Descriptions of game states
Hans van Ditmarsch, Wiebe van der Hoek, Barteld Kooi

Knowledge games are a fair playground to study properties of multiagent
systems. In the initial state of a knowledge game a number of cards is
dealt over a number of players. We describe this initial game state by a
theory comprising facts about deals of cards and the agents’ knowledge
and ignorance of those facts. We also provide a Kripke (S5) model for
such a game state and show that it is unique up to bisimulation. Therefore
this model demonstrates all and only the relevant epistemic properties of
the initial state.

1 Introduction

The interaction between logic and game theory is currently of interest
to the scientific community. Well-known are game theoretical foun-
dations for logical semantics (Hintikka and Sandu, 1989), and other
applications of game theory in logic (Ehrenfeucht, 1961; van Benthem,
2000a). For applications of logic in game theory, we may mention the
formalization in logical theories of game theoretical notions such as
game trees, plays of a game, and equilibria (Bonanno, 1993; Kaneko
and Nagashima, 1996). One issue of interest in this area are games
where the information contained in a game state and the information
change due to a game action may be rather complex, and therefore
become objects of study in themselves. As a concrete example of such
games we have defined knowledge games (van Ditmarsch, 2001): card
games where a number of cards is distributed over a number of players
(in the context of games, we prefer to call agents ‘players’), and where
moves consist of information exchange, such as showing cards to other
players. Of particular interest are actions where information is simul-
taneously exchanged between subgroups of different size, e.g. when one
player shows a card to another player, while the remaining players see
that a card is being shown but not which card it is.

From a given knowledge game state and a game action that is ex-
ecutable in that state we can compute the next game state (van Dit-
marsch, 2000). Therefore, we can compute any game state from an
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initial knowledge game state and a game action sequence. This illus-
trates the need for a logical description of initial game states. Although
it seems to be rather clear what the players know about facts in an ini-
tial game state, the precise amount of their ignorance of other players’
knowledge is less transparent, as one easily overlooks game features. It
is important to know what other players know, because in other game
states this may help one to derive factual knowledge, which may help
to win.

In this article we provide descriptions of initial knowledge game
states. For the description of game actions, see (van Ditmarsch, 2000).

In section 2 we give an overview of relevant logical terminology.
Readers familiar with epistemic logic may prefer to skip this section.
See also (Meyer and van der Hoek, 1995; Fagin et al., 1995). In section
3 we present the theory Hexa that describes the model Heza of the
initial game state of the knowledge game for three players each holding
one card. This knowledge game exemplifies most of the features that
we want to study. In section 4 we continue with the general case: the
theory Kgames describes the initial game state of the knowledge game
for an arbitrary deal of cards over players. In section 5 we describe the
game state where the cards have been dealt but where players haven’t
picked up and looked at their cards.

2 Epistemic logic

Given (throughout the text) are a finite set A of agents and a set P of
atoms.

Syntax of epistemic logic Multiagent epistemic logic £% is the
smallest set such that, if p € P,p,¢0 € L{,a € A/B C A, then:
P, —p, (P AY), Ko, Cpp € L. Formula K,y means ‘a knows ¢’. For-
mula Cpy means ‘B know ¢’ (or ‘B commonly know ¢’). If B = A we
also say that ‘B publicly know ¢’. We introduce the usual abbreviations

PV, o1, and p & P

Epistemic structures An S54 model is a triple (W, {~s}eca,V)
where W is the (nonempty) domain, for eacha € A, ~, CW x W is
the accessibility relation for agent a, which is an equivalence relation,
and the waluation V is a function that given a world assigns a truth
value to each atom: V : W — P — {0,1} (i.e. for each w € W,
Vw : P = {0,1}). Instead of w € W we also write w € M. The pair
(W, {~a}aca) is an S54 frame. If w € M, the pair (M, w) is an S54

DRAFT MANUSCRIPT (May 11, 2001)



DESCRIPTIONS OF GAME STATES / 3

state, where w is its point or designated world.

