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Abstra
t

Every normal modal logi
 L gives rise to the 
onsequen
e relation ' j=

L

 

whi
h holds i�  is true in a world of an L-model whenever ' is true in that

world. We 
onsider the following algorithmi
 problem for L. Given two modal

formulas '

1

and '

2

, de
ide whether '

1

^'

2

is a 
onservative extension of '

1

in the

sense that whenever '

1

^'

2

j=

L

 and  does not 
ontain propositional variables

not o

urring in '

1

, then '

1

j=

L

 . We �rst prove that the 
onservativeness

problem is 
oNExpTime-hard for all modal logi
s of unbounded width (whi
h

have rooted frames with more than N su

essors of the root, for any N < !).

Then we show that this problem is (i) 
oNExpTime-
omplete for S5 and K, (ii)

in ExpSpa
e for S4 and (iii) ExpSpa
e-
omplete for GL.3 (the logi
 of �nite

stri
t linear orders). The proofs for S5 and K use the fa
t that these logi
s have

uniform interpolation.

1 Introdu
tion

A theory T

2

is said to be a 
onservative extension of a theory T

1

if any 
onsequen
e

of T

2

, whi
h only uses symbols from T

1

, is a 
onsequen
e of T

1

as well. This notion

plays an important role in mathemati
al logi
 and the foundations of mathemati
s.

For example, the result that the Bernays{G�odel set theory BG (or BGC) is a 
onser-

vative extension of the Zermelo{Fraenkel set theory ZF (or ZFC) means the relative


onsisten
y of BG(C): if ZF(C) is 
onsistent then BG(C) is also 
onsistent.

Rather surprisingly, in modal logi
 the notion of 
onservative extension has hardly

been investigated. Indeed, modal theories|similarly to �rst-order theories|have be-


ome fundamental tools for representing various domains. For example, in epistemi


logi
, modal theories represent the (possibly introspe
tive) knowledge of an agent; in

temporal logi
, theories serve as spe
i�
ations of 
on
urrent systems; in des
ription

logi
, theories (
alled TBoxes) are ontologies used to �x the terminology of an appli-


ation domain, et
. In all these examples, the notion of a 
onservative extension 
an

be used to 
ompare di�erent theories and derive important information about their

relation to ea
h other: for instan
e, a temporal spe
i�
ation T

2


an be regarded as

a `safe' re�nement of another temporal spe
i�
ation T

1

if, and only if, T

2

is a 
on-

servative extension of T

1

(see, e.g., [13℄). A des
ription logi
 ontology T

2

is a `safe'

extension of another des
ription logi
 ontology T

1

if, and only if, T

2

is a 
onservative

extension of T

1

(see [1, 5℄).
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One of the main reasons for using modal logi
 instead of full �rst-order logi
 in the

appli
ations above is that reasoning in modal logi
 is often de
idable. To employ the

notion of 
onservative extension for modal logi
s, it is therefore 
ru
ial to analyse the

algorithmi
 problem of de
iding whether one modal theory is a 
onservative extension

of another modal theory.

In this paper, we investigate the notion of 
onservative extension for a number of

basi
 modal logi
s and, in parti
ular, determine the 
omputational 
omplexity of the


onservativeness problem for these logi
s.

In modal logi
, the notion of 
onservative extension depends on the 
onsequen
e

relation we are interested in. Of parti
ular importan
e are the `lo
al 
onsequen
e

relation' a

ording to whi
h a formula ' follows from a formula  if ' is true in every

world where  is true, and the `global 
onsequen
e relation' a

ording to whi
h '

follows from  if ' is true everywhere in a model whenever  is true everywhere in

this model (see, e.g., [8℄). In this paper, we 
on
entrate on the lo
al 
onsequen
e

relation. Some information about the global 
onsequen
e relation is provided in the

�nal se
tion.

We begin by showing that de
iding non-
onservativeness is NExpTime-hard for

all modal logi
s of unbounded width (whi
h have rooted frames with more than N

su

essors of the root, for any N < !). This result 
overs almost all standard modal

logi
s, for example, K, S4, S5, and S4.3. Thus, de
iding 
onservativeness turns out

to be mu
h harder than de
iding satis�ability. We also observe that for tabular modal

logi
s (see, e.g., [2, 16℄) non-
onservativeness is NP

NP

-
omplete, whi
h 
oin
ides with

the 
omplexity of non-
onservativeness in 
lassi
al propositional logi
 [9℄. The proof

of this result and many other proofs in this paper are based on some elementary fa
ts


onne
ting 
onservativeness with bisimulations.

Next, to warm up, we 
onsider the modal logi
 S5 and show that in this 
ase non-


onservativeness is NExpTime-
omplete by proving that one 
an 
onstru
t a uniform

interpolant of exponential size in exponential time (in the size of a given formula)

and using the fa
t that S5-satis�ability is de
idable in NP. This proof is based on a

general result 
onne
ting 
onservativeness with uniform interpolation (see [10, 15℄ for

a dis
ussion of this variant of interpolation).

A slightly di�erent te
hnique is used to prove that for K non-
onservativeness is

NExpTime-
omplete. Here we employ a result from [12℄ a

ording to whi
h there

exist uniform interpolants for K of (only) exponential size, and then provide a dire
t

algorithm de
iding non-
onservativeness without 
omputing the uniform interpolant.

After that we 
onsider the non-
onservativeness problem for S4 and establish

an ExpSpa
e upper bound. As this upper bound (probably) does not mat
h the

NExpTime lower bound, we leave the exa
t 
omplexity as an open problem. The

logi
 S4 does not have uniform interpolation [6℄, and therefore a `dire
t' algorithm

had to be found. Similar arguments show that non-
onservativeness is de
idable in

ExpSpa
e for K4, Grz and GL.

Finally, we prove that 
onservativeness is ExpSpa
e-
omplete for GL:3, the logi


of �nite stri
t linear orders. Here we again give dire
t proofs for both lower and upper

bounds. Similar proofs show ExpSpa
e-
ompleteness of 
onservativeness for K4:3

and S4:3.
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2 Preliminaries

We 
onsider the language ML of propositional unimodal logi
 with 
ountably many

propositional variables p

1

; p

2

; : : : , the Booleans ^ and :, and the modal operator �.

Other Boolean operators and the modal diamond � are de�ned as usual. Given an

ML-formula ', we denote by var(') the set of propositional variables o

urring in '.

A (Kripke) frame F = (W;R) is a nonempty set W of points (or worlds) with

a binary relation R on it. A (Kripke) model M = (F;V) 
onsists of a frame and a

valuation V giving truth-values to propositional variables in the worlds of W . The

satisfa
tion relation `(M; w) j= '' between pointed models (M; w) (where w 2 W )

and ML-formulas ' is de�ned as usual. (If M is 
lear from the 
ontext, instead of

(M; w) j= ' we often write w j= '.) A formula ' is said to be valid in a frame F if

(M; w) j= ' holds for every model M based on F and every point w in it.

Consider now a Kripke 
omplete normal modal logi
 L (i.e., a subset L ofML for

whi
h there exists a 
lass F of frames su
h that L is the set of all formulas that are

valid in every F 2 F). The lo
al 
onsequen
e relation `'

1

j=

L

'

2

' for L is de�ned as

follows: '

1

j=

L

'

2

holds if, and only if, for every pointed model (M; w) based on a

frame for L, we have (M; w) j= '

2

whenever (M; w) j= '

1

.

Given a Kripke 
omplete normal modal logi
 L and two ML-formulas '

1

and '

2

,

we say that '

1

^ '

2

is a 
onservative extension of '

1

in L if, for every  2ML with

var( ) � var('

1

), '

1

^ '

2

j=

L

 implies '

1

j=

L

 .

If '

1

^ '

2

is not a 
onservative extension of '

1

in L, then there is a formula  

with var( ) � var('

1

) su
h that '

1

^  is satis�able in a model based on a frame

for L, while '

1

^ '

2

^  is not satis�able in any su
h model. In this 
ase we 
all  a

(non-
onservativeness) witness formula (or simply a witness) for the pair ('

1

; '

2

) in

L.

It is worth mentioning that, in propositional 
lassi
al logi
, de
iding non-


onservativeness is NP

NP

-
omplete (or, whi
h is the same, �

P

2

-
omplete). In fa
t,

for propositional formulas '

1

and '

2

, '

1

^'

2

is not a 
onservative extension of '

1

i�

the formula

9p('

1

^ 8q:('

1

^ '

2

))

is valid (where p = var('

1

) and q = var('

2

) n var('

1

)). Clearly, this formula is

equivalent to the formula

9p8q('

1

^ :'

2

);

and de
iding validity of quanti�ed Boolean formulas of this form is known to be

NP

NP

-
omplete [9℄.

The notion of 
onservative extension turns out to be 
losely 
onne
ted with the

notion of uniform interpolation. We remind the reader that a modal logi
 L is said to

have uniform interpolation if, for every formula ' and every �nite set p of variables,

there exists a formula 9

L

p:' su
h that

� var(9

L

p:') � var(') n p,

� ' j=

L

9

L

p:', and

� ' j=

L

 implies 9

L

p:' j=

L

 , for every formula  with var( ) \ p = ;.
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Lemma 1 If L has uniform interpolation, then '

1

^ '

2

is a 
onservative extension

of '

1

in L i� '

1

j=

L

9

L

p:('

1

^ '

2

), where p = var('

2

) n var('

1

).

Proof. Suppose that '

1

^ '

2

is not a 
onservative extension of '

1

. Take a formula

 with var( ) � var('

1

) su
h that '

1

^ '

2

j=

L

 and '

1

6j=

L

 . Then we must have

9

L

p:('

1

^ '

2

) j=

L

 , from whi
h '

1

6j=

L

9

L

p:('

1

^ '

2

).

Conversely, suppose '

1

6j=

L

9

L

p:('

1

^ '

2

). But then '

1

^ '

2


annot be a 
onser-

vative extension of '

1

be
ause '

1

^ '

2

j=

L

9p:('

1

^ '

2

). ❏

This lemma suggests the following pro
edure for de
iding the 
onservativeness

problem for a modal logi
 L with uniform interpolation: given '

1

and '

2

, 
onstru
t

9

L

p:('

1

^'

2

) with p = var('

2

)nvar('

1

) and then 
he
k whether '

1

j=

L

9

L

p:('

1

^'

2

).

