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abstra
t. We propose a framework for 
omparing the expressive power

and 
omputational behaviour of modal logi
s designed for reasoning about

qualitative aspe
ts of metri
 spa
es. Within this framework we 
an 
ompare

su
h well-known logi
s as S4 (for the topology indu
ed by the metri
), wK4

(for the derivation operator of the topology), variants of 
onditional logi
,

as well as logi
s of 
omparative similarity. One of the main problems for

the new family of logi
s is to delimit the borders between `de
idable' and

`unde
idable.' As a �rst step in this dire
tion, we 
onsider the modal logi


with the operator `
loser to a set �

0

than to a set �

1

' interpreted in metri


spa
es. This logi
 
ontains S4 with the universal modality and 
orresponds

to a very natural language within our framework. We prove that over

arbitrary metri
 spa
es this logi
 is ExpTime-
omplete. Re
all that over R,

Q, and Z, as well as their �nite subspa
es, this logi
 is unde
idable.

Keywords: metri
, topology, 
omparative similarity, 
onditional logi
.

1 Introdu
tion

Various `modal-like' propositional logi
s have been introdu
ed for reasoning

about qualitative aspe
ts of metri
 spa
es. Re
all, for example, the modal

logi
 S4 whose diamond and box are interpreted as the 
losure and interior

operators of the indu
ed topology [10℄, the modal logi
 wK4 whose box is

interpreted as the derivation operator on the topologi
al spa
e (see, e.g., [10,

2℄), the extensions of these logi
s with the universal modality, 
onditional

logi
 with a binary operator 
omparing distan
es between points [8℄, and

the logi
s of 
omparative similarity [12℄. In all of these 
ases, the truth


onditions for the modal operators 
orrespond to 
ertain simple quanti�er

patterns of �rst-order logi
:

� the interior IX of a set X is the set

�

w j 9a 2 R

>0

8v (d(w; v) < a! v 2 X)

	

;

� the universal box 2 is de�ned by

2X =

�

w j 8a 2 R

>0

8v (d(w; v) < a! v 2 X)

	

;
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� the derived set �X of X is

�

w j 8a 2 R

>0

9v (v 2 X ^ 0 < d(w; v) < a)

	

;

� the `
loser operator' X � Y for `X is 
loser than Y ' in the language

CSL of 
omparative similarity or distan
es [12℄ is de�ned by

�

w j 9a 2 R

>0

(9v 2 X d(w; v) < a ^ :9v 2 Y d(w; v) < a)

	

;

� the interpretation of some variants of the 
onditional impli
ation op-

erator X > Y [8℄ 
an be given by the formula (see, e.g., [1, 11℄)

(X � (X ^ :Y )) _ 2:X:

Of 
ourse, in the modal languages the quanti�er patterns above are only

impli
it and therefore `forgotten.' This probably explains why the relation

between the �rst-order logi
 and di�erent modal logi
s for metri
 spa
es has

re
eived very little attention from the modal 
ommunity; see [6℄ for a brief

review of the available results.

In this paper, we �rst make the quanti�er patterns above expli
it by

introdu
ing `modal' operators of the form 9

<x

, 9

>x

, 9

=x

, 9

<x

>0

(and their

duals 8

<x

, 8

>x

, et
.), where the variable x ranges over the positive real

numbers and 
an be bound by the quanti�ers 8x and 9x. Intuitively, if x is

assigned a value a 2 R

>0

, then 9

<x

X denotes the set of all points that are

lo
ated at distan
e < a from at least one point in X . In this language the

intended meaning of the operators 
onsidered above 
an be represented in

a 
lear and 
on
ise manner:

I� = 9x8

<x

�; (1)

2� = 8x8

<x

�; (2)

�� = 8x9

<x

>0

�; (3)

�

1

� �

2

= 9x(9

<x

�

1

^ :9

<x

�

2

); (4)

�

1

> �

2

= 9x

�

9

<x

�

1

^ :9

<x

(�

1

^ :�

2

)

�

_ 2:�

1

: (5)

We observe that the resulting modal language, 
alled QMS (for quali-

tative metri
 system), has the same expressive power as the two-variable

fragment of a 
ertain two-sorted �rst-order language for metri
 spa
es, and

thereby obtain a �rst insight into the relation between �rst-order and (quali-

tative) modal languages for metri
 spa
es. As follows from (1){(3), the logi
s

wK4;S4 and S4

u

(that is, S4 enri
hed with the universal modalities) give

rise to CT L-like fragments of QMS with modal operators 
orresponding to

the quanti�er pattern `a quanti�er over the reals followed by a quanti�er

over the spa
e.' These observations motivate the following general resear
h

programme:

Classify and investigate fragments of QMS regarding their ex-

pressive power and 
omputational behaviour.
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In this paper, we 
ontribute to this programme by investigating the CT L

+

-

like extension of S4

u

whi
h allows quanti�er patterns of the following form:

a quanti�er over the reals followed by a Boolean 
ombination of quanti�ers

9

<x

over the spa
e. A typi
al example is the 
loser operator � of CSL.

First we show that this language has indeed the same expressive power

over metri
 spa
es as the the modal logi
 CSL with sole operator � (al-

though it might be exponentially more su

in
t). The 
omputational prop-

erties of CSL over 
ertain 
lasses of metri
 spa
es have already been in-

vestigated. We know from [12℄ that the satis�ability problem for CSL is

ExpTime-
omplete over metri
 spa
es with the so-
alled min-
ondition:

d(X;Y ) = inffd(x; y) j x 2 X; y 2 Y g = minfd(x; y) j x 2 X; y 2 Y g;

for all sets X and Y . Moreover, in this 
ase the logi
 enjoys the �nite model

property. On the other hand, it has been shown in [12℄ that over (arbitrary

or arbitrary �nite subspa
es of) R, Q, and Z the logi
 CSL 
an simulate

arbitrary Diophantine equations, and so is unde
idable. The major open

and te
hni
ally 
hallenging problem has been to investigate the behaviour

of CSL over arbitrary metri
 spa
es, where already very simple formulas

like :(p � :p) u :(:p � p) require in�nite 
onverging sequen
es. Here

we present a solution to this problem by proving that over arbitrary metri


spa
es CSL is still ExpTime-
omplete.

CSL is 
losely related to 
ertain 
onditional logi
s. In 
onditional logi
,

the min-
ondition above is often 
alled the limit assumption and spa
es

are not required to be symmetri
. It has been shown in [12℄ that over

possibly non-symmetri
 metri
 spa
es with the min-
ondition, the 
loser

operator � has the same expressive power as the 
onditional impli
ation

>. The resulting 
onditional logi
 is known as the logi
 of frames satisfying

the normality, re
exivity, stri
t 
entering, uniformity and 
onne
tedness


onditions [4℄. In this paper, we do not 
onsider distan
e spa
es that are

more general than metri
 spa
es. However, the reader 
an easily modify the

de
idability proof given below for CSL over metri
 spa
es in order to prove

the de
idability of CSL over distan
e spa
es without symmetry and/or the

triangle inequality.

