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Abstract. We present a resolution-based calculus for the Coalition Logic CL, a
non-normal modal logic used for reasoning about cooperative agency. We present
a normal form and a set of resolution-based inference rules to solve the satisfi-
ability problem in CL. We also show that the calculus presented here is sound,
complete, and terminating.

1 Introduction

Coalition Logic CL was introduced in [Pau01] as a logic for reasoning about cooperative
agency, that is, a formalism intended to describe the ability of groups of agents to
achieve an outcome in a strategic game. CL has been used for verification of properties
of voting procedures [Pau0l], reasoning about strategic games [Pau02], and designing
social procedures [WLWWO06].

CL is a multi-modal logic with modal operators of the form [A], where A is a set
of agents. The formula [A]p, where A is a set of agents and ¢ is a formula, reads as
the coalition of agents A has the ability of bringing about ¢ or the coalition of agents A
has a strategy to achieve p. We note that if a set of agents has a strategy for achieving
¢ and a strategy for achieving ¢, then this does not mean that in general they have a
strategy for achieving ¢ A 1. Thus, CL is a non-normal modal logic, that is, the schema
that represents the additivity principle, [Alp A [A]Yp = [A](p A1), is not valid. However,
the monotonicity principle, given by [A](p A ) = [A]lp A [A]¥, holds.

Coalition Logic is closely related to Alternating-Time Temporal Logic, ATL, given in
[AHK97,AHK98] and revisited in [AHKO02]. In fact, CL is equivalent to the next-time
fragment of ATL [Gor01], where [A]y translates into ({(A) O (read as the coalition A can
ensure ¢ at the next moment in time). The satisfiability problem for ATL is EXPTIME-
complete [WLWWO06]. The satisfiability problem for CL is PSPACE-complete [Pau02].

Methods for tackling the satisfiability problem for these logics include, for instance,
two tableau-based methods for ATL [WLWW06,GS09], two automata-based methods
[D03,GvD06] for ATL, and one tableau-based method for CL [Han04]. As to the best of
our knowledge, no resolution-based method has been developed for either ATL or CL.
Providing a resolution method for CL gives the user a choice of proof methods. Several
comparisons of tableau algorithms and resolution methods [HS02,GTW11] indicate that
there is no overall best approach, that is, for some classes of formulae tableau algorithms
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perform better whilst on others resolution performs better. So, with a choice of different
provers, for the best result the user could run several in parallel or the one most likely
to succeed depending on the type of the input formulae.

In this paper, we present a resolution-based calculus for CL, RES¢|. The method can
be seen as a (syntactic) variation of the resolution calculus for the next-time fragment
of ATL introduced in [ZhalQ], where soundness and termination proofs are given, but
where the completeness proof is omitted. We provide the full correctness results here.
The completeness proof for RES¢, is given relative to the tableau calculus in [GS09]:
we show that if a formula is unsatisfiable, then the resolution method presented here
produces a contradiction if, and only if, the corresponding tableau is closed. Establishing
the completeness results with respect to the tableau procedure simplifies the proofs: if a
formula is satisfiable, the completeness of the tableau method ensures the existence of a
model. Moreover, as it is our intention to extend the method presented here to full ATL,
the same technique can be used later, in a modular way, to provide correctness results
for a resolution-based calculus for ATL.

The paper is organised as follows. In the next section, we present the syntax, axioma-
tisation, and semantics of CL. In Section 3, we introduce the resolution-based method
for CL and provide few examples. Correctness results are given in Section 4. Conclusions
and future work are presented in Section 5.

2 Coalition Logic

In the following we present the syntax, axiomatisation, and semantics of the Coalition
Logic, CL.

2.1 Syntax

Let X C N be a finite, non-empty set of agents. A coalition A is a subset of Y. Formulae
in CL are constructed from propositional symbols and constants, together with Boolean
operators and coalition modalities. A coalition modality is either of the form [A]p
or (A)p, where ¢ is a well-formed CL formula. The coalition operator {A) is the dual
of [A], where A is a coalition, that is, (A)y is an abbreviation for —[A]-¢p, for every
formula ¢.

Definition 1. The set of CL well-formed formulae, WFF (| , is given by:

constants: {true, false};

propositional symbols: IT = {p,q,r, ..., D1,q1,71,--.};

— classical formulae: if v, € WFF¢|, then so are =@ (negation), (¢ A1) (conjunc-
tion), (¢ V) (disjunction), and (v = 1) (implication);

coalition formulae: if ¢ € WFF¢, then so are [Alp and (A)p , where A € X.

Parentheses will be omitted if the reading is not ambiguous. By convenience, formulae
of the form \/ ¢; (resp. Awi), 1 < i < n, n € N, ¢, € WFF(|, represent arbitrary
disjunction (resp. conjunction) of formulae. If n = 0, \/ p; is called the empty dis-
junction, denoted by false, while A ¢; is called the empty conjunction denoted by
true. Also, when enumerating a specific set of agents, we often omit the curly brackets.
For example, we write [1,2]p as an abbreviation for [{1,2}]p, for a formula . In the
following, we use “formula(e)” and “well-formed formula(e)” interchangeably.
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Definition 2. Let IT be the set of propositional symbols. A literal is either p or —p, for
p € II. For a literal | of the form —p, where p is a propositional symbol, =l denotes p; for
a literal I of the form p, =l denotes —p. The literals I and =l are called complementary
literals.

Let ¢ € WFF¢|, X the set of all agents, and A C X. As in [GS09], a positive
coalitional formula is a formula of the form [A]p. Similarly, a negative coalitional
formula is a formula of the form (A)p. A coalitional formula is either a positive or
a negative coalitional formula.

2.2 Axiomatisation

As presented in [Pau02], coalition logic can be axiomatised by the following schemata
(where A, A’ are coalitions and ¢, ¢1, @2 are formulae):

: - Alfalse

: [A]true

o[0)me = [Xe

FA(01 A p2) = [Algn

A1 A [A)p2 = [AU A (1 A o), if ANA =10

together with propositional tautologies and the following inference rules: modus po-
nens (from ¢ and ¢ = 1 infer ¢) and monotonicity (from ¢ = 1 infer [A]p = [A]yY).

wzM--

Ezample 1. We show that the formula

[AJthr A (B)ta = (B\ A)(¥1 A th2)
where A and B are coalitions, A C B, and ¢1, p2 € WFF¢|, is valid:

L [AJ1r A B\ A(¥1 = —92) = [Bl(¢1 A (Y1 = —2)) S, A" =B\ A,
P1 = P1, 2 = Y1 = o

2. Y1 A (Y1 = hg) = iy propositional tautology
3. [Bl(yr A (1 = —2)) = [B]ps 2, monotonicity

4. [Alr A B\ Al(¢r = —pa) = [B]-1)e 1,3, chaining

5. [Alp1 A =[B]=the = —[B\ AJ(—¢1 V —1)a) 4, rewriting

6. [AlY1 A(B)=a = (B\ A)= (=1 V —12) 5, def. dual

7. [Alr A (B)pe = (B\ A)(¥1 A1) 6, rewriting

2.3 Semantics

Semantics of CL is usually given in terms of Multiplayer Game Models (MGMs) [Pau01].
Here, however, we follow the presentation given in [AHK02,GS09], which uses Concur-
rent Game Structures (CGSs) for describing the semantics of ATL. MGMs yield the
same set of validities as CGSs [Gor01].

We present the semantics following the characterisation given in [GS09], restricting
the definitions to positional semantics, that is, agents have no memory of their past
decisions and, thus, those decisions are made by taking into account only the current
state. We note that the semantic definitions given here correspond to the notion of
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pointed-models, as we are interested in the structures together with a distinguished
world where the valuation takes place. Restricting the models to pointed ones does not
change the class of validities and it is useful in the proofs later presented in this work;
for further discussion about pointed-models, see, for instance, [BARV01].

Definition 3. A Concurrent Game Frame (CGF) is a tuple F = (X, S, s0,d,0),
where

— XY is a finite non-empty set of agents;

— S is a non-empty set of states, with a distinguished state sg;

—d: X xS — NT, where the natural number d(a,s) > 1 represents the number of
moves that the agent a has at the state s. Every mowve for agent a at the state s is
identified by a number between 0 and d(a,s) — 1. Let D(a,s) = {0,...,d(a,s) — 1}
be the set of all moves available to agent a at s. For a state s, a move vector is a
k-tuple (o1,...,0k), where k = |X|, such that 0 < o, < d(a,s) — 1, for alla € X.
Intuitively, o, represents an arbitrary move of agent a in s. Let D(s) = Il,c s D(a, s)
be the set of all move vectors at s. We denote by o an arbitrary member of D(s).

— ¢ is a transition function that assigns to every every state s € S and every move
vector o € D(s) a state §(s,0) € S that results from s if every agent a € X plays
move og.

Definition 4. Let F = (X, S, s0,d,0) be a CGF with s,s' € S. We say that s’ is a
successor of s (an s-successor) if s = 0(s,0), for some o € D(s).

Definition 5. Let F = (X, S, s0,d,0) be a CGF. A run in F is an infinite sequence
A=tg,t1,..., t; €S for all i > 0, where t;1 is a successor of t;. States in a sequence
X are called positions. Let X =to,t1,...,t;, ..., t;,... be a run. We denote by \[i] =t;
the i-th state in A and by A[i,j] =t;,...,t; the finite sequence that starts at t; and ends
at t;. If \[0] =t, then A is called a t-run.

Let k be a tuple. We write &, (or x(n)) to refer to the n-th element of x.

Definition 6. Let F = (X,S,s0,d,d) be a CGF, where |X| = k. Let A C X be a
coalition of agents. An A-move o4 at s € S is a k-tuple such that o 4(a) € D(a,s) for
every a € A and o4(a’) = * (i.e. an arbitrary move) for every a’ ¢ A. We denote by
D(A, s) the set of all A-moves at state s.

Alternatively, A-moves at s € S can be defined as equivalence classes on the set of
all move vectors at s, where each equivalence class is determined by the choices of moves
of agents in A.

Definition 7. We say that a move vector o extends an A-move vector o 4, denoted by
ocAC o orodoy, if o(a) =oala) for every a € A.

Given a coalition A C ¥, an A-move 04 € D(A,s), and a X'\ A-move o5\ 4 €
D(X\ A, s), we denote by 04 Uox 4 the unique o € D(s) such that both o4 E o and
T\ A Co.

Definition 8. Let o4 € D(A,s) be an A-move. The outcome of o4 at s, denoted by
out(s,o ), is the set of all states s’ € S for which there exists a move vector o € D(s)
such that o4 C o and §(s,0) = .

ULCS-13-004 4
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Definition 9. A Concurrent Game Model (CGM) is a tuple M = (F,II, ), where:

- F=(X,8,50,d,0) is a CGF;
— II is the set of propositional symbols; and
— 71:8 — 2 s a valuation function.

Intuitively, 7 assigns to states the set of propositions which are true at that state.

Definition 10. Let M = (X8, s¢,d,0,I1,7) be a CGM with s € S. The satisfaction
relation, denoted by &=, is inductively defined as follows.

,8) |E true;

,$) Ep iff pen(s), forallp e II;
;Fw iff (M, s) [~
)

0

)

E e N iff (M, s) = ¢ and (M, s) = ;

E [Alp iff there exists a A-move o4 € D(A, s) such that (M, s") = ¢ for all
out(s,o4);

,8) E (A iff for all A-moves o4 € D(A,s) there is s’ € out(s,o.4) such that
') e

»

)

XXX

¥

(
(
(
(
(

)

m

S

=
(
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Semantics of false, disjunctions, and implications are given in the usual way. Given a
model M, a state s in M, and a formula ¢, if (M,s) = ¢, s € S, we say that ¢ is
satisfied at the state s in M.

As discussed in [Pau01, WLWWO06,GS09] three different notions of satisfiability emerge
from the relation between the set of agents occurring in a formula and the set of agents
in the language. It turns out that all those notions of satisfiability can be reduced to
tight satisfiability, that is, when the evaluation of a formula takes into consideration
only the agents occurring in such formula [WLWWO06]. In this work, we will consider
this particular notion of satisfiability. We denote by X,, where X, C X, the set of agents
occurring in a well-formed formula . If @ is a set of well-formed formulae, X' C X de-
notes Ugaeqﬁ Y,. Let ¢ € WFFc and M = (X, S, s0,d,0,II,7) be a CGM. Formulae
are interpreted with respect to the distinguished world sg. Intuitively, sg is the world
from which we start reasoning. Thus, a formula ¢ is said to be satisfiable in M, de-
noted by M = ¢, if (M, sg) |= ;5 it is said to be satisfiable if there is a model M such
that (M, so) E ¢; and it is said to be valid if for all models M we have (M, so) E .
A finite set I' C WFF(| is satisfiable in a state s in M, denoted by (M, s) =T, if
(M,s) Eqo A ... Nyp, for all v; € I', 0 < i < n; I' is satisfiable in a model M, if
Mso = I'; and I is satisfiable, if there is a model M such that M = I

3 Resolution Calculus

The resolution-based calculus for CL, RES¢, is based on that given in [Zhal0]. A formula
to be tested for (un)satisfiability is translated into a coalition problem which, roughly
speaking, separates the different contexts (clauses which are true only at the initial state;
clauses which are true at all states) to which a set of resolution-based inference rules
are applied. We present the normal form in the next section and the inference rules are
given in Section 3.2. Examples are given within those sections.

) ULCS-13-004
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3.1 Normal Form

The resolution-based calculus for CL, RES¢|, operates on sets of clauses. A well-formed
formula in CL is firstly transformed into a coalition problem, that is, a tuple (Z,U, N),
where Z and U are the sets of initial and global formulae, respectively, and N is the
set of coalitional formulae, i.e. those formulae in which a coalition modality occurs. The
semantics of coalition problems assumes that initial formulae hold at the initial state;
and that global and coalitional formulae hold at every state of a model. Formally, the
semantics of coalition problems is defined as follows. Given a coalition problem C =
(Z,U,N), we denote by X the set of agents Y. If C = (Z,U, N) is a coalition problem
and M = (X¢, S, so,d,0,I1,m) is a CGM, then M |= C if, and only if, (M, so) = Z and
(M,s) EUUN, for all s € S. We say that C = (Z,U,N) is satisfiable, if there is a
model M such that M |= C. In order to apply the resolution method, we further require
that formulae within each of those sets are in clausal form. These categories of clauses
have the following syntactic form:

initial clauses \/;L:1 l;
global clauses Vizily
positive coalitional clauses Nty li = [A VY =1 l;
negative coalitional clauses ANl = (A VT i

where m,n > 0 and ll,l;, forall 1 <i<m,1<j<n, are literals. Clauses are kept in
the simplest form: literals in conjunctions and disjunctions are always pairwise different;
constants true and false are removed from conjunctions and disjunctions with more
than one conjunct/disjunct, respectively; conjunctions (resp. disjunctions) with either
complementary literals or false (resp. true) are simplified to false (resp. true). Also,

the tautologies true, false = ¢, and ¢ = true are removed from the sets of clauses.