Define ~p := (U,cp ~a)* (* stands for transitive and reflexive
closure). An S5§ model is an S54 model with accessibility relations
~p added for all B C A. Every S 52 model can also be seen as an S54
model. We generally write S5 instead of S54, and we always assume
an arbitrary model to be an S5 model.

Semantics of epistemic logic Let M = (W,{~,}ac4,V) be an
S5 model, w € M, p € P,a € A, BC A Then: M,w E p &
Vw(p)zla M,'LUI:_K,O@M,’LU%(,O, M;TU':(P/\w@[M;’wI:
pand Myw E¢ ]; MywE Ko &Y' ~w: Mw' Eo; Mwl
Cpy & Yw' ~p w : M,w' |= ¢. Derived notions are: M |= ¢ &
Yw € M : M,w [= ¢ (note that we have M |= ¢ & M E Cap), and
MwkEY&VoeX: Mw = o

We now define (local) logical consequence. We write |= instead of,
strictly, =g5,. We define ¥ = ¢ & VM,Yw € M : M,w E ¥ =
M,w = ¢.

Bisimulation Let M = (W, {~g}sca,V)and N = (W" {~I},ca, V")
be S5 models. A bisitnulation between two states (M, ) and (IV,y) is
a nonempty binary relation 8 C W x W' such that R(z,y) and:

Atoms: Yw € M,Vv € N : R(w,v) =V, =V ;

Forth: Va € A Vw,w' € M,Yv € N : R(w,v) and w ~, w' =
' € N :v ~!'v' and R(w',v") ;

Back: Va € A,Yw € M,Yv,v' € N : R(w,v) and v ~! v' = Jw' €
M :w ~, w' and R(w',v").

We say that (M, z) is bisimilar to (N,y) and we write (M, z)< (N, y).
If domain(R) = M and range(R) = N, M is bisimilar to N, and we
write M & N. It holds that (M,w) & (N,v) = [Vp: Mw E ¢ &
NovlEyl,andthat M o N=>[Vo: MEp o NEe].

Description Let M be an S5 model, w € M. The atomic description
o of world w (or of state M, w) is /\pepp“’, where p¥ :=pif V,,(p) =1
and p¥ = —p if Vu(p) = 0. A description of a model M is a set
of formulas (i.e. a theory) ¥ such that M E ¥ and VM' : M' =
Y = M'+ M. In other words: M is a model of ¥, and only M is
a model of X. A description of a state (M,w) is a set ¥ such that
M,w E ¥ and VM' Vw' € M' : M',w' E ¥ = (M,w) & (M',w').!
Finally, a characteristic ¢ of M is merely a formula that is valid in M:
Ywe M : M,w E .

1Qccasionally we also use ‘describe’ in an informal sense, as in ‘atom ¢, describes
that player a holds card ¢’.
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3 Description of Hexa

In this section, we present the theory Hexa, that describes the (S 5{1’2,3})
model Hexa. The state (Hexa,rwb) is the initial state of the knowl-
edge game for three players each holding a card, where 1 holds red (r),
2 holds white (w), and 3 holds blue (b). In such games, moves consist
of questions, such as “Do you have the white or the blue card?”, and
their answers, such as “No”. We disregard all game aspects and merely
focus on the logical description of the initial game state. Figure 1.1
pictures the model Hezxa. In the figure, a node labelled cde represents
the deal of cards where 1 holds ¢, 2 holds d and 3 holds e; an arc is
labelled with a if player a cannot distinguish from each other the deals
that are linked by it.

rwb—1—rbw

/ \
3 2
N,
\ \ /
2 32 3
N/ \/

brw—1— bwr

Figure 1.1: The model Heza for three players each holding a card

What information do the players have in this model, regardless of
the actual deal of cards? They know how many cards there are, namely
three. They know that the cards are all different, namely one red, one
white and one blue. They know that each of them holds one card.
Beyond that, if they hold a card, they know it, and if they don’t hold
a card, they also know that they do not hold it. All this is publicly
known. They don’t know anything else, and there seem to be two sides
of that ignorance. First, a player doesn’t know that another player
holds a specific card. Second, with the exception of his own card, a
player can imagine any card to be in possession of another player. All
these constraints are satisfied by the theory Hexa.