Below, we will follow this approa
h for the modal logi
s S5 andK whi
h enjoy uniform

interpolation [15℄. Many standard modal logi
s, su
h as S4, K4 or S4:3, do not have

uniform interpolation, however [6℄. In those 
ases we will provide dire
t proofs.

An important notion that 
an be used for analysing 
onservative extensions (as

well as uniform interpolation) is the standard bisimulation between Kripke models [7℄.

Let p be a �nite set of propositional variables, let M

1

and M

2

be models based on

Kripke frames (W

1

; R

1

) and (W

2

; R

2

), respe
tively, and let w

i

2 W

i

for i = 1; 2. A

p-bisimulation between (M

1

; w

1

) and (M

2

; w

2

) is a relation �

p

between W

1

and W

2

su
h that the following 
onditions hold:

� w

1

�

p

w

2

,

� if u

1

�

p

u

2

, then (M

1

; u

1

) j= p i� (M

2

; u

2

) j= p, for every p 2 p,

� if u

1

�

p

u

2

and u

1

R

1

v

1

, then there is some v

2

2 W

2

su
h that u

2

R

2

v

2

and

v

1

�

p

v

2

,

� if u

1

�

p

u

2

and u

2

R

2

v

2

, then there is some v

1

2 W

1

su
h that u

1

R

1

v

1

and

v

1

�

p

v

2

.

If (M

1

; w

1

) and (M; w

2

) are p-bisimilar, then we write (M

1

; w

1

) �

p

(M; w

2

). The

main property of bisimilar models is that the se
ond item above follows for all formulas

' with var(') � p, that is, if (M

1

; w

1

)�

p

(M; w

2

) then (M

1

; w

1

) j= ' i� (M

2

; w

2

) j=

', for all su
h '.

We remind the reader that a frame F = (W;R) (and a model based on F) is said to

be m-transitive, for m � 1, if whenever uRx

1

R : : : Rx

m

Rv then there exist k < m and

points y

1

; : : : ; y

k

2W su
h that uRy

1

R : : : Ry

k

Rv (in this sense, standard transitivity

is 1-transitivity). A Kripke 
omplete normal modal logi
 L is 
alled m-transitive if

the frames validating it are m-transitive.

We will be using the following property of m-transitive models: for every �nite set

p of variables and every �nite pointed m-transitive model (M; w), one 
an 
onstru
t

a formula �

p

(M; w) 
ontaining only variables from p su
h that, for every pointed

m-transitive model (M

0

; w

0

),

(M

0

; w

0

) j= �

p

(M; w) i� (M; w) �

p

(M

0

; w

0

):
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�

p

(M; w) is 
alled the 
hara
teristi
 formula for (M; w) and p. Noti
e that �

p

(M; w)

is uniquely determined modulo equivalen
e in the minimal m-transitive modal logi
.

Later on in this paper, we will also 
onsider more spe
ialised formulas whi
h satisfy

this equivalen
e only for 
ertain frame 
lasses.

Lemma 2 For every m-transitive modal logi
 L with the �nite model property, the

following 
onditions are equivalent:

� '

1

^ '

2

is a 
onservative extension of '

1

in L,

� for every �nite pointed model (M; w) based on a frame for L, if (M; w) j= '

1

then there exists a �nite var('

1

)-bisimilar model (M

0

; w

0

) based on a frame for

L and su
h that (M

0

; w

0

) j= '

2

.

Moreover, if '

1

^ '

2

is not a 
onservative extension of '

1

in L, then there exists

a �nite pointed model (M; w) based on a frame for L su
h that �

var('

1

)

(M; w) is a

witness for ('

1

; '

2

) in L.

Proof. If '

1

^'

2

is not a 
onservative extension of '

1

, then there is a formula  over

p = var('

1

) su
h that '

1

^  is satis�able but '

1

^ '

2

^  is unsatis�able. Take a

�nite model (M; w) based on a frame for L and su
h that w j= '

1

^  . But then no

pointed model based on a frame for L and p-bisimilar to (M; w) 
an satisfy '

2

.

Conversely suppose that (M; w) is a model based on a frame for L su
h that

(M; w) j= '

1

, but (M

0

; w

0

) j= '

2

does not hold for any �nite var('

1

)-bisimilar model

(M

0

; w

0

) based on a frame for L. Then '

1

^�

var('

1

)

(M; w) is L-satis�able, namely, in

(M; w), but '

1

^ '

2

^ �

var('

1

)

(M; w) is not satis�able in any �nite model based on a

frame for L. ❏

As a �rst appli
ation of Lemma 2 we 
onsider the 
onservativeness problem for

tabular logi
s. A modal logi
 L is 
alled tabular if L is the logi
 of a �nite set of �nite

frames [2℄. It should be 
lear that every tabular logi
 is m-transitive for some m < !.

Theorem 3 The non-
onservativeness problem for ea
h tabular logi
 L is NP

NP

-


omplete.

Proof. The lower bound follows from NP

NP

-hardness of non-
onservativeness for

propositional logi
. The following pro
edure 
he
ks non-
onservativeness for a tabular

L in NP

NP

. Let F be the �nite set of �nite rooted frames validating L. Given

formulas '

1

and '

2

, we �rst guess a pointed model (M; w) based on a frame in F .

And then we 
he
k (i) whether w j= '

1

and (ii) whether there does not exist a model

(M

0

; w

0

) �

var('

1

)

(M; w) based on a frame from F and satisfying '

2

at w

0

. Clearly,

(i) 
an be 
he
ked in polynomial time and (ii) by 
alling an NP-ora
le. ❏

3 The NExpTime lower bound

Say that a Kripke 
omplete modal logi
 L is of unbounded width if, for every N < !,

there exist a Kripke frame F = (W;R) for L and a point w 2W su
h that the number

5



of R-su

essors of w is at least N , or jfv 2W j wRvgj � N , to be more pre
ise. Many

standard modal logi
s su
h as K, K4, S4, GL, S4.3, S5 are 
learly of unbounded

width.

Given a model M and a set q of variables, we 
all a model M

0

a q-variant of M

if M

0


an be obtained from M by 
hanging the valuation of some variables in q (but

nothing else).

Theorem 4 Let L be a Kripke 
omplete normal modal logi
 of unbounded width.

Then the 
onservativeness problem for L is 
oNExpTime-hard.

Proof. The proof is by redu
tion of the 
omplement of the well-known NExpTime-


omplete 2

n

� 2

n

-bounded tiling problem (see, e.g., [14℄): given n < !, a �nite set T

of tile types and a t

0

2 T , de
ide whether T 
an tile the 2

n

� 2

n

grid in su
h a way

that t

0

is pla
ed onto (0; 0). More pre
isely, let H and V be the binary relations on

T � T su
h that (t; t

0

) 2 H ((t; t

0

) 2 V ) i� the 
olours of the right (upper) edge of t

and the left (bottom) edge of t

0


oin
ide. Then T is said to tile the 2

n

� 2

n

grid if

there is a fun
tion � : 2

n

� 2

n

! T su
h that

� if �(i; j) = t and �(i+ 1; j) = t

0

then (t; t

0

) 2 H, for all i < 2

n

� 1, j < 2

n

,

� if �(i; j) = t and �(i; j + 1) = t

0

then (t; t

0

) 2 V , for all i < 2

n

, j < 2

n

� 1,

� �(0; 0) = t

0

.

Given a set T = ft

1

; : : : ; t

m

g of tile types, we are going to 
onstru
t two formulas '

1

and '

2

su
h that (i) j'

1

j and j'

2

j are polynomial in m and n, and (ii) '

1

^ '

2

is a


onservative extension of '

1

in L i� T 
annot tile the 2

n

� 2

n

grid in su
h a way that

t

0

is pla
ed onto (0; 0).

To 
onstru
t '

1

and '

2

, we will use the following propositional variables

� p = fp

1

; : : : ; p

n

g and q = fq

1

; : : : ; q

n

g to represent the points (i; j) of the 2

n

�2

n

grid in models by means of the standard binary en
oding; for example, (1; 2) is

represented by a point w of some model i�

w j= p

1

^ :p

2

^ � � � ^ :p

n

and w j= :q

1

^ q

2

^ :q

3

^ � � � ^ :q

n

(we will 
all a p-literal any 
onjun
tion :

1

p

1

^� � �^:

n

p

n

where ea
h :

i

is either

: or blank),

� t = ft

1

; : : : ; t

m

g: w j= t

i

will mean that the grid point represented by w is


overed by a tile of type t

i

,

� the set A of auxiliary variables P

1

; : : : ; P

n

, Q

1

; : : : ; Q

n

, T

1

; : : : ; T

m

; these vari-

ables will o

ur in '

2

, but not in '

1

.

The formula

'

1

= (:p

1

^ � � � ^ :p

n

) ^ (:q

1

^ � � � ^ :q

n

) ^ t

0

^�

m

_

i=1

t

i

:

6



is supposed to say that if (M; w) j= '

1

then w represents (0; 0), whi
h is 
overed by

t

0

, and ea
h point of the grid represented by some R-su

essor of w is 
overed by at

least one tile of a type from T .

We say that a pointed model (M; w) represents a proper tiling of the 2

n

� 2

n

grid

by T if (M; w) j= �

T ;n

, where �

T ;n

is the 
onjun
tion of the following formulas:

�

+

(l

1

^ l

2

);

�

+

(l

1

^ l

2

^ t)! �

+

�

l

1

^ l

2

! (t ^ :

_

t

0

6=t

t

0

)

�

;

�

+

(l

1

^ l

2

^ t)! �

+

_

(t;t

0

)2H

�

(l

1

+ 1) ^ l

2

^ t

0

)

�

; for l

1

< 2

n

� 1

�

+

(l

1

^ l

2

^ t)! �

+

_

(t;t

0

)2V

�

l

1

^ (l

2

+ 1) ^ t

0

�

; for l

2

< 2

n

� 1

for all possible p-literals l

1

, q-literals l

2

, and t; t

0

2 t. Here we use the abbreviations

�

+

 =  ^� , �

+

 =  _ � , and if l

i

represents a number k < 2

n

� 1 then l

i

+ 1

represents k + 1.

The formula '

2

to be 
onstru
ted below will have the property that, for every

model M based on a frame (W;R) with (M; w) j= '

1

, the following 
onditions are

equivalent:

1. there is an A-variant M

0

of M su
h that (M

0

; w) j= '

2

,

2. (M; w) does not represent a proper tiling of the 2

n

� 2

n

grid by T .

