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Abstract. We show that the vast majority of Horn Description Logics
does not enjoy the Craig interpolation nor the projective Beth definabil-
ity property. This is the case, for example, for ££ with nominals, with
the universal role, or with a role inclusion of the form r o s C s, and for
ELT, Horn-ALC, and Horn-ALCZ. Tt follows in particular that the ex-
istence of an explicit definition of a concept name cannot be reduced to
subsumption checking via implicit definability. We show that neverthe-
less the existence of interpolants and explicit definitions can be decided
in polynomial time for typical logics (such as ££71) in the ££-family
and in EXPTIME for ££Z and various extensions. It is thus not harder
than subsumption, a result which is in sharp contrast to the situation in
expressive DLs. We also obtain tight bounds on the size of interpolants
and explicit definitions.

1 Introduction

The projective Beth definability property (PBDP) of a description logic (DL)
L states that a concept or individual name is explicitly definable under an L£-
ontology O by an L-concept using symbols from a signature X if, and only if,
it is implicitly definable by X under O. The importance of the PBDP for DL
research stems from the fact that it provides a polynomial time reduction of
explicit definition existence to subsumption checking and the usefulness of hav-
ing explicit definitions for numerous knowledge engineering tasks, including the
equivalent rewritability of ontology-mediated queries, the construction of align-
ments between ontologies, the computation of referring expressions, the extrac-
tion of equivalent acyclic terminologies from ontologies, and the decomposition
of ontologies [T4433428/T5123l3]. The PBDP is often investigated in tandem
with the Craig interpolation property (CIP) which states that if an L-concept
is subsumed by another L-concept under some L-ontology then one finds an in-
terpolating £-concept using the shared symbols of the two input concepts only.
In fact, the CIP implies the PBDP and the interpolants obtained using the CIP
can serve as explicit definitions.

Many standard Boolean DLs such as ALC, ALCZ, ALCQZ, and their exten-
sions with transitive roles enjoy the CIP and PBDP and sophisticated algorithms
for computing interpolants and explicit definitions have been developed [I5/9].
Important exceptions are the extensions of any of the above DLs with nominals
and/or role hierarchies. In fact, it has recently been shown that the problem of
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deciding the existence of an interpolant/explicit definition becomes 2EXPTIME-
complete for DLs such as ALC with nominals and ALC with role hierarchies
which is in sharp contrast to the EXPTIME-completeness of the same problem
for ALC itself inherited from the EXPTIME-completeness of subsumption under
ALC-ontologies [2].

The aim of this paper is to determine which Horn-DLs enjoy the CIP/PBDP,
investigate the complexity of deciding the existence of interpolants/explicit def-
initions for those that do not enjoy it, and establish bounds on the size of inter-
polants/explicit definitions. Rather surprisingly, it turns out that most standard
Horn-DLs do not enjoy the CIP/PBDP.

Theorem 1. EL with nominals, EL with the universal role, EL with a single
role inclusion of the form ros C s, EL with role hierarchies and a single transitive
role, ELL, Horn-ALC, and Horn-ALCZ do not enjoy the CIP nor PBDP.

EL and EL with role hierarchies enjoy the CIP and PBDP.

The result for ££ with nominals has been proved in [3] already and the positive
result for ££ and £L with role hierarchies in [28)J34]. It follows that the behaviour
of Horn-DLs is entirely different from Boolean DLs: adding role hierarchies to
ALC does not preserve the CIP/PBDP [27] but it does for ££. On the other
hand, extending ALC with the universal role and/or inverse roles preserves the
CIP/PBDP, but it does not for £L.

We note that in Theorem the CIP and PBDP for Horn-£ with £ €
{ALC, ALCT} can be naturally defined in two different ways, depending on
the language for interpolants/explicit definitions. If one is interested in positive
existential interpolants/definitions, then one can choose £L£(Z)-concepts, and if
more expressive power is desired, one can choose general Horn-£-concepts. We
show that in fact in some cases only Horn-L-interpolants/explicit definitions
exist, but that the CIP/PBDP fails for both languages.

For £L-ontologies with unrestricted role inclusions (RIs) 7y o---or, C r
we also prove a rather general sufficient condition for the existence of explicit
definitions: if O is an £L-ontology with RlIs such that each RI either only uses
roles in X or no role in X', then any implicitly X-definable concept name under
O is also explicitly X-definable under O. A similar result can be shown for
interpolants.

We next determine the complexity of deciding the existence of interpolants
and explicit definitions and tight bounds on their size for DLs in the £L-family
of DLs.

Theorem 2. For any DL extending EL with any combination of nominals, Rls,
the universal role, or 1, the existence of interpolants and explicit definitions is
in PTIME. If an interpolant/explicit definition exists, then there exists one of at
most exponential size. This bound is optimal.

The proof is based on a careful analysis of canonical models and the introduction
and analysis of derivation trees (first used in [11] for ££T) to estimate the size of
interpolants. For DLs extending £ L7 we use tree automata and again an analysis
of derivation trees to prove the following.
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Theorem 3. For ELT and its extension with nominals and/or the universal
role deciding the existence of interpolants and explicit definitions is EXPTIME-
complete. For ELT with and without the universal role, if an interpolant/explicit
definition exists, then there exists one of at most double exponential size. This
bound is optimal.

For ££7 with nominals it remains open whether an interpolant/explicit defini-
tion of at most double exponential size exists, if one exists at all. Theorem
also holds for Horn-ALC and Horn-ALCZ provided one asks for interpolants
and explicit definitions in £LZ. If one admits more expressive Horn-concepts
as interpolants or explicit definitions, then the decidability and complexity of
existence remains open and could be attacked using the games introduced in
[25]. We finally note that for all DLs considered in this paper one always finds
an interpolant in the Horn fragment of first-order logic which is known to enjoy
the CIP and PBDP.

2 Related Work

The CIP and PBDP have been investigated extensively. They have found appli-
cations in formal verification [40], theory combinations [I7/18], and in database
theory for query rewriting under views [39] and query reformulation and com-
pilation [45J10]. Of particular relevance for this work is the investigation of in-
terpolation and definability in modal logic in general [38] and in hybrid modal
logic in particular [III3]. Also related is work on interpolation in guarded log-
ics [200T9U7I9IR].

The main aim of this paper is to investigate explicit definability of concept
names under Horn-DL ontologies. We have therefore chosen a definition of Craig
interpolation and interpolants that generalizes the projective Beth definability
property and explicit definability in a natural and useful way, following [I5].
There are, however, other notions of Craig interpolation that are of interest and
have been investigated. Of particular importance for modularity and various
other purposes is the following version: if O is an ontology and C T D an
inclusion such that O = C C D, then there exists an ontology O’ in the shared
signature of @ and C = D such that O’ E C T D. This property has been
considered for £L£ and various extensions in [44I28]. Currently, it is unknown
whether any general results can be proved about the relationship between this
version of the Craig interpolation property, the version considered in this article,
and/or the projective Beth definability property.

Craig interpolation should not be confused with work on uniform interpola-
tion, both in description logic [32I36/41129] and in modal logic [47J30J22]. Uniform
interpolants generalize Craig interpolants in the sense that a uniform interpolant
is an interpolant for a fixed antecedent and any formula implied by the antecedent
and sharing with it a fixed set of symbols.

Interpolant and explicit definition existence have only recently been investi-
gated for logics that do not enjoy the CIP or PBDP. In description logic, the
work of [2] on Boolean DLs with nominals and role hierarchies was discussed
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in the introduction. Explicit definition existence is also investigated in [3] for
the case in which one is interested in the explicit definition of nominals, see
also [12]. In [25], interpolant and explicit definition existence are investigated
for the guarded and two-variable fragments, proving that the problems becomes
harder than validity. The interpolant existence problem for linear temporal logic
LTL is considered in [42].

3 Preliminaries

Let N¢, Ng, and N, be disjoint and countably infinite sets of concept, role, and
individual names. A role is a role name r or an inverse role r—, with r a role
name. Nominals take the form {a}, where a is an individual name. The universal
role is denoted by u. ELZO,,-concepts C are defined by the following syntax rule:

C,C' = T|A|{a}|CNC"|TIr.C

where A ranges over concept names, a over individual names, and r over roles
(including the universal role). Fragments of ££Z0,, are defined as usual. For
example, ELT-concepts are ELLO,,-concepts without nominals and the universal
role, and £L-concepts are £LI-concepts without inverse roles.

Given any of the DLs £ introduced above, an L-concept inclusion (L-CI)
takes the form C' C D with C, D L-concepts. An L-ontology O is a finite set of
L-Cls.

We also consider ontologies with role inclusions (RIs), expressions of the
form rio---or, Cr with r{,...,7r,,r roles. An 5£I+-ontology is the union of
an EL£O,-ontology and a finite set of RIs that use roles names only. An E£7+-
ontology is an £LT-ontology without the universal role When dealing with
EL " -ontologies it will be convenient to use the same name for the underpinning
ELO,-concepts. Thus, £LO,-concepts will also be called £L;"-concepts. The
same applies to L1 -ontologies and £LO-concepts.

We will also be considering the following more expressive Horn DLs [21],
presented here in the form introduced in [37]. Horn-ALCZO,,-CIs take the form
=L U R, where L and R are concepts defined by the syntax rules

R R :=T|L|A|-A|{a}|~{a} | ROR |-LUR|3Ir.R|Vr.R
LL':=T|L|A|LNL|LUL |3rL

with A ranging over concept names, a over individual names, and r over roles
(including the universal role). As usual, the fragment of Horn-ALCZO,, with-
out nominals and the universal role is denoted by Horn-ALCZ and Horn-ALC
denotes the fragment of Horn-ALCZ without inverse roles.

! Thus, we abuse notation slightly as the original ££%T also admits concrete do-
mains [5] and L (for false). We leave the addition of concrete domains for future
work but show that the addition of 1 does not affect our results.
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Finally, we remind the reader that the Horn fragment, Horn-FO, of first-order
logic is defined as the closure of formulas of the form

R(t), Ri(t)A-- A Rn(tn) — R(E), Ri(t) A ARn(tn) — L

under conjunction, universal quantification, and existential quantification, where
t1,...,tn,t are sequences of individual variables and individual names [16].

A signature X is a set of concept, role, and individual names, uniformly
referred to as symbols. We use sig(X) to denote the set of symbols used in any
syntactic object X such as a concept or an ontology. If £ is a DL and X a
signature, then an L£(X)-concept C is an L-concept with sig(C) C X. The size
[|X]| of a syntactic object X is the number of symbols needed to write it down.

The semantics of DLs is given in terms of interpretations T = (AT,-T),
where AT is a non-empty set (the domain) and -Z is the interpretation function,
assigning to each A € N¢ a set A7 C AZ, to each r € Ng a relation 7 C AT x AT,
and to each a € Nj an element a” € AT. The interpretation CZ C A of a concept
C in T is defined as usual, see [6]. An interpretation Z satisfies a CI C C D if
CtTCcDfandanRIrjo---or, Crifrfo-..orl Crl.

We say that 7 is a model of an ontology if it satisfies all inclusions in it. If «
is a CI or RI, we write O = « if all models of O satisfy a. We write O = C = D
ifOECCDand OEDLCC.

An ontology is in normal form if its Cls are of the form
TEA, AlﬂAQEB, Ag{a}, {G}EA,

and
AC3Ir.B, IBC A

where A, A1, Aa, B are concept names, r is a role or the universal role, and a is
an individual name. We call an ontology O" a model conservative extension of
an ontology O if O’ = O and every model of O can be expanded to a model of
O’ by modifying the interpretation of symbols in sig(O’) \ sig(O).

Lemma 4. Let £ be a DL from ELC,ELT,ELO,ELTO,ELTT, or an extension
with the universal role, and let O be an L-ontology. Then one can construct
in polynomial time an L-ontology O’ in normal form such that O’ is a model
conservative extension of O.

We next introduce ABoxes as a technical tool that allows us to move from
interpretations to (potentially incomplete) sets of facts and concepts. An ABox
A is a (possibly infinite) set of assertions of the form A(z), r(z,y), {a}(x), and
T(z) with A € N¢, r € Ng, a € N}, and z,y individual variables. We denote by
ind(.A) the set of individual variables in .A. Note that we use individual variables
instead of individual names in ABoxes as it will be convenient to distinguish
the individual names used in nominals of an ontology from the individuals used
in ABoxes. An ABox is factorized if {a}(z),{a}(y) € Aimply z =y. If ¥ is a
signature, then a Y-ABox is an ABox that only uses symbols from X.