2 The logi
 QMS

In the examples above, we needed only one variable x over distan
es. In

general, however, it is useful to have 
ountably many distan
e variables

fx

1

; x

2

; : : : g and, in order to represent 
onstraints on relations between

distan
es, an additional set � of formulas over these variables. As the

distan
e variables range over R

>0

we 
an take, for example,

� the set �

0

of inequalities x

i

< x

j

,

� the set �

1

of linear rational equalities a

1

x

1

+ � � �+ a

n

x

n

= a

n+1

,

� the set �

2

of linear rational inequalities a

1

x

1

+ � � �+ a

n

x

n

� a

n+1

.
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Suppose now that we have su
h a set � of 
onstraints. Let fp

1

; p

2

; : : : g be

a 
ountably in�nite set of set variables. The QMS[�℄-terms are de�ned

indu
tively as follows, where { 2 �:

� ::= p

i

j { j :� j �

1

u �

2

j

9x

i

� j 9

<x

i

� j 9

=x

i

� j 9

>x

i

� j 9

<x

i

>x

j

� j 9

<x

i

>0

�:

The intended metri
 models for this language are stru
tures of the form

I =

�

D; p

I

1

; p

I

2

; : : :

�

(6)

where D = (�; d) is a metri
 spa
e and the p

I

i

are subsets of �.

To interpret QMS[�℄-terms in metri
 models, we require assignments a

of positive real numbers a(x

i

) 2 R

>0

to the distan
e variables x

i

.

1

Given

su
h an assignment a, we de�ne the extension p

I;a

i

� � of a set variable p

i

to

be p

I

i

. The extension {

I;a

2 f;;�g of { 2 � is de�ned by setting {

I;a

= �

i� (R

>0

; a) j= {, and {

I;a

= ;, otherwise.

2

The indu
tive de�nition of the

extension �

I;a

� � of a QMS[�℄-term � is now as usual for the Booleans

and as follows for the remaining operators:

(9

=x

i

�)

I;a

= (9

=a(x

i

)

�)

I

; (9

<x

i

�)

I;a

= (9

<a(x

i

)

�)

I

;

(9

>x

i

�)

I;a

= (9

>a(x

i

)

�)

I

; (9

<x

i

>x

j

�)

I;a

= (9

<a(x

i

)

>a(x

j

)

�)

I

;

(9x

i

�)

I;a

=

[

f�

I;b

j b(x

j

) = a(x

j

); for x

j

6= x

i

g;

where, for a; b 2 R

>0

,

(9

=a

�)

I

= fx 2 � j 9y (d(x; y) = a ^ y 2 �

I

)g;

(9

<a

�)

I

= fx 2 � j 9y (d(x; y) < a ^ y 2 �

I

)g;

(9

>a

�)

I

= fx 2 � j 9y (d(x; y) > a ^ y 2 �

I

)g;

(9

<b

>a

�)

I

= fx 2 � j 9y (a < d(x; y) < b ^ y 2 �

I

)g:

EXAMPLE 1. The sublanguage of QMS[�

2

℄ with expressions of the form

9~x ({ ^ �), where { is a 
onjun
tion of linear rational inequalities and

� is a QMS[;℄-term 
ontaining only the operators 9

<x

i

and 9

�x

i

and,

additionally, quanti�ers 9x

i

only dire
tly in front of 8

<x

i

(as in the interior

operator) has been investigated in [13℄. In parti
ular, it was proved that

the satis�ability problem is de
idable for this language.

To put this new language into a more familiar 
ontext, 
onsider the fol-

lowing two-sorted �rst-order language FM[�℄. Its terms of sort R

�0

are the

1

We quantify over positive real numbers rather than non-negative ones in order to

obtain short and transparent de�nitions of standard topologi
al operators; see (1). The

expressiveness of the language does not depend on this assumption.

2

It is straightforward to give a more 
onventional truth-de�nition for formulas in �

by extending the language QMS with formulas and not regarding the members of � as

terms. The semanti
s given here is a bit more 
on
ise.
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individual variables x

1

; x

2

; : : : , and terms of sort obje
t are the individual

variables w

1

; w

2

; : : : . The signature of FM also 
ontains a 
ountably in�-

nite set fP

1

; P

2

; : : : g of unary predi
ates, binary predi
ates < and =, and a

binary fun
tion symbol d. The FM[�℄-formulas ' are de�ned indu
tively

as follows, where { 2 �:

' ::= P

j

(w

i

) j { j d(w

i

; w

j

) < x

k

j

x

k

= 0 j :' j '

1

^ '

2

j 9x

i

' j 9w

i

':

FM[�℄ is interpreted in metri
 models I of the form (6) with the help of

two assignments (a; o), where a assigns a non-negative real number to ea
h

x

i

, while o assigns an obje
t from � to ea
h w

i

. The satisfa
tion relation

(I; a; o) j= ' is de�ned in the obvious way. Denote by FM

2

[�℄ the fragment

of FM[�℄ with only two variables of sort obje
t.

The following expressive 
ompleteness result 
an be proved by an almost

straightforward extension of the proof of Theorem 2.2 from [7℄ to quanti�ers

over distan
es. The su

in
tness result 
an be proved using the example and

te
hnique from [3℄; see also [9℄.

THEOREM 2. Let � � �

0

. Then the language QMS[�℄ is expressively


omplete for the language FM

2

[�℄ over metri
 models. More pre
isely,

for ea
h QMS[�℄-term � , one 
an 
onstru
t an FM

2

[�℄-formula ' with

a single free variable of sort obje
t su
h that, for all metri
 models I with

assignments a and all o 2 �,

o 2 �

I;a

i� (I; a) j= '[o℄; (7)

and 
onversely, for ea
h FM

2

[�℄-formula ' with exa
tly one free variable

of sort obje
t, there exists a QMS[�℄-term � su
h that (7) holds for all

metri
 models I with assignments a and all o 2 �.

FM

2

[�℄ is, however, exponentially more su

in
t than QMS[�℄.

To 
lassify and investigateQMS[�℄ and its various 
an be regarded as an

interesting and 
hallenging resear
h programme, with possible appli
ations

for reasoning about distan
es and similarity in various appli
ation domains.

At this early stage, however, there are more open problems than answers.

Here we mention just some of them (see also [6℄). First, does the expres-

sive 
ompleteness result above hold for the language QMS[�℄ with � = ;?

So far, the proof requires inequalities x

i

< x

j

to be available in both lan-

guages. Se
ond, the fragments of QMS[�℄ dis
ussed above 
ontain only the

distan
e operators 9

<x

i

. Proofs of de
idability results for those fragments

often employ a 
ertain tree model property (formulated in terms of tree met-

ri
 spa
es) as well as a te
hnique that is 
lose to standard unravelling (alias

bisimulation). Is it possible to de�ne a natural notion of bisimulation on

metri
 spa
es whi
h 
ould explain the `good' behaviour of those fragments

of QMS[�℄? Is there a natural 
hara
terisation of the fragment of FM[�℄

whi
h is invariant under su
h bisimulations? Finally, an interesting problem

is to �nd `maximal' de
idable fragments of QMS[�℄. It is not diÆ
ult to
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see using the te
hnique of [7℄ that satis�ability of QMS[�

1

℄-terms is un-

de
idable. But we 
onje
ture that mu
h weaker fragments are unde
idable

already.

The 
ontribution of this paper to the resear
h programme above is an

analysis of the 
omputational behaviour and the expressive power of the

fragment of QMS[�℄ known as the logi
 of 
omparative similarity �rst in-

trodu
ed in [12℄.