Transformation Rules The normal form given here follows the presentation in [DFKO06],
where first-order temporal formulae are transformed into a Divided Separated Normal
Form, by means of renaming [PG86] and rewriting of temporal operators by simulating
their fix-point representation. The transformation reduces the number of operators and
separates the contexts to which the resolution inference rules are applied. The size of
the resulting set of clauses is linear in the size of the original formula.

The transformation into the normal form used here, called Divided Separated Normal
Form for Coalition Logic, DSNF¢|, is given by a set of rewriting rules. Let ¢ € WFF¢| be
a formula and 74(p) be the transformation of ¢ into the Negation Normal Form (NNF),
that is, the formula obtained from ¢ by pushing negation inwards, so that negation
symbols occur only next to propositional symbols. The transformation into NNF uses
the following rewrite rules (where conjunctions and disjunctions are commutative):

= —pVY R A 2
(e AY) — —pV —[Alp — (A)—p
(e V) — o A= (A — (A~

(=) — oA

In addition, we want to remove occurrences of the constants true and false as well as
duplicates of formulae in conjunctions and disjunctions. This is achieved by exhaustively
applying the following simplification rules:

ULCS-13-004 6
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@ A\ true — ¢ AN — @
¢ V true — true ¢V @ — true
o N false — false p A~ —> false
p Vfalse — ¢ [A]true — true
—true — false [A]false — false
—false — true (Aytrue — true
YV —¢ (A)false — false

Given a formula ¢, we start its transformation into a coalition problem (Z,U,N') by
exhaustively applying the rewriting rules, together with simplification, to the following
tuple:

({to}, {to = 10(¥)}, {})

where t( is a new propositional symbol and 79(p) is the transformation of ¢ into NNF.
For classical operators, we have the following rewriting rules (where ¢ is a literal; ¢ is
the original formula; ¢, and @9 are formulae; and ¢; is a new propositional symbol):

A (ZLUU{t = o1 Ao}, N) — (Z,UU {t = p1,t = p2}, N)

v (ZLUU{t = p1 Vo2 },N) — (Z,UU{t = p1 V t1,t1 = o2}, N)
where @9 is not a disjunction of literals

T (Z,UU{t= D},N) — (Z,UU{-tVv D},N)
where D is either a constant
or a disjunction of literals

(Z,UU{t= D},N) — (Z,U,N U {t = D})

where D is either of the form [A]p; or (A)p;

The structural rules for renaming complex formulae in the scope of coalition modalities
are given below, where A is a coalition and Y, is the set of agents occurring in the
original formula ¢ .

4] (Z,UU{t = [Ap1},N) — (Z,UU{t; = o1}, NU{t = [A]t1})
where 7 is not a disjunction of literals

T(A), A£Z, (I,Z/{U {t = <A>@1},N) — (I,UU {t1 = (pl},NU {t = <A>t1})
where (1 is not a disjunction of literals
and A # X,

T(2,) (Z,UU{t = (Xp)p1}, N) — (ZUU{t = Dp1}, N)

The transformation into the normal form is linear in the size of the original formula
[Zhal0]. We now show an example of an application of the transformation rules.

Example 2. Consider the following CL formula:

(A A(gAT) = [tp A[l]g AfL]r).

Its transformation into the NNF gives:

7 ULCS-13-004



C. Nalon, L. Zhang, C. Dixon, and U. Hustadt

v =[AgA[LgAT)A(D)=pV (1)=g V (1)=r).

The transformation starts from the following coalition problem:

<{t0}» {tO = 50}7 {}>

and proceeds as follows:

1. to 7]
2. to = ©® [U]
3.to=[1](pAq) [UTr,2)
4. to = [U(gAr) A ((1)=pV (1)=g Vv (1)=r) [UTh,2]
5.t = [1](g A1) Un 4]
6. to = (1)=p V (1)=g v (1)-r Uy 4]
7.ty = [1} [./\/,T[_A],g]
8.t1=(pAq) U 71.47,3]
9.t = [1]t2 [N, 71.41,5]
10. ta = (gAT) [U,71.4,5]
11. tg = t3 Vv <1>—|q V <1>—\7’ [Z/[,T\/,G]
12. t3 = <1>ﬁp [Z/[,TV,G]
13.t3 = (1)—p N7=,12]
14. to =>t3VigV <1>_‘T‘ [Z/{,T\/,ll]
15. t4 = (1)—q [UTy,11]
16. t4 = (1)—q [./\/,T¢715]
17. tg = t3 Vs Vis [Z/[,T\/,lﬁl}
18. t5 = (1)—r [Ury,14]
19. t5 = (1)—r N,7=,18]
20. t3 = [0]-p No(s,),13]
21. t3 = [0]—q No(s,),16
22. ty = [0]-r Nom(e,)19
23.t1 = p [UTA,8]
24.t1 = q [UTA 8]
25. ty = ¢ UTA,10]
26.to =1 [T/ ,10]
27. ~tg Vig Vig Vis [Z/[,T:>,17]
28. ~t1 Vp U= 23]
29. =ty V q [UT=,24]
30. ~t2 V g U ,25]
31—ty V7 U ,26]

ULCS-13-004 8



3. RESOLUTION CALCULUS

The transformation results in the following coalition problem (Z,U, N):

I:{l.to} U:{27 —tg Vi VigVis, NZ{ 7.ty = [1}t1,
28. -ty V p, 9. tg = [1]t2,
29. —t1 V q, 20. t3 = [0]-p,
30. —ts V g, 21. ty = [0]~q,
31. ~ty V ’I“} 22.t5 = [(Z)]—'r}

3.2 Inference Rules

Let (Z,U,N) be a coalition problem; C, C’ be conjunctions of literals; D, D’ be disjunc-
tions of literals; [,1; be literals; and A, B C X be coalitions (where X is the set of all
agents).

Classical Resolution The first rule, IRES1, is classical resolution applied to clauses
which are true at the initial state. The next inference rule, GRES1, performs resolution
on global clauses, which are true in all states.

IRES1 DvVI €7 GRES1DvVvI U
"'vValeZTulUu D'v-lelUu
Dv D DvD

Coalition Resolution The following rules perform resolution on clauses which are
true at the successor states.

CRES1 C=[A(DVI) € N CRES2 Dvi eu
ANB=10 C" = [B|(D' v i) eN C=[A|(D'V-l)eN
CANC"=[AUB|(DVD) C = [A[(DVD)
CRES3 [A](Dvl) e N CRES4 DVI eu
ACB = B)(D'v-l) eN C= (A)(D Vv-l)eN
CAC’ <B\A>(D\/D) C= (A)(DVD)

Rewriting Rules

RW1 A, l; = [Alfalse e N RW2 A\, [; = (A)false e N/
Viey i Viey i

Note that the axioms | and T, given by —[A]false and [A]true, respectively, imply that
the consequent in both rewriting rules cannot be satisfied. Thus, the conclusions from
both rewriting rules ensure that A, /; should not be satisfied at any state.

Definition 11. A derivation from a coalition problem C = (Z,U,N) by RES¢, is a
sequence Co,C1,Cs, ... of problems such that Co = C, Cy = (Zy,Uy, Ny), and Cyyq is
either

9 ULCS-13-004
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— (Z; U{D},Us,N¢), where D is the conclusion of an application of TRES1;

— (Z4,U U{D},Ny), where D is the conclusion of an application of GRES1, RW1,
or RW2; or

— (Z4,U, NtU{D}), where D is the conclusion of an application of CRES1, CRES2,
CRES3, or CRES4:

where D ¢ {true, false = ¢, ¢ = true}, for any formula .

We note that the resolvent D is not a tautology and it is always kept in the sim-
plest form: duplicate literals are removed; constants true and false are removed from
conjunctions and disjunctions with more than one conjunct/disjunct, respectively; con-
junctions (resp. disjunctions) with either complementary literals or false (resp. true)
are simplified to false (resp. true).

Definition 12. A refutation for a coalition problem C = (Z,U,N) (by RES¢ ) is a
derivation from C such that for some t > 0, Cy = (Zy,Uy, Nt) contains a contradiction,
where a contradiction is given by either false € Z; or false € Uj.

A derivation terminates if, and only if, either a contradiction is derived or no new clauses
can be derived by further application of resolution rules of RES,.

Example 3. In order to verify the validity of the formula

[ Ag) A[1(gAr) = [pA[llgA[1]r

we apply the resolution method to the coalition problem given in Example 2, which
shows the transformation of its negation. Note that the original formula is in fact valid.
Recall that the monotonicity principle, which holds in CL, is expressed by the schema
[A](pA) = [AlpA[A]w, where ¢ and 1) are CL formulae and A is a coalition. Therefore,
by monotonicity and by propositional reasoning, we have that [1](pAg) A[1](gA7T) implies
(Ap A 1)) A ([1]g A [1]7). The proof that the corresponding coalition problem is indeed
unsatisfiable is presented below. The initial coalition problem, given in Example 2, is
given below (where clauses have been renumbered):

to

—to VigVigVis

_‘tl\/p

_‘tl\/q

—t2 V q

6. _‘tg\/’l“

7.t = [ ]

8.ty = [1

9. t3:>[
[
[

NS

U W =

ENESSENNINGIN

Jta

I-p
1—q
]

-r

10. t4 =
1. t5 =

£25xz%

0
0
0
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and the proof proceeds as follows:

12. ts = [0]—to [V,CRES2,11,6]
13. ty = [0]—t, [MCRES2,10,4]
0

15. tg A t5 = [1]false [V,CRES1,12,8]
16. tg A t4 = [1]false [V,CRES1,13,7]

(0]
0]
14. ts = [0ty [V,CRES2,9,3]
[1]
1]
17. to Atz = [1]false [V,CRES1,14,7]

18. ~toV s [URW1,15]

19. ~toV ity [URW1,16]

20. ~toV —t;  [URW1,17]

21. —to Vi3 V ty [,GRES1,18,2]
22. ~toVi;  |[UGRES1,21,19]
23. —to U, GRES1,22,20]
24. false [ZIRES1,23,1]

4 Correctness Results

In the previous section, we introduced a resolution-based method for CL. We now provide
the correctness results, that is, soundness, termination, and completeness results for this
method. The soundness proof shows that the transformation into DSNF¢, as well as the
application of the inference rules are satisfiability preserving. Termination is ensured by
the fact that a given set of clauses contains only finitely many propositional symbols,
from which only finitely many DSNF(, clauses can be constructed and therefore only
finitely many new DSNF¢ clauses can be derived. Completeness is proved by showing
that if a given set of clauses is unsatisfiable, there is a refutation produced by the method
presented here.

4.1 Correctness of the Transformation Rules
We show that the transformation rules given in Section 3.1 preserve satisfiability.

Lemma 1. Let ¢ € WFFc| be a formula and let M = (X, S, s0,d, 6, II,m) be a CGM
such that ¢ is satisfiable in M. Let p € II be an atomic proposition not occurring in ¢,
and let M" = (X,,8, s0,d, 0,11, 7') be a CGM identical to M except for the truth value
assigned by 7' to p in each state. Then ¢ is also satisfiable in M'.

Proof of Lemma 1

We show that for any formula ¢ and any state s € M, (M,s) = ¢ if, and only if,
(M’ s) = . The proof proceeds by induction on the structure of . For the base case,
let s € S be a state and take ¢ to be a propositional symbol ¢ € IT. As p € II does not
occur in ¢, we have p # q and q € 7(s) if, and only if, ¢ € 7/(s). Therefore, (M, s) &= ¢
if, and only if, (M’, s) = . Now, assume that (M,s) = ¢ if, and only if, (M’ s) =
for all proper subformulae v of ¢.

— Assume ¢ is of the form —). If (M, s) |= ¢, then by the semantics of negation we
have that (M, s) = 1. By the induction hypothesis, (M’, s) = 1. By the semantics
of negation, (M, s) = =, that is, (M, s) = .
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— Assume ¢ is of the form ¢ A . If (M, s) = ¢, then by the semantics of conjunction,
we have that (M, s) = ¢ and (M, s) = x. By the induction hypothesis, (M’, s) = 1
and (M’,s) = x. Again by the semantics of conjunction, we obtain (M’ s) = ¥ Ax.

— Assume ¢ is of the form [A]. If (M, s) = ¢, then by the definition of satisfiability
and semantics of the coalition operator, there is a A-move o 4 such that (M, s') E ¢
for all s’ € out(s,04). By the induction hypothesis, we have that (M’,s’) = ¢ for
all s’ € out(s,0.4). The set of outcomes of s in M and in M’ are exactly the same, as
those models share the same number of moves (given by d) and the same transition
function (given by ¢). That is, for the same A-move o4, for all s’ € out(s,o.4), we
have (M’, ") = 1. By the semantics of the coalition modality, we have (M’, s) |= .

The cases where ¢ is either of the form 1 V x, ¢ = x, or (A)y are similar to the
above and are omitted here. The proof is given with respect to an arbitrary state s € S.
Therefore, it applies to sg € S. From the definition of satisfiability of a formula and
from the above, if (M, s9) = ¢, then (M’ s) = . Thus, if ¢ is satisfiable in M, it is
also satisfiable in M’. [

Corollary 1 Let T be a set of well-formed formulae in WFFc| and M = (X7, S, so, d,
0,I1,7w) be a CGM such that T is satisfiable in M. Let p € II be an atomic proposition
not occurring in T, and let M' = (X1, 8, s0,d, 6, I1,7') be a CGM identical to M except
for the truth value assigned by ' to p in each state. Then T is also satisfiable in M.