ABox assertions are interpreted in an interpretation Z using a wvariable as-
signment v that maps individual variables to elements of AZ. Then Z,v satisfies
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an assertion A(x) if v(x) € AL, r(z,y) if (v(x),v(y)) € r%, {a}(x) if aT = v(z),
and T(z) is always satisfied. Z,v satisfies an ABox if it satisfies all assertions
in it. We write Z |= Az — d] if there exists an assignment v with v(z) = d
such that Z,v satisfies A. We say that an assertion Ag(zg) is entailed by an
ontology O and ABoz A, in symbols O, A = Ag(x0), if v(z) € AZ for all models
Z of O and assignments v such that Z, v satisfy A. This is the standard notion
of entailment from a knowledge base consisting of an ontology and an ABox.
Deciding entailment is in PTIME for the DLs between ££ and ££}" [5] and
ExpTIME-complete for the DLs between ££Z and ELIO,, [6].

Every interpretation Z defines a factorized ABox Az by identifying every
d € AT with a variable x4 and taking A(zg) if d € AL, r(x.,x4) if (c,d) € 7,
{a}(xq) if a = d. Conversely, factorized ABoxes define interpretations in the
obvious way.

3.1 Preliminaries for €L

We associate with every ABox A a directed graph
Ga = (ind(A), |J {(x,y) | r(z.y) € A}).

reNgR

Let A be a factorized ABox. We say that A is ditree-shaped if G 4 is acyclic and
r(z,y) € A and s(x,y) € A imply r = s. Let I" be a set of individual names.
Then A is ditree-shaped modulo I if after dropping some facts of the form r(x, y)
with {a}(y) € A for some a € I', it is ditree-shaped. A pointed ABoz is a pair
A,z with x € ind(A). We next observe that ££0,,(X)-concepts correspond to
pointed X-ABoxes A, z such that A is ditree-shaped modulo Ny N X. ELO(X)-
concepts correspond to rooted pointed X-ABoxes A, x such that A is tree-shaped
modulo NyN Y, where A, z is called rooted if for every y € ind(A) there is a path
from x to y in G 4. The following lemma is shown in the obvious way.

Lemma 5. For any ELO,(X)-concept C one can construct in polynomial time
a pointed X-ABox A,z such that A is ditree-shaped modulo NyN X and d € C*
iff T = Alx ~ d], for all interpretations T and d € AZ.

Conwversely, for any pointed X -ABox A, x such that A is a ditree-shaped ABox
modulo I', one can construct in polynomial time an ELO,(X)-concept C such
that ' = NyN X and d € CT iff T |= Aclx v d|, for all interpretations T and
de AL

The above also holds if one replaces ELO, (X)-concepts by ELO(X)-concepts
and requires the pointed ABoxes to be rooted.

We define a canonical model Zo 4, for an ELF-ontology O in normal form and
a concept name Ay and, more generally, the canonical model Zp 4 of an ECtt-
ontology O in normal form and an ABox A. They are essentially the same models
as constructed in [5]. As we do not use this model do check subsumption, we
give a succinct model-theoretic construction.

Assume O and Ag are given and O is in normal form. Define an equivalence
relation ~ on the set of individual names a in sig(O) by setting a ~ b if O |=
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Ju.Ag M {a} T {b}. Let [a] = {b € sig(O) | a ~ b} and set A; = {[a] | a €
sig(O)}. Say that a concept name A is absorbed by an individual name a if
O = Ju.AgMAC {a} and let Ac denote the set of concept names A in O such
that O = Ag C Ju.A and A is not absorbed by any individual name.

Now let AZo.a0 = A; U A and let

ATo40 = {[a] € ATO %0 | O = Fu.Ag M {a} C A} U
{B e ATo4 | O = Ju.Ag N BC A}

ato 40 = [q]

rfoa0 = {([a], [p]) € ATO40 x ATO40 | O = Fu.Ag M {a} C Ir.{b}} U
{(la], B) € ATo:40 x ATo40 | O = 3u.Ag M {a} C Ir.B} U
{(B,[a]) € ATe40 x ATO40 | O |= 3u.Ag N B C 3r.{a}} U
{(A, B) € ATe40 x ATo40 | O = Fu.Ag M A C Ir.B}

for every concept name A € N¢, a € sig(O) N N;, and r € Ng. We often denote
the nodes [a] and A by pj, or, for simplicity, p, and, respectively, pa. If Ag is
absorbed by an individual a we still often denote pj,) by pa,-

We next define X -simulations for a signature Y. Let Z and J be interpre-
tations. A relation S is called a X-simulation between Z and J if the following
conditions hold:

1. ifd € AT and (d,e) € S, then e € A7, for all A € X

2. if d = a” and (d,e) € S, then e = a7, for all a € X;

3. if (d,d’) € r* and (d,e) € S, then there exists ¢/ with (e,e’) € 77 and
(d,e) e s, foralrelX.

S is global if its domain is AZ. If (Z,d) and (7, e) are pointed interpretations and
S a Y-simulation between Z and J with (d, e) € S, then we write (Z,d) <205
(J,e) and say that (Z,d) is ELO(X)-simulated by (T, e). If S is global, then we
write (Z,d) Z¢co,, s (J,e) and say that (Z,d) is ELO,(X)-simulated by (T, e€).

Let £ € {ELO,ELO,}. We write (Z,d) <..x (T, e) if d € CT implies e € C7
for all £L(X)-concepts C. The following characterization is well known [35].

Lemma 6. Let £ € {ELO,ELO,}. Then
(I7 d) jL,E (\77 6) = (Ia d) SE,E (Jv e)
The converse direction holds if J is w-saturated (in particular, finite).

Lemma 7. The canonical model Zp 4, is a model of O and for every model J
of O and any d € A7 with d € Ag, (Zo, 495 P4,) 2,5 (T,d), where X is any
signature.

Proof. We first show that Zp 4, is a model of O. It is straightforward to show
that Zp_ 4, satisfies the CIs of the form T C A, A1 MA; C A, AC {a}, {a} C A
Assume now that A C 3r.B € O and p¢ € AZo. a0 with C of the form a or
A. We have O = Fu.C, O = Ju.AgNC C A. Thus O = Fu.Ao M C C Ir.B. But
then (pc, pg) € 17040 and pp € BT0:40. Thus pc € (3r, B)To:40, as required.
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Assume now that Ir.A = B € O and pc € (3r.A)T0:40. Then there exists pp
such that (pc, pp) € r70:40 and pp € AT0:40. Hence O = Ju.AgNC C Ir.D and
O E Ju.AonDC A. Thus, O = Ju.AgMC C Ir.A. Hence since Ir.AC B € O,
O = Ju.Ay M C C B. But then po € BT0:40, as required.

Finally, assume that 1 0---or, Cr € O and (pc, pp) € TIIO’A" 0 oriO40
Then there are pcy,...,pc, with (pc,,pc..,) € riz_fl’AO for all i < n, where
Cy = C and C,, = D. We obtain O | Ju.Ag N C; C Fr;y1.Ci4q for all i < n.
Thus O E Ju.Ag N C E Jry---3r,.D. Hence O | Ju.Ag M C E Ir.D. Hence
(pc, pp) € o140, as required.

Let J be a model of O with Ag # (). Define a relation between AZo.ag and
A7 as follows: for any pc € AZ040 and d € A7 let (pc,d) € Sifd e C7. It
is easy to see that this well-defined and that for any pc there exists a d € AT
with (pc,d) € S. Tt is straightforward to show that S is a EL£O,,(X)-simulation,
as required. a

The following observation is a consequence of Lemma [6] and Lemma [7]

Lemma 8. Let O be an ELF T -ontology in normal form, Ay a concept name,
and C' an ELO, -concept. Then the following conditions are equivalent:

1. PA, € CToo ;
2. O Ay CC.

Next assume that O and an ABox A are given. Assume O is in normal form.
Then one can construct in polynomial time a canonical model Zp 4 of O that
satisfies A via an assignment vp, 4. The details are straightforward, and we only
give the main properties of Zp 4.

Lemma 9. Given an EL] T -ontology O in normal form and an ABox A one
can construct in polynomial time a model Zo 4 of O and an assignment vo, 4
such that for all x € ind(A) and all ELO,,-concepts C' the following conditions
are equivalent:

1. U@)A(.’E) € CIO*A;
2. 0,AE=C(x).

3.2 Preliminaries for ELT

For extensions of ELZ we employ tree-shaped ABoxes. We associate with every
ABox A the undirected graph

G4 = (ind(A), |J {{z.y} [ r(2y) € A}).

reNg

Let A be factorized. We say that A is tree-shaped if G is acyclic, r(z,y) € A
and s(z,y) € A imply r = s, and r(z,y) € A implies s(y,x) ¢ A for any s. A
is tree-shaped modulo a set I' of individual names if after dropping some facts
r(z,y) with {a}(z) or {a}(y) € A for some a € I it is tree-shaped. We next
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observe that ££Z0,,(X)-concepts correspond to pointed YX-ABoxes A, x such
that A is tree-shaped modulo Ny N X. ELTO(X)-concepts correspond to weakly
rooted pointed X-ABoxes A, x such that A is tree-shaped modulo NyN X, where
A, z is called weakly rooted if for every y € ind(.A) there is a path from z to y
in G*. The following lemma is shown in the obvious way.

Lemma 10. For any ELTZO,(X)-concept C one can construct in polynomial
time a pointed X-ABox A,x such that A is tree-shaped modulo Ny N X and
de€ CT iff T = Alx v d), for all interpretations T and d € AT.

Conwversely, for any pointed X-ABox A, x such that A is a tree-shaped ABox
modulo I', one can construct in polynomial time an ELTO,,(X)-concept C' such
that T = NyNY and d € CT iff T = Ac[z ~ d|, for all interpretations T and
de AT

The above also holds if one replaces ELTO,,(X)-concepts by ELTO(X)-concepts
and requires the pointed ABoxes to be weakly rooted.

4 Craig Interpolation Property and Projective Beth
Definability Property

We introduce the Craig interpolation property (CIP) and the projective Beth
definability property (PBDP) as defined in [I5] and determine which DLs con-
sidered in this article enjoy the two properties. We observe that the CIP implies
the PBDP, but lack a proof of the converse direction. Nevertheless, all DLs con-
sidered in this paper enjoying the PBDP also enjoy the CIP. In fact, we generally
prove that a DL enjoys both properties by proving the CIP and disprove both
properties by disproving the PBDP.

We set sig(O, C) = sig(O) Usig(C), for any ontology O and concept C. Let
01,05 be L-ontologies and let C1,Cy be L-concepts. Then an L-concept D is
called an L-interpolant for C'y C Cy under Oy, Qs if

— sig(D) C sig(Oq, C1) Nsig(Oq, Cs);
- 01U02'201ED;
— 01U0; = DELC (.

Definition 11. A DL L has the Craig interpolation property (CIP) if for any
L-ontologies O1, Oy and L-concepts C1,Cy such that O U Os |= C1 T Cy there
exists an L-interpolant for C1 T Cy under O1, Os.

We next define the relevant definability notions. Let O be an ontology and A a
concept name. Let X' C sig(O) be a signature. An £(X)-concept C' is an ezplicit
L(X)-definition of A under O it O = A = C. We call A explicitly definable
in L(X) under O if there is an explicit £(X)-definition of A under O. The X-
reduct 7|5, of an interpretation Z coincides with Z except that no non-X symbol
is interpreted in Zx. A concept A is called implicitly definable from X under
O if the Y-reduct of any model Z of O determines the set AZ; in other words,

)

if Z and J are both models of O such that Z;5 = J|x, then AT = A7 Tt is
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easy to see that implicit definability can be reformulated as a standard reasoning
problem as follows: a concept name A is implicitly definable from X under O
it OUOyx = A= A, where Oy is obtained from O by replacing every non-
X symbol X uniformly by a fresh symbol X’. If a concept name is explicitly
definable in £(X) under O, then it is implicitly definable from X under O, for
any language L. A logic enjoys the projective Beth definability property if the
converse implication holds as well.