3 The logi
 CSL

Let us 
onsider the CT L

+

-like fragment of QMS[;℄ where the role of bran
h

quanti�ers is played by 9x and 8x, while instead of temporal operators we

have the quanti�ers 9

<x

and 8

<x

. Thus, in this fragment we allow the

quanti�ers 9x to be applied to Boolean 
ombinations of terms of the form

9

<x

� and atoms p

i

. More pre
isely, take a variable x and de�ne the set

CLV

open

of open terms � and the set CLV of terms � by indu
tion as follows:

� ::= p

i

j :� j �

1

u �

2

j 9x�;

� ::= � j :� j �

1

u �

2

j 9

<x

�:

Another language we 
onsider in this se
tion is 
alled CSL (whi
h stands

for the logi
 of 
omparative similarity) [12℄. Its terms are de�ned by

� ::= p

i

j :� j �

1

u �

2

j �

1

� �

2

;

where�, the 
loser operator, is interpreted in a metri
 model I of the form

(6) as follows (this is equivalent to the de�nition of � in the introdu
tion):

(�

1

� �

2

)

I

= fx 2 � j d(x; �

I

1

) < d(x; �

I

2

)g :

Here the distan
e d(x; Y ) from a point x 2 � to Y � � is de�ned as usual:

d(x; Y ) =

(

inffd(x; y) j y 2 Y g; if Y 6= ;

1; if Y = ;.

Two terms �

1

and �

2

are said to be equivalent, �

1

� �

2

in symbols, if �

I

1

= �

I

2

for every metri
 model I. It is not hard to see that

�

1

� �

2

� 9x (9

<x

�

1

^ :9

<x

�

2

):

Thus, CSL 
an be regarded as a sublanguage of CLV . Despite its apparent

simpli
ity, this language turns out to be quite expressive. In parti
ular,

>� :� is interpreted as the interior of � in the topologi
al spa
e indu
ed

by the metri
, and > � � as the 
losure of � , where > is the whole spa
e

(p

1

t :p

1

) and

�

1

� �

2

= :(�

1

� �

2

) u :(�

2

� �

1

)



From topology to metri
: modal logi
 and quanti�
ation in metri
 spa
es 7

is the set of points lo
ated at the same distan
e from �

1

and �

2

. The

universal modalities 
an be also expressed via �:

9� � (� � ?) and 8� � :(:� � ?)

(here ? stands for p

1

u :p

1

). Thus, the logi
 CSL 
ontains full S4

u

. We

now show that a
tually CSL is as expressive as full CLV .

THEOREM 3. For every CLV-term � , there is a CSL-term �

�

with � � �

�

.

Proof. Observe �rst that, for all CLV-terms �

1

; : : : ; �

n

and �, we have

n

^

i=1

9x(9

<x

�

i

u :9

<x

�) � 9x(

n

^

i=1

9

<x

�

i

u :9

<x

�):

(For a proof of this observation use the fa
t that distan
es are taken from

the linearly ordered set R

>0

.)

Now the proof pro
eeds by indu
tion on the 
onstru
tion of � . The term

� is a Boolean 
ombination of terms of the form 9x� and atoms p

i

. As both

languages have the Boolean operators and the set variables p

i

, it is suÆ
ient

to de�ne the translation of a term of the form 9x�. We may assume that

9x� = 9x

n

_

i=1

m

i

^

j=1

�

j

i

;

where the �

j

i

are negated or non-negated terms of the form 9

<x

� , p

i

, or

9x�

0

. Clearly

9x� �

n

_

i=1

9x

m

i

^

j=1

�

j

i

:

As :9

<x

�

1

u :9

<x

�

2

� :9

<x

(�

1

t �

2

), we obtain

9x� �

n

_

i=1

9x

k

i

^

j=1

(9

<x

�

ij

u :9

<x

�

i

u �

ij

);

where the �

ij

are negated or non-negated terms of the form 9x�

0

or p

i

. By

the observation above, we then have

9x� �

n

_

i=1

k

i

^

j=1

�

9x(9

<x

�

ij

u :9

<x

�

i

) u �

ij

�

:

By the indu
tion hypotheses, we have translations �

�

ij

, �

�

i

and �

�

ij

in CSL.

Then the translation we need 
an be obtained by taking

(9x�)

�

=

n

_

i=1

k

i

^

j=1

�

(�

�

ij

� �

�

i

) u �

�

ij

�

;

whi
h proves the theorem. ❑

Observe that the translation from CLV to CSL above introdu
es an ex-

ponential blow-up. The question whether CLV is indeed exponentially more

su

in
t than CSL remains open.
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4 De
idability of CSL

A typi
al de
idability proof for a modal (temporal, dynami
, et
.) logi
 L

pro
eeds as follows. Given a formula ', we take a proper `
losure' 
l' of

the set sub' of subformulas of ', introdu
e a synta
ti
al notion of a `type'

approximating those subsets of 
l' that 
an be realised in models for L,

and then show how to 
onstru
t an L-model for a given type t with ' 2 t

by providing a `witness type' for ea
h 3 2 t, that is, a type t

0

su
h that

 2 t

0

and � 2 t

0

, for every 2� 2 t. This general s
heme 
an be applied to

CSL as well. As usual, however, the devil (or God?) is in the details.

Let us �gure out �rst what a CSL-type is. Throughout this se
tion

we assume that we are given a CSL-term � . Denote by sub � the set of

subterms of � . As we need to 
ompare distan
es between types 
ontaining


ertain subterms of � , we introdu
e the set


om � = f?;>g [ f' j '�  2 sub � or  � ' 2 sub �; for some  g:

Finally, we de�ne 
l � � sub � , the 
losure of sub � , to be the smallest set of

terms with the following properties:

� 
l � is 
losed under single negations, and

� 
l � 
ontains '�  , for every ';  2 
om � .

Clearly, the size of 
l � is polynomial in the size j� j of � .

Suppose now that we have a metri
 model I of the form (6) and a point

x 2 �

I

. Then the � -type of x in I is the set

t

I

(x) = f' 2 
l � j x 2 '

I

g:

Clearly, this set is Boolean 
losed. Moreover, the model I determines a

natural linear quasi-order �

t

I

(x)

on 
om � : for all ';  2 
om � , we have

' �

t

I

(x)

 i� d(x; '

I

) � d(x;  

I

) i� :( � ') 2 t

I

(x):

Observe that

� ' is a �

t

I

(x)

-minimal element i� d(x; '

I

) = 0, i.e., x 2 C'

I

, and

� ' is a �

t

I

(x)

-maximal element i� d(x; '

I

) =1, i.e., '

I

= ;.

This suggests the following synta
ti
al approximation of the `real' � -types.

A subset t of 
l � is said to be Boolean 
losed if > 2 t and the following


onditions are satis�ed: (a) ' 2 t i� :' =2 t, for all :' 2 
l � , and (b)

' u  2 t i� ' 2 t ^  2 t, for all ' u  2 
l � . With every Boolean 
losed

t � 
l � we asso
iate the following binary relation �

t

on 
om � :

�

t

= f(';  ) j :( � ') 2 tg:

Now, a � -type (or simply a type if � is understood) is a Boolean 
losed

subset t of 
l � su
h that



From topology to metri
: modal logi
 and quanti�
ation in metri
 spa
es 9

� �

t

is a linear quasi-order on 
om � ,

� all terms in t \ 
om � are �

t

-minimal elements,

� ? is a �

t

-maximal element.

Denote by <

t

and '

t

the stri
t linear order and the equivalen
e relation

indu
ed by �

t

, respe
tively. It is easy to see that

<

t

= f(';  ) j ('�  ) 2 tg:

Let min t denote the set of �

t

-minimal elements. It should be 
lear that

there are at most exponentially (2

O(j� j)

) many � -types.

Re
all that '�  = :('�  )u:( � '). Clearly, >� ' is a
tually

equivalent to :(>� '), while ?� ' is equivalent to :('� ?).