Proof of Corollary 1
Immediate from the definition of satisfiability of sets and Lemma 1. (J

Corollary 2 Let C = (Z,U,N) be a coalition problem and M = (X¢, S, so,d, d, 11, )
be a CGM such that C is satisfiable in M. Let p € II be an atomic proposition not
occurring in C, and let M' = (3¢, S, s0,d,8,II,7") be a CGM identical to M except for
the truth value assigned by 7' to p in each state. Then C is also satisfiable in M’.

Proof of Corollary 2
Immediate from the definition of satisfiability of coalition problems and Corollary 1. [J

The next lemma shows that the coalition problem from which we start the trans-
formation into the normal form is satisfiable if, and only if, the original formula is also
satisfiable.

Lemma 2. A formula ¢ € WFF¢| s satisfiable if, and only if, the coalition problem
C = ({to},{to = ¢},{}), where tg is a new propositional symbol that does not occur in
©, s satisfiable.

Proof of Lemma 2

(“if” part) Let M = (X, S, s0,d, 9, II, ) be a CGM such that ¢ is satisfiable in M and
C=(Z,U,N) = ({to}, {to = ¢}, {}) be a coalition problem, where ty is a new proposi-
tional symbol that does not occur in ¢. Construct a model M' = (X¢, S, so,d, 8, I, '),
such that 7'(sg) = m(so) U {to}, 7'(s) = m(s) for all s € S, s # 59, and X = ¥,. From
the definition of satisfiability of a propositional symbol, as ¢ty € 7’(sg), we have that
(M’ s0) | to. Thus, (1) (M’,s0) E Z. Also, if ¢ is satisfiable in M, by Lemma 1,
it is also satisfiable in M’. By the definition of satisfiability, (M, sg) |E . From the
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semantics of implication, we have that (M’, sg) |E to = ¢. Now, for all s € S, s # so,
by construction we have that (M’ s) £ tg and, from the semantics of implication,
(M';s) E to = . Thus, for all s € S, we have that (M’,s) = to = ¢. Therefore,
(2) (M',s) E U for all s € S. Finally, an empty set of formulae is satisfied at any
state of any model. Therefore, (3) (M',s) E N, for all s € S. From (1), (2), and (3),
M E ({to}, {to = ¢},{}). By the definition of satisfiability of a coalition problem,
({to}, {to = ¢}, {}) is satisfiable.

(“only if” part). Let M = (X¢, S, s0,d, 6, II, ) be a CGM such that M = ({to}, {to =
v}, {}). By the definition of satisfiability of a coalition problem, (M, sqg) [ to. As the
set of global clauses is satisfied at all states, we also have that (M, sg) = to = ¢. By
the semantics of implication, (M, sg) = ¢. Thus, there is a model, namely M, such that
(M, s0) = ¢, that is, ¢ is satisfiable. O

Lemma 3 (71). Let C = (Z,UU{t = p1 A pa},N) be a coalition problem, where t is
a literal and p1,02 € WFFc . (Z,U U {t = ©1 A 2}, N) is satisfiable if, and only if,
(Z,UU{t = p1,t = oo}, N) is satisfiable.

Proof of Lemma 3

(“if” part). Let M = (X¢, S, s0,d,d,II,7) be a CGM such that M E (Z,U U {t =
©1 A wa}t, N). By the definition of satisfiability of a coalition problem, for all s € S,
(M,s) =t = 1 A @a. By the semantics of implication and conjunction, (M, s) =
t = ¢1 and (M, s) E t = ¢o. By the definition of satisfiability for coalition problems,
M ': (I?Z/{U{t:> Y1,t = SDQ}V/\/)‘

(“only if” part). Let M = (X¢, S, s0,d,d,II,7) be a CGM such that M = (Z,U{ U
{t = ¢1,t = @2}, N). By the definition of satisfiability of a coalition problem, for
all s € S, (M,s) =t = ¢1 and (M,s) = t = 2. By the semantics of implication
and conjunction, (M, s) =t = ¢1 A p2. By the definition of satisfiability for coalition
problems, M = (Z,UU{t = ¢1 A p2},N). O

Lemma 4 (7v). Let C = (Z,UU{t = ©1 V @2}, N) be a coalition problem, where t is
a literal and p1,92 € WFFc . (Z,U U {t = 1 V @2}, N) is satisfiable if, and only if,
(Z,UU{t = o1 Vi1,t1 = pa}, N), where t1 is a new propositional symbol, is satisfiable.

Proof of Lemma 4

We note that the transformation rule given in Section 3.1 is applied only when 5 is not
a disjunction of literals, in order to ensure that the transformation terminates. For the
purposes of this proof, this information is not needed.

(“if” part). Let M = (X¢, S, so,d, 8, IT,7) be a CGM such that M = (Z,UU{t = ¢ V
2}, N). By the definition of satisfiability for coalition problems, (M, s) =t = ¢1 V p2,
for all s € S. Construct a model M’ = (X¢, S, so, d, 6, IT, w'), such that 7/ (s) = w(s)U{t1}
if, and only if, (M, s) |= p2; otherwise 7’(s) = m(s). It follows immediately that for all
s €S8, (M, s) E t; = ps. By construction, if (M, s) £ t, then (M’,s) [~ t; thus, by
classical reasoning, (M’,s) Et = 1 V1. If (M,s) E t and (M,s) = ¢, then by
construction (M’ s) = t, (M’,s) = ¢1, and, by classical reasoning, (M’,s) = ¢1 V t;
and (M’ s) Et = p; Vi If (M,s) =t and (M,s) E ¢, then, by construction,
we have that (M’ s) =t and (M’,s) | t1; then, by classical reasoning, we have that
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(M, 8) = 1Vt and (M, s) = t = p1Vir. By the definition of satisfiability of coalition
problems, (Z,U U {t = @1 V t1,t; = @2}, N) is satisfiable.

(“only if” part). Let M = (X¢, S, s0,d, 9, II, ) be a CGM such that M | (Z,U U {t =
©1 Vi, t1 = @2}, N). By the definition of satisfiability of a coalition problem, for all
s€S8, (M,s) Et = ¢1 Vi and (M,s) = t1 = @o. If (M,s) F~ t, by the semantics
of implication, then (M,s) =t = ¢1 V pa. Assume (M,s) = t. By the semantics
of implication, (M, s) = @1 V t1, that is, (M,s) = ¢1 or (M,s) = t; (or both). If
(M, s) = o1, then (M, s) Et = 1V pa. If (M,s) |= t1, because (M, s) = t1 = @,
then (M, s) = ¢a. Thus, (M, s) = ¢1 Vg and (M, s) =1t = 1V @a. By the definition
of satisfiability for coalition problems, M = (Z,U U{t = 1 V p2},N). O

Lemma 5 (7=). Let C = (Z,U U {t = D}, N) be a coalition problem, where t is a
literal. (Z,U U {t = D}, N) is satisfiable if, and only if,

1. (Z,UU{=tv D}, N) is satisfiable, if D is either a constant or a disjunction of literals;
2. (Z,U,N U{t = D}) is satisfiable, if D is either of the form [A]p1 or (A)p;.

Proof of Lemma 5

1. (“f” part). Let M = (X¢, S, s0,d, 6, I, 7) be a CGM such that M = (Z,U U {t =
D}, N). By the definition of satisfiability of a coalition problem, for all s € S,
(M, s) E t = D. By the semantics of implication, (M, s} = =tV D. By the definition
of satisfiability for coalition problems, M = (Z,U U {~tV D}, N).

(“only if” part). Let M = (X¢, S, s0,d, 9, II, 7) be a CGM such that M = (Z,U U
{=tV D}, N'). By the definition of satisfiability of a coalition problem, for all s € S,
(M,s) = -tV D. By the semantics of implications, (M,s) = ¢t = D. By the
definition of satisfiability for coalition problems, M = (Z,U U {t = D}, N).

2. Let M = (X¢, S, s0,d, 8, I, 7) be a CGM such that M = (Z,UU{t = D},N). By
the definition of satisfiability of a coalition problem and the definition of satisfiability
of sets, M = (Z,UU {t = D},N) if and only if, M = N and, for all, s € S,
(M, s) E t = D. By the definition of satisfiability of sets, for all s € S, we have
that Ms = N U {t = D}. By the definition of satisfiability of a coalition problem,
ME (Z,U,N U{t = D}).

d

Lemma 6 (714)). Let C = (Z,U,N U {t = [A]p1}) be a coalition problem, where t
is a literal and @1 € WFFc . (Z,U,N U {t = [Alp1}) is satisfiable if, and only if,
(Z,UU{t1 = o1}, NU{t = [A]t1}), where t1 is a new propositional symbol, is satisfiable.

Proof of Lemma 6

(“if” part). Let M = (X¢, S, s0,d,0,II,7) be a CGM such that M = (Z,U,N U {t =
[A]e1}). By the definition of satisfiability for coalition problems, (M, s) = t = [A]y1, for
all s € S. Construct a model M’ = (X¢, S, so,d, 9, II,7’), such that 7'(s) = n(s) U {t1}
if, and only if, (M, s) = ¢1; otherwise, 7/(s) = m(s). It follows immediately that for all
s€S, (M, s) =t = ¢1. Assume (M’ s) [~ t. Then, by the semantics of implication,
(M) s) =t = [A]t1. Now if (M, s) = ¢, then (M, s) = [A]p1, as formulae in the set of
coalitional clauses are satisfied at all states. Therefore, there is a A-move o4 such that
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(M, s") =y forall s’ € out(s,o.4). The sets of outcomes of s in M and in M’ are exactly
the same, as those models share the same number of moves (given by d) and the same
transition function (given by d). Thus, for the same A-move o 4, for all s € out(s,o.4),
we have (M’,s’) = ¢1 and, by construction, (M',s’) |= t;. By the semantics of the
implication and of the coalition modality, we have that (M’ s) E t = [A]t;. By the
definition of satisfiability for coalition problems, M’ = (Z, U U {t; = ¢p1}, N U {t =
Al )).

(“only if” part). Let M = (X¢, S, s0,d,9,II,7) be a CGM such that M = (Z,U U
{t1 = o1}, N U{t = [AJt1}). By the definition of satisfiability for coalition problems,
(M, s) Et = [A]ty, for all s € S. Assume that (M, s) £ t. Then, by the semantics of
implication, (M, s) =t = [A]p1. Now, if (M, s) |= ¢, by the semantics of implication,
(M, s) = [AJt; and, by the semantics of coalition modalities there is a A-move o4
such that (M, s’) |= t; for all s’ € out(s,04). As t1 = ¢; is satisfiable at all states
of the model (by the definition of satisfiability of a coalition problem), for the same
A-move o 4, for all s’ € out(s,o4), we have (M, s') |= p1. By the semantics of coalition
modalities, (M, s) = [A]eir. Thus, (M, s) =t = [A]p:. By the definition of satisfiability
for coalition problems, M = (Z,U,N U {t = [A]p1}). O

Lemma 7 (T(4y,425,)- Let C = (Z,U,N U{t = (A)¢1}) be a coalition problem, where
t is a literal, o1 € WFFc, and A # X,. (Z,U,N U{t = (A)p1}) is satisfiable if, and
only if, (Z,UU{t1 = o1}, N U{t = (A)t1}), where t1 is a new propositional symbol, is
satisfiable.

Proof of Lemma 7

(“if” part). Let M = (X¢, S, so,d, 0,11, m) be a CGM such that M = (Z,U,N U {t =
(A)p1}). By the definition of satisfiability for coalition problems, (M, s) =t = (A1,
for all s € S. Construct a model M’ = (X¢, S, so,d, 0, II, 7'), such that 7' (s) = 7(s)U{t1}
if, and only if, (M, s) |= ¢1; otherwise, 7'(s) = m(s). It follows immediately that for all
seS, (M s)Et1 = p1. If (M, s) £ t, then t = (A)t; is trivially satisfied at (M, s).
Now if (M,s) |= t, because (M, s) E t = (A)p1, we have that(M,s) = (A)p;. By
the semantics of a coalition modality, for all A-moves o4 there is s’ € out(s,o4) such
that (M, s’} = ¢1. The sets of outcomes of s in M and in M’ are exactly the same,
as those models share the same number of moves (given by d) and the same transition
function (given by §). Therefore, for all A-moves o 4, there is a s’ € out(s, o 4) such that
(M',$") = ¢1 and, by construction, (M’ s’) = ¢1. By the semantics of the coalition
modality, we have that (M’,s) | t = (A)t;. By the definition of satisfiability for
coalition problems, (M', =) (Z, U U {t; = o1}, N U{t = (A)t1}).

(“only if” part). Let M = (X¢,S,s0,d,0,II,7) be a CGM such that M = (Z,U U
{t1 = 1}, VU {t = (A)t1}). By the definition of satisfiability for coalition problems,
(M,s) Et = (A)ty, for all s € S. If (M, s) [~ ¢, then (M,s) Et = (A)p;. Now, if
(M, s) = t, by the semantics of implication and coalition modalities, then for all A-moves
o4 there is s’ € out(s,o4) such that (M, s’) = t;. By the definition of satisfiability for
coalition problems, (M,s) = t1 = 1, for all s € S, thus for all A-moves o 4, there
is 8’ € out(s,04) such that (M,s’) |E ¢1. By the semantics of coalition modalities,
(M, s) E (A)p1. Therefore, (M, s) =t = (A)p;. By the definition of satisfiability for
coalition problems, M = (Z,U,N U {t = (A)p1}). O
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Lemma 8 (7(x,)). Let C = (Z,U,N U{t = (X,)p1}) be a coalition problem, where
t is a literal and 1 € WFFcL. (ZLU,N U {t = (X,)p1}) is satisfiable if, and only if,
(Z,U U {t = [D]p1},N) is satisfiable.

Proof of Lemma 8

(“if” part) From the axiomatisation of coalition logics, the schema —[0]—¢ = [X]y (X)
is valid. Replacing ¥ with =7, taking the contrapositive form, and simplifying, we
have —[X]—¢1 = [0]¢1, which can be rewritten as (X)p1 = [0]¢1. As we have, by the
definition of satisfiability of coalition problems, that t = (X)¢ is satisfied at every state
of the model, by classical reasoning we obtain that ¢ = [@]p; is also satisfiable at every
state of the model.