Suppose for the moment that we have managed to 
onstru
t su
h a formula '

2

of

length polynomial in m and n. We 
laim then that '

1

^'

2

is a 
onservative extension

of '

1

in L i� T 
annot tile the 2

n

� 2

n

grid in su
h a way that t

0

is pla
ed onto (0; 0).

Indeed, assume �rst that T 
annot tile the grid in this way, and 
onsider any modelM

based on a frame for L and satisfying '

1

at its root w. Then (M; w) 
annot represent

a proper tiling of the grid by means of T , and so we 
an �nd an A-variant M

0

of M

su
h that (M

0

; w) j= '

2

. Clearly, this means that '

1

^ '

2

is a 
onservative extension

of '

1

in L.

Now suppose that T 
an tile the grid. Clearly, we 
an satisfy '

1

^�

T ;n

in a model

based on a frame for L. But then �

T ;n

is a witness for ('

1

; '

2

) in L be
ause a model

(M; w) with (M; w) j= '

1

^'

2

^�

T ;n

would trivially satisfy the former 
ondition above

but not the latter.

Now we 
onstru
t the required formula '

2

. How to ensure that a point and its

su

essors do not represent a tiling properly? There 
an be three di�erent types of

defe
ts:

1. two di�erent tiles 
over the same point or two di�erent tiles 
over two points

representing the same pair (i; j) on the grid,

2. there is a point representing (i; j) but here is no point representing (i+1; j), for

i < 2

n

� 1, or no point representing (i; j + 1), for j < 2

n

� 1,

7



3. 
olour mismat
h.

To en
ode the existen
e of at least one of these defe
ts we require our auxiliary vari-

ables P

i

, Q

i

, and T

i

whi
h will be used to 
arry, everywhere in the relevant part of

the model, the information that there exists a point representing some grid point v


overed by some tile t. The formula

n

^

i=1

(�

+

P

i

$ �

+

P

i

) ^

n

^

i=1

(�

+

Q

i

$ �

+

Q

i

) ^

m

^

i=1

(�

+

T

i

$ �

+

T

i

) (1)

says that ea
h of the P

i

, Q

i

, and T

i

has the same truth-value everywhere in the relevant

part of the model. Suppose that (1) is true at the root w of our hypotheti
al model.

Then, by making the formula

9p; q; t = �

+

�

n

^

i=1

�

(p

i

$ P

i

) ^ (q

i

$ Q

i

)

�

^

m

^

i=1

(t

i

$ T

i

)

�

true at w, we send|via the P

i

, Q

i

and T

i

|to all worlds a

essible from w (and w

itself) the information that there is a point v in the model representing some grid

point and 
overed by some tiles. In parti
ular, the formula

atP;Q =

n

^

i=1

�

(p

i

$ P

i

) ^ (q

i

$ Q

i

)

�

is true at a point u a

essible from the root or the root itself i� u and v represent the

same grid point, and

atP;Q; T =

n

^

i=1

�

(p

i

$ P

i

) ^ (q

i

$ Q

i

)

�

^

m

^

i=1

(t

i

$ T

i

)

is true at u i� u and v represent the same grid point and are 
overed by the same

tiles. Using these formulas we 
an now express that the model under 
onsideration


ontains a defe
t of type 1:

9p; q; t ^

_

i 6=j

�

�

+

(atP;Q ^ t

i

) ^ �

+

(atP;Q ^ t

j

)

�

: (2)

To des
ribe defe
ts of type 2, we require the formulas

9p

+

; q; t = �

+

�

:

n

^

k=1

p

k

^

^

k�n

�

�

^

i<k

p

i

^:p

k

�

!

^

i<k

:P

i

^P

k

^

n

^

j=k+1

(p

j

$ P

j

)

�

^

n

^

i=1

(q

i

$ Q

i

) ^

m

^

i=1

(t

i

$ T

i

)

�

8



and

9p; q

+

; t = �

+

�

:

n

^

k=1

q

k

^

^

k�n

�

�

^

i<k

q

i

^:q

k

�

!

^

i<k

:Q

i

^Q

k

^

n

^

j=k+1

(q

j

$ Q

j

)

�

^

n

^

i=1

(p

i

$ P

i

) ^

m

^

i=1

(t

i

$ T

i

)

�

:

The latter, for instan
e, says that, for some point in the relevant part of the model

representing some grid point (k; l) and 
overed by some tiles t, the variables P

i

rep-

resent k, the Q

i

represent l+1, and the T

i

represent the same tiles t. (For des
ribing

defe
ts of type 2 we do not need the last 
onjun
ts for t

i

in these formulas. They will

be required for defe
ts of type 3.)

The existen
e of a defe
t of type 2 
an be guaranteed then by the formula

(9p

+

; q; t ^ :�

+

atP;Q) _ (9p; q

+

; t ^ :�

+

atP;Q); (3)

and the existen
e of a defe
t of type 3 
an be ensured by the formula

�

9p

+

; q; t ^ �

+

�

atP;Q ^ :

_

(t

i

;t

j

)2H

(T

i

^ t

j

)

�

�

_

�

9p; q

+

; t ^ �

+

�

atP;Q ^ :

_

(t

i

;t

j

)2V

(T

i

^ t

j

)

�

�

: (4)

Finally, we de�ne '

2

by taking

'

2

= (1) ^

�

(2) _ (3) _ (4)

�

:

It is easy to see that '

2

is as required. We leave details to the reader. ❏

4 The upper bound for S5

It is well known that the modal logi
 S5 has uniform interpolation. One 
an easily


onstru
t a uniform interpolant 9

S5

q:' of double exponential size in j'j using the

fa
t that every formula in n variables is equivalent in S5 to a formula of length

2

2

O(n)

. It follows from Lemma 1 and the de
idability of S5 in 
oNP that the non-


onservativeness problem for S5 is de
idable in non-deterministi
 2ExpTime.

In this se
tion, we improve this bound by showing that S5 has uniform inter-

polants of exponential size (whi
h 
an be 
onstru
ted in exponential time). Thus,

we obtain, by Lemma 1 and Theorem 4, that the 
onservativeness problem for S5 is


oNExpTime-
omplete.

Suppose '(p;q) with disjoint p and q and jp[qj = n is given. The p-literal given

by a model M and a point x in it will be denoted by l

M

(x) or simply l(x) if M is

understood. Thus,

l(x) =

^

fp

i

j (M; x) j= p

i

g [ f:p

i

j (M; x) 6j= p

i

g:

9



Denote by M(') the number of o

urren
es of the modal operator � in ' plus one.

A uniform interpolant 9

S5

q:' of size at most exponential in j'j 
an be 
onstru
ted

in the following way. First we take the set of all pairwise non-isomorphi
 rooted S5-

models over p and q

1

with at most M(') worlds and su
h that no two distin
t worlds

in a model validate pre
isely the same variables from p and q. The total number

of su
h models is not ex
eeding 2

n�M(')

. Then we partition this set of models into

(disjoint) subsets, say K

1

; : : : ;K

m

, su
h that all models from the same K

i

validate the

same subformulas of ' starting with � (re
all that we use � as an abbreviation).

For ea
h M 2 K

i

based on a frame (W;R) and ea
h point x inM with x j= ', let

�

M

(x) = l(x) ^

^

w2Wnfxg

�l(w);

and let  

i

be the disjun
tion of all su
h �

M

(x), for allM 2 K

i

and x inM with x j= '.

Denote by T

i

the set of all p-literals that are not satis�ed in any model from K

i

, and

set

�

i

=  

i

^

^

l2T

i

:�l

9

S5

q:' =

m

_

i=1

�

i

Clearly, the size of 9

S5

q:' is at most exponential in the size of ', and it 
an be


onstru
ted in exponential time. So it remains to prove the following:

Lemma 5 9

S5

q:' is a uniform interpolant for ' in S5.

Proof. To show that ' j=

S5

9

S5

q:', 
onsider an arbitrary rooted S5-modelM based

on a frame (W;W �W ) and su
h that x j= ' for some x 2 W . Let i 2 f1; : : : ;mg

be su
h that M validates pre
isely the same subformulas of ' starting with � or �

as the models from K

i

. Now observe that, for every point y 2W , we 
an always �nd

a subset Y � W 
ontaining y su
h that the restri
tion of M to Y is (isomorphi
 to)

some model from K

i

(just pi
k up one `witness' satisfying : for every subformula

� of ' su
h that y j= :� . It follows that (M; x) j= �

i

, and so (M; x) j= 9

S5

q:'

Suppose now that we have a formula  with var( ) \ q = ;. We need to prove

that if 9

S5

q:' 6j=

S5

 then ' 6j=

S5

 . Let 9

S5

q:' 6j=

S5

 . Take a model M = (F;V)

with F = (W;W �W ) su
h that (M; w) j= 9

S5

q:' and (M; w) 6j=  for some w 2W .

By the de�nition of 9

S5

q:', we 
an �nd i 2 f1; : : : ;mg, N 2 K

i

, and x in N su
h that

(M; w) j= �

i

and (M; w) j= �

N

(x). We know that (N; x) j= '. Now, with the help of

M, we extend N to a model K su
h that (K; x) j= ' and (K; x) 6j=  .

Let N = (G;U) and G = (U;U � U). By the de�nition of �

N

(x), for every u 2 U

there is w

u

2W su
h that l

N

(u) = l

M

(w

u

). Clearly, we 
an take w

x

= w. We 
an also

assume that W is disjoint from U . Now de�ne a new model K = (H;W) based on the

frame H = (V; V � V ), where

V = U [ (W n fw

u

j u 2 Ug)

1

This means that we restri
t valuations in models to the variables in p and q.

10



and, for ea
h u 2 U ,

W(p; u) =

(

U(p; u); for p 2 p [ q

V(p;w

u

); otherwise.

For the remaining points of V the valuationW is de�ned as follows. For ea
h v 2 V nU

we 
an �nd, by the se
ond 
onjun
t of �

i

, a model N

v

2 K

i

(with a valuation U

v

) and

a point z

v

in it su
h that l

N

v

(z

v

) = l

M

(v). Then we set, for all su
h v,

W(p; v) =

(

U

v

(p; z

v

); for p 2 p [ q

V(p; v); otherwise.

