

℄

;?) 2 L i� there is a generated subframe of F

that is redu
ible to F

i

for some i 2 I.

It follows from (3) that K4 � ' is a splitting of NExtK4 i� ' is dedu
tively equivalent in

NExtK4 to a formula of the form �(F;D

℄

;?), where D

℄

is the set of all anti
hains in F (in this 
ase

K4=F = K4 � �(F;D

℄

;?)). Su
h formulas are known as Jankov formulas (Jankov [66℄ introdu
ed

them for intuitionisti
 logi
 in the algebrai
 setting), or frame formulas (used by Fine [43℄), or

Jankov{Fine formulas.

But the most interesting 
onsequen
e 
an be drawn from (1) or (2): all logi
s mentioned in (1)

and (2) of Theorem 6.2 have the fmp, and so are de
idable if �nitely axiomatisable. It follows, for

instan
e, that all logi
s in NExtS4:3|whi
h 
an be represented in the form (2) be
ause anti
hains

in frames for S4:3 are re
exive singletons|have the fmp. It is not hard to see also that all these

logi
s are �nitely axiomatisable whi
h gives the well-known result of Bull [14℄ and Fine [40℄ from

Theorem 5.9.

As we have already mentioned, pra
ti
ally all `standard' modal logi
s in the �eld of K4 
an be

axiomatised by 
anoni
al formulas of the form �(F; ;;?) or �(F; ;). This yields an answer to the

question `why modal logi
 is so robustly de
idable?' of Vardi [158℄ for the 
ase of transitive unimodal

logi
s. Although it is impossible to e�e
tively re
ognise whether a logi
 K4� ' 
an be axiomatised

by su
h formulas [24℄, there is a simple model-theoreti
 
hara
terisation of logi
s from (1) and (2) of

Theorem 6.2 dis
overed in [45,174℄:

Theorem 6.3 (1) A logi
 L 2 NExtK4 is axiomatisable by 
anoni
al formulas of the form �(F; ;)

i� L is 
hara
terised by a 
lass of (general) frames that is 
losed under the formation of subframes.

(2) A logi
 L 2 NExtK4 is axiomatisable by 
anoni
al formulas of the form �(F; ;;?) i� L is


hara
terised by a 
lass of (general) frames that is 
losed under the formation of 
o�nal subframes.

The logi
s from (1) and (2) are 
alled subframe and 
o�nal subframe logi
s, respe
tively. It

turns out that for these logi
s the notions of �rst-order de�nability, 
anoni
ity and strong Kripke


ompleteness are equivalent; see [45,174℄ and Theorem 8.1 below. It is worth noting that the fmp of

(
o�nal) subframe logi
s and the de
idability of those of them that are �nitely axiomatisable (there

are a 
ontinuum of subframe logi
s [174℄) is obtained from Theorems 6.1 and 6.2 for free: it suÆ
es

to 
he
k whether the frame of the tested 
anoni
al formula is (
o�nally) subredu
ible to the frame of

one of the 
anoni
al axioms of a given logi
. This provides us with another general method of proving

that a given logi
 is Kripke 
omplete, de
idable, 
anoni
al, has the �nite model property, et
.: usually

it is mu
h easier to 
he
k that the 
lass of general frames for a given logi
 is 
losed under 
o�nal

subframes and to �nd the logi
's 
anoni
al axioms than to use �ltration and/or 
anoni
al models.

Problem 6.4 Chara
terise the 
omputational 
omplexity of �nitely axiomatisable 
o�nal subframe

logi
s (e.g., all su
h extensions of K4:3 are 
oNP-
omplete).

Problem 6.5 Give a synta
ti
al 
hara
terisation of subframe and 
o�nal subframe logi
s (
f. Theo-

rem 9.2).
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Note that, for every (
o�nal) subframe logi
 L and every formula ' =2 L, there is a frame for L

refuting ' whose size is exponential in the length of '.

In general, question (B) does not seem to have su
h an elegant answer as for the 
ase of 
o�nal

subframe logi
s (see, however, [147℄ for a re
ent attempt to introdu
e `
anoni
al formulas' for NExtK).

We 
an only 
onsole ourselves with a number of suÆ
ient 
onditions of de
idability, the fmp (in

parti
ular, Theorems 4.9 and 4.14) and some other properties imposed on the 
anoni
al axioms; for

details 
onsult [24,175,26,177℄.

6.2 Canoni
al formulas for tense logi
s of linear time 
ows

In this se
tion we 
onsider normal bimodal logi
s 
ontaining the tense logi
 Lin of linear orders (the


lass of all frames hW;R

1

; R

2

i in whi
h R

2

is the 
onverse of R

1

and R

1

is a linear order, i.e., R

1

is

transitive and 
onne
ted (8x8yxR

1

y _ yR

1

x _ x = y)). These logi
s are of interest in this 
hapter

for two reasons. First, many natural and usefulj modal logi
s are 
ontained in this 
lass, e.g., the Frank?

logi
s determined by the 
ows of time hN; <i, hZ; <i, hQ ; <i, and hR; <i [15,128,135℄. And se
ond,

this 
lass is of ex
eptional interest be
ause 
urrently NExtLin is the only latti
e of modal logi
s for

whi
h almost every de
ision problem is de
idable and whi
h, nevertheless, 
ontains numerous Kripke

in
omplete modal logi
s|where the standard te
hniques based on proving the �nite model property

or tree model property do not work.

The de
idability results for logi
s in NExtLin are based on two ingredients. First, they 
an be

axiomatised by 
anoni
al formulas whi
h expli
itly show the geometri
al and topologi
al 
onditions

they de�ne. And se
ond, a general 
ompleteness result establishes that they are determined by

general frames whi
h are 
omposed from a set of rather simple `atomi
' general frames. In this part

we introdu
e the 
anoni
al formulas. In the next se
tion we dis
uss the general 
ompleteness theorem

and survey its 
onsequen
es regarding de
ision problems for logi
s in NExtLin.

The logi
 Lin is obviously axiomatised as

Lin = K4

2

� p! 2

1

3

2

p � p! 2

2

3

1

p � 3

1

3

2

p _3

2

3

1

p! p _3

1

p _3

2

p:

To begin our dis
ussion of 
anoni
al formulas for logi
s extending NExtLin observe that Dedekind


uts 
an be 
hara
terised by means of splittings with the frame Æ Æ

-

. In fa
t, one 
an show that

Log fhR; <;>ig = Log fhQ ; <;>ig= Æ Æ

-

:

The intuition behind this equation should be 
lear from the observation that the 
lass of rooted

general frames for Log fhQ ; <;>ig= Æ Æ

-


onsists of all general frames




W;R;R

�1

; P

�

su
h that

�

hW;Ri is a dense linear order without endpoints (i.e., it validates 8x8y(xRy ! 9z(xRz ^ zRy)),

8x9y xRy and 8x9y yRx) and

�

there is no p-morphism from




W;R;R

�1

; P

�

onto Æ Æ

-

.

But su
h a p-morphism exists i� there is a partition X;Y 2 P of W su
h that

8x 2 X8y 2 Y xRy; 8x 2 X9y 2 X xRy; 8x 2 Y 9y 2 Y yRx: (10)

Observe that hQ ; <;>i =2 Fr Log fhQ ; <;>ig= Æ Æ

-

sin
e, for example, X = fx 2 Q j x <

p

2g and

Y = fy 2 Q j y >

p

2g form su
h a partition.

To 
hara
terise the 
lass of all linear orders without partitions satisfying (10), we have to weaken

the splitting formula. For example, the frame hfx � 0 j x 2 Qg; <;>i (whi
h obviously has a partition

satisfying (10)) validates

Lin=Æ Æ

-

;

simply be
ause it 
ontains an irre
exive left endpoint and, therefore, 
annot be p-morphi
ally mapped

onto Æ Æ

-

. To obtain the 
lass of all linear orders without partitions satisfying (10) the point a in Æ Æ

a b

-
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should be regarded as re
exive by the operator 2

1

for the future but as an arbitrary linear order by

the operator 2

2

for the past. To make this idea pre
ise, we introdu
e the notion of a type assignment

t = (t

1

; t

2

) whi
h is a map from the set of 
lusters C of a �nite linear order into the set of pairs over

fj;mg su
h that tC = (t

1

C; t

2

C) = (m;m) for every 
luster C 
onsisting of an irre
exive point. Here j

stands for `joker' and m stands for `maximal.' For example, tC = (m; j) means intuitively that 
luster

C should be regarded as `what it is' by 2

1

and as an arbitrary linear order by 2

2

. The 
ondition that

irre
exive points are mapped to (m;m) means that they are always regarded as what they are, that

is, irre
exive points. Before we asso
iate with every �nite linear order with type assignment hF; ti a

formula �(F; t) with the 
orresponding meaning some notation is required.