Before we pro
eed to our next notion, let us 
onsider an example explain-

ing an essential di�eren
e between CSL and standard modal logi
s.

EXAMPLE 4. To satisfy the term :p u (q � ?) u (p� q) u (p� >)

� we need, by the �rst 
onjun
t, a point x from :p;

� by the se
ond 
onjun
t, we need a `witness' y for q � ?, that is, a

point y that belongs to q;

� by the third 
onjun
t, we need a witness z for p� q, that is, z belongs

to p, neither x nor z are in q, and x should be 
loser to z than to y;

� �nally, the fourth 
onjun
t says that x must be `in�nitely 
lose' to

p, that is, we need an in�nite sequen
e fz

i

j i 2 !g of points from

p 
onverging to x. Note that, by the third 
onjun
t, only a �nite

number of the z

i


an be in q.

Thus, we require witnesses of two sorts: (i) those that are at some �nite

distan
e from a given point x, and (ii) those that represent in�nite sequen
es


onverging to x (that the points of su
h a sequen
e 
an always be 
hosen

to be of the same type follows from Lemma 5 below).

Two important fa
ts should also be observed in 
onne
tion with the ex-

ample above. First, the 
on
rete values of the distan
es d(x; y) and d(x; z)

are of no importan
e at all; what really matters is that they should sat-

isfy the inequalities d(x; y) > d(x; z) > 0. At the same time, the value

lim

i!1

d(x; z

i

) must be zero. The logi
 of 
omparative similarity 
annot

speak of any parti
ular distan
e ex
ept 0.

The se
ond important fa
t is that if a term requires some witnesses at a

positive distan
e, than a single witness|rather than an in�nite sequen
e of

witnesses as in (ii) above|
an always be enough.

LEMMA 5. Let I be a metri
 model.

(1) Suppose x 2 �

I

and '

I

6= ; for some ' 2 
om � . Then there is a type

t with ' 2 t su
h that d(x; '

I

) = d(x; t

I

), where t

I

= fy 2 �

I

j t

I

(y) = tg.

Moreover, the pair of types (t

I

(x); t) satis�es the following 
onditions:
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� If > <

t

I

(x)

' then ' <

t

I

(x)

 implies ' <

t

 , for all  2 
om � ,

� If ' '

t

I

(x)

> then � <

t

I

(x)

 implies � <

t

 , for all  ; � 2 
om � ,

(2) For all x; y 2 �

I

and  2 
om � , we have  <

t

I

(x)

? i�  <

t

I

(y)

?.

Proof. To show (2), it is enough to observe that  <

t

I

(x)

? i�  

I

6= ;

i�  <

t

I

(y)

?; for all x; y 2 �

I

and  2 
om � .

Let us show (1) for the 
ase ' '

t

I

(x)

>. Sin
e d(x; '

I

) = 0, either x 2 '

I

or there is an in�nite sequen
e fz

i

2 '

I

j i 2 !g 
onverging to x. In the

former 
ase we set t = t

I

(x). In the latter one, sin
e the number of types is

�nite, there is an in�nite subsequen
e fz

i

j

g of fz

i

g whose points are of the

same type, and so we 
an set t = t

I

(z

i

j

).

Let � <

t

I

(x)

 for some  ; � 2 
om � . Then " = d(x;  

I

)� d(x; �

I

) > 0.

Choose some y 2 t

I

with d(x; y) < "=2. By the triangle inequality we then

have d(y;  

I

)� d(y; �

I

) � "� 2 d(x; y) > 0, whi
h means � <

t

 .

The 
ase of > <

t

I

(x)

' is 
onsidered analogously. ❑

We now de�ne a notion of a '-link using whi
h we 
an provide witnesses

for terms from a given type. Let s; t be types and ' 2 
om � . Two 
ases

are possible:

� Suppose that > <

s

' <

s

?. Then we say that the pair (s; t) is a

'-link (of types) if ' 2 t and, for all  2 
om � , we have

 <

s

? $  <

t

? and ' <

s

 ! ' <

t

 

(note that ' <

t

 is equivalent here to > <

t

 , sin
e ' 2 t).

� Suppose that ' '

s

>. Then we say that (s; t) is a '-link (of types) if

' 2 t and, for all  ; � 2 
om � , we have

 <

s

? $  <

t

? and � <

s

 ! � <

t

 

(note that the se
ond impli
ation is equivalent to <

s

� <

t

, and we

have min t � min s).

In the latter 
ase we will also say that (s; t) is a short link, while in the

former the link will be 
alled long. Clearly, a link (s; t) is short i� <

s

� <

t

.

Unfortunately, the notion of a link above does not take into a

ount

a possible intera
tion of two (or more) short links. To be more spe
i�
,


onsider the following situation. Suppose that t

0

is a type and ' =2 t

0

, for

some ' 2 
om � su
h that ' 2 min t

0

(i.e., ' '

t

0

>). Then we need a

short '-link (t

0

; t

1

). Assume further that  =2 t

1

, for some  2 
om � with

 2 min t

0

. This means that we also need a (long or short)  -link (t

1

; t

2

).

But then, a

ording to Lemma 6 below, (t

0

; t

2

) must be a short  -link,

whi
h by no means follows from the de�nition of a link.
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LEMMA 6. Let I be a model, x 2 �

I

, and let ';  2 
om � be su
h that

d(x; '

I

) = d(x;  

I

) = 0 and x =2 '

I

:

Let s; t be types with ' 2 s,  2 t, and let S � s

I

be su
h that

d(x; S) = d(x; '

I

) = 0 and d(y; t

I

) = d(y;  

I

); for all y 2 S:

Then d(x; t

I

) = d(x;  

I

) = 0.

Proof. Take an arbitrary " > 0. As d(x; S) = 0, there is y 2 S with

d(x; y) < "=2. Then d(y; t

I

) = d(y;  

I

) � d(y; x) + d(x;  

I

) < "=2, and so

d(x; t

I

) � d(x; y) + d(y;  

I

) < ", i.e., d(x; t

I

) = 0, as " > 0 is arbitrary. ❑

Thus we should be 
areful when 
onstru
ting sequen
es of links starting

with a short one, in parti
ular, we should remember some previous links in

the sequen
e. Let us 
onsider possible s
enarios when we start with a short

link (t

0

; t

1

).

1. Suppose that <

t

0

= <

t

1

and we need a '-link (t

1

; t

2

) for some ' 2 
om � .

In this 
ase the types t

0

and t

1


ontain pre
isely the same terms of the form

�

1

� �

2

and 
an only di�er in Boolean terms. It follows that (t

1

; t

2

) is

a '-link i� (t

0

; t

2

) is a '-link. This means that the 
hoi
e of t

2

does not

depend on the link (t

0

; t

1

).

2. Suppose that <

t

0

( <

t

1

and we need a '-link (t

1

; t

2

) for some ' 2 
om � .

As we have min t

1

� min t

0

, three 
ases are possible.

2.1: ' 2 min t

1

. Then for any '-link (t

1

; t

2

) we have <

t

0

� <

t

1

� <

t

2

,

and so (t

0

; t

2

) is also a short '-link. Thus, no additional requirement

should be imposed on (t

1

; t

2

).

2.2: ' 2 min t

0

nmin t

1

. In this 
ase, when 
hoosing a (long) '-link (t

1

; t

2

),

we must also ensure that (t

0

; t

2

) is a short '-link.

2.3: ' =2 min t

0

, and so ' =2 min t

1

. In this 
ase (t

0

; t

1

) does not have any

in
uen
e on subsequent links at all.

