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Abstract

In this paper, we present a resolution-based calculus RE’TSL for Computational Tree Logic (CTL)
as well as details about an implementation of that calculus in the theorem prover CTL-RP. The
calculus RE’TSL requires a transformation of an arbitrary CTL formula to an equi-satisfiable clausal
normal form formulated in an extension of CTL with indexed formulae. The calculus itself consists
of a set of resolution rules which can be used as the basis for an EXPTIME decision procedure for
the satisfiability problem of CTL.

We give a formal semantics for the clausal normal form, provide proofs for the soundness and
completeness of the resolution rules, discuss the complexity of decision procedure based on REJFSU

and present an approach to implementing the calculus RE:FSL using first-order techniques.

1 Introduction

Temporal logic is considered an important tool in many different areas of Artificial Intelligence and
Computer Science, including for example the specification and verification of concurrent and distributed
systems [0, 7 23]. Computational Tree Logic (CTL) [ is a branching-time temporal logic whose
underlying model of time is a choice of possibilities branching into future. CTL uses the path quantifiers
A (for all paths) and E (for some path) and each temporal operator, O (always in the future), O (at the
next moment in time), U (until), etc, must be paired with a path quantifier. For example, AOp means
on all paths ¢ always holds. There are many important applications that can be represented and verified
in CTL such as digital circuit verification [I0], analysis of real time and concurrent systems [23], etc. A
range of model checking algorithms [8, [I( [[8] as well as proof methods have been developed for CTL.
The main proof methods for CTL are based on automata [I5], resolution [5], and tableaux [2, [[4, 25]. In
this paper, we define a resolution-based calculus RETSL for CTL and its implementation in the theorem

prover CTL-RP. The calculus RE’TSL consists of a number of so-called step and eventuality resolution

rules that operate on a clausal normal form for CTL.



RELFSL is designed in order to allow the use of classical first-order resolution techniques to implement

the rules of the calculus. We take advantage of this fact in the development of our prover CTL-RP which

uses the first-order theorem prover SPASS as a basis for the implementation of RE’TSL.

The rest of the paper is organised as follows. We first present the syntax and semantics of CTL in
Section @ and then the calculus RETSL is presented in Section B followed by a proof of its soundness and
completeness and a discussion of termination and complexity. Section Bl discusses our approach to the

implementation of the calculus RET‘SL using first-order resolution techniques. In Section B we provide a

comparison between a related resolution calculus for CTL [B] and our calculus RE’TSL, and demonstrate

the improvements of our calculus. Finally, conclusions are drawn in Section [1

2 Syntax and semantics of CTL

In this paper, we use the syntax and semantics of CTL introduced by Clarke and Emerson in [I3].

The language of CTL is based on the following symbols.
1. A set of atomic propositions Ppy .

2. Propositional constants, true and false, and boolean operators, A,V,=,< and = (A and V are

associative and commutative).

3. Temporal operators O (always in the future), O (at the next moment in time), < (eventually in

the future), U (until), and W (unless).
4. Path quantifiers A (for all future paths) and E (for some future path).
5. CTL operators AO, EO, A0, EO, A, EC, AU, EU, AW and EW.
The set of formulae of C'TL is inductively defined as follows.
1. true and false are CTL formulae;
2. all atomic propositions in Pp_ are CTL formulae;

3. if ¢ and ¢ are CTL formulae, then so are =, (¢ AY), (p V), (¢ = V), (¢ & V), ADp, Aoy,
AOp, AlpU), A(pW ), EDp, EOp, EOp, E(¢U ), and E(9 W ).

Formulae of CTL over Pp_ are interpreted in model structures, M = (S, R, L), where
e S is a set of states;
e R is a total binary accessibility relation over S; and

o L :S — 2P is an interpretation function mapping each state to the set of atomic propositions

true at that state.



M may be viewed as a labelled, directed graph with node set S, arc set R and nodes labels given by

An infinite path ys, is an infinite sequence of states s;, Si+1,Sit2,... such that for every j,j >
i,(s;,8j+1) € R. Informally, xs, is an infinite path starting from state s;.
We inductively define a satisfaction relation = between a pair consisting of a model structure M and

a state s; in S, and a CTL formula as follows:

T
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iff p € L(s;) for an atomic proposition p € PpL
iff (M, s;) =@

(o V) iff (M, s:) = @ or (M, s:) = ¢
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and for all states s, € xs,, if ¢ <k < j then (M, s;) E ¢
(M, s;) = E(pU 1) iff there exists a path y,, such that there exists a state s; € x, (M, s;) = ¢

and for all states s € xs,, if ¢ <k < j then (M, s;) E ¢

In addition, we use the following equivalences to define the semantics of other temporal operators.

ACp = A(trueld p) ECp = E(trueld ¢)
AOp = -ES—p EQp =-A0—p
A(pWep) = —E(—pU (—p A1) E(e W) = 2A(—pU (—p A1)

A CTL formula ¢ is valid, written = ¢, iff for every model structure M and every state s € M,
M,s E ¢. A CTL formula ¢ is satisfiable, iff for some model structure M and some state s € M,
M, s = ¢, and unsatisfiable otherwise. A model structure M such that ¢ is true at some state s € M is
called a model of .

The satisfiability problem of CTL is known to be EXPTIME-complete [9, [[3] [T4].

In [13], Emerson provides a generalized semantics of CTL which defines the semantics relative to a
more general structure M’ = (S, X, L), where S and L are defined in Section @l and X C 5% is a family
of infinite computation sequences (fullpaths) over S.

In general the set X can be arbitrary. However, Emerson also defines three properties of X which

commonly hold if X is meant to model infinite computation sequences:



Suffix Closure If sgs1s3... € X, then the suffix s1s55... € X.

Fusion Closure If z1sy1, wa2sys € X, then z1sy2 € X where x; and y; are prefixes of paths and y,

ya € X.

Limit Closure If z1vy1, x122y2, T12273Y3,... are all elements of X, where x1, 2, x3 are prefixes of
paths and yi,y2,ys € X, then the infinite path xjxoxs3..., which is the limit of the prefixes
T1, T1T2, T1T2Ts,... is also in X. In short, if it is possible to follow a path arbitrarily long, then

it can be followed forever. (See an example in Figure [I)

Figure 1: Limit Closure

As it turns out, if X is suffix, fusion, and limit closed, then the generalized semantics is identical to
the semantics defined at the beginning of this section. Emerson defines a set X to be R-generable iff there
exists a total binary relation R on S such that a sequence spsiss... € X iff for every i, (s;, 8:41) € R.

Then X is R-generable iff it is limit closed, fusion closed and suffix closed.

3 RE’TSL: A refined resolution calculus for CTL

Our clausal resolution calculus RETSL for CTL is based on, but not identical to, the resolution calculus in
Bl [. The calculus RETSL requires arbitrary CTL formulae to be transformed into a clausal normal form.
The calculus itself consists of eight step resolution rules, two eventuality resolution rules and two rewrite
rules. The calculus can be used as the basis for an EXPTIME decision procedure for the satisfiability

problem of CTL.

3.1 Normal form

Our calculus RET‘SL operates on formulae in a clausal normal form called Separated Normal Form with
Global Clauses for CTL, denoted by SNF%; . Separated Normal Form (SNF) was originally introduced
for Propositional Linear Time Temporal Logic (PLTL) [I6] and then extended to various other temporal
logics including CTL [B].



The language of SNF&1; clauses is defined over an extension of CTL in which we label certain formulae
with an index ind taken from a countably infinite index set Ind. To improve the readability of clauses,
we introduce an operator precedence which allow us to reduce the number of parentheses required. We
associate each operator with one of the following six precedence groups. Two operators in the same group
have the same precedence. Higher precedence operators are applied before lower precedence operators.
(i) is highest; (vi) is lowest. (i)AO,EOQ, AC,EC, ADED, AU EU, AW ,EW ,EO;ing), EC(Lo(ina))
EQ(rc(ind)), BU (Le(ind)y, BW (Lo(ingyy; ()= (ii)A; (iv)V; (v)= and (vi)<. Then the language of

SNF¢, 1 clauses consists of formulae of the following forms.

AO(start = \/f:1 m;j) (initial clause)
AOd(true = \/;?:1 mj) (global clause)
AO(A_, I, = AO \/;c:1 m;) (A-step clause)
AD(AL,l; = EO \/?:1 M5 i) (E-step clause)
AO(AL, l; = AQI) (A-sometime clause)
AO(A li = EQl L (ina))) (E-sometime clause)

where k > 0, n > 0, start is a propositional constant, ; (1 <i <n), m; (1 <j < k) and [ are literals,
that is atomic propositions or their negation and ind is an element of Ind. A clause which is either
an initial, a global, an A-step, or an E-step clause is also called a determinate clause. Note that the
right-hand side of an E-sometime or an A-sometime clause only contains a single literal. This property
simplifies the formulation of the eventuality resolution rules. As all clauses are of the form AO(P = D)
we often simply write P = D instead. The formula A< ()1 is called an A-eventuality and the formula
E<C ()l (Lc(inayy is called an E-eventuality. We call a clause which is either an initial, a global, an A-step,
or an E-step clause a determinate clause. In the remainder of this paper, two concepts, a set of SNF¢p
clauses and a conjunction of SNFg,1; clauses, are interchangeable.

To provide a semantics for SNF¢,1; , we extend model structures (S, R, L) to (S, R, L,[], so) where
s0 is an element of S and [] : Ind — 2(5%%) maps every index ind € Ind to a successor function [ind)]
which is a total functional relation on S and a subset of R, that is, for every s € S, there exists only
one state s’ € S, (s,5') € [ind] and (s,s’) € R. We extend [.] to expressions of the form LC(ind) by

defining [LC(ind)] = [ind]*, i.e. [LC(ind)] is the reflexive and transitive closure of [ind]. The semantics



of SNFg is then defined below as an extension of the semantics of CTL defined in Section

(M, s;) = start iff s; = sg

(M, s;) = EOY(ina) iff there exists s’ € S such that (s;,s’) € [ind] and (M, s") =

(M, s;) = EOU (e (indy) iff there exists s; € S such that (s;,s;) € [LC(ind)] and (M, s;) = ¢
(M, 5i) = EOY(Lc (ind)) iff for every s; € S, (s;,8;) € [LC(ind)] implies (M, s;) = ¢

(M, s;) = E(0UY)Lc(inay iff there exists s; € S such that (s;,s;) € [LC(ind)] and (M, s;) |= 9
and for every s, € S with s # s;, if (s;, si) € [LC(ind)] and
(sk,sj) € [LC(ind)] then (M,sk) = ¢

(M, 5:) = E(@WY)(Le(inay it (M, si) EEOepo@ay) or (M, si) FE(@QUY) e iing)

The semantics of the remaining operators is analogous to that given previously but in the extended
model structure (S, R, L, [.], o).

Because the first step of our transformation from a CTL formula ¢ into a set T' of SNF¢p; clauses
defined later in Section will add a CTL operator AO around ¢ and introduce a constant start,
which is only true at the state s, into T, our definitions of a wvalid formula, a satisfiable formula and
a unsatisfiable formula is slightly different from Emerson’s definitions. A SNFg; formula ¢ is valid,
written = ¢, iff for every model structure M = (S, R, L,[], so), M,s0 = ¢. A SNF§; formula ¢ is
satisfiable, iff for some model structure M = (S, R, L, [], s0), M, so E ¢, and unsatisfiable otherwise. A
model structure M = (S, R, L, [.], so) such that ¢ is true at the state so € M is called a model of .

Figure@and FigureB depict the model structure satisfying the formulae EOp i54,) and ECp e (inay))
respectively.

EOp(indy)
indy inds

/,/’: p AN

Figure 2: An ind example

ECpLo(ind,))

Figure 3: An LC(ind) example



The last three formulae for which we have stated a semantics in the definition above, namely
EOVY(rc(ind)), E(@U V) (Lo(ing)y and E(@ W) L.c(ind)), do not occur in SNFcrr, clauses. We give their
semantics because they appear in the process of transforming a CTL formula to a set of SNFcr, clauses
which we explain in Section Therefore, their semantics is required for the correctness proof of the

transformation.

3.2 Transformation from CTL into SNF&

We have defined a set of transformation rules which allows us to transform an arbitrary CTL formula
into an equi-satisfiable set of SNF{,p; clauses. The transformation rules are similar to those in Bl [T,
but modified to allow for global clauses.

Let nnf denote a method which transforms an arbitrary CTL formula into its negation normal form
by pushing negations ‘inwards’. Let simp be a method which simplifies an arbitrary CTL formula by

exhaustive application of the following simplification rules,

(p Atrue) — @ (p A false) — false
(¢ V true) — true (p V false) — ¢

—true — false —false — true

where ¢ is a CTL formula and V and A are commutative and associative, plus the following rules which

are based on the equivalences in [I3]. P € {A,E} and * € {0, 0, ¢}

P x false — false P x true — true
P (U false) — false P(oU true) — true
P(falseld p) — ¢ P(trueld ) — POy
P(o W false) — POy P(oWtrue) — true

P(false W) — ¢ P(true W¢) — true

We start the transformation of an arbitrary CTL formula ¢ into the set SNF& (¢) with the set
To = {AO(start = p), AO(p = simp(nnf(p)))}, where p is a new proposition that does not occur in
@. We then construct a sequence Ty, Th,...,T, of formulae such that for every i,0 < i < n,T;41 =
(T; \ {¢}) U R;, where ¢ is a formula in T; not in SNF¢; and R; is the result of applying a matching
transformation rule to v». Moreover, for every 7,0 < i < n, T; contains at least one formula not in SNF%TL
while all formulae in T}, are in SNF¢; . We assume that throughout the transformation formulae are

kept in negation normal form.



Note that for each rule of Trans containing a proposition p, p represents a new proposition which

does not occur in T; while we apply the rule to v € T;. Let
® q,q1,q2,q3 be atomic propositions,
e D be a disjunction of literals (possible consisting of a single literal), and
e ¢, and w2, be CTL formulae.

The definition of the rule set Trans:

e Index introduction rules:

Trans(1) q = EOp — q = EO@ina)
Trans(2) q=Ex*xp — q=Ex*x9rc(nd) where x € {O, 0},
Trans(3)  q= E(p1 *p2) — ¢ = E(p1 * 92) (L0(ind)) where x € {U, W }.

ind is a new index.

e Boolean rules:

q= 1
Trans(4) q= o1 Ny —
q = ¥2
g=p1Vp : . .
Trans(5) q= @1V s — if (o is not a literal or a disjunc-
= P2
b= tion of literals.
Trans(6) gq=D — true= —-qVv D
e Temporal operator rules:
q=>Xxp
Trans(7) q=X*xp — if ¢ is not a literal or a disjunc-

p=¢
tion of literals.

X+ € {AO, EOinay }

q=>Xxp
Trans(8) q= X% — if  is not a literal.

p=
X+ € {AD, AC, EQ( ¢ (ind)), EC(Le(ina)) }



= X(p *
Trans(9) q= X(p1 * pa) — 1 (bxp2) if ¢ is not a literal.

pP= 1
Xx € {AU, AW ,EU (1c(ind)), EW (Lc(ind)) }

q= X(p1*p
Trans(10) q = X(p1 x p2) — ( ) if 9 is not a literal.

P = 2
Xx € {AU, AW ,EU (1c(ina)y EW (Lo (ina)) }

g1 = @2 Ap
Trans(11) ¢ = ADg —
p= AO(q2 \p)
g = @2 Ap
Trans(12) @1 = B0 106ina)y —
p = EO(g2 A P) (ind)
@ = g3V (g2 A\ p)
Trans(13) @1 = AU qz) — p=A0(g3V (g2 A\ p))

q1 = A<>Q3

@1 =3V (g2 A\ p)
Trans(14) @ = E(@2U g3)(Lc(ingy — § p = EO(g3 V (g2 A D)) (ina)

a1 = ECg3 o (ina))

1= @3V (g2 Ap)
p=AO0(g3V (g2 \p))

Trans(15) = Al@eWaeg) —

Q1= q3V (@2 A\p)
Trans(16)  q1 = E(g2 W @3)(Lc(ind)) —

p=EO(g3 V (g2 A D)) (ind)

Here we provide a proof to show our transformation is terminating, allows only a polynomial bounded
number of rule applications and preserves satisfiability.

We start by showing that the first step of our transformation preserve satisfiability.

Lemma 1 If a set of clauses T is satisfiable in a model M = (S, R, L,[],s0), p is a proposition not
occurring in T and a model M' = (S, R, L, [], so) is identical to M except that p occurs in L' with an

arbitrary truth value assignment in each state of M', then T is also satisfiable in M’.

Proof. By the inductive definition of the semantics of SNF¢,p; , the truth value assignments to proposi-



tions not occurring in 7" do not influence whether 7' is satisfiable in a model. Therefore, T' is satisfiable

in M'. ()

Lemma 2 A CTL formula ¢ is satisfiable iff the set of formulae {ADO(start = p), AQ(p = ¢)} is

satisfiable.