Given a �nite sequen
e F =




F

i

=




W

i

; R

i

; R

�1

i

; P

i

�

j 1 � i � n

�

of disjoint frames, we denote by

[F℄ = F

1

� � � � � F

n

the ordered sum of them, i.e., the frame




W;R;R

�1

; P

�

in whi
h

W =

n

[

i=1

W

i

; R =

n

[

i=1

R

i

[

[

1�i<j�n

(W

i

�W

j

)

and P = fX

1

[ � � � [X

n

j X

i

2 P

i

g. Ea
h �nite frame 
an be represented then as the ordered sum

C

1

� � � �� C

n

of its 
lusters.

With every �nite tense frame F = hW;R; i = C

1

� � � � � C

n

with 
luster assignment t = (t

1

; t

2

)

we asso
iate the formula

�(F; t) = :Æ(F; t);

where

Æ(F; t) = Æ(F; t) ^2

F

Æ(F; t) ^2

P

Æ(F; t));

and

Æ(F; t) =

^

fp

x

! :p

y

j x 6= yg ^

^

fp

x

! :3

P

p

y

j :(xRy)g ^

^

fp

x

! 3

F

p

y

j 9i � n (t

1

C

i

= m ^ x; y 2 C

i

^ xRy)g ^

^

fp

x

! 3

P

p

y

j 9i � n (t

2

C

i

= m ^ x; y 2 C

i

^ xR

�1

y)g ^

_

fp

y

j y 2Wg ^

^

f3

F

p

y

_ p

y

_3

P

p

y

j y 2Wg:

To explain the semanti
al meaning of these formulas, noti
e �rst that if tC = (m;m) for all 
lusters

C then G 6j= �(F; t) is i� G there exists a p-morphism from G onto F. Therefore,

Lin=F = Lin � �(F; t):

If t

i

C = j for some i 2 f1; 2g and some 
luster C in F, then the formula �(F; t) 
an be refuted in

frames that do not ne
essarily have F as a p-morphi
 image. In this 
ase G 6j= �(F; t) i� there exist

frames G

i

, for 1 � i � n, su
h that G = G

1

� � � � �G

n

and G

i

6j= �(C

i

; t �C

i

) for all 1 � i � n. So

it suÆ
es to 
onsider G 6j= �(C; t) for a 
luster C. Assume for simpli
ity that G is a Kripke frame.

Case 1: tC = (j; j). Then G 6j= �(C; t) i� jGj � jCj. Case 2: tC = (m; j). Then C is nondegenerate

and G 6j= �(C; t) i� either G 
ontains an R-�nal 
luster of 
ardinality � jCj or it has no R-�nal point

at all. Case 3: tC = (j;m). This is the mirror image of Case 2. Case 4: tC = (m;m). If C is an

irre
exive point then G is an irre
exive point as well whenever G 6j= �(C; t). If C is non-degenerate

and G 6j= �(C; t) then G satis�es the 
onditions of Cases 2 and 3.

Now, the following is proved in [163℄:

Theorem 6.6 There exists an algorithm whi
h, given a formula ', returns 
anoni
al formulas

�(F

1

; t

1

); : : : ; �(F

n

; t

n

) su
h that

Lin� ' = Lin � �(F

1

; t

1

) � : : : � �(F

n

; t

n

):
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Ord

t

= Log fh�;<;>i j � an ordinalg = Lin� �(�; (Æ; (j;m)))

E

t

= Lin�3

1

>�3

2

> =

Lin� �(�; (�; (m;m))) � �((�; (m;m));�)

RD = Log fG j 8x(:xRx! 9y(xRy ^ fz j xRzRyg = ;))g =

Lin� �(�; (�; (m;m))) � �(�; (�; (m;m)) � (Æ; (m; j)))

LD = the mirror image of RD

Z

t

= Log hZ; <;>i=

RD� LD� �((Æ; (j; j)) � (Æ; (j;m))) � �((Æ; (m; j)) � (Æ; (j; j)))

Ds

n

= Lin�2

n+1

1

p! 2

n

1

p =

Lin� �(�; (�; (m;m) � � � �� (�; (m;m))

| {z }

n+1

;�)

Q

t

= Log hQ ; <;>i =Ds

1

�E

t

R

t

= Log hR; <;>i = Q

t

� �((Æ; (m; j)) � (Æ; (j;m)))

Table 2

Axiomatisations of standard tense logi
s

Canoni
al axiomatisations of some standard linear tense logi
s are shown in Table 2, where we use

the following notation. Given a �nite frame F = C

1

� � � ��C

n

, we write �((C

1

; tC

1

)� � � �� (C

n

; tC

n

))

instead of �(F; t) and �(�; (C

1

; tC

1

)� � � �� (C

n

; tC

n

)) instead of

�((C

1

; tC

1

)� � � �� (C

n

; tC

n

)) � �((Æ; (j; j)) � (C

1

; tC

1

)� � � �� (C

n

; tC

n

)):

�((C

1

; tC

1

)� � � �� (C

n

; tC

n

);�) is de�ned analogously.

Appli
ations of this result will be dis
ussed in the se
tion below.

7 De
ision problems for tense logi
s

In this se
tion we show that in NExtLin almost all de
ision problems are de
idable. For example, we


an de
ide whether a �nitely axiomatisable logi
 is Kripke 
omplete, has the �nite model property,

is 
anoni
al, et
. Moreover, �nitely axiomatisable linear tense logi
s turn out to be 
oNP-
omplete.

Thus, NExtLin is an example of a 
lass of logi
s for whi
h the original resear
h programme has a


omplete and `positive' solution.

The �rst step in understanding logi
s in NExtLin was done in the se
tion above, where we saw

that they 
an be axiomatised by 
anoni
al formulas �(F; t) whi
h show dire
tly the geometri
 and

topologi
al 
onditions de�nable on linear orders by means of bimodal formulas. The se
ond step is a


ompleteness result whi
h determines a 
lass of rather simple general frames whi
h respe
t to whi
h

every logi
 in NExtLin is 
omplete. We require the following notation:

(1) Denote by 
k the non-degenerate 
luster with k > 0 points.

(2) Let !

<

(0) be the stri
tly as
ending 
hain h!;<;>i of natural numbers, !

<

(1) the 
hain

h!;�;�i, !

<

(2) the as
ending 
hain of natural numbers in whi
h pre
isely the even points are

re
exive, !

<

(3) the 
hain in whi
h pre
isely the multiples of 3 are re
exive, and so on; !

>

(n) is the

mirror image of !

<

(n).
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(3) C(0;
1 ) = h!

<

(0) �
1 ; P i, where P 
onsists of all 
o�nite sets 
ontaining 
1 and their 
om-

plements. We generalise this 
onstru
tion to 
hains !

<

(n) and 
lusters 
k . Namely, for n < !, k > 1

and 
k = fa

0

; : : : ; a

k�1

g, we put

C(n;
k ) = h!

<

(n)�
k ; P i;

where P is the set generated by means of the Boolean operators from the set of �nite subsets of !

<

(n)

and the sets fX

i

j 0 � i � k � 1g, for X

i

= fa

i

g [ fkj + i j j 2 !g, 0 � i � k � 1. C(
k ; n) denotes

the mirror image of C(n;
k ).

(4) C(0;
1 ; 0) = h!

<

(0) �
1 � !

>

(0); P i, where P 
onsists of all 
o�nite sets 
ontaining 
1 and

their 
omplements.

It is easy to 
he
k that the frames de�ned in (3) and (4) are des
riptive and a singleton fxg is

in P i� x 62 
k . Noti
e also that the logi
s Log(C(n;
k )), Log(C(
k ; n)), k � 2, and LogC(0;
1 ; 0) are

Kripke in
omplete.