Definition 1 (Hexa) Theory Hexa consists of the formulas:

seeH := Aa€{1,2,3} /\ce{r,w,b}(ca - Kaca)
dealsH := 5rwb \ 57‘bw \ 5wrb \ 5wb7‘ \ 6brw \ 6bw7‘
dOntknOWthatH = /\a#be{l,2,3} ACE{’I‘,’U},IJ} _|KaCb
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These formulas are the constituents of the theory. Atomic proposition
o expresses that player a holds card ¢. SeeH expresses that every agent
can see his own card. DealsH expresses that there are only six relevant
deals, d4pc is the atomic description of the world (deal) abc in Heza,
i.e. a; A by A —ep A mas A by A —es A mag A —bg A 3. DontknowthatH
expresses that players do not know the cards of other players. In section
3.1 we discuss various properties of agent knowledge in Hezxa that can
be derived from the concise formulation in Hexa.

Theorem 1 Theory Hexa describes model Hexa.

We have to show that Heza |= Hexa, which is obvious, and that only
Heza models Hexa. The last follows from the following lemma, that is
a special case of lemma 6, to be presented and proven in section 4:

Lemma 2 Suppose M = Hexa. Then M & Heza.

What does it mean that Hexa describes Hexa? Only in a technical
sense is Hexa the only model of Hexa: Hexa defines the bisimulation
class of Hexa. But from this it follows that every non-theorem of
Hexa is falsified in Heza, and every theorem of Hexa is valid in Heza.
Differently said, if we weaken theory Hexa, e.g. by deleting formulas, it
models structures of unintended game states, but if we strengthen the
theory, it no longer models Heza.

When we say that Hexa describes Hexa, we have implicitly quanti-
fied over all its worlds. This has to be made explicit when we describe
one of its states: we now demand that Hexa is common knowledge in
that state, and that its (unique) atomic description holds:

Corollary 3 Theory CiasHexa + 64 describes (Hexa,d).2

Corollary 4 For all Egé’”""} formulas ¢ and ¢: Heza |E ¢ &
Heza |= Cia3¢ < ClrasHexa = ¢ & CiasHexa = Ciazp and Heza,d =
¢ & (CrozHexa + 6d |= ’Lﬁ

Corollary 4 is a direct consequence of theorem 1. Note that Hexa |=
¢ ¢ Hexa = Cia3p, as e.g. deals [£ Cia3deals.

In a way, theorem 1 also shows that we have chosen the right mod-
el, and the right description, for the game state of three players each
holding a card. From the viewpoint of knowledge specification, we were
initially uncertain about both the properties of the agents in this game
state and the S5 model representing it. But by linking these so tightly

2Where CrazHexa + dg = {Ci23¢ | ¢ € Hexa} U {d4}.
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together in theorem 1 we have simultaneously validated them, so to
speak.

3.1 Derived characteristics of Hexa

One can define various other characteristics of Hexa. We list a few:

Definition 2 (Other properties of players’ knowledge)

players only see their own cards

dontseeH := /\ae{1,2,3} /\ce{r,w,b}(_‘ca — Kg—e,)
there is at most one card of each colour
atmostH := /\a#bE{l,Q,:ﬁ} /\CE{T,U},I)} _|(Ca A Cb)
there is at least one card per player
atleastH = A cq1931(ra Ve Vba)
players can imagine that others hold other cards
dontknownotH := A _c1 033 Acefruwpy (TCa = 7 Kamey)
players do not know that others hold other cards
dontknowotherH := A__yct1 531 Acefrw,pp (7€ = 7Kach)