Proof. Assume {AO(start = p), AQ(p = ¢)} is satisfiable in a model M = (S, R, L,[], so) at the state
S0, i.e. M,so = AO(start = p) A AO(p = ¢). From the semantics of =, AO, A, M, sy = (start =
p) A (p = ). From the semantics of =, A\, M, so |= start = ¢. Because start holds at s, M, sg = ¢.
Thus, if {AO(start = p), AO(p = )} is satisfiable, so is .

Assume ¢ is satisfiable in a model M = (S, R, L,[], so) at the state sg, i.e. M,sp = . Let M’ =
(S, R, L' ][], so) be identical to M except that p holds only at so. From the semantics of start,=, AO,
M' sp = ADO(start = p). From Lemma [ M’ sy = ¢. From the semantics of =, A0, M’ sg
AO(p = ). From the semantics of A, M’, sg = AO(start = p) A AO(p = ). Thus, if ¢ is satisfiable,
so is {AD(start = p), AD(p = ¢)}. O

The first transformation rule we consider is the rule Trans(1).

Lemma 3 If a set of clauses T is satisfiable in a model M = (S, R, L,[], so), the index ind is not in
the set of indices Ind(T") occurring in T and a model M’ = (S, R, L, [, so) is identical to M except that

nd| is an arbitrary function for each state o , then T is also satisfiable in M'.
ind)| 1 bit ti h stat M, then T is al tisfiable in M’

Proof. By the inductive definition of the semantics of SNFZ , the successor function [ind] such that

ind ¢ Ind(T'), does not influence whether T' is satisfiable in a model. Therefore, T is satisfiable in M’.0

Lemma 4 If ¢ — R; by an application of Trans(1), then T; = AU {4y} is satisfiable iff Ti11 = AUR;

is satisfiable.

Proof. Let Ind(T;) be the set of indices occurring in T;. Let ¥ be AO(q = EOy), then R; is AO(q =
EO@(inady), where ind ¢ Ind(T5).

Assume a model M = (S, R, L,[], so) satisfies T; 11 at the state sp € S, i.e. M,s90 = AAAD(q =
EO@(inay). From the semantics of A, M, so = A and M, so = AO(q = EO@(ingy). From the semantics
of A0, M, sy = A and for every path xs, and every state s; € xs,, M, s; | ¢ = EOp(inqgy. From the
semantics of =,V and EO(inay, M, s0 = A and for every path x,, and every state s; € xs,, M, s; = —q
or there exists a state s’ such that (s;,s’) € [ind] and M, s’ = ¢. From the semantics of EO, M, so = A
and for every path x,, and every state s; € xs,,M,s; = =g or M,s; = EOyp. Therefore, from the
semantics of V,=, A, A, we obtain M, sy = AN AO(q = EOy). Thus, if T;;, is satisfiable, then so is
T..

Next we prove the ‘if’ part. Assume a model M = (S, R, L,[], so) satisfies T; at the state sy € S,

ie. M,sp E AANAO(g = EOyp). We can obtain that M, sy = A and for every path x,, and every

10



state s; € Xs,, M, s; |= —q or there exists a path y,,, there exists a state s’ € x,, such that (s;,s") € R
and M, s’ = ¢ using a similar approach to that in the paragraph above. A model M’ = (S, R, L, []’, so)
is identical to M except (s;j,s') € [ind]. From the semantics of EO gy, for every path x, and every
state s; € xs,, M', 55 F =g or M',s; = EO@(ing). From the semantics of V,=, AO, M',so = AO(q =
EO@(ingy). Moreover, Lemma B shows that M’, s = A. Therefore, from the semantics of A, M', sq |=
ANADO(q = EO@(inay). Thus, if T; is satisfiable, then so is Tj;. O

The next rule we consider is the rule Trans(4).

Lemma 5 If ¢ — R; by an application of Trans(4), then T; = AU {4y} is satisfiable iff Tix1 = AUR;

is satisfiable.

Proof. Assume T; = AN AO(q = @1 A p2) is satisfiable in a model structure M = (S, R, L, [], so) at the

state sg in M. Based on the semantics of the various operators, we have that
(M, s0) EANADO(g = o1 A wa)
iff (M,s0) EAANAD((q= 1) A(g= p2))
iff (M, so) = A and for each future path ys,, for each s; € xs,, (M, s;) = q¢= ¢1 and (M, s;) E ¢ = @2

iff (M,s0) EAANADO(g= v1) NAD(g = ¢2) O
Now the rule we consider is the rule Trans(6), which is not one of the transformation rules that can

be found in [, [7].

Lemma 6 If¢ — R; by an application of Trans(6), then T; = AU {4y} is satisfiable iff i1 = AUR;

is satisfiable.

Proof. AO(q = D) is obviously equivalent to AO(true = —qV D) as ¢ = D is propositionally equivalent
to true = —q VvV D. Therefore, T; is actually equivalent to T;. a

The next rule we consider is the rule Trans(7).

Lemma 7 If ¢ — R; by an application of Trans(7), then T; = AU {4y} is satisfiable iff Ti11 = AUR;

is satisfiable.

Proof. We only prove the lemma for ¢ = ¢ = AOyp as the proof for ¢ = ¢ = EOy(,q) is analogous.
We first show the ‘if’ part. Assume T;1; is satisfiable in a model structure M = (S, R, L,[], so),
ie(M,so) E AANAO(g = AOp) AN AO(p = o) iff (a) M,sp E A and (b) for each path ys,, for each
55 € Xso(M, s;) = —q or for each path x,,, (M,s;11) = p and (c) for each path y,,, for each s € x5,
(M, sk) Ep= ¢
According to (b), if ¢ holds at the state s;, then AOp must hold at the state s; and for each path

Xs;» p must hold at the state s; 1 with (sj,s;41) € R. Furthermore, by (c) we know ¢ must hold at the

11



state s;11 and therefore AOy holds at the state s; and so does ¢ = AOy. From the semantics of AO
and (a), we obtain (M, sg) = A A AO(q = AOy). Therefore, if T;41 is satisfiable, so is T;.

Next, we prove the ‘only if” part. Assume that T; is satisfiable in a model structure M = (S, R, L, [ ], so)
at the state so, i.e.M,s0 = A AN AO(q = AOp). We define a model structure M’ to be a model struc-
ture identical to M except that p is true at a state s; iff o is true at s;. By the definition of M’, we
have that AO(p < ¢) holds in M’, that is, (M’,s0) = AO(p < ¢). Furthermore, as ¢ = AOyp is
true at a state s; in M’ iff ¢ = AOp is true at s; in M, AO(q = AOy) is satisfiable in M’, that is,
(M',s0) E AO(q¢ = AOyp). From (M, sp) = AO(q = AOy) and the semantics of =, V and AO, for
each future path ys,, for each state s; € xs,, (M',s;) E =g or (M',s;) = AOyp. From the semantics
of AO, for each future path x,,, for each state s; € xs,, (M’,s;) = —q or for each future path xs,,
(M',sj41) E @. From (M’.s;41) E ¢ and (M',s0) = AO(p < ¢), we obtain (M, s;j+1) = p. So, for
each future path ys,, for each state s; € xs,, (M',s;) E =g or (M’,s;) = AOp. Therefore, from the
semantics of V, = and AO, (M’,so) = AO(¢ = AOp) and from Lemma[ll M’', s = A. Thus, if T; is

satisfiable, so is Tj41. m]

Lemma 8 Ifv — R; by an application of Trans(11), then T; = AU {1} is satisfiable iff T,41 = AUR;

is satisfiable.

Proof. Assume T; is satisfiable in M = (S, R, L, [.], so) at the state so, i.e. M, s = AANAD(¢1 = AOga).
Let M’ = (S,R,L’,[.], s0) be identical to M except that M’ s = p ifft M’ s = AOgs, for every state
sin S. From Lemmalll M’ sp = A A AO(¢1 = AOgz). From the semantics of AO, = A, we obtain
M' so E AO(q1 = g2 Ap) ANADO(p = AO(g2 A p)). From the semantics of A, M’ so = AN AD(¢1 =
g2 Ap) NAO(p = AO(g2 A p)). We proved that if T; is satisfiable, so is Tj11.

Next we prove the ‘if’ part. Assume T;;; is satisfiable in M = (S, R, L,[], so) at the state sq,
ie. M,so = AANADO(g1 = ¢2 Ap) ANADO(p = AO(g2 A p)). From the semantics of AO, =, AO and
M, so = AO(p = AO(g2 A p)), we obtain M, sy = AO(p = AOgs). From the semantics of =, A0 and
M, so = AO(q1 = g2 Ap), we obtain M, so = AO(¢1 = AOgs). From the semantics of A and M, so E A,

we obtain M, sg = A A AO(q1n = AOge). Thus, if T;4 is satisfiable, so is Tj. O

Corollary 1 IfT;41 is obtained by an application of a transformation rule v — R;, then T; is satisfiable
iff Ti41 is satisfiable.

Proof. We have proved that Trans(1,4,6,7,11) preserve satisfiability in Lemma Bl B B [ and B respec-
tively.

The proofs for Trans(2,3) are analogous to Lemmall} the proof for Trans(5) is analogous to Lemma B}
the proofs for Trans(8 — 10) are analogous to Lemma [ the proofs for Trans(12 — 16) are analogous to

Lemma O
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Theorem 1 Let ¢ be an arbitrary CTL formula and T, be a set of SNF¢y; clauses obtained from
To = {AO(start = p), AD(p = simp(nnf(e)))} by a sequence of applications of our transformation

rules. Then ¢ is satisfiable iff T,, is satisfiable.

Proof. We prove this by induction over the length of the sequence T, T1, . .., T, constructed by a sequence
of applications of the transformation rules.

For the base case, in [[3] the author shows the functions simp and nnf preserve equivalence. By
Lemma[] ¢ is satisfiable iff T is satisfiable.

For the induction step, by Corollary [l T; is satisfiable iff T} is satisfiable. Therefore, ¢ is satisfiable

iff T, is satisfiable. O

Theorem 2 Let ¢ be an arbitrary CTL formula and T, be a set of SNF¢y, clauses obtained from
To = {AO(start = p), AO(p = simp(nnf(e)))} by a sequence of applications of our transformation

rules. Then the set of indices Ind(T},) occurring in T,, is finite.

Proof. We observe that the number of E path quantifiers in ¢ and Ty is finite and the only three
transformation rules which introduce new indices are Trans(1 —3). Each rule can be applied exactly
once to a particular occurrence of an unindexed E path quantifier. Thus, there exists a one-to-one

mapping between E path quantifiers in Ty and indices in T}, and the set Ind(7},) is finite. O
Definition 1 [Length of a CTL formula]

The length of a CTL formula ¢ is the number of path quantifiers plus the number of the occurrences of

propositions and constants in .
Definition 2 [Size of a set of formulae (clauses)]
The size of a set T of formulae (clauses) is the sum of the length of each formula (clause) in 7T'.

Lemma 9 A transformation of an arbitrary CTL formula ¢ into a set T,, of SNF&r; clauses can be

done by a linearly bounded number of applications of our transformation rules.

Proof. From the definition of the transformation procedure, a transformation of a CTL formula ¢ into

a set T, of SNF¢p; clauses is a sequence Tp, T1, ..., T, of formulae such that
e Ty = {AD(start = p), AD(p = simp(nnf(p)))}, where p is a new proposition, and

o for every 4,0 < i < n,Tiv1 = (T; \ ¥) U R; such that ¢ = R; by application of one of the

transformation rules and

e for every 7,0 < ¢ < n,T; contains at least one formula not in SNF%TL and all the formulae in T,

. g
are in SNFe,.
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Let the size of Ty be m.

For Trans(1 — 3), each rule can be applied exactly once to a particular occurrence of an unindexed
E path quantifier in Ty. Thus, the number of applications of each rule is bounded by m.

Each application of Trans(11) removes one AO operator at a time and no other rules generate A
operators. Obviously, the number of applications of Trans(11) is bounded by m. Also the number of
applications of Trans(12 — 16) is bounded by m for the same reason.

Next, consider Trans(7). Each application of Trans(7) removes an occurrence of AOp; or EOYa (inay,
where @1 and 9 are not disjunctions of literals. But this case is different from the above, Trans(11 — 16)
generate formulae containing AOg; or EO@a(inay. Since the number of applications of Trans(11 — 16)
is bounded by m, therefore, the number of applications of Trans(7) is bounded by 6m + m = 7m, where
6m is the contribution from Trans(11 — 16) and m is the contribution from Tj.

The proofs for Trans(4 — 6,8 — 10) are analogous to the proof Trans(7). The number of application
of each rule is bounded by a linear number.

To transform any formula not in SNF%TL in Ty, Ty,...,T,—1, we need to consider all the possible
forms which are not in SNF%TL, for example, ¢ = AOys,q = @4 A s, ..., where 3, 04, @5 are arbitrary
CTL formulae. The following table shows all the possible forms and the corresponding rules handling

them. (In the table below 1,1, ..., 1, are arbitrary CTL formulae, ¢ is a proposition, and [ is a literal.)

The possible form rule The possible form rule
q= V1 AP2 A APy 4 q = EOV1(inay 7
q=Uv1 Vi V...V, 5,6 q = A0y, 8,11
q= ()l 6 q = EOY1 (1o (inay) 8,12

q = EOU, 1 q= AdY, 8

g = EOy; 2 q = EOU1 (e (ind)) 8

q = E0y, 2 q= A(Y1Un) 9,10,13
q = E(1UYs) 3 q = E(W1UY2) (Lo (ind)) 9,10,14
q = E(W1 Wi2) 3 q= A W) 9,10,15
q= A0y 7 q = E(t1 W2)(Lc(ina)) 9,10,16

As the table above shows our transformation rules cover all the possibilities and the number of
applications of each rules is bounded by a linear number, the whole transformation to ¢ can be done by

a linear bounded number of applications. O

Corollary 2 Let ¢ be an arbitrary CTL formula and T, be the set of SNFgp clauses obtained from
To = {AQ(start = p), AD(p = simp(nnf(v)))} by applications of our transformation rules. Then our

transformation procedure terminates.
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Proof. From Lemma [ we know the number of applications of our transformation has an upper bound,

then our transformation of an arbitrary CTL formula into a set of SNF%; clauses terminates. O

Theorem 3 Let pg be an arbitrary CTL formula and T, be the set of SNF¢y,, clauses obtained from
To = {AO(start = p), AQ(p = simp(nnf(po)))} by applications of our transformation rules. Then the

set T, can be computed in polynomial time.

Proof. We use tree structures for the representation of CTL formulae. Then the cost of Trans(1 — 3) is
obviously constant time.

For the rules Trans(4 — 16), the proofs are very similar. So we only provide one, namely Trans(7)
as an example. In Trans(7) we first replace ¢ with p, then create the structure “p =" and attach ¢ to
p =. The manipulation of formulae in Trans(7) shows that it is a procedure requiring constant steps.
Similarly, the cost of the rest rules are constant time as well.

However, to determine which rule to be applied, we need to scan the current set of clauses T;. Suppose
we use BFS method, then the cost is linear time in the size of the current set T;. From all the rules,
we know for each application transforming from 7; to T;1, size of the set grows in a constant number.
Thus, the current set T; is linear in the size of T;. Then we conclude that each rule application needs
linear time in the size of Tj.

From Lemma [ 7, can be obtained in polynomial time. O

3.3 The clausal resolution calculus REfL

The resolution calculus RETSL consists of two types of resolution rules, the step resolution rules, SRES1
to SRESS, and the eventuality resolution rules, ERES1 and ERES2, as well as two rewrite rules, RW1
and RW2.

Motivated by refinements of propositional and first-order resolution [, we restrict the applicability
of step resolution rules by means of an atom ordering and a selection function.

An atom ordering for RELFSL is a well-founded and total ordering > on the set Pp.. The ordering
>~ is extended to literals by identifying each positive literal p with the singleton multiset {p} and each
negative literal —p with the multiset {p, p} and comparing such multisets of atoms by using the multiset
extension of >. Doing so, —p is greater than p, but smaller than any literal ¢ or —~¢ with ¢ > p.

In this section, we assume that conjunctions and disjunctions of propositional literals do not contain
duplicate occurrences of the same literal, that is, the operators V and A are idempotent. We use false to
denote the empty disjunction and true to denote the empty conjunction. A literal [ is (strictly) mazimal
with respect to a propositional disjunction C' iff for every literal I’ in C, I" £ 1 (I #1).

A selection function is a function S mapping every propositional disjunction C' to a possibly empty
subset S(C) of the negative literals occurring in C. If [ € S(C) for a disjunction C, then we say that [

is selected in C.
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In the following presentation of the rules of Réﬁ“va ind is an index, P and @ are conjunctions of
literals, C' and D are disjunctions of literals, and [ is a literal. If [ is a negative literal —p, then —I denotes

the atomic proposition p.