3. Suppose that <

t

0

( <

t

1

and (t

1

; t

2

) is a '-link, for ' 2 min t

0

nmin t

1

(as in 2.2), and so (t

0

; t

2

) is a short '-link with <

t

0

� <

t

2

. Suppose also

that we are looking for a  -link (t

2

; t

3

). As (t

1

; t

2

) is a long link, t

1

has no

in
uen
e on the 
hoi
e of t

3

. However, (t

0

; t

2

) should be taken into a

ount.

We again have three 
ases.

3.1:  2 min t

2

. Then for any  -link (t

2

; t

3

) the pair (t

0

; t

3

) will automat-

i
ally be a  -link.

3.2: ' 2 min t

0

n t

2

. Then, when 
hoosing a long '-link (t

2

; t

3

), we must

also ensure that (t

0

; t

3

) is a short  -link.

3.3: ' =2 min t

3

. In this 
ase no additional requirement is needed.
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This analysis suggests the following de�nitions. A sequen
e t = (t

0

; : : : ; t

n

)

of � -types is 
alled a blo
k if

<

t

0

� � � � � <

t

n�1

� <

t

n

(whi
h means that all pairs (t

0

; t

1

); : : : ; (t

n�1

; t

n

) are short links). We 
all t

n

the type of t, while (t

0

; : : : ; t

n�1

) is understood as its `history' or `heredity.'

We say that t is realised in a model I of the form (6) if there exist subsets

X

0

� t

I

0

, . . . , X

n

� t

I

n

su
h that d(x

i

; X

i+1

) = 0 for all i < n and x

i

2 X

i

.

It is easy to see that the size of 
om � , and so the length of any blo
k,

is bounded by j� j. Therefore, the number of di�erent blo
ks is at most

exponential in j� j.

Now, for ' 2 
om � , we introdu
e a notion of a '-link of blo
ks, whi
h

spe
ialises the notion of a '-link of types. Let s and t be blo
ks with

s = (s

0

; : : : ; s

m

). Consider four 
ases.

� Suppose that ' =2 min s

0

. Then (s; t) is 
alled a '-link (of blo
ks)

if t = (t) and (s

m

; t) is a '-link of types. In this 
ase the long link

(s

m

; t) allows us to `forget' everything that happened before t.

� Suppose that ' 2 min s

n�1

nmin s

n

, for some n � m. Then (s; t) is

a '-link (of blo
ks) if t = (s

0

; : : : ; s

n�1

; t) and (s

m

; t) is a '-link of

types. In this 
ase (s

n

; t) is a long link, while (s

n�1

; t) is a short one,

and so s

n�1

and its `heredity' should be kept.

� Suppose that ' 2 min s

m

n s

m

and <

s

m�1

= <

s

m

. Then (s; t) is a '-

link (of blo
ks) if t = (s

0

; : : : ; s

m�1

; t) and (s

m

; t) is a '-link of types.

In this 
ase s

m�1

and s

m


arry the same information on `heredity' of

t, so we 
an drop s

m

.

� Suppose that ' 2 min s

m

n s

m

and <

s

m�1

� <

s

m

. Then (s; t) is a

'-link (of blo
ks) if t = (s

0

; : : : ; s

m

; t) and (s

m

; t) is a '-link of types.

Let D be a set of blo
ks and T the set of all types o

urring in blo
ks from

D. We 
all D a diagram if the following 
onditions hold:

there exists (t) 2 D with � 2 t; (8)

for all s; t 2 T and ' 2 
om � , we have ' <

s

? i� ' <

t

?, (9)

for all s = (s

0

; : : : ; s

n

) 2 D and ' <

s

n

?, ' =2 s

n

, there exists t 2 D

su
h that (s; t) is a '-link.

(10)

The rather abstra
t notions of blo
k, link and diagram for the given term

� will be
ome more transparent from the proofs of Lemmas 7 and 8.

LEMMA 7. Let I be a metri
 model where �

I

6= ;, and let D be the set of

blo
ks realised in I. Then D is a diagram.

Proof. Clearly, D satis�es (8) and (9). Let us prove (10). Suppose that

a blo
k s = (s

0

; : : : ; s

m

) is realised in I and X

0

� s

I

0

,. . . ,X

m

� s

I

m

are
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su
h that d(x

i

; X

i+1

) = 0 for all i < m and all x

i

2 X

i

. Let ' <

s

m

?,

' =2 s

m

. By Lemma 12 in the appendix, there exist a type t and subsets

Y

0

� X

0

; : : : ; Y

m

� X

m

with the following properties:

d(y; t

I

) = d(y; '

I

), for all y 2 Y

m

,

d(y; Y

l+1

) = 0, for all y 2 Y

l

and l < m.

Note that the latter property implies that d(y; Y

l

0

) = 0, for all y 2 Y

l

and

l < l

0

� m. Four 
ases are now possible.

Case 1: ' =2 min s

0

. Then the blo
k t = (t) is realised in I, be
ause

t

I

6= ;, and (s; t) is a '-link by 
onstru
tion.

Case 2: ' 2 min s

n�1

n min s

n

for some n � m. Let us show that

t = (s

0

; : : : ; s

n�1

; t) is a blo
k realised in I. Take any u 2 Y

n�1

and v 2 Y

m

.

Then d(u; '

I

) = 0 = d(u; Y

m

), while d(v; '

I

) = d(v; t

I

). Hen
e d(y; t

I

) = 0.

We obtain <

s

n�1

� <

t

, sin
e u 2 Y

n�1

� s

I

n�1

. Thus t is a blo
k. By


onsidering the sets Y

0

; : : : ; Y

n�1

; t

I

, we see that t is realised in I. Finally,

(s; t) is a '-link by 
onstru
tion.

Case 3: ' 2 min s

m

n s

m

and <

s

m�1

= <

s

m

. Similarly to the previous


ase we obtain that d(u; t

I

) = 0 for all u 2 Y

m�1

and therefore <

s

m�1

� <

t

.

Thus, t = (s

0

: : : ; s

m�1

; t) is a blo
k, t is realised in I (
onsider the sets

Y

0

; : : : ; Y

m�1

; t

I

), and (s; t) is a '-link.

Case 4: ' 2 min s

m

ns

m

and <

s

m�1

� <

s

m

. Then d(u; t

I

) = d(u; '

I

) = 0

for all u 2 Y

m

. Therefore t = (s

0

: : : ; s

m

; t) is a blo
k, t is realised in I

(
onsider the sets Y

0

; : : : ; Y

m

; t

I

), and (s; t) is a '-link. ❑

LEMMA 8. Let D be a diagram. Then there exists a model I with �

I

6= ;.

Proof. Our �rst goal is to `unravel' D into a 
ertain tree that will serve

as the underlying set of the model we need.

Let T be the set of all types from blo
ks in D. Let '

0

; : : : ; '

k�1

be all

di�erent members of the set f' 2 
om � j ' <

t

? for all t 2 Tg. We are

going to unravel D into a tree � � (f0; : : : ; k�1g�!)

�

together with three

labelling fun
tions tp : � ! T , bl : � ! D and hr : � ! �

�

the intended

meaning of whi
h is as follows.

For all � 2 �, bl(�) is some blo
k in D of the type tp(�), and tp(�)

should be the type of � in � after we turn � into a proper metri
 model.