For a 
lass of frames C, we denote by C

�

the 
lass of �nite sequen
es of frames from C and let

[C

�

℄ = f[F℄ j F 2 C

�

g. The 
lass of �nite 
lusters and the frames of the form (3) and (4) is denoted

by B. We are now in a position to formulate the 
ompleteness result:

Theorem 7.1 Ea
h logi
 L 2 NExtLin is determined by a set C � [B

�

℄.

Proof We brie
y explain the idea of the proof. Suppose that M = hF;Vi is a 
ountermodel for

� = �((C

1

; tC

1

) � � � � � (C

n

; tC

n

)) based on a des
riptive frame F = hW;R;R

�1

; P i. We must show

that there exists G 2 [B

�

℄ refuting � and su
h that LogG � Log F. Consider the sets

W

i

= fy 2W j (M; y) j=

_

fp

x

j x 2 C

i

gg:

One 
an easily show that W

i

are intervals in F and F = F

1

� � � � � F

n

, for the subframes F

i

of F

indu
ed by W

i

. Moreover, G = [G℄ is as required if G = hG

1

; : : : ;G

n

i is a sequen
e in B

�

su
h that

LogG

i

� Log F

i

, and G

i

6j= �(C

i

; tC

i

), for 1 � i � n. Frames G

i

with those properties are 
onstru
ted

in [163℄. 2

Example 7.2 The logi
 Q

t

of the rational numbers is determined by the frames F 2 [B

�

℄ whi
h


ontain no pair of adja
ent irre
exive points. The logi
 R

t

of the real line is determined by the

frames F 2 [B

�

℄ whi
h 
ontain neither a pair of adja
ent irre
exive points nor a pair of adja
ent

non-degenerate 
lusters.

Now, based on both the 
anoni
al formulas for logi
s in NExtLin and this 
ompleteness result,

[93℄ shows:

Theorem 7.3 (i) All �nitely axiomatisable logi
s in NExtLin are 
oNP-
omplete.

(ii) All logi
s determined by a frame G 2 [B

�

℄ are 
oNP-
omplete.

Proof sket
h. (ii) is proved by showing that, given a formula  , it 
an be 
he
ked in non-

deterministi
 polynomial time in the length of  whether it is satis�able in a given G 2 [B

�

℄. To this

end, [93℄ shows that it is suÆ
ient to 
he
k satis�ability of  in a 
ertain �nite subframe of G (whose

size is polynomial in  ) under 
ertain `good' valuations.

(i) Suppose

L = Lin � �(F

1

; t

1

) � � � � � �(F; t

n

)

is given. Then [93℄ shows that any given formula  whi
h is satis�able in a frame G 2 [B

�

℄ validating

L is satis�able in a frame of this type whose parameters (i.e., the number of blo
ks required, the size

of its 
lusters, and the maximal n su
h that C(n;
k ) or C(
k ; n) o

urs in it) are polynomial in  .

By the proof of (ii), it 
an be 
he
ked in nondeterministi
 polynomial time whether  is satis�able

in su
h a frame. Additionally, one 
an show that it 
an be 
he
ked in polynomial time (in the length

of  ) whether su
h a frame validates a formula of the form �(F; t). 2
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Given the 
oNP-
ompleteness of all �nitely axiomatisable tense logi
s, at least two questions arise:

First, are there interesting 
lasses of �nitely axiomatisable linear tense logi
s? Se
ond, how 
omplex

are non-�nitely axiomatisable linear tense logi
s? Regarding the se
ond question, 
onsider, for any

M � N, the logi
 L

M

determined by the 
lass of frames

fhf1; : : : ;mg; <i j m 2Mg:

Set ? = p ^ :p and > = p _ :p. Then the formula

'

m

= 2

2

? ^2

m+1

1

? ^3

m

1

>

is satis�able in a frame validating L

M

i� m+ 1 2M . Thus, for any set of natural numbers M there

exists a tense logi
 of the same 
omplexity as M . Regarding the �rst question, [163℄ determines a

number of 
lasses of �nitely axiomatisable linear tense logi
s. For example, the following result is

proved using Kruskal's tree theorem [80℄:

Theorem 7.4 A linear tense logi
 L is �nitely axiomatisable whenever there exists n < ! su
h that

2

n+1

1

p ! 2

n

1

p 2 L. In parti
ular, all linear tense logi
s of re
exive frames as well as all extensions

of the tense logi
 of hQ ; <i are �nitely axiomatisable.

Where are the Kripke in
omplete modal logi
s in NExtLin? The reader 
an get an impression

from the following result, proved in [163℄ and stated here without proof:

Theorem 7.5 Suppose that L 2 NExtLin and there is a Kripke frame of in�nite length validating

L. Then there exists a Kripke in
omplete logi
 in NExtL.

As promised at the beginning of this se
tion, we 
on
lude by dis
ussing a 
omplete solution to

our original resear
h problem relativised to the set of logi
s in NExtLin. The proofs 
an be found in

[162,165℄.

Theorem 7.6 There are algorithms whi
h, given a formula ', de
ide whether Lin� '

�

has the �nite model property;

�

has the interpolation property;

�

is Kripke 
omplete;

�

is strongly 
omplete;

�

is 
anoni
al.

We shall not go into details of the proof here. But the reader 
an get some impression regarding

the 
ombinatori
s and methods involved from the 
riteria whi
h allow us to de
ide whether a linear

tense logi
 is 
anoni
al and strongly 
omplete. Denote by B

+

the 
lass of frames 
ontaining B together

with frames C(n

1

;
k ; n

2

) de�ned as follows. Suppose k > 1, n

1

; n

2

< ! are su
h that n

1

+n

2

> 0 and


k = fa

0

; : : : ; a

k�1

g. Then

C(n

1

;
k ; n

2

) = h!

<

(n

1

)�
k � !

>

(n

2

); P i;

where P is the set of possible values generated by fX

i

j 0 � i � k � 1g, for

X

i

= fa

i

g [ fkj + i j j 2 !g [ fk

�

j

�

+ i

�

j j 2 !g

and f0

�

; 1

�

; : : : ; n

�

; : : : g being the points in !

>

(n

2

).

Let F be the 
lass of frames of the form

hf0; : : : ; n

1

g; <;>i�
1 � hf0; : : : ; n

2

g; <;>i or hf0; : : : ; ng; <;>i :

37



Theorem 7.7 (i) A logi
 L 2 NExtLin is 
anoni
al i� the underlying Kripke frame of ea
h frame

F 2 [B

�

+

℄ for L validates L as well.

(ii) A logi
 L 2 NExtLin is strongly 
omplete i� for ea
h frame F 2 [B

�

+

℄ validating L, there exists

a Kripke frame G for L whi
h results from F by repla
ing

�

every C(n;
k ) with !

<

(n) or !

<

(n)� H�
k , for some H 2 F , and

�

every C(
k ; n) with !

>

(n) or 
k � H� !

>

(n), for some H 2 F , and

�

every C(n

1

;
k ; n

2

) with !

<

(n

1

)� H� !

>

(n

2

), for some H 2 F .

Example 7.8 The logi
 R

t

of the real line is not 
anoni
al sin
e C(2;
2 ) j= R

t

but !

<

(2)�
2 6j= R

t

.

However, R

t

is strongly 
omplete, sin
e F j= R

t

whenever G 2 [B

�

+

℄ validates R

t

and F is obtained

from G as in the formulation of Theorem 7.7 with H = � 2 F .

8 Subframe logi
s

If you randomly pi
k a logi
 from the list of Modal Logi
 
elebrities introdu
ed in this handbook,

it is very likely that its frames are 
losed under the formation of subframes (as before, a Kripke

frame G = hV; S

1

; : : : ; S

n

i is a subframe of a Kripke frame F = hW;R

1

; : : : ; R

n

i if V � W and

S

i

= R

i

� V , for 1 � i � n). Examples are the standard unimodal logi
s K (be
ause the 
lass of

all frames is 
losed under subframes), K4, S5, and K4:3 (be
ause transitivity, symmetry, re
exivity,

and right-linearity are de�nable using universal �rst-order formulas and therefore preserved under

the formation subframes), as well as GL and Grz (be
ause the 
lass of Noetherian frames is 
losed

under subframes).