We have (K; x) j= ' be
ause, restri
ted to the variables from p [ q, the model K


onsists of N 2 K

i

together with some points from other models in K

i

validating,

by de�nition, pre
isely the same subformulas of ' starting with �. Finally, we have

(K; x) 6j=  be
ause var( ) \ q = ;, and, restri
ted to the variables in var( ), the

model K is isomorphi
 to M with x 
orresponding to w. ❏

As a 
onsequen
e we obtain the following:

Theorem 6 The 
onservativeness problem for S5 is 
oNExpTime-
omplete.

5 The upper bound for K

As in the 
ase of S5, it is known [15, 4℄ that the modal logi
 K has uniform inter-

polation, with a uniform interpolant for a given formula and set of variables being


onstru
ted in an e�e
tive way. Moreover, it has been re
ently shown in [12℄ that one


an 
onstru
t a uniform interpolant 9

K

q:' for ' in su
h a way that the size of 9

K

q:'

is at most exponential in the size j'j of ' | 2

p(j'j)

for a 
ertain polynomial p whi
h

does not depend on ', to be more exa
t, | and its modal depth does not ex
eed the

modal depth of '.

Using this result, the fa
t that the de
ision problem for K is PSpa
e-
omplete,

and the algorithm from Se
tion 2, one 
an obtain an algorithm de
iding the 
onser-

vativeness problem for K using exponential spa
e in the size of the input formulas.

In this se
tion we improve this bound by providing a 
oNExpTime algorithm. Thus,

we obtain

Theorem 7 The 
onservativeness problem for K is 
oNExpTime-
omplete.

Proof. The 
oNExpTime lower bound follows from Theorem 4. Here we present

a nondeterministi
 exponential time algorithm for de
iding the 
omplement of the


onservativeness problem for K.

Suppose that we are given formulas '

1

(p) and '

2

(p;q) with disjoint p =

fp

1

; : : : ; p

n

g and q = fq

1

; : : : ; q

n

g. Denote by sub('

i

), i = 1; 2, the 
losure under

single negation of the set of all subformulas of '

i

. As usual, by a '

i

-type t we mean

a Boolean-
losed subset of sub('

i

), i.e.,

11



Input: formulas '

1

(p) and '

2

(p;q).

1. Guess a Kripke model M over the variables in p su
h that

� M is based on an irre
exive intransitive tree F = (W;R),

� the depth of F is � d,

� the bran
hing fa
tor of F is bounded by N = j'

2

j � 2

p(j'

1

^'

2

j)

.

2. Che
k whether (M; r) j= '

1

, where r is the root of M. If this is not the 
ase,

return `'

1

^ '

2

is a 
onservative extension of '

1

.' Else

3. Label the points x of F with subsets `(x) of tp

2

by indu
tion starting from the

leaves as follows:

� If x 2 W is a leaf of F, then `(x) 
onsists of all types t 2 tp

2

su
h that

p

i

2 t i� x j= p

i

, for all p

i

2 p, and t 
ontains all formulas of the form

� 2 sub('

2

).

� Suppose now that x 2 W is not a leaf and all R-su

essors of x have

already been labelled. Consider a type t 2 tp

2

and let �#

1

; : : : ;�#

m

be

all the box formulas in t and :� 

1

; : : : ;:� 

k

be all the negated box

formulas in t. Then t 2 `(x) i� the following 
onditions hold:

(a) p

i

2 t i� x j= p

i

, for all p

i

2 p,

(b) for ea
h R-su

essor y of x, there exists a t

0

2 `(y) with

f#

1

; : : : ; #

m

g � t

0

,

(
) there exist pairwise distin
t R-su

essors y

1

; : : : ; y

k

of x and types

t

1

2 `(y

1

); : : : ; t

k

2 `(y

k

) su
h that f: 

i

; #

1

; : : : ; #

m

g � t

i

, 1 � i � k.

4. Che
k whether there is a t 2 `(r) su
h that '

2

2 t. If this is the 
ase return

`'

1

^ '

2

is a 
onservative extension of '

1

'; otherwise return `it is not.'

Figure 1: De
iding non-
onservativeness for K.

�  2 t i� : =2 t, for every : 2 sub('

i

),

�  ^ � 2 t i�  2 t and � 2 t, for every  ^ � 2 sub('

i

).

Denote by tp

i

the set of all types for '

i

; 
learly, jtp

i

j � 2

j'

i

j

. Let d be the maximum

of the modal depths of '

1

and '

2

. Now, the algorithm is presented in Fig. 1.

Lemma 8 The algorithm of Fig. 1 returns `'

1

^'

2

is a 
onservative extension of '

1

'

i� this is indeed the 
ase.

Proof. (() Suppose '

1

^ '

2

is not a 
onservative extension of '

1

. By Lemma 1,

we have '

1

6j=

K

9

K

q:('

1

^ '

2

). A

ording to [12℄, there exists a uniform interpolant

9

K

q:('

1

^ '

2

) whose size does not ex
eed N

0

= 2

p(j'

1

^'

2

j)

and whose modal depth is

� d. So there is a model M based on an irre
exive and intransitive tree F = (W;R)

12



of depth � d and bran
hing fa
tor � N

0

su
h that both '

1

and :9

K

q:('

1

^ '

2

) are

true at the root r of F. Without loss of generality we may assume that, for every

x 2 W , if x j= :� 

1

^ � � � ^ :� 

k

for pairwise distin
t :� 

i

2 sub('

2

) then there

are k distin
t R-su

essors y

1

; : : : ; y

k

of x su
h that y

i

j= : 

i

; if this is not the 
ase,

we 
an dupli
ate some relevant subtrees, thereby in
reasing the bran
hing fa
tor to

� N . Thus, we may assume that, restri
ted to the variables in p, the algorithm above

guesses the model M.

Clearly, in Step 2 of the algorithm, we are in the `else-
ase.' Suppose now that

there is a t

0

2 `(r) with '

2

2 t

0

, that is, the algorithm returns `'

1

^'

2

is a 
onservative

extension of '

1

'. De�ne a fun
tion f that maps ea
h x 2W to an element of `(x) by

indu
tion starting from the root:

� Set f(r) = t

0

.

� If f(x) is already de�ned, but f(�) is not de�ned for the R-su

essors of x, then

do the following. Let the negated box formulas in f(x) be :� 

1

; : : : ;:� 

k

and

the box formulas �#

1

; : : : ;�#

h

. Sin
e f(x) 2 `(x), by the de�nition of ` there

are distin
t R-su

essors y

1

; : : : ; y

k

of x and types t

1

2 `(y

1

); : : : ; t

k

2 `(y

k

) su
h

that f: 

i

; #

1

; : : : ; #

h

g � t

i

for 1 � i � k. Set f(y

i

) = t

i

for 1 � i � k. For

ea
h R-su

essor y of x su
h that y =2 fy

1

; : : : ; y

k

g, there is a t 2 `(y) su
h that

f#

1

; : : : ; #

h

g � t. Set f(y) = t.

Now de�ne a q-variant M

0

of M by taking, for all x 2W and all p 2 q,

x j= p i� p 2 f(x):

We still have (M

0

; r) j= '

1

. Moreover, it 
an be easily shown by indu
tion that

(M

0

; x) j=

V

 2f(x)

 for all x 2W . Sin
e '

2

2 f(r), we must have (M

0

; r) j= '

2

. But

then (M; r) j= 9

K

q:('

1

^ '

2

), whi
h is a 
ontradi
tion.

()) Suppose now that our algorithm returns that '

1

^ '

2

is not 
onservative

extension of '

1

. Let M be the model guessed by the algorithm and based on a tree

F = (W;R) with root r. Without loss of generality we may assume that, whenever

xRy in F then there are j'

2

j-many distin
t R-su

essors z of x with t

1

M

(z) = t

1

M

(y),

where t

1

M

(x) the '

1

-type of x in M, that is,

t

1

M

(x) = f 2 sub('

1

) j (M; x) j=  g:

With ea
h x 2 W we asso
iate indu
tively a formula  (x) over p starting from the

leaves of F:

� if x 2W is a leaf, then

 (x) = �? ^

^

xj=p

i

p

i

^

^

x6j=p

i

:p

i

;

� if x 2W is a non-leaf and y

1

; : : : ; y

k

are its R-su

essors, then

 (x) =

^

xj=p

i

p

i

^

^

x6j=p

i

:p

i

^

^

1�i�k

� (y

i

) ^�

_

1�i�k

 (y

i

):
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We show now that '

1

^ '

2

j=

K

: , but '

1

6j=

K

: . To see the latter, re
all �rst

that the algorithm returns `'

1

^'

2

is not a 
onservative extension of '

1

,' and so '

1

2

t

1

M

(r). On the other hand, it follows from the de�nition of  (r) that (M; r) j=  (r).

Therefore, '

1

6j=

K

: .

To prove the former, we assume to the 
ontrary that the formula '

1

^ '

2

^  (r)

is true at the root r

0

of some model M

0

based on F

0

= (W

0

; R

0

). By the de�nition of

 (r), the relation � between W and W

0

de�ned by x � x

0

i� (M

0

; x

0

) j=  (x) is a

p-bisimulation between (M; r) and (M

0

; r

0

).

Let

t

2

M

0

(x

0

) = f� 2 sub('

2

) j (M

0

; x

0

) j= �g:

We show by indu
tion starting from the leaves of F

0

that if x � x

0

then t

2

M

0

(x

0

) 2 `(x).

If x

0

is a leaf then x is also a leaf of F and, therefore x

0

j= �# for all �# 2 sub('

2

).

Sin
e, in addition x

0

j=  (x), by the de�nition of ` we must have t

2

M

0

(x

0

) 2 `(x).

Suppose that our 
laim holds for all R

0

-su

essors of x

0

in F

0

. Let �#

1

; : : : ;�#

m

be all box formulas and :� 

1

; : : : ;:� 

k

be all negated box formulas in t

2

M

0

(x

0

). We

must show that 
onditions (a){(
) from Step 3 in the de�nition of the algorithm hold.

The �rst 
ondition obviously holds be
ause x

0

j=  (x). The se
ond one holds by the

indu
tion hypothesis, be
ause for every y with xRy, y � y

0

, for some R

0

-su

essor y

0

of x

0

, where we have f#

1

; : : : ; #

m

g � t

2

M

0

(y

0

). Finally, for every :� 

i

, 1 � i � k, there

is an R

0

-su

essor y

0

i

of x

0

su
h that f: 

i

; #

1

; : : : ; #

m

g � t

2

M

0

(y

0

i

). Let y

i

� y

0

i

and

xRy

i

. By the indu
tion hypothesis, t

2

M

0

(y

0

i

) 2 `(y

i

), and by the 
ondition imposed on

the model M above, we 
an always 
hoose pairwise distin
t points y

i

for 1 � i � k.