(“only if” part). From the axiomatisation of coalition logics, the schema [A1]Y; A
[AQ]’(/JQ = [.Al U.Ag]’(/}l A, AN A =0 (S) is valid. Taking A; = 0, A; = Yoy 01 = @1,
and 1) = —1, we obtain (1) [0]e1 A[X,]~p1 = [ 2] (1 A—e1). Now, [X,](¢1 A—er) im-
plies [X,](false), which is a contradiction (as L, given by the schema —[A]false, for any
coalition A, is valid). Therefore, (1) simplifies to [0]p1 A [X,]-¢1 = false. By classical
reasoning, we have [0]¢1 = —[X,]¢i. Rewriting the coalition modality on the right-
hand side of the implication, we have [@]p1 = (X,)¢1. From the definition of coalition
problems, t = [f]¢; is satisfiable at every state of the model. Because [0]p1 = (X,)¢1
is valid, by classical reasoning (chaining), the formula ¢t = (X,)¢1 is also satisfied at
every state of the model. [J

The following theorem shows that the transformation into the normal form preserves
satisfiability.

Theorem 1. Let ¢ € WFF¢| be a formula in NNF and (Z,U,N) be the transformation
of @ into a coalition problem. ¢ is satisfiable if, and only if, (Z,U,N) is satisfiable.

Proof of Theorem 1
The satisfiability of the transformation follows from Lemmas 1 to 8, which show that
each individual rewriting rule preserves satisfiability. [

4.2 Soundness

The next lemmas show that each of the inference rules given in Section 3.2 is sound.
In the following, C, C’ are conjunctions of literals; D, D’ are disjunctions of literals; [, [;
are literals; and A, B C X¢ are coalitions (where X¢ is the set of all agents occurring in
a coalition problem C).

Lemma 9 (Resolution Rule). Let M = (X,S8,s0,d,0,II,7) be a CGM, such that
(M,s) EDVIand (M,s) E D'V =L, for some s €S. Then (M,s) =DV D'.

Proof of Lemma 9

If (M, s) =1, by the semantics of negation (M, s) = —l. As (M, s) = D’V =, by the
semantics of disjunction, (M, s) = D’ and, therefore, (M, s) = D Vv D'. If (M, s) [~ 1,
as (M, s) = D VI, by the semantics of disjunction (M, s) = D and, therefore, (M, s) |=
DvD.0O
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Lemma 10 (IRES1). Let C = (Z,U,N) be a coalition problem, such that DV 1 € T
and D'V =l € TUU. If C is satisfiable, then C' = (ZU{DV D'}, U, N) is satisfiable.

Proof of Lemma 10

Let M = (X¢,S,50,d,0,II, ) be a CGM such that M &= C. By the definition of
satisfiability of coalition problems, all formulae in 7 are satisfied at the initial state
s0. Therefore, (M, sp) = D V I. For the same reason, if D’V =l € Z, we have that
(M, sg) E D'V —l. Also, as all formulae in U are satisfied at all states, they are also
satisfied at the initial state. So, if D'V =l € U, we also have that (M, so) = D’V —l.
By Lemma 9, applied at the initial state, we have that (M, so) | DV D’ in M. By the
definition of satisfiability of sets, (M, so) = ZU{DV D'} is satisfiable. By the definition
of satisfiability of coalition problems, C' = (ZU{D Vv D'},U,N) is satisfiable. O]

Lemma 11 (GRES1). Let C = (Z,U,N) be a coalition problem, such that DV 1 e U
and D'V =l € U. If C is satisfiable, then C' = (Z,UU{D Vv D'}, N) is satisfiable.

Proof of Lemma 11

Let M = (X¢,S,s0,d,0,I1,7) be a CGM such that M = C. By the definition of
satisfiability of coalition problems, all formulae in U are satisfied at all states. That is,
(M,s) = D VI, for all s € S. For the same reason, as D' V =l € U, we have that
(M, s) = D'V =, for all s € S. By Lemma 9, (M,s) = DV D', for all s € S. By the
definition of satisfiability of sets, M =U U {D Vv D’}. By the definition of satisfiability
of coalition problems, (Z,U U {D Vv D'}, N) is satisfiable. [J

Lemma 12 (CRES1). Let C = (Z,U,N) be a coalition problem, such that C =
[A(DVI) € N and C" = [B|(D' Vv —l) € N, where ANB = 0. If C is satisfiable,
then C' = (Z,U,N U{C AC" = [AUB|(DV D')}) is satisfiable.

Proof of Lemma 12

Let M = (X¢,S,s0,d,0,I1,7) be a CGM such that M | C. By the definition of
satisfiability of coalition problems, all formulae in N are satisfied at all states. For s € S,
we have that (M, s) E C = [A](D V). For the same reason, as C' = [B](D'V -l) € N,
we have that (M,s) = C' = [B|(D’ v —l). If (M,s) = C A C’, then the implication
CNAC' = [AUB|(DVD') is satisfied at s. Assume that (M, s) = CAC’. By the semantics
of conjunction and implication, we have that (M, s) = CAC" = [A|(DVI)A[B](D'V-l).
From the axiomatisation of coalition logics, the schema [A1]¢1 A[A2]p2 = [A1 UAs]p1 A
w2, A1 N Ay = () (axiom S) is valid. Taking A3 = A, Ay = B, ¢1 = (D V1), and pg =
(D'v=l), we have that [A](DVI)A[B](D'V~l) implies [AUB]((DVI)A(D’V=)). Therefore,
(M,s) E [AUB](D V1) A (D' Vv =l)). By the definition of satisfiability for coalition
modalities, there is a A U B-move o 4 such that for all s’ € out(s,o.4) Nout(s,op) we
have that (M, s") = (D V1) and (M,s") = (D’ V —l). By Lemma 9 applied at s', we
have that (M,s’) = DV D’. Again, by the definition of satisfiability of the coalition
modality, we have that (M, s) = [AU B](D VvV D’). By the definition of satisfiability of
sets, NU{C AC" = [AUB](D V D')} is satisfiable. By the definition of satisfiability of
coalition problems, C' = (Z,U,N U{C A C" = [AUB|(D Vv D')}) is satisfiable. O

Lemma 13. Let C = (Z,U,N) be a coalition problem M be a model such that M = C.
If v is a formula in U, then M = (Z,U,N U {true = [0]p}).
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Proof of Lemma 13

Let M = (X¢,S,s0,d,0,II,7) be a CGM such that M = C. As ¢ € U, then by the
definition of satisfiability for a coalition problem, it is satisfied in all states s € S.
Therefore, for all o moves in D(s), for all states s € S, we have if s’ € out(s, o), then
(M, s") E ¢. By the semantics of a coalition modality, we have that (M, s) = [0]¢. By
the semantics of implication,(M, s) = true = [0]¢. By the definition of satisfiability of
a coalition problem, M = (Z,U, N U {true = [0]¢}). O

Lemma 14 (CRES2). Let C = (Z,U,N) be a coalition problem, such that (DVI) € U
and C = [A|(D'V =l) € N. If C is satisfiable, then C' = (Z,U,N U{C = [A](DV D")})
is satisfiable.

Proof of Lemma 14

Let M = (X¢,S,s0,d,6,1I,7) be a CGM such that M = C. As (D V) € U, by
Lemma 13, we have that true = [0](D V1) is satisfied at all states. From this and from
Lemma 12, we have that C' = (Z,U,N UN U {CA = [A](D Vv D')}) is satisfiable. O

Lemma 15 (CRES3). Let C = (Z,U,N) be a coalition problem, such that C' =
[AI(DVI) € N and C" = (B)(D' VvV —l) € N, where A C B. If C is satisfiable, then
(ZUNU{CAC = (B\ A)Y(DV D"}) is satisfiable.

Proof of Lemma 15

From the axiomatisation of CL, we have that [A]p1 A (B)pa = (B\A)(p1Ap2), with A C
B, is valid, as shown in Example 1. Taking o1 = (DVI) and @9 = (D' V=), we have that
(1) [AI(DVI)AN(B)(D'V=l) = (B\A)((DVI)AN(D'V-l)). Let M = (X¢, S, s0,d, 8,11, )
be a CGM such that M = C. By the semantics of a coalition problem, for all s € S we
have that (M, s) = C = [A](DVI) and (M, s) = C’ = (B)(D’v-l). By the semantics of
conjunction, the semantics of implication, and from (1), we have that (M, s) | CAC’ =
(B\A)((DVI)A(D'vAl)). Assume (M, s) = CAC’ (the other case is trivial). Thus, by the
semantics of implication (M, s) = (B\ AY((DVI)A(D'V~l)). From the semantics of the
coalition modality, we have that for all B\ .A-moves o\ 4 there is 8" € out(s, o3\ 4) such
that (M, s") = ((DVI)A(D'Vv=l)). By applying Lemma 9 to s, we have that (M, s) =
(D V D). From the semantics of the coalition modality (M, s) = (B\ A)(D Vv D’). By
the semantics of implication, (M, s) | C A C’' = (B\ A)(D Vv D’). By the definition
of satisfiability of sets, M =N U{C AC’' = (B\ A)(D Vv D’)}. From the definition of
satisfiability of coalition problems, M = (Z,U,N U{C AC" = (B\ A)Y(DV D")}). O

Lemma 16 (CRESA4). Let C = (Z,U,N) be a coalition problem, such that (DV1) € U
and C = (A)(D'V=l) € N. IfC is satisfiable, then C' = (Z,U,N'U{C = (A)(DV D")})
is satisfiable.

Proof of Lemma 16

From Lemma 13, (D V1) € U implies that true = [0](D V1) is satisfied at every state of
a model. Therefore, the satisfiability of C' = (Z,U, N'U{C = (A)(DV D’)}) follows from
the application of Lemma 15 to the coalition problem (Z,U, N U{true = [0](DVI),C =
(A)(D'v=0)}). O
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Lemma 17 (RW1). LetC = (Z,U,N) be a coalition problem, such that C = [Alfalse €
N IfC is satisfiable, then C' = (Z,U U {=C},N) is satisfiable.

Proof of Lemma 17

From the axiomatisation of CL, the schema —[Al]false (L) is valid, for all coalitions .A.
Therefore, [A]false implies false. By classical reasoning, if a state satisfies C' = [A]false,
then the state also satisfies C' = false and therefore —C. [

Lemma 18 (RW2). LetC = (Z,U,N) be a coalition problem, such that C' = (A)false €
N. If C is satisfiable, then C' = (Z,U U {~C},N) is satisfiable.

Proof of Lemma 18

From the definition of the dual modality, we have that, for all coalitions 4, (A)false =
—[A]—false, which can be simplified to (A)false = —[A]true. Taking the contrapositive,
we obtain (1) [A]true = —(A)false. Note that (2) [A]true is valid (by T). From (1)
and (2), by modus ponens, we have that (3) —(A)false is valid. Therefore, if a state in a
model satisfies (4) C' = (A)false, by modus ponens applied to (3) and the contrapositive
of (4), we obtain —C, which is therefore also satisfied at the state. OJ

The following theorem shows that the application of inference rules is sound.

Theorem 2. Let C be a coalition problem. Let C' be the coalition problem obtained from
C by applying any of the inference rules IRES1, GRES1 CRES1-4 and RW1-2 to C.
If C is satisfiable, then C' is satisfiable.

Proof of Theorem 2
The proof that the calculus preserves satisfiability follows from the fact that each infer-
ence rule preserves satisfiability, as given by Lemmas 10 to 18. J

4.3 Termination

The proof that every derivation, as given by Definition 11, terminates is trivial and
based on the fact that we have a finite number of clauses that can be expressed. As the
number of propositional symbols after translation into the normal form is finite and the
inference rules do not introduce new propositional symbols, we have that the number
of possible literals occurring in clauses is finite and the number of conjunctions (resp.
disjunctions) on the left-hand side (resp. right-hand side) of clauses is finite (modulo
simplification). As the number of agents is finite, the number of coalition modalities
that can be introduced by inference rules is also finite. Thus, only a finite number of
clauses can be expressed (modulo simplification), so at some point either we derive a
contradiction or no new clauses can be generated.

Theorem 3. Let C = (Z,U,N) be a coalition problem. Then any derivation from C by
RES¢, terminates.
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4.4 Completeness

The completeness proof for RES¢, is based on the tableau construction given in [GS09].
A tableau is built from a coalition problem C and we show that an empty tableau corre-
sponds to an unsatisfiable coalition problem and that, in this case, there is a refutation
by the resolution method presented here. In particular, we show that the application of
the resolution inference rules to (sub)sets of clauses in a coalition problem correspond
to (some) applications of the state deletion procedure in the tableau.

In the following, we present the tableau procedure. The presentation will differ
slightly from [GS09], as we adapt the method to the particular normal form presented
in this paper. The only modification introduced in the method is that we start the con-
struction of a tableau from a set of formulae, instead of starting from a singleton set.
This leads to a different (but equivalent) definition for a successful tableau, i.e. instead
of checking if the input formula is part of any state of the resulting tableau, we check if
the input set of formulae is a subset of some state. We then show how we use this pro-
cedure in order to obtain a tableau corresponding to a coalition problem. Additionally,
as well as the set of clauses to be shown (un)satisfiable, the set of formulae, which is
the input for the tableau procedure and represents the coalition problem, also contains
a set of tautologies, which introduces as many literals as we need in the states of the
resulting tableau. This helps to identify which sets of clauses and inference rules used in
a derivation by the resolution method corresponds to a state deleted from the tableau.
This might affect the efficiency of the tableau method, but does not imply any changes
in the correctness proof of the method presented in [GS09].

Tableau In [GS09], a sound, complete, and terminating tableau procedure for testing
the satisfiability of a ATL formula is given. The procedure consists of three different
phases: construction, prestate elimination, and state elimination. During the construc-
tion phase, a set of rules is used to build a directed graph called pretableau, which
contains states and prestates. States are downward saturated sets of formulae, that is,
sets of formulae to which all conjunctive (o) and disjunctive (8) rules given in Tables 4
and 5 have been exhaustively applied. We note that we have extended the o and g rules
to deal with n-ary conjunctions and n-ary disjunctions, respectively. The rules given here
can be simulated by several applications of the rules given in [GS09]. Also note that in
a coalitional problem, there is no formulae of the form (X)¢ and the corresponding «
rule has been suppressed. Prestates are also sets of formulae, but they do not need to be
downward saturated; they are used as auxiliary constructs that will be further unwound
into states. In the prestate elimination phase, prestates are removed, leaving only states
in the graph; also, the edges are rearranged producing a directed graph called an ini-
tial tableau. The last phase removes from the tableau those states which contain either
patent inconsistencies (i.e. a formula and its negation) or do not have all the required
successors. In the following, we will give the technical presentation of this construction
restricted to the language of the next-time fragment of ATL, and refer the reader to
[GS09] for further discussions.