In dontknownotH, we may read —K,— as the dual epistemic modal
operator meaning ‘player a can imagine that’ (M,). All these properties
hold in Hezxa, and by corollary 4 therefore follow from Cis3Hexa as
well. Something more than that can be observed, however. We give an
example: although seeH and dontseeH are not logically equivalent, we
can replace seeH by dontseeH in theory Hexa and the result will still
describe Heza. This is captured by the following notion:

Definition 3 (Stronger) Let ¥,¢,v be L formulas. Then ‘p is
stronger than 1 given ¥, notation ¢ >x v, if Ca(X — ¢ + ) E .3

If either ¢ € ¥ or ¥ € X, we say that ‘p is stronger than ¢ in ¥’. If
p >y ¥ and ¥ >x ¢ we write ¢ =y ¥, and we say that ‘p and Y are
equally strong given/in ¥’ (or ‘v is just as strong as ¢’). One can show
that: dealsH =pexa atmostH A atleastH, that seeH =pexa dontseeH, that
dontknowthatH =pexa dontknowotherH, and that dontknowthatH =pex,
dontknownotH. Although the proofs need some combinatorial juggling,
they are rather basic and have been omitted.

3. —¢p =2\ {¢}if € and & — ¢ = ¥ otherwise. T+ ¢p = p+ 3 = U {p};
whether ¢ is already in ¥ or not makes no difference.
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4 Description of initial game states

In the previous section we have described Heza. In this section we
generalize our results for any number of players and cards. We start
by introducing terminology on deals of cards.

We consider deals d € A€ of a set C of cards (in bold, to distin-
guish it from the common knowledge operator) over a finite set A of
players. The cards held by player a can be represented by d '(a) =
{c € C | d(c) = a}. Consider the game state where the cards have
been dealt and every player has (only) looked at his own cards. In
this initial game state two deals can not be distinguished from each
other by a player (i.e., are the same for a player) if he holds the same
cards in both and if all other players hold the same number of cards
in both (imagine counting the backfaces of other players’ cards). This
induces an equivalence on card deals: deal d is the same for player
a as deal e iff [ d7'(a) = e7'(a) and Vb € A : |[d71()| = e~ (b)] ].
We introduce some useful abbreviations. Let a,b € A, d € A€. Then
fa := |d='(a)| is the number of cards held by player a. Similarly, write
f—a for |C| — |d"'(a)|, the number of cards not held by a, and write
f—ab for |C| — |[d~1(a)| — |d"1(b)|, the number of cards not held by a
or b. The size of deal d, notation fd, lists for each player the number
of cards he holds.

In the following definition we represent the initial game state by an
S5 model. The worlds in our model are deals. The atoms P of our
language now take the form c¢,, for a € A and ¢ € C.

Definition 4 (Initial game state) The initial game state is mod-
elled by the pointed S54 model (14,d) = ({Dga,{~a}aca,V),d), where
Dyg = {e € A€ | Va € A : |e7Y(a)| = |[d"'(a)|}, and for all a € A,
c € C,dy,dy € Dyg: dy ~, dy & dy ' (a) = dy ' (a), and Vg, (c,) = 1 &
di(c) = a.

Definition 5 (Description of a deal of cards) Let d € A€. The
description of deal d is the atomic description §; (see section 2) of the
world d in Iy: 64 := Nyea Noeccl- The description of the cards of

player a is the part of that description about a: 67 := \ ¢ cd.