It follows that '

2

2 t

2

M

0

(r

0

) 2 `(r), and so our algorithm must return `' ^ '

2

is a


onservative extension of '

1

', 
ontrary to the original assumption. ❏

To 
omplete the proof of Theorem 7, we note that the algorithm above runs in

exponential time: the guessed model M is at most exponentially large and 
he
king

whether '

1

is true in r 
an be done in exponential time. It remains to 
onsider the `(�)

labelling pro
edure. We have to label jW j points|i.e., at most exponentially many.

For ea
h point x, we have to 
he
k for jtp

2

j (exponentially) many types whether or

not they should be in
luded in `(x). Condition (a) 
an be 
he
ked in polynomial time.

Condition (b) 
an be 
he
ked in exponential time, sin
e there are at most exponentially

many su

essors inM. For 
ondition (
) we have to 
onsider all k-tuples of pairs (y; t)

with y a su

essor of x and t 2 `(y). It is 
lear that there are at most exponentially

many su
h tuples. ❏

6 The upper bound for S4

In this se
tion we present an algorithm de
iding the 
onservativeness problem for S4

in ExpSpa
e in the size of the input formulas.

Before pro
eeding to the te
hni
al details, we remind the reader that Kripke models

for S4 are based on quasi-orders F = (W;R), that is, R is transitive and re
exive. A

set C � W is 
alled a 
luster in F if C = fy 2 W j xRy & yRxg for some x 2 W ;

in this 
ase we also say that C is the 
luster generated by x and denote it by C(x).
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Re
all that every rooted model for S4 is a p-morphi
 image of a model based on a

tree of 
lusters, that is, a rooted quasi-order (W;R) su
h that, for all x; y; z 2 W , if

xRz and yRz, then either xRy or yRx or C(x) = C(y). Without loss of generality we

assume in this se
tion that all our models are based on �nite trees of 
lusters. Given a

quasi-order F = (W;R), we say that a 
luster C(x), for x 2W , is an immediate stri
t

prede
essor of a 
luster C(y) if xRy, C(x) 6= C(y) and whenever xRzRy then either

C(z) = C(x) or C(z) = C(y). By the depth of F we understand the length n of the

longest sequen
e C(x

1

); : : : ; C(x

n

) of 
lusters in F su
h that C(x

i

) is an immediate

stri
t prede
essor of C(x

i+1

). A point y is a stri
t su

essor of a point x i� xRy and

C(x) 6= C(y). The bran
hing fa
tor of F is the maximal number of immediate stri
t

su

essor 
lusters of a 
luster in F.

Suppose that we are given two formulas '

1

and '

2

. The 
entral role in our algo-

rithm will be played by the following notion of a realisable triple for '

1

, '

2

. Consider

a triple t = (t;�;�) where t is a '

1

-type and �, � are sets of '

1

^'

2

-types. We 
all t

realisable if there exists a pointed model (M; x) based on a tree of 
lusters with root

x su
h that

� t = t

1

M

(x) (where, as before, t

1

M

(x) = f 2 sub('

1

) j (M; x) j=  g),

� � is the set of all '

1

^'

2

-types s su
h that

V

�2s

� ^�

var('

1

)

(M; x) is satis�able

(in some model based on a tree of 
lusters),

� � is the set of all '

1

^'

2

-types s for whi
h there exists a point y inM su
h that

V

�2s

� ^ �

var('

1

)

(M; y) is satis�able. (In what follows we will often not distin-

guish between the type t and the 
onjun
tion

V

�2t

�, and write, for example,

t ^ � instead of

V

�2t

� ^ �.)

In this 
ase we say that t = (t;�;�) is realised by (M; x). Observe that if (t;�;�)

is realisable, then � � � and, as follows from the main property of 
hara
teristi


formulas and bisimulations, t � s for every s 2 �. The meaning of realisable triples

will be
ome 
lear from the following lemma.

Lemma 9 The following two 
onditions are equivalent for any formulas '

1

and '

2

:

(1) '

1

^ '

2

is not 
onservative extension of '

1

,

(2) there exists a realisable triple t = (t;�;�) (for '

1

, '

1

) su
h that '

1

2 t but

'

1

^ '

2

=2 s for any s 2 �.

Moreover, for any �nite model (M; x) based on a tree of 
lusters, �

var('

1

)

(M; x) is a

witness for ('

1

; '

2

) i� the triple t realised by (M; x) satis�es 
ondition (2).

Proof. (1) ) (2) By Lemma 2, there is a �nite pointed model (M; x) su
h that

�

var('

1

)

(M; x) is a witness for ('

1

; '

2

). De�ne t = (t;�;�) by taking

� t = t

1

M

(x),

� � = ft

1;2

M

0

(x

0

) j (M

0

; x

0

)�

var('

1

)

(M; x)g, where t

1;2

M

0

(x

0

) is the '

1

^'

2

-type of x

0

in M

0

,
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� � = ft

1;2

M

0

(y

0

) j (M

0

; y

0

)�

var('

1

)

(M; y) for some point y in Mg.

It follows from the main property of 
hara
teristi
 formulas that t is a realisable triple.

It should be 
lear that '

1

2 t but '

1

^ '

2

=2 s for any s 2 �.

(2) ) (1) Let (M; x) be a pointed model realising t. It is readily seen that

�

var('

1

)

(M; x) is a witness for ('

1

; '

2

). ❏

We �rst use the notion of realisable triple to show that whenever '

1

^ '

2

is not

a 
onservative extension of '

1

, then there exists a witness �

var('

1

)

(M; x) of a 
ertain

bounded size. As a �rst step, we show the following

Lemma 10 Let M be a model based on a tree of 
lusters F = (W;R) with root x, and

let (M; x) realise a triple t

x

= (t

x

;�

x

;�

x

) for given '

1

, '

2

. Suppose also that (N; z)

is a model based on a tree of 
lusters with root z, and for some y 2W we have:

� (M; y) realises a triple t = (t;�;�) for '

1

, '

2

,

� (N; z) realises a triple t

0

= (t;�

0

;�

0

) for '

1

, '

2

,

� � � �

0

and � � �

0

.

Denote by (M

0

; x) the result of repla
ing the model generated by y in M with N, and

let (t

x

;�

0

x

;�

0

x

) be the triple realised by (M

0

; x). Then t

x

= t

0

x

, �

x

� �

0

x

, and �

x

� �

0

x

.

Proof. That t

x

= t

0

x

is easily proved by indu
tion on the 
onstru
tion of formulas in

sub('

1

).

Suppose now that s 2 �

0

x

. Then we have a model K

0

based on a tree of 
lusters

with root r su
h that s is realised at r and there is a var('

1

)-bisimulation � between

(M

0

; x) and (K

0

; r). Without loss of generality we may assume that a
tually � is a

fun
tion from the set of worlds in K

0

onto the set of worlds inM

0

. Consider a maximal


onne
ted submodel of K

0

all points of whi
h are �-related to some points from N.

Then this submodel is generated by a point u; we denote it by K

0

u

. Let s

0

be the

'

1

^ '

2

-type realised by (K

0

u

; u). Then s

0

2 �

0

, and so s

0

2 �. This means that, for

some point v inM

y

, we have a model K

v

0

based on a tree of 
lusters with root v

0

whi
h

is var('

1

)-bisimilar to (M

v

; v) and satis�es s

0

at v

0

. Let �

v

0

be the 
orresponding

bisimulation. Repla
e the submodel (K

0

u

; u) of K

0

with (K

v

0

; v

0

). Sin
e the same type s

0

is satis�ed by (K

0

u

; u) and (K

v

0

; v

0

), the resulting model still satis�es s at r. We do the

same for all su
h maximal 
onne
ted submodels (K

0

u

; u) of K

0

, and denote the resulting

model by (K; r). De�ne a relation � between (M; x) and (K; r) as follows. For ea
h w

in M that is not R-a

essible from y, we set w � w

0

i� w � w

0

(here we use the fa
t

that � is a fun
tion from K

0

onto M

0

). And for w in M

y

we set w � w

0

i� w �

v

0

w

0

for some v

0

in K. We leave it to the reader to 
he
k that � is a var('

1

)-bisimulation

between (M; x) and (K; r). It follows that s 2 �

x

, from whi
h �

x

� �

0

x

.

The in
lusion �

x

� �

0

x

is proved analogously. ❏
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With every realisable triple t = (t;�;�) we asso
iate the set

�

t

= ff� 

1

; : : : ;� 

k

g � sub('

1

^ '

2

) j 8s 2 � f� 

1

; : : : ;� 

k

g 6� sg:

We are in a position now to prove the following:

Lemma 11 For every realisable triple t = (t;�;�) for '

1

, '

2

, there is a realisable

triple t

0

= (t;�

0

;�

0

) su
h that � � �

0

, � � �

0

, and t

0


an be realised in a model M

0

based on a tree of 
lusters F

0

su
h that

� ea
h 
luster in F

0


ontains at most 2

j'

1

j

points,

� the bran
hing fa
tor of F

0

is bounded by 2

j'

1

^'

2

j

,

� the depth of F

0

is bounded by 1 + 2

j'

1

^'

2

j

.

Moreover, for any two points x; y su
h that y is a stri
t su

essor of x in F

0

and x is

not in the root 
luster of F

0

, �

t

y

( �

t

x

; for the triples t

x

and t

y

realised by (M

0

; x)

and (M

0

; y), respe
tively.

Proof. Suppose that a triple t = (t;�;�) for '

1

, '

2

is realised in a model (M; x)

based on a �nite tree of 
lusters F = (W;R) with root x. The upper bound on the


ardinality of 
lusters follows from the simple fa
t that if two points y and y

0

validate

the same variables from '

1

then we 
an omit one of these points and the resulting

models will be var('

1

)-bisimilar to the original one.