We note that in order to fully capture the semantic nature of a coalition problem
(Z,U,N), the clauses in U and N must be included in every state of the resulting
tableau. Instead of extending the tableau procedure for the next-time fragment of ATL,
by explicitly adding those clauses to states, we make use of the existing « rule for the
(®)) [ operator given in the tableau procedure for full ATL. We define CL™ to be the
language of CL plus the () [J operator. Intuitively, {(#)) [J¢ means that there is a run
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Table 5. S-rules

where ¢ always holds. Formally, a strategy Fy for 0 (or (-strategy) at a state s is given
by Fy({s}) € D(0,s). That is, a strategy for () corresponds to all successors of s. The
outcome of Fy at state s € S, denoted by out(s, Fy) is the set of all runs A such that
Ali + 1] € out(A[i], Fy(A[d])), for all ¢ > 0. Finally, given a model M, a state s € M, and
a formula ¢, (M, s) &= (@) (e if, and only if, there exists an (-strategy Fj such that
(M, A[i]) = ¢ for all A € out(s, Fy) and all positions ¢ > 0. The definition of positive
coalitional formula is now extended to a formula of the form [A]yp, where ¢ is a CLT
formula. Negative coalitional formulae and coalitional formulae are defined as before.

We note that formulae in the form of (@) [J always occur positively in the set of
formulae used in the construction of the tableau for a coalition problem. Also, as it is
clear from the procedure given below, the deletion rule for eventualities (formulae that
hold at some future time of a run), which is part of the full tableau procedure, is not
applied here and will not contribute to remove nodes from the tableau.

Before presenting the construction rules, we give two definitions that will be used
later.

Definition 13. Let A be a set of CLT formulae. We say that A is downward satu-
rated if A satisfies the following two properties:

— Ifae A, then {aq,...,an,} C A;
—IfBe A then py € A, or ..., or B, € A.

Definition 14. Let I and A be sets of CLY formulae. We say that A is a minimal
downward saturated extension of I' if A satisfies the following three properties:

- I'C A;
— A is downward saturated;
— there is no downward saturated set A’ such that I’ C A’ C A.

Construction Phase As mentioned, the construction phase builds a directed graph which
contains states and prestates. States are downward saturated sets of formulae. Prestates
are sets of formulae used to help the construction of the graph, in a similar fashion
to the tableau construction for PTL [Wol85]. There are two construction rules. The
first, SR, creates states from prestates by saturation and the application of fix-point
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operations, that is, by applications of a and 8 rules. We note that the set of « rules also
includes a rule for the ((0)) [J operator. The second rule, Next, creates prestates from
states in order to ensure that coalitional formulae are satisfied. There are two types of
edges: double edges, from prestates to states; and labelled edges from states to prestates.
Intuitively, the last type of edge represents the possible moves for the agents.

The construction starts by creating a prestate, which we call initial prestate, with
a set of formulae @ being tested for satisfiability. Then, the two construction rules are
applied until no new states or prestates can be created. SR is the first of those rules.

SR Given a prestate I" do:
(1) Create all minimal downward saturated extensions A of I" as states;
(2) For each obtained state A, if A does not contain any coalitional formulae, add
[Ygltrue to A;
(3) Let A be a state created in steps (1) and (2). If there is already in the pretableau
a state A’ such that A = A’, add a double edge from I" to A’; otherwise, add
A and a double edge from I" to A (i.e. I' = A) to the pretableau.

In the following, we call initial states the states created from the first application
of the rule SR in the construction of the tableau.

The second rule, Next, is applied to states in order to build a set of prestates, which
correspond intuitively to possible successors of such states. In order to define the moves
which are available to agents and coalition of agents in each state, an ordering over the
coalitional formulae in that state is defined. This ordering results in a list £(A), where
each positive coalitional formula precedes all negative coalitional formulae. Intuitively,
each index in this ordering refers to a possible move choice for each agent. The number
of moves, at a state A, for each agent mentioned in a formula ¢ € A, is then given by
the number of coalitional formulae occurring in A, i.e., the size of the list £(A). We
also note that, from the construction of a tableau, the list £(A) is never empty, as the
formula [X,]true is included in the state A if there are no other coalitional formulae in
A [GS09, Def. 4.2, item (3)].

Once the moves available to all agents are defined, they are combined into move
vectors. A move vector labels one or more edges from a state to its successors, which
are prestates in the tableau. The decision of which formulae will be included in the
successor prestate I of a state A by a move o, is based on the wvotes of the agents.
Suppose [A]p € A and that [A]y is the i-th formula in £(A). If all a € A vote for ¢, i.e.
the corresponding action for agent a is ¢ in o, then ¢ is included in I'". For (A)p € A,
the decision whether ¢ is included in I'" depends on the collective vote of the agents
which are not in A. We first present the Next rule [GS09, pages 3:22-3:23] and then
show an example of how a collective vote is calculated. We say a state A is consistent
if, and only if, {—true, false} N A = @) and for all formulae ¢, {¢, ~p} € A.

Next Given a consistent state A, do the following;:
(1) Order linearly all positive and negative coalitional formulae in A in such a way
that the positive coalitional formulae precede the negative coalitional formulae.
Let £(A) be the resulting list:

£(4) = ([Aoleo, - - -, [Am—1]pm—1, (Ag) o, - - -, (A1_1)11-1)

and let ro = |£(A)| = m+1. Denote by D(A) = {0,...,rA}**! the set of move
vectors available at state A. For every o € D(A), let N(o) = {i | o; > m} be
the set of agents voting for a negative formula in the particular move vector o.
Finally, let neg(c) = (Xien(0)(0i —m)) mod I.
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(2) For each o € D(A):
(a) create a prestate

I, ={¢i | [Ailp; € A and o, =1,Va € A;}
U{y; | (A))¢; € Aneg(o) = j and Zp \ A; € N(0)}

If Iy =0, let I'; be {true}.

(b) if I, is not already a prestate in the pretableau, add I, to the pretableau
and connect A and I', by an edge labelled by o; otherwise, just add an edge
labelled by o from A to the existing prestate I, (i.e. add A -7 I").

Let prestates(A) = {I' | A -2 T for some 0 € D(A)}. Let £(A) be the resulting
list of ordered coalitional formulae in A and ¢ € £(A). We denote by n(p, £(A)) the
position of a coalitional formula ¢ in £(A); if £(A) is clear from the context, we write
n(p) for short.

It is easy to see that the Next rule is sound with respect to the axiomatisation
given in Section 2.2. A prestate I, contains both positive coalitional formulae [A]p .4
and [B]pg only if AN B =0, because there can be no i € Yg such that o; = n([A]p.)
and o; = n([B]egr) for [Alpa # [Bles. Also, a prestate I', contains both coalitional
formulae [A]p4 and (B)pg only if A C B. If A € B, then there is A" C A such that
A" C ¥\ B C N(o). However, all agents in A vote for positive formulae; therefore they
cannot be a subset of N (o), which is the set of agents voting for negative formulae.

Let A be a state and (A)p € A be a negative coalitional formula. As mentioned
above, the decision whether ¢ is included in a prestate I" created from A depends on
the collective votes of the agents. Note that ¢ might be included in I" even if the agents
a € Xy \ A do not vote for (A)p. For instance, let Xg = {1,2, 3,4} be the set of agents
occurring in the set of formulae @, A be a state, £(A) = ([1]p1, (2)p2, (3)ps, (4)ps) be
the list of coalitional formulae in A, and consider the move vector (2,0,2,2). Agents in
{1,3,4} all vote for the negative formula (3)ps, whose index is 2. The collective vote is
given by ((2—1)+(2—1)+(2—1)) mod 3 = 0, that is, the agents collectively vote for
the first negative coalitional formula, (2)ps. As Xg \ {2} C {1, 3,4}, then ps is included
in the successor prestate.

Prestate Elimination Phase In this phase, the prestates (and edges from and to it)
are removed from the pretableau. Let P? be the pretableau obtained by applying the
construction procedure to the initial prestate containing the set @. Let states(I") = {A |
I' = A}, for any prestate I'. The deletion rule is given below.

PR For every prestate I" in P?:

1. remove I" from P?;
2. for all states A in P? such that A -7 I" and all states A’ € states(I") put
AT AL

The graph obtained from exhaustive application of PR to P? is the initial tableau,
denoted by T.
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State Elimination Phase In this phase, states that cannot be satisfied in any model are
removed from the tableau. There are essentially two reasons to remove a state A: it
contains an inconsistent set of formulae; or for some move o € D(A), there is no state
A’ such A %5 A is in the tableau. The deletion rules are applied non-deterministically,
removing one state at every stage. We denote by T,% 1 the tableau obtained from 7,2
by an application of one of the state elimination rules given below. Let S‘fm be the set
of states of the tableau 7,2.
The elimination rules are defined as follows.

— E1 If A is not consistent, obtain 7,2, from 7,2 by eliminating A, i.e. let S&,,; =
St (A},

— E2 If for some o € D(A), there is no A’ such that A = A’, then obtain 7,2, ,
from 7,2 by eliminating 4, i.e. let S& ., = S» \ {A};

The elimination procedure consists of applying E1 until all states that contain in-
consistencies are removed. Then, the rule E2 is applied until no states can be removed
from the tableau. The resulting tableau, called final tableau, is denoted by 72.

Definition 15. The final tableau T® is open if ® C A for some A € S*. A tableau
T2 m >0, is closed if & € A, for every A € S®.

As shown in [GS09], the tableau procedure for ATL is sound, complete, and termi-
nating. A set of formulae @ is unsatisfiable if, and only if, the final tableau for @, T2, is
closed. The overall complexity is O(221?11°81?1) where |®| is the sum of the sizes of the
formulae in @ being tested for satisfiability.

Graph Construction The completeness proof for RES¢, is similar to that in [FDPO01],
where a behaviour graph is used to show that the resolution-based method for PTL is
complete. A behaviour graph is given by a set of nodes, which correspond to states
(i.e. each of which is a maximally consistent set of propositional symbols occurring in
the translation of a formula into its normal form) and a set of edges, which intuitively
represents the temporal relation between states. The completeness proof consists of
showing that deletions in the behaviour graph correspond to applications of resolution
inference rules. If the graph is empty, a resolution proof can be provided. Otherwise, a
model can be constructed.

Instead of using a behaviour graph, the completeness proof for RES¢, is based on
the tableau built from the procedure given in [GS09] restricted to the next-time frag-
ment of ATL. Recall that a derivation, as given in Definition 11, is a finite sequence
Co,C1,Ca,...,Cy, of coalition problems such that C;y; is obtained from C;, 0 < t < n,
by an application of a resolution rule to premises in C;. Let ’7BC°, 76Cl , 7662, LTy be
the sequence of initial tableaux constructed from the coalition problems in the deriva-
tion. We denote by Tf" the tableau obtained from the initial tableau 7 " after the

deletion rule E1 has been exhaustively applied. We show that T_f" is closed if, and only
if, C,, contains a contradiction. The proof is by induction on the number of nodes of the
tableaux in the sequence Tfo, Tfl,sz, el Tf".

Firstly, we define the set of disjunctions that might occur in a coalition problem
C = (Z,U,N). We denote by Ilc the set of propositional symbols occurring in C, and
by Ac = He U {—p | p € Ilc} the set of literals that might occur in C. Let D¢ be

{simp(\,cpq1) | M € 24¢}\ {true, false}, where simp is defined by simp(D V1V
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—l) = true and simp(D V true) = true; in any other case, simp(D) = D, for any
disjunction D. Thus, D¢ contains any (non trivial) disjunction that can be formed by
either propositional symbols or their negations occurring in the coalition problem C.
For instance, if IIc = {p1,p2}, then D¢ = {p1, p2, —p1, P2, (p1 V p2), (p1 V —p2), (—p1 V
p2), (—p1 V —p2)}. Let the set of tautologies O¢ be {(DV -D) | D € D¢}.

The construction of a tableau for a coalition problem starts as follows. Let Cq =
(Zo,Uo,No) be a coalition problem. Let C; = (Z;,U;,N;) be a coalition problem in a
derivation from Cy. We construct the initial tableau 7561' for C; from a prestate containing
the following set of formulae:

{D| D e Z;}uU

{(u) LID" | D" e U;} U
{(0) D" | D" € Ni}u
{(u) LID™ | D" € Bc,}

The tautologies in O¢, are added in order to make available in the tableau all possible
disjunctions that might occur in the set of clauses, to identify the premises used in appli-
cations of the resolution inference rules, and to deal with subformulae occurring in the
scope of a coalitional modality. By doing so, we can ensure that tableaux corresponding
to coalition problems in a derivation will not grow in size. Also, after the deletion rule
E1 has been applied, every state in the tableau will contain a propositional symbol or
its negation, that is, a maximally consistent set of literals. Moreover, every state will
contain all disjunctions which are satisfied by that set of literals. Adding the tautologies
to the initial set of formulae might increase the size of the resulting tableau and, there-
fore, affect the efficiency of the tableau procedure. However, we are not concerned with
efficiency here, but with making available all information needed to relate the clauses
used in a derivation by the resolution method with the states built in the corresponding
tableaux. Obviously, as tautologies are satisfiable formulae, the resulting tableau will
depend only on the satisfiability of the transformation of the coalitional problem.

We note that global and coalitional clauses in DSNF¢, are in the scope of the universal
modality (@) []. This is needed in order to capture the semantics of coalition problems.
The next lemma shows that if a clause is in the set of either global clauses, coalitional
clauses, or in the set of tautologies for a coalition problem C, then it is in every state of
the initial tableau 7 for C.

Lemma 19. Let C = (Z,U,N) be a coalition problem. Let P€ be the pretableau for C,
S the set of states in PC, and RE the set of prestates in P¢. If o € UUN U O, then
the following holds:

1. p€ A, for all A e S°;
2. (0) Cle eI, for all I € RE.

Proof of Lemma 19
The construction of the tableau follows alternate rounds of applications of the rules SR
and Next.

(1) Assume that (@) [ ] is a formula in a prestate I of P¢. By an application of SR,
the states generated from any prestate are downward saturated. More specifically,
as this is a conjunctive formula, every state A generated from I" contains ¢ and
[0](0) . Thus, every state created from I' contains ¢.
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(2) Assume that A is a state that contains [@]{(@)) [ . Recall that by applying the Next
rule, if T, is a successor prestate generated from a state which contains [A,]p,, then
wp € I, if 04, = p for all @ € A. As this condition holds vacuously for the empty
coalition, every prestate generated from A contains () [e.