By definition we have that §q <+ A\ .4 9. Also, for arbitrary d',d" € I;
and a € A: 03 < \/y.,_ 404, and d ~, d' = 7 ¢ 05 For more details
on card deals and knowledge games, see (van Ditmarsch, 2001). We
now present the theory Kgames:
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Definition 6 (Kgames) The theory Kgames for deal d € A€ consists
of the three constituents:

deals := V,cp,, 0
seedeal := A,y Apep,, (67 = Kady)
dontknow := A ., /\d,eDud(ég, & = Ky—0a)

Deals expresses that every world is atomically characterized by a deal
of size fd. Seedeal expresses that you know your own cards. Dontknow
expresses that you can imagine any deal that is consistent with (in the
sense of ‘extends’) your own cards. In a way, deals expresses the factual
knowledge of all players, seedeal expresses the private knowledge of a
player, and dontknow expresses his private ignorance. Again, all this
is publicly known. In the coming subsections we discuss various other
characterizations of the players’ knowledge in I, and in what respect
they are generalizations of constituents of Hexa. First, we show that
Kgames describes 1.

Theorem 5 Theory Kgames for deal d € A€ describes I,;.

We have to show that I; is a model of Kgames, which is obvious, and
that only Iy models Kgames:

Lemma 6 Suppose M |= Kgames. Then M « 1.

Proof Let M = (WM {~M} 4,VM) and M = Kgames; I; =
(Dyd;{~a}aca,V). Observe that, because M |= deals, each world w €
M has a valuation V,, = Vg for some d’ € Dyy. Define relation R C
(WM x Dy,) as follows: Yw € WM :Vd' € Dyy: R(w,d') & Vy = V.
We prove that R is a bisimulation between M and I;.

Atoms: By definition of fA.

Forth: Let w,w' € M, let e € Dyq. Suppose that R(w,e) and
that, for an arbitrary a € A: w ~, w'. We find an R-image in Dyq of
w' as follows:

Observe that Ij,e = 6.. As Vi, = Ve, also M,w = 6.. Therefore
M,w | - K;—d.. From that and M, w = dontknow follows M, w |= §2,
ie: M,w' = V.. 0. Therefore there is an e’ ~, e such that
M,w' | 6o. Choose one, then that €' is the required PR-image of
w': note that e ~, €, and that V¥ = V,/, because also, obviously,
Id, e’ IZ (551 .

Back: Let e, e’ € Iy, let w € M. Suppose that R(w, e) and that,
for an arbitrary a € A, e ~, €. We find an R-original of €', in M, as
follows:
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M,w | 6. implies, using seedeal, that M,w | K,d0%. Let w" ~,
w be arbitrary. Then M,w"” }= §¢. From that and e ~, €' follows
M,w" = 0%. Because w"” was arbitrary, M,w = K,0%. Therefore
M,w = 6%. Using dontknow, we get M,w = —K,—d. . Therefore,
there must be a w' ~, w such that M,w' | §. Choose one, then
that w' is the R-original of €', as M, w' | §. expresses that V, = V.
|

Note that in the ‘forth’ part of the proof, we have only essentially used
the —=K,—d, — 02 part of dontknow, whereas in the ‘back’ part of the
proof, we have essentially used seedeal and only used the §¢ — —K,—d,
part of dontknow.

Just as in the case of three players and three cards, that Kgames de-
scribes Iy means that we can neither weaken nor strengthen the theory,
because I is its only model.

Corollary 7 Theory Kgames + 6, describes (I4,e).

Corollary 8 For all ¢, € L4 (where P = C x A), and e € I:
I E e I ECap & CaKgames = ¢ & CyaKgames = Cayp, and
I, e =19 < Kgames + §, E 9.

In corollaries 7 and 8 it does not matter which point e we take in Iy,
since Iy = I, as long as §d = fe. In particular, from corollary 7 it
follows that the initial state (I4,d) is described by Kgames + §g4.

We continue with discussing various derived characteristics of the
initial game state.

4.1 Derived characteristics: factual knowledge

Similarly to the case for Hexa, there are different ways to express how
many cards players hold. As in section 3, we have that deals =kgames
atmost A atleast.