Consider now some y 2 W and denote by t

y

= (t

y

;�

y

;�

y

) the triple for '

1

, '

2

realised by (M; y). For every '

1

^ '

2

-type s =2 �

y

we take the set f� 

1

; : : : ;� 

k

g of

all box formulas in s and 
hoose a maximal (with respe
t R) stri
t su

essor z of y

su
h that there does not exist a type s

0

2 �

z

with f� 

1

; : : : ;� 

k

g � s

0

, if su
h a stri
t

R-su

essor exists. Observe that (sin
e t

y

� s for every s 2 �

y

) for ea
h :� 2 t

y

we have also 
hosen a maximal stri
t R-su

essor z of y with (M; z) j= :� , if su
h

a su

essor exists.

Now remove from the submodelM

y

ofM generated by y all 
lusters C(u) su
h that

C(u) 6= C(y), yRu and for no 
hosen point z do we have zRu. Denote the resulting

model by N. Our aim is to show that (N; y) satis�es the 
onditions of Lemma 10, and

so we 
an repla
e M

y

in M with N where the number of immediate stri
t su

essors

of C(y) does not ex
eed 2

j'

1

^'

2

j

.

Denote by t

0

= (t

0

;�

0

;�

0

) the triple realised by (N; y). Sin
e every :� 2 t

y

has

a witness in N, we 
learly have t

y

= t

0

. To prove that �

0

� �

y

, suppose otherwise.

Then we have some s 2 �

0

su
h that s =2 �

y

. Two 
ases are possible now. Case

1 : there is a stri
t su

essor z of y in M

y

su
h that there does not exist a type

s

0

2 �

z

with f� 

1

; : : : ;� 

k

g � s

0

(where f� 

1

; : : : ;� 

k

g are all box formulas in

s). Then a (possibly di�erent) point with this property was 
hosen for N. From this

one 
an easily derive a 
ontradi
tion with s being in �

0

. Case 2 : there is no su
h

z in M

y

. Let C(y

1

); : : : ; C(y

m

) be all immediate stri
t su

essors of C(y) whi
h do

not belong to N. Denote by M

i

the submodel of M

y

generated by y

i

. For ea
h y

i

there exists a pointed model (M

0

i

; y

0

i

) whi
h is var('

1

)-bisimilar to (M

i

; y

i

) su
h that
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Input: formulas '

1

; '

2

.

1. Choose, non-deterministi
ally, a triple (t;�;�), where t is a '

1

-type 
ontaining

'

1

and �;� are sets of '

1

^ '

2

-types su
h that '

1

^ '

2

62 s for any s 2 �.

2. Return `'

1

^'

2

is not a 
onservative extension of '

1

' i� realise

0

(t;�;�) returns

`true.'

Figure 2: De
iding non-
onservativeness for S4.

(M

0

i

; y

0

i

) j= � 

i

for every � 2 s. Let K be a model based on a tree of 
lusters with

root v whi
h is var('

1

)-bisimilar to (N; y) and satis�es s at v. Add the models M

0

i

to K as immediate stri
t su

essors of the points whi
h are var('

1

)-bisimilar to y and

denote the resulting model by K

0

. Clearly, (K

0

; v) is var('

1

)-bisimilar to (M

y

; y). On

the other hand, s is still satis�ed by (K

0

; v), 
ontrary to s =2 �

y

.

Finally, the in
lusion �

0

� �

y

follows from �

0

� �

y

and the fa
t that if a point

from a non-root 
luster is 
hosen for N then all of its su

essors belong to N as well.

By re
ursively performing this operation whenever possible for some y, we obtain

a model with the properties required. ❏

We are now in a position to present a NExpSpa
e algorithm de
iding the non-


onservativeness problem for S4. The ExpSpa
e upper bound is then obtained from

the fa
t that NExpSpa
e = ExpSpa
e. To formulate the algorithm, we require the

following de�nition. Let R be some set of realisable triples. We say that a triple t is

obtained in one step from R if there exists a pointed model (M; w) based on a tree of


lusters with root w su
h that

(a) (M; w) realises t,

(b) for every stri
t immediate su

essor C(y) of C(w) inM, there is some x 2 C(y)

su
h that the triple realised by (M; x) belongs to R,

(
) every triple from R is realised by (M; y), for some stri
t immediate su

essor

C(y) of C(w).

The algorithm is shown in Fig. 2; it uses the pro
edure realise des
ribed in Fig. 3.

We show �rst that this `algorithm' 
an be re�ned in su
h a way that it indeed runs

in ExpSpa
e. After that we will show its 
ompleteness and 
orre
tness.

Lemma 12 It 
an be de
ided in ExpSpa
e whether a triple (t;�;�) is realisable in

a �nite pointed model (M; w) based on a 
luster.

Proof. It is enough to give a nondeterministi
 de
ision pro
edure whi
h requires

exponential spa
e only. Clearly, if (t;�;�) is realisable in a model based on a 
luster,

then one 
an �nd su
h a model of size bounded by 2

j'

1

j

. Now, the algorithm guesses

su
h a pointed model (M; w) based on (W;W � W ). To 
he
k whether it realises

(t;�;�) 
onstru
t the 
hara
teristi
 formula �

var('

1

)

(M; w) by taking

�

var('

1

)

(M; w) = t

1

M

(w) ^�

�

^

x;y2W

�

t

1

M

(x)! �t

1

M

(y)

�

^

_

x2W

t

1

M

(x)

�

;
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Input: a triple t = (t;�;�), where t is a '

1

-type and �;� are sets of '

1

^ '

2

-types.

realise(t) returns `true' i� t is realisable in a pointed model based on a 
luster or

there exists a set R of triples with jRj � 2

j'

1

^'

2

j

su
h that

(1) for all t

0

2 R, �

t

0

( �

t

,

(2) for all t

0

2 R, realise(t

0

) returns `true,'

(3) t is obtained in one step from R.

The pro
edure realise

0

is de�ned in the same way as realise with the ex
eption that


ondition (1) is omitted. (In parti
ular, it still 
alls realise in (2)).

Figure 3: The pro
edures realise(t;�;�) and realise

0

(t;�;�).

where, as before, t

1

M

(x) is regarded as the 
onjun
tion of the formulas in the '

1

-type

t

1

M

(x) realised by (M; x). It is readily seen that (t;�;�) realises (M; w) i�

� t = t

1

M

(w),

� � 
onsists of all '

1

^ '

2

-types s su
h that s ^ t ^ �

var('

1

)

(M; w) is satis�able,

� � 
onsists of all '

1

^'

2

-types s su
h that s^t

1

M

(y)^�

var('

1

)

(M; y) is satis�able,

for some y 2W .

As the 
hara
teristi
 formulas above are of size not ex
eeding j'

1

j2

3j'

1

j

and as satis-

�ability in S4 is de
idable in PSpa
e, this 
an be 
he
ked in ExpSpa
e. ❏

Lemma 13 (i) A triple (t;�;�) with � 6= ; and � � � is obtained in one step from a

set R of triples if there exists a set T of '

1

-types 
ontaining t su
h that the following

holds:

� a '

1

^ '

2

-type s is in � i� the formula

Æ(s; t; T;R) = q ^ s ^ t ^�(:q ! �:q) ^

�(q !

_

r2T

r) ^

^

r;r

0

2T

�

�

r ^ q ! �(r

0

^ q)

�

^

�

�

q !

^

(t

0

;�

0

;�

0

)2R

�(:q ^

_

s2�

0

s)

�

^

�(:q !

_

(t

0

;�

0

;�

0

)2R

_

s2�

0

s)

(with some fresh variable q) is satis�able,

� a '

1

^ '

2

-type s belongs to � i� either it is in some �

0

with (t

0

;�

0

;�

0

) 2 R

or the formula Æ(s; T;R) obtained from Æ(s; t; T;R) by deleting the 
onjun
t t is

satis�able.
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(ii) It is de
idable in ExpSpa
e (in the size of '

1

, '

2

) whether a triple is obtained in

one step from a set R of triples of 
ardinality not ex
eeding 2

j'

1

^'

2

j

.

Proof. (ii) follows immediately from (i) and the fa
t that S4 satis�ability is

de
idable in PSpa
e. It remains to prove (i).

()) Suppose t = (t;�;�) is obtained in one step from R. Then there is a �nite

pointed model (M; w) satisfying 
onditions (a){(
) above. Let

T = ft

1

M

(x) j x 2 C(w)g:

We show that s 2 � i� the formula Æ(s; t; T;R) is satis�able. Suppose s 2 �. Then

there exists a �nite pointed model (M

0

; w

0

) with root w

0

whi
h is var('

1

)-bisimilar

to (M; w) and satis�es s at w

0

. Let M

0

= (F

0

;V

0

), F

0

= (W

0

; R

0

), and let � be the

var('

1

)-bisimulation between (M; w) and (M

0

; w

0

). As q is a fresh variable, we may

assume that

V

0

(q) = fy 2W

0

j 9z 2W

0

9x 2 C(w) (yR

0

z ^ z � x)g:

Clearly, all of the 
onjun
ts of Æ(s; t; T;R), save, possibly,

� = �

�

q !

^

(t

0

;�

0

;�

0

)2R

�(:q ^

_

s2�

0

s)

�

are satis�ed by (M

0

; w

0

). Now, for every y su
h that (M

0

; y) j= q we have to ensure

that y j=

V

(t

0

;�

0

;�

0

)2R

�(:q^

W

s2�

0

s). Let (t

0

;�

0

;�

0

) 2 R. Take a z fromM

0

and a y

0

from C(w) su
h that yR

0

z and z � y

0

. Take a z

0

with y

0

Rz

0

su
h that (M; z

0

) realises

(t

0

;�

0

;�

0

). We �nd a z

00

in M

0

su
h that z

0

� z

00

and zR

0

z

00

. Hen
e, yR

0

z

00

. Clearly,

by the de�nition, there exists s 2 �

0

su
h that z

00

j= s. Hen
e, y j= �s. But of 
ourse,

we may have z

00

j= q. To repair this `defe
t' take a disjoint 
opy M

z

00

of the submodel

generated by z

00

and make q false everywhere in it. Then we add the resulting model

to M

0

as a new su

essor of y. Clearly this 
an be done for all su
h defe
ts, and the

resulting model satis�es Æ(s; t; T;R).

Conversely, suppose (N; u) j= Æ(s; t; T;R). To prove that s 2 �, we need a model

(N

0

; u

0

) whi
h is var('

1

)-bisimilar to (M; w) and su
h that (N

0

; u

0

) j= s. We 
onstru
t

su
h a model by taking �rst all those points from N where q holds, together with the

indu
ed quasi-order and valuation.