Moreover, many important operations on 
lasses of frames preserve the property of being 
losed

under forming subframes:

�

the union and interse
tion of two 
lasses of frames;

�

the fusion K

1


K

1

of 
lasses of frames K

1

and K

2

(see Chapter ?? whi
h, in the unimodal 
ase, is

de�ned by

K

1


K

2

= fhW;R

1

; R

2

i j hW;R

1

i 2 K

1

; hW

2

; R

2

i 2 K

2

g;

�

the tense extension (or addition of 
onverse) K

t

of a 
lass of frames K, where

K

t

= f




W;R;R

�1

�

j hW;Ri 2 Kg;

�

the Boolean extension K

\;:

of a 
lass of frames K whi
h 
onsists of all frames

hW;R

1

; : : : ; R

n

; R

1

\R

2

;W �R

1

; : : :i

with 2

n

j relations 
orresponding to the Boolean 
ombinations of the R

i

, for hW;R

1

; : : : ; R

n

i 2 K. 2

2

n

Frank?

Using these operators we obtain numerous additional important modal `subframe logi
s:' multimodal

fusions like S5

n

, minimal tense extensions like K4:3

t

, and Boolean Modal Logi
s like K

\;�

are all

examples of modal logi
s determined by 
lasses of frames 
losed under subframes.

In this se
tion we explore the extent to whi
h the restri
tion to `subframe logi
s' leads to general

`positive' results for properties like axiomatisability, de
idability, Kripke 
ompleteness, and the fmp.

A systemati
 investigation of subframe logi
s in NExtK4 was laun
hed by Fine [45℄ (see also [174℄).

Subframe logi
s in NExtK

n

as well as subframe tense and provability logi
s were investigated in

[166℄.j Add

ref

We begin by observing the fa
t that all the `negative' results above were obtained using logi
s

whose frames were not 
losed under subframes. So one might 
onje
ture that `subframe logi
s' behave

better than arbitrary modal logi
s. The answer to this question is `yes' and `no.' Yes, be
ause indeed

there are general de
idability (fmp, 
ompleteness, et
.) results explaining the ni
e behaviour of
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standard `subframe logi
s.' The answer is `no,' be
ause still one 
an �nd intuitively `simple' subframe

logi
s with `bad' properties.

First, we note, however, that for subframe logi
s a number of otherwise separable properties of

modal logi
s fall together; for a proof see [166℄ or [177℄. For logi
s from NExtK4 this result was �rst

obtained by Fine [45℄.

Theorem 8.1 Suppose L is determined by a 
lass of Kripke frames 
losed under subframes. Then

the following 
onditions are equivalent:

(i) FrL is universal,

(ii) FrL is �rst-order de�nable,

(iii) L is D-persistent,

(iv) L is strongly Kripke 
omplete,

(v) FrL has the �nite embedding property|i.e., F 2 FrL i� every �nite subframe of F is in FrL.

Note that for 
o�nal subframe logi
s L 2 NExtK4 
onditions (ii){(iv) are equivalent [174℄.

Thomason's analysis for subframe logi
s

Now let us see to whi
h extent Thomason's results (Theorem 2.1) hold for modal logi
s determined

by 
lasses of frames Fr' 
losed under subframes.

Theorem 8.2 (a) There is an ML

6

-formula ' su
h that Fr f'g is 
losed under subframes and the

set

ThFr f'g = f 2ML

6

j ' j�  g

is �

1

1

-
omplete.

(b) It is de
idable whether, given ' 2 ML

n

with Fr f'g 
losed under subframes, Log Fr f'g is


onsistent.

(
) There is a set � of ML

1

-formulas and an ML

1

-formula ' su
h that � j� ', but � j6� ' for

any �nite � � �.

(d) Given a formula ' su
h that Fr f'g is 
losed under subframes, every  with ' j6�  is refutable

in a 
ountable frame validating '.

(a) 
an be proved by modifying the proof of Theorem 2.1 (a) dis
ussed above by introdu
ing

modalities for the 
onverse relations of the relations R

1

and R

2

and modalities for the immediate

su

essor relations for R

1

and R

2

and des
ribing inML

6

by means of a single formula ' suÆ
iently

many properties of the 
lass of all subframes of the produ
t frame h!;<;+1i � h!;<;+1i. (Noti
e,

however, that those subframes are not ne
essarily produ
t frames).

As the redu
tion of multimodal logi
s to unimodal logi
s employed in the proof of Theorem 2.1

(a) does not preserve the property of being a subframe logi
, it is an open problem whether su
h

examples of unimodal logi
s exist.

(
) still holds sin
e the example provided in the proof of Theorem 2.1 (
) was 
losed under

subframes. (b) and (d) are now `positive:' (b) is trivial be
ause it is suÆ
ient to 
he
k whether '

is valid in at least one singleton frame. (d) 
an be proved by 
onstru
ting indu
tively from a frame

refuting  a 
ountable subframe by sele
ting the witnesses required to satisfy 3-formulas; see [166℄

for details.

Normal subframe logi
s

We have not de�ned yet the notion of a subframe logi
 in a formal way be
ause a proper de�nition

should be slightly more general than the one suggested by 
onsidering Kripke frames only: to be able

to provide a synta
ti
 
hara
terisation of subframe logi
s, to ensure that K

n

��

1

��

2

is a subframe

logi
 whenever both K

n

� �

1

and K

n

� �

2

are subframe logi
s, and �nally, to 
over a number of
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interesting Kripke in
omplete logi
s (like bimodal provability logi
s), we extend the de�nition of a

subframe to general frames. Re
all that a frame G = hV; S

1

; : : : ; S

n

; P i is a subframe of a frame

F = hW;R

1

; : : : ; R

n

; Qi if V �W , P = fA \ V j A 2 Qg, and S

i

= R

i

�V , for 1 � i � n. A logi
 L is

a subframe logi
 if its 
lass of general frames is 
losed under subframes.

To des
ribe subframe logi
s synta
ti
ally, de�ne indu
tively the relativisation '

p

of a formula '

to a propositional variable p (whi
h does not o

ur in ') by taking

q

p

= q ^ p; q an atom;

( � �)

p

=  

p

� �

p

; for � 2 f^;_;!g;

(2

i

 )

p

= 2

i

(p!  

p

) ^ p

and put '

sf

= p ! '

p

. It is not diÆ
ult to show that '

sf

is valid in a frame F i� ' is valid in all

subframes of F. (Noti
e that if M is a model based on F, M

0

a model based on the subframe of F

indu
ed by fy j (M; y) j= pg and (M; x) j= q i� (M

0

; x) j= q, for all variables q, then (M; x) j= '

p

i�

(M

0

; x) j= '.) Therefore, we obtain

Proposition 8.3 The following 
onditions are equivalent for any L 2 NExtK

n

:

(i) L is a subframe logi
,

(ii) L = K

n

� f'

sf

j ' 2 �g, for some set of formulas �,

(iii) L is 
hara
terised by a 
lass of frames 
losed under subframes.

Based on this proposition, it is not diÆ
ult to see that the 
lass of subframe logi
s forms a 
omplete

sublatti
e of NExtK

n

. Now, the �rst question to address is whether there are Kripke in
omplete

subframe logi
s at all:

Example 8.4 (Van Benthem 1979) Let F = hW;R;P i be the frame whose underlying Kripke

frame is shown in Fig. 4 (! + 1 sees only ! and the subframe generated by ! is transitive) and

X � W is in P i� either X is �nite and ! =2 X or X is 
o�nite in W and ! 2 X. It is easy to see

that P is 
losed under \, � and 3.

Let L be the logi
 of the frame F 
onstru
ted in Example 8.4. Sin
e every rooted subframe G of

F is isomorphi
 to a generated subframe of F, L is a subframe logi
. We show that L has the same

Kripke frames asGL:3. Suppose G is a rooted Kripke frame forGL:3 refuting ' 2 L. Then 
learly G


ontains a �nite subframe H refuting '. Sin
e H is a �nite 
hain of irre
exive points, it is isomorphi
 to

a generated subframe of F, 
ontrary to F 6j= '. Thus G j= L. Conversely, suppose G is a Kripke frame

for L. Then G is irre
exive. For otherwise G refutes the formula ' = 2

2

(2p! p)^2(2p! p)! 2p,

whi
h is valid in F. Let us show now that G is transitive. Suppose otherwise. Then G refutes the

formula 2p ! 2(2p _ (2q ! q)), whi
h is valid in F be
ause ! is a re
exive point. Finally, sin
e

G j= ', G is Noetherian and sin
e F is of width 1, we may 
on
lude that G j= GL:3. It follows that

the subframe logi
 L is Kripke in
omplete. Indeed, it shares the same 
lass of Kripke frames with

GL:3 but 2p! 22p 2GL:3� L.