Definition 7 (How many cards)

atmost = A ca Acec 7(Ca A o)
atleast = A,cu Vs seeec /\521 Ca

4.2 Derived characteristics: private knowledge

We list six formulas describing what players ‘see’, that are all equally
strong in Kgames.
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Definition 8 (Seeing cards)

see = AicaAcec(ca = Kaca)
dontsee := wed Neec(m€a = Kqc,)
seeall = A,c4 /\cl.—/é,,,;écﬂaec (/\fil Ca _> K, /\zﬂil ca) .
dontseeall := A, .4 /\clgé...;écﬂweo(/\gzll ¢, = Ko /\zﬁ;? ~Cq)

seedeal Naca Narep,, (07 = Kady)
dontseedeal = A,cq Apep,, (705 = Komd5)

See is the generalization of seeH, and dontsee of dontseeH: for every
player and for every single card, if a player holds it, he knows that, and
if he doesn’t hold it, he knows that too. Instead, seeall and dontseeall
express that, if a player holds his given number of cards, he knows them
all, and, respectively, that if he does not hold any other card, he knows
that too. Seedeal expresses that, if a player holds his given number of
cards and does not hold any other card, he knows that. This is another
way of saying that he knows his local state (see also section 6): for a
given player a, to every atom ¢, or —¢, in 63 corresponds the value of
a ‘local state variable for that player’. Dontseedeal expresses that if a
player is not in a given local state, he knows that too. All six forms of
‘seeing’ are equally strong in Kgames. The proofs are simple and use
deals. Although see is the most straightforward of all six, we prefer the
more abstract formulation in constituent seedeal of Kgames.

4.3 Derived characteristics: private ignorance

The constituent dontknow of Kgames expresses private ignorance. It
is conveniently formulated using the notations §4 for the description
of a deal and 65 for the description of the cards of a. Directly rea-
soning from the properties of agents’ knowledge, and starting from
the characterization of private ignorance in Hexa by dontknowthatH =
Nazvei1,2,3} Neefrwpy "EKaCs, it is not so obvious how to get there. We
illustrate this with an example:

Example 1 Consider the initial game state for the game for three play-
ers 1, 2, 8 each holding two cards, with actual deal kllmn|op. How
ignorant is player 1 in this state of the game? Clearly, it is not strong
enough that 1 does not know that 2 holds a specific combination of two
cards: for all ¢ # ¢', ~Ki(cy A cy). Player 1 also does not know that
2 holds any single card, which is stronger: for all ¢, " Kicy. However,
even that is not strong enough:

Suppose 2 has told the others that he holds one of m and n. After
that, it still holds that 1 doesn’t know any of 2’s cards: —Kims and

DRAFT MANUSCRIPT (May 11, 2001)



DESCRIPTIONS OF GAME STATES / 11

- Kins. However, 1 is less ignorant than before, because he now knows
that 2 holds one of two cards: Ki(ma V na). Initially, he didn’t know
that, indeed: for all ¢ #¢' € C: = Ki(c2 V ¢&).

It appears that this is exactly the limit of his ignorance, because for
some combinations of three cards he does know that 2 holds one of
them, e.g. K1(myV ny Vo). Suppose not, then it would be conceivable
for player 1 that player 2 did not have any of the three cards m,n,o.
Because player 1 holds two other cards himself, k,l, there would then
be only one card left for player 2 to hold: card p. That player 2 holds
only one card, contradicts deals.