Next, for every point y in N where q does not hold, we �nd a model (N

y

; y) as

follows:

� If (N; y) j= s

0

for some s

0

2 �

0

and (t

0

;�

0

;�

0

) 2 R, then by 
ondition (
)

above, there is a stri
t immediate su

essor C(v) of C(w) inM su
h that (M; v)

realises (t

0

;�

0

;�

0

). Then (N

y

; y) is a model whi
h is var('

1

)-bisimilar to (M; v)

and satis�es s

0

at y.

� If (N; y) 6j= s

0

for any s

0

2 �

0

with (t

0

;�

0

;�

0

) 2 R then, by the last 
onjun
t of

Æ(s; t; T;R), we have some s

0

2 �

0

with (t

0

;�

0

;�

0

) 2 R su
h that y j= s

0

. Let v

be a su

essor of w inM and (N

y

; y) a model satisfying s

0

at y su
h that (M; v)

is var('

1

)-bisimilar to (N

y

; y).
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We may assume (by the third line in the de�nition of Æ(s; t; T;R) and be
ause we 
an

add suÆ
iently many 
opies of a generated submodel of (N; u) to (N; u)) that for every

v in an immediate su

essor C(v) of C(w) in M whi
h realises some (t

0

;�

0

;�

0

) 2 R,

there exists s

0

2 �

0

su
h that there exists a y (in whi
h q is false) su
h that (N

y

; y) is

a model whi
h is var('

1

)-bisimilar to (M; v) and satis�es s

0

at y.

Now we add all su
h N

y

to the already sele
ted points where q holds in su
h way

that all points in an N

y

-model are su

essors of an already 
hosen point x if, and only

if, y was a su

essor of x. The resulting model (N

0

; u) is 
learly var('

1

)-bisimilar to

(M; w) and satis�es s at u.

The 
orresponding 
laim for � is proved analogously.

(() Conversely, suppose that we are given R, t and T satisfying the 
onditions

of our lemma. We 
an also assume that, for every triple t

0

2 R, there is a model

(M

t

0

; w

t

0

) realising t

0

. Our aim is to show that the triple t = (t;�;�) de�ned in the

formulation of the lemma is obtained from R in one step.

We 
onstru
t a model (M; w) satisfying (a){(
) for t and R as follows. Sin
e the

formula Æ(s; t; T;R) is satis�able for s 2 �, all of the '

1

-types in T 
ontain the same

box and diamond formulas from sub('

1

). For ea
h t

0

2 T , we take a point, say x

t

0

, and

de�ne a valuation in it by x

t

0

j= p i� p 2 t

0

. These points with the de�ned valuations

will form the root 
luster of M with w = x

t

. As immediate su

essors of C(w) we

add the (disjoint) models (M

t

0

; w

t

0

) realising all t

0

2 R. Clearly the resulting model

(M; w) satis�es 
onditions (b) and (
). Let us 
he
k that it satis�es (a), i.e., that

(M; w) realises t.

The fa
t that, for every ' 2 sub('

1

) and every t

0

2 T , we have ' 2 t

0

i� (M; x

t

0

) j=

' is proved by indu
tion on the 
onstru
tion of  . Let us only 
onsider the nontrivial


ase ' = � . Let � 2 t

0

. If  2 t

00

for some t

00

2 T , then we have (M; x

t

0

) j= � 

by IH. So assume that there is no su
h t

00

. As Æ(s; t; T;R) is satis�ed in some model

(N; u), there is a point v in N su
h that v j= :q and v j=  . Let s

0

be the '

1

^'

2

-type

realised by (N; v). By the last 
onjun
t of Æ(s; t; T;R), there is t

0

= (t

0

;�

0

;�

0

) 2 R

with s

0

2 �

0

. But then all formulas �� 2 s

0

\ sub('

1

) must be true at w

t

0

in M

t

0

.

Therefore, (M; x

t

0

) j= � . Conversely, let (M; x

t

0

) j= � for some x

t

0

from the root


luster. Suppose again that  is not true anywhere in this 
luster (for otherwise

� 2 t

0

follows from IH). But then � 2 t

00

� s

0

2 �

00

for some (t

00

;�

00

;�

00

) in R and

all s

0

2 �

00

. As Æ(s; t; T;R) is satis�able, it follows that � 2 t

0

for all t

0

2 T .

It follows that (M; w) satis�es t and that T is the set of '

1

-types satis�ed in C(w).

But then we have shown in the proof of ()) above, that t = t

0

, where t

0

is the triple

realised by (M; w). ❏

We 
an now analyse the algorithm in Fig. 2. By Lemmas 12 and 13 and 
ondition

(1) of the pro
edure realise, the pro
edures realise and realise

0

always terminate and

require exponential spa
e only.

Now suppose that '

1

^ '

2

is not a 
onservative extension of '

1

. Then there is a

realisable triple (t;�;�) su
h that '

1

2 t but '

1

^ '

2

62 s, for any s 2 �. Take a

pointed model (M; w) with the properties of Lemma 11 whi
h realises a t

0

= (t;�

0

;�

0

)

with �

0

� � and �

0

� �. Now, let the algorithm in Fig. 2 guess the triple t

0

. Then

it obviously returns `'

1

^'

2

is a 
onservative extension of '

1

.' Observe that we start
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with the pro
edure realise

0

instead of realise be
ause we have not proved that �

t

0

) �

t

00

for every triple t

00

realised is a stri
t su

essor of w.

In 
on
lusion, we obtain:

Theorem 14 The 
onservativeness problem for S4 is de
idable in ExpSpa
e.

7 The upper bound for GL.3

The set of �nite rooted frames for GL:3 
oin
ides with the set of �nite stri
t lin-

ear orders (W;R). Observe that for models based on stri
t linear orders, every p-

bisimulation between (M; w) and (M

0

; w

0

) is an isomorphism between the submodels

of these models generated by w and w

0

, respe
tively, and restri
ted to the variables

from p.

A pair (t;�), where t is a '

1

-type t and � is a set of '

1

^ '

2

-types, is said to be

realised in a pointed model (M; w) if

� (M; w) j= t and

� � is the set of '

1

^ '

2

-types s su
h that s ^ �

var('

1

)

(M; w) is satis�able (in a

�nite model for GL:3).

Lemma 15 '

1

^ '

2

is not a 
onservative extension of '

1

in GL:3 i� there exists a

pointed model (M; w) based on a stri
t linear order su
h that

� for the pair (t;�) realised by (M; w), '

1

2 t and '

1

^ '

2

62 s, for any s 2 �,

� for any two points x 6= y in M, the pair realised by (M; x) is di�erent from the

pair realised by (M; y).

In parti
ular, the length of the stri
t linear order underlying M does not ex
eed

2

2

j'

1

^'

2

j

.

Proof. The proof is easy and left to the reader. ❏

We say that a pair of types (t; t

0

) is suitable if

� � 2 t implies  ;� 2 t

0

, and

� :� 2 t implies : 2 t

0

or :� 2 t

0

.

The non-deterministi
 algorithm de
iding non-
onservativeness in GL:3 is shown

in Fig. 4. Clearly, this algorithms requires exponential spa
e only. Using the fa
t that

NExpSpa
e = ExpSpa
e, we obtain an ExpSpa
e algorithm. The 
orre
tness of

this algorithm follows from Lemma 15.

Theorem 16 The 
onservativeness problem for GL:3 is de
idable in ExpSpa
e.
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Input: formulas '

1

; '

2

.

1. Choose, non-deterministi
ally, a pair (t;�), where t is a '

1

-type 
ontaining '

1

and � is a set of '

1

^'

2

-types su
h that t � s for all s 2 � and '

1

^'

2

62 s for

any s 2 �.

2. Call real(t;�; 2

2

j'

1

^'

2

j

).

De�nition of pro
edure real(t;�; n) (where n is a natural number 
oded in binary):

1. If no s in � 
ontains a formula of the form :� , then return `'

1

^ '

2

is not a


onservative extension of '

1

' and stop. Else,

2. if n = 0, then return `'

1

^'

2

is a 
onservative extension of '

1

' and stop. Else,

3. 
hoose, non-deterministi
ally, a pair (t

0

;�

0

), where t

0

is a '

1

-type and �

0

is a

set of '

1

^ '

2

-types. Che
k whether (t

0

;�

0

) has the following properties:

{ t

0

� s

0

, for all s

0

2 �,

{ (t; t

0

) is a suitable pair,

{ for every s 2 �, there exists s

0

2 �

0

su
h that (s; s

0

) is a suitable pair,

{ for ea
h '

1

^ '

2

-type s 62 �, t 6� s or there is no s

0

2 �

0

su
h that (s; s

0

)

is a suitable pair.

4. If (t

0

;�

0

) does not have these properties, return `'

1

^ '

2

is a 
onservative

extension of '

1

' and stop. Else,

5. set n := n� 1.

6. Call real(t

0

;�

0

; n).

Figure 4: De
iding non-
onservativeness for GL.3.

8 The lower bound for GL.3

In this se
tion we show that the 
onservativeness problem for GL:3 is ExpSpa
e-

hard. Let M = (Q;�;�; q

0

;�) be a Turing ma
hine that solves an ExpSpa
e-hard

problem and 
onsumes at most 2

n

tape 
ells if started on an input of length n.

Let w = a

0

� � � a

n�1

2 �

�

be an input to M. Our aim is to 
onstru
t formulas '

1

and '

2

(depending on M and w) su
h that '

1

^ '

2

is not a 
onservative extension

of '

1

if, and only if, M does a

ept w. More pre
isely, we 
onstru
t '

1

and '

2

in

su
h a way that, if  is a witness for ('

1

; '

2

), then rooted models of '

1

^  des
ribe

an a

epting 
omputation of M on w. In these models, ea
h point represents a tape


ell of a 
on�guration ofM, and moving to the immediate su

essor of a point means

moving to the next tape 
ell in the same 
on�guration, or, if we are already at the end

of the 
on�guration, moving to the �rst tape 
ell of a su

essor 
on�guration. Su
h
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models will have depth m := 2

n

� 2

2

n

sin
e the length of 
omputations is bounded by

2

2

n

, ea
h 
on�guration has length 2

n

� 1, and any two 
onse
utive 
on�gurations are


onne
ted by an additional edge.

