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Abstract. We look at waysto enrichAlternating-timeTemporalLogic (ATL) – a logic for speci�-
cationandveri�cation of multi-agentsystems– with a notionof knowledge.Startingpoint of our
studyis a recentproposalfor a systemcalledAlternating-timeTemporalEpistemicLogic (ATEL).
Weshow that,assumingthatagentsactunderuncertaintyin somestatesof thesystem,thenotionof
allowablestrategy shouldbede�ned with somecaution.Moreover, we demonstratea subtlediffer-
encebetweenanagentknowing thathehasa suitablestrategy andknowing thestrategy itself. We
alsopoint out that theagentsshouldbe assumedsimilar epistemiccapabilitiesin thesemanticsof
bothstrategic andepistemicoperators.

Trying to implementtheseideas,we proposetwo differentmodi�cations of ATEL. The �rst one,
dubbedAlternating-timeTemporalObservationalLogic (ATOL), is a logic for agentswith bounded
recallof thepast.With thesecond,ATEL-R*, we presenta framework to reasonaboutbothperfect
andimperfectrecall,andin which we alsoincorporateoperatorsfor reasoningaboutthepast. We
identify somefeasiblesubsystemsof thisexpressivesystem.

Keywords: multiagentsystems,temporallogic, epistemiclogic, knowledge,transitionsystems,
gameswith incompleteinformation.

1. Introduction: What Coalitions can Achieve

Two logical systemsbasedon temporallogic have beenproposedrecentlyto tacklespeci®cationand
veri®cation of multi-agentsystemsproperties.1 First, Alur, Henzingerand Kupfermanposedtheir
1for an introduction to temporal logics see for example [9] or [30]. A survey of logic-based approaches to multi-agent systems
can be found in [20].
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Alternating-timeTemporalLogic (ATL and ATL* [2, 3, 4]), which offered a possibility of express-
ing the capabilitiesof autonomousagentsin a way similar to thebranchingtime temporallogics CTL
andCTL* [9, 21]. The secondlanguage,Alternating-timeTemporalEpistemicLogic (ATEL/ATEL*)
proposedby vanderHoekandWooldridge[17], enrichesthepicturewith anepistemiccomponent.

ATL* is an extensionof CTL* in which a classof cooperation modalities hhAii (A � � , where
� is the setof all agents or players) replacethe simplepathquanti®ersE (there is a path) andA (for
all paths).2 Thecommon-sensereadingof hhAii � is: “the groupof agentsA have a collective strategy
to enforce� regardlessof what all the otheragentsdo”. The original CTL operatorsE andA canbe
expressedin ATL with hh� ii andhh;ii respectively, but betweenboth extremeswe canexpressmuch
moreabouttheabilitiesof particularagentsandgroupsof agents.Thedualoperator[[A]] canbede®ned
in theusualway as[[A]]� � :hhAii: � , meaningthatA cannotavoid � on their own. ATL* inheritsall
thetemporaloperatorsfrom CTL*: h (nexttime), 3 (sometime), 2 (always) and U (until).

ATL extendsCTL in the sameway ATL* extendsCTL*: in ATL, every temporalmodality is pre-
cededby exactlyonetemporaloperator. So,typicalATL formulasarehhAii 3 '; hhAii 2 ' andhhAii ' U ,
where' and areATL formulas.3 Sincemodel-checkingfor ATL* requires2EXPTIME,but it is linear
for ATL, ATL is moreinterestingfor practicalapplications[4].

Examplesof interestingpropertiesthatcanbeexpressedwith ATL include:

1. hhAii 3 '

2. hhAii 2 '

3. :hhAii h ' ^ :hhB ii h ' ^ hhA [ B ii h '

4. hhA [ f agii h ' ! hhfagii h '

The ®rst of theseexpressesa kind of cooperative liveness property: coalition A can assurethat
eventuallysomeATL-formula' will hold. Theseconditemthenexpressesacooperative safety property:
A canensurethat ' is an invariantof thesystem.Thethird item is anexampleof whatcoalitionscan
achieve by formingbiggerones;althoughcoalitionA andB bothcannotachieve thatin thenext state'
will betrue,if they joined their forces, they wouldhave astrategy to enforce' in thenext state.Finally,
thelastpropertyexpressesthata doesnotneedany partnerfrom A to achieve that' will hold in thenext
state:readasa scheme,it saysthatwhatever A togetherwith a canachieve next, canbeachievedby a
on hisown.

ATEL* (ATEL) addsto ATL* (ATL, respectively) operatorsfor representingknowledgein theworld
of incompleteinformation. K a' readsas “agenta knows that ' ”. Additional operatorsCA ' , EA '
andDA ' refer to the situationsof commonknowledge,“everybodyknows” situation,anddistributed
knowledgeamongthe agentsfrom A. Thus,EA ' meansthat every agentin A knows that ' holds.
CA ' impliesmuchmore: the agentsfrom A not only know that ' , but they alsoknow that they know
this,know thatthey know thatthey know, andsoon. DistributedknowledgeD A ' denotesa situationin
which, if theagentscouldcombinetheir individual beliefstogether, they would be ableto infer that '
holds.Thecomplexity of modelcheckingfor ATEL is still polynomial[17].

Intuitively, ATEL shouldenableexpressingvariousepistemicpropertiesof agentsunderuncertainty:

2“Paths” refer to alternative courses of events; typically, paths are interpreted as sequences of successive states of computations.
3Note that the “sometime” operator 3 can be defined in the usual way as: hhAii 3 ϕ � hhAii true Uϕ.
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1. hhaii 3 ' ! K a 

2. K b(c = s) ! hhbii (hhbii ho) U: (c = s)

3. d ! hhaii 3 (K ad ^
∧

a 6=b : K bd)

The®rst two itemsareexamplesof so-calledknowledge pre-conditions. The®rst of themintuitively
saysthat knowing  is a necessary requirementfor having the ability to bring about' . The second
expressesthatif Bob(b) knows thatthecombinationof thesafeis s, thenheis ableto openit (o), aslong
asthecombinationremainsunchanged.In [7], Knowledge Games areinvestigatedasaparticularwayof
learningin multiagentsystems.Epistemicupdatesareinterpretedin a simplecardgame,wheretheaim
of theplayeris to ®nd out a particulardeald of cards.Having a winning strategy theneasilytranslates
into the third item displayedabove: it saysthat if the actualcarddeal is d, agenta canestablishthat
eventuallyhewill know it, withoutany of theothersknowing thisdeal.