By construction, (@) [T, for all ¢ € UUN UBO, is one of the formulae of the initial
prestate. Therefore, from (1) and (2), by induction, all clauses ¢ € Y UN U O are in
every state created during the construction phase. Also, from (1) and (2), by induction,
{0) [ is in every prestate in PC. OJ

Lemma 20. Let C = (Z,U,N) be a coalition problem. Let TS be the initial tableau for
C and Sg the set of states in TC. If p EUUN UO, then ¢ € A, for all A € Sg.

Proof of Lemma 20

From Lemma 19, if o € & UN U O, then ¢ is in all states in the pretableau PC. After
the construction phase, the rule PR only removes prestates. Thus, all the states in the
initial tableau contain ¢. [

For technical reasons, we introduce some tautologies in the initial prestate during
the construction of a tableau for a coalition problem. Adding the set of tautologies has
the effect that every state in the tableau contains every possible disjunction that can be
built from propositional symbols (or their negations) which occur in a coalition problem.
In particular, disjunctions in the form of (I v —l), where [ is a literal, are in every state
of the tableau.

Corollary 3 Let C = (Z,U,N) be a coalition problem. Let PC be the pretableau for
C, SC the set of states in PC, and RE the set of prestates in PC. If 1 € Ac, then the
following holds:

1. (IV=l) € A, forall A e S;
2. () (VL) e, forall I' € RE and 1 € Ac.

Proof of Corollary 3
Immediate from Lemma 19 and the definitions of D¢ and O¢. [

Corollary 4 Let C = (Z,U,N) be a coalition problem. Let T be the initial tableau for
C and SS the set of states in TC. If 1 € Ac, then (1V =l) € A, for all A € Sg.

Proof of Corollary 4
Immediate from Lemma 20 and the definitions of D¢ and ©O¢. O

As O¢ contains tautologies of the form ((})) [](pV—p), for every propositional symbol
p occurring in C, every state of the tableau contains p or its negation.

Lemma 21. Let C = (Z,U,N') be a coalition problem, T be the initial tableau for C,
and SS the set of states in T . If p € Ilc, then either p € A or —p € A, for all A € 58.
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Proof of Lemma 21

By definition, p and —p are both in A¢. By Corollary 4, if I € A, then (I V —l) € A,
for all A € SS. Because states are downward saturated, either [ € A or =l € A, for all
AeSS. O

Moreover, after the deletion rule E1 has been applied, every state in the tableau
contains a maximal consistent set of literals.

Lemma 22 (Tautologies). Let T be the tableau for a coalition problem C = (Z,U,N')

and Si the set of states in Tf. Then every state of Tf contains a mazximal consistent
set of literals occurring in C.

Proof of Lemma 22

By Lemma 21, if [ € A¢, then either [ or =l is in A, for all A C Sg, where SS is the set
of states in 7. States containing both [ and —I for some literal | € A are deleted by
E1. Therefore, for all A € Si, A contains a maximal consistent set of literals. [J

Adding the tautologies also helps to show that the tableaux in the sequence corre-
sponding to a derivation do not increase in size. The conclusion of the resolution rules
are disjunctions that hold in the initial states (IRES1), in all states (GRES1, RW1-
2), or in a particular set of states (CRES1-4). The construction of the tableau requires
that S rules are applied to those disjunctions. In general, applications of S rules to
disjunctions have the effect of multiplying the number of successor states. However, ap-
plying B rules to the set of tautologies we introduced in the prestates create all possible
states as successors; thus, further applications of 5 rules to other disjunctions can only
have the effect of creating states which do not satisfy those other disjunctions. In the
following, we assume that o and § rules are applied in a particular order. This is not
important, in general, as the resulting sets of minimal downward saturated formulae is
the same independent of which order those rules are applied. However, the assumption
of a particular order in the application of a and [ rules simplifies the proof that the size
of the tableau corresponding to steps in the derivation does not increase, that is, that
we have [75°| > |77 > ... > |TE.

Let I" be a prestate and states(I") be the set of states created from I" by an appli-
cation of the rule SR. We denote by cons(I') C states(I") the set of consistent states
created from I, that is, cons(I') = {A | A € states(I") and A is consistent}.

Lemma 23. Let C; = (Z;,U;,N;) be a coalition problem. Let Ciy1 be the coalition
problem obtained from C; by adding a disjunction ¢ to the initial set of clauses, that is,
Cit1 = (Z; U{p}, Ui, Nj), where Ac, = Ac,,,. Let Sii and Si"“ be the set of states
in T_E and Tf”l, respectively. Then |Tf”1| < |T_f and for all A+ € Sii“ there is
ACi Sii, such that A% C ACi+1,

Proof of Lemma 23
Construct the pretableau PC for C;. Let IS be the initial prestate. Let states(Ily') =
{Agi, ..., A%} for some n € N, be the set of states created from FOCi by an application
of SR. Furthermore, let cons(I?) C states(I;*) be the set of consistent states in
states(I57).

We now construct the pretableau PC+! for C; ;. Let FOC "+ be the initial prestate of
PCi+1. Note that F()C”l = I U {p}, because T; 11 = T; U{p}, Ui = Ui, Niy1 = N,
and O¢, , = O¢,. Start the construction by first applying all the oz and /3 rules to those

i1
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formulae in FOC "1 that are also in I'. Because states are downward saturated and
Y€ I’OC"“, we also add ¢ to the sets created so far. At this point of the construction,
we have generated a set {Agi“, .. .,A,Cf“}, where every Aii“ = AS U {y}, for all
0 < k < n. Note that the number of sets of formulae created so far is exactly the
same as the number of states created from I OC ‘. as the same rules were applied in the
same order and we only added a formula ¢ to those sets. Take Ai" in states(I g .
If Aii ¢ cons(I§), then Aii“ is not consistent either and any attempt to expand

Ag”l will result in an inconsistent state that will be later removed by E1. Assume
Ag" € cons(Fg"'). As ¢ is a disjunction, by Lemma 19, Ai contains (¢ V ), which is
a formula in O¢,. Because states are downward saturated, Ai contains either ¢ or —.
Therefore, sets Aii“ = A% U {p} containing both ¢ and - will be later eliminated
by rule E1. Assume Aii“, for some 0 < k < n, contains ¢, but not —¢. We apply the

B rule to ¢ and try to expand Aii“. We note that, in fact, the 8 rule is applied to all
states, not only those which are consistent, but again whatever way we try to expand an
inconsistent state will result in inconsistent states that will be later removed by E1. Let
pbely V... Vi, for some m € N. If m = 0, then ¢ is the empty disjunction (false) and
no more rules are actually applied. Therefore, no other states are created from Fg o
(as a matter of fact, the resulting tableau is closed, as every initial state contains false
and is eliminated by E1). If m > 0, we apply the g rule to ¢. By Corollary 3, every
state Ag“l contains [ V I, for all literals in A¢,,, = Ac,. By construction, every state
is downward saturated. Therefore, every state contains ; or —i;, for 1 < j < m. Choose
any l;, 0 < j < m, and try to expand Aii“. If Agi“ already contains [;, we do not need
to add anything to the state and we have that AL+ = A% If AS*! does not contain
l;, then it must contain —l;; thus, adding /; results in an inconsistent state which will be
later removed by an application of rule E1. Therefore, the application of the [ rule to
® in a state Aii“ can only contribute to create new states that contain inconsistencies.
That is, cons(FOC’“) C cons(I§"). Moreover, for all Ai”l € cons(l}f”l)7 there is
AS € cons(IS1), such that AY* C Ai”l.

Overall, the application of SR to Foc'i“ results in a set of states states(Foci“) with
|states(F0Ci“)| > |states(I'$")|. However, for the set cons(Foc”l) - states(f’oci“) of all
consistent states, we have that |cons(FOCi+1)| < |cons(I§)|.

As ¢ is in Z;41, then ¢ is in the initial prestate and in all initial states of the
pretableau PC¢i+1. However, as ¢ is a propositional clause, the constructions of PCi+
and PC differs only at the first application of SR. The applications of Next and SR
that follow remain the same. Firstly, the application of the Next rule depends only on
clauses that are in the scope of [A] for some coalition A. Secondly, further applications
of SR depend on prestates created by Next, which is not affected by the inclusion of ¢
in the initial states. Therefore, for the remaining of the construction, we have that

U states(I'°") = U states(I'Ci+1).
Fctepci\pgi Fci+1 EPci‘H \FoCHl
Obviously, the sets of consistent states created from prestates in I'¢1 € PCi \ T, Oc “ and
I'Civ1 g plita \FOC'“rl are also the same in 7% and Tfi“. As the deletion rule PR only

removes prestates and because the remainder of the construction of PCi+! is exactly
as in the construction of PC after exhaustively applying E1, the number of states in
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’Tfi“ cannot be greater than the number of states in 7*. Thus, |T_fi“\ < |TE7. As
S = Urepc, cons(I") and Si‘“ = UpCiniepCin cons(I'“i+1), we have that for all
ACi+1 ¢ Si’“ there is A€ e Sii, such that A€ C ACi+1 O

Lemma 24. Let C; = (Z;,U;,N;) be a coalition problem. Let Ciy1 be the coalition
problem obtained from C; by adding a disjunction ¢ to the global set of clauses, that is,
Cit1 = (Zi,U; U{p}, Ny), where Ac, = Ac,,,. Let 8§ and Si"“ be the set of states
in Tf and Tfi“, respectively. Then |7fi+1 < |Tf and for all AC+1 € Si“l there is
ACi e Sii, such that A% C ACi+1,

Proof of Lemma 24
Construct the pretableau P¢ for C;. Let I} g i be the initial prestate in PC and let
states(Fg") = {Agi, ..., A% for some n € N, be the set of states created from Foci by
an application of SR.. Furthermore, let cons(I'$?) C states(Is*) be the set of consistent
states in states(I5?).

We now construct the pretableau PCi+! for C;yq. Let ng“ be the initial prestate
of PC+1. Note that I“Oci+1 = I$ U {(0) [}, because Ziy1 = Ty, Uip1 = U; U {e},
Niv1 = Ny, and Oc¢,,, = Oc¢,. Start the construction by first applying all the o and
B rules to the formulae in I g “* which are also in I OC . Because states are downward
saturated and {(0) [T € ng“, we also add (@) (e, ¢, and [0]{0) [J¢ to the sets
of formulae created so far. At this point of the construction, we have generated a set
{ASHY . ASHY where every AV = AU {(0) [, o, [01(0) [}, for all 0 <
k < n. Note that the number of sets of formulae created so far is exactly the same as
the number of states created from FOC i  as the same rules were applied in the same order
and we only added formulae to those sets. Take A" in states(IS*). If ASt ¢ cons(IS7),
then Ag“l is not consistent either and any attempt to expand Aii“ will result in an
inconsistent state that will be later removed by E1. Assume AS' € cons(I5). As ¢ is
a disjunction, by Lemma 19, Ai" already contains either ¢ V =, which is a formula in
Oc,. By construction, every state is downward saturated. Therefore, Aii contains ¢ or
—. Therefore, sets AS = A U {(0) [, o, [01(0) [} containing both ¢ and —p

will be later eliminated by rule E1. Assume Aii“, for some 0 < k < n, contains ¢, but

not —p. We apply the 3 rule to ¢ and try to expand Ai”l. We note that, in fact, the 3
rule is applied to all states, but whatever way we try to expand an inconsistent state will
result in inconsistent states that will be later removed by E1. Let ¢ be i1 V...V l,,, for
some m € N. If m = 0, then ¢ is the empty disjunction and no more rules are actually
applied. Therefore, no other states are created from I g ‘1 (as a matter of fact, the
resulting tableau is closed, as every initial state contains false and is eliminated by E1).
If m > 0, we apply the 8 rule to . By Corollary 3, every state Aii“ contains [V -, for all
literals in A¢,,, = Ac,. By construction, every state is downward saturated. Therefore,
every state contains [; or —l;, for 1 < j < m. Choose any [;, 0 < j < m, and try to
expand AL IE ASH contains [, we do not need to add ;. If AY** does not contain
l;, then it must contain —l;; thus, adding /; results in an inconsistent state which will be
later removed by an application of rule E1. Therefore, the application of the g rule to ¢
at the initial prestate can only contribute to create states that contain inconsistencies.
That is, |cons(f’oc"“)| < |cons(I§")|. Moreover, for all Aii“ € cons(Foci“)

A € cons(IT§"), such that AF' C AL = AR U {(0) L, ¢, [0](0) L}

, there is
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Overall, the application of SR to F()Ci“ results in a set of states states(Foci“) with
|states(]“oci“)| > |states(I'$7)|. However, for the set cons(]“oci“) - states(f’gi“) of all
consistent states, we have that |cons(1“§i“)| < |cons(I$7).

As Nii1 = Ny, the set of prestates created from a state ACi+1 € PCit1 is like the set
of prestates created from AC € PCi  except that we add ((#)) [ to the formulae used
in the construction of the set of successor prestates. As ¢ is in the scope of (@) [J, from
the definition of the Next rule, ¢ is added to all created prestates. Take any prestate
created from AC:. By reasoning as above, the addition of ¢ to a prestate in PCi+1
can only contribute to create states that contain inconsistencies and that will be later
removed by applications of the rule E1. Therefore, in this step of the construction we are
not adding any consistent states either. Therefore, for the remaining of the construction,
for all Ai”l € cons(ICi+1), with ['Ci+1 € PCiti \Fg”l, there is AS € cons(I'C) with
I e pCi \ng, such that Ai" - Aii“.

By induction on the steps of the construction, all added states are inconsistent. As
PR only removes prestates, after exhaustively applying E1, the number of states in
Tfi“ cannot be greater than the number of states in Tf Thus, |7fi“\ < |7jﬁj . As
SS = Urepe,; cons(I') and Si“’l = Uprcipicptina cons(I'®+1), we have that for all

ACi+ ¢ SS_“” there is A € 8, such that ACi C ACi+1, [

The next lemma shows that the right-hand side of a coalitional formula holds where
the left-hand side holds. We need this in order to identify the sets of clauses which
contribute to finding a contradiction.

Lemma 25. Let C = (Z,U,N) be a coalition problem and C = D be a clause in N,
where C =11 A ... Al,, for somen > 0. Let TC be the tableau for C and A a state in
7'f. If{la,...,l,} C A, then D € A.