We now follow the path des
ribed above for NExtK

n

and analyse the lo
ation of Kripke 
omplete

and de
idable subframe logi
s within the latti
e of subframe logi
s.
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Subframe logi
s of frames with transitive relations

A number of surprisingly general de
idability and 
ompleteness results have been obtained for sub-

frame logi
s whose frames are based on transitive relations. The �rst fundamental result on the �nite

model property (and therefore de
idability and Kripke 
ompleteness) of subframe logi
s is due to

Fine [45℄. Although the following theorem 
an be obtained for free using the ma
hinery of 
anoni
al

formulas, here we show its proof using the maximal points te
hnique of [43℄.

Theorem 8.5 (Fine) All unimodal subframe logi
s of transitive general frames (i.e., extensions of

K4) have the �nite model property. All �nitely axiomatisable ones are de
idable.

Proof sket
h. The proof is based on the following fundamental observation: 
all a point x in a

transitive frame F = hW;R;P i non-eliminable if there is X 2 P su
h that x 2 X but no proper

su

essor of x is in X (in other words, x is maximal in X); in this 
ase we write x 2 max

R

X. Then

one 
an show the following: if F is des
riptive and x 2 X 2 P , then there exists a point y 2 max

R

X

su
h that x = y or xRy.

Now suppose that L � K4 is a subframe logi
. To prove that L has the �nite model property,

suppose that ' 62 L. Take a model M = hF;Vi refuting ' at a point x and based on a des
riptive

frame F = hW;R;P i for L. Say that a point x 2 W is non-eliminable relative to ' if there is a

subformula  of ' su
h that x 2 max

R

fy 2 W j y j=  g or x 2 max

R

fy 2 W j y j= : g. Now sele
t

re
ursively a set of points W

'

as follows:

�

Set V = fxg.

�

If there exist y 2 V and 2 2 sub' su
h that y j= :2 , and there does not exist z 2 V with

z j= : and yRz, then set V = V [ fzg for some non-eliminable z (relative to ') with yRz and

z j= : . Otherwise, set W

'

= V and stop.

Constru
t a new modelM

'

based on the frame F

'

= hW

'

; R�W

'

i by taking V

'

(p) = V(p)\W

'

for

all variables p in '. Clearly, the Kripke frame F

'

is rooted, of depth � l('), and no point has more

than `(') su

essors. Besides, one 
an easily show that (M

'

; y) j=  i� (M; y) j=  , for all  2 sub'

and y 2 W

'

. Finally, one 
an show that F

'

is a frame for L (this is trivial if L is D-persistent;


onsiderably more work is required if L is not D-persistent.) 2

We 
onsider now what happens if we move from a unimodal subframe logi
 L 2 NExtK4 to

the tense logi
 determined by (FrL)

t

. In other words, we move from unimodal logi
s to bimodal

logi
s, where the se
ond operator is interpreted by the inverse of the a

essibility relation of the �rst

operator. From a synta
ti
 viewpoint, this semanti
 
ondition is 
aptured by the axioms

p! 2

1

3

2

p and p! 2

2

3

1

p:

So, we set, for any normal unimodal logi
 L = K� �,

L

t

= K

2

� � � fp! 2

1

3

2

p; p! 2

2

3

1

pg

and 
all L the minimal tense extension of L. General questions regarding minimal tense extensions

are: What is the relation between L

t

and the logi
 determined by the 
lass of frames (FrL)

t

? Are

Kripke 
ompleteness and de
idability inherited from unimodal logi
s to minimal tense extensions?

As far as Kripke 
ompleteness is 
on
erned, the answer is negative: [161℄ gives an example of a

logi
 L 2 NExtK4 with the �nite model property su
h that L

t

is not Kripke 
omplete. Transfer of

de
idability is an open problem. However, for minimal tense extensions of subframe logi
s in NExtK4

a 
omplete answer has been given in [160,164℄:

Theorem 8.6 If L 2 NExtK4 is a subframe logi
 then

(i) L

t

is Kripke 
omplete and determined by (FrL)

t

;

(ii) L

t

has the �nite model property i� L is 
anoni
al i� FrL is �rst-order de�nable;

(iii) L

t

is de
idable whenever L is �nitely axiomatisable.
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So, by (i), L

t

is indeed Kripke 
omplete whenever L is a subframe logi
 
ontaining K4. The �rst

ex
iting bit of this theorem is (ii). It 
onne
ts the �nite model property of minimal tense extensions

with �rst-order de�nability: for �rst-order de�nable subframe logi
s like K4, S4, K4:3, and S4:3 we

obtain that their minimal tense extensions still have the �nite model property, while minimal tense

extensions of subframe logi
s that are not �rst-order de�nable, say, GL

t

and Grz

t

, do not enjoy

this property. For some examples, su
h as Grz

t

, this 
an be proved easily: just observe that the

Grzegor
zyk axiom

2

2

(2

2

(p! 2

2

p)! p)! p

is refuted in h!;�;�i and so does not belong to Grz

t

; however, it is 
learly valid in all �nite partial

orders (whi
h 
oin
ide with the �nite frames in (FrGrz)

t

).

The se
ond interesting news here is that (iii) provides us with a de
idability result for a 
lass of

logi
s whi
h (in general) neither have the �nite model property nor the tree model property. In fa
t,

to prove (iii) [164℄ introdu
es so-
alled quasi-frames, that is, frames whi
h 
ome together with type

assignments (similar to those in Se
tion 6.2) and with respe
t to whi
h minimal tense extensions of

subframe logi
s have the bounded �nite model property.

The de
idability result in Theorem 8.6 does not 
over Kripke in
omplete logi
s, and one may

wonder whether there exist at all natural and interesting 
lasses of de
idable modal logi
s 
ontaining

Kripke in
omplete ones. The answer is `yes:' one su
h 
lass is the set of all �nitely axiomatisable

(possibly non-normal) subframe logi
s 
ontaining the bimodal provability logi


CSM

0

= GL
GL� f2

1

! 2

2

p;2

2

p! 2

1

2

2

pg

(named so in [159℄ after Carlson, Smorynski and Montagna). Almost all bimodal provability logi
s

dis
ussed and investigated in the literature [112,137℄ are indeed (sometimes non-normal) subframe

logi
s. For the proof of this result see [167℄.

The latti
e of all subframe logi
s

We have seen above a lot of beautiful and useful de
idability results for subframe logi
s over transitive

relations. Unfortunately, the situation 
hanges drasti
ally as soon as not all a

essibility relations

are transitive. In this part we summarise what is known in this 
ase. First we shall seej that at least Changed

the `upper part' of the latti
e of subframe logi
s is quite well-behaved. Re
all that K � alt

n

is the

logi
 determined by the frames in whi
h no point has more than n su

essors. The following result

is proved by �rst showing that all subframe logi
s 
ontaining K� alt

n

are Kripke 
omplete [1℄ and

then proving that if a formula ' is refuted in a frame validating alt

n

then one 
an always sele
t

�nitely many points from that frame in whi
h ' is refuted. (It should be 
lear from the proof that

this result still holds for multimodal subframe logi
s in whi
h for ea
h operator an axiom of the form

alt

n

holds.)

Theorem 8.7 All subframe logi
s 
ontaining some K� alt

n

have the �nite model property.

Now we say that a subframe logi
 L is stri
tly sf-
omplete if there does not exist another subframe

logi
 L

0

with the same Kripke frames as L. In 
omparison with NExtK, where a

ording to Blok's

di
hotomy for almost every interesting L there exist un
ountably many modal logi
 L

0

with the same

Kripke frames as L, the situation is mu
h more diverse in the latti
e of subframe logi
s. Example 8.4j Ref?

shows that GL:3 is not stri
tly sf-
omplete. However, the logi
s T, S4 and Grz turn out to be

stri
tly sf-
omplete. As in the full latti
e of normal modal logi
s, the notion of stri
t sf-
ompleteness

is 
losely related to the notion of splittings (now in the latti
e of subframe logi
s) and the de
idability

of the axiomatisation problem for formulas axiomatising subframe logi
s. Say that a subframe logi


L 2 NExtK is a subframe union-splitting by a set F of �nite rooted frames, in symbols

L = K=

sf

F ;
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if L is the smallest subframe logi
 su
h that F 6j= L, for at least one F 2 F . For example,

T = K=

sf

Æ :

It is now readily 
he
ked that any Kripke 
omplete subframe logi
 L whi
h is a subframe union-

splitting by �nitely many rooted frames is stri
tly sf-
omplete and f' j K � '

sf

= Lg is re
ursive

whenever L is de
idable. Based on these observations, the following partial results were obtained in

[166℄:

Theorem 8.8 (a) A subframe logi
 L 
ontaining K4 is stri
tly sf-
omplete i� L 6� GL:3 i� L is a

subframe union-splitting. Moreover, if L 6� GL:3 is �nitely axiomatisable, then f' j K�'

sf

= Lg is

re
ursive.