SRES1 SRES2
P= A0O(CVI) P = EO(C V1) (ing
Q= AO(D Vi) Q= A0(D V-l
PAQ= AO(CV D) PAQ=EO(CV D)gna
SRES3 SRES4
P = EO(C V1) (indg start = C' V1
Q = EO(D V =) (inay start = DV -l
PAQ=EO(CV D)ginay start == C VvV D
SRES5 SRES6
true = C VI true=C VI
start = DV -l Q= AO(D VI
start = C VvV D Q= AO(CV D)
SREST7 SRESS
true=C VI true = C VI
Q = EO(D V =l) (ind) true = DV -l
Q = EO(C'V D) (inay true = CV D

A step resolution rule, SRES1 to SRESS, is only applicable if one of the following two conditions is

satisfied:

(C1) if [ is a positive literal, then I must be strictly maximal with respect to C' and no literal is selected
in C'V [, and -l must be selected in D V =l or no literal is selected in D V =l and -l is maximal

with respect to D; or

(C2) if I is a negative literal, then I must be selected in C' V[ or no literal is selected in C' V[ and [ is
maximal with respect to C', and =] must be strictly maximal with respect to D and no literal is

selected in D V —l.

Note that these two conditions are identical modulo the polarity of [. If [ in C'V] and =l in DV =l satisfy

condition (C1) or condition (C2), then way say that [ is eligible in C' VI and -l is eligible in D V —l.
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The rewrite rules RW1 and RW2 are defined as follows:
RW1 /\?:1 m; = AOfalse — true = \/?:1 —my;
RW2 Ni—y mi = EOfalse;,qy — true = \/_, -m;

where n > 1 and each m;, 1 <1 <mn, is a literal.

The intuition of the eventuality resolution rule ERES1 below is to resolve an eventuality A<—l, which
states that Ol is true on all paths, with a set of SNFg . clauses which together, provided that their

combined left-hand sides were true, imply that Ol holds on (at least) one path.

ERES1
Pt = EOEOI

Q= Aol

Q= A(-(PH) W)
where PT = EOEO! represents a set Agg of SNF& clauses

Pl = %0} P = xCP

Py =xCL - Pl o=xCp
with each # either being empty or being an operator in {AO} U {EO;nq) | ind € Ind} and for every i,

1<1<n,
(N2, Cp) =1 (1)

and
(N2 C)) = (Visa N2y Fy) (2)
are provable. Furthermore, PT =\/"_ AT", P/.
Conditions () and (@) ensure that the set Agg of SNFgp; clauses implies P! = EOEDI.

Note that the conclusion of ERESI is not stated in normal form. To present the conclusion of ERES1

A

Il

in normal form, we use a new atomic proposition w2 uniquely associated with the eventuality A<$—l.

Then the conclusion of ERES1 can be represented by the following set of SNFg - clauses:

{wh = AO(=I V(A2 P |1 <i<n}
U {true = -Q VvV~ V(AT P}) |1 <i<n}
U {true = —Q V =l V wh, wh = AO(-l vV wh)}.

A

-l

The use of a proposition w2, uniquely associated with the eventuality A<=l is important for the ter-
mination of our procedure. If we were to use a new proposition each time we need to transform the
conclusion of an application of EREST into normal form, then even the repeated application of ERES1

to the same set of premises would lead to distinct sets of SNF¢,,; clauses as conclusion (which would also
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not be equivalent to each other or subsume each other). This in turn would mean that we could generate
an infinite number of SNFg; clauses during a derivation. In contrast, the use of atomic propositions
uniquely associated with A-eventualities allows us to represent any resolvents by ERES1 using a fixed
set of propositions depending only on the initial set of clauses, i.e., n different A-eventualities in the
initial set of clauses require at most n new atomic propositions to represent resolvents by ERES1.
Similar to EREST, the intuition underlying the ERES2 rule is to resolve an eventuality EC—l (1o (inay)
which states that G—l is true on the path given by [LC(ind)], with a set of SNF¢,p; clauses which together,

provided that their combined left-hand sides were true, imply that O/ holds on the same path.

ERES2
P = EO(EOL1c(inay)) (ind)

Q = EC-lipc(ina)
Q = E(=(P)W =) (Lc(ina))

where Pt = EO(EQl(1c(ind))) (ind) Tepresents a set Apd of SNF%p,, clauses

Pl = %0} P = %O}

PT}TI:*CAH o PRo= xR

with each * either being empty or being an operator in {AO, EOnq)} and for every i, 1 <i <n,
(A2 C) =1 (3)

and
(NjZ1 C)) = (Via Nj2y B)) (4)
are provable. Furthermore, PT = \/[", AT P;.
Again, conditions @) and @) ensure that the set Ad of SNF§ clauses implies the formula
Pt = EO(EDL(1¢(ind)) ) (ind) -
Also, as for ERESI, the conclusion of ERES2 is not in normal form. This time we use an atomic

ind

proposition w?;¢ uniquely associated with O=l(pc(ing)) to represent the resolvent of ERES2 as the

following set of SNF%, clauses:
{wid = BO(LV (AL P})inay | 1 < < n}
U{true = -Q Vv~V =(AJZ, P})[1<i<n}
U {true = -Q Vv —l vV w"d,
wf}d = EO(_'Z V w:’r;d)@nd)}

As for ERESI, the use of atomic propositions uniquely associated with E-eventualities allows us to
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represent any resolvents by ERES2 using a fixed set of atomic propositions depending only on the initial
set of clauses.

The expensive part of applying ERES1 and ERES?2 is finding sets of step and global clauses which
can serve as premises for these rules, that is, for a given literal [ stemming from some eventuality, to find
sets of SNF%,, clauses Agg, satisfying conditions () and @), and A4, satisfying conditions (@) and
@). Such sets of SNF{,p, clauses are also called E-loops in | and the formula \/i”; AT, P is called a
loop formula. Algorithms to find loops were first presented by Bolotov and Dixon in [6]. They define two
loop search algorithms, called A-loop search algorithm and E-loop search algorithm. An A-loop search
algorithm is not required for our calculus as an E-loop search algorithm is sufficient to find the premises
for both ERES1 and ERES2. Therefore, we only present an E-loop search algorithm here. In Section [
we will discuss in more detail why an A-loop search algorithm is not required in our setting, while in
Section Hl we present in more detail how the E-loop search algorithm can be implemented.

The E-loop search algorithm makes use of the notion of merged clauses which is inductively defined
as follows. Any global clause, A-step clause, and E-step clause is a merged clause. If Ay = B,
Ay = By, A3 = AOBs, Ay = AOB4, As = EOBs5(ina), and Ag = EODBg(inq) are merged clauses,
then so are (A1 A Az) = (B1 A Ba), (A1 A Ay) = AO(B1 A By), (A1 A Ag) = EO(B1 A Bé) (indy
(A3 N Ag) = AO(B3 A By), (A3 AN Ag) = EO(B3 A Bg) (inag), and (As A Ag) = EO(Bs A Bg) (ind) -

E-loop search algorithm:

The algorithm takes as input a literal [, stemming either from an A-sometime clause Q = A<=l or from
an E-sometime clause Q@ = EC=l(1o(inay), and a set T' of SNFg,;;, clauses among which we search for
premises for the eventuality resolution rules. We assume the set T is saturated by step resolution, that
is, rules SRES1 to SRESS.

The algorithm proceeds as follows:

1. Search in T' for all the clauses of the form X; = [, X; = AOI, and X; = EOl(;,q). Assuming

there are mg such clauses, we build the first node as follows:

Hy = V;"“o X;

Simplify Hy using boolean simplification. If Hy = true a loop is found, we return true and the
algorithm terminates. If Hy = false (which can only be the case if mo = 0), then no loop formula

can be found and we return false.

2. Given a node H;, where ¢ > 0, build the next node H;11 by looking in T for merged clauses of the

form A; = AO(B; Al) or Aj = EO(Bj Al)(inay such that B; = H; is provable (in propositional
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logic). Assuming there are m;41 such merged clauses, we build the node H;11 as follows:
Hi+1 - v;n:lgl Aj

Simplify H; 1 using boolean simplification.
3. Repeat the previous step until one of the conditions below is provable (in propositional logic).

(a) Hit1 = true. A loop formula has been found. We return true and the algorithm terminates.

(b) H;y1 = false (i.e., mj+1 = 0). No loop formula can be found. We return false and the

algorithm terminates.

(¢) H; = H;y1. A loop formula has been found. We return H;;; and the algorithm terminates.

If we try to resolve an E-sometime clause Q = EC—l (10 (inayy, then the input set T to the E-loop search
algorithm consists of the set of all global and A-step clauses we currently have at our disposal plus all
E-step clauses with index ind. If we try to resolve an A-sometime clause Q = A<=, then the input
set T to the E-loop search algorithm consists of the set of all global, A-step clauses, and E-step clauses.

An important step in the algorithm is the task of “looking for merged clauses”, which is again non-
trivial. We will discuss this problem in more detail in Section El

A derivation from a set T of SNFg,1; clauses by RE’TSL is a sequence Ty, T1,T5, ... of sets of clauses
such that T' = Ty and T;41 = T; U R; where R; is a set of clauses obtained as the conclusion of the
application of a resolution rule to premises in T;. A refutation of T' (by REJFSL) is a derivation from T'
such that for some ¢ > 0, T; contains a contraction. A derivation Ty,...,T;,... terminates iff either a

contradiction is derived or there is no set R; of clauses derivable as the conclusion of an application of a

resolution rule to premises in T; such that R; € T;.

3.4 Properties of RE’TSL

The calculus RE’TSL is sound and complete. We first show that RET‘SL is sound.

Theorem 4 (Soundness of RE’TSL) Let T be a set of SNFgp clauses. If there is a refutation of T by

RELFSL, then T is unsatisfiable.

Proof. The soundness of SRES1 to SRES4, ERES1 and ERES?2 has been established in [B]. So we only
need to prove the soundness of SRES5 to SRES8, RW1 and RW2.

Let Ty, T4, ..., T, be a derivation from a set of SNF&,,; clause T' = Tj by the calculus RE’TSL. We will
show by induction over the length of the derivation that if Ty is satisfiable, then so is T,.

For Ty = T, the claim obviously holds. Now, consider the step of the derivation in which we derive
T;1+1 from T; for some i > 0. Assume T; is satisfiable and M = (S, R, L,[], so) is a model structure

satisfying 7.
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Assume AO(true = CVI) and AO(start = DV-l) are in T;. Let T;41 be obtained by an application
of SRES5 to AO(true = C V[) and AQ(start = DV i), i.e., Tj11 = T; U {AO(start = C' VvV D)}.
We show that M also satisfies T;41. Consider an arbitrary state s € S. If s is not sp, then obviously
(M,s) = start = C V D because start is false at the state s. Assume the state s is so. From
(M,s) = AO(true = C' V1) and (M, s) = AO(start = D V —l) and the semantics of AO, we obtain
(M,s) = true = C V1 and (M,s) |= start = D V —l. From the semantics of true, = and start, we
obtain (M,s) = C V1 and (M,s) = DV —l. Asl and -l can not both be true at state s in M, we
conclude (M, s) = CVD. As s is sg, then from the semantics of start we have (M, s) |= start = C'V D.
Since start = C'V D holds in so and all other states, from the semantics of AO we conclude (M, s) &
AQO(start = C'V D). Thus the model structure M satisfies T; 1, T;41 is satisfiable and SRES5 is sound.
For rules SRES6 to SRESS, the proofs are analogous to that for SRES5.

Regarding RW1, from the semantics of AO and false we obtain that the formula AO(A",Q; =
AOfalse) is true iff AO(A",Q; = false) is true. This formula is propositionally equivalent to AD(V}_; —=Q;)
which in turn, by the semantics of = and true, is equivalent to AO(true = Vi ,-Q;). The proof for
RW2 is similar. O

Now we present the completeness proof for RELFSL. First, we give a brief discussion of how our proof
proceeds. We introduce the idea of augmentation, which was originally developed for a resolution cal-
culus for PLTL [I6]. Next, we create a finite directed graph, called a labelled behaviour graph, for an
augmented set of SNF& 1 clauses. To create a CTL model structure for a set 7" of SNFg,p.; clauses from
a labelled behaviour graph for 7', some nodes and some subgraphs of a labelled behaviour graph graph
for T' cannot be involved. For instance, a node without any successor nodes in a labelled behaviour graph
cannot be used to construct a CTL model structure, as all paths in a CTL model structure are infinite.
To remove such nodes and subgraphs from a labelled behaviour graph, we define a set of deletion rules.
We call a labelled behaviour graph H a reduced labelled behaviour graph if it is obtained by exhaustively
applying deletion rules to H. We show that an augmented set 7' of SNF§1; clauses is unsatisfiable iff
its reduced labelled behaviour graph is empty. We also prove that each application of a deletion rule
corresponds to a derivation from T by RETSL Therefore, if T is unsatisfiable, its reduced labelled be-
haviour graph H,.q is empty and the sequence of application of the deletion rules, which reduce the
labelled behaviour graph for T" to an empty H,.q, can be used to construct a refutation in RE’TSL. In the

following, we show the detailed completeness proof.

Let T be a set of SNF¢,p; clauses obtained by applying the normal form transformation to a given
CTL formula. Recall from Section an application of ERES1 or ERES2 to the set 7" may introduce
new propositions into 7', but these propositions are uniquely associated with A$l and ECl e (ina)y)

formulae occurring in 7. For our completeness proof it is convenient to assume that certain clauses
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associated with these new propositions are present in 71" right from the beginning, i.e. independent of
applications of ERES1 and ERES2. We adapt the augmentation procedure used in [I6] for PLTL to
CTL to establish a relation between new atomic proposition introduced by an application of ERES1 or

ERES2 and eventualities associated with them.
Definition 3 [Augmentation)

Given a set of SNF’éTL clause T, we construct an augmented set T, as follows: the augmented set T, is

the smallest set containing 7" and satisfying the following conditions:

e For every A-sometime clause in 7', Q = A<=l Ty, contains the clauses

A
true = —Q V -l vV wl

wh = AO(-lV wh)

where wfl is a new proposition uniquely associated with A<,

e For every E-sometime clause in 7', Q = E$—l ¢ (ing)), Ta contains the clauses

true = —~Q VvV -l vV w™m?

=l

wnd = BO(-LV wh) ina)

ind

-l

where w!j® is a new proposition uniquely associated with ECL 1o (ina)) -

A proof that augmentation preserves satisfiability can be found in [B].

Given a set Ind of indices an ind-labelled graph H is an ordered pair H = (N, E), where N is the set
of nodes and FE is the set of edges in H. An edge (n,ind,n’) € E is a directed edge from a node n € N
to a node n’ € N labelled with a label ind € Ind. (When the label on the edge is not important, we also

use (n,n’) to denote an edge, which means the label can be any index in Ind.)
Definition 4 [ind-reachable node in a graph)

Given a set Ind of indices, an ind-labelled graph (N, E), and a node n € N, a node n’ € N is ind-
reachable from n iff there exists an edge (n,ind,n’) € E or there exists an edge (n”,ind,n’) € E and n”

is ind-reachable from n.
Definition 5 [reachable node in a graph]

Given a graph (N, E) and a node n € N, a node n’ € N is reachable from n iff there exists an edge

(n,n’) € E or there exists an edge (n”,n’) € E and n” is reachable from n.
Definition 6 [labelled behaviour graph)
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Let T be a set of SNF¢,p; clauses and Ind(T) be the set of indices occurring in T'. If Ind(T") is empty,
then let Ind(7T) = {ind}, where ind is an arbitrary index in Ind. Given T and Ind(T"), we construct a
finite directed graph H = (N, E), called a labelled behaviour graph for T.

A node n = (V,Ea, Eg) in H is a triple, where V, E4, Er are constructed as follows. Let V be a
valuation of propositions occurring in 7. Let E4 be a subset of {l | @ = Al € T} and Eg be a subset
of {liLc(ing)y | @ = EClLc(ingyy € T}. Informally E4 and Eg contain eventualities that need to be
satisfied either in the current node or some node reachable from the current node.

To define the set of edges F of H we use the following auxiliary definitions. Let n = (V, E4, Eg) be a
node in N. Let Ry(n,T)={D | Q = AOD € T, and V |= Q}. Note if V' does not satisfy the left-hand
side of any A-step clause (i.e. Ra(n,T) = (), then there are no constraints from A-step clauses on the
next node of the node n and any valuation satisfies Ra(n,T). Let Rinq(n,T) = {D | Q = EOD jq € T
and V = Q}. Let Ry(T) ={D | true = D € T'}.

Let functions Eva (V,T) and Evg(V,T) be defined as Eva(V,T) ={l | Q = Al € T and V E Q}
and Evg(V,T) = {l(zc(inay) | @ = EQlLc(ing)) € T, and V' |= Q}, respectively.

Let functions Unsata(E4,V) and Unsat;,q(Eg, V) be defined as Unsata (Fa,V) ={l |l € E4 and
V £ 1} and Unsating (B, V) = {l(Lc@na)y | lizcing)y € Ep and V' [ 1}, respectively.

Then E contains an edge labelled by ind from a node (V, E4, Eg) to anode (V', E/,, E%;) iff V'’ satisfies
the set Ra(n,T)U Rina(n,T)U Ry(T), E/y = Unsata(E4,V)UEva(V',T) and Ef, = Unsat;nq(Eg, V) U
Evg(V', T).