Oneof the mainchallengesin ATEL, not really addressedin [17] but alreadyhinteduponin [22],
is thequestionhow, givenanexplicit way to representtheagent's knowledge,this shouldinterferewith
theagents'availablestrategies. Whatdoesit meanthat an agenthasa way to enforce' , if he should
thereforemake differentchoicesin epistemicallyindistinguishablestates,for instance?In Section3, we
arguethat in orderto addan epistemiccomponentto ATL, oneshouldgive an accountof the tension
betweenincomplete information that is imposedon theagentson theonehand,andperfect recall that
is assumedaboutthemwhenthey areto make their decisions,on the otherhand. We alsoarguethat,
whenreasoningaboutwhatanagentcanenforce, it seemsmoreappropriateto requiretheagentknows
hiswinningstrategy ratherthanheknows only thatsuchastrategy exists.

Then, in Section4 we will loosenthe assumptionof perfectrecall to agentshaving no, or only
limited memory. Theepistemiccomponentin Alternating-timeTemporalObservationalLogic (ATOL)
is entirely basedon the notion of observation: the agentscanrecall no history of the gameexceptof
the information “stored” in their local states. We give several examplesof what agentscan achieve
if they areallowed to make speci®cobservations. Then,in Section5, full Alternating-timeTemporal
EpistemicLogic with Recall(ATEL-R*) is considered;here,agentsareagainallowedto memorizethe
wholegame.Weproposea semanticsfor ATEL-R*, andweusepast-timeoperatorsto relatetheseveral
epistemicmodalities;®nally, expressivity andcomplexity of ATEL-R* is brie�y investigated.But ®rst,
in Section2, we would like to re-introducethebasicsystems:ATL andATEL.

2. The Alternating-time Language: ATL and ATEL

Thefull languageof Alternating-timeTemporalLogicATL* consistsof stateformulasandpathformulas.
A stateformulais oneof thefollowing:

� p, wherep is anatomicproposition;

� : ' or ' _  , where';  areATL* stateformulas;

� hhAii � , whereA is asetof agents,and� is anATL* pathformula.

A pathformulais oneof thefollowing:

� anATL* stateformula;
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� : ' or ' _  , where';  areATL* pathformulas;

� h ' or ' U , where';  areATL* pathformulas.4

In “vanilla” ATL (i.e. ATL without *) it is requiredthat every occurrenceof a temporaloperatoris
precededby exactly oneoccurrenceof a cooperationmodality. In consequence,only stateformulascan
be foundin ATL: p, : ' , ' _  , hhAii h ' , hhAii 2 ' , andhhAii ' U , wherep is anatomicproposition,
';  areATL formulas,andA is asetof agents.

ATEL (ATEL*) addsto ATL (ATL*) formulasfor describingepistemicpropertiesof agentsand
groupsof agents:

� K a' , wherea is anagentand' is a formulaof ATEL (ATEL* stateformula,respectively);

� CA ' , EA ' andDA ' , whereA is asetof agentsand' is aformulaof ATEL (ATEL* stateformula,
respectively).

2.1. Models for ATL: Concurrent GameStructures

A modelfor ATL is de®nedasa concurrent game structure [4]:

S = hk; Q; � ; � ; d; � i

wherek is a naturalnumberde®ningtheamountof players(sotheplayersareidenti®edwith numbers
1; :::; k andthesetof players� canbe taken to be f 1; :::; kg), Q is a ®nite setof (global) statesof the
system;� is thesetof atomicpropositions,and� : Q ! 2Π is a mappingthatspeci®eswhich proposi-
tionsaretruein which states.Thedecisionsavailableto playera at stateq arelabeledwith consecutive
naturalnumbers,andfunctiond : � � Q ! N speci®eshow many optionsareavailablefor a particular
agentat a particularstate.Thus,agenta at stateq canchoosehis decisionfrom setf 1; :::; da(q)g. Fi-
nally, a completetupleof decisionshj 1; :::; j k i in stateq impliesa deterministictransitionaccordingto
thetransitionfunction� (q; j 1; :::; j k ).

Example2.1. As an illustration,considera systemwith a singlebinaryvariablex. Therearetwo pro-
cesses:thecontroller(or server) s canenforcethat thevariableretainsits valuein thenext step,or let
the client changethe value. The client c canrequestthe valueof x to be 0 or 1. The playersproceed
with their choicessimultaneously— they do not know the otherplayer's decisionuntil the transition
is done. The statesandpossibletransitionsof the systemasa whole areshown in Figure1.5 There
aretwo propositionsavailableto observe thevalueof x: “x=0” and“x=1” (note: thesearejust atomic
propositions,= is not theequalitysymbolhere).

It is importantto distinguishbetweenthe computational structure, de®nedexplicitly in the model,
andthe behavioral structure, i.e. the modelof how thesystemis supposedto behave in time [30]. In
most temporallogics — ATL no exception— the computationalstructureis ®nite, while the implied

4“Sometime” and “always” can be defined as: 3 ϕ � true Uϕ, and 2 ϕ � : 3 : ϕ.
5We should use natural numbers as labels for agents and their actions to make the example correct in the formal sense. For
instance, s can be encoded as “agent 1”, c as “agent 2”, action reject as 1, accept as 2, set0 as 1 and set1 as 2. Obviously, such a
translation can be easily made for any set of symbolic labels — therefore we will use symbolic names in our examples to make
them easier to read and interpret.



W. Jamroga and W. van der Hoek / Agents that Know How to Play 5

q0 q1

x=0 x=1

<accept,set0>

<accept,set0>

<reject,set1>
<reject,set0>

<accept,set1>
<accept,set1>

<reject,set1>
<reject,set0>

q0

q q0 0 q q0 1

q q q0 1 0 q q q0 1 1q q q0 0 0 q q q0 0 1

.... ....

x=0

x=0

x=0
x=0

x=1

x=1

<accept,set0>
<reject,set1>

<reject,set0>

<accept,set0>
<reject,set1>

<reject,set0>

<accept,set1>
<reject,set1>

<reject,set0>

<accept,set1>

<accept,set1> <accept,set0>

x=1

Figure1. Transitionsof the variablecontroller/clientsystem,togetherwith the tree of possiblecomputations
(assumingthatq0 is theinitial state).

behavioral structureis in®nite. In ATL, the®nite automatonlying at thecoreof every concurrentgame
structurecanbeseenasawayof imposingthetreeof possible(in®nite) computationsthatmayoccurin
thesystem.Theway thecomputationalstructure(concurrentgamestructure)unravels into a behavioral
structure(computationtree)is shown in Figure1, too.

It shouldbe notedthat at leastthreedifferent versionsof ATL have beenproposedby Alur and
colleaguesover the courseof the last 6 years,eachwith a slightly differentde®nitionof the semantic
structure.Theearliestversion[2] includesonly de®nitionsfor a synchronousturn-basedstructureand
anasynchronousstructurein which every transitionis ownedby a singleagent.[3] offersmoregeneral
structures(called alternatingtransitionssystems)with no action labelsand a sophisticatedtransition
function.In [4], functiond is introducedand� simpli®ed;moreover, anarbitrary®nite setof agents� is
replacedwith setf 1; :::; kg. All of thismayleadto someconfusion.