Definition 9 (Ignorance) Let d € AC. Then:

—ab
dontknowthat = A _pca Acis 2oi-arec "Ka Vf:(f ]
b ; b
dontknownot = A, ;4 Acl¢___¢cubec(Agzl et = =K, /\221 )
dontknow = A ., /\d'eDud(‘sg’ © = Ky—0q)

The generalization of dontknowthatH reached in example 1 express-
es characteristic dontknowthat in definition 9. Somewhat similarly,
dontknownotH can be generalized to dontknownot. One can show that
these two are equally strong in {deals, seedeal}. This is surprising, be-
cause dontknownot and dontknowthat appear to describe complemen-
tary kinds of ignorance: the first is on ignorance about cards other
players have, the second is on ignorance about cards they don’t have.
However, both are still not strong enough to pin down I;. We present
another example to illustrate that:*

Example 2 Consider the initial game state for the game for four play-
ers 1,2,3,4 each holding one card, with actual deal k|llm|n (klmn).
Suppose an outsider tells player 1 that kmlin is not the actual deal of
cards, so that K1—0kmin- Deal kmin is consistent with the local state, k,
of player 1 in actual deal klmn, so that K1 -0gmin follows from dont-
know. Therefore, dontknow does not hold in the current game state.
However, dontknowthat holds: for any two cards, 1 can imagine that 2
does not have both. (Similarly, dontknownot holds.)

We summarize the results: dontknowthat =jgeais seedealy dontknownot
and dontknow >kgames dontknowthat (therefore also dontknow >kgames
dontknownot). We show that dontknownot > rgeais seedeal} dontknowthat.
For the remaining proofs, see (van Ditmarsch, 2000):

4Suggested by Erik Krabbe.
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Suppose not [ dontknownot > {deals,see} dontknowthat ]. Then there

are players a, b and cards ¢!, ..., "% such that K, \/'_%" ¢i. Regardless

of whether a holds some of the cards ¢!, ..., c**, there must be at least
#b other cards that a doesn’t hold, suppose: ca',...,ca®. In other
words, we have that: —cal A ... A —caf®. Applying dontknownot we
get K= A cai. Formula ~K,~ A% | cai means that a can imagine
that b holds the #b cards ca!, ..., ca®®. From K, \/*"% ¢ it follows that
a knows that b holds at least one more card, namely one of the (other!)
cards c!,...,¢™. Therefore, a can imagine that b holds more than #b
cards. From deals (that is known by a) follows that b holds exactly #b
cards. Contradiction. |

4.4 Derived characteristics: seedontknow

Using the validity of K,65 — 03 for S5 models, we can combine seedeal
and dontknow in one formula seedontknow. It expresses that players
can only imagine deals to be the case that correspond to what they
know of their own cards.

Definition 10 (Combining private knowledge and ignorance)

seedontknow = A, 4 Ayep,,(Kadg <> Modar)

5 Description of the pre-initial state

We have described the initial state of a knowledge game, where the
cards have been dealt and where players have looked at their cards.
Now imagine that the cards have been dealt but that the players have
not looked at their cards yet. Now players only know the size (fid) of
the deal: how many cards every player has. Therefore they consider
every deal of that size a possibility. This is the pre-initial state.

Definition 11 (Pre-initial state) The pre-initial state for a given
deal d € AC is the state (prely,d), where prel; = (Dya, {Us}aca,V)
with for each player U, the universal relation Dyq X Dyq.

Definition 12 (Theory preKgames) Let d € A€ be a deal of cards.
The theory preKgames (for deal d) consists of the constituents:

deals := Vyep,,da
dontknowany = A, .4 /\d’eDud —Ky—0g
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Theorem 9 Theory preKgames for deal d € A€ describes prely.

We have to show that prel; is a model of preKgames, which, again, is
obvious, and that only prel; models preKgames:

Lemma 10 Suppose M = preKgames. Then M « prely.

For a proof, see (van Ditmarsch, 2000). Just as in the corollaries 7 and
8, it follows that theory . + preKgames describes (prely, e), so that in
particular 64 + preKgames describes (prely,d), and that prely = ¢ <
prely = Cap & CapreKgames = ¢ & CypreKgames = Cayp, and that
preKgames + 6. = ¢ < prelg, e E .