Proof of Lemma 25

If C = Disin N, then by Lemma 20, C = D is in every state of 7€. If n = 0, then C is
the empty conjunction (true). Because A is downward saturated, it must contain either
—true or D. As states containing —true are removed by applications of E1, A must
contain D. If n > 0, assume {lp,...,l,} C A. As states are downward saturated, by
applications of the 8 rule to C' = D, every state contains either a literal in {—ly,...,—l,}
or D. If for any I;, 0 < j < n, we had that [; € A, then A would be inconsistent and,
therefore, A would have been removed from the tableau Tf Therefore, as A € T_E, we
have that D € A. O

Note that if D is the right-hand side of any other coalitional clause than C' = D, then
D might also occur in states where none of the literals in C' is satisfied. The lemma
above shows that applications of the rule SR to coalitional clauses do not increase the
number of states during the construction phase. The next lemma shows that the size of
the tableaux in the sequence corresponding to a derivation does not increase by adding
implications to the set of coalitional clauses.

Lemma 26. Let C; = (Z;,U;,N;) be a coalition problem. Let C;y1 be the coalition
problem obtained from C; by adding a formula ¢ = 1 to the global set of clauses, that
is, Civ1 = (L5,Us, N U {p = ¢}), where A¢, = Ac,., and where X¢, = X¢, . Let Sii
and Si”l be the set of states in Tf and ’TOC"'“, respectively. Then |T+C”1| < \’T_f
for all A+ e Sii“ there is AC: € ng, such that A% C ACi+1,

and
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Proof of Lemma 26

Construct the pretableau PC for C;. Let I'S* be the initial prestate. Let states(I}y') =
{Agi, ..., A%}, for some n € N, be the set of states created from FOC" by an application
of SR. Let cons(f‘gi) - states(]“gi) be the set of consistent states in States(F()Ci).

We now construct the pretableau PC+ for C;y;. Let Fg”l be the initial prestate
of PCut1. Note that TS = IS U {(0) D(p = 1)}, because Tisr = T, Uss1 = Us,
Niy1 = NiU{e = ¢}, and O¢,,, = Oc,. Start the construction by first applying
all the o and B rules to the formulae in I'§* which are also in I’g ‘1. Because states
are downward saturated and () [J(p = ¢) € I’g"“, we also add () (e = ),
© = 1, and [0](0) [1(¢ = ) to the sets of formulae created so far. At this point
of the construction, we have generated a set {Agi“, e Aff“}, where every Aii“ =
ASTUL(0) CI(p = ¥),0 = ¥, [01(0) [I(p = )}, for all 0 < k < n. Note that the
number of sets of formulae created so far is exactly the same as the number of states
created from I OC . as the same rules were applied in the same order and we only added
formulae to those states. Take AS' in states(I§7). It AS* ¢ cons(I'S*), then Ai”l is not
consistent either and any attempt to expand Aii“ will result in an inconsistent state
that will be later removed by E1. Assume Aii € cons(I OC ). We now apply the 8 rule
to ¢ = v in Ag”l. Let ¢ be Iy A ... Al,, for some m € N. As states are downward
saturated, they contain either one of the literals in {-ly,..., =l } or ¢. By Corollary 3,
every state Aii“ contains [V —l, for all literals in A¢,,, = A¢,. By construction, every
state is downward saturated. Therefore, every state contains I; or —l;, for 1 < j < m.
Choose any —l;, 0 < j < m, and try to expand Ai’”’l. It Ai’”’l contains —/;, we do not
need to add —l;. If Ai”l does not contain —l;, then it must contain [;; thus, adding
—l; results in an inconsistent state which will be later removed by an application of rule
E1. Moreover, by Lemma 25, v is included in every Ai that contains all the literals
in ¢ and no new consistent states are created. That is, \cons(Foc”l)| < |cons(I§)
Moreover, for all Ag”l € cons(]“é:’”’l)7 there is AY" € cons(I§7), such that A" C
AT = A UL() Dl = ¥), 0 = ¥, [0140) T (e = ¥)}.

The above corresponds to the first application of the rule SR. Again, the appli-
cation of SR to ng“ results in a set of states states(Foci“) with |states(]“0ci+1)| >
|states(I'S")|. However, for the set cons(Foci“) - states(]“gi“) of all consistent states,
we have that |cons(FOCi+1)\ < |eons(I'$?)|. We now apply the Next rule to states in
PCi+1 and show that further applications of SR will not contribute with new consistent
states in PCi+1,

Let Aii“ be a consistent state which contains . If ¢ € Ai’i (for instance, because it
is the right-hand side of another coalitional clause whose left-hand side is also satisfied
in Ai"), then the prestates created from Agi“ are exactly as the prestates created
from Ag", except for the clause related to ¢ = 1 in ANy, that is, if I" is a prestate
created from Ai"', then I = I'U {{(0) (I (¢ = ¢)} is a prestate created from Ai”l.
Thus, |prestates(Aii“)| = |prestates(A%)| and for all I' created from A% there is
a prestate I created from Aii“ such that I" C I"”. Moreover, as {(0) [J(p = )
is an « formula, if A is a state created from a prestate I' in prestates(Agi), then A’
created from the prestate I = I'U{((0)) [1(¢ = )} is such that A" = AU{(0)) [1(¢ =
), = ¥, [0]{(0) [J(p = ¢)}. Reasoning as above, no new consistent states are created

from further application of SR to prestates created from Aii“ = Agi U {0y (e =
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V), = U, [01(0) (e = )}, if & € AL, That is, for all I” € prestates(Aii“), such
that ¢ € Ai", we have that |cons(I")| < |cons(I")|, where I" € prestates(Agf‘).

Ifyv & Aii, then let m and [ be the number of positive and negative coalitional
formulae in Aii, respectively. From Aii, a set of prestates {Flci, .. .,chi}, for some
p € N is created by application of the rule Next. In particular, there is a prestate,
say I'f", which contains only the clauses in {¢/ | ¢’ = [0]¢/ € N; and AV |= ¢/} U
{D,{0) OD | D eU;UN;UB¢,}. This particular prestate exists because in the initial
set of formulae we have a clause as, for instance (@) []1(I V —l), for some literal | € A¢,,
which cannot occur in A/; since the normal form requires that all disjunctions are kept
in their simplest form. As (@) [1(I v =) is in the initial set of formulae, by Lemma 19,
[@](@) CI(Lv ) is in every state of the pretableau. Say the position of [@](@)) [1(1V —i)
in E(Aii) is 0. Then by applying the rule Next to Aii, we create a prestate I, with
o, = 0 for all a € X¢, where no other formulae are added, besides the tautologies and
the formulae in the scope of either (@) [] or [0].

The right-hand side of a coalitional clause is a positive or a negative coalitional
formula. If ¢ is of the form [A]x (resp. (A)x), then the number of positive and negative

.. . Ci
coalitional formulae in A,

are m + 1 and [ (resp. m and [ + 1), respectively. From
Aii“, a set of prestates {Flci+1 . 7Fqc”l}, for some g € N, is created. Now, note that
there must be a prestate, say Flc 1 which is like I'°*, but where the formulae related
to ¢ = 1 in C;;1 are added, that is, Flci“ contains only the formulae in {¢)' | ¢ =
[0y € N1 and A = @'} U{D, (0) (D | D €U UN ;11 UOg,}.

If A = (), as formulae in the scope of [()] are all in Flc ‘1 we add to the pretableau the
edges Aii“ = Flci“, for all o. Note that in this case we also have that prestates created
from Ai"“ are exactly as the prestates created from Ai"’, except for the formulae related
to ¢ = v in N,11, that is, if I" is a prestate created from Ai", then I created from
Ai”l is I = DU{{0) LI(p = ¢),x} Thus, |prestates(Ai”1)\ = |prestates(AS")
and for all I' created from Ag’i there is a prestate I created from Ai’”’l such that
I’ C I'". Reasoning as in Lemma 24, the addition of a formula in the scope of (@) []
has no effect on the number of states created from I"” compared with the number of
states created from I', as we only apply an « rule to such a formula; also, as we are
adding a propositional disjunction to a prestate, reasoning as above, further application

of SR to I" will not increase the number of states created from I in 7’fi“, that is,
|cons(I'")| < |cons(I')| and for all A" € cons(I"”), there is A € cons(I"), such that
A" =AU{(0) e =), 0 =, [01(0) T = ¥), ¥, x}-

Note that there is no coalitional clause of the form ¢ = (A)x, where A = X¢ |,
because the transformation rule 7x_ rewrites such formulae as ¢ = [0]x and because
the applications of CRES3 cannot produce a resolvent where there is a formulae in the

scope of (Xe,, ). So, we do not need to treat this case here.

If A# 0 (resp. A # X¢,.,), then a prestate, say Fi_ﬁ (resp. FZC_Hl), containing

x (and possibly other formulae) might be created. We add the prestate and the edges

AGH T IO where o4 = mA1 (resp. Ay 75 Flﬁfl, where X¢, ,\\A C N(o) and
neg(o) =1+ 1) to the pretableau. Note, however, that as x € D¢,, by Lemma 19, every

state created from I 1C 1 contains (y V —x); as states are downward saturated, every
state contains either x or —x. Therefore, a state containing x and all other disjunctions

that might be included in Ffﬂfi (resp. Flc_;fl) has already been created by applications

of SR to Flc “+* and it is not added to the pretableau. Instead, we add double edges from
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FSLH (resp. FICJJI) to the already existing states. If  is the empty disjunction some new
states are created, but all of them contain an inconsistency and will be removed later
by the rule E1. Again, if I" is a prestate created from Agi and I" is a prestate created
from Aii“ we have that |cons(I")| < |econs(I")|. Also, for all A" € cons(I"”), there is
A € cons(I), such that either A" = AU{{(0)) LI(¢ = ¢), ¢ = ¥, [0](0) (e = )}
(it is as before) or A" = AU {{(0) [I(¢ = ¥), ¢ = ¢, [0]{0) [1(¢ = ), x} (it has the
formula in the scope of [A] or (A) included in the state).

Overall, the inclusion of either positive or negative coalitional formulae in a state
Ag"“ might add to the number of prestates, but not to the number of consistent
states which are the successors of Aii, that is, we might have |prestates(Ai"'+1)| >

|prestates(Ai'i )|, but

| U cons(I")| <] U cons(I')].

F/Eprestates(Ale) Feprestates(ASi)

As prestates are removed from rule PR, they have no effect on the size of the tableau.

By induction on the steps of the construction, all added states are inconsistent. As
PR only removes prestates, after exhaustively applying E1, the number of states in
Tfi“ cannot be greater than the number of states in 7. Thus, |7fi“\ < |TE. As
SS = Upepe, cons(I') and Si““l = Urcipicptina cons(I'%+1), we have that for all

ACi+ ¢ SS_“” there is A € 8, such that ACi C ACi+1, [

From the lemmas above, if a coalition problem C;; is obtained from C; by an ap-
plication of any of the resolution rules presented in Section 3.2, the size of the tableau
for C;41 is not greater than the size of the tableau for C;, after the rule E1 has been
applied.

Theorem 4. Let Cy,...,C, be a derivation and T_f'i be the tableau for C;, 0 <1 < n,
after the E1 has been exhaustively applied. Let Sii and Sii“ be the set of states in Tf’
and Toc'i“, respectively. Then |7f°\ > ... 2> |Tf"| and for all AC+1 € Sii“ there is
ACi e Si", such that A% C ACi+1,

Proof of Theorem 4

By the definition of derivation, C;; is obtained from C; by either adding a clause to Z;,
U;, or N;. By Lemmas 23, 24, and 26, including a clause in any of those sets does not
increase the size of the tableau after the rule E1 has been exhaustively applied. Thus,
17| > ... > |TE"|. By the same lemmas, for all AC+1 € SS*! there is A% € ST,
such that A€ C ACi+1. O

We present two results that will be used later in the completeness proof for RES¢, .
Theorem 5 ([Rob65] (completeness)). If S is an unsatisfiable set of propositional
clauses, then there is a refutation from S by the resolution method, where the inference

rule RES is given by {(D V1),(D'Vv=l)} - (DV D).

Theorem 6 ([GS09] (soundness and completeness)). A set of formulae ® in ATL
is unsatisfiable if, and only if, the final tableau for &, T2, is closed.
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The inference rules IRES1 and GRES1 together correspond to classical resolution
as given in [Rob65]. The next lemma shows that if the propositional part of a coalition
problem is unsatisfiable, then there is a refutation using only the inference rules IRES1
and GRESI1.

Lemma 27. Let C = (Z,U,N) be a coalition problem. If T UU is unsatisfiable, there is
a refutation for TUU using only the inference rules IRES1 and GRES1.

Proof of Lemma 27
If ZUU is unsatisfiable, by Theorem 5, there is a refutation from ZUU by the resolution
method. Let Cy, . ..,C.,, with n € N, be a sequence of sets of propositional clauses, where
0 =ZUlU, false € C,,, and, for each 1 < i < n, Cj,, is the set of clauses obtained
by adding to Cj the resolvent of an application of the classical resolution rule RES
to clauses in C;. We inductively construct a refutation Co,...,C, for C = (Z,U,N) as
follows. In the base case, Cyg = C. For the induction step, let Cy,...,C; be the derivation
already constructed. In Cy, ..., C;,C;, |, we obtained (DV D’) by an application of RES
to (D V1) and (D’ V =l) € C,. As clauses in C} are in Z; UU,, we say that a clause D
originates from Z; (resp. U;), if D is in Z; (resp. U;).

— If (DVI) € C; originates from a clause in Z; and (D’'V~-l) € C; originates from a clause
in Z, UU,;, then let C;11 = (Z; U{DV D'}, U;,N;), where DV D’ is obtained by an
application of IRES1 to (D V1) and (D’V=l) in C;, and we have C;_; = Z;41 Ul 41;

— If both (D V1) and (D’ V =l) in C; originate from clauses in U;, then let C;1 1 =
(Z;,U; U{DV D'}, N;), where DV D' is obtained by an application of GRES1 to
(D V1) and (D'V =) in C;, and we have C;; = Zip1 Uld;41.

By construction, false € C), thus there is a refutation in RES¢, using only the
inference rules IRES1 and GRES1. [J

Lemma 28. Let C = (Z,U,N) be a coalition problem and T_f be the tableau for C. If
T_E is closed, then T UU is unsatisfiable. Moreover, there is a refutation from C which
uses only the inference rules IRES1 and GRES1.