And if � is a 
hild of �, i.e., � = �(i; j), for some i < k and j 2 !, then

(bl(�); bl(�)) should be a '

i

-link of blo
ks; in parti
ular, we should have

that (tp(�); tp(�)) is a '

i

-link of types, '

i

2 tp(�). Therefore, for � 2 �,

we set that �(i; 0) belongs to � i� '

i

does not belong to tp(�). Moreover,

nodes �(i; j) with j > 0 are in
luded into � i� '

i

belongs to min tp(�), i.e.,

� should be a limit point of all the �(i; j). Finally, if bl(�) = (t

0

; : : : ; t

n

),

then hr(�) = (�

0

; : : : ; �

n�1

), where �

m

is the node `responsible' for the

presen
e of t

m

in bl(�).

We pro
eed by indu
tion. First we 
hoose some (t

�

) 2 D with � 2 t

�

,

and set

� 2 �; tp(�) = t

�

; bl(�) = (t

�

); hr(�) = �
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(re
all that � denotes an empty sequen
e). Suppose now that � 2 � is


onstru
ted and tp(�); bl(�); hr(�) are de�ned, say,

tp(�) = s

m

; bl(�) = (s

0

; : : : ; s

m

); hr(�) = (�

0

; : : : ; �

m�1

)

(i.e., hr(�) = � when m = 0). Consider an arbitrary i < k. A

ording

to (10), there exists some t = (t

0

; : : : ; t

n

) in D su
h that (bl(�); t) is a

'

i

-link (note that n � m+ 1). Three 
ases are now possible.

'

i

2 tp(�). Then we set �(i; j) =2 � for all j 2 !.

'

i

=2 min tp(�). Set �(i; 0) 2 � and �(i; j) =2 � for all j > 0.

'

i

2 min tp(�) n tp(�). Then we set �(i; j) 2 �, for all j 2 !.

Now, for all j with �(i; j) 2 � we de�ne:

tp(�(i; j)) = t

n

; bl(�(i; j)) = t; hr(�(i; j)) = (�

0

; : : : ; �

n�1

);

where �

m

stands for �, if n = m+ 1. Clearly, we have the following:

LEMMA 9. Let � 2 � and hr(�) = (�

0

; : : : ; �

n�1

) bl(�) = (t

0

; : : : ; t

n

).

Then hr(�

m

) = (�

0

; : : : ; �

m�1

) and bl(�

m

) = (t

0

; : : : ; t

m

), for all m < n.

The next step is to 
onvert � into a metri
 spa
e D = (�; d

D

). By

the 
onstru
tion of �, if ' 2 
om � and ' 2 tp(�) for some � 2 �, then

every � 2 � has a 
hild �

0

with ' 2 tp(�

0

). The main idea behind the


onstru
tion of d

D

is to ensure that su
h an �

0


an always be 
hosen in

su
h a way that it satis�es the property d

D

(�; �

0

) � d

D

(�; �). We refer the

reader to Lemmas 16 and 17 in the appendix for the details. De�ne now a

model I = (D; p

I

1

; p

I

2

; : : : ) by the following rule, for every atomi
 term p

i

:

p

I

i

= f� 2 � j p

i

2 tp(�)g:

LEMMA 10. For every � 2 � and ' 2 
l � , we have

� 2 '

I

i� ' 2 tp(�): (11)

Proof. We pro
eed by indu
tion on the 
onstru
tion of ' 2 
l � . If '

is an atomi
 term, then (11) holds by the de�nition of I. If ' = : 

0

or

' =  

0

u  

1

, then (11) follows easily from the indu
tion hypothesis.

So let now ' =  

0

�  

1

. Re
all thatD is the initial diagram, and T is the

set of types o

urring in blo
ks from D. Suppose that  

0

=2 f'

0

; : : : ; '

k�1

g.

Then  

0

'

t

?, for all t 2 T . Hen
e, by the de�nition of a type,  

0

=2 t and

 

0

�  

1

=2 t, for all t 2 T . On the one hand, we obtain by the indu
tion

hypothesis that  

I

0

= ;, and so ( 

0

�  

1

)

I

= ;. On the other hand, we see

that f� 2 � j  

0

�  

1

2 tp(�)g = ;. Thus, (11) is satis�ed in this 
ase.

We therefore assume from now on that  

0

2 f'

0

; : : : ; '

k�1

g. Then by

the 
onstru
tion of �, we have, for every � 2 �, that either  

0

2 tp(�), or

 

0

2 tp(�) for some 
hild � of �. Hen
e  

I

0

= f� 2 � j  

0

2 tp(�)g 6= ;

by the indu
tion hypothesis. Suppose now that  

1

=2 f'

0

; : : : ; '

k�1

g. Then

 

I

1

= ; similarly to the above, and  

1

'

t

?, hen
e  

0

�  

1

2 t, for all

t 2 T . We obtain that  

0

�  

I

1

= �, and f� 2 � j  

0

�  

1

2 tp(�)g = �,

i.e., (11) is satis�ed in this 
ase as well.
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Suppose �nally that  

1

2 f'

0

; : : : ; '

k�1

g, let  

0

= '

0

and  

1

= '

1

for


on
reteness. Then '

I

i

= f� 2 � j '

i

2 tp(�)g 6= ;, i = 0; 1, similarly to

the above. Therefore, by applying Lemma 17 and (14), we obtain for all

� 2 �: � 2 ('

0

� '

1

)

I

$ d

�

(0) < d

�

(1) $ '

0

� '

1

2 tp(�). ❑

Thus, by Lemma 10, � 2 �

I

whi
h 
ompletes the proof of Lemma 8. ❑

We 
an now prove the main result of this paper.

THEOREM 11. The satis�ability problem for CSL-terms in metri
 models

is ExpTime-
omplete.

Proof. The ExpTime-hardness of this problem was shown in [12℄. Let

us prove the upper bound.

Given a term � , let B be the set of all blo
ks for � . As property (10) is


learly preserved under set unions, B 
ontains the largest subset D

0

satisfy-

ing (10). It is not hard to see that D

0


an be 
onstru
ted using the following

elimination pro
edure (see, e.g., [5℄).

Step 0: set D

0

= B.

Step n + 1: suppose that D

n

is 
onstru
ted. For ea
h s 2 D

n

and ea
h

' 2 
om � su
h that ' <

s

? and ' =2 s, where s is the type of s, we 
he
k

whether there is a '-link (s; t) for some t 2 D

n

. If this is not the 
ase then

we set D

n+1

= D

n

n s and go to the next step. Otherwise, we set D

0

= D

n

.

As jBj = 2

O(j� j)

, it should be 
lear that D

0


an be 
onstru
ted in expo-

nential time in j� j.

Suppose now that (8) does not hold for D

0

. Then obviously no diagram

for � exists, and so � is not satis�able by Lemma 7. So assume that (t) 2 D

0

,

� 2 t and 
onsider the set

D = fs

n

j ((t); s

0

); : : : ; (s

n�1

; s

n

) are '-links, for some s

0

; : : : ; s

n

2 D

0

g:

Then D still satis�es (8) and (10), and by the de�nition of a link it satis-

�es (9) as well. Thus, D is a diagram and � is satis�able by Lemma 8.

It follows that � is satis�able i� D

0

satis�es (8), with the latter being

veri�able in exponential time. ❑

Appendix

LEMMA 12. Suppose that a blo
k s = (s

0

; : : : ; s

m

) is realised in I, and

X

0

� s

I

0

,. . . ,X

m

� s

I

m

are su
h that d(x

i

; X

i+1

) = 0 for all x

i

2 X

i

and

i < m. Suppose also that ' <

s

m

? and ' =2 s

m

.