Let Ro(T) = {D | start = D € T}. Then the node (V, Ex, Fg), where V satisfies the set Ro(T) U
Ry(T), Eao = Eva(V,T) and Eg = Evg(V,T), is an initial node of H. The labelled behaviour graph for

an augmented set of SNFg clauses T is the set of nodes and edges reachable from the initial nodes.
Example 1 [labelled behaviour graph)

For the augmented set of SNF¢,p; clauses below, the labelled behaviour graph is shown in Figure E

1. start = —¢
2. start = p

3. true=pVgq

4. p= AOp
5. q = EO—pn)
6. p = E<>q<LC(2)

7. true= -pVqVuw (added by augmentation)

)
2
q
8. w§ = EO(qV w§)<2> (added by augmentation)

Definition 7 [Path from a node n to a node n' through a graph]
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A path from a node n; to a node n, in a graph is a sequence of nodes ni,no,...,n, such that

(n1,n2), (n2,n3), ..., (Np_1,ny,) are the edges of the graph.
Definition 8 [Shortest path from a node n to a node n’ through a graph)

A shortest path from a node n to a node n’ in a graph is a path from the node n to the node n’ with

the least number of edges amongst all the paths from the node n to the node n’'.
Definition 9 [Distance]

Given a graph (N, F), if a node n’ € N is reachable from another node n € N, the distance from n

to n’ is the number of edges in a shortest path from n to n'.
Definition 10 [ind-distance]

Given a graph (N, E), if a node n’ € N is ind-reachable from a node n € N, the ind-distance from

n to n’ is the number of edges in a shortest path such that every edge in it is labelled by ind.

Lemma 10 Let T be an augmented set of SNFg . clauses and let H = (N, E) be the labelled behaviour
graph for T. If H contains an edge from a node n = (V,Es,Eg) € N to a node n' = (V',E'y, E},) € N
such that 1 € E'y then either there exists a clause Q = AL € T such that V! = Q orl € E4 and V |- L.

Proof. From the construction of the labelled behaviour graph, we know E’; = Unsata (E4, V)UEva (V',T).
Therefore, if [ € E’;, then [ is from either Unsata (E4, V) or Eva (V',T). For the first case, [ must be in

E4 and V £ [. For the latter, there exists a clause Q = A<l € T such that V' = Q. |

Lemma 11 Let T be an augmented set of SNFg,; clauses and let H = (N, E) be the labelled behaviour

graph for T. For every node n = (V,Ea,Ep) in H ifl € Eq and V =1 then V = wi*.

Proof. From Lemma [[0 if an edge from a node n’ = (V', E'y, E%) to a node n = (V, E4, Eg) such that

| € FE4 exists in H then either there exists a clause Q = AOl € T such that V = Q or | € E’; and

e | aweey

Figure 4: A labelled behaviour graph
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V' [£ 1. Thus, by induction [ € E4 is originally generated from a node where @ holds. The proof is by
induction on the length of the shortest path from a node n” = (V" E’{, E},) such that there exists a
clause Q = ACl € T and V" = @ to the node n.

In the base case the length is zero, i.e. n = n’” and therefore V = @ and by construction we obtain
l € E4. By augmentation we know true = -Q VIV wlA € T. By assumption [ € E4 and V' £ [, hence
V EwP.

Otherwise assume the lemma holds for nodes n’ such that the distance from a node n”, where V" = @,
to the node n’ is m and we prove it holds for those n = (V, E4, Eg) with (n/,ind,n) € E,ind € Ind(T).
By assumption [ € E4 and V [~ [. From the inductive hypothesis we have V' = wf‘. By augmentation

we have wf* = AO(w V1) € T. Thus by construction we have V = w. ]

Lemma 12 Let T be an augmented set of SNFg; clauses and let H = (N, E) be the labelled behaviour
graph for T. If H contains an edge from a node n = (V,Es,Eg) € N to a node n' = (V',E'y, E},) € N
such that ;¢ (ind)) € Ep then either there exists a clause Q = EOlpc(inayy € T such that V' |= Q or

l(LC(ind)} € Eg andV b& l.

Proof. From the construction of the labelled behaviour graph, we know that E% = Unsati,q(Eg,V) U
Eve(V',T). Therefore, if I(pc(inay) € Ex, then l(Lc(inay) is from either Unsaty,q(Eg, V) or Evg(V',T).
For the first case, l(1c(ing)y must be in Ex and V [= [. For the latter, there exists a clause Q =

EOZ(LC(ind)) €T and V' ': Q. a

Lemma 13 Let T be an augmented set of SNF¢q, clauses and H = (N, E) be the labelled behaviour
graph for T. If for every node n = (V, Ea, Eg) in H such that lipc(inayy € Ep and V [~ [ then' V = wind,

Proof. The proof proceeds in analogy of the proof of Lemma [l and uses the fact that 7' contains the

clause wj"® = EO(w;"* V 1) ina)- =

Lemma 14 Let T be an augmented set of SNF¢q clauses and let T' be a set of SNF&. clauses
obtained from T by adding any combination of initial, A-step, E-step or global clauses which only involve
propositions and indices occurring in T. Then the labelled behaviour graph H' = (N',E") of T is a
subgraph of the labelled behaviour graph H = (N, E) of T.

Proof. This is established by induction on the length of the shortest path from an initial node to a node
in H’'. For the base case, where the length of the path is zero, we show that any initial node in H’ is an
initial node in H.

As T’ has been constructed by adding an combination of initial, A-step , E-step and global clauses
to T', we have Ro(T') C Ro(T") and Ry(T) C R,(T"). Take any initial node ng = (Vo, Ea,, Eg,) in H'.
By Definition B, Vo must satisfy Ro(T") U Rg(T"). As Ro(T) C Ro(T") and R,(T) C Ry(T') then Vj
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must also satisfy Ro(T") U Ry(T"). As the set of A- and E-sometime clauses in T' and 7" is the same. Vj
satisfies the left hand side of the same A- and E-sometime clauses in 7" and 7" the sets F4, and Eg,
will be the same in both graphs. By Definition B n¢ is also an initial node in H.

Next we assume that every node n; = (V;, Ea,, Eg,), where the length of the shortest path in H’
from an initial node to n; is m, is in H. We show that every node nj11 = (Viy1,Ea,,,,FEp,,,) in H'
with an incoming edge (n;,ind,n;+1) € E',ind € Ind(T') is also in H.

Viy1 satisfies Ra(ni, T")UR;na(n;, T"). Thus V41 also satisfies Ra(n;, T)UR;ina(n:, T), as Ra(n;, T) C
Ra(n;,T") and Ripa(ni,T) C Rina(ni,T'). As we have already proved that R,(T') C Ry(T"), so Vits
must also satisfy Ry(T") as well. Furthermore as no change has been made to any A- or E-sometime
clause in T, every eventuality outstanding from n; or triggered by n;1 will be the same in both graphs.
Thus n;11 is also present in H as is the edge (n;, ind, n;+1).

The proof that all the edges in H’ are also in H is analogous to the proof above for nodes.

Therefore, N' C N,E' C E and H' C H. ]
Definition 11 [Terminal node]

A node n in a labelled behaviour graph for T is a terminal node iff there exists an index ind € Ind(T)

such that no edges labelled with ind depart from n.

Note that in the labelled behaviour graph shown in Figure Bl the two nodes on the right-hand side

of the graph are terminal nodes as they do not have any outgoing edges labelled with the index 1.
Definition 12 [ind-labelled terminal subgraph for li1c(inay))

For a labelled behaviour graph (N, E) for T, a subgraph (N’, E’) is an ind-labelled terminal subgraph
for l(LC(ind)) of (N, E) iff

(ITS1) N'C N and E' C E;

(ITS2) for all nodes n, n’ € N and edges (n,ind’,n') € E, n’ € N' and

(n,ind',n’) € E' iff n € N and ind = ind’; and
(ITS3) for every node n = (V,Ea, Eg) € N, li1c(ina)) € Ep and V' |= .
Definition 13 [Terminal subgraph for ]

For a labelled behaviour graph (N, E) for T', a subgraph (N', E’) is a terminal subgraph for [ of (N, E)
iff

(TS1) N'C N and E' C F;
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(TS2) for every node n € N’ there exists some index ind € Ind(T') such that for all edges

(nyind,n’) € E, n’ € N" and (n,ind,n’) € E’; and
(TS3) for everynode n = (V,Ex,Eg) € N', 1€ Eq and V = .

Figure[d and Figure @ show examples of an ind-labelled terminal subgraph for g(rc(2)y and a terminal
subgraph for g, respectively. (In both cases we assume the set of indices in the clause set for these labelled

behaviour graphs is {1,2}.)

Lemma 15 Given a labelled behaviour graph H = (N, E) and a node n = (V, Ea, Eg) € N, if, for every
eventuality l pc(ind)) € FE, l(Lc(ind)y can be satisfied in n or in some node ind-reachable from n, then

n is not in any ind-labelled terminal subgraph H' = (N', E") for l;pc(inay of H.

Proof. Let H' = (N', E’) be an arbitrary ind-labelled terminal subgraph for some arbitrary eventuality
l(Lc(ind)y of H. Proving this lemma is equivalent to proving that if n € N, then l(1c(ina)) cannot be
satisfied in n nor in any nodes ind-reachable from n in H. Assume that n € N’. According to property
(ITS2), all nodes which are ind-reachable from n are also in N'. By property (ITS3), for every node
n' = (V',E\,Ey) € N', liLc(ind)) € By and [ is not satisfied in n’. Therefore, I(1c(ing)y cannot be

satisfied in n nor in any node ind-reachable from n in H. a
Definition 14 [Reduced labelled behaviour graph)

Given a labelled behaviour graph H = (N, E) for an augmented set of SNF¢ clauses T, the reduced
labelled behaviour graph H.,.q for T is the result of exhaustively applying the following deletion rules to
H.

1. If n € N is a terminal node with respect to an index in Ind(7"), then delete n and every edge into

or out of n.

2. If there is an ind-labelled terminal graph (N’, E') of H such that ind € Ind(T"), then delete every

node n € N’ and every edge into or out of nodes in N’.

11/1 2 ’
4(LC(2))

12 [ a A ,|

1 lacey )

Figure 5: A 2-labelled terminal subgraph for q(rc(2))
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3. If there is a terminal graph (N', E") of H with respect to some indices in Ind(7"), then delete every

node n € N’ and every edge into or out of nodes in N'.

Lemma 16 An augmented set of SNF¢p, clauses T' is unsatisfiable if and only if its reduced labelled

behaviour graph H is empty.

Proof. We start by showing the ‘if” part. If T is satisfiable, then it has a CTL model structure M =
(S, R, L,[],s0). We construct a labelled behaviour graph H = (N, E) for T and inductively define a
mapping h from M to H. Let Pr be the set of atomic propositions occurring in 7. As the CTL model
structure M satisfies the clause set T', L(so) must satisfy Ro(T") U Ry(T"), which means there must be an
initial node ng = (Vo, Fa,, Fr,) in H, where Vo = L(s9) N Pr, Ea, = Eva(Vy,T) and Eg, = Evg(Vo, T),
and we define h(sg) = no.

Next, we assume that h(s;) = n;, = (V;, Ea,, Eg,) is in H and (s;, 8i+1) € [ind]. As the CTL model
structure M satisfies T, L(s;+1) must satisfy Ra(n;,T) U Rina(n;, T) U Ry(T), which means there must

be a node niy1 = (Vig1,Ea,,,, Eg,,) in H, where Vi1 = L(siz1) N Pr, Ea = Eva(Viy1,T) U

i+l

Unsata(Fa,,Vi), Eg,,, = Eve(Vit1,T) U Unsat;nq(Fg,,V;), and we define h(s;+1) = niy1. By the

i1
construction of the behaviour graph, the edge (h(s;),ind, h(s;+1)) is in H. Therefore, for every state
s € 5, the node h(s) is in H and for every pair (s;, s;4+1) € R,i > 0, the edge (h(s;),h(s;+1)) is in H.

We define N as the set {h(s) | s € S} and EM as the set {(h(s;),ind,h(si+1)) | (si,8i+1) €
[ind],ind € Ind(T), s;,si+1 € S}. It is obvious that N¥ C N and EM C E. We define the subgraph
HM of H to be (NM EM). Although a CTL model structure is infinite, H and HM are finite graphs
because the number of nodes in H and H™ is bounded by 2 x o x 2"E, where n?,n and n” are
the numbers of atomic propositions, A-eventualities and E-eventualities in T', respectively.

We will show that neither of the deletion rules given in Definition [ is applicable to H™. Since
every state s in a CTL model structure has successors and in particular an ind-successor for each index
ind € Ind(T), by the construction of H™ deletion rule (1) is not applicable to H™.

To prove that deletion rule (2) is not applicable to H*, we need first to show that for every node

h(s) =n = (V,Ea, Eg) in HM if | € E4, then M, s = AL, The proof can be done by induction on a

Figure 6: A terminal subgraph for ¢
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path xs, = S, Sit1, Sit2, ... in M such that there exists a clause AD(Q = ACl) € T with M, s; = Q.

For the base case, we have h(s;) =n; = (Vi, Ea,, Fp,),l € E4,, AD(Q = AOl) € T, and M, s; = Q.
By the semantics of = and AO, we obtain M, s; = AL

For the induction step, we have the hypothesis that h(siy;) = niy; = (Vig1, Ea,,,;, EE,, ;) L € Ea,
and M,s;1; = AQl. By the equivalence AG!I = 1V AOAO! shown in [[3], we obtain M, s;y; =
IV AOAOIL. For the node h(siyjy1) = nivjr1 = Vigjr1, Ba, 0, Eeiy ), we know | € By, =
Eva(Vigjt1,T) U Unsata(E4,,;, Vigj). If [ is from Eva(Viyj41,T), then there must exist a clause
AD(Q = AQIl) € T and Vi 41 = Q. By the definition of the mapping h, M, s;1j+1 = Q'. Therefore,
by the semantics of = and AD, M, s;1 ;11 = ACL Otherwise I must be from Unsata(Ea,,,, Viy;). By
the definition of the function Unsata, Vii; = —l. By the mapping h, M, s;4; = —l. Therefore, by the
semantics of V, AO and (S;+j, Si+j+1) € R, we obtain M, s;4,4+1 = AL

The proof that for every node h(s) = n = (V,Ea, Eg) in HM if linc(ing)) € Ep, then M,s |=
E<®l1.c(ind)) can be done in analogy.

Assume node n = (V, E4, Eg) is in an ind-labelled terminal subgraph for I(1,c(inayy of H and h(s) = n.
By Definition [ we know l(zc(inayy € Er. So M, s = EOl ¢ (ing))- By Lemma [ [ does not hold on
any the possible paths labelled with ind departing from n. By our mapping h, [ does not hold on the
actual path M used. Therefore, we have M, s [~ E®lr.c(ind))- That is a contradiction implying that
there are no nodes in an ind-labelled terminal subgraph for I(1c(inayy of H and deletion rule (2) is not
applicable to HM.

The proof for deletion rule (3) is analogous to the proof for deletion rule (2) and deletion rule (3) is
also not applicable to H. As HM is a subgraph of H and no deletion rules are applicable to H | the
labelled behaviour graph H for T cannot be reduced to an empty graph.

We now show the ‘only if” part. Assume that the reduced labelled behaviour graph H = (N, E) of
T is non-empty, then we show how to construct a CTL model structure M = (S, R, L, [], so) from H
satisfying T'.

First we define some additional notation that will be used later.

Let M = (S, R, L, [], so) be a CTL model structure.

e By P(sg,ind) we denote a path in M consisting of an infinite sequence s, $1, S2, . . . of states such

that sg, s1,82,... € S and for every i > 0, (s;, 8;41) € [ind], and ind € Ind(T). Alternatively, we

view P(sg,ind) as an infinite sequence (sg, 1), (81, $2), . .. of pairs of states.

e By P(sp,*) we denote a path in M consisting of an infinite sequence s, s1, $2, . .. of states such
that sg, s1,$2,... € S, and for every i > 0, (s;, $;+1) € R. Alternatively, we view P(sg,*) as an
infinite sequence (sg, 1), (81, $2), ... of pairs of states.

e By RP(s,) we denote a reverse path consisting of a finite sequence s, s,—1, ..., So of states such
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that s,, Sn—1,...,80 € S, so is the root of M, and for every ¢, 0 <i<n—1,(s;,8:+1) € R.

To construct a CTL model structure M = (S, R, L, [], so) from a reduced labelled behaviour graph
H=(N,E),if n=(V,Ea, Eg) € N, let the function cs(n) return a state s such that L(s) = V.
In addition, we introduce several properties of M which are necessary and sufficient for M to satisfy

T.
(P1) L(so) must satisty Ro(T) U Ry(T).
(P2) Every pair (s;,8;+1) € R must satisfy the set of A-step, E-step and global clauses in T', that is

o L(s;) and L(s;41) satisty Ry (T');
o for every A-step clause P = AOQ € T if L(s;) satisfies P, then L(s;y1) must satisfy Q;

o for every E-step clause P = EOQ(inqy € T if L(s;) satisfies P and (s;, si11) € [ind], then

L(s;41) must satisfy Q.

(P3) For every E-sometime clause P = ECliLc(ing)) €T and every state s € S, if M, s E P, then the

path P(s,ind) must contain a state s’ € S such that [ € L(s’).

(P4) For every A-sometime clause P = A<l € T and every state s € S, if M, s |= P, then every path

P(s,*) must contain a state s’ € S such that [ € L(s).

Now we inductively define the construction of a CTL model structure from a reduced labelled be-
haviour graph H and a mapping h from M to H.