We pro
eed in two steps. First, we 
onstru
t formulas '

0

1

and '

0

2

su
h that, if  

is a witness formula for ('

0

1

; '

0

2

) and we have (M; w) j= '

0

1

^  (with M based on a

�nite stri
t linear order (W;R)), then the following holds:

(P1) if w

0

; : : : ; w

k

2W are su
h that w

0

= w and w

i

is the immediate prede
essor of

w

i+1

for i < k, then

(a) the binary 
ounter C realised via the propositional variables 


0

; : : : ; 


n�1

has the value k mod 2

n

at w

k

;

(b) the truth values of the propositional variable a at the worlds w

0

; : : : ; w

k

des
ribe the �rst k + 1 bits of the 
onse
utive values of a 2

n

-bit 
ounter A

starting at 0 and 
ounting modulo 2

2

n

� 1;

(
) if w

i

; : : : ; w

i+`

is a subsequen
e of w

0

; : : : ; w

k

, ` < 2

n

, su
h that C has value

0 at w

i

, then the propositional variable z is true at w

i+`

i� a is false in at

least one of w

0

; : : : ; w

i+`�1

;

(d) if k < m, then there is a w

0

with w

k

Rw

0

.

Intuitively, '

0

1

and '

0

2

generate the stru
ture into whi
h we will a

omodate 
omputa-

tions of the Turing ma
hines, but they do not des
ribe these 
omputations themselves.

In the se
ond step, we will add further 
onjun
ts to '

0

1

and '

0

2

to obtain '

1

and '

2

that en
ode 
omputations of M on w as des
ribed above.

The formula '

0

1

is simply de�ned as

'

0

1

= (C = 0) ^ (a _ :a)

where (C = 0) is the obvious formula stating that the binary 
ounter 
omposed from

the bits 


0

; : : : ; 


n�1

has value 0, while the se
ond 
onjun
t only serves the purpose of

introdu
ing a into the signature of '

0

1

.

The formula '

0

2

is the 
onjun
tion of all formulas in Fig. 5. Intuitively, '

0

2

says that

models of '

0

1

^'

0

2

do not satisfy (P1). In 
onjun
t (5), we de
ide whether property (a),

(b), (
) or (d) of (P1) is violated. If (a) is violated, then we mark the pla
e where

this happens with the variable d in (6): when going from the immediate prede
essor

of d to d, the 
ounter C is not properly in
remented. There are two ways in whi
h

in
rementation 
an fail: �rst, there may be no 0-bit lower than the i-bit, but the

i-th bit is not toggled. Se
ond, there may be a 0-bit lower than the i-th bit, but the

i-th bit is toggled. These two 
ases are distinguished via d

1

and d

2

in (6), and then

implemented in (7) and (8).

Violation of (b) is treated in (9) and rests on the behaviour of the propositional

letters m, m

0

, and m

00

that is axiomatised by (16){(23). The point that witnesses

the diamond in (9) marks the pla
e where the 
ounter A fails to in
rement properly.

The idea is that we set m to true, store the value of the 
ounter C in s

0

; : : : ; s

n�1

,

and ensure that the latter variables have the same value everywhere in the future.

Similarly, the value of a (the truth value of A) is stored in s and propagated into
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the future. Then, the axiomatisation of m, m

0

, m

00

ensures that m holds until the

next (C = 0) point, where it 
hanges to m

0

. Then m

0

holds until the next (C = 0)

point. After that m

00

holds forever. Thus, we 
an identify the identi
al bit in the next


ounter value by looking for the pla
e where m

0

is true and 


0

; : : : ; 


n�1

agree with

s

0

; : : : ; s

n�1

. It remains to distinguish the two 
ases for in
rementation failure as in

the 
ase of C. This is done with the help of the variable z. Due to (
), we 
an assume

that z tells us at the witness point whether or not we have seen a zero in the 
ounter

A before. Note that we 
an assume that (
) is satis�ed sin
e, if it is not, then (P1) is

violated anyway.

Violation of (
) is des
ribed in (10){(14) in a straightforward way (distinguishing

four di�erent kinds of violations), and violation of (d) is des
ribed in (15), again

assuming that property (
) is satis�ed.

Now for the extension of '

0

1

to '

1

and of '

0

2

to '

2

. We start with '

1

whose

additional 
onjun
ts are shown in Fig. 6. The purpose of (24){(29) is simply to enfor
e

some basi
 things about Turing ma
hines: there is exa
tly one symbol per tape 
ell

(24), there are never two di�erent states per tape 
ell (26), and there is at most one


ell labelled with a state in ea
h 
on�guration (27). Note that (27) is based on the

assumption that in ea
h 
on�guration, h is true on all 
ells of a 
on�guration that are

are (dire
tly or indire
tly) following the 
ell where the head is. Formulas (28){(29)

state that the 
omputation starts in the initial state q

0

and that the tape is initially

labelled with w followed by blanks. Here, it is assumed that f is true throughout

the �rst 
on�guration. The assumptions 
on
erning h and f will be established via

'

2

. We assume that our Turing ma
hines always end up in the a

epting state q

a

or

reje
ting state q

r

. Thus, (30) ensures that the 
omputation is a

epting.

The purpose of the additional 
onjun
ts of '

2

is to ensure that the variables h

and f behave as expe
ted, that the Turing ma
hine moves a

ording to the transition

relation, and that tape 
ells that are not under the head do not 
hange when the

ma
hine makes a step. More pre
isely, we de�ne '

2

in su
h a way that, if  is a

witness formula for ('

1

; '

2

) and we have (M; w) j= '

1

^  , then (P1) above together

with the following properties (P2){(P4) are satis�ed:

(P2) If w

0

; : : : ; w

k

2W are su
h that w

0

= w and w

i

is the immediate prede
essor of

w

i+1

for i < k, then

(e) if w

i

; : : : ; w

i+`

is a subsequen
e of w

0

; : : : ; w

k

, ` < 2

n

, su
h that C has value

0 at w

i

, i � j � i+ `, and (M; w

j

) j= m

q

for some q 2 Q, then (M; w

d

) j= h

for all d with j < d < i+ `;

(f) if k < 2

n

, then (M; w) j= f .

(P3) The Turing ma
hine moves a

ording to its transition table: if w

0

is a

essible

from w su
h that (M; w

0

) j= m

q

^m

a

and v

0

; : : : ; v

2

n

+1

is the outgoing path in

M starting from w

0

, then one of the following holds:

{ there is (q

0

; b; L) 2 Æ(q; a) su
h that (M; v

2

n

) j= m

b

and (M; v

2

n

�1

) j= m

q

0

;

{ there is (q

0

; b; R) 2 Æ(q; a) su
h that (M; v

2

n

) j= m

b

and (M; v

2

n

+1

) j= m

q

0

.
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Figure 5: The 
onjun
ts of '

0

2

.
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�
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Figure 6: Additional 
onjun
ts for '

1

.

(P4) The 
ontents of those 
ells that are not under the head does not 
hange in

the next 
on�guration: if w

0

is a

essible from w, (M; w

0

) 6j=

W

q2Q

m

q

, and

v

0

; : : : ; v

2

n

is the outgoing path in M starting from w

0

, then (M; w

0

) j= m

a

implies (M; v

2

n

) j= m

a

, for all a 2 �.

More pre
isely, we obtain '

2

from '

0

2

by repla
ing (5) in Fig. 5 with the disjun
tion

p

a

_ p

b

_ p




_ p

d

_ p

e

_ p

f

_ p

3

_ p

4

(�)

and then adding all formulas in Fig. 7 as 
onjun
ts.

Re
all that a model of '

1

should be extendable to a model of '

2

if it does not satisfy

(P1){(P3). Similar to (5) of '

0

2

, (�) sele
ts the property to be violated. Violation of

part (e) of (P2) is enfor
ed by (31) to and (33) in a straightforward way. Even easier,

(34) enfor
es part (f) of (P2). In (35){(39), we enfor
e (P3). The idea is similar to

that of enfor
ing part (b) of (P1) and, in parti
ular, also relies on the proper behaviour

of the variables m, m

0

, and m

00

. Finally, (39) enfor
es violation of (P4). The idea is

again similar.

We thus obtain the following:

Lemma 17 '

1

^ '

2

is a 
onservative extension of '

1

in GL:3 i� M a

epts w.

By the 
hoi
e of the Turing ma
hine M, it follows that we have

Theorem 18 The 
onservativeness problem for GL.3 is ExpSpa
e-hard.
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Figure 7: Additional 
onjun
ts for '

2

.

9 Dis
ussion

We have investigated the 
omplexity of the 
onservativeness problem for the lo
al


onsequen
e relation of a number of basi
 modal logi
s. One interesting 
on
lusion

is that the 
omplexity of de
iding 
onservativeness is not monotoni
ally related to

the 
omplexity of the logi
 in question: for example, the satis�ability problem is NP-


omplete for GL:3 and PSpa
e-
omplete for K, while the 
onservativeness problem

is (probably) more 
omplex for GL:3 than for K. This resembles the situation with

produ
ts of modal logi
s where GL:3 � GL:3 is �

1

1

-
omplete [11℄, while K � K is

de
idable [3℄.

In this paper, we have 
onsidered modal languages with one modal operator only.

It is not diÆ
ult, however, to modify the proofs above to show that 
onservativeness

(for the lo
al 
onsequen
e relation) is still NExpTime-
omplete for multimodal S5

and multimodal K. Similarly, for multimodal S4 and K4 it is still de
idable in

ExpSpa
e.
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For the global 
onsequen
e relation the results are di�erent: re
all that ' follows

globally from  in a modal logi
 L if ' is true everywhere in a model based on a frame

for L whenever  is true everywhere in this model. Conservativeness with respe
t

to the global 
onsequen
e relation is now de�ned in the obvious way. Of 
ourse, for

m-transitive modal logi
s the 
omplexity upper bound for de
iding 
onservativeness

with respe
t to the lo
al 
onsequen
e is an upper bound for de
iding 
onservativeness

relative to the global 
onsequen
e relation as well. This applies to S5, S4 and GL:3.

For K, however, de
iding 
onservativeness with respe
t to the global 
onsequen
e

be
omes 2ExpTime-
omplete, as follows from the investigation of 
onservative exten-

sions in des
ription logi
s in [5℄. We expe
t de
iding 
onservativeness with respe
t to

the global 
onsequen
e in multimodal S5 and S4 to be 2ExpTime-
omplete as well.
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