(b) All subframe logi
s L 2 NExtK� alt

n

are stri
tly sf-
omplete and subframe union-splittings.

Moreover, if L is �nitely axiomatisable, then f' j K� '

sf

= Lg is re
ursive.

(
) It is de
idable whether a �nitely axiomatised subframe logi
 is determined by a �nite number

of �nite frames (is tabular).

No general unde
idability results have been proved so far for subframe logi
s.

Problem 8.9 Chara
terise the 
lass of subframe logi
s L for whi
h f' j K� '

sf

= Lg is re
ursive.

For example, althoughK4 is not a subframe union-splitting it is open whether f' j K�'

sf

= K4g

is re
ursive.

9 Superintuitionisti
 logi
s

Although C.I. Lewis 
onstru
ted his �rst modal 
al
ulus S3 in 1918, it was G�odel's [52℄ two page

note that attra
ted serious attention of mathemati
al logi
ians to modal systems. While Lewis [90℄

used an abstra
t ne
essity operator to avoid paradoxes of the material impli
ation, G�odel and earlier

Orlov [117℄

6

treated 2 as `it is provable' to give a 
lassi
al interpretation of intuitionisti
 propositional

logi
 Int of Brouwer [12,13℄ and Heyting [63℄ by means of embedding it into a modal `provability'

system whi
h turned out to be equivalent to Lewis' S4.

Approximately at the same time G�odel [51℄ observed that there are in�nitely many logi
s lo
ated

between Int and 
lassi
al logi
 Cl, whi
h|together with the 
reation of 
onstru
tive (proper) ex-

tensions of Int by Kleene [74℄ and Rose [122℄ (realisability logi
), Medvedev [109℄ (logi
 of �nite

problems), Kreisel and Putnam [78℄|gave an impetus to studying the 
lass of logi
s intermediate

between Int and Cl, started by Umezawa [149,150℄. G�odel's embedding of Int into S4, presented in

an algebrai
 form by M
Kinsey and Tarski [108℄ and extended to all intermediate logi
s by Dummett

and Lemmon [33℄, made it possible to develop theories of modal and intermediate logi
s in parallel

ways. And the stru
tural results of Blok [8℄ and Esakia [36,36℄ establishing an isomorphism between

the latti
es Ext Int and NExtGrz, along with preservation results of Maksimova and Rybakov [100℄

and Zakharyas
hev [171℄, transferring various properties from modal to intermediate logi
s and ba
k,

showed that in many respe
ts the theory of intermediate logi
s is redu
ible to the theory of logi
s in

NExtS4.

To demonstrate this as well as some features of superintuitionisti
 logi
s is the main aim of this

se
tion. We will use the same system of notation as in the modal 
ase. In parti
ular, Ext Int is the

latti
e of all logi
s of the form Int+� (where � is an arbitrary set of formulas in the language of Int and

+ means taking the 
losure under modus ponens and substitution); we 
all them superintuitionisti


logi
s or si-logi
s for short. Basi
 fa
ts about the syntax and semanti
s of Int and relevant referen
es


an be found in [157,26℄. A list of some `standard' si-logi
s is given in Table 3.

6

Orlov's paper remained unnoti
ed till the end of the 1980s. It is remarkable also for 
onstru
ting the �rst system of

relevant logi
.
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Cl = Int+ p _ :p

SmL = Int+ (:q ! p)! (((p! q)! p)! p)

KC = Int+ :p _ ::p

LC = Int+ (p! q) _ (q ! p)

SL = Int+ ((::p! p)! :p _ p)! :p _ ::p

Table 3

A list of standard superintuitionisti
 logi
s

9.1 Intuitionisti
 frames

As in the 
ase of modal logi
s, the adequate relational semanti
s for si-logi
s 
an be 
onstru
ted

on the base of the Stone representation of the algebrai
 `models' for Int, known as Heyting (or

pseudo-Boolean) algebras. It is hard to tra
e now who was the �rst to introdu
e intuitionisti
 general

frames|the earliest referen
es we know are [35℄ and [119℄|but in any 
ase, having at hand [71℄ and

[54℄, the 
onstru
tion must have been 
lear.

An intuitionisti
 (general) frame is a triple F = hW;R;P i in whi
h R is a partial order on W 6= ;

and P is a 
olle
tion of upward 
losed subsets (
ones) in W 
ontaining ; and 
losed under \, [, and

the operation � (for !) de�ned by

X � Y = fx 2W j 8y 2 x" (y 2 X ! y 2 Y )g:

If P 
ontains all upward 
losed subsets of W then F is 
alled an intuitionisti
 Kripke frame and

denoted by F = hW;Ri. An important feature of intuitionisti
 models M = hF;Vi (where V maps

propositional variables to sets in P ) is that V('), the value of a formula ' in M, is always upward


losed.

Every intuitionisti
 frame F = hW;R;P i gives rise to the Heyting algebra F

+

= hP;\;[;�; ;i


alled the dual of F. Conversely, given a Heyting algebra A = hA;^;_;!;?i, we 
onstru
t its

relational representation A

+

= hW;Ri by taking W to be the set of all prime �lters in A (a �lter r is

prime if it is proper and a_ b 2 r implies a 2 r or b 2 r), R to be the set-theoreti
 in
lusion � and

P = ffr 2W j a 2 rg j a 2 Ag:

It is readily 
he
ked that A

+

, the dual of A, is an intuitionisti
 frame and A

�

=

(A

+

)

+

. A frame

F is 
alled des
riptive if F

�

=

(F

+

)

+

. Duality between the basi
 truth-preserving operations on

algebras and des
riptive frames (taking p-morphi
 images, generated subframes and disjoint unions)

is established by the same te
hnique as in the modal 
ase.

Sin
e every 
onsistent si-logi
 L is 
hara
terised by its Tarski{Lindenbaum algebra A

L

, we 
on
lude

that L is also 
hara
terised by a 
lass of intuitionisti
 frames, say, by the dual of A

L

.

At the algebrai
 level, the 
onne
tion between Int and S4 dis
overed by G�odel is re
e
ted by the

fa
t, established in [107℄, that the algebra of open elements (i.e., elements a su
h that 2a = a) of

every modal algebra for S4 (known as a topologi
al Boolean algebra; see [118℄) is a Heyting algebra

and, 
onversely, every Heyting algebra is isomorphi
 to the algebra of open elements of a suitable

algebra for S4. We explain this result in the frame-theoreti
 language.

Given a frame F = hW;R;P i for S4 (whi
h means that R is a quasi-order on W ), we denote by

�W the set of 
lusters in F|more generally, �X = fC(x) j x 2 Xg|and put C(x)�C(y) i� xRy,

�P = f�X j X 2 P & X = 2Xg = f�X j X 2 P ^X & X "g:

It is readily 
he
ked that �F = h�W;�R;�P i is an intuitionisti
 frame; we 
all it the skeleton of F.

The skeleton of a model M = hF;Vi for S4 is the model �M = h�F;�Vi, where �V(p) = V(2p).
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Denote by T the G�odel translation pre�xing2 to all subformulas of a given intuitionisti
 formula.