The state sg of M is given by so = cs(ng), where ng is an arbitrary initial node in H, and we define
h(sp) = no. By the construction of H, property (P1) holds for sq.

Suppose we have constructed the state s; for M and RP(s;) = $;,8i—1,...,80. Then our task is
to choose for each index ind € Ind(T) a pair (s;,si+1) € [ind] for M. Assume h(s;) = n and n has k
ind-successors {ni,na,...,ng} (k > 0 as otherwise n would be a terminal node in H). Let S®¥ be a set

{8 sj—1,8; € RP(s;),h(sj—1) =n,h(s;) € {n1,n2,...,nx} and (sj_1,s;) € [ind]}.
o if the set STF is empty, then 5,41 = cs(n1);

e clse, let s € S°7 be the state such that the distance between s; and s is the shortest among all the

distances between s; and a state in S?F and h(s) = n,, € {n1,n2,...,n1},1 < m < k, then

— Siy1 = cS(Nm1), if m # k;

— Sit1 = cs(ny), if m = k.
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By this algorithm, for an arbitrary path xs,, if a node n is infinitely often used to construct states
5 € Xs, and the index ind is infinitely often used to construct the next states of s on xs,, then ind-
successors of the node n are fairly chosen. This construction ensures that all eventualities will be satisfied
in M.

Following the instructions we provided and using a breadth-first order for the construction, from the
state sg, a CTL model structure M is constructed from H. By the construction of M and H, property
(P2) holds for M.

Now we prove the model structure M we constructed satisfies property (P3).

Assume the clause P = EOl 1o (inayy € T and let s be an arbitrary state in S such that M, s E P. We
need to show that the path P(s,ind) contains a state s’ such that [ € L(s"). Assume [ does not hold on
P(s,ind), i.e. | ¢ L(s') for any state s’ € P(s,ind). We know the path P(s,ind) is an infinite sequence,
whereas the set of nodes in H is finite, which implies that there are nodes {n}{,n5,...,nt} € H k> 1 are
used infinitely often to construct the path P(s,ind). Then for 1 < i < k, n! = (V}}, Ea!, Eg!) and by our
assumption, V! = -l and liLc(ina)) € EEf By the way we construct M, we use all the ind-successors
of each node in {n%,nf,...,nt}. Thus, the set of nodes {n},n5,...,nt} in H and all the ind-labelled
edges departing from those nodes form an ind-labelled terminal subgraph for (¢ (inq)) of H. However,
H is a reduced labelled behaviour graph, so no ind-labelled terminal subgraph exists in H. We obtain
a contradiction. Therefore, [ must hold on some state of the path P(s,ind) and property (P3) holds for
M.

The proof that property (P4) holds for M is analogous to the proof that property (P3) holds for
M. g

Lemma 17 If a set of initial and global clauses is unsatisfiable then there is a refutation using only step

resolution rules.

Proof. If a set T of initial and global clauses is unsatisfiable, then the set 77 = {D | true = D € T or
start = D € T'} is unsatisfiable by the semantics of AO and start.

The set T’ only consists of propositional clauses. Therefore, it has a refutation by propositional
ordered resolution with selection using the same ordering and selection function as for RE’TSL. Then, we
can use step resolution rules SRES4, SRES5, and SRESS on this set T" to derive an empty clause, namely

either start = false or true = false. g

Lemma 18 If the unreduced labelled behaviour graph for an augmented set of SNF¢ clauses T is
empty then a contradiction can be obtained by applying step resolution rules to clauses in or derived from

T.

Proof. If the unreduced labelled behaviour graph is empty then from the definition of labelled behaviour

graph, there are no initial nodes, which means there does not exist a valuation V' such that the right-
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hand sides of all initial and global clauses of T" are true under V. Thus, the subset of T" containing all
initial and global clauses in 7" is unsatisfiable and by Lemma [ there exists a refutation of 7" using step

resolution rules SRES4, SRES5, and SRESS. B

Theorem 5 (Completeness of REJFSL) If a set T of SNF&p clauses is unsatisfiable, then T has a
refutation using the resolution rules SRESI to SRESS, ERES1 and ERES2 and the rewrite rules RW1
and RW2.

Proof. Let T be an unsatisfiable set of SNF¢,; clauses. The proof proceeds by induction on the sequence
of applications of the deletion rules to the labelled behaviour graph of T. If the unreduced labelled
behaviour graph is empty then by Lemma we can obtain a refutation by applying step resolution
rules SRES4, SRES5 and SRESS.

Now suppose the labelled behaviour graph H is non-empty. The reduced labelled behaviour graph
must be empty by Lemma [[6 so there must be a node that can be deleted from H.

Suppose there is a node n which would be subject to the first deletion rule in Definition [@ Then
n is a terminal node n = (V, E4, Eg). Consider W ={D | P = A0OD €T and V = P} U{D’ | P/ =
EOD' (jnq) € T,ind € Ind(T), and V' |= P’} U{D" | true = D" € T}, where P, P" are conjunctions of
literals whereas D, D', D" are disjunctions of literals. By Definition B W must be unsatisfiable.

Given that W is a set of propositional clauses, it has a refutation by propositional ordered resolution
with selection using the same ordering and selection function as for RELFSL. We prove that a clause
true = false, Q = AOfalse or Q = EOfalse;,,q),ind € Ind(T), where @ is a conjunction of literals
and satisfied by V, can be derived from 7" by SRES1 to SRES3 and SRES6 to SRES8. The proof
proceeds by induction over the length of the propositional refutation of W. In particular, given a
refutation Ny, Ni,..., N, of W such that No = W and for every i,1 < i < n,N; = N;_1 U {C;}, where
C; is a propositional clause derived from N;_; and C,, = false. We show that there exists a derivation
Ng, Ni,..., N}, such that Ny = {P = AOD € T and V = P} U{P" = EOD' (jnqy € T,ind € Ind(T),
and V = P’} U {true = D” € T} and for every i,1 < i < n,N/ = N/_; U{C!}, where C! is either
true = C;, P, = AOC; with V = P; or P; = EOC; (inq),ind € Ind(T) with V' |= P;. C], is either
true = false, P, = AOfalse or P, = EOfalse ;nq),ind € Ind(T) with V = P,.

We prove the base case first. For the refutation of W, if Ny = WU{C, }, then we show N = NJU{C1},
where C7 is the form of true = C1, Pi = AOC, with V |= P} or P; = EOC! (jnay,ind € Ind(T) with
V | Pi and derived by an application of one of the resolution rules SRES1 to SRES3 and SRES6 to
SRESS8) from N{. Suppose C; = C V Cj is derived from two clauses Cy V [ and C5 V =i, then by
the construction of W we are able to find a clause G = Py = AO(Cy V1), Py = EO(C2 V1) (ing) or
true = Cy Viand G' = Py = AO(C3 V ), Py = EO(C3 V =l)(inq) or true = C3 V -l in Nj. Note
that if G and G’ are both E-step clauses, then the indices ind in them are identical. Depending on the

form of G and G’ we can distinguish the following cases.
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From G = Py= A0OCy V1
and G’ = P = A0OC;5 V-l

we can derive C] = Py A Pj = AOC, v C3 by SRES1

From G = Py = EOC2 V ljinay
and G’ = Pj= AOCs V-l

we can derive C = Py A Py = EOCa V C3(;n,qy by SRES2

From G = Py= A0Cy V1

and G/ = Py = EOC3 V =l inay

we can derive C1 = Py A Py = EOC2 V C3 5,4y by SRES2

From G = Py = EOC2 V ljinay
and G’ = Py = EOC3 V =l inay

we can derive O = Py A Py = EOCa V 35,9y by SRES3

From G = true=CyVI
and G' = P} = AOCs V -l
we can derive C] = Pj = AOC, Vv C3 by SRES6
From G = Py= A0Cy V1
and @' = true = C3V -l
we can derive Cf = Py = A0OC, Vv C3 by SRES6
From G = true=Cy VI
and G’ = Py = EOC3 V =l inay
we can derive Cf = Py = EOC2 V C3(ing) by SREST

From G = Py = EOC2 Vl(ing)

and G’ = true = C3V -l

we can derive ] = Py = EOCy V C3(;,4y by SREST

From G = true = Cy V1

and G’ = true = C3 V i

we can derive Cf = true = Cs V C3 by SRESS

where [ is eligible in C V [ and —I is eligible in C3 V =l for a given atom ordering and a given selection
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function S of RETSL as otherwise we would not have been able to derive C; = C5 vV (5 on the propositional
level using ordered resolution with selection given the ordering > and the selection function S.

Because C = C2 V3, (7 is one of the clauses Py APy = AOC, Py APy = EOC (ingy, Po = AOCH,
Py = AOCy, Py = EOC1 (inay, Py = EOC1 (inay, or true = Cy V (3. It is easy to see that since V = P
and V |= P}, we have V' |= P;. Further, in our cases above (SRES1 to SRES3 and SRES6 to SRESS)

cover all the possibilities to derive Cf. Thus, if there exists a derived clause C7, then C] can derived by

=8
RCTL'

Next we prove the induction step. For the refutation Ng, N1,...,N;, Niy1, ..., N, of W, if N;y; =
N; U Cy, then we show that N/, ; = N; U {C}}, where Cj is the form of true = Cj;, P, = AOC; with
V | P; or P; = EOC;(inqy,ind € Ind(T) with V |= P; and derived by an application of one of the
resolution rules SRES1 to SRES3 and SRES6 to SRESS8 from N/. The proof proceeds in analogy to the
base case.

Thus, we have shown that we can derive a clause C;, = P, = AOfalse, P, = EOfalse,q or
true = false from 7. From P,, = AOfalse or P, = EOfalse ;4 we can obtain the clause true = - P,
in normal form using RW1 or RW2.

By Lemma [[d the labelled behaviour graph H' for N/, is a subgraph of H. In particular, every node
in H' has to satisfy =P, or false. Obviously, the node n € N does not satisfy this global clause and is
thus not a node in H'.

Suppose the second (or third) deletion rule in Definition [ is applicable to H. Then there must
exist an eventuality /(1c(ing)y (o1 1), where Iz (inayy (or [) is not satisfied in an ind-labelled terminal
subgraph for (¢ (inay) (or a terminal subgraph for [) of nodes ind-reachable (or reachable). We have

two cases depending on the type of terminal subgraphs:

e ind-labelled terminal subgraph for l(;c(inay)- Let Q@ = EClLcoina)) be a clause in T and
H' = (N', E’) be an ind-labelled terminal subgraph for I(1c(inay) of the behaviour graph H. For
each n = (V,Ex, Eg) € N', let F' = EOG ;nqy be the conjunction of all global, A-step, E-step
clauses labelled with ind in T whose left-hand sides are satisfied by V. To show this is a loop in

=i, we must check the following two conditions.

— For each n € N’, we must have = G = —l. By Definition [ every valuation V' satisfying G
must be a valuation of an ind-successor of the node n. By property (ITS2), all ind-successors
are in H'. By property (ITS3), for every ind-successor n’ = (V', E'y, E};) of the node n,

V' |= =i, which implies = G = —l. As n is arbitrary, for all n € N’, we have = G = —l.

— For each n € N’ we must have = G = \/, .y, F. Let {n1,n2,...,n,},k > 1 be the set of
ind-successors of the node n. Let F; = EOG| inq) be the conjunction of all global, A-step

and E-step clauses labelled with ind in T" whose left-hand sides are satisfied by V;, where V;
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is the valuation of the ind-successor n; = (V;, Ea,, Eg,) of n. By Definition [ every valuation
V' satisfying G must be a valuation of an ind-successor of the node n. Thus, for every
1,1 < i <k V, E G. Since V; E F;, we have V; = G = F;. For all the valuation V;,
EG= FiVFV...VF,. By property (ITS2), all ind-successors of n are in H’, we have

{ni,n2,...,nx} € N and = G = \/ .y F. As n is arbitrary, for all n € N’, we have

': G = VneN’ F

By the correctness of the loop search algorithm for CTL [6], we are able to use the set of conjunctions
of F' = EOG jnqy in an application of ERES2 with the eventuality I(;c(inq)) occurring in @ =
ECliLc(ina)y €T Let L be defined as

L=\/F

neN’
Then 77 = TU{wi"* = EO(-L Vv 1) (indy, true = =QV LV} is the result of adding the resolvents
derived by ERES2 to T'. Note that for every node n = (V,E4, Fg) in H', V = L,V |= I, and by

Lemma[[@ V = wli"d. Recall that through augmentation the set T" contains clauses

w;nd = EO(l\/wf"d)<md>

true = (—Q VIV uwind)

By Lemmal[[@either there is an edge (n',ind,n) € E, wheren' = (V', E'y, E};) such that (¢ (inay) €
Ep, V' E =lor V E Q,V E —l. Therefore we must have V' = wi"® by Lemma [[@ So, for the
aforementioned resolvent w;™* = EO(=L V 1) (;nqy, V' satisfies wi™ but V does not satisfy (=L V).
Thus, the labelled behaviour graph for 77 does not contain the edge (n’,ind,n). Moreover, by
Definition @ the valuation of each predecessor of n must satisfy wf”d. Thus, all edges into n are not
in the labelled behaviour graph for 7”. Otherwise, for the latter, we have V = Q,V E L,V = —l.
Now, n does not satisfy the aforementioned resolvent true = —Q V —~L V[ in T’ and so n is not
a node in the labelled behaviour graph for T7. Therefore, the labelled behaviour graph for 7" is a

strict subgraph of that for 7" and by induction we assume that as T’ has a refutation so must 7.

Terminal subgraph for [. The proof is analogous to the proof for ind-labelled terminal subgraphs

for I r.c(inay)-

Theorem 6 Any derivation from a set T of SNFé clauses by the calculus RET‘SL terminates.

Proof. Let T be constructed from a set P of n atomic propositions and a set Ind of m indices. Then the

number of SNF¢,1; clauses that can be constructed from P and Ind is finite. We can have at most 22"

initial clauses, 22" global clauses, 24" A-step clauses, m-24" E-step clauses, n-22"*! A-sometime clauses,

and m - n - 22"*1 E-sometime clauses. In total, there could be at most (m + 1)24" + (m - n +n +1)22n+!
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different SNF&; clauses. Any derivation from a set of SNF&; clauses by the calculus RETSL will
terminate when either no more new clauses can be derived or a contradiction is obtained. Since there is
only a bounded number of different SNF,; clauses, one of these two conditions will eventually be truél

Next we consider the complexity of RE’TSL.

Theorem 7 The complexity of a RET‘SL based decision procedure is in EXPTIME.

Proof. Assume a set of SNF¢,p; clauses is constructed from a set P of n propositions and a set Ind of m
indices. The cost of deciding whether a step resolution rule can be applied to two determinate clauses
is A =4n + 1 in the worst case, provided we can compute S(C) in linear time and compute literal and
indices, if they both have one, in constant time. From the proof of Theorem [l we know the number
of determinate clauses is at most B = 22" 4 227 4 24" 4 m . 247 Therefore, to naively compute a new

clause from an application of some step resolution rule, we might need to look at C = @

pairs of
two clauses and the associated cost is (C- A). Moreover, to decide whether the resolvent is a new clause
or not, we need to compare the resolvent with at most B clauses and the cost is D = B- (A +4n?). In the
worst case where each pair of clauses generates a resolvent but the resolvent already exists and only the
last pair of clauses gives a new clause, to gain a new clause from an application of some step resolution
rule, the complexity is of the order (C- A - D), that is, EXPTIME.

To compute a new clause from an application of some eventuality resolution rule, the complexity
depends on the complexity of the so-called CTL loop search algorithm which computes premises for the
eventuality resolution rules [6]. The CTL loop search algorithm is a variation of the PLTL loop search
algorithm [IT] which has been shown to be in EXPTIME and we can show that the complexity of the CTL
loop search algorithm from [6] is also in EXPTIME. Since a new clause is produced by an application of
either step resolution or eventuality resolution, the complexity of generating a new clause is of the order
EXPTIME. According to the proof of Theorem [ there can be at most (m+ 1)24" + (m-n +mn +1)22n+1
different SNF%; clauses. Therefore, the complexity of saturating a set of SNF¢,p; clauses and thereby

deciding its satisfiability is in EXPTIME. O

4 Implementation

To implement an efficient theorem prover for the calculus RETSL is a non-trivial job. Besides the effort
to implement all the resolution rules, the effort to implement many techniques to prune search space for
RE’TSL, for example reduction, subsumption and so on, are also required. Currently there are many state
of the art first-order theorem provers, which have already implemented aforementioned techniques in
many ways. Moreover, in [20] authors presented a method to bridge PLTL to first-order logic and used

an existing first-order theorem prover to construct a prover for PLTL. The two facts above inspired us

36



to adopt an approach to implement the calculus RELFSL and reuse those highly refined first-order prover
to build our own prover for CTL.

First, we transform all SNF§p; clauses except A-sometime clauses and E-sometime clauses into
first-order clauses. Then we are able to use first-order ordered resolution with selection to emulate step
resolution. A and E-sometime clauses cannot be translated to first-order logic. Therefore, we continue
to use the rules ERES1 and ERES2 for inferences with A- and E-sometime clauses, respectively, and use
the loop search algorithm presented in Section to find suitable premises for these rules. We utilise
first-order ordered resolution with selection to perform the task of “looking for merged clauses” in the
loop search algorithm and we compute the results of applications of the eventuality resolution rules in

the form of first-order clauses.