6 Further observations

Fixed point computations We have described some S5 models
(states) by way of proving that a suggested description (Hexa, Kgames,
preKgames) indeed defines the bisimulation class of these models. These
descriptions were ‘merely’ the outcome of a gradual process of gener-
alizing properties of players’ knowledge. They can also be directly
computed, by a fixed-point construction that applies to finite modal
states in general. See (van Benthem, 1998), relating to (Barwise and
Moss, 1996). We have applied their construction to game states in (van
Ditmarsch, 2000), and proven the results equivalent to the descriptions
presented here.

Other game states We have described only the initial state of a
knowledge game, and the pre-initial state. Even though we haven’t
given details on how to play knowledge games (for that see (van Dit-
marsch, 2001)) it will be obvious that there are many other, possibly
more complex, game states for such card games. Of course, future re-
search should include the description of other game states. For many
examples of game states, see (van Ditmarsch, 2000).

On the one hand we may expect concise descriptions of other game
states to be more complex, because they will contain subgroup com-
mon knowledge operators. E.g. in Hezxa, we have that Ciory (1 and
2 commonly know that 1 holds the red card) is a postcondition of the
action where 1 shows red to 2. On the other hand, such descriptions
may be equivalent to publicly known theories with only occurrences of
individual knowledge operators. E.g., in the given example it will suf-
fice to state that K,r; is one of three alternatives, that are commonly
known.
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Naturally, we would prefer not to have an ad hoc construction each
time we are confronted with a new game state, whether this consists
of constructing the unique model of a revised theory, or of devising the
theory describing an intended model. We can improve on the situation
in two ways, one semantically, the other syntactically.

In (van Ditmarsch, 2000), we present a dynamic epistemic language
with dynamic modal operators [a] for actions a. In this action language
we have described all knowledge game actions. An action is interpreted
as a binary relation [a] between states, in other words, as a semantic
update. We have proven that action execution preserves bisimilarity of
states. This provides us with an indirect — and much shorter — proof
of lemma 10 that is needed for theorem 9: part of that indirect proof
is to show that I results from executing an action « in prel;, namely
the action look 4 corresponding to everybody looking at their cards (van
Ditmarsch, 2000). This method could apply to relate other game states
too.

A process of syntactic relativization of formulas (van Benthem, 2000b)
may be preferable. There, a procedure is given for the special case of
actions that are public announcements. If that procedure could be ex-
tended to game actions in general, we could ‘directly’ revise theories
by a rewriting technique transforming constituents ¢ of the current
description Current into constituents ¢ of the description Next of the
next game state, such that expressions of type Current — [a]Next are
satisfied. For example, we would get preKgames — [look 4]Kgames.
The factual knowledge of deals remains the same, i.e. deals 4
deals, but dontknowany = A,c 4 Ay cp,, “Ka=ds will be relativized to

seedontknow = /\aeA /\d’EDud (Kaég, Ky -0 ),ie. dontknowany'°°k"

= seedontknow. As the action look, is not a public announcement the
current procedure does not apply. We have not pursued this fascinating
topic further.

Interpreted systems In section 4 we already paraphrased 63 as the
description of the local state of player a given deal d. In that sense,
a deal of cards can be said to define a global state, with interesting
dependencies between local states. Indeed, knowledge game states can
be seen as interpreted systems in terms of (Fagin et al., 1995). This
is summarily discussed in (van Ditmarsch, 2000), but also calls for
further exploration. In particular, game state frames appear to have
characteristics which correspond (in the technical sense) to multiagent
axioms. Also this may help in describing other game states and models.
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7 Conclusion

We have described two different states for card games. The model
Hezxa for the initial game state of three players each holding a card is
described by the theory Hexa. The model I; of an initial game state
for a deal d of |C| cards over |A| players is described by the theory
Kgames. Similarly, the model prel; where the players haven’t looked
at their cards yet is described by the theory preKgames. Descriptions
of other game states may be fruitfully pursued from a viewpoint of
knowledge relativization.
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