7

Then for every model M for S4, every intuitionisti
 formula ' and every point x in M,

(�M; C(x)) j= ' i� (M; x) j= T ('):

It follows that ' 2 Int implies T (') 2 S4. To prove the 
onverse, we should be able to 
onvert

intuitionisti
 frames F into modal ones with the skeleton (isomorphi
 to) F. This is trivial if F is a

Kripke frame|we 
an just regard it to be a frame for S4, whi
h in view of the Kripke 
ompleteness

of both Int and S4, shows that T really embeds the former into the latter, i.e.,

' 2 Int i� T (') 2 S4:

In general, one 
an 
onstru
t a modal frame from an intuitionisti
 frame F = hW;R;P i by taking the


losure �P of P under the Boolean operations. Then hW;R;�P i is a partially ordered modal frame;

we denote it by �F. Moreover, we 
learly have F

�

=

��F. It is worth noting that if F = hW;Ri is a

�nite intuitionisti
 Kripke frame then �F is also a Kripke frame. However, for an in�nite F, �F is

not in general a Kripke frame|witness h!;�i.

9.2 Canoni
al formulas

The language of 
anoni
al formulas, axiomatising all si-logi
s and 
hara
terising the stru
ture of

their frames, 
an be easily developed following the s
heme of 
onstru
ting the 
anoni
al formulas

for K4 and using the 
onne
tion between modal and intuitionisti
 frames established above. We


on�ne ourselves here only to pointing out the di�eren
es from the modal 
ase and some interesting

pe
uliarities; details 
an be found in [169,170,26℄. A
tually, there are two important di�eren
es. First,

in the de�nition of subredu
tion of F = hW;R;P i to G the third 
ondition does not 
orrespond to

the fa
t that all sets in P are upward 
losed. We repla
e it by the following 
ondition

�

8X 2 Q f

�1

(X)# 2 P , where Q = fV �X j X 2 Qg and P = fW �X j X 2 Pg.

G is a subframe of F if there is an inje
tive subredu
tion of F to G. It is of interest to note that in the

intuitionisti
 
ase (
o�nal) subredu
tions are dual to IC(N)-subalgebras of Heyting algebras whi
h

only preserve impli
ation, 
onjun
tion (and negation) but do not ne
essarily preserve disjun
tion.

Se
ond, we have to 
hange the de�nition of open domains. Now we say an anti
hain a (of at least

two points) is an open domain in an intuitionisti
 model N relative to a formula ' if there ia a pair

t

a

= (�

a

;�

a

) su
h that �

a

[�

a

= sub',

V

�

a

!

W

�

a

62 Int and

�

 2 �

a

i� a j=  for all a 2 a.

It is worth noting that in any intuitionisti
 model every anti
hain a is open relative to every disjun
tion

free formula '. Indeed, let �

a

be de�ned by 
ondition above and �

a

= sub'��

a

. It should be 
lear

that  ^ � 2 �

a

i�  2 �

a

and � 2 �

a

. And if  ! � 2 �

a

,  2 �

a

but � 2 �

a

then a j=  for

every a 2 a and b 6j= � for some b 2 a, when
e b 6j=  ! �, whi
h is a 
ontradi
tion. It follows that

V

�

a

!

W

�

a

62 Int.

Now, as in the modal 
ase, with every �nite rooted intuitionisti
 frame F = hW;Ri and a set D

of anti
hains in it we 
an asso
iate two formulas �(F;D;?) and �(F;D), 
alled the 
anoni
al and

negation free 
anoni
al formulas, respe
tively, so that G 6j= �(F;D;?) (G 6j= �(F;D)) i� there is a

(
o�nal) subredu
tion of G to F satisfying (CDC) for D.

Theorem 9.1 There is an algorithm whi
h, given an intuitionisti
 ', returns 
anoni
al formulas

�(F

1

;D

1

;?); : : : ; �(F

n

;D

n

;?) su
h that

Int+ ' = Int+ �(F

1

;D

1

;?) + � � �+ �(F

n

;D

n

;?):

7

The translation de�ned in [52℄ does not pre�x 2 to 
onjun
tions and disjun
tions. However, this di�eren
e is of no

importan
e as far as embeddings into logi
s in NExtS4 are 
on
erned.
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Cl = Int+ �( Æ

Æ

6

)

SmL = Int+ �( Æ

Æ Æ

A

AK

�

��

) + �( Æ

Æ

Æ

6

6

)

KC = Int+ �( Æ

Æ Æ

A

AK

�

��

;?)

LC = Int+ �( Æ

Æ Æ

A

AK

�

��

)

SL = Int+ �

℄

( Æ

Æ Æ

Æ

A

AK

�

��

6

;?)

Table 4

Canoni
al axioms of standard superintuitionisti
 logi
s

If ' is negation free then one 
an use only negation free 
anoni
al formulas. And if ' is disjun
tion

free then all the D

i

are empty.

In the intuitionisti
 
ase we have the following synta
ti
al 
hara
terisation of subframe and 
o�nal

subframe si-logi
s:

Theorem 9.2 (1) A si-logi
 is axiomatisable by impli
ative formulas i� it is determined by a 
lass

of (�nite) frames 
losed under subframes.

(2) A si-logi
 is axiomatisable by disjun
tion-free formulas i� it is determined by a 
lass of (�nite)

frames 
losed under 
o�nal subframes.

It follows from these two theorems (and the refutability 
riterion for the 
anoni
al formulas) that

all 
o�nal subframe si-logi
s have the �nite model property and are de
idable if �nitely axiomatisable.

In fa
t, there are a 
ontinuum of subframe logi
s [173℄. That all si-logi
s with disjun
tion-free axioms

have the fmp was �rst proved by M
Kay [104℄ with the help of Diego's [31℄ theorem a

ording to

whi
h there are only �nitely many pairwise nonequivalent in Int disjun
tion free formulas in variables

p

1

; : : : ; p

n

(see also [151℄). An algebrai
 approa
h to superintuitionisti
 (
o�nal) subframe logi
s has

been re
ently developed in [2℄.

Problem 9.3 Chara
terise the 
omputational 
omplexity of 
o�nal subframe si-logi
s.

Table 4 shows 
anoni
al axiomatisations of the si-logi
s in Table 3. Using this `geometri
al'

representation it is not hard to see, for instan
e, that SmL, known as the Smetani
h logi
, is the

greatest 
onsistent extension of Int di�erent from Cl; it is the logi
 of the two-point rooted frame.

KC, the logi
 of the Weak Law of the Ex
luded Middle, is 
hara
terised by the 
lass of dire
ted

frames. It is the greatest si-logi
 
ontaining the same negation free formulas as Int [68℄. LC, the

Dummett or 
hain logi
, is 
hara
terised by the 
lass of linear frames [32℄.

Jankov [69℄ proved that logi
s of the form Int+�(F;D

℄

;?) and only them are splittings of Ext Int.

However, not every si-logi
 is a union-splitting of Ext Int.

Problem 9.4 Chara
terise the degree of Kripke in
ompleteness of si-logi
s.

9.3 Modal 
ompanions and preservation theorems

The fa
t that the G�odel translation T embeds Int into S4 and the relationship between intuitionisti


and modal frames shown above 
an be used to redu
e various problems 
on
erning Int (e.g., proving

de
idability, Kripke 
ompleteness or the fmp) to those for S4 and vi
e versa. Moreover, it turns
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out that ea
h logi
 in Ext Int is embedded by T into some logi
s in NExtS4, and for ea
h logi
 in

NExtS4 there is a logi
 in Ext Int embeddable in it.

We say a modal logi
M 2 NExtS4 is a modal 
ompanion of a si-logi
 L if L is embedded inM by

T , i.e., if for every intuitionisti
 formula ', we have ' 2 L i� T (') 2M . If M is a modal 
ompanion

of L then L is 
alled the si-fragment of M and denoted by �M . The reason for denoting the operator

`modal logi
 7! its si-fragment' by the same symbol we used for the skeleton operator is explained

by the simple fa
t that �M = f' j T (') 2 Mg and, moreover, if M is 
hara
terised by a 
lass C of

modal frames then �M is 
hara
terised by the 
lass �C = f�F j F 2 Cg of intuitionisti
 frames.

Thus, � maps NExtS4 into ExtInt. The following observation of [33℄ shows that a
tually � is a

surje
tion. Given a logi
 L 2 Ext Int, let

�L = S4 � fT (') j ' 2 Lg:

Then, for every si-logi
 L, �L is a modal 
ompanion of L.

Now we use the language of 
anoni
al formulas to show a general 
hara
terisation of all modal


ompanions of a given si-logi
 L obtained in [170,171℄. Noti
e �rst that for every modal frame G

and every intuitionisti
 
anoni
al formula �(F;D;?), G j= �(F;D;?) i� �G j= �(F;D;?), and so

S4� T (�(F;D;?)) = S4� �(F;D;?). The same holds for the negation free 
anoni
al formulas.