Definition 12. A DL has the projective Beth definable property (PBDP) if for
any L-ontology O, concept name A, and signature X C sig(O) the following
holds: if A is implicitly definable from X under O, then A is explicitly L(X)-
definable under O.

Remark 13. Observe that the CIP implies the PBDP. To see this, assume that
an L-ontology O, concept name A and a signature X' are given, and that A is
implicitly definable from X' under O. Then OU Oy E A = A’, with Oy defined
above. Take an L-interpolant C' for A C A’ under O, Oyx. Then C' is an explicit
L(X)-definition of A under O.

We observe that the addition of 1 to any of the DLs considered in this article
does not affect the CIP or BDBP.

Remark 14. Assume that £ is any of the DLs from the ££ or ££Z family in-
troduced above and let £, denote its extension with L. Then £ enjoys the
CIP/PBDP iff £, does. We show this for the CIP. Assume first that C' C D
and O1,0s are a counterexample to the CIP of L. Then they are also a coun-
terexample to the CIP of £, . Conversely, assume that C' C D and Oq, 05 are
a counterexample to the CIP of £,. We may assume that no CI in O; U O,
uses L in the concept on its left hand side (if it does, the CI is redundant).
01 U0, £ C C L because otherwise 1 would be an £ -interpolant. It follows
that C, D do not use L. But then it is easy to see that by replacing every occur-
rence of L by a fresh concept name A in 01, O one obtains a counterexample
to the CIP of L.

We now determine which of the DLs introduced in the introduction enjoy the
CIP and PBDP. We begin by considering extensions of ££ without inverse roles
and then add inverse roles.

The description logic ££ enjoys the CIP/PBDP [44]. We show in this paper
that more often than not its extensions with the ££1 constructions do not
enjoy the CIP/PBDP. In fact, nominals, the universal role and RIs on their own
lead to the failure of CIP/PBDP, and explicit definitions do not exist even in
ELO,.

Theorem 15. The DLs ELO, EL, and ELTT do not enjoy the CIP and PBDP.
For ELTT, even the extensions of an EL ontology without nominals with (a) a
single role inclusion of the form ros C s or (b) with a single transitivity inclusion

of the form so s C s combined with role hierarchies of the form ri C ro do not
enjoy the CIP/PBDP.
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Proof. We start with showing that ££, does not enjoy the PBDP. We define
an £L,-ontology O, signature X', and concept name A such that A is implicitly
definable in X' under O but not £L£,,(X)-explicitly definable under O. Define O
as the following set of Cls.

ACB
DN3iu.ACE
BLC Ir.C
CCD
Bnar(CNE)C A,
and ¥ = {B,D,E,r}. We have O = A = BnVr.(D — E), so A is implicitly

definable in X under O. However, the models Z and Z’ given in Fig. [1| show that
A is not explicitly £L£,(X)-definable under O. Indeed, Z and Z' are both models

A, B B

b b/ b//
¢,D,E D,E C,D

Fig. 1. Interpretations Z and Z’ used to show that PBDP fails in ££,.

of O, a € AT, a’ ¢ AT, and the relation

{(a’ a’/)3 (b7 bl)? (b’ b,/)}

is a £L£,,(X)-simulation between Z and Z’. As £L,, concepts are preserved under
EL,-simulations, for every £L,(X)-concept C we have a’' € C? if a € C7T.
Hence no £L£, definition of A exists. As Y contains no individual names, no
ELO,(X)-explicit definition exists as well.

We next turn to £L£ with role inclusions. Let

O={ACIrE,EC3s.B,3s.BC A,rosLC s}
and X = {s, E}. Then A is implicitly definable using X under O since
O = Va(A(z)  Fy(B(y) AV=(s(y, 2) - s(z,2))).

We show that there does not exist any £L£,,(X)-explicit definition of A under O.
Interpretations Z and Z’ given in Fig. [2| are both models of O, a € AT, o’ ¢ AT,
and the relation

S = {(a’ a/)7 (b7 bl)7 (b’ b/l)v (Ca C/)v (C’ CH)}
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A
T a 7" a’
J r
s s
E,A E,A

—C / /
-
s N b PR

b
B
' r
S
J\ E A

b// c//

B S
Fig. 2. Interpretations Z and Z’ used to show that PBDP fails in E£5 .

is a £L£,(X)-simulation between Z and Z’; and so no £L£,, definition of A exists.
Moreover, it can be seen that S is actually a global bisimulation relation. Global
bisimulations preserve ALC,-concepts [31], so A does not even have an explicit
ALC,(X)-definition.

A simple modification of the example above demonstrates that combining
transitivity and role hierarchies also leads to the loss of CIP/PBDP. Let

O={AC3s.E,EFC3s;.B,3s9.BC A,81 Cs5,5C 593,808 L s}
and X = {s1, s2, F}. Then A is implicitly definable using X' under O since
O EVz(A(z) « Jy(E(y) AVz(s1(y, z) = s2(x, 2))).

Interpretations Z and Z’' showing that A has neither ££,(X)- nor ALC, (X)-
definition are given in Fig.

A
a
8752J S, 82 o S2
E,A E, A
b
B

’ ’
— D 82
51,882\ Vs ©
S, 82 S, 82
S, 82
E, A
by !
B 81,8, 82 Q
S, 82

Fig. 3. Interpretations Z and Z’ used to show that PBDP fails in ££ extended with
transitive roles and role hierarchies.
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Finally, we consider nominals. We note that an example given in [3] shows
that ELO does not enjoy the CIP/PBDP. We here give an example of an ELO-
ontology, signature X, and concept name A such that A is implicitly definable
in X under O but not explicitly ££0,,(X)-definable under O. Let O contain the
following Cls:

ACIr(EN{c}), TLC3Is.(Q2M3s{c})

35.(Q1MQ2M3s.{c}) C A, Is.EC Q
and let X = {¢, s,@Q;}. Observe that A is implicitly definable in O using X' as

O A=Vs.(3s{c} = Q1)

The same argument as above applied to the interpretations in Fig. [f] shows that

there does not exist any £EL£O,, (X)-explicit definition of A under O. O
A Q2
T a I/: a/ 45) b// D s
sl \ sl / Js
1

Fig. 4. Interpretations Z and Z’ used to show that PBDP fails in ££0,,.

Now to the positive cases. The reader might have noticed that in all examples in
the proof of Theorem [L5]|the interpretation Z on the left is the canonical model
for O and A, whereas the interpretation Z’ on the right is the canonical model of
O and the X-reduct of Z seen as an ABox. Then the fact that p4 ¢ AT, where
pa is the root of Z’ (node @’ in our examples), proves that an explicit definition
does not exist. The converse is actually also true for ££*F and ££1T: We prove
in Section |§| that if a pa € AT then A is explicitly definable. This criterion can
be used to show that a fragment £ of ELTT/ELTT enjoys CIP/PBDP. It suffices
to show that p4 € AT’ holds for any L-ontology O and a concept name A that
is implicitly definable under O.

An argument along similar lines has been used in [28/33] to show that ££
and the extension ELH of EL with role hierarchies (RIs of the form r C s with
r, s role names) enjoy the CIP/PBDP. We extend this result to cover somewhat
more complex role inclusions. We formulate the statement for CIP; PBDP follows
from Remark [[3

A set R of Rls is safe for a signature X' if one of the following two conditions
holds:

— all inclusions in R are hole hierarchies, that is, inclusions of the form r C s,
or
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—foreach RIrjo---or, EreR,n>1,if {r,...,rn, 7} N X # 0 then
{le"'arnar}gz-

Notice that if X' includes all the role names then any set of Rls is safe.

Theorem 16. Let 01,0y be EL-ontologies with Rls, C1,Co be EL-concepts,
and set X = sig(O1,Cy) N sig(Og, Cy). Assume that the set of RIs in O U Oy is
safe for X and O1UQOs |= Cy C Cs. Then an EL-interpolant for C; C Cy under
01, Oy exists.

We defer the proof of Theorem [I6] to Section [6] and switch our attention to the
inverse roles.

Theorem 17. The DLs ELT, ELTO, ELT, and ELLO,, do not enjoy the CIP
and PBDP.

Proof. We first consider £L£Z. Let O be the ontology used in the proof of The-
orem [15] to show that ££, does not enjoy the PBDP. Obtain an £LZ-ontology
O’ from O by replacing the second CI of O by

DMN3ar . ACFE

Let ¥ = {B, D, E,r}. Then A is implicitly definable from X under O’ (the same
explicit definition in Horn-ALC works), but A is not explicitly ££Z(X)-definable
under O0’. This proof also works for the remaining DLs mentioned in Theorem [17]
because one can show that A is also not explicitly ELZO,, (X)-definable under O,
and ££Z0,,(XY) is the strongest DL mentioned in T heorem In fact, not only
does A not have an explicit ELZ0,,(X) definition, but no such definition exists in
the positive fragment of ALC,,. To see this, consider the interpretations given in
Fig. 5| Observe that the models Z,Z’" show that A is not definable under O using

A, B B
T’ !

N, sIN

¢,D,E D,E C,D

O« 8

Fig. 5. Interpretations Z and Z’ used to show that PBDP fails in ££Z.

any concept constructed from X' using M, L, 3,V since for any such concept we
have for (z,2') € {(a,d’), (b,V'), (c,c'), (c,c")} that z € F? implies 2’ € FZ. O

Of course, interpretations Z and Z’ given in Fig. |5|also demonstrate that concepts
with implicit definitions in £, may not have explicit definitions in positive
ALC,. What singles out Fig. [5|is that the interpretations Z and Z' are not the
canonical models as nodes ¢ and ¢’ ‘do not have to be there’. We need this nodes
to ensure Vr.E does not distinguish a and a'.
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5 Interpolant and Explicit Definition Existence

We introduce interpolant and explicit definition existence as decision problems
and establish a polynomial time reduction of the latter to the former. We then
show that it suffices to consider ontologies in normal form and that the addition
of L does not affect the complexity of the decision problems.

Definition 18. Let £ be a DL. Then L-interpolant existence is the problem to
decide for any L-ontologies 01,02 and L-concepts C1,Cy whether there exists
an L-interpolant for Cy C Cy under O1, Os.

Observe that interpolant existence reduces to checking @7 U Oy = C; C Cy for
logics with the CIP but that this is not the case for logics without the CIP.

Definition 19. Let £ be a DL. Then L-explicit definition existence is the prob-
lem to decide for any L-ontology O, signature X, and concept name A whether
A is explicitly definable in L(X) under O.

Remark 20. There is a polynomial time reduction of L-explicit definition exis-
tence to L-interpolant existence. Moreover, any algorithm computing L-interpolants
also computes L-explicit definitions and any bound of the size of L-interpolants
provides a bound on the size of L-explicit definitions. The proof uses the same
idea as Remark Assume that an L-ontology O, concept name A, and a sig-
nature X are given. Let Oy be defined as above. Then any concept C is an
L-interpolant for A C A’ under O, Oy iff it is an explicit £(X)-definition of A
under O.

We next observe that replacing the original ontologies by model conservative ex-
tensions preserves interpolants and explicit definitions. Thus, it suffices to con-
sider ontologies in normal form and interpolants for inclusions between concept
names.

Lemma 21. Let O1, O be ontologies and Cy,Cy concepts in any DL L consid-
ered in this paper. Then one can compute in polynomial time L-ontologies O}, Of
i normal form and with fresh concept names A, B such that an L-concept C
is an interpolant for C1 T Cy under Oy, Os iff it is an interpolant for A C B
under OF, 0.

Proof. Let O} and O} be the model conservative extensions of O; U {A = C}
and, respectively, Oy U {B = D}, provided by Lemma One can show that O}
and O) are as required. O

Observe also that an L-concept C' is an explicit £(X)-definition of a concept
name A under an L-ontology O iff it is an explicit £(X)-definition of A under
the ontology O’ in normal form given by Lemma 4] provided that X does not
contain any symbols in sig(O’) \ sig(O). We finally consider extensions with L.
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Remark 22. Assume that £ is any of the DLs from the ££ or ££Z family in-
troduced above and let £, denote its extension with L. Then there are trivial
polynomial time reductions of L-interpolant existence and L-explicit definition
existence to L] -interpolant existence and L -explicit definition existence, re-
spectively (see Remark . We establish polynomial time reductions in the
converse direction modulo an oracle checking @ = C C 1. We consider the CIP,
the reduction for the PBDP is similar. The idea is the same as in Remark [T4l
Assume that C C D and 01,05 arein L. If O; UO2 E C C L, then an
L | -interpolant exists and we are done. Otherwise assume that no CI in O; UQO,
uses L in the concept on its left hand side (if it does, the CI is redundant).
From O U Oy = C C L it follows that C do not use L. If D uses L, then
01 U0,y £ C C D, and we are done as no £ -interpolant exists. Otherwise we
have the following reduction: there exists an £ -interpolant for C' C D under
01U Oy iff there exists and L-interpolant for C C D under O} U0}, where O; is
obtained from O; by replacing all occurrence of L by a fresh concept name B;,
fori=1,2.