Sincethemodelsfor ATEL from [17] arebasedon thesecondversionof ATL [3] (andnot themost
recentone[4]), wewill introducethemodelsfrom [3] aswell. An alternating transition system (ATS) is
a tuple

S = h� ; Q; � ; � ; � i :

Thetypeof thesystemtransitionfunction is themaindifferencehere— � : Q � � ! 22Q
is meantto

encodeall thechoicesavailableto agentsat eachstate.Now � (q; a) = f Q1; :::; Qn g (Q1; :::; Qn � Q)
de®nesthepossibleoutcomesof a'sdecisionsatstateq, andthechoicesareidenti®edwith theoutcomes.
Theresulting(global) transitionof thewholesystemis assumedto be the intersectionof choicesfrom
all theagents:Qa1 \ ::: \ Qak , Qai 2 � (q; ai ). Sincethesystemis requiredto bedeterministic(given
thestateandtheagents'choices),Qa1 \ ::: \ Qak mustalwaysbeasingleton.

An alternatingtransitionsystemfor thevariablecontroller/clientproblemis shown in Figure2. Note
that the ATS is somewhat more complex than the original concurrentgamestructurefrom Figure 1.
In general,both kinds of semanticsareequivalent [12, 13, 14], but the concurrentgamestructuresare
smallerandeasierto readin mostcases[22]. Thereforewe will tendto useconcurrentgamestructures
ratherthanalternatingtransitionsystemsasthebasisfor ouranalysis.
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q0

q0

q1

'' q1

x=0

x=0

x=1

x=1

� (q0; s) = � (q′0; s) = ff q0g; f q′0; q′1gg

� (q1; s) = � (q′1; s) = ff q1g; f q′0; q′1gg

� (q0; c) = � (q′0; c) = ff q0; q′0g; f q0; q′1gg

� (q1; c) = � (q′1; c) = ff q1; q′0g; f q1; q′1gg

Figure2. An ATS for thecontroller/clientproblem

2.2. Agents' Strategiesand Semanticsof CooperationModalities

In aconcurrentgamestructure,astrategy for agenta is afunctionf a : Q+ ! N suchthatf a(� ) � da(q)
for q being the last statein sequence� (i.e. suchthat f a(� ) is a valid decisionin q). The function
speci®esa's decisionfor every possible(®nite) history of systemstates. In otherwords, the strategy
is a conditional plan with perfect recall, sinceeachagentcanbasehis decisionson a completehistory
� 2 Q+.

A collective strategy is a tupleof strategiesFA : A ! (Q+ ! N), onestrategy for eachagentfrom
A � � . Thesetof all possible(in®nite)computationsstartingfrom stateq, consistentwith FA is denoted
with out(q; FA ).6 Now S;q � hhAii � iff thereexistsa collective strategy FA suchthat� is satis®edfor
all computationsfrom out(q; FA ). In otherwords,no matterwhat therestof theagentsdecidesto do,
theagentsfrom A have a wayof enforcing� . Thesemanticsof temporaloperatorsin ATL* is thesame
asin CTL*.

Semanticsof ATL (without the star)mustbe de®nedin moredetail ± for every combinationof a
cooperationmodalityanda temporaloperator. Let, for any history � 2 Q+, andany integer i 2 N, the
i -th positionin � bedenotedby � [i ]. Let S beaconcurrentgamestructure,andq a statein it. Then:

� S;q j= hhAii h ' if f thereexists a setof strategies FA , one for eacha 2 A, suchthat for all
� 2 out(q; FA ), we have S; � [1] j= ' ;

� S;q j= hhAii 2 ' iff thereexists a set of strategies FA , one for eacha 2 A, suchthat for all
� 2 out(q; FA ), we have S; � [u] j= ' for all u 2 N;

� S;q j= hhAii ' U iff thereexists a setof strategiesFA , one for eacha 2 A, suchthat for all
� 2 out(q; FA ), thereexistssomeu 2 N suchthatS; � [u] j=  , andfor all 0 � v < u, we have
S; � [v] j= ' ;

The type of a choiceis different in alternatingtransitionsystems,thereforea strategy for a hasa
differenttype too — f a : Q+ ! 2Q . Thestrategy mustbe consistentwith thechoicesavailableto a:

6Computation � = q0q1 ... is consistent with a (collective) strategy FA if, for every i = 0, 1, ..., there exists a tuple of agents’
decisions 1 � ja � da (qi ) such that δ(qi , ja1 , ..., jak

) = qi +1 and ja = FA (a)(q0 ...qi ) for each a 2 A.
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f a(� ) 2 � (q; a) for q beingthelaststatein sequence� . Again,S;q � hhAii � iff thereexistsacollective
strategy FA suchthat� is satis®edfor all computationsfrom out(q; FA ).

Example2.2. Thefollowing exampleATL formulasaretruein everystateof theconcurrentgamestruc-
turefrom Figure1:

� (x = 0 ! hhsii hx = 0) ^ (x = 1 ! hhsii hx = 1) : theserver canenforcethevalueof x to
remainthesamein thenext step;

� x = 0 ! :hhcii 3 x = 1 : c cannotchangethevaluefrom 0 to 1 onhisown, evenin multiplesteps;

� x = 0 ! :hhsii 3 x = 1 : s cannotchangethevalueonhisown either;

� x = 0 ! hhs;cii 3 x = 1 : s andc cancooperateto changethevalueeffectively.

2.3. AETS and Semanticsof EpistemicFormulas

Models for ATEL — alternating epistemic transition systems (AETS) — add epistemicaccessibility
relations� 1; :::; � k � Q � Q for expressingagents'beliefs[17]:

S = h� ; Q; � ; � ; � 1; :::; � k ; � i :

Theaccessibilityrelationsareassumedto bere�exive,symmetricandtransitive.
Agent a's epistemicrelation is meantto encodea's inability to distinguishbetweenthe (global)

systemstates:q � a q′ meansthat,while thesystemis in stateq, agenta cannotreallydeterminewhether
it is in q or q′. Thetruthde®nitionof knowledgeis standardthen.Let S beaconcurrentgamestructure,
andq andq′ bestates:

S;q j= K a' if f for all q′ suchthatq � a q′ wehave S;q′ j= '

Relations� E
A , � C

A and� D
A , usedto model“everybodyknows” property, commonknowledgeand

distributed knowledge,arederived from the epistemicaccessibilityrelationsof agentsfrom A. First,
� E

{a1 ;:::;an }
is theunionof all the � ai : q � E

{a1 ;:::;an }
q′ if f q � ai q′ for someai from groupA. In other

words,if everybodyknows ' , thenno agentmay be unsureaboutthe truth of it, andhence' should
be true in all the statesthat cannotbe distinguishedfrom the currentstateby even onememberof the
group.Next, � C

A canbede®nedasthere�exive andtransitive closureof � E
A relation,7 Finally, relation