Proof of Lemma 28

If Tf is closed, all initial states have been eliminated by E1, that is, all initial states
contain propositional inconsistencies. By Lemma 20 if o € U/ UN U O¢, then ¢ € A, for
all A € 7€ and, therefore, ¢ is in every initial state. By construction, if ¢ € Z, because
@ is in the initial prestate and states are downward saturated, then ¢ is in all initial
states. Thus, if all initial states are inconsistent, by Theorem 6, we have that

AN prn AN oan AN (=CcvDH)n N\ D"
pel D ecld (c=D")eN D" € ©¢
is not satisfiable. As A .., o oc D" is valid, we have that
A oA AN DA A\ (=CvD")
pel Del (c=>D"y e N

is unsatisfiable. By Lemma 25, D" on the right-hand side of a coalitional clause C' = D"
holds where C holds. Therefore,
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(N o~ AN DA A -OV(A\ pan A DA A cn A DY)

peZl Del (c=D") e N pel Dpeld (c=pmeN (c=peN

is not satisfiable. Now, there is no formula in any state which is the negation of a coalition
modality because of the particular normal form we use here. Thus, as A (c=prye N D"

is not propositional, it cannot contribute directly to deletion of the initial states (by
E1). Therefore,

(N oA AN DA AN —OOvV(A DA N\ DA N\ O

pel D eld (c=D")eN Del D ecld (c=D") e N

is unsatisfiable. By distribution, we have that

(AN oA A\ DOAC A -cv A O

pel D eld (c=D"eN (c=D")eN

is unsatisfiable. As (/\(C:>D,,) e N OV /\(C:>D,,) c N C)) is a tautology, by semantics
of conjunction, we have that:

/\ DA /\ D’
Del D eld

is unsatisfiable. By Lemma 27, there is a refutation from C = (Z,U, N') which uses only
the inference rules IRES1 and GRES1. O

Next we prove that RES¢| is complete. That is, given a unsatisfiable coalition prob-
lem, there is a refutation for it.

Theorem 7. Let C = (Z,U,N) be an unsatisfiable coalition problem. Then there is a
refutation for C using the inference rules IRES1, GRES1, CRES1-4, and RW1-2.

Proof of Theorem 7
Let C = (Z,U,NN) be an unsatisfiable coalition problem. Firstly, if C is unsatisfiable, by
Theorem 6, we have that 7 is closed. Obviously, if C is unsatisfiable, every coalition

problem C = Cy, ... in a derivation, is also unsatisfiable. We show that if C is unsat-
isfiable, then we can inductively construct a refutation C = Cg,...,Cpp, m € N. By
Theorem 4, we have that |Tf°\ >...> |Tf and we show that Tf is closed, that is,
that the application of the resolution rules in the derivation C = Cy,...,C,, correspond
to deletions of states in the corresponding tableaux T_f“, .. ,7f"".

For the base case, C contains either false or a patent inconsistency. In the first case,
Tf" is closed, no states are further deleted, and by Lemma 28, C = C, is a refutation
for C. In the second case, if {p,—p} € Z, then Lemma 28 also ensures that there is a
refutation for C which uses only the inference rules IRES1 and GRES1.

Assume 7f° is not closed. Let C = Cy, ...,C; be a derivation and C; be the coalition
problem obtained after the inference rules IRES1 and GRES1 have been exhaustively
applied. Let Tf be the tableau for C; after the deletion rule E1 has been exhaustively
applied.

If Tf is closed, by Lemma 28, C = Cy, ...,C;, m = i, is a refutation for C which uses
only the inference rules IRES1 and GRESI1.
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If 7'f is not closed, then, by Theorem 6, the final tableau 7¢ for C; must be closed,
as the tableau procedure is complete. Therefore, there must be a state in Tf’i that can
be deleted by an application of the deletion rule E2. Let A be the first state to which E2
is applied. By the definition of E2, A is deleted if there is move vector o € D(A) such
that there is no A’ with A -7+ A’ Let £(A) be the ordered list of coalitional formulae
in A and let n(y) be the the position of ¢ in £(A). From Lemma 20, global clauses and
tautologies are in every state. By Lemma 25, the right-hand side of coalitional formulae
are in the states where the left-hand side is satisfied. Therefore, by Lemmas 20 and
25, and by the definition of the rule Next in the tableau construction, which gives the
set of prestates that are connected from A by an edge labelled by o, we obtain that
A’ is one of the minimal downward saturated sets built from U; U O¢, U{D’" | C' =
[A]ID" € N;;A = C and 0, = n([A]D’), foralla € A}U{D" | C" = (A)D" €
Ni, A C" 5, \ A C N(o) and neg(c) = n((A)D")}. If A’ is not in 75", it must
have been deleted by an application of E1, because A is the first state being deleted by
E2. Therefore, by the definition of E1, A’ contains propositional inconsistencies. Thus,
as tautologies are valid formulae,

A\ DA A D' A N D"

Ded; C’' = [A]D' € N; C” = (A)D" e N;
AEcC AEC”
oo = n([A]D’), for alla € A e, \AC N(o)

neg(o) = n({A)yD"")

is unsatisfiable. As this corresponds to a propositional set of clauses, by Theorem 5 there
must be a refutation by the resolution method for this set. Let Cy,...,C.,, with n € N,
be a sequence of sets of propositional clauses, where C/, contains the constant false, C;,
is given by the set of clauses above and, for each 1 < j < n, C;‘—s—l is the set of clauses
obtained by adding to C; the resolvent of an application of the classical resolution
rule RES to clauses with complementary literals in C;-. We inductively construct a
derivation C;, . ..,Cms, with m’ € N, such that C,,,, contains either a clause of the form
C = [A]false or C = (A)false, where C is a conjunction and A is a coalition. In
the base case, Co = C. For the induction step, let C;,...,C; be the derivation already
constructed. In Cy, ... ,C;, ;'+17 we obtained (D Vv D’) by an application of RES to
(D V1) and (D"V =l) € C;. As clauses in Cj are in either U; or are the right-hand side
of a coalitional clause in NV;, for 1 < 5 < n and 1 < i < m/, we say that a clause
D originates from U; (resp. N;), if D is in U; (resp. C = D is in N;). The possible
derivations in RES¢| are as follows:

1. If D v [ originates from a clause ¢’ = [A](D V1) € N;1; and D’V -l originates
from a clause C” = [B](D' V ~l) € N4, by soundness of the tableau procedure
we have that ANB = 0; let C;tj11 =Ciy; U{C'ANC" = [AUB|(D V D')}, where
C'NC" = [AUB](DV D) is obtained by an application of CRES1 to C’ = [A](DVI)
and C"" = [B|(D Vv —l);

2. If (DVI1) €U,y and (D’ V —l) originates from a clause C' = [A](D’' V ) € Ny,
then let C;1 41 = Ciy; U{C' = [A](D V D)}, where C’' = [A](D Vv D’) is obtained
by an application of CRES2 to D VI and C' = [A](D’ v —l);

3. If D Vv originates from a clause C' = [A](D V) € N4, and D'V =l originates
from a clause C” = (B)(D' V =l) € Ni4;, by soundness of the tableaux procedure,
we have that A C B; let Ciyjr1 = Cip; U{C' AC" = (B\ A)(D Vv D’)}, where
C'NC" = (B\A)(DVD’) is obtained by an application of CRES3 to C’ = [A](DVI)
and C” = (B)(D' v =l);
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4. f DV € Uy; and D'V —l originates from a clause C" = (A)(D' Vv —l) € Ny,
then let C;yj41 = Ciy; U{C" = (A)(DV D')}, where C' = (A)(D V D’) is obtained
by an application of CRES4 to D V[ and C’ = (A)(D' Vv —l).

Thus, there is a derivation Cj, . . ., C; . ,,, which uses only the inference rules CRES1-4
and, by construction, either [A]false or (A)false are in C; .

If Ae T_fi has been removed by E2 during the deletion phase in the construction
of Tf, then there is a derivation C;,...,C;yn, using the the inference rules CRES1-
CRES4, such that either C = [A]false or C = (A)false are in C;ip,. Let Cippni1 be
the coalition problem obtained from C;1,, by adding the result of RW1 (resp. RW2)
applied to C' = [Al]false (resp. C = (A)false) in C,1,, that is, if C = lp A ... Alp,
p € N, we have that U; 1,41 = U1, U{=lo V...V l,}. Note that, because A € Tfi, A
is consistent. Also note that the applications of CRES1-4 only add coalitional formulae
to the tableaux 75Ci, ey 7'06“’". From the proof of Lemma 26, the construction rules
applied to A only affect the states created from (prestates created from) A. Note,
however, that for all ’7E)Cj, for i < j < mn + 14, there is a state A” € %Cj which is
exactly like A, but which might contain clauses related to the resolvents from CRES1-
4. Recall that if the application of CRES1-4 result in a coalitional clause ¢ = 1,
then A” = AU {(0) (I(¢ = ¥),¢ = ¥, [0](0) [1(¢ = ¥)}. As those clauses do
not occur negated in the set of clauses, we have that A” € Si"*”. As A C A", if
A E C, then A” = C. As RW1 (resp.RW2) adds a disjunction to the set of global
clauses, by Lemma 24, there is A" in Sg”"“, such that A” C A”. By Lemma 20, as
—lo V...V ~l, € Uitnt1, all states in Tf”"“ contain =g V...V l,. Now, as A” = C
and A" contains —ly V...V =l,, A" & Tf”"’“, that is, A" is not consistent. Finally,
by Theorem 4, for all states s’ in T+C"'+"+1 there is a state s in Tf”", such that and
s C s'. However, there is at least one state in 7'fi+", namely A” &= C, for which there
is no consistent state A" € Tf””“ such that A” C A", as states that satisfy C are
removed by E1 from Tfi“. Therefore |Si7"+1| < |8$

Summarising, an application of RW1 (resp. RW2) to C' = [A]false (resp. C' =
(AYfalse) in Cjtp, adds =C to U;ynt1 in Ciyny1, the next coalition problem in the
derivation. Thus, states that satisfy the left-hand side of clauses that lead to deletion of
A’ by E2 in the tableau for C; will be removed by E1 from tableau Tf””“. This shows
that if a state A does not have all needed successors, there is some inconsistency at
the propositional level of one of its successor, A’, and applications of the inference rules
RW1-2 correspond, therefore, to the elimination of the states A” such that A C A” in
7’ft+n+1 .

From the above, every application of E2 can be simulated in RES¢,; by a derivation
using IRES1 and GRES]1, followed by a derivation using CRES1-4, and an application
of either RW1 or RW2. As there is no state like A in 7'f”"“, if 7'_5”"“ is not closed,
we inductively apply the same steps above, removing states which have not all required
successors at each time. We note that the number of states that can be deleted by E2
is in O(2/°l), where |C| is the size of the coalitional problem |C| [GS09]. As the number
of states being removed by E2 is finite and, by Theorem 4, as the formulae added by
the resolution rules do not contribute to increase the size of the tableaux corresponding
to steps of a derivation, at some point there is a tableau Tfm which is closed.

By induction on the number of applications of E2, if 7¢0 is closed, then there is a
derivation Cy, . ..,Cy,, where C = Co, Cry = (Zpn,Um, N ), and every C;;1 is obtained
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by an application of rules in RES¢| to clauses in C;. Moreover, because Tf’” is closed,
by Lemma 28, we have that false € Z,,, UU,,. Thus, if C is unsatisfiable, then there is
a refutation by RES¢,. O

Given a formula ¢, Theorem 1 ensures that ¢ is satisfiable if, and only if, its trans-
formation into a coalition problem C is satisfiable. If C is satisfiable, then soundness of
the tableau procedure, given by Theorem 6, ensures the existence of a model for C.

4.5 Complexity

The decision procedure based on RES¢, is in EXPTIME. Let |C| be the size of the
coalition problem C. The tableau structure for C has O(2/€!) states [GS09]. As it is shown
in the completeness proof for RES¢|, every state deletion corresponds to a propositional

refutation, whose complexity is in O(2/°l) [Rob65]. Thus, the overall complexity of RES¢,
is in O(2/€1) x O(2/€1), that is, O(2/¢).

5 Conclusions

We have presented a sound, complete, and terminating resolution-based calculus for
the Coalition Logic CL, which is identified as the next-time fragment of ATL. The ap-
proach uses a clausal normal form for CL: a formula to be checked for satisfiability is
firstly transformed into a coalition problem, which separates the dimensions to which
the resolution rules are applied. The transformation into the normal form is satisfiability
preserving and polynomially bounded by the size of the original formula [Zhal0]. The
calculus consists of six resolution inference rules and two rewriting rules: IRES1 and
GRES1 are applied to clauses in the propositional language of a coalition problem,
that is, to initial and global clauses; CRES1-4 are applied to coalitional and global
clauses; and the rewriting rules RW1-2, which ensure that if a set of right-hand sides
of coalitional and global clauses leads to a contradiction, then the left-hand sides of
those coalitional clauses should not be satisfied. The resolution-based method for CL is
a syntactic variation of the resolution calculus for the next time fragment of ATL given
in [Zhal0]. Adding to the presentation in [Zhal0], we provide full completeness proof for
RES(,. Completeness is proved with respect to the tableau procedure given in [GS09].
We have shown that deletions in a tableau correspond to applications of the inference
rules of RES¢. Thus, if a tableau for a coalition problem is closed, there is a refutation
based on the calculus given here. Moreover, if a tableau for a coalition problem is open,
the existence of a model is ensured by soundness of the tableau procedure.

The calculus presented here is very simple in structure, so an implementation can
be obtained in a quite straightforward way by extending existing resolution provers for
either PTL or CTL, for instance, and it is left as future work.

Future work also includes the extension of this calculus to the full language of ATL,
which can be achieved by designing a set of resolution-like inference rules to deal with
eventualities, that is, formulae which hold at some future time of a run. Usually, inference
rules to deal with eventualities are not trivial, as their application requires the search
for so-called loops in the set of clauses. Basically, a loop consists of a set of clauses that
can serve as premises for an inductive inference. For instance, in [FDPO01], the search
for loops used in an application of the temporal resolution rule for PTL is the most
expensive part of the calculus. Therefore, to extend our calculus to ATL we would need
to devise a correct loop-search algorithm for ATL.
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