6 Interpolant and Explicit Definition Existence in ££ and
its Extensions

We show that for any extension of ££ without inverse roles introduced above
interpolant existence and explicit definition existence are decidable in PTIME;
moreover if an interpolant/explicit definition exists, then there exists one of at
most exponential size. We note that for DLs that enjoy the CIP the complexity
upper bound follows directly from the fact that subsumption is in PTIME. We
thus focus on those DLs that do not enjoy the CIP or PBDP.

Theorem 23. Let L € {EL,,ELO,ELO,,ELTY ELTTY. Then L-interpolant
existence and L-explicit definition existence are both in PTIME. Moreover, if an
interpolant or explicit definition exists, then there exists one of at most exponen-
tial size. This bound is optimal.

We provide two proofs of the complexity upper bound. The first proof does not
provide an upper bound on the size of interpolants/explicit definitions, but is
more elementary. The second one provides a bound on the size of interpolants
and explicit deﬁnitionsﬂ Before we start with the upper bound proofs we give
the straightforward but instructive proof that the exponential bound on the size
of explicit definitions is optimal.

2 Yet another way of computing interpolants is by analysing proofs in calculi that
enjoy the subformula property. It has been shown in [26] that the consequence-
based calculus implemented in the ELK reasoner has this property when inputs are
restricted to £L. We envisage that this approach would be most practical.
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Ezample 24. The following example is folklore and has already been used for
various succinctness arguments in DL. Let

O = {A CMM3r.Bi N 37’2.B1} @]
{Bl C 37"1.Bi+1 1 ElTQ.B»L‘J'_l | 1< TL} @]
(B, CB,3r.BN3r.BCB,BMELC A}

and Xy = {ry,72, B, }. Note that A triggers a marker M and a binary tree of
depth n whose leafs are decorated with B,,. Conversely, if B, is true at all leafs
of a binary tree, then B is true at all nodes of the tree and B together with M
entail A at its root. Let, inductively, Cp := B,, and C;11 = 3r1.C; M Iry.C;, for
0<i<mn,and C = MMC,. Then C is the smallest explicit £L£(X)-definition
of A under Q.

Next let

O1={riori Erip1 |0<i<n}U
{AC 3r¢.B,BC 3ry.B,3r,.BC A}

and ¥ = {rg, B}. Then 3r2".B is the smallest explicit £L£(X)-definition of A
under O;. Observe that in the first example one enforces explicit definitions of
exponential size by generating a binary tree of linear depth whereas in the second
example one enforces an explicit definition of exponential size by generating a
path of exponential length. The latter can only happen if role inclusions are used
in the ontology. The main insight of the exponential upper bound on the size of
explicit definitions in Theorem [23is that the two examples cannot be combined
to enforce a binary tree of exponential depth.

First Proof of PTime upper bound. We prove a characterization for the existence
of interpolants using canonical models and simulations.

Lemma 25. Let O, O be 5£:+-0nt0l0gz'es in normal form, A, B concept names,
and L € {ELO,ELO,}. Let X = sig(O1, A) N sig(Oz, B). Then there does not

exist an L-interpolant for A © B under O1, Oz iff there exists a model J of

O1 U0y and d € A9 such that

1. d¢ BY;
2. (Zo,uo,,4,p4) 22,2 (J,4).

Proof. Assume an L-interpolant I exists, but there exists a model J of O; UOq
and d € A7 satisfying the conditions of the lemma. As O; UO, = A C F, by
Lemma (7} we obtain py € FZ01902.4, By Lemma @ d € FY. We have derived
a contradiction to the condition that d ¢ BY, J is a model of @7 U Oy, and
0O1U0; =FLCB.

Assume no L-interpolant exists. Let

I ={CeL(D)|pac Croroza}
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By Lemma |8] and compactness, there exists a model J of O; U Os and d € AT
such that d € C7 for all C € I but d &z BYJ. We may assume that J is w-
saturated. Thus, by Lemma@, (Zo,004.4,p4) 2.5 (J,d), and J satisfies the
conditions of the lemma. a

The characterization provided in Lemma 25| can be checked in polynomial time.
Consider a fresh concept name Xy for each d € AZ for Z = Zp,,0,.4. We define
the EL0,(X) diagram D(Z) of T as the ontology consisting of the following Cls:

— X C A, for every A€ X and d € AT;

— Xz C {b}, for every b € X;

— X4 C 3Ir. Xy, for every r € X and (d,d’) € r%;
— X4 C Ju.Xy, for every d, d € AL.

Denote by Z; 5 the Y-reduct of the interpretation Z. Now it is straightforward
to show that there exists a model J of O; U Qs and d € A7 such that the
conditions of Lemma |25 hold for £ = ££0O, iff O U O2 UD((Zo,u0,,4)12) ¥
X, C B. The latter condition can be checked in polynomial time. If we aim at
interpolants without the universal role we simply remove the CIs of the final item
from the definition of D(Z), denote the resulting set of inclusions by D’(Z) and
have that there exists a model J of O;UO; and d € A7 such that the conditions
of Lemma hold for £ = ELO iff 01 U O, UD'((Zo,00,,4)12) = Xps E B.

Proof of Theorem[23. The proof above does not provide a direct way to bound
the size of interpolants. The following proof addresses this problem. We require
the unfolding of an ABox into an ABox that is “equivalent” to an £L£0,,-concept.
Let A be a factorized X-ABox and I' = NyN X. The directed unfolding of A into
a ditree-shaped ABox A" modulo I" is defined as follows. The individuals of A
are the set of words w = xgry - - - rpxy, with 71, ..., 7, role names and zg, ...z, €
ind(A) such that {a}(x;) € I" for any i # 0 and a € I" and r;y1(2;,2,41) € A
for all 7 < n. We set tail(w) = x,, and define

— A(w) € A% if A(tail(w)) € A, for A € N¢;

— r(w,wrz) € A if r(tail(w), x) € A and r(w,z) € A* if {a}(x) € A for some
a € I' and r(tail(w), x) € A, for r € Ng;

— {a}(z) € A¥ if {a}(z) € A, for a € I' and z € ind(A).

Assume now that Oy, Oz, A, B are given with Oy, O3 in normal form. Let AgluOQ,A
be the Y-reduct of the canonical model Zp, uo, 4, regarded as an ABox. Consider
the directed unfolding A5 Y0, 4 of AF, Lo, 4 modulo I' = £ N Ny. Note that
by Lemma |5| for every finite subset A of Agfco% 4 containing p4, the pointed
ABox A, p4 corresponds to an ELO,,(X)-concept.

Theorem 26. Let O,y be Sﬁj"'—ontologies in normal form and let A, B be
concept names. Let X = sig(O1, A) N sig(Os, B). Then the following conditions
are equivalent:

1. An ELO-interpolant for A T B under O1, O exists;
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2. 01U 0, A5, u0, 4 = Blpa);

3. there exists a subset A of A(%;ZOQ,A with |ind(A)| < ||Oy U Oy||I|O1V0z
such that the ELO,-concept corresponding to A, pa is an ELO,-interpolant
for AC B under O1,0,.

I°

Observe that the equivalence of Points 1. and 2. provides another proof of the
polynomial time upper bound for interpolant existence. The proof of Theorem 20|
requires some preparation. In particular, we make use of derivation trees. In the
context of £L£ and ELT derivation trees have been introduced in [I1J4]. Here we
extend derivation trees to deal with nominals and role inclusions.

Derivation Trees. Fix an ELO] T-ontology O in normal form, an ABox A, z¢ €
ind(A), and Ay € N¢. Let A = ind(A) U((NJUN¢)Nsig(O)). A derivation tree for
the assertion Ag(zg) in A w.r.t. O is a finite Ax ({T }U(NcUN;)Nsig(O))-labeled
tree (T, V'), where T is a set of nodes and V : T'— Ax ({T}U(NcUN,)Nsig(O))
the labeling function, such that

= V(e) = (w0, Ao);
— if V(n) = (a,C), then a € ind(A) and C(a) € Aor a € Ny and C = {a} or
1. a = C = A for a concept name A and n has a successor n’ with V(n') =
(b, A) for some b; or
2. a = C = A for a concept name A and n has a successor n’ such that
V(n')=(b,C") and O = C’ C Ir.A for some role name or the universal
role 7; or
3. n has successors ny,ny with V(n;) = (a,C;) and C; € (Nc UN;) Nsig(O)
and O =EC1MCy CC;
4. n has successors ni, ng,ng with V(ny) = (b,C), V(n2) = (a,{c}), and
V(ng) = (b, {c}); or
5. n has successors no, . . ., nok_o2,n’ and possibly additional successors from
N1, Ny, ..., N1, b, with k£ > 1 such that the following holds: there is a
sequence ai, ..., as, of elements of A and a sequence ro, 74, ...,725_o Of
role names or u such that a = a; and for every ag; 41 either ag; 11 = ag;12
or there is ¢ with V(n,; ) = (a2i41,{c}) and V(nh; ) = (azit2,{c})
such that for every ag; with ¢ < k:
o 79i(az, az4+1) € A and V(ng;) = (ag;, T); or
e as 11 € NyNsig(O) and there exists Cy; € (Nc U N;) Nsig(O) such
that V(TLQZ) = (agi, 021) and O ): Cgi E 37“21'.{&21‘4_1}; or
e a1 € Nec Nsig(O) and there exists Cy; € (Nc U Ny) N sig(O) such
that V(TLQZ) = (agl‘, 021) and O ’: CQZ' E 37"21'.&21'_._1
and there exist C’ € (Nc UN,) Nsig(O) and a role name or the universal
role r such that V(n') = (ag,C’), O = Ir.C' T C, and O Eryoryo

...O0Top_o C 1.

The purpose of Conditions 1 and 2 is to establish that it follows from O and A
that A is not empty: this is the case if one can show that some x € ind(A) is in
A, some individual a in O is in A, or there exists a b € A such that b is in C’
and O |= C’ C 3r.A. The purpose of the remaining three conditions should be
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obvious. We note that in Condition 5, while a sequence a1, . . ., agg of exponential
length in O and A might be required, the number of distinct aq,...,as is
bounded by ||ind(A)|| + ||O|| and, as the number of all possible labels does not
exceed (|[ind(A)|| + [|O]]) x ||O]], at most (||ind(A)|| + ||O])* x ||O|| distinct
successors are needed in the derivation tree. The following example illustrates
this point.

Ezample 27. We use the ontology from Example Recall that

O:{TiOTiETiJrl |0§Z<7’L}U
{AC 3ry.B,BC 3r¢.B,3r,.BC A}

Then Zp 4 is defined by setting

Afoa = {z y}
Alo.a = {z}
BroA = {y}

T

7o ={(x,y), (y,y)}, for 0 <i < n.

Recall that 3r2".B is an explicit definition of A under O. Consider the ABox A
corresponding to the Y-reduct of Zp 4. A derivation tree for A(x) in A w.r.t. O
is defined by setting V(e) = (x, A) and taking three successors ¢ with labels
(z,T), (y, T), and (y, B), by applying Condition 5. Note that for the notation
used in Condition 5, a1 =as =z and a3 =--- =agn =y and ng = -+ = Nog_o.

Lemma 28. O, A = Ao(xo) if and only if there is a derivation tree for Ag(zo)
in AwrtO.