4.1 Preliminaries of first-order ordered resolution with selection

We introduce several necessary notions before we start, following their definition in [4].

Let F, P and V be three pairwise disjoint (countable) sets. The elements of F are called function
symbols, the elements of P predicate symbols, and the elements of V wvariables. Each element of F and P
is associated with an arity n € Ny. The pair (F,P) is a signature.

A term is either a variable or an expression f(t1,...,t,) where f is a function symbol of arity n and
ti, ..., t, are terms. For a term ¢t = f(¢1,...,t,) the terms ¢y, ..., t, are called the arguments of t. Let
T(F,V) denote the set of all terms built from function symbols in F and variables in V. A term is ground
if it does not contain variables, i.e., it is an element of T(F, ).

The depth dp(t) of a term is inductively defined as (i) if ¢ is a variable or a constant then dp(t) = 1,
and (ii) if ¢ = f(¢1,...,tn), then dp(t) = 1 + max({dp(t;) | 1 <i < n}).

An atom is an expression p(ty,...,t,) where ti, ..., t, are terms in T(F,V) and p is a predicate
symbol of arity n in P. A literal is an expression A (a positive literal) or =A (a negative literal) where
A is an atom. For a literal L = (—=)p(t1,...,t,) the terms ¢y, ..., t, are the arguments of L. A literal
is ground if all its arguments are ground. The depth dp(L) of a literal L = (—)p(t1,...,t,) is given by
max({dp(t;) | 1 < i < n}) if the arity of p is greater than zero, and dp(L) = 0 otherwise.

A first-order clause C = Ly V ...V L, is a multiset of literals with variables implicitly assumed to
be universally quantified. A subclause D of a clause C' is a sub-multiset D of C. A strict subclause
D of a clause C is a subclause of C' not identical to C. The depth dp(C) of a clause C' is given by
max({dp(L) | L € C}) if C is non-empty, and dp(C') = 0 otherwise.

We assume that the notions of a substitution, a most general unifier, an instance, etc, are defined in
the usual way.

A condensation Cond(C) of a clause C' is a minimal subclause of C' which is also an instance of it.

A clause C is condensed if there exists no condensation of C which is a strict subclause of C'. Note that
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the condensation Cond(C) of a clause C' is either identical to C' or is a strict subclause of C' which is a
factor of C' and which makes C' redundant according to the definition of redundancy we give below.

An atom ordering > o, is a well-founded, total ordering on ground atoms. For two non-ground atoms
A and B we define A >, Bif Ao >, Bo for all ground instances Ao and Bo. As for the propositional
case, the ordering ., is extended to literals by identifying each positive literal p with the singleton
multiset {p} and each negative literal —p with the multiset {p, p} and comparing such multisets of first-
order atoms by using the multiset extension of > ... Also, the notion of a (strictly) maximal literal with
respect to a clause C' is again defined as in the propositional case. Finally, the multiset extension of the
literal ordering >, induces an ordering > ., on ground clauses.

A selection function Sy, assigns to each clause C a possibly empty set of occurrences of negative
literals in C. If C is a clause, then the literals in Sy, (C) are called selected.

The resolution calculus R;SiL’SF ©F is parameterised by an atom ordering > o, and a selection function
Sron, and consists of the following two inference rules:

e Ordered resolution with selection

CVvA -BVD
(CV D)o

where

1. o is the most general unifier of A and B.

2. No literal is selected in C' and Ao is strictly > po,-maximal with respect to C'o. (We say that

A is eligible in C'V A for the substitution o.)
3. =B is selected in =BV D or no literal is selected in D and —Bo is > o,-maximal with respect

to Do. (We say that =B is eligible in =B V D for the substitution o.)

e Ordered positive factoring with selection

CVvAvVDB
(CV Ao

where

1. o is the most general unifier of A and B.

2. No literal is selected in C' and Ao is > po,-maximal with respect to Co.

Given a set N of clauses and a clause C, then C' is redundant in N if for all ground substitutions o there
exist clauses C1, ..., Cy, n >0, in N and ground substitutions o; such that Cyo1,...,Cho, = Co and
Co =po, Cioj for every i, 1 <i <n.

R™ FoL,SFOL

A set N is saturated (up to redundancy) with respect to Rp5Y if all clauses that can be derived

by an application of the rules of R;SiL’SF “" to non-redundant premises in N are either contained in N

38



or else are redundant in N.

For a set Ny of clauses, a derivation from Ny is a sequence of clause sets Ny, N1, ..., where for every
1,4 >0, N;31 = N; U{C} and C is derived by applying a R;S%’SFOL inference rule to premises in N;, or
Nit1 = N; \ {C} and C is redundant in N;. A derivation Ny, Ny, ... is a refutation (of Ng) if for some
i, 0 <4, N; contains the empty clause. We say a derivation Ny, N1,... from Ny terminates if for some
i, 0 <1, N; is saturated up to redundancy. A derivation Ny, N1, ... is fair if every clause C' that can be
deduced from non-redundant premises in the limit Noo = J;(<; Nk is contained in some set N;.

R;SiL’SF ' is a sound and complete refutation calculus H]: for a set of clauses Ny and fair derivation
Ny, Ny, ... from Ny, Ny is unsatisfiable iff the clause set |J ; N; contains the empty clause. Furthermore,

if for some ¢ > 0, N; is saturated up to redundancy, then Ny is unsatisfiable iff IV; contains the empty

clause.

4.2 Representing determinate SNF{,; clauses as first-order clauses

In order to represent every determinate SNF%.; clause by a first-order clause we uniquely associate
every propositional variable p with a unary predicate symbol (),. Besides these predicate symbols we
assume that our first-order vocabulary includes a countably infinite set of variables x, v, ..., a constant
0, a binary function symbol app, and for every ind € Ind a constant s;,q.

The constant 0 represents the state sp € S in an extended model structure M = (S, R, L,[], so),
while a constant s;,q represents [ind]. The variables  and y quantify over states in M, and the variable
s quantifies over the successor functions [ind] with ind € Ind.

The first-order atom @,(x), represents that p holds at a state x, while Q),,(0) represents that p holds
at the state sg.

The first-order term app(s,z) represents the state resulting from the application of the successor
function s to the state x, while app(s;na,x) represents the state resulting from the application of the
successor function [ind] to the state z. Then the first-order atoms Qp(app(s,z)) and Q,(app(sind, x))
represent that p holds at states app(s,x) and app(sind, ©), respectively.

Finally, for a disjunction of propositional literals C' = (=)po V...V (=)pn, let [C](t), where ¢ is term,
denote the first-order clause (=)Qp, (£) V...V (=)@, (1).

We are then able to represent every initial, global, A-step and E- step clause I' by a first-order clause

[T'] as follows:

1. An initial clause start = C' is represented by [C](0)

[\

. A global clause true = C' is represented by [C](z)
3. An A-step clause P = AOC is represented by [-P](z) V [C](app(s,x))

4. An E-step clause P = EOC!;q) is represented by [=P|(z) V [C](app(sind,T))
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Note that it is possible for C' to be empty in an A-step clause P = AOC or an E-step clause P =
EOC inqy- In the calculus RE’TSL, such clauses are subject to the rewrite rules RW1 and RW2, and would
both be replaced by the global clause true = —P. We see that in our first-order representation of
determinate SNF¢,p; clauses, for an empty clause C, the SNF¢.p; clauses P = AOC, P = EOC/jnq),
and true = —P all have the same representation, namely, [=P](x). Thus, on the first-order level, the

rewrite rules RW1 and RW2 are superfluous.

4.3 Implementing step resolution

The representation of determinate SNFg,p; [4] clauses by first-order clauses allows for all our step reso-
lution rules to be implemented using the ordered first-order resolution with selection calculus presented
in Section BTl

To this end, we have to define the atom ordering and selection function on the first-order level in
such a way that they mirror their definition on the propositional level.

Regarding the first-order atom ordering, note that our signature only contains unary predicate sym-
bols. Let > be a propositional atom ordering. Then we allow >.,, to be any ground first-order atom

ordering such that Qg(s) = ror Qp(t) if
(1) dp(s) > dp(t); or
(ii) dp(s) = dp(t) and g > p.

According to this definition, lifted to the non-ground level, we have

Qw(app(smdfapp(smd, x); )) > ror Qp(app(sind; x)) > FoL Qq(x)a

for any predicate symbols Q,, Q4, Qw, and constants s;,q and s;,q, and

Qq(app(sinda x)) > roL Qp(app(sind; w))Qq(w) > FoL Qp(l')

provided ¢q > p.
Regarding the first-order selection function S,.,, we use the close correspondence between determine

SNF%TL clauses and their first-order representation to define Sy, as follows:
1. A literal[—1](0) is selected in [CT(0) by Sy, iff =l is selected by S in C
2. A literal [—l](z) is selected in [C](x) by Sy, iff =l is selected in C' by S;

3. Aliteral [—l](app(s,z)) is selected in[4] [=P](x)V [C|(app(s,x)) by Sros, with C' being non-empty,
iff =l is selected in C' by S;
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An application of SRES2

P = EO(C V1) (inay where [ is eligible in C' V[
Q= A0O(DV-l) and -1 is eligible in DV -l
PAQ = EO(CV D) ina

can be emulated by the following inference using ordered resolution with selection

[=P](z) V [Cl(app(sind; ) V Qu(app(sind, T))
[-Q1(y) V [D](app(z,y)) V ~Qi(app(z,y))
Cond([=P](z) V [-Q](z) V [C1(app(sind, x)) V [D](app(sind; *)))

where the definition of =, and S,,, ensures that Q;(app(sind, z)) and —=Q;(app(z,y)) are both
eligible in their respective clauses for the substitution o.

Figure 7: Emulating SRES2 inferences in first-order logic

An application of SRES3

P = EO(C V1) (inay where [ is eligible in C'V
Q = EO(D V 1) (inay and I is eligible in DV —l
PAQ = EO(CV D) ina

can be emulated by the following inference using ordered resolution with selection

[—=P1(x) V [C(app(sina, x)) V Qi(app(sind; *))
[-Q1(y) V [D](app(sind, y)) V =Qi(app(sind, y))
Cond([=P](z) V [-Q1(z) V [C1(app(sind, ) V [D](app(sind; *)))

where the definition of > ,,, and S,,, ensures that Q;(app(sind,z)) and —~Q;(app(sind,y)) are both
eligible in their respective clauses for the substitution o. Note that Q;(app(sind, z)) and
Q1(app(sina’,y)) are only unifiable if ind = ind'.

Figure 8: Emulating SRES3 in first-order logic

4. A literal [—1](app(Sind, z)) is selected in [—P](z) V [C](app(Sind, ©)) by Sro., with C' being non-

empty, iff =/ is selected in C' by S.

There is one more complication that we need to overcome. In the case of SNFg . clauses, we have made
the simplifying assumption that the conjunctions and disjunctions of propositional literals occurring
in these clauses do not contain duplicate occurrences of the same literals, thus avoiding the need for
factoring inference rules in our calculus. For example, resolving two global clauses I'y = true = —pV ¢
and I'y = true = pVgq simply results in I's = true = ¢. However, for first-order clauses we have followed
the definition of clauses as multisets of first-order literals. Thus, resolving [I'1] = =Qp(z) V Q4(z) with
[T2] = Qp(x) V Qq(x) results in Qq(z) V Qq(x), which is not identical to [I's] = Qq(z).

To eliminate this mismatch, we require that on the first-order level all clauses are kept in condensed
form, that is, every first-order clauses C' is replaced by its condensation Cond(C'). In our example, we
have Cond(Qq () V Qq(x)) = Qy() = 1.

We are then able to establish the following correspondence between RE’TSL inferences on determinate

Sror

SNFg,;;, clauses and R;S‘]:"’ inferences on their first-order representation.
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An application of SRES7

true=C VI where [ is eligible in C' V[
Q = EO(D V 1) (ing and — is eligible in DV -l
Q = EO(C'V D) inay

can be emulated by the following inference using ordered resolution with selection
[Cl(x) v Qi)

[-Q1(y) V [D](app(sina, y)) V Qi (app(sind, y))
Cond([-Q1(y) V [CT(app(sina, y)) V [D](app(sind, y)))

where the definition of ., and Sy, ensures that Q;(z) and —Q;(app(sind,y)) are both eligible in
their respective clauses for the substitution o.

Figure 9: Emulating SRES7 in first-order logic

Theorem 8 Let = and S be an atom ordering and selection function, respectively, for REJFSL and let

o, and Sy, be a corresponding atom ordering and a corresponding selection function, respectively, for
R;S‘IZ"’SFO". Let 'y and I'y be two determinate SNFgC:TL. Then a determinate clause I's is derivable from
'y and Ty by SRES1 to SRESS in RE’TSL iff there exists a clause C' derivable from [T'1] and [T'a] by

R;S‘i”’sm" such that [T'3] is a condensation of C.

Proof. Our definition of S;,, and >, ensures that there is a one-to-one correspondence between eligible
literals in determinate SNF%.; clauses and eligible literals in the first-order representation of these
clauses.

Therefore, we can show that for any inference by SRES1 to SRESS there is a corresponding inference
by R;S%’SF o' Figures [ Bl and @ show this relationship for inferences by SRES2, SRES3 and SRES7.
The relationship for the inferences by the remainder of step resolution rules is analogous.

Now, we show that, provided we keep first-order clauses in condensed form, RE’TSL does not allow
additional inferences which do not have a correspondence by SRES1 to SRESS.

As we know a determinate clause is either an initial C*?, a global C9, an A-step C* or an E-step
clause CF, we can distinguish ten different types of inference, C*Cg, C*C4,C*C¥,C9C4, CICE, CACPF,
C'Ch, 0909, CACH and CECP. SRESI to SRESS maps themselves to eight types except C*C# and
C'CP, which implies that it is not allow to have inferences between an initial clause and an A-step
clause or an E-step clause.

For the type of inference of C*C4, consider the four cases:

Case 1

(Qq(0) V...) is transformed from an initial clause

(...V =Qq(app(s,x)) V...) is transformed from an A-step clause

Q4(0) and =Q,(app(s, z)) do not unify;
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Case 2

(Qq(0) V...) is transformed from an initial clause

(...V =2Qq(x) VvV (7)Qp(app(s,z)) V...) is transformed from an A-step clause

—Q4(x) is not eligible in this clause: Condition (i) in the definition of > ., ensures that (=)@, (app(s, ))o = o
Qq(z)o for any substitution o and Sy, is defined in such a way that =Q4(x) is not selected.

Case 3

( =Qq4(0) V...) is transformed from an initial clause

(...V Qqlapp(s,z)) V...) is transformed from an A-step clause

=Q4(0) and Q,(app(s,x)) do not unify;
Case 4

( =Qq4(0) V...) is transformed from an initial clause

(...V Qq(x)V (m)Qp(app(s,x)) V...) is transformed from an A-step clause

Q4 () is not eligible in this clause: Condition (i) in the definition of >, ensures that (—=)Q,(app(s, z))o > ror
Qq(z)o for any substitution o and Sy, only select negative literals.

For inference of C*CF, the proof is analogous. Therefore, R;S%’SF oL disallows types of inference of
C'C4 and C'CE.

Further, all inferences by SRES1 to SRESS involve only literals on the right-hand sides of determinate
clauses. The we prove inferences of R;S?f’sp “" do so as well. It is again the atom ordering > ., and the
selection function Sy, which guarantee that requirement.

For example,

Case 5

( Qq(x)V (m)Qq (app(s,z)) V...) is transformed from an A-step clause

(...V Qq(x)V (m)Qg(app(s,z)) V...) is transformed from an A-step clause

Q4 () is not eligible in this clause: Condition (i) in the definition of > ., ensures that (—)Qq, (app(s, ))o > ros
Qq(z)o for any substitution o and Sy, only select negative literals.

Case 6

( Qq(x) V (7)Qq, (app(Sina,x)) V...) is transformed from an E-step clause

(...V Qq(x)V (7)Qq (app(sina;x))  V...) is transformed from an E-step clause

Q4 () is not eligible in this clause: Condition (i) in the definition of >, ensures that (—=)Qq, (app(s, ))o > ros

Qq(z)o for any substitution o and Sy, only select negative literals.
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1 procedure eres(T, C)
2 // T is a saturated set of determinate clauses
3 // C is a sometime clause () = AC—l or () = EC—l (1o (ina))

4 begin

) if C is an A-sometime clause then

6 S0S := {D|D is a global or step clause in T};

7 else if C is an E-sometime clause then

8 S0S := {D|D is a global, A-step, or E-step clause with the index ind in T};

9 end if

10 i:=0;

11 H_1(x) := true;

12 do

13 Goals := {ls(x)V —-Q;(app(s,z))V —Hi_1(x)o}, where o = {x <« app(s,z)};
14 Ty := resolution_sos(S0S, Goals);

15 T, := {G(x) | G(z) Vis(x) € Ty and depth(G(z)) < 1};
16 Hi (x) := =(AT2);

17 if Hi(z) is equivalent to true then

18 return eresolvent(C, true);

19 else if H;(z) is equivalent to false then

20 return ()

21 else if H;(x) is equivalent to H;_;(x) then

22 return eresolvent(C, H; (x));

23 end if

24 i = i+1;

25 while (T2 # ()

26 end

Figure 10: eres: A loop search implementation using first-order resolution

Proofs for other situations are analogous. Therefore, R;S‘i"’sp “" does not allow an inference resolving
literals from left-hand sides of determinate clauses. Finally, condensation ensures that the ordered
factoring with selection rule of R;S‘i"’sp “F is not applicable.