Then there exist a type t and subsets Y

0

� X

0

; : : : ; Y

m

� X

m

with the

following properties:

d(y; t

I

) = d(y; '

I

), for all y 2 Y

m

,

d(y; Y

l+1

) = 0, for all y 2 Y

l

and l < m.
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Proof. Choose an arbitrary x

�

2 X

0

. Sin
e d(x

i

; X

i+1

) = 0 for all

x

i

2 X

i

and i < m, we 
an 
hoose elements x

�

2 X

l

, for all � 2 !

l

and

l � m, so that

x

�

= lim

i!1

x

(�;i)

:

Now, for every � 2 !

m

, there exists a type t

�

su
h that ' 2 t

�

and

d(x

�

; '

I

) = d(x

�

; t

I

�

). Sin
e the number of types is �nite, we obtain a

partition !

m

= A

0

[ � � � [A

n

, where t

�

= t

�

0

, for all �; �

0

2 A

r

, r � n.

Say that a subset A � !

m

is essential if we have

(9

1

a

0

) : : : (9

1

a

m�1

) (a

0

; : : : ; a

m�1

) 2 A; (12)

where 9

1

means `there exist in�nitely many.'

CLAIM 13. A

r

is an essential subset of !

m

for some r � n.

Proof. We pro
eed by indu
tion on m. Note �rst that, for m = 1, an

essential subset is simply an in�nite subset. Therefore in this 
ase Claim 13

is trivial.

Suppose that m > 1 and Claim 13 holds for m � 1. For A � !

m

and

a 2 !, let Aj

a

denote f� 2 !

m�1

j (a; �) 2 Ag. Then, for every a 2 !,

we have !

m�1

= A

0

j

a

[ � � � [ A

n

j

a

. Hen
e there exists r(a) � n su
h that

A

r(a)

j

a

is essential in !

m�1

. As r(a) has only a �nite number of possible

values, there exists r < m su
h that A

r

j

a

is essential in !

m�1

for in�nitely

many a 2 !. This means that A

r

is essential in !

m

. ❑

So let A = A

r

be an essential subset of !

m

for some r 2 !

m

. For every

l � m, let

A

(l)

= f� 2 !

l

j (�; �) 2 A for some � 2 !

m�l

g

(in parti
ular, A

(m)

= X and A

(0)

= f�g). Then the following property is

a straightforward 
onsequen
e of the de�nition of essential sets:

for all l < m � n and � 2 A

(l)

, there are in�nitely many a 2 !

su
h that (�; a) 2 A

(l+1)

.

(13)

It remains to put Y

l

= fx

�

j � 2 A

(0)

g, for all l � m. ❑

Let us now turn to the 
onstru
tion of the distan
e fun
tion d

D

on �.

For this purpose we introdu
e a number of numeri
al parameters that will

be de�ned by simultaneous indu
tion on � 2 �. These parameters are:

� The distan
e d

�

= d

D

(�

0

; �), where �

0

is the parent of �

� A sequen
e of numbers 
(�) of the same length as bl(�). The distan
es

d

�

, for all 
hildren � of �, will form several slots within the interval

(0; 1), and 
(�) stores some information on the boundaries of these

slots.
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� We use the following notation, for all i < k:

d

�

(i) =

(

0; if '

i

2 min tp(�);

d

�(i;0)

; if '

i

=2 min tp(�):

� A `suÆ
iently small' number "(�) whi
h is de�ned as follows. Suppose


(�) = (


0

; : : : ; 


n

). Then

"(�) = min

�

fd

�

(i)� d

�

(j) j i; j < k; d

�

(i) > d

�

(j)g [

f


m

� d

�

(i) j m � n; i < k; 


m

> d

�

(i)g

�

:

Roughly speaking, "(�) measures the spa
e available for `splitting' the

values d

�

(i) = d

�

(j) with i 6= j.

We now list the prin
ipal 
onditions (14){(19) that determine the 
hoi
e of

distan
es:

1) For all 
 2 � and i; j < k,

d




(i) < d




(j) $ '

i

<

tp(
)

'

j

: (14)

2) Let 
 2 � be su
h that hr(
) = �, bl(
) = (t), 
(
) = (
). Then, for all

i < k, j 2 !,

2
=3 � d




(i) < 
; if '

i

=2 min t; (15)

0 < d


(i;j)

� "(
)=2; if '

i

2 min t n t: (16)

3) Let 
 2 � be su
h that hr(
) = (


0

; : : : ; 


n�1

), bl(
) = (t

0

; : : : ; t

n

),


(
) = (


0

; : : : ; 


n

), where n > 0. Then, for all i < k, j 2 !,

d




n�1

(i) � d




(i) < d




n�1

(i) + 


n

=3; if '

i

=2 min t

n�1

; (17)

2


n

=3 � d




(i) < 


n

; if '

i

2 min t

n�1

nmin t

n

; (18)

0 < d


(i;j)

� "(
)=2; if '

i

2 min t

n

n t

n

; (19)

And in the pro
ess of 
onstru
tion we will prove that the following property

is satis�ed as well:

LEMMA 14. Let 
 2 � and hr(
) = (


0

; : : : ; 


n�1

), bl(
) = (t

0

; : : : ; t

n

),


(
) = (


0

; : : : ; 


n

). Then, for all m < n, we have




m+1

� "(


m

)=2; 


m+1

� 


m

=2; 
(


m

) = (


0

; : : : ; 


m

): (20)

Let us now turn to the 
onstru
tion. First, let 
(�) = (1) and d

�

= 2=3

(the latter is de�ned simply for 
onvenien
e). Suppose now that d

�

and


(�) = (


0

; : : : ; 


n

) are de�ned for some � 2 �, 
ondition (20) is satis�ed

for 
 = �, and 
onditions (14){(20) are satis�ed if 
 is any an
estor of �.

Let hr(�) = (�

0

; : : : ; �

n�1

) and bl(�) = (t

0

; : : : ; t

n

). Two 
ases are possible.
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Case 1: n = 0, i.e., hr(�) = �, bl(�) = (t

0

), and 
(�) = (


0

). Then, for

all i < k with '

i

=2 min t

0

, we 
an 
hoose values d

�

(i) = d

�(i;0)

in su
h a

way that (14) and (15) are satis�ed for 
 = �. Now "(�) is de�ned, and we

set d

�(i;j)

= "(�)=(2j + 2), for all i < k with '

i

2 min t

0

n t

0

. Thus, (16) is

satis�ed as well for 
 = �, while (17){(19) do not apply to the 
ase 
 = �.

Further, for all i < k, j 2 ! we set:


(�(i; 0)) = (


0

=2); if '

i

=2 min t

0

;


(�(i; j)) = (


0

; d

�(i;j)

); if '

i

2 min t

0

n t

0

:

This makes (20) satis�ed on the 
hildren of � (re
all that d

�(i;j)

� "(�)=2

and "(�) � 


n

by de�nition).

Case 2: n > 0, i.e., hr(�) is a nonempty sequen
e. Sin
e (t

0

; : : : ; t

n

) is a

blo
k, we have <

t

n�1

� <

t

n

. And in view of (20) we have 


n

< d

�

n�1

(i) for

all i < k with '

i

=2 min t

n�1

. Therefore, for all i < k with '

i

=2 min t

n

, we


an 
hoose values d

�

(i) = d

�(i;0)

satisfying (14) and (17){(18). Now "(�) is

de�ned, and we set d

�(i;j)

= "(�)=(2j+2), for all i < k with '

i

2 min t

n

nt

n

.