Proof. (<) is straightforward. For (=), we construct a sequence of ABoxes
Ao, Ai,... as follows. Define Ay as the union of A and all assertions {a}(a)
with @ a nominal in O, and let 4;,1 be obtained from A; by applying one of the
following rules:

1. if A(b) € A;, then add A(A) to A;;

if C'(b) € A; and O’ = C' E Jr. A, then add A(A) to Aj;

it C1(a),Cs(a) € A; and O = C1 M Csy C C, then add C(a) to A;;
if C(b),{c}(a),{c}(b) € A;, then add C(a) to A;;

G W

of role names or u such that a = a; and for every asj;1 either agjy1 = azjo
or there is ¢ with {c}(azj+1), {c}(azj+2) € A; such that for every as;:
— r9j(agj, azj+1) € A; or
— ag;jt1 € Ny Nsig(O) and there exists Cy; € (Nc UNy) Nsig(O) such that
ng(agj) € Az and O ': Czj C 37‘2j.{a2j+1}; or
— agj+1 € Nc Nsig(O) and there exists Ca; € (Nc UNj) Nsig(O) such that
ng(agj) € A; and O |: ng C HTQj.angrl
and there exist C’ € (Nc UN|) Nsig(O) and a role name or the universal role
r such that C'(ag;) € A;, O FIr.C' CC,and O Eroorgo...0orgp_o C 1
then add C(a) to A;.

if there is a sequence a1, . . ., asy of elements of A and a sequence ro, 74, ..., Top_2
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Note that the sequence is finite, and denote by A* the final ABox.

Claim. There is a model Z,v of A* and O such that for all x € ind(A) and
A € N¢, v(z)T € AT implies A(z) € A*.

Proof of the Claim. For all a,b € ind(A*), we write a ~ b if {c}(a), {c}(b) € A*
for some c. Notice that due to Rule 4, a ~ b implies C(a) € A* if and only
if C(b) € A*. In particular, ~ is an equivalence relation. We let [a] denote the
equivalence class of a. Start with an interpretation Zy defined by:

ATo = ind(A*)/~
A% = {[d] | A(a) € A"}

a™ = {[a]}
rTo = {([a], [b]) | 3’ € [a],b € [b]. r(a’,b) € A*}.

By definition, Zj satisfies all CIs in O that do not involve role names. We
next extend Zp by adding pairs of the form ([a],[b]) with b € Nc U N to the
interpretation of role names. In detail, if [a] € A0 and there exist C € N¢c U N,
with @ € C%0 and ¢ € N, with ¢ € [b] such that O = C C 3r.{c}, then add
([a], [6]) to rfo. Also, if [a] € AZ0 and there exist C € Nc UN; with a € C%o
and A € N¢ with A € [b] such that O |= C C 3.4, then add ([a], [b]) to rZo.
Finally, add any pair ([a], [b]) to 20 if there exists an RI ry o--- o7, C 7 that
follows from O such that ([a], [b]) is in relation 7 o - - o r,, under the updated
interpretations of r1,...,r,. This defines an interpretation Z. By Rule 2 all CIs
of the form A C Jr.B are satisfied in Z. By Rule 5, all CIs of the form 3r.B C A
are satisfied as well. By the final update of the extension of role names, all RIs
are satisfied in Z. This finishes the proof of the claim.

Now suppose O, A = Ag(zp). By the Claim, we have Ag(zg) € A*. Since

the five rules to construct Ag,.A1,... are in one-to-one correspondence with
Conditions (1)-(5) from the definition of derivation trees, we can inductively
construct a derivation tree for Ag(zo) in A w.r.t. O. O

The following lemma states the observation that for the derivation of a fact
only those assertions are relevant whose individuals occur in labels of a derivation
tree.

Lemma 29. O, A = Ao(xo) and assume that (T,V) is a derivation tree for
Ao(zg) in A wrt O. Let A’ denote the set of assertions in A involving only
a € ind(A) such that (a,C) is in the range of V.. Then O, A’ = Ag(zo).

We next show that one can construct from a derivation tree in A a derivation
tree in its directed unfolding. The derivation tree has the same depth but the
outdegree might be exponential. We use Example [27] to illustrate this.

Ezxample 30. Recall the ABox A from Example Consider its unfolding A4
which has individuals x, xroy, xroyroy, - . - and assertions

B(xroy), B(WOZUTOZ/% e 7“0(33, 1‘7“03/)7 7“0(1‘7”03/7 ﬂﬁToyToy), e
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Then € has 2™ + 1 successors in the derivation tree for A(z) in A" labeled with:

(xv T)7 (Z"/‘oy, T)v ) (x(roy)Qn_lv T)v (x(Toy)Qn’ B) :

Lemma 31. Let A be a X-ABoz and O an ELL T -ontology. Let I' = NyN Y and
let A" be the directed unfolding of A modulo I'. Let (T, V') be a derivation tree
for Ao(zo) in A w.r.t. O. Then there exists a derivation tree (T',V') for Ao(xo)
in A w.r.t. O of the same depth as T and such that the outdegree of T' does
not exceed max{3,3k}, where k is the length of the longest chain a; - - a,, used
in Condition 5 of the construction of the derivation tree (T,V).

Proof. Assume that (T,V) is a derivation tree for Agp(xzg) in A w.r.t. O. We
obtain a very similar derivation tree (T”,V’) for Ag(zp) in A" w.r.t. O: with
the exception of Condition 5, the construction is identical. For Condition 5, one
potentially has to introduce ”copies” of the nodes in T' which correspond to the
fresh individuals introduced in the unfolded ABox. In the construction of T, V'’
it is always the case that if the label of n in (T,V) is (a,C), then the label of
copies n’ of n in (T",V’) takes the form (w,C) with tail(w) = a.

In detail, we define (77, V") as follows from (T, V), starting with the root by
setting V'(e) = V(e) = (zo, Ao)-

Assume m is a copy of n and V(n) = (a,C) and V'(m) = (w,C). To define
the successors of m and their labelings we consider the possible derivation steps
for (a,C) in A.

1. a = C = A for a concept name A and n has a successor n’ with V(n') =
(b, A) for some b: take a copy m’ of n’ as the only successor of m and set
Vi(m') = (b, A).

2.0 =C = A for a concept name A and n has a successor n’ such that

V(n') = (b,C") and O ’: C’ C 3r.A for some role name or the universal role
r: take a copy m’ of n’ as the only successor of m and set V'(m') = (b, C)

3. m has successors ny,ng with V(n;) = (a,C;) and C; € (Nc UN;) Nsig(O) and
O = 1N Cy C C: take copies my,my of ny,ng as the successors of m and
set V'(m;) = (w, C;).

4. n has successors nj,ng,n3 with V(ny) = (b,C), V(na) = (a,{c}), and
Ving) = (b,{c}): take copies mq,ma,m3 of ny,ng,n3 as successors of m
and set V(my) = (b,C), V(mz) = (w,{c}), and V(ms) = (b, {c}).

5. n has successors na,...,ns,_2,n and possibly additional successors from
Ny, Ny, ..., NG 1,5, with & > 1 such that for the sequence aq,...,as; of
elements of A we have: @ = a1 and for every ag;41 either ag;+1 = agi12 or
there is ¢ with V(n; ;) = (a2i41, {c}) and V(ny;,5) = (a2i42, {c}) and for
every aq; with ¢ < k:

- rgi(agi,agi_,_l) S A and V(HQ»L) = (CL21‘7T); or
— agit1 € (N1UNc) Nsig(O) and V(ng;) = (azi, C);

and V(n') = (agx, C"). Then take copies of ma, ..., mog_o,m' of na,... , nog_2,n
and copies mj,mb,...,mh_y,mb, of ni,nh,...,nh._,,nh, and define V'
and the new sequence by, . .., by as follows: set by = w and set ba; 1o = b1

if agi1o = agi41. If this is not the case, then assume V(ny; ;) = (azit+1, {c})
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and V(ngy; o) = (azi+2, {c}) and let baiyo = azito, V'(mi; 1) = (b2i41,{c}),
and V(mb; 5) = (azit2, {c}). Next let
— bait1 = bairaiagit1 and V'(mg;) = (ba;, T) if 79;(a2i,a2:41) € A and
V(ng) = (a2, T);
- b2i+1 = A2;+1 and V/(in) = (bgi, Cgi) if a2i4+1 S (N| U Nc) N blg(O) and
V(nai) = (az;, Ca;).
Finally let V/(m') = (bag, C").

Then (77, V') is a derivation tree for Ag(zp) in A" w.r.t. O satisfying the con-
ditions of the lemma. O

We now come to the proof of Theorem

Proof. “1. = 2.” Let F be an £LO,-interpolant for A C B under Op, 5. By
Lemmalgl, Z0,00,,4 = F(pa). Thus, by definition Ag 0, 4 = F(pa). Hence
01U Oy, A3, ,0,.4 = Bpa) since O, U0, = FC B.

“2. = 3.” By Lemma there exists a derivation tree (T,V) for B(pa) in
A(%IUOZ’A under O; U O,. Clearly we may assume that on any path in 7" each
pair (a,C') occurs at most once as a label (if V(n1) = V(nz) for ny below nq
in a derivation tree, replace no (with the labeled tree below it) by n; (and the
labeled tree below n1)). Moreover, we may assume that in Point 5 the length of
the sequence aq, ..., as, does not exceed the maximum of 3 and

e 2 (A, Lo, ) IHIO1UO2ID? < 9141101002

where k is maximal such that an RI r;o---or, C r occurs in O; U O and k' is
the number of distinct role names in 07 UQ;. (To show this observe that if there
is some path rq o---or, with (¢,d) € (rpo---or,)  and O =ry0---0r, Cr
for the canonical model Z = Zp,u0,,4, then there exists such a path of length
at most %.)

From Lemma we thus obtain a derivation tree (T',V’) for B(pa) in
Agfaoz,A w.r.t. O; U Oy such that the depth of 7" does not exceed the depth
of T (which is bounded by ||O1 U Os||?) and the outdegree of T” does not

exceed max {3,m}. Let A denote the subset of Agf@ow containing all a €
ind(Agbe%A) such that some (a, C) occurs in the range of V’. Then |ind(A)| <

|01 U Oy|!1019C211 and, by Lemma 01 U0y, A= B(pa), as required.
“3. = 1.7 is trivial. a

Let Aglcuoz, 4 denote the subset of AglU@% 4 containing all assertions with
individual variables that are reachable from p 4 along a path in the directed graph

defined by A3, Lo, 4- A5 6, 4 denotes the directed unfolding of Ag: 0, 4-

Then for every finite subset A of Aglfjéz 4 such that A, p4 is rooted, the pointed

ABox A, pa corresponds to an ELO(X)-concept C.

Theorem 32. Let 01,0y be ELF T -ontologies in normal form and let A, B be
concept names. Let X = sig(O1, A) N sig(O2, B). Then the following conditions
are equivalent:
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~

An ELO-interpolant for A T B under O1, Oy exists;
2. 01U 02, A5 0, 4 E Blpa);
3. there exists a rooted subset A ofA(‘g’i%z,A containing at most ||O1UOs|

individuals such that the ELO-concept C corresponding to A, pa is an ELO-
interpolant for A T B under O1, O,.

|H01U02H5+1

Proof. The proof is essentially the same as that of Theorem except that one
possible has to add directed X-paths in Aglcu’f% 4 to the subset A of Agfu’;gz A
obtained from a derivation tree in order to obtain that A, pa is rooted. The
length of these paths can be bound by [|O; U Os]|. O

We conclude the section with proving Theorem as a a corollary of The-
orem We reformulate the theorem as a proposition about normal form on-
tologies; the general result easily follows from the properties of normalisation.

Proposition 33. Let O, Oy be EL-ontologies in normal form with Rils, A, B
concept names, and set X = sig(O1, A) N sig(O2, B). Assume that the set of Rls
in O1 U Oy is safe for X and O1 U Oy = A T B. Then an EL-interpolant for
A C B under O, Oy exists.

Proof. For convenience of notation, we assume w.l.o.g. that A € sig(O;), B €
sig(O3) and {A, B}NX = (). Suppose for a proof by contradiction that O; U0y =
A C B but there exists no £ L-interpolant for A C B. Then O;UQOs, Aéfwz,A =
B(pa). Moreover, since the language under consideration contains neither nom-
inals nor the universal role, this strengthens to Oy U Oy, AZ 0, 4 = B(pa).