This establishes the desired one-to-one correspondence between inferences by SRES1 to SRES8 and

. S
inferences by R;S?f" For, ad

4.4 Implementing eventuality resolution

To implement the eventuality resolution rules ERES1 and ERES2, we will need to augment a first-order
theorem prover with an implementation of the E-loop search algorithm defined in Section Figure [
shows the pseudocode for the implementation of this algorithm in our prover CTL-RP.

The procedure eres takes as input a set T of determinate clauses, which we assume to be saturated
under the step resolution rules SRES1 to SRESS8 and the rewrite rules RW1 and RW2, and a A-sometime
clause or E-sometime clause C. As stated in Section B3l if C' is an A-sometime clause @) = A<=l then
the loop search algorithm considers all global, A-step clauses, and E-step clauses in T, while if C' is an
E-sometime clause @ = E<$—l (¢ (ind)), then the loop search we try to resolve an E-sometime clause
algorithm considers all global, A-step clauses, all E-step clauses with index ind in T. Lines 5 to 9 of

our algorithm implement this case distinction and store the set of clauses that needs to be considered
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1 procedure eresolvent(C, H;(x))
2 // C is a sometime clause QQ = AO~l or Q = EC—l(1c(ina))
3 // Hi(z) = -\, Gi(z) is a loop formula
4 begin
5 if H;(x) = true then
6 G;(x) := false;
7 end if
8 if C is an A-sometime clause then
9 resolvents := {[-Q](z)V -Qi(z)VG;(x) |1 <i<n}U
[ Qua () V~Qu(app(s,2)) V Gi(2) | 1 < <, o = {z — app(s,a)}}U

{[=Q1(x) vV ~Qi(2) V Qua (),
Q. (1) V Q1(aBP(s. 7)) V Q. (a80(s. )]
10 else if C is an E-sometime clause then
11 resolvents := {[-Q](z) V-Q(z) VGi(z) |1 <i<n}U
{=Quina(x) vV —Qi(app(sina, 2)) V Gi(z)o |1 < i <n,
o ={x — app(Sind,x)}} U
{[=Q1(z) V =Qi(z) V Quina (),
“Quina () V =Qu(app(sind, ) V Quina(app(sina, 7))} 3

12 end if
13 return resolvents;
14 end

Figure 11: The eresolvent procedure

in a set SOS. The main part of the algorithm, lines 12 to 25, consists of a loop in which we construct a
sequence of formulae H_;(x), Ho(x), Hi(x), ...until one of the three termination conditions is satisfied:
(a) if Hi(x) is equivalent to true, then we use the procedure eresolvent to return the resolvents for C and
the loop true (lines 17 and 18); (b) if H;(x) is equivalent to false, then no loop can be found and we
return the empty set of resolvents (lines 19 and 20); (c) if H; (x) is equivalent to H;_;(x), then we again
use the procedure eresolvent to return the resolvents for C and the loop Hi(x) (line 21 and 22). Line 13
to 16 deal with the construction of the formula H;(x) for the current index i. Recall from Section
that to construct H;, we need to look for merged clauses A; = AO(B; Al) or Aj = EO(B; Al)(ina)
such that B; = H;_; (or, equivalently, AOB; = AOH;_1). To do so, we construct a set of goal clauses
Goals with each clause containing the literal —Q; (app(s, x)), the first-order representation of AO-l and
a disjunct from —H; 4 (app(s,x)), the first-order representation of AOH,_;. When trying to prove these
goal clauses using the clauses in SOS, all newly derived clauses of depth one or less would be the first-
order representations of the A;’s that we look for. To make it easier to identify newly derived clauses,
we add a literal s(x), where s is a new unary predicate symbol, to each of the goal clause. As there
are no negative occurrences of Is(z) in S0S, Is(x) occurs in all clauses derived from our goal clauses.
In Figure [[, line 13 constructs the goal clauses, line 14 calls the resolution_sos procedure to saturate
S0S U Goals using a set of support strategy, line 15 collects all newly derived clauses of depth one or
less from the saturated set using the literal Is(x) to identify newly derived clauses, and, finally, line 16

computes H; (x).
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The following example illustrates how our implementation of the loop search algorithm works. The
set T consists of the three SNF¢, 1, clauses a = AOL, b= AOI, and a = Oaingy and we are looking for

a loop in —l. The first-order representation of these clauses is given by

(1) =Qa(x) Vv Qi(app(s, z))
(2) —Qu(x) V Qi(app(s, 2)))
(3) ~Qa(z) V QalapPp(sind; x)))
For our atom ordering we use a lexicographic path ordering based on the precedence app > Q; > Q, >
Qb > sing > s and a selection function which returns the empty set for every clause, i.e. no literals are
selected in any clause.
In the following description of resolution derivations, [G] indicates a goal clause that has been added to
T, [n, R, m] indicates a resolvent of the clauses labelled (n) and (m), and [n, C] indicates the condensation
of the clause labelled (n).
During the first iteration of the main loop of eres, the set of goal clauses consists of the single clause

Is(z) V =Q(app(s,z)) and resolution_sos conducts the following inferences:

[G] (4) Is(x) vV ~Qi(app(s, z))
[, R, 4] (5) Is(z)V ~Qa(x)

2, R, 4] (6) Is(x)V -Qp(x)

3, R, 5] (7) Is(app(sind;x)) V ~Qa(x)

Of these clauses, only clauses (5) and (6) contribute to the construction of Hy(z) (see lines 15 and 16 of
the eres) and we obtain Hy(z) = Q.(x) V Qp(x). As Hp(xz) does not satisfy any of the three termination
conditions, the main loop of eres will be executed a second time. This time, we have two goal clauses,

clauses (8) and (9) below:

[14, C]  (15) Is(x)V —Qqu(x)

3, R, 12] (16) Is(z) V —Qu(x) V ~Qq(x)

3, R, 15] (17) Is(app(sing; ) V Qa(z)

As the condensed clause (15) makes clause (14) redundant and clause (15) also subsumes clause (16),

of all the clauses in the saturated set, only clause (15) contributes to the construction of H;(z) and we
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1 procedure resolution_prover (N)

2 begin

3 = (; Us := taut(sub(N));

4 while (Us # () and L ¢ Us)

5 (Given,Us) := choose(Us);

6 Wo := WoU {Given};

7 New := res(Given,Wo) U fac(Given) ;
8 New := taut(sub(New));

9 New := sub(sub(New,Wo),Us);
10 Wo := sub(Wo,New);

11 Us := sub(Us,New) UNew;
12 end

13 output () ;

14 end

Figure 12: A simple resolution prover [26]

obtain Hi(z) = Qu(x). Again, Hi(x) does not satisfy any of the three termination conditions, and a

third iteration of the main loop is eres is required. There is only one goal clause, clause (18).

G] (18) Is(z) V =Qi(app(s,x)) V =Qq(app(s, z))
[1, R, 18] (19) Is(x) V =Qq(z) V ~Qu(app(s,z))

2, R, 18] (20) Is(z) V =Qu(x) V ~Qa(app(s,x))

3, R, 19] (21) Is(z) V ~Qa(2) V ~Qa()

21, C]  (22) Is(z) V Qa(x)

3, R, 22] (23) Is(app(sind, ) V ~Qa()

Again, the condensed clause (22) makes clause (21) redundant and only clause (22) remains to contribute
to the construction of Hy(x). We obtain Ha(x) = Qq(x) which is equivalent to Hy(z). Thus, the third
termination condition of eres is satisfied (line 21) and the eresolvent procedure, shown in Figure [l will
return the appropriate resolvents.

We are now in the position to formulate the correspondence between derivations by RELFSL and deriva-
tions by R;S(I)f »Srot supplemented by the eresolvent procedure and to state the correctness of this ap-
proach to implementing RETSL

Let T be a set of SNF{,1; clauses such that T is the set of all determinate clauses in 7' and T¢ is
the set of all eventuality clauses in 7. Let [T%!] denote the set {[T'] | I' € T9*} of first-order clauses
representing the determinate clauses in 79,

Then a RE’TSL—emulating derivation from T by R;S?f SFOL g g sequence Ny, N1, Na, ... of sets of first
order clauses such that Ny = [T'%!] and for every i, i > 0, N;41 = N1 U{C} where C is the condensation

=FOL,SFOL
REOTL with an atom

of a clause derived by applying the ordered resolution with selection rule of
ordering >, and selection function Sy, corresponding to > and S, respectively, to premises in NV;,
or Nit1 = N1 U R where R is eres(N;,T") for some eventuality clauses T' in T¢. A RE’TSL-emulating

refutation of T by R>FO”SFO’ is a RETL-emulating derivation Ny, Ny, ... from T by R;S%L’SFO" such that
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for some ¢ > 0, IV; contains the empty clause.

Theorem 9 Let T be a set of SNFgp; clauses. Then T has a refutation by RE’TSL iff there is a RE’TSL—

emulating refutation of T by R;S‘IZ"’SFO".

Proof. Let Ty, Ty, ... be a refutation of T' = Ty by RET‘SL where we restrict applications of ERES1 and
ERES2 to loop formulae that can be found by a CTL equivalent of our loop search algorithm.

First, we establish that this restriction is still complete. Basically our loop search algorithm in
Figure [ is almost same as the original loop search algorithm in Section The only difference is that

we provide implementations for the following two tasks in the original loop search algorithm.
(i) “Search in T for all the clauses of the form X; = [, X; = AOI, and X; = EOl(jnaqy.”

(ii) “looking in T; for merged clauses of the form A; = AO(B; Al) or Aj = EO(Bj Al)(ingy such that

B; = H, is provable (in propositional logic).”

Thus, we only need to prove the correctness of our implementation for those two tasks.

For task (i), we simply insert a new clause ls(x) V —=Q;(app(s, z)), which is equivalent to an A-step
clause —ls = AO-I. By Theorem B, we just need to prove that there exist clauses of the form X; = I,
X; = AOI, or X;j = EOl(jnqy in T; iff by adding —ls = AO-l into T; and applying step resolution
of REJFSL for a certain atom ordering > and a certain selection function S to T;, we can find clauses
—ls A X; = false, -ls A X; = AOfalse, or —ls A X; = EOfalse;,q, in T; U R, where R is the set of
resolvents.

IfT' = X; = AOl € T;, then -ls = AO-I is added into 7;. By SRESI, for an arbitrary atom
ordering >~ and arbitrary selection function S' we can derive —ls A X; = AOfalse. This result obviously
holds when I' = X; = [ and I' = X; = EOl(jnq)-

For the other direction, if a clause I' = =ls A X; = AOfalse is found in 7; U R, then I' is not from
T; because the atom ls does not occur in T; before —ls = AO-l is added. Thus I must be derived from
an application of some step resolution rule of RETSL for certain > and S and one of the premise of this
application must be —ls = AO=I. Therefore, the other premise in T; must be X; = AOIl or X; = [.
The result obviously holds when I' = =ls A X; = false and I' = ~ls A X; = EOfalse ;).

For task (ii), the proof is analogous. By the completeness of loop search algorithm for CTL [B], our
version of the loop search algorithm is complete as well.

We show by induction over the RETS’L refutation that we can construct a RE"TSL—emulating derivation
No, N1, ... from T such that for every i, i > 0, N; = [T2¢*]. The base case, where we consider T' = T,
is trivial, as by definition Ny = [T']. For the induction step, we have to consider whether T, is
derived from T; by adding the resolvent of a step resolution inference or the results of an application of

an eventuality resolution rule. In the first case, Theorem [ to establish the required correspondence. In

48



1 procedure main(y)
2 // ¢ is a CTL formula

3 begin

4 N := transform_to_fol (transform_to_snf (simp (nnf (©))));
5 New := {C|C is a determinate clause in N};
6 ST := {C|C is a sometime clause in N};

7 S0S := 0;

8 do

9 New := reduction_mrr(New) ;

10 S0S := resolution_sos(S0S, New) ;

11 New := 0;

12 if (L ¢ S0S) then

13 foreach A-sometime clause and E-sometime clause C in ST
14 G := eres(S0S, C);

15 if (G # 0) then

16 New := New U G;

17 end if

18 end for

19 New := sub(New, S0S);

20 end if

21 while (L ¢ SOS and New # ()

22 output () ;

23 end

Figure 13: The main procedure of CTL-RP

the second case, since we use essentially the same loop search algorithms, thus the eresolvent procedure
in Figure [l will find a first-order representation of the same loop formula and return the first-order
representation of the same result.

Therefore, if T; contains a contradiction for some ¢ > 0, then N; contains the empty clause as

N; = [TF"]. The Rér’ri-emulating derivation Ny, Ni,... from T that we have just constructed is a
refutation.
The proof for the reverse direction of the theorem is analogous. O

4.5 The main procedure of our implementation

The architecture of our resolution theorem prover for CTL is dictated by the differentiation that we
have to make between sometime clauses, which are subject to the eventuality resolution rules ERES1
and ERES1, implemented by the procedure eres, and determinate clauses, which are subject to the step
resolution rules, implemented by ordered resolution with selection. There are two possibilities how these
two can be integrated.

The first possibility is to treat eres as just another inference rule besides the resolution (and factoring)
rule of first-order resolution. To illustrate this approach, consider the main procedure of a simple first-
order resolution provers [26] as shown in Figure In this procedure, choose(N) selects and removes

a clause from a clause set N, fac(C) is the set of all factors derivable from a clause C, res(C,N) is
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the set of all resolvents derivable between a clause C' and a set of clauses N, taut(N) is the result
of exhaustive tautology elimination to N, sub(NN) returns the set N after exhaustive application of
subsumption deletion, and sub(N, M) returns all clauses in N not subsumed by clauses in M. To integrate
eres we could simply replace line 7 with a case distinction: if Given is the first-order representation of
a determinate clause, then let New be the set of all condensed resolvents between Given and Wo under
ordered resolution with selection; if Given is a sometime clause, then let New be the result of applying
eres to the set of first-order representations of determinate clauses in Us U Wo, i.e. all currently available
determinate clauses, and Given. However, eres assumes that the set of clauses it is given is already
saturated and that only inferences between this set and the goal clauses constructed in eres are required,
otherwise not all loop formulae might be found. But UsUWo is not saturated as inferences between clauses
in Us have not been computed yet. So, we would need to saturate UsUWo within eres itself, which obviously
leads to repeated inferences as resolution_prover will continue to saturate Us U Wo independently of eres.
Thus, this would not be an efficient approach.

The second possibility is to perform the saturation of determinate clauses first before we try to apply
eres. This obviously ensures that eres receives a saturated set of determinate clauses as input. But since
each application of eres to a sometime clause may derive new determinate clauses, we will have to re-
iterate the overall saturation process with these new clauses. This gives rise to the algorithm for the main
procedure of CTL-RP shown in Figure[[@ The procedure takes a CTL formula ¢ as input and transforms
@ into a set N of SNF¢ ., clauses in first-order representation by computing the negation normal form
of ¢ using nnf and performing boolean and CTL simplifications, including tautology removal, using
simp, then transforming the resulting CTL formula into an equi-satisfiable set of SNF§, 1. clauses using
transform_to_snf, and finally giving these clauses a first-order representation using transform_to_fol (line
4). We split N into the set New of first-order representations of determinate clauses and the set ST of
sometime clauses (lines 5 and 6). As we will repeatedly saturate a set of clauses, a set of support strategy
is used, with the initial set of support SOS being empty (line 7).

We then enter the main loop of the procedure which will be repeated until either the empty clause
has been derived or we cannot derive any new clauses. Within the main loop we first simplify New
using matching replacement resolution [22] (line 9) which we found to be an effective reduction in early
experiments with CTL-RP. We then saturate the set New with respect to the current set of support SOS
using the procedure resolution_sos and the resulting set of clauses becomes the new set of support (line
10). If we have not derived the empty clause yet, then we try to apply eres to each of the sometime
clauses (lines 13 to 18). The union of all the resolvents generated by applications of eres becomes the
set of new clauses New. Some of these resolvents may be redundant, in particular, if applications of eres
in a previous iteration of the loop have already been successful, i.e. have produced a non-empty set of

resolvents. Therefore, we eliminate clauses from New which are subsumed by clauses in S0S (line 19).
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1 procedure resolution_sos(S0S, N)
2 // S0S is a saturated set of first-order clauses
3 // N is a non-saturated set of first-order clauses

4 begin

5 while (N# 0 and L € N)

6 (Given,N) := choose (N);

7 S0S := SOSU {Given};

8 New := cond(ores(Given, S0S));
9 New := sub(sub(New, S0S), N);
10 S0S := sub(S0S, New);

11 N := sub(N, New) U New;

12 end

13 if L € N then

14 S0S := S0S U {L};

15 end if

16 return SOS;

17 end

Figure 14: The resolution_sos procedure

The procedure resolution_sos is shown in Figure [d The procedure takes as input a set of clauses
S0S which is assumed to be saturated and not to contain a contradiction, and a set of clauses N. It
returns the saturation of SOS UN. The procedure is a minor variation of the simple resolution prover
resolution_prover in Figure [2 with the set S0S taking the place of the set Wo of worked-off clauses.
Thus, while resolution_prover starts with an empty set of worked-off clauses to which we add clauses
chosen from N, and from derived clauses, one by one, here we start with the potentially non-empty set
S0S to which we add clauses chosen from N, and from derived clauses. In addition, we require the use
of ordered resolution with selection: ores(C, N) is the set of all resolvents derivable between a clause
C and a set of clauses N by the ordered resolution with selection rule, cond(N) is the set of clauses

{Cond(C) | C € N}, where N is a set of determinate clauses.