� D
{a1 ;:::;an }

is the intersectionof all the � ai : if any agentfrom groupA candistinguishq from q′, then
thewholegroupcandistinguishthestatesin thesenseof distributedknowledge.Thesemanticsof group
knowledgecanbede®nedasbelow:

S;q j= EA ' if f for all q′ suchthatq � E
A q′ wehave S;q′ j= '

S;q j= CA ' if f for all q′ suchthatq � C
A q′ wehave S;q′ j= '

S;q j= D A ' if f for all q′ suchthatq � D
A q′ wehave S;q′ j= ':

7Relation � C
A was originally defined as only the transitive closure of � E

A [17]. The reflexivity of the closure changes nothing
here, since all � a are defined to be reflexive themselves — except for A = ; . And that is exactly why we add it: now � C

∅ can
be used to describe having complete information.
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q0

q2 q1

x=2

x=0

x=1

s

c

q0 � s q0

q0 � s q2

q1 � s q1

q2 � s q2

q0 � c q0

q0 � c q1

q1 � c q1

q2 � c q2

� (q0; s) = ff q0g; f q1; q2gg

� (q1; s) = ff q1g; f q0; q2gg

� (q2; s) = ff q2g; f q0; q1gg

� (q0; c) = ff q0; q1g; f q0; q2gg

� (q1; c) = ff q1; q0g; f q1; q2gg

� (q2; c) = ff q2; q0g; f q2; q1gg

Figure3. An AETSfor themodi�ed controller/clientproblem.Thedottedlinesdisplaytheepistemicaccessibil-
ity relations(modulotransitivity andre¯exivity).

Example2.3. Let usconsideranothervariationof thevariable/controllerexample:theclient cantry to
add1 or 2 to the currentvalueof x now (the additionis modulo3 in this case). Thusthe operations
availableto c are:“x := x + 1 mod 3” and“x := x + 2 mod 3”. Theserver canstill acceptor reject
therequestfrom c (Figure3). Thedottedlinesshow thatc cannotdistinguishbeingin stateq0 from being
in stateq1, while s is notableto discriminateq0 from q2.

Goingfrom themodelto thebehavioral structurebehindit, thereareat leasttwo waysof unraveling
the alternatingepistemictransitionsysteminto a computationtreewith epistemicrelations. If agents
have no recall of the past,except for the informationencapsulatedin the currentstate(modulo rela-
tion � ), thenonly the laststatein a sequencemattersfor theepistemicaccessibilitylinks; if theagents
canrememberthe history of previous states,thenthe whole sequencematters:the agentscannotdis-
criminatetwo situationsif they cannotdistinguishany correspondingpartsfrom thealternative histories
(Figure4 A andB). Thesetwo approachesre�ect in fact two different“common-sense”interpretations
of thecomputationalstructurewith anepistemiccomponent.In (A), a state(togetherwith relation� a)
is meantto constitutethewholedescriptionof anagents'position,while in (B) states(and� a) aremore
aboutwhatagentscanperceive or observe at thatpoint. Moreprecisely, sinceagentc cannotdistinguish
q0 from q0q0 in (A), he is not awareof any transitionbeinghappenedthatstaysin q0. In (B) however,
indistinguishablesituationsoccuralwayson thesamelevel of tree,denotingthatheretheagentsat least
know how many transitionshave beenmade.

Somepropertiesthathold for thisAETSareshown below:

� q1 � K sx = 1 (or alternatively: q � x = 1 ! K sx = 1 for everyq),

� q0 � hhsii hx = 0 (or alternatively: x = 0 ! hhsii hx = 0),

� q2 � hhs; cii hx = 0.

NotethatATEL agentsareassumedto haveperfectrecallwithin thesemanticsof cooperationmodal-
ities: the knowledgeavailableto agenta whenhe is choosinghis actionis determinedby the type of
strategy functionf a (which allows a to rememberthewholehistoryof previousstates).Thustheepis-
temicabilitiesof agentswith respectto their decisionmakingshouldbe theonesshown in Figure4B.
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c

q0

q q0 0 q q0 1 q q0 2

q q q0 1 0 q q q0 1 1 q q q0 1 2q q q0 0 0 q q q0 0 1 q q q0 0 2 q q q0 2 0 q q q0 2 1 q q q0 2 2

.... .... ....

(A)

c

q0

q q0 0 q q0 1 q q0 2

q q q0 1 0 q q q0 1 1 q q q0 1 2q q q0 0 0 q q q0 0 1 q q q0 0 2 q q q0 2 0 q q q0 2 1 q q q0 2 2

.... .... ....

(B)

Figure4. Unraveling: thecomputationtreeswith anepistemicrelationfor theclientprocess.(A) indistinguisha-
bility relationbasedcompletelyon∼c Ð theagentdoesnot rememberthehistoryof thegame;(B) theclient has
perfectrecall. The resultingindistinguishabilityrelationshouldbe readasthe re¯exive andtransitive closureof
thedottedarcs.

On the otherhand,the knowledgemodality K a refersto indistinguishabilityof states — thereforeits
characteristicsis ratherdisplayedin Figure4A.

Unfortunately, it canbealsoprovedthat: x = 2 ! hhcii hx = 2 holdsin thesystemfrom Figure3
(becauseq0 � hhcii hx = 2 andq1 � hhcii hx = 2), which is counterintuitive: c cannotreally choosea
goodstrategy to enforce hx = 2 sincehecannever besurewhetherthesystemis in q0 or q1. Asking
aboutc's knowledgedoesnot make thingsbetter: it canbeproved thatK c(: x = 2 ! hhcii hx = 2),
too! As it turnsout, not every function of type f a : Q+ ! 2Q representsa feasiblestrategy under
incompleteinformation.Wewill studytheproblemin moredetailthroughoutthenext section.

3. Knowledge and Action under Incomplete Information

ATEL andATEL* areinterestinglanguagesto describeandverify propertiesof autonomousprocessesin
situationsof incompleteinformation.However, their semantics— theway it is de®nedin [17] — is not
entirelyconsistentwith theassumptionthatagentshave incompleteinformationaboutthecurrentstate.
Somethingseemsto belackingin thede®nitionof avalid strategy for anagentin AETS.Whende®ning
astrategy, theagentcanmakehischoicesfor everystateindependently. This is not feasiblein asituation
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� (q1; a) = ff q7g; f q8ggetc.

� (q0; env) = ff q1g; :::; f q6gg

� (q1; env) = ff q7; q8gg etc.

� (q7; a) = � (q7; env) = ff q7ggetc.

q0 � a q0

q1 � a q1; q1 � a q2; q2 � a q2

q3 � a q3; q3 � a q4; q4 � a q4 etc.

q7 � a q7; q8 � a q8; q9 � a q9 etc.

q0 � env q0; q1 � env q1; q2 � env q2 etc.