Let Jo be the canonical model of O; U0, and Agluoz,A' In what follows, we
identify the domain of Z ¢, 4 and individuals of Ag, e, 4, and consider both
to be subsets of the domain of Jy. By the properties of the canonical model, we
then have ps ¢ B7°. Furthermore, as Zo,0,.4 is a model for both O; U Oy and
Aglwz’A, there exists a sig(O; U Og)-simulation S between Jy and Zo,u0,,4
such that (z,z) € S for all z € AZo1v02.4,

Consider an interpretation J; defined as follows:

Ajl = AJU7
P71 = pJoy pToiwosa for all P e (sig(O1) \ 2,
PJt = P90 for all P ¢ (sig(01) \ %),

where P is a concept or role name. If 77 = O; U Oy we immediately derive a
contradiction as we then have ps € A7t and py ¢ B71 | contradicting O; U, =
ACB.

— If O7 U Oy does not contain RlIs or the first safety condition holds, that is,
all RIs are role hierarchies then 77 is indeed a model of O U O,.
To see that, first we consider the RIs. Consider r C s € O U Oy and let
{dy,dy} C AToi1voza be such that (dy,dz) € r7t but (dy,ds) ¢ r7° (in
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other cases the RI is satisfied already in Jp.) By construction of J; we have
r €sig(O1)\ X sor Cse O and s ¢ sig(O2) \ X. Since both Jp =7 C s
and Zo,u0,.4 = 1 C s we have (dy,ds) € s71.
We now consider Cls. As Jy and J; are identical on all elements except
ATorwosa for all x € ATO1v02.4 the relation S is a sig(O; U Oq)-simulation
between J; and Zp,u0,,4. Conversely, the embedding of Zp,u0,,4 into J1
generates a simulation, that is (Zo,u0,,4,%) 2gsig(0y) (J1,2) for all €
Alo1v0s.4, By Lemma @ for any sig(O1)-EL-concept C' and for all x €
ATo1v0z,4 we have x € CY' if, and only if © € CTo1v02.4, Thus, J; is a
model of ClIs in O;. By construction J; | Os.

— The interpretation J; may not satisfy some Rls. We consider a sequence of
interpretations J; obtained by extending the interpretations of roles in J;
to satisfy Rls. For i > 1 we define

NTi+1 :AJZ-7

ATt = AJ", for all A € N¢,
rio-or, Cre0; U0,

rJitt — pJi (d1,dn+1) {dy,...,dps1} C Aji,(d1,dn+1) ¢ T
(di, di+1) € Tg forall 1<k <n

A simple inductive argument shows that the second safety condition and the
fact that (dy,d,11) ¢ 77 imply that {rq,...,r,, 7} C sig(Oy).
Furthermore, we prove by induction that the relation S is a sig(O; U O3)-
simulation between [J;41 and Zop,u0,,4. For ¢ = 1 this has been estab-
lished above. For the induction stop it suffices to consider r-successors of
dy in J;y1, where r is from the definition of J;+1 above. By the induc-
tion hypothesis, S is a a sig(O1 U Os)-simulation between J; and Zo,uo,, 4.
Then there exist {va,...,v,41} C ATO1002.4 with (djt+1,vj41) € S and
(v1,Vp41) € riTO1002.4 for j € {1,...,n}. As Zo,00,.4 is a model of Oy, we
have (vi,v,41) € r701902.4 and (dp11,Vn41) € S as required.
As £L canonical models defined in this paper are finite, there exists N > 0
such that for all ¢ > N, J; = Jn. It can be seen that Jy satisfies all RIs
in 01 U9 and the satisfaction of Cls is proved similarly to the case above.
Then Jy is a model of O; UO; with p4 € AN and pa ¢ BIV | contradicting
O, U0, ): ALC B.

O

7 Interpolant and Explicit Definition Existence in ELZ
and its Extensions

We show that for ££7 and its extensions with nominals and universal roles,
interpolant existence and explicit definition existence are decidable in EXPTIME,
matching the lower bound coming from subsumption. Moreover, for ££Z and
ELT,, if an interpolant/explicit definition exists, then there is one of at most
double exponential size, and this is optimal.
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Theorem 34. Let L € {ELT,ELT,,ELTO,ELTO,}. Then L-interpolant exis-
tence and L-explicit definition existence are EXPTIME-complete. Moreover, if
L e {ELT,ELT,}, then when an interpolant or explicit definition exists, there
exists one of at most double exponential size. This bound is optimal.

The section is organized as follows. We first introduce canonical models and
derivation trees for ELZ0O,,. We then give an EXPTIME algorithm for interpolant
existence, before discussing the size of interpolants.

Canonical Models. Fix an ELTZO,-ontology O in normal form, and a concept
name Ag. An O-type is a set 7 of concepts C = A, C = {a} or C = Ju.A
occurring in O (where A € N¢), and such that O = [].., C E C’ implies
C' € 7 for all concepts C” of this form. We sometimes identify 7 and [],, C.
For a role r, we write 71 ~~, 7o if 79 is a maximal (w.r.t. inclusion) O-type such
that O = 11 C Jr.13. We define 71 ~~,, 7 similarly, but additionally require that
Ay C Ju. Ay € O for some Ay € 71 and Ay € 75. Note that the set of all O-types
and relations ~,., ~», can be computed in exponential time.

Let 74, denote the set of all concepts C' occurring in O such that O E
Ap T C, and for all nominals a, 74, the type consisting of all C' such that
O = {a} M 3uw.Ay C C. The canonical model of Zp 4, of O and Ay is defined as
follows:

AToao = {74 YU {7Ta,.4 | a € Ny Nsig(O)} U
{rorimi- T | 0> 0,70 = Tag, Ti ~ripy Titl,

o & {Tao} U{Taga [ @ € NiNsig(O)}}

To,4¢g —
a O—TAO,a

AToao = L1 | wr € ATO40 A€ T}

rToa0 = {(w,wrt) | w,wrT € ATO40} U {(wr™ T, w) | w,wr™T € ATO40}

In particular, every type 7 € AZT0.40 contains the same set of concepts Ju.A as
type 7T4,-

We use Ap, 4, to denote the ABox associated with the canonical model Zp 4,
and Ag 4, for its Y-reduct. We let 24, denote the element of ind(Ap,4,) corre-
sponding to 74,.

The following properties of canonical models can be proved in a standard way.

Lemma 35. For all ELTO,-ontologies O in normal form and concept names Ay,

1. 1(97140 ': O,‘

2. For every model (Z,d) of O and Ay, there is a homomorphism from (Zo a,,TA,)
to (Z,d);

3. For all concepts C, O |= Ag C C if and only if T4, € CTO: 40,

Derivation trees. Fix an ELLO,-ontology O in normal form and an ABox A,
xo € ind(A) and Ay € Nc. Let ©; = ind(A) U (N, Nsig(O)), and O3 = Nc N
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sig(O)U{{a} | a € NiNsig(O)}U{Fu.A | A € NcNsig(O)}. A derivation tree for
the assertion Ag(zp) in A w.r.t. O is a finite ©; x Oq-labeled tree (T,V) such
that:

— V(e) = (w0, Ao);
— If V(n) = (x,C) with z € ind(A), then O =T C C or

1. n has successors ni,...,ng, k > 1 with V(n;) = (a;,C;), such that
a; = x or a; € Ny Nsig(O) for all 4, and defining C, = C; if a; = z, and
C! = Ju.({a;} N C;) otherwise, we have O =C{M...MNC, C C; or

2. C'=Fu.A and n has a single successor n’ with V(n') = (y, Ju.A); or

3. n has a single successor n’ with V(n’) = (y, A) such that r(z,y) € A
and O = 3r.A C C (where r is a role name or an inverse role).

— If V(n) = (a,C) with a € N;Nsig(O), then C = {a} or:

4. There exists € ind(A) such that n has successors ny,...,ng, k > 1
with V(n;) = (a;,C;) and a; = = or a; € Ny Nsig(O) for all 4, and,
defining C} = C; if a; = x, and C} = Ju.({a;} N C;) otherwise, we have
OE=CiN...NC,LCJu.({a}nC).

Note that a special case of rule 1 is when n has two successors labeled (z,{a})
and (a,C), and a special case of rule 4 is when n has two successors labeled

(z,{a}) and (z,C).

Lemma 36. O, A |= Ao(xo) if and only if there is a derivation tree for Ag(zo)
in A wrt O.

Proof. (<) is straightforward. For (=), we construct a sequence of ABoxes
Ag, A1, ... generalized with assertions of the form (Ju.A)(z). Take Ay = AU
{{a}(zs) | @ € Ny Nsig(O)} where the z,’s are fresh individual variables. Let
A;y1 be obtained from A; by applying one of the following rule, where C is a
concept of the form C € Nc or C = {a} or C = Ju.A, and z,y € ind(A4;):

1. it Ci(xq), ..., Cr(ay) € A;, with 2; =  or x; = x4, for some a; € NjNsig(O),
and O |=C{N...MC}, C C, where C] = C,; if v, = x and C] = Ju.({a;} N C})
if x = x,,, then add C(z);

2. if (Ju.A)(y) € A; then add (Fu.A)(x);

if r(z,y), A(y) € A; and O | Ir.A C C, then add C(z);

4. if Cy(z1),...,Ck(zr) € A;, with z; = x or z; = x,, for some a; € N;Nsig(O),
and O = Cin...nC; C Ju.({e}NC), where C/ = C; if ; = z and
Cl=Fu.({a;} NC) if x = x,,, then add C(z,).

@

Note that the sequence is finite, and denote by A* the final ABox.

Claim. There is a model Z,v of A* and O such that for all x € ind(A) and
A € Nc, v(z)T € AT implies A(z) € A*.

Proof of the Claim. For all z,y € ind(A*), we write z ~ y if {a}(z), {a}(y) € A*
for some a € N;Nsig(O). Notice that if {a}(z),{a}(y),C(x) € A*, then C(x,) €
A* by rule |4 and C(y) € A* by rule |1l Therefore, z ~ y implies C(z) € A*
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if and only if C(y) € A*. In particular, ~ is an equivalence relation. We let [z]
denote the equivalence class of x. Start with an interpretation Zy defined by:

Ao = ind(A*)/~
AT = {[z] | A(z) € A™}
a®o = [z,]

P = {([2], [y) | r(z,y) € A"}

Let C, denote the conjunction of all concepts of the form C' € N¢, C = {a},
C = Ju.A, or C = Fu.({a} M A) such that A* = C(z). Let Z, denote the
canonical model for O and C, rooted at [z]. Due to rule [I| and the universality
of Z,, for every concept name or nominal C, we have [x] € C%o if and only if
[z] € C%=. Similarly, because of rule |4 for every a € NN sig(O), aZ= € CZ= if
and only if a0 € C%o.

We can now define Z as follows: A7 is the disjoint union of AZ0 and all
elements in domains A%« \ ({[z]} U {a* | a € N, Nsig(O)}). Interpretations
of concept names and nominals are inherited from the Zg or Z, each element
comes from. Finally, % is obtained by taking the union of %0 and all rZ= after
replacing edges to/from a’= with edges to/from aZ°. It is clear that for the
variable assignment v(x) = [z], Zp, v satisfies A*, and thus so does Z, v.

By rule [} all concept inclusions of O of the form T C A, A; M A C B,
A C {a} and {a} C A are satisfied by Zy. They are also satisfied by every Z,
(since T, is a model of O), and thus by Z. Now consider a concept inclusion
A C Fr.B € O, where r is a role name or an inverse role. Recall that for
every a and x, a € BT if and only if a’* € BZ=. Therefore, for all d € A%+,
d € (3r.B)%= implies d € (Ir.B)%. The case A C Ju.B is similar. Since every Z,
satisfies A C Jr.B, so does Z. Similarly, every concept inclusion 3r. B C A € O
is satisfied in Z: if the witness pair for 3r.B is part of Zgy, this follows from rule
and if not, then it is part of some Z,, which is by definition a model of O. For
concept inclusions of the form Ju.B C A € O, we can observe that if there exists
some d’ € AT such that d’ € BZ, then (3u.B) is in C, for some z, i.e., by rule
for all x.

Finally, for all # € ind(A) and A € Nc, [2]* € AT implies [z]%0 € ATo, i.e.,
A(x) € A*. This concludes the proof of the claim.