Theorem 9.5 M 2 NExtS4 is a modal 
ompanion of L = Int+ f�(F

i

;D

i

;?) j i 2 Ig i� M 
an be

represented in the form

M = S4 � f�(F

i

;D

i

;?) j i 2 Ig � f�(F

j

;D

j

;?) j j 2 Jg;

where every frame F

j

, for j 2 J , 
ontains a proper 
luster.

Thus, we have:

�S4 = �S4:1 = �Dum = �Grz = Int;

�S4:2 = �(S4:2 �Grz) = KC;

�S4:3 = �(S4:3�Grz) = LC;

�S5 = �(S5�Grz) = Cl:

Corollary 9.6 The set of modal 
ompanions of every 
onsistent si-logi
 L forms the interval

�

�1

(L) = [�L; �L� �(
2 )℄ = fM 2 NExtS4 j �L �M � �L�Grzg

and 
ontains an in�nite des
ending 
hain of logi
s.

Proof Noti
e �rst that �(F;D;?) and �(F;D) are in Grz i� F 
ontains a proper 
luster. So

�

�1

(L) � [�L, �L� �(
2 )℄. On the other hand, the si-fragments of all logi
s in the interval are the

same, namely L. Therefore, �

�1

(L) = [�L; �L��(
2 )℄. Now, if L is 
onsistent then �(Æ) 62 L and so

�L � : : : � �L� �(
k ) � � � � � �L� �(
2 ) � �L� �(
1 ) = For;

where For is the set of all intuitionisti
 formulas. 2

This result is due to Maksimova and Rybakov [100℄, Blok [8℄ and Esakia [37℄. Thus, all modal


ompanions of every si-logi
 L are 
ontained between the least 
ompanion �L and the greatest one,

viz., �L� �(
2 ), whi
h will be denoted by �L.

The following theorem, whi
h is also a 
onsequen
e of Theorem 9.5, des
ribes latti
e-theoreti


properties of the maps �, � and �. Items (i), (ii) and (iv) in it were �rst proved in [100℄; (iii) is

known as the Blok{Esakia theorem [8,37℄.
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Property of logi
s Preserved under

� � �

De
idability Yes Yes Yes

Kripke 
ompleteness Yes Yes No

Finite model property Yes Yes Yes

Tabularity Yes No Yes

Interpolation property Yes No No

First-order de�nability Yes Yes No

Table 5

Preservation theorems

Theorem 9.7 (i) The map � is a homomorphism of the latti
e NExtS4 onto the latti
e Ext Int.

(ii) The map � is an isomorphism from Ext Int into NExtS4.

(iii) The map � is an isomorphism from Ext Int onto NExtGrz.

(iv) All these maps preserve in�nite sums and interse
tions of logi
s.

The following theorem provides a dedu
tive 
hara
terisation of the maps � and �.

Theorem 9.8 For every si-logi
 L and every modal 
anoni
al formula �(F;D;?) built on a quasi-

ordered frame F,

(i) �(F;D;?) 2 �L i� �(�F;�D;?) 2 L;

(ii) �(F;D;?) 2 �L i� either F is partially ordered and �(F;D;?) 2 L or F 
ontains a proper


luster.

The theorems above 
an be used for transferring various properties of modal logi
s to their si-

fragments and ba
k. Some results of that sort are 
olle
ted in Table 5; for proofs see [26℄.

9.4 Completeness

In this se
tion we brie
y dis
uss the most important general results 
on
erning 
ompleteness of

si-logi
s with respe
t to various 
lasses of Kripke frames. (As in the modal 
ase, the fmp and

de
idability of a good many 
on
rete si-logi
s was proved using various forms of �ltration; see, e.g.,

[46,116,136,47,39℄.)

That not all si-logi
s are 
omplete with respe
t to Kripke frames was dis
overed by Shehtman [132℄,

who found a way to adjust Fine's [43℄ idea to the intuitionisti
 
ase. As to general positive results,

noti
e �rst that the preservation theorems yield the following translation of Theorems 5.5{5.6 (si-

logi
s of �nite width were studied by Sobolev [138℄).

Theorem 9.9 (1) Every si-logi
 of �nite depth has the fmp (in fa
t, is lo
ally tabular).

(2) Every si-logi
 of width n is 
hara
terised by a 
lass of Noetherian Kripke frames of width � n.

Problem 9.10 Are �nitely axiomatisable si-logi
s of width n > 1 de
idable? What is their 
omputa-

tional 
omplexity?

An intuitionisti
 formula is said to be essentially negative if every o

urren
e of a variable in it is

in the s
ope of some :. If ' is essentially negative then T (') is a 23-formula, whi
h|together with

Theorem 4.6|yields the following result of M
Kay [105℄:

Theorem 9.11 (M
Kay) If a si-logi
 L is de
idable (or has the fmp) and ' is an essentially negative

formula then L+ ' is de
idable (has the fmp).
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Fig. 5.

Say that an o

urren
e of a variable in a formula is essential if it is not in the s
ope of any :. A

formula ' is mild if every two essential o

urren
es of the same variable in ' are either both positive

or both negative. Kuznetsov [83℄ 
laimed (we have not seen the proof) that all si-logi
s whose extra

axioms do not 
ontain negative o

urren
es of essential variables have the fmp. And Wro�nski [168℄

announ
ed that if L is a de
idable si-logi
 and ' a mild formula then L+ ' is also de
idable.

Sin
e frames for Int 
ontain no 
lusters, Theorem 8.1 and its analogue for 
o�nal subframe logi
s

redu
e in the intuitionisti
 
ase to the following result whi
h is due to [27,121,134,174℄:

Theorem 9.12 All si-logi
s with disjun
tion free axioms are �rst-order de�nable (de�nable by 89-

senten
es) and D-persistent.

Nishimura [115℄ des
ribed all si-logi
s axiomatisable by one-variable formulas. As a 
onsequen
e

of his result and Theorem 4.14 we obtain the following theorem due to Sobolev [138℄:

Theorem 9.13 (Sobolev) All si-logi
s with extra axioms in one variable have the fmp and are

de
idable.

In fa
t, Sobolev proved a more general (but rather 
ompli
ated) synta
ti
al suÆ
ient 
ondition

of the fmp and 
onstru
ted a formula in two variables axiomatising a si-logi
 without the fmp (She-

htman's [132℄ in
omplete si-logi
 has also axioms in two variables).

By the Blok{Esakia and preservation theorems, the situation with tabular logi
s in ExtInt is the

same as in NExtGrz. In parti
ular, there are only three pretabular logi
s in ExtInt [95℄, and the

tabularity problem is de
idable in ExtInt.

9.5 Medvedev's logi


Although this 
hapter's main 
on
ern is 
lasses of logi
s rather than individual systems, we 
on
lude it

with a brief dis
ussion of a very elegant and interesting si-logi
 introdu
ed by Medvedev [109,110,111℄

and known as the logi
 of �nite problems or the Medvedev logi
 ML. Semanti
ally it 
an be de�ned

as the set of intuitionisti
 formulas that are valid in all `topless' n-ary Boolean 
ubes depi
ted in

Fig. 5 for n = 1; 2; 3; 4. More pre
isely, let W

n

be the family of nonempty subsets of a set with n > 0

elements and xR

n

y means y � x, for x; y 2W

n

. Then

ML = f' j hW

n

; R

n

i j= ' for all n � 1g:

It turns out that ML is a 
onstru
tive si-logi
 in the sense that it enjoys the following disjun
tion

property

' _  2ML implies ' 2ML or  2ML

and, moreover, no proper extension of ML is 
onstru
tive in this sense [89,99℄. In fa
t, there are a


ontinuum of maximal 
onstru
tive si-logi
s [73,98,20,39℄, and not a single one of them is known to be

�nitely axiomatisable or de
idable. In parti
ular, [101℄ shows that ML is not �nitely axiomatisable.

Problem 9.14 Does there exist a de
idable maximal si-logi
 with the disjun
tion property? In par-

ti
ular, is ML de
idable?
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Problem 9.15 Does there exist a �nitely axiomatisable maximal si-logi
 with the disjun
tion prop-

erty?
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