Figure5. Epistemictransitionsystemfor thecardgame.For every state,theplayers'handsaredescribed.The
dottedlinesshow a'sepistemicaccessibilityrelation∼a. Thethick arrows indicatea'swinningstrategy.

of incompleteinformationif thestrategy is supposedto bedeterministic:if a cannotrecognizewhether
heis in situations1 or s2, hecannotplanto proceedwith oneactionin s1, andanotherin s2. Goingback
to Example2.3,sincetheclientcannotepistemicallydistinguishq0 from q1, andin bothheshouldapply
a differentstrategy to ensurethatx will have thevalueof 2 in thenext state,it is not realisticto saythat
theclient hasa strategy to enforce h(x = 2) in q0. It is very muchlike with theinformationsetsfrom
vonNeumannandMorgenstern[28]: for everystatein aninformationsetthesameactionmustbechosen
within astrategy. Suchstrategiesaresometimescalleduniform in the®eld of logic andgames[5, 6].

Example3.1. Thefollowing examplecanbeconsidered:agenta playsaverysimplecardgameagainst
theenvironmentenv. Thedeckconsistingof Ace,King andQueen(A; K ; Q); it is assumedthatA beats
K , K beatsQ, but Q beatsA. Firstenv givesacardto a, andassignsonecardto itself. Thena cantrade
his cardfor the oneremainingin the deck,or he cankeepthe currentone. The playerwith the better
cardwins thegame.A turn-basedsynchronousAETSfor thegameis shown in Figure5. Rightafterthe
cardsaregiven,a doesnot know what is the handof the otherplayer; for the restof the gamehe has
completeinformationaboutthestate.Atomic propositionwin enablesto recognizethestatesin whicha
is thewinner. Statesq7; :::; q18 arethe®nalstatesfor thethisgame;however, thetransitionfunctionmust
specifyat leastoneoutgoingtransitionfor eachstate.A re�exive arrow at every ®nal stateshows that±
oncethegameis over± thesystemremainsin thatstateforever.

Note that q0 � hhaii 3 win, althoughit shouldde®nitelybe falsefor this game! Of course,a may
happen to win, but hedoesnot have thepower to bring aboutwinning becausehehasno way of recog-
nizing theright decisionuntil it is too late.Evenif weaskaboutwhethertheplayercanknow thathehas
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a winning strategy, it doesnot help: K ahhaii 3 win is satis®edin q0, too,becausefor all q 2 Q suchthat
q0 � a q wehave q � hhaii 3 win.

This calls for a constraintlike theonefrom [28]: if two situationss1 ands2 areindistinguishable,
thena strategy f a mustspecifythe sameactionfor both s1 ands2. In orderto accomplishthis, some
relationof “subjectiveunrecognizability”overtheagents'choicescanbeuseful— to tell whichdecisions
will beconsideredthesamein whichstates.Probablytheeasiestwayto accomplishthis is to provide the
decisionswith explicit labels— theway it hasbeendonein concurrentgamestructures— andassume
thatthechoiceswith thesamelabelrepresentthesameactionfrom theagent's subjective pointof view.
This kind of solution ®ts also well in the tradition of gametheory. Note that it is harderto specify
this requirementif we identify agents'actionswith their outcomescompletely, becausethesameaction
startedin two differentstatesseldomgeneratesthe sameresult. If a tradeshis Ace in q1, the system
movesto q8 anda losesthegame;if hetradesthecardin q2, thesystemmovesto q10 andhewins. Still
a cannotdiscriminatetradingtheAce in bothsituations.

3.1. Towards a Solution

The®rst attemptto solve theproblemsketchedabove hasbeenpresentedin [22]. Theideawasto de®ne
ATEL modelsastuplesof thefollowing shape:

S = hk; Q; � ; � ; � 1; :::; � k ; d; � i

whereagentshadthe samechoicesavailable in indistinguishablestates,i.e. for every q; q′ suchthat
q � a q′ it wasrequiredthatda(q) = da(q′) (otherwisea coulddistinguishq from q′ by thedecisionshe
couldmake).8 An incomplete information strategy (we will follow [5, 6] andcall it a uniform strategy
within thispaper)is a functionf a : Q+ ! N for which thefollowing constraintsheld:

� f a(� ) � da(q), whereq is thelaststatein sequence� ;

� if two historiesareindistinguishable� � a � ′ thenf a(� ) = f a(� ′).

Two historiesareindistinguishablefor a if hecannotdistinguishtheir correspondingstates.Recallthat
the i th position of � is denotedby � [i ]. Then � � a � ′ if f � [i ] � a � ′[i ] for every i . Alternatively,
decisionscanbespeci®edfor sequencesof local statesinsteadof globalones± fa : Q+

a ! N, where
local statesarede®nedastheequivalenceclassesof relation� a, i.e. Qa = f [q]∼a j q 2 Qg. This kind
of presentationhasbeenemployedin [31], for example.

Example3.2. A new transitionsystemfor thecardgameis shown in Figure6. Now, usingonly uniform
strategies,a is unableto bring aboutwinning on his own: q0 � :hhaii 3 win . Like in therealgame,he
canwin only with some“help” from theenvironment:q0 � hha;envii 3 win .

Unfortunately, the new constraintproves insuf®cient for ruling out strategies that arenot feasible
underincompleteinformation. Considerthe last gamestructureandstateq1. It is easyto show that
q1 � hhaii 3 win . Moreover, q0 � hhii hhhaii 3 win , althoughstill q0 2 hhaii 3 win . In otherwords,no

8The authors of ATEL suggested a similar requirement in [19]. They also considered whether some further constraint on the
possible runs of the system should be added, but they dismissed the idea.
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tr ade;keep;wait g

Figure6. New AETSfor thegame.Thetransitionsarelabeledwith decisionsfrom theplayerwho takesturn.

conditionalplan is possiblefor a at q0, andat the sametime he is boundto have onein the next step!
Theparadoxicalresultsleadin factto onefundamentalquestion:what does it mean for an agent to have
a plan?