Now suppose O, A = Ag(xg). By the Claim, we have Ag(xg) € A*. Since

the four rules to construct Ag, A;,... are in one-to-one correspondence with
Conditions (1)—(4) from the definition of derivation trees, we can inductively
construct a derivation tree for Ag(zp) in A w.r.t. O. a

A result analogous to Lemma [31] holds for ££Z0O,,. The undirected unfolding
of an ABox A into a tree-shaped ABox A* modulo I" is defined as follows: the
individuals of A* are the set of words w = xgry - - - rpa, with rq,...,r, roles and
xo, ... Ty € ind(A) such that {a}(z;) & I' for any i # 0 and 711 (2, x41) € Aif
Tiy1 is a role name and ;| (z441,2;) € A if 741 is an inverse role, for all i < n.
We set tail(w) = x,, and let
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A(w) € A* if A(tail(w)) € A, for A € N¢;

— r(w,wrz) € A* if r(tail(w), z) € A and r(w,z) € A* if {a}(z) € A for some
a € I' and r(tail(w), x) € A, for r € Ng;

r(wrz,w) € A* if r(z, tail(w)) € A and r(z,w) € A* if {a}(z) € A for some
a €I r(z,tail(w)) € A, for r € Ng;

{a}(z) € A* if {a}(z) € A, for a € I" and z € ind(A).

Lemma 37. Let A be a X¥-ABox and O an ELIO, -ontology. Let A* be the
directed unfolding of A modulo I'. Let (T, V') be a derivation tree for Ag(zo) in
A w.r.t. O. Then there exists a derivation tree (T', V') for Ag(xo) in A* w.r.t. O
such that T' =T.

Proof. The proof is similar to that of Lemma We define (T,V"’) as follows
from (7,V), starting with the root by setting V'(¢) = V(¢) = (xo, Ap). At each
step, if V(n) = (a,C) and V'(n) = (w,C), then tail(w) = a. To define the
labelings of the successors of n, we consider the possible derivation steps for

(a,C) in A.

1. a = z € ind(A), and n has successors ny, ..., ng, k > 1 with V(n;) = (a;, C;),
such that a; = = or a; € N;Nsig(O) for all 4, and defining C! = C; if a; = z,
and C] = Ju.({a;} M C;) otherwise, we have O = C1M...MNC} C C. Take
V'(n;) = (w,Cy) if z; = x, and V'(n;) = (a;, C;) if a; € Ny N sig(O).

2. C = Ju.A and n has a single successor n’ with V(n') = (y,Ju.A). Take
V'(n') = (y, Ju.A).

3. n has a single successor n’ with V(n') = (y, A) such that r(a,y) € A and
O | Ir.A C C (where 7 is a role name or an inverse role). Take V'(n’) =
(wry, C).

4. a € Ny Nsig(O) and there exists € ind(A) such that n has successors
ni,...,ng, k> 1 with V(n;) = (a;,C;) and a; = x or a; € Ny Nsig(O) for
all 4, and, defining C} = C; if a; = x, and C} = Ju.({a;} N C;) otherwise, we
have O = C{M...NCY, C Fu.({a} N C). Take V'(n;) = (w,C;) if z; = z,
and V'(n;) = (a4, Cy) if a; € Ny Nsig(O).

Then (T, V') is a derivation tree for Ag(xo) in A* w.r.t. O. O

Deciding interpolant existence for ELLO,, and ELL,. The next lemma provides
a characterization of ELZ0,, interpolant existence in terms of canonical models.

Lemma 38. Let 01,04 be ELTO,-ontologies in normal form, Ay, A2 € Nc,
and X = sig(O1, A1) Nsig(Oa, As). Then there exists an ELLO,, -interpolant for
01,09, A1, As if and only if there exists a pointed ABox A, x such that

1. A,z is a finite subset of Ao ,u0,,4,,%4,; and
2. 01 U 02,A|2 ': AQ(.’E)

Proof. If D is an interpolant, then Ap,u0,,4, = D(z4,), and we obtain A by
compactness. Conversely, suppose that we have A, x as above. Notice that A|s
is not necessarily tree-shaped modulo Ny N X, and therefore does not necessarily



30 Marie Fortin, Boris Konev, and Frank Wolter

directly correspond to a X' concept. However, by Lemma [37] we also have O; U
O, Al |= Az(x), where Af; is the undirected unfolding of A s; modulo Ny Y.
By compactness, there exists a subset A" of Ay, that is a tree-shaped ABox
modulo Ny N X, such that O; U Oz, A’ |E Az(x). The associated X-concept is
then an interpolant. a

Note that AI(91U021A1 and thus A are tree-shaped modulo N; N sig(Oq, Os).
We represent such ABoxes by trees over the alphabet
9017027A17A2 _ QNCHFU{{G}\aENmF}U{r,T_\TENROF}U{ET.{G},EIT_‘{a}|T€NRﬁF/\a€N|ﬂF}
where I = sig(O;) U sig(O2) U {A1, Az }. Intuitively, the nodes of the tree cor-
respond to the individuals of the ABox; labels A, {a},3r.{a}, Ir~.{a} indicate
concepts that hold at the current node, while labels r or 7~ are used to indicate
which roles (if any) connect a node to its parent. This is defined more formally
below.

A tree is a non-empty set T C (N'\ {0})* closed under prefixes and such that
n-(i+1) €T impliesn-i €T for 1 <i<k.Itis k-ary if T C{1,...,k}*. The
node ¢ is the root of T. As a convention, we take n-0 =n and (n-7) - —1 =n.
Note that ¢ - —1 is undefined. Given an alphabet ©, a ©-labeled tree is a pair
(T, L) consisting of a tree T' and a node-labeling function L : T — O.

Let @0, 0,,4,,4, be defined as above. We associate with every ©-labeled tree
(T, L) the following ABox, where x, are fresh individual variables:

A,y ={T(z) |z €T}V
{{a}(x,) | @ appears in the label of some n € T} U
{A(z) |z €eTNAe L(x)}U
{{a}(z) [z € T N {a} € L(x)} U
{r(z,z-i)|z-i€eTAreNgAreL(zx-i}U
{r(z-di,z) |z-i€e TAreNgAr~ € L(x-i)} U
{r(z,zq) |z € TAIr{a} € L(z)} U
{r(zg,z) |z € TAIr~{a} € L(x)}.

Notice that Ay 1 is tree-shaped modulo NjNsig(O1, Oz). Conversely, for every
ABox A that is tree-shaped modulo NjNsig(O1, O3), there exists a (not necessar-
ily unique) tree (7', L) such that A = A(p ). In addition, the Abox Ao,u0,,4,
can be represented by a k-ary tree, where k = |O1| 4+ |O2] + N Nsig(O1, O3)].
Therefore, we focus from now on on k-ary trees.

Our decision procedure for interpolant existence is based tree automata

(whose definition is recalled below). More precisely, our goal is to prove the
following:

Lemma 39. There exists an exponential size non-deterministic tree automaton
A such that:
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— Forevery (T,L) € L(A), Acr,1) satisfies Conditions 1 and 2 from Lemma'
— For every A satisfying Conditions 1 and 2 from Lemma there exists
(T, L) S L(Q[) such that A = -A(T,L)'

Moreover, 2 can be computed from O, Os, A1, As in exponential time.

The existence of an interpolant then reduces to the non-emptiness of 2, and
can be decided in exponential time.

Tree Automata. A non-deterministic tree automaton (NTA) over finite k-ary
trees is a tuple A = (Q, 0,1, A), where @ is a set of states, © is the input
alphabet, I C @ is the set of initial states, and A C Q x O X [Jy<ps Q' is
the transition relation. A run of an NTA 2l = (Q, O, qo, A) over a k-ary input
(T, L) is a Q-labeled tree (T, r) such that for all x € T with children yq, ..., ys,
(r(w), L(w),r(y1), ..., 7(ye)) € A. It is accepting if r(¢) € I. The language
accepted by 2, denoted L(2l), is the set of all finite k-ary ©-labeled trees over
which 2 has an accepting run.

A two-way alternating tree automaton over finite k-ary trees (2ATA) is a
tuple A = (Q, O, qo, ) where @ is a finite set of states, © is the input alphabet,
qo € Q is the initial state, and ¢ is a transition function. The transition function
0 maps every state ¢ and input letter 8 € © to a positive Boolean formula §(g, 0)
over the truth constants true and false and transition atoms of the form (i, q) €
[k] x Q, where [k] = {-1,0,1,...,k}. The semantics is given in terms of runs.
More precisely, let (T, L) be a finite k-ary ©-labeled tree and 2 = (Q, 0, qo,9) a
2ATA. An accepting run of 2A over (T, L) is a (T x @Q)-labeled tree (T}, r) such
that:

L. T(E) = (€7q0)7 and

2. for all y € T, with r(y) = (x,q), there is a subset S C [k] x @ such that
S E 6(q, L(z)) and for every (4,¢') € S, there is some successor y' of y in T,
with 7(y) = (z - 4,¢).

The language accepted by 2, denoted L(2(), is the set of all finite k-ary ©-labeled
trees (T, L) for which there is an accepting run.

Every 2ATA 2 can be turned into an equivalent NTA whose number of states
is exponential in the number of states of 2, and non-emptiness of a 2ATA can
be decided in EXPTIME [46].

In order to prove Lemma we describe an NTA 2(; with exponentially
many states for Condition 1, and a 2-ATA 2y with polynomially many states
for Condition 2. The automaton 2l is then defined as the intersection of 2(; and
the NTA equivalent to 2As.

Definition of ;. We represent the canonical model for O; U Oy and A; by a
tree with 74, at the root of the tree, all 74, , inserted directly below the root,
and other elements Tori7mi - 7,7, below 7ori71 - Th_1Tn—1. We want 2(; to
accept all finite subsets of Ap,u0,,4,, S0 trees obtained from this one by keeping
a finite subset of nodes, and possibly removing some concepts and relations
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from the labels. We associate with every o € ©p, 0,.4,,4, a set of concepts
Ta = NcnNa)UNNa)U{Fu.A | O1UO; = A; C Ju.A}. We take 2y =
(Ql, 9(’)1,02,141,142,]17 A1)7 where

- Q1 C{q}UB0,,0,,4, 4, contains {go} and all & € Op, 0, 4,,4, such that
To 1s an O U Oa-type that occurs in Ap, U0, 4;;

- I ={q}

- (q,,q1,...,q0) € Aif the following conditions are satisfied, for all 1 < i < ¢
® g=gqooratg;
o If r € g; then 74 ~, 74,3
e If ¢; " Ng = 0 then either 7, ~+, 74, or ¢ = ¢o and ¢; contains some

nominal {a}.

Lemma 40. For all (T,L) € L(21), A(r,1),€ is (isomorphic to) a subset of
Ao,00,.4,, %4, . Conversely, for every finite subset A of Ao, u0,,4,, there exists
(T,L) € L(y) such that A= A1)

Definition of 25. The construction of Ay = (Q2, ©, qa,,d2) relies on derivation
trees. Intuitively, runs of 25 on some (T, L) correspond to derivation trees for
Ao(e) in A(p )y wr.t. O1 UO;. The states of A, are

Qe={qa | AeNcNI}U{gqqey laeNNT}U
{qgr,A,q;w—,A|T€NR0F,A€NcﬁF}U{q3u_A|A€NcﬂF}U
{63u.(aynay la € NIN T, A € Ne N T U{gsu.(faynisy) | @0 € NPT} U
{ar, a0~ | " €NRN X} U{gar 10} @3- oy @ €ENIN T, r € NRN T},

where I' = sig(O4) U sig(Os). Intuitively, state go is used to check that C is
entailed at the current node. States ¢, and g3, {4} are used to check the label
of the current node. The initial state is ¢qa,, as we are trying to construct a
derivation tree for A5 at the root.

Let us now define the transition relation. For a label a € Op,,0,,4,,4,, We
denote by ax the subset of « consisting of X' concepts and roles. We let

true ifreasx true if Ir{a} €

da(gr, ) = { false if Irfa} ¢ «

P (qur.{a}7 Ol) = {

false ifr ¢ ax

62(q3r4A705) = (Oa QT*) A (_15 qA) vV \/ (i7QA) A (Za q?“) \

1<i<k
\/ (O» qar.{a}) A (07 qau.({a}l_lA))
aeNNT”
62(qau.cr ) = \/ A Oac)v /(G gEuc)
01U02'201H*~~|_|Cn|:3u.c 1<i<n ’L‘G{*l,l ..... k}

For C = {a} or C = A, (qc,a) =true if C € ax or O1 U0y =T C C, and
otherwise,

62 (QCa Oé) = \/ /\ (07 qc@') \4 \/ (Oa qar.B) .