Thus, (19) is satis�ed, while (15){(16) do not apply to the 
ase 
 = �.

Further, 
onsider any i < k with '

i

=2 t

n

. We then have several possibil-

ities. First, let '

i

=2 min t

0

. Then hr(�(i; 0)) = �, and we set 
(�(i; 0)) =

(


0

=2). Clearly, (20) holds for 
 = �(i; 0).

Let '

i

2 min t

m�1

n min t

m

for some 1 � m � n. Then hr(�(i; 0)) =

(�

0

; : : : ; �

m

), and we set 
(�(i; 0)) = (


0

; : : : ; 


m�1

; 


m

=2). Now (20) holds

for 
 = �(i; 0) in view of the indu
tion hypothesis.

Let '

i

2 min t

n

and <

t

n�1

= <

t

n

. Then hr(�(i; j)) = (�

0

; : : : ; �

n�1

),

and we set 
(�(i; j)) = (


0

; : : : ; 


n�1

; d

�(i;j)

), for all j 2 !. Again, (20) holds

for 
 = �(i; j) by the indu
tion hypothesis.

Let �nally '

i

2 min t

n

and<

t

n�1

� <

t

n

. Then hr(�(i; j)) = (�

0

; : : : ; �

n

),

and we set 
(�(i; j)) = (


0

; : : : ; 


n

; d

�(i;j)

), for all j 2 !. Re
all that

d

�(i;j)

� "(�)=2 and "(�) � 


n

by de�nition. Therefore (20) holds for


 = �(i; j) by the indu
tion hypothesis.

Thus we de�ne all the distan
es d

�

= d

D

(�; �), where � is a parent of �.

Then we extend d

D

to the entire � by setting

d

D

(�; �) = 0, for all � 2 �,

d

D

(�; �) = d

D

(�; �), if � is a parent of �,

d

D

(�; �) = d

D

(�; �

1

) + � � � + d

D

(�

n

; �), if �; �

1

; : : : ; �

n

; � is the

shortest path from � to �.

This distan
e fun
tion satis�es the following properties:

LEMMA 15. Let � 2 � and hr(�) = (�

0

; : : : ; �

n�1

), bl(�) = (t

0

; : : : ; t

n

),


(�) = (


0

; : : : ; 


n

).

1) Let m < n. Then, for all i < k with '

i

=2 min t

m

, we have

0 � d

�

(i)� d

�

m

(i) < (


m+1

+ � � �+ 


n

)=3 < 2


m+1

=3: (21)
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2) For all i < k and 1 � m � n, we have

2


0

=3 � d

�

(i) < 


0

; if '

i

=2 min t

0

;

2


m

=3 � d

�

(i) < 


m

; if '

i

2 min t

m�1

nmin t

m

;

(22)

Proof. Let us prove (21) �rst. Note that, by (20), we have,




m+1

+ � � �+ 


n

< (1 + 1=2 + � � �+ 1=2

n�m�1

) 


m+1

< 2


m+1

;

for any m < n. This proves the right-hand side inequality in (21). We then

pro
eed by indu
tion on n�m.

For m = n� 1, (21) follows dire
tly from (17). Let now m � n� 2 and

'

i

=2 t

m

, for some i < k. By Lemma 9 and (20), we have hr(�

n�1

) =

(�

0

; : : : ; �

n�2

), bl(�

n�1

) = (t

0

; : : : ; t

n�1

) and 
(�

n�1

) = (


0

; : : : ; 


n�1

).

Therefore, by the indu
tion hypothesis, we have

0 � d

�

n�1

(i)� d

�

m

(i) < (


m+1

+ � � �+ 


n�1

)=3:

Combining this with (17) we obtain the required inequalities.

We now prove (22). Let 1 � m � n and '

i

2 min t

m�1

nmin t

m

, orm = 0

and '

i

=2 min t

0

. By Lemma 9 and (20) we have hr(�

m

) = (�

0

; : : : ; �

m�1

),

bl(�

m

) = (t

0

; : : : ; t

m

) and 
(�

m

) = (


0

; : : : ; 


m

). Therefore, by (18), we have

2


m

=3 � d

�

m

(i) < 


m

, and moreover d

�

m

(i) � 


m

� "(�

m

) by the de�nition

of "(�

m

). But then, by applying (21) and (20), we obtain 2


m

=3 � d

�

(i) <




m

� "(�

m

) + 2


m+1

=3 < 


m

. ❑

LEMMA 16. Let � be a parent of � in �. Then, for all i < k, we have:

jd

�

(i)� d

�

(i)j � d

�

:

Proof. Suppose that hr(�) = (�

0

; : : : ; �

n�1

), bl(�) = (t

0

; : : : ; t

n

), 
(�) =

(


0

; : : : ; 


n

), and � = �(j; l), t = tp(�). Then (t

n

; t) is a '

j

-link. Let i < k.

First, assume '

i

2 min t. Then d

�

(i) = 0, '

j

6<

t

'

i

, and so '

j

6<

t

n

'

i

.

By (14), we obtain d

�

(i) � d

�

(j), whi
h implies 0 � d

�

(i) � d

�

(i) � d

�

,

sin
e d

�

(j) � d

�

.

Therefore we further assume that '

i

=2 min t. Two 
ases are possible.

Case 1: '

j

=2 min t

0

. Then � = �(j; 0), 
(�) = (


0

=2), d

�

= d

�

(j),

and d

�

(i); d

�

(j) 2 [2


0

=3; 


0

), d

�

(i) 2 [


0

=3; 


0

=2). It follows that we have

jd

�

(i)� d

�

(i)j � 


0

� 


0

=3 � d

�

.

Case 2: '

j

2 min t

m�1

nmin t

m

, for 1 � m � n. Then � = �(j; 0), d

�

=

d

�

(j) 2 [2


m

=3; 


m

), and hr(�) = (�

0

; : : : ; �

m�1

), bl(�) = (t

0

; : : : ; t

m�1

; t)


(�) = (


0

; : : : ; 


m�1

; 


m

=2), Suppose �rst that '

i

2 min t

m�1

n t. Then

d

�

(i) < 


m

, and d

�

(i) 2 [


m

=3; 


m

=2), i.e., jd

�

(i)�d

�

(i)j � 


m

�


m

=3 � d

�

.

Suppose now that '

i

=2 min t

m�1

. Then 0 � d

�

(i) � d

�

m�1

(i) < 


m

=6

by (17), and 0 � d

�

(i) � d

�

m�1

(i) < 2


m

=3 by (21). Therefore, we have

jd

�

(i)� d

�

(i)j � 2


m

=3 � d

�

: ❑
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LEMMA 17. Let �; � 2 � and '

i

2 tp(�), for some i < k. Then

d

�

(i) � d

D

(�; �):

Proof. First, note that d

�

(i) = 0. Let �

0

; : : : ; �

n

be the shortest path

between � and � (i.e., �

0

= �, �

n

= �). We pro
eed by indu
tion on n.

Let n = 0, i.e., � = �. Then d

�

(i) = d

�

(i) = 0 = d

D

(�; �).

Let now n � 1. We have d

D

(�; �) = d

D

(�; �

1

) + d

D

(�

1

; �) by the

de�nition of d

�

. Then jd

�

(i) � d

�

1

(i)j � d

D

(�; �

1

) by Lemma 16, and

jd

�

1

(i) � d

�

(i)j � d

D

(�

1

; �) by the indu
tion hypothesis. Thus, we obtain

d

�

(i) = jd

�

(i)� d

�

(i)j � d

D

(�; �), as required. ❑
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