3.2. Having a Strategy: dere vs. dedicto

Theconsecutive attemptsto ATEL semanticsseemto referto variouslevelsof “strategic” nondetermin-
ism:

1. the®rst semanticsproposedin [17] allows for subjectively non-deterministic strategies in asense:
theagentis allowedto guesswhichchoiceis theright one,andif thereis any wayfor him to guess
correctly, we aresatis®edwith this. Thereforethenotionof a strategy from [17] makesformula
hhAii � describewhatcoalitionA mayhappen to bringaboutagainstthemostef®cientenemies(i.e.
whentheenemiesknow thecurrentstateandevenA'scollectivestrategy beforehand),whereasthe
original ideafrom ATL wasratheraboutA beingableto enforce � ;

2. in theupdatedsemanticsfrom [22], presentedin theprevioussection,everystrategy is subjectively
deterministic(i.e. uniform),but theagentcanchoosenon-deterministicallybetweenthem(guess
which oneis right). This is becausehhaii � (in theupdatedversion)is true if thereis a consistent
way of enforcing� , but theagentmaybeunawareof it, andunableto obtainit in consequence;

3. having restrictedthesetof strategiesto theuniform ones,we canstrengthenthenotionof a suc-
cessfulstrategy by requiringthata canenforce� only if K ahhaii � ; still, this is not enoughasthe
examplesshowed. K ahhaii � implies that, for every q indistinguishablefrom thecurrentstate,a
musthave a uniform strategy to achieve � from q ± but thesecanbe differentstrategiesfor dif-
ferentq's. Thus,K ahhaii � (in theupdatedversion)is trueif a knows thereis a consistentway of
enforcing� ± unfortunatelyheis not requiredto know theway itself;

4. for planningpurposes,the agentshouldbe ratherinterestedin having a strategy andknowing it
(i.e. notonly knowing thathehassome strategy)!
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Theabove hierarchyremindsthedistinctionbetweenbeliefsde re andbeliefsde dicto. Theissueis
well known in thephilosophyof language[29], aswell asresearchontheinteractionbetweenknowledge
andaction[26, 27, 32]. Supposewe have dynamiclogic-like modalities,parameterizedwith strategies:
[FA ]� meaning“A canusestrategy FA to bring about� ” (or: “every executionof FA guarantees� ”).
Supposealsothatstrategiesarerequiredto beuniform. Cases(2), (3) and(4) abovecanbethendescribed
asfollows:

� 9Fa [Fa]� is (possiblyunaware)having auniformstrategy to achieve � ± seepoint (2) above;

� K a9Fa [Fa]� is having astrategy de dicto (3);

� 9Fa K a[Fa]� is having astrategy de re (4).

This wouldbea �e xible way to expresssuchsubtleties.However ± having extendedATEL this way
± we would enableexplicit quanti®cationover strategiesin theobjectlanguage,andtheresultinglogic
would bepropositionalno more. Instead,we canchangetherangeof computationsthataretaken into
accountby the playerwhenanalyzinga strategy — out∗ must includeall the (in®nite) pathsthat are
possiblefrom theagent's subjective perspective. Sincestrategiesin ATEL areperfectrecall strategies,
theplayermustbeableto usetheinformationfrom thepastduringhisanalysisof possiblefuturecourses
of action. Thus, the pasthistory is relevant for determiningthe setof potentialoutcomepathsfor a
strategy, and it plays an importantrole in the de®nition of out∗. Section3.3 offers a more detailed
discussionof this issue.

We needsometerminology. Let � bea variableover ®nite sequencesof states,andlet � denotean
in®nite sequence.Moreover, for any sequence� = q0q1 : : : (beit either®nite or in®nite):

� � [i ] = qi is thei th positionin � ,

� � |i = q0q1 : : : qi denotesthe®rst i + 1 positionsof � ,

� � i = qi qi+1 : : : is thei th suf®x of � .

If i is greaterthanthelengthof � + 1, thesenotionsareunde®ned.Thelength`(� ) of a ®nite sequence
� is de®nedin astraightforwardway.

De�nition 3.1. Let � bea®nitenon-emptysequenceof states,andfa astrategy for agenta. Wesaythat
� is a feasible computationrungiven®nite history� andagenta'sstrategy fa, if thefollowing holds:

� � startswith asequenceindistinguishablefrom � , i.e. � |n � a � , wheren = `(� ) � 1,

� � is consistentwith f a. In fact, only the future part of � mustbe consistentwith f a sincethe
past-orientedpartof thestrategy is irrelevant: no agentcanplanthepast.

Then,wede®neout∗(�; f a) = f � j � is feasible,given� andf ag

If cooperationmodalitiesareto re�ect thepropertyof having astrategy de re, thenout∗(�; f a) should
replacetheoriginalsetof objectively possiblecomputationsin thesemanticsof hhaii , sothathhaii � holds
for ahistory� iff thereis anincompleteinformationstrategy f a suchthat� is truefor everycomputation
� 2 out∗(�; f a). Thenthenew semanticsof thecooperationmodalitycanbegivenas:
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� � hhaii K ( a) � if f a hasa uniform strategy f a suchthat for every � 2 out∗(�; f a)
wehave that� holdsin � .

We usenotationhhaii
K ( a)

to emphasizethat thesecooperationmodalitiesdiffer from the original
ones[4, 17]: agenta musthave auniformstrategy andbeableto identify it himself.

Example3.3. Let us considerthe cardgameexamplefrom Figure6 again. Supposeq0 hasbeenthe
initial stateandthesystemhasmovedto q1 now, sothehistoryis � = q0q1. For everystrategy f a:

out∗(q0q1; f a) = f � j � startswith � ′ � a q0q1 and� is consistentwith f ag

= f � j � startswith q0q; q � a q1 and� is consistentwith f ag

= f � j � startswith q0q1 or q0q2 and� is consistentwith f ag:

Note that f a mustbe a uniform strategy - in particular, f a(q0q1) = f a(q0q2). Therearetwo possible
combinationsof decisionsfor thesehistories:

(1) f 1(q0q1) = f 1(q0q2) = keep,
(2) f 2(q0q1) = f 2(q0q2) = tr ade.

Supposethereexistsf suchthatfor every � 2 out∗(q0q1; f ) wehave 3 win . Wecancheckbothcases:

case(1): out∗(q0q1; f 1) = f q0q1q7q7:::; q0q2q9q9:::g,
case(2): out∗(q0q1; f 2) = f q0q1q8q8:::; q0q2q1q1:::g.

Now, 3 win doesnothold for q0q2q9q9::: norq0q1q8q8:::, soq0q1 2 hhaii K ( a) 3 win .

Notealsothat functionout∗ hasa differenttype thantheold functionout, andthatwe interpreted
formula hhaii K ( a) 3 win over a (®nite) pathandnot a statein the above example. This shows another
very importantissue:epistemicpropertiesof alternating-timesystemswith perfectrecallareproperties
of sequences of states ratherthansinglestates.

3.3. KnowledgeasPast-RelatedPhenomenon

Throughouttheprecedingsectionstheterm“situation” wasusedin many placesinsteadof “state”. This
wasdeliberate.Theimplicit assumptionthatstatescharacterizeepistemicpropertiesof agents(expressed
via the semanticsof knowledgeoperatorsK a, CA etc. in the original versionof ATEL) is probably
oneof the confusionsourcesaboutthe logic. In concurrentgamestructuresa state is not a complete
descriptionof a situation whenthe agentcanrememberthe whole history of the game(asthe type of
agents'strategiessuggest).Notethatin theclassicalgametheorymodels[28] situationsdocorrespondto
states— but thesearecomputationtreesthatareusedthere,soeverystatein thetreeuniquelyidenti®es
a pathin it aswell. At thesametime a concurrentgamestructureor analternatingtransitionsystemis
basedon a ®nite automatonthat indirectly imposesa treeof possiblecomputations.A nodein thetree
correspondsto a sequence of states in theautomaton(ahistory).