4.6 CTL-RP

Our resolution theorem prover for CTL, CTL-RP, is based on the first-order resolution prover SPASS
3.0 24, 7). The main procedure of SPASS provides the implementation of resolution_sos and all the in-
ference and redundancy elimination rules for first-order ordered resolution with selection. To this we have
added our own implementations of the procedures nnf, simp, transform_to_snf, and transform_to_fol
that are required to transform a given CTL formula into a set of first-order representations of determi-
nate clauses and a set of sometime clauses, and we have added implementations of the procedures main,

eres and eresolvent.
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TRES1 TRES2

Pt = AOADOI P = AOADI
qg= Aol q = EC=linc(ind)
q= A(-PTW-I) q = E(=PTW=l)(Lc(ina)

where P is a disjunction of conjunctions of literals and [ and ¢ are literals.

Figure 15: Redundant eventuality resolution rules

5 Related work

RET‘SL is based on Bolotov’s resolution calculus for CTL [5]. For instance, the use of indices to translate
into the normal form was introduced in [5]. However, no formal interpretation was given for indices and
no formal semantics stated for SNFg; . In this paper, we provide a formal semantics for SNFg,p; .

Compared to the definition of SNFory, in [B], we use an additional type of clauses, namely global
clauses. Our definition of SNF{,p.; provides several advantages over [A]. Firstly, global clauses inevitably
occur as a result of inferences by step resolution rules. For example, from m; = AOIl and mo = AO-I
we can derive m; A my = AOfalse, while from m; = EOl;,q) and ma = EO-l;jnq we can derive
my Amg = EOfalse ;,q). Both mi Amg = AOfalse and mi Amg = EOfalse;,q) are transformed into
a global clause true = —mj V =-mo by RW1 and RW2, respectively.

As the normal form in [B] does not allow for such clauses, in the approach taken in [5] such global
clauses must further be rewritten into equivalent pairs of an initial clause and an A-step clause as follows:
X start = \/l?:1 m;j

true = \/j_,m; — / i
true = AO\V;_; m;
where each mj, 1 < j < k, is a literal. For the same reason, in [5] the rewrite rules RW1 and RW2
will each produce two clauses, whereas in RE’TSL the analogous rewrite rules produce only one. Thus,
one obvious advantage of allowing global clauses is that compared to [B] we will have fewer clauses
transformed from the original CTL formula and generated by resolution.

Secondly, global clauses also inevitably occur as a result of inferences in an implementation of step
resolution via first-order resolution as described in the previous section. Thus, removing global clauses
via rewriting would require additional implementation effort in this approach. Furthermore, the main
disadvantage of the introduction of global clauses, namely the need for the additional step resolution
rules SRES5 to SRESS that allow to resolve on global clauses, disappears. All step resolution rules map
onto the rule for ordered first-order resolution.

Another difference to [f] is the approach taken in our completeness proof. The proof in [B] relates the
application of deletion rules on a CTL tableau to a sequence of resolution steps. Then, completeness of
the resolution calculus follows from the completeness of the tableau construction and deletion process.

To show completeness of our calculus RETSL we construct a graph known as a labelled behaviour graph.
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This is an extension of the concept of a behaviour graph used in [I6] for proving completeness of a clausal
resolution for PLTL and related to the concept of a labelled behaviour graph used [I2]. However, our
labelled behaviour graph has differences in construction to capture the semantics of indices in SNFgp; .
We believe our completeness proof through a behaviour graph demonstrates a closer relationship between
the application of resolution rules and deletions in the labelled behaviour graph. Moreover, it is relatively
easy to generate a CTL model structure from a non-empty reduced labelled behaviour graph. Hence,
we could potentially use the labelled behaviour graph construction to generate counter models given
failed proofs. Our labelled behaviour graph can be easily extended to be used for a completeness proof
of resolution calculi for the combination of CTL and other logics, for example, the combination of CTL
and modal logic KD45 [12].

Furthermore, in the resolution calculus for CTL presented in [B [T2] step resolution is not constrained
by an ordering and a selection function. Therefore, the step resolution rules in [Bl [[2] allow for con-
siderably more, and superfluous, inferences. In addition, this earlier resolution calculus contains four
eventuality resolution rules, TRES1 to TRES4, where ERES1 and ERES2 correspond to TRES3 and
TRES4. The other two eventuality resolution rules are given below in Figure[[d Using our completeness
proof we can prove that the two eventuality resolution rules TRES1 and TRES2 in [3, [[2] are redundant.

We give a brief explanation why this is the case. Informally note that the only difference between
TRES1 and ERESI is their first premise. For TRES1, it is Pf = AOADOI and for ERESI1, it is
Pt = EOEDOI. In B, [T2], AOAOI is called an A-loop and EOED! is called an E-loop. According to
the semantics of CTL, AOAD! = EOEO!, meaning if there exists an A-loop, there must be an E-loop
as well. So, whenever we can apply TRES1 (TRES2), ERES1 (ERES2) is applicable as well. More
formally, in our completeness proof we only identify two types of subgraphs where some eventuality
can not be fulfilled, namely, ind-labelled terminal subgraphs and terminal subgraphs. Both are E-loops
according to the definition in [B] and the deletion of both types of subgraphs correlates to applications
of ERES1 or ERES2. Thus, no further inference rules are required showing that TRES1 and TRES2
are redundant. Considering that the eventuality resolution rules are computationally very expensive, we
gain a significant improvement here.

Finally, complexity of the method is not discussed in [5]. In this paper, we prove that a decision

procedure based on RETSL is of the order EXPTIME.

6 Performance of CTL-RP

Besides CTL-RP, there only seems to be one other CTL theorem prover, namely a CTL module for the
Tableau Workbench (TWB) [I].

The Tableau Workbench is a generic framework for building automated theorem provers for arbitrary
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Representation of this state transition
\ system in CTL
Cab D Cab i
AO(aANb = AO((—a Ab) V (ma A —b)))
AO(aANb = EO((y—a A b)))
AO(aAb = EO((y—a A —b)))
AO(maAb = AO((ma Ab)V (ma A-D)))
AD(maANb = EO((y—a Ab)))
/D AO(—aANb = EO(( ﬁa/\ﬁb )
AO(-aA-b = AO(ﬂa AD))

Figure 16: A state transition system

Property Status CTL-RP | TWB
1. AO(_‘EO((LC(a)) AD)) Valid 0.06s 23.79s
2. | AD(A(alU —a)) Valid 0.02s 25.84s
3. | AQ(aVb) Not Valid 0.01s 0.85s
4. AD(EOﬁ@) Valid 0.03s 46.95s
5. | E(bU —-b) Valid 0.01s 2.958
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Figure 17: Performance on finite state transition system properties

propositional logics which provides a general architecture and a high-level language which allows users
to specify tableau rules and provers based on these rules. It provides a number of pre-defined provers for
a wide range of logics, for example, propositional logic, linear-time temporal logic and CTL. Regarding
CTL, it implements a so-called one-pass tableau calculus for this logic which results in double-EXPTIME
decision procedure [2]. Therefore the complexity this CTL decision procedure is higher than the com-
plexity of CTL-RP, which is EXPTIME. It should note that the prime aim of TWB is not efficiency.

There is no established way to evaluate the performance of CTL decision procedures nor is there a
repository or random generator of CTL formulae that one might use for such an evaluation. We have
therefore created four sets of benchmark formulae ourselves that we have used to compare CTL-RP
version 00.09 with TWB version 3.4. The comparison was performed on a Linux PC with an Intel Core
2 CPU@2.13 GHz and 3G main memory, using the Fedora 9 operating system.

The first set of benchmark formulae, CTL-BF1, consist of eight well-known equivalences between

temporal formulae taken from [T3].
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Figure 18: Performance on eight ‘textbook’ CTL formulae

CTL equivalence CTL-RP | TWB
1. | AOp =-E<—p 0.008s 0.005s
2. | EOp=-Al—p 0.008s 0.004s
3. | EO(pVq) =EOpV EQq 0.005s 0.005s
4. | AOp =-EO—p 0.004s 0.006s

5. | E(pUq)=qV (p NEOE(pU q)) 0.049s | 0.005s
6. | A(pUq)=qV (pNAOA(pUQ)) 0.068s | 0.005s
7. | EOp = E(true Up) 0.010s | 0.008s

8. | AOp = A(true Up) 0.010s | 0.008s

The CTL equivalences themselves and the CPU time required by TWB and CTL-RP to prove each
of them is shown in Figure Both system easily prove each of the equivalence in less then 0.1 seconds,
however, with TWB being significantly faster on two of the formulae.

For the second set of benchmark formulae, CTL-BF2, we have created a small finite state transition
system and formalised it in CTL as shown in Figure M8 We have then defined five properties, each given
by a CTL formula, that one might try to establish for this state transition system, and each benchmark
formula in the second set is an implication stating that the CTL specification of the finite state system
implies one of these properties. Figure [[7 shows the five properties, their validity status with respect
to the finite state transition system, and the CPU time in second required by TWB and CTL-RP to
establish that status. CTL-RP outperforms TWB by a factor of about 1000 on two of the benchmark
formulae and by a factor of 100 for the remaining three benchmark formulae in CTL-BF2.

The third set of benchmarks, CTL-BF3, generalises the idea underlying CTL-BF2. Instead of using
a specification of a finite state system and properties that we have ‘crafted’ ourselves, we use randomly
generates ones. In particular, let a state specification be a conjunction of literals [;, 1 < i < 4, with
each l; being an element of {a;,—a;}. Let a transition specification be a CTL formula in the form
AO(s = AO(V]_, s:)) or AO(s = EO(V/}_, si)), where n is a randomly generated number between 1

and 3, and s and each s;, 1 < ¢ < n is a randomly generated state specification. Furthermore, let a
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Figure 19: Performance on the third set of benchmark formulae CTL-BF3

property specification be a CTL formula of the form «(\/_, s;), where  is a randomly chosen element
of {AO,E0, A0 E0, AC, EC, AU, EU }, n is a randomly generated number between 1 and 2, and
each s;, 1 < ¢ < n, is a randomly generated state specification. CTL-BF3 consists of one hundred
formulae with each formula being a conjunction (set) of 30 transition specifications and 5 property
specifications. Figure [@ shows a graph indicating the CPU in seconds required by TWB and CTL-RP
to establish the satisfiability or unsatisfiability of each benchmark formula in CTL-BF3. For CTL-RP,
each of the 100 benchmark formulae was solved in less than one CPU second. TWB, on the other hand,
required more time for most of benchmark formulae and was not able to solve 21 of the benchmark
formulae in less than 200 CPU seconds each, which was the time limit we have given to both provers.
The results on the CTL-BF3 show that CTL-RP can provide a proof for each benchmark formula in a
reasonable time with the vast majority of formulae being solved in less than 0.50 seconds. In contrast,
the performance of TWB is much more variable, with a high percentage of formulae not being solved.
The last set of benchmarks CTL-BF4 is based on a real world problem. We have specified a network
protocol, the Alternating Bit Protocol (ABP) [21I] in CTL and specified and verified three of its properties
by CTL-RP and TWB. The Alternating Bit Protocol involves two participants, namely a Transmitter
and a Receiwer. The Transmitter wants to send messages in a reliable way to the Receiver through an
unreliable communication channel. To this end, the Transmitter appends to each message a control bit.
We assume that for the first message the Transmitter sends, it will use the control bit 0. The Transmitter
will repeatedly send the message including the control bit until it receives an acknowledgement from the
Receiver with the same control bit. The Transmitter will then complement the control bit and start
transmitting the next message including the new control bit.

This behaviour of Transmitter and Receiver can be described by finite state transitions systems as the
ones shown in Figure2 If the Transmitter is in its initial state s0, then it attaches the control bit 0 to the

current message and sends it to the Receiver. It will stay in state s0, i.e. follow the transition labelled
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Figure 20: A model for ABP

—tr0, until it receives an acknowledgement with control bit 0, in which case it follows the transition
labelled tr0 to state sl. The behaviour of the Transmitter in state sl is identical to its behaviour in
state s0, but with the control bit 1 taking the place of control bit 0.

If the Receiver is in its initial state ¢, then it will stay in state i, i.e. follow the transition labelled
—rr0, until it receives a message with control bit 0. It will then follow the transition labelled 70 to state
a0. In state a0, the Receiver will send an acknowledgement with control bit 0 to the Transmitter. It will
then stay in state a0, i.e. follow the transition labelled —7r1 until it receives a message with control bit
1. It then follows the transition labelled rr! to state al. The behaviour of the Receiver in state al is
identical to its behaviour in state a0, but with the control bit 1 taking the place of control bit 0.

To represent the behaviour of Transmitter and Receiver in CTL, we associate a propositional variable
with every state and every positive transition label in the two finite state transition systems. Then the

initial condition of the Transmitter can be described by the CTL formula
SO A =tr0O A —trl

and the transitions of the Transmitter are represented by the following CTL formulae.

AD(50 A —tr0 = AOs0
AO(s0 A tr0 = AOs1
AD(s1 A—trl = AOsl

)
)
)
)

AO(s1 Atrl = AOsO

o7



Moreover, the following formulae ensure that at any moment, the Transmitter can only be at one state.

ADO(s0V s1)
AD(s0 = —sl)

ADO(sl = —s0)

In analogy, the initial condition of the Receiver is described by
1A rr0 A —rrl

and the transitions of the Receiver are represented by the following CTL formulae.

AO(i A=rr0 = A1)
AO® Arr0 = AOal
AO(a0 A —rrl = AOa0

)
)
AO(a0 Arrl = AOal)
AO(al A=rr0 = AOal)

)

AO(al Arr0 = AOa0

Again, we impose additional constrains to ensure that at any moment, the Receiver can only be in one

state.
AO(i Va0 Val)

AO(i = —a0 A —al)
AO(a0 = —i A —al)

AO(al = =i A —a0)

In addition, we specify that the Transmitter and the Receiver will always eventually be successful in

transmitting their messages.

AO(s0 = ASrr0)

all
AO(s1 = AOrrl)
AD(a0 = AOtr0)
AO(al = AOtrl)
Finally, we have to specify the properties that we want to establish. We want to prove that the Receiver

is initially in state ¢ and remains in that state until it transits to state a0. Once in state a0 it will remain

there until it transits to state al. In analogy, once in state al the receiver remains in that state until it

58



transits to state a0. These three properties are given by the following CTL formulae:

1. A(ild a0)
2. AO(a0 = A(a0U al))
3. AO(al = A(allfaD))

The set CTL-BF4 consists of three formulae with each formula being an implication stating that the
conjunction (set) of CTL formulae specifying Transmitter and Receiver implies one of the three properties
above.

While CTL-RP was able to establish the validity of each of the three benchmark formulae as indicated

in the table below, TWB did not terminate within 20 hours of CPU time.

Property | CTL-RP | TWB

1 1.39s -
2 192.86s -
3 326.02s -

7 Conclusion

Currently, there are many non-classical logics for which sound and complete calculi are known, however,
implementations of these calculi are lacking. This applies even to such a well-known and well-established
logic as Computational Tree Logic. One explanation is the considerable effort that is required to im-
plement a reasonably efficient theorem prover for these logics. The approach we took is that we first
develop a resolution calculus for the non-classical logic we are interested in and then build a bridge to
first-order resolution which allows us to re-use existing first-order theorem provers.

Previously, this approach has been successfully applied to linear-time temporal logic [T9]. In this
paper, we construct a bridge from CTL to first-order logic.

We define a new normal form SNFgp; for CTL and give a formal semantics for it. We provide
an improved clausal resolution calculus RETSL for CTL and show the EXPTIME complexity of a CTL
decision procedure based on RETSL Furthermore, we present a new completeness proof with a different
approach from [5]. The proof also shows that some eventuality resolution rules in [B], which are the most
costly rules of the calculus, are redundant. We provide a new technique to implement step resolution rules
via ordered first-order ordered resolution with selection and describe an algorithm for the eventuality
resolution rules of our calculus. This makes our calculus useful from both a theoretical and a practical
perspective. Using the methods we propose in this paper, we utilise an existing, efficient automated
resolution theorem prover for first-order logic, SPASS, to implement our CTL theorem prover CTL-RP.

In future, we intend to extend our approach to logics closely related to CTL including, for example,

alternating-time temporal logic [3].
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