O1U05=C1M+NC,, =C 1<i<n 0100, =3r. BCC
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Intuitively, the transitions from ¢, and g3, {4} check the label of the current
node. Transitions from g3, 4 are used to check if condition 2 can be applied in
a derivation tree, that is, if from the current node z, there exists another node
y such that r(x,y) and A(y) are in Ay y; the node y can be either the parent
node, a child node, or a node corresponding to some nominal a. Transitions
from ¢3,.c correspond to an application of condition 1 (if the first disjunct
is used and C' is a concept name or nominal), 4 (if the first disjunct is used
and C' = Ju.({a} M A)) or 3 (second disjunct). Transitions from other states qc
correspond to an application of condition 1 (first disjunct) or 2 (second disjunct).

Lemma 41. For all concept names A, s has a run starting from state qa
on (T, L) if and only if there exists a derivation tree for A(e) in A,y w.r.t.
01U QOs.

Deciding interpolant existence for ELLO and ELI. The decision procedure for
ELTIO, can easily be adapted for ELZO and ELZ, where the universal role u
cannot be used in the interpolant. The only modification needed in Lemma [3§]
is to require that A|x is connected; the latter can easily be verified by a tree
automaton checking that for every node = apart from the root and nominals,
if x has a non-empty X-label then it contains a role r € X', and that for every
a € Ny N X, if there is a node whose label contains {a} in the tree then there is
one containing 3r.{a} for some r.

Size of interpolants. The NTA 2l has exponentially many states, and thus if its
language is non-empty it contains a tree (7', L) of at most exponential depth.
Therefore if an ABox A as in Lemma, [38| exists, then there is one of double ex-
ponential size. For ELT,, and LI, A is tree-shaped and thus A5 corresponds
directly to an interpolant of double exponential size. This is not the case for
ELTO,, as the ABox might be tree-shaped modulo N; N sig(Oq,O2) but not
modulo Ny N Y. In that case, by Lemma [37] we have a double exponential depth
derivation tree for As(x) in Afy, which means it uses an at most triple ex-
ponential number of elements in A‘*E, and we obtain an interpolant of triple
exponential size.

We construct an £L£Z-ontology O, signature Y, and concept name A such that
the smallest explicit £LZ(X)-definition of A under O is of double exponential
size in ||O]|. O is a variant of ontologies constructed in [35/41] and defined as
follows. It contains T C Jr. T M3s. T,

ACMMOX,N...MN
Jo (X; M XeMN...NX;—1) CX; oce{rshi<n
Jo (X, M XeMN...NMX; 1) CX; oe{rshi<n
Jo . (X;NX;)CX; oce{rshj<i<n
Jom.(X;NX;)C X, oe{rshj<i<n
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and
LC B, dIr.BNds.BC B, BMNMLCLA.

Let ¥ = {M,r,s,L}. Note that A triggers a marker M and a binary tree of
depth 2" using counter concept names Xo, ..., X, and Xo,...,X,. A concept
name L is made true at the leafs. Conversely, if L is true at the leafs of a binary
tree of depth 2™ then B is true at all nodes of the tree and A is entailed by M
and B at its root. Define inductively

Co=L, Ciy1=IrCr,N3s.Cy, C=ConMM.
Then C is the smallest explicit £L£Z(X)-definition of A under O.

8 Expressive Horn-DLs and Horn-FO

We first observe that all our results on the complexity of interpolant and explicit
definition existence also hold for more expressive Horn-DLs such as Horn-ALC,
Horn-ALCZ, and Horn-ALCZO,,, provided that the interpolant/explicit defini-
tion is from the corresponding £ LZ-fragment. This is yet another indicator that
Horn-DLs behave rather differently from DLs with all Boolean operators, where
for example the existence of an explicit ££(X)-concept definition of a concept
name A under an ALC-ontology is undecidable [3].

If, however, interpolants/explicit definitions from the Horn-DL itself are ad-
mitted, the situation is different. Observe that in the counterexamples disprov-
ing the PBDP of ££,, and £LZ the concept names that are implicitly but not
explicitly definable (Theorem [15] for ££, and Theorem [17] for ££Z) are in fact
explicitly definable in Horn-ALC. Thus, we next consider the question of whether
Horn-DLs such as Horn-ALC and Horn-ALCZ enjoy the CIP/PBDP for inter-
polants/explicit definitions in Horn-ALC and Horn-ALCZ, respectively. We show
that this is not the case in a very strong sense by providing a Horn-ALC-ontology
O, a signature X', and a concept name A such that A is implicitly >-definable
under O but does not have an explicit X-definition even in the Horn fragment of
the guarded fragment of FO introduced in [24] (and therefore not in Horn-ALC
and Horn-ALCZ either). The decidability and complexity of interpolant and ex-
plicit definition existence in Horn-ALC and Horn-ALCZ are therefore wide open,
but the games developed in [24] should provide the appropriate tool for attacking
these problems.

Finally, we address the question whether for languages such as Horn-ALCZ
there exists any Horn language at all extending them in which one is guaranteed
to find interpolants/explicit definitions. The answer is positive since the Horn
fragment of FO contains all first-order Horn-DLs and enjoys the CIP/PBDP. It
remains open, however, whether there exists a smaller such language, in partic-
ular a decidable one.

We start by formulating the complexity results if interpolants/explicit defi-
nitions in ££7Z and its extensions are considered. We remind the reader that by
adding A C 1 to the CIs used in ontologies in normal form, one can show the
following variant of Lemma [4
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Lemma 42. Let £ be a DL from Horn-ALCZ, Horn-ALCZO, Horn-ALCZ,,
Horn-ALCIO,,. Let O be an L-ontology. Then one can construct in polynomial
time an L-ontology O' in normal form (including Cls of the form AT 1) such
that O’ is a model conservative extension of O.

We thus obtain the following complexity result from Remark 22} Lemma[2I] and
Theorem 341

Theorem 43. Let (L, L") be (Horn-ALCL,ELT), (Horn-ALCIO,ELIO), (Horn-
ALCT,,ELT,), or (Horn-ALCZO,,,ELTO,). Then

— deciding the existence of an L'-interpolant for an L'-CI C T D under L-
ontologies O1, Oy is EXPTIME-complete;

— deciding the existence of an explicit L'(X)-definition of a concept name A
under an L-ontology O is EXPTIME-complete.

We now disprove the CIP and PBDP for Horn-ALC, Horn-ALCZ and their
extensions with the universal role if Horn-concepts are admitted as interpolants
or explicit definitions.

Theorem 44. The exists a Horn-ALC-ontology O, a signature X, and a concept
name A such that A is implicitly definable from X under O but not explicitly
Horn-ALCT, (X)-definable.

Proof. We modify the ontology from the proof of Theorem [I7] In detail, let O
contain the following Cls:

ACB
BCVr.F
F Cdri.D; M 3drs.Dy M dry .M M 3ry. M
ACYr.(FN3r.(Di N M)MN3re. (DN M)) — E)
BLC ar.C
CC FMiVry.D1MVry.Dy

Bnar(CNE)C A

and let ¥ = {B, D1, Dy, E,r,11,72}. We note that, intuitively, the third and
fourth CI should be read as

F E HT'l.Dl [ ETQ.DQ

ALC VT((F nvVry.Dy N V’I“Q.DQ) — E)
and the concept name M is introduced to achieve this in a projective way as the

latter CI is not in Horn-ALCZ.
We first observe that A is implicitly definable from X~ under O since

O ): A=B HVT.(Vrl.Dl |_|V’I“2.D2 — E)
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We next show that A is not explicitly Horn-ALCZ, (X)-definable under O. To
this end consider the interpretations Z and Z’ below. Both Z and Z’ are mod-
els of O, a € A%, d' ¢ AT but a € FT implies o’ € FZ holds for every
Horn-ALCZ,(X)-concept F', and the claim follows. The latter can be proved by
observing that there exists a Horn-ALCZ,, (X)-simulation between Z and 7' [24]
containing ({a}, a). The definition of these simulations is as follows. For any two
sets X and Y and a binary relation R, we set

— XR'Y if for all x € X there exists y € Y with (z,y) € R;
— XRYY if for all y € Y there exists x € X with (z,y) € R.

A relation Z C P(AT) x AT is a Horn-ALCL(X)-simulation between T and 7'
if (X,b) € Z implies X # () and the following hold:

— forany A € X, if (X,b) € Z and X C AT, then b € AT ;

— for any role r in X, if (X,b) € Z and XrZTY, then there exist Y’ C Y and
V e AT with (b,V') € X" and (Y',V) € Z;

— for any role r in X, if (X,b) € Z and (b,¥') € rT , then there is Y C AT with
XrHY and (Y, V) € Z;

— if (X,b) € Z, then T',b <¢r7,5 T, a for every a € X (where <g.7, 5 indicates
that we have a simulation that does not only respect role names in X' but
also the inverse of role names in X).

We write Z, X <por,x Z',b if there exists a Horn-ALCZ(X)-simulation Z be-
tween Z and Z' such that (X, b) € Z. It is shown in [24] that if Z, X <pom 5 Z', b,
then all Horn-ALCZ(X)-concepts true in all nodes in X are also true in b. Now
one can show that the relation Z containing all pairs ({«}, '), ({b, c},b”), and
({d,e},d") is a Horn-ALCZ(X)-simulation between Z and Z’, as required.
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We note that the relation Z is even a hornGF(X)-simulation in the sense of [24]
and that therefore one also cannot find an explicit definition of A in the Horn
fragment of the guarded fragment of FO.

We finally address the question whether there exists at all a Horn language
that contains the Horn-DLs considered in this paper and which enjoys the CIP
and PBDP. This is indeed the case for Horn-FO, the standard Horn fragment of
first-order logic. According to Exercise 6.2.6 in [I6] Horn-FO has the following

property.

Theorem 45. Let ¢, be sentences in Horn-FO such that ¢ A is not satis-
fiable. Then there exists a sentence x in Horn-FO such that sig(x) C sig(ep) N

sig(), ¢ = x, and x AN is not satisfiable.

We directly obtain the following interpolation result.

Theorem 46. Let O, O3 be Horn-ALCZO,-ontologies and let Cy,Cy be Horn-
ALCLO,-concepts such that Oy U Oy = C1 T Cy. Then there exists a formula
x(x) in Horn-FO such that

— Sig(X) - Sig(ol, Cl) N Sig(OQ, CQ),'
= 01 EVz(Ci(z) = x(2));
— Oy EVa(x(z) — Ca(x)).

Proof. Take a fresh unary relation symbol A(z) and a fresh individual name
c. Let ¢ be the conjunction of all sentences in O1 U {C1(c)} and let ¢ be the
conjunction of all sentences in Oy U {Va:(Cy(z) > A(x)),~A(c)}. Then ¢ and v
are both equivalent to sentences in Horn-FO. By definition @A) is not satisfiable.
Thus there exists a Horn-FO sentence x using only ¢ and symbols in sig(Oy, C1)N
sig(O,, Cs) such that ¢ = x and x A ¢ is not satisfiable. Thus:

— 01 Ci(e) = x;
— O U{Vz(Ca(x) + A(x))} E x — A(c).

Replace ¢ by = in x, C1(c), and A(c). Then

— 01 EVa(Cy(z) = x(2));
— Oy E=Va(x(z) = Ca(x)),

as required. a

Applied to Horn-ALCZ ontologies and concepts we thus always obtain an inter-
polant in Horn-FO and an interpolant in ALCZ (since ALCT enjoys the CIP [15]).
Does there exist an interpolant in the intersection of Horn-FO and ALCZ? Is it
possible to give an informative syntactic description of that intersection?

9 Discussion

A few Horn-DLs remain to be investigated regarding the complexity of inter-
polant and explicit definition existence and the size of interpolants. For example,



38

Marie Fortin, Boris Konev, and Frank Wolter

the extension of £LT with various types of role inclusions and extensions of £L£
and L7 with functional roles. Deciding the existence of interpolants and explicit
definitions that are in Horn-ALC and its extensions is also an interesting open
problem. The development of practical algorithms for computing interpolants
and explicit definitions is another challenge. Here the characterization of inter-
polants and explicit definitions as finite subsets of the unfolding of the X-reduct
of the canonical model should be an excellent starting point.
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