Within the original ATEL, agentsareassumeddifferentepistemiccapabilitieswhenmakingdeci-
sions, from what is actually being expressedwith the epistemicoperatorK a. The interpretationof
knowledgeoperatorsrefersto theagents'capabilityto distinguishonestate from another;thesemantics
of hhAii allows theagentsto basetheir decisionsuponsequences of states.This dichotomyre�ects the
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wayaconcurrentepistemicgamestructurecanbeunraveled(Figure4 in section2.3).Webelievethatthe
dilemmawhetherto assignagentswith theability to rememberthewholehistoryshouldbemadeexplicit
in themeta-language.Thereforewe will assumethat relation� a expresseswhatagenta can“see” (or
observe) directly from his currentstate(i.e. having no recallof thepastexceptfor the informationthat
is actually“stored” in theagent's local state),andwe will call it anobservational accessibility relation
to avoid confusion.The(perfect) recall accessibility relation for agentsthatdonot forgetcanbederived
from � a in theform of relation� a overhistories.

As the pastis importantwhenit comesto epistemicstateof agentswith perfectrecall, knowledge
operatorsshouldbegivensemanticsin which thepastis included.Thus,formulaslike K a' shouldbe
interpretedover pathsratherthanstatesof the system. The new semanticswe proposefor ATEL* in
section5 (meantasa logic for agentswith ®nite setof statesandperfectrecall)draws muchinspiration
from branching-timelogics that incorporatepastin their scope[25]. The simplercase— agentswith
boundedmemory— is also interesting. We will discussit in section4, proposinga logic aimedat
observationalpropertiesof agents.

3.4. FeasibleStrategiesfor Groupsof Agents

The dichotomybetweenhaving a strategy de re and de dicto wasdiscussedin section3.2. The ®rst
notion is arguablymoreimportantif we want to expresswhatagentswith incompleteinformationcan
really enforce. In orderto restrictthesemanticsof thecooperationmodalitiesto feasibleplansonly, we
suggestto rule out strategieswith choicesthatcannotbedeterministicallyexecutedby theplayers(via
rede®nitionof the setof strategies available to agents)andto requirethat a player is able to identify
a winning strategy (via rede®nitionof function out: all the computationsmustbe consideredthat are
possiblefrom theagent's perspective — andnotonly theobjectively possibleones).

This looks relatively straightforward for a singleagent:hhaii K ( a) � shouldmean:“a hasa uniform
strategy to enforce� andhe knows that if he executesthe strategy then he will bring about� ” (cf.
De®nition 3.1 andExample3.3). In sucha case,thereis nothingthatcanprevent a from executingit.
Thesituationis notsosimplefor acoalitionof agents.Thecoalitionshouldbeableto identify awinning
strategy — but in whatway?Supposewerequirethatthis is commonknowledgeamongtheagentsthat
FA is awinningstrategy — would thatbeenough?Unfortunately, theansweris no.

Example3.4. Considerthefollowing variantof thematching pennies game.Therearetwo agents± both
with a coin ± andeachcanchooseto show headsor tails. If they choosethesame,they win, otherwise
they loose.Therearetwo obviouscollective strategiesthatresultin victory for thecoalition,evenwhen
we considercommonknowledgede re; hence9F{1;2}C{1;2}[F{1;2}]win. However, both agentshave to
choosethe same winning strategy, soit is still hardfor themto win this game!In fact,they cannotplay
it successfullywith no additionalcommunicationbetweenthem.

Thus,even commonknowledgeamongA of a winning strategy FA for themdoesnot imply that
theagentsfrom A canautomaticallyapplyFA aslong asthereareotherwinning strategiescommonly
identi®edby A. It meansthat the coalition must have a strategy selectioncriterion upon which all
agentsfrom A agree.How have they cometo thisagreement?Throughsomeadditionalcommunication
“outsidethemodel”?But why shouldnot distributedknowledgebeusedinsteadthen± if theagentsare
allowed to communicateoutsidethemodelat all, perhapsthey cansharetheir privateknowledgetoo?
Othersettingsmake senseaswell: therecanbea leaderwithin the teamthatcanassigntherestof the
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teamwith their strategies(thenit is suf®cient thatthestrategy is identi®edby theleader).Or, theleader
mayevenstayoutof thegroup(thenheis notamemberof thecoalitionthatexecutestheplan). In order
to capturetheabove intuitions in a generalway, we proposeto extendthesimplecooperationmodality
hhAii to a family of operators:hhAii

K(�) � with the intendedmeaningthat coalition A hasa (uniform)
strategy to enforce� , andthestrategy canbeidenti®edby agents� � � in epistemicmodeK (whereK
canbeany of theepistemicoperatorsK ; C; E ; D ):

� � hhAii
K(�) � if f A have a collective uniform strategy FA such that for every

� 2 out∗K(Γ)(�; FA ) wehave that� holdsin � .

TheseoperatorsgeneralizeJonker's cooperationmodalitieswith indices: hhAii C , hhAii E and hhAii K i
,

introducedin [23].
Wewill usethegenericnotation� K

Γ to denotethe(path)indistinguishability relationfor agents� in
epistemicmodeK:

� � K
Γ � ′ if f � [i ] � K

Γ � ′[i ] for every i .

Functionout∗K(Γ)(�; FA ) returnsthecomputationsthatarepossiblefrom theviewpointof group� (with
respectto knowledgeoperatorK) afterhistory� tookplace:

out∗K(Γ)(�; FA ) = f � j � startswith � ′ suchthat� ′ � K
Γ �; andtherestof � is consistentwith FA g

Examplesinclude:

� hhAii C ( A ) � : theagentsfrom A have acollective strategy to enforce� andthestrategy is common
knowledgein A. Thisrequirestheleastamountof additionalcommunication.It is in factsuf®cient
thattheagentsfrom A agreeuponsometotal orderover their groupstrategiesat thebeginningof
the game(the lexicographicalorder, for instance)andthat they will alwayschoosethemaximal
winningstrategy with respectto thisorder;

� hhAii E ( A ) � : coalitionA hasa collective strategy to enforce� andeverybodyin A knows thatthe
strategy is winning;

� hhAii D ( A ) � : theagentsfrom A have a strategy to enforce� andif they sharetheir knowledgeat
thecurrentstate,they canidentify thestrategy aswinning;

� hhAii K ( a) � : theagentsfrom A have a strategy to enforce� , anda canidentify thestrategy and
give themordershow to achieve thegoal;

� hhAii
D (�)

� : group� actsasa kind of “headquarterscommittee”:they canfully cooperatewithin
� (at thecurrentstate)to ®nd a strategy to achieve � . Thestrategy is aimedfor A, so it mustbe
uniform for agentsfrom A.

NotealsothathhAii C (∅) � meansthatA haveauniformstrategy to achieve � (but they maybeunawareof
it, andof thestrategy itself), because� C

∅
is theaccessibilityrelationwhencompleteinformationis avail-

able. In consequence,KA hhAii
C (∅)

� capturesthenotionof having a strategy de dicto from section3.2.
Sincethe original ATL meaningof hhAii � (thereis a complete information strategy to accomplish� )
doesnot seemto be expressiblewith the new modalities,we suggestto leave the operatorin the lan-
guageaswell.
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Example3.5. Let us considerthe modi®edvariableclient/server systemfrom Figure3 oncemoreto
show how thenew modalitieswork:

� x = 1 ! hhsii K ( s)
hx = 1, becauseevery time s is in q1, he canchooseto reject the client's

request(andheknows it, becausehecandistinguishq1 from theotherstates);

� : x = 2 ! :hhs;cii
K ( c)

hx = 2, because± for every history(qq′q′′:::q1) ± c cannotdistinguishit
from (qq′q′′:::q0) andviceversa,sohecannoteffectively identify auniformstrategy;

� x = 2 ! :hhsii K ( s)
hx = 2 ^ :hhcii K ( c)

hx = 2, becausec hasno actionto requestno change,
ands is unableto identify thecurrentstate;

� however, x = 2 ! hhsii K ( c)
hx = 2 ! Theclient can“indicate” theright strategy to theserver;

� x = 0 ! :hhsii K ( s)
hx = 0^ :hhsii K ( c)

hx = 0^ hhsii D ({s;c })
hx = 2 : only if s andc join their

piecesof knowledge,they canidentify a feasiblestrategy for s;

� x = 1 ! hhs;cii E ({c;s })
h: x = 0 ^ :hhc;sii C ({s;c })

h: x = 0 : both processescan identify a
suitablecollective strategy, but they arenotsureif theotherpartycanidentify it too.

Thenext two sectionsfollow with a formalizationof theintuitionsdescribedsofar.

4. ATOL: a Logic of Observations

Assigningan agentthe ability to remembereverythingthathashappenedin thepastseemsunrealistic
in many cases.Both humansandsoftwareagentshave obviously limited memorycapabilities.On the
otherhand,we usuallycannotknow preciselywhat theagentsin questionwill actuallyrememberfrom
theirhistory± in suchsituationsperfectrecallcanbeattractive astheupperboundapproximationof the
agents'potential.Someagentsmayalsoenhancetheir capacity(install new memorychipswhenmore
storagespaceis needed,for instance).In this casethememoryof theagentsis ®nite, but not bounded,
andthey cannotbeappropriatelymodeledwith boundedrecallapparatus.

We believe that both settingsare interestingand worth further investigation. In this section,we
start with introducingthe simpler caseof imperfectrecall in the form of Alternating-timeTemporal
ObservationalLogic (ATOL). As the original ATL andATEL operatorshhAii werede®nedto describe
agentswith perfectrecall, it seemsbestto leave themwith this meaning. Instead,we will usea new
modalityhhAii • to expressthattheagentsfrom A canenforceapropertywhile theirability to remember
is bounded.Whenuniformstrategiesareto beconsidered,theoperatorwill beusedwith anappropriate
subscriptin thewayproposedin Sections3.2and3.4.

If agentsareassumedto remembernomorethanp mostrecentpositionsin a®niteautomaton,anew
automatoncanbeproposedin whichthelastp positionsareincludedin thestatesandtheepistemiclinks
de®newhattheagentsactuallyrememberin every situation.Thus,for every modelin which theagents
canremembera limited numberof pastevents,an equivalentmodelcanbe constructedin which they
canrecall no pastat all (cf. Example4.2). ATOL is a logic for agentswith no recall ± it refersto the
featuresthatagentscanobserve on thespot. Note,however, that theseareobservationsin thebroadest
sense,includingperceptionsof theexternalworld, andtheinternal(local) stateof theagent.
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4.1. Syntax

An ATOL formulais oneof thefollowing:

� p, wherep is anatomicproposition;

� : ' or ' _  , where';  areATOL formulas;

� Obsa' , wherea is anagentand' is a formulaof ATOL;

� COA ' , EOA ' andDOA ' , whereA is asetof agentsand' is a formulaof ATOL;

� hhAii •
O bs( 
 )

h ' , hhAii •
O bs( 
 )

2 ' , or hhAii •
O bs( 
 )

' U , where';  areATOL formulasandA is a set
of agents,and
 anagent(not necessarilyamemberof A).

� hhAii •
�(�)

h ' , hhAii •
�(�)

2 ' , hhAii •
�(�)

' U , where';  areATOL formulasandA and� aresets
of agentsand�(�) 2 f CO(�) ; DO(�) ; EO(�) g.

FormulaObsa' reads:“agenta observesthat ' ”. OperatorsCOA , EOA andDOA refer to “com-
monobservation”, “everybodysees”and“distributedobservation” modalities.Theinformalmeaningof
hhAii •

O bs( 
 )
� is: “group A hasa strategy to enforce� , andagent
 canseethestrategy”. Thecommon

sensereadingof hhAii •
C O (�)

� is thatcoalitionA hasa collective strategy to enforce� , andthestrategy
itself is a commonobservationfor group� . Themeaningof hhAii •

E O (�)
� andhhAii •

D O (�)
� is analogous.

Sincetheagentsareassumedto have no recall in ATOL, thechoicesthey make within their strategies
mustbebasedonthecurrentstateonly. As wewantthemto specifydeterministicplansunderincomplete
information,theplansshouldbeuniformstrategiesaswell.

NotethatATOL containsonly formulasfor which thepastis irrelevantandnospeci®cfuturebranch
is referredto, soit is suf®cient to evaluatethemover singlestatesof thesystem.

4.2. Semantics

Formulasof Alternating-timeTemporalObservationalLogic areinterpretedin concurrent observational
game structures:

S = hk; Q; � ; � ; � 1; :::; � k ; d; � i

in which agentshave thesamechoicesin indistinguishablestates:for every q; q′ suchthatq � a q′ it is
requiredthatda(q) = da(q′). To specifyplans,they canuseuniformstrategieswith norecall.

De�nition 4.1. An uniform strategy with no recall is a functionva : Q ! N for which:

� va(q) � da(q) (thestrategy speci®esvalid decisions),

� if two statesareindistinguishableq � a q′ thenva(q) = va(q′).
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As usually, a collective strategy VA assignsevery agenta 2 A with onestrategy va. The group
observationalaccessibilityrelationscanalsobede®nedin thestandardway:

� D O
A =

⋂

a∈A

� a;

� E O
A =

⋃

a∈A

� a;

� CO
A is there�exiveandtransitive closureof � E O

A :

Thesetof computationsthatarepossiblefrom agent
 's point of view, consistentwith strategy VA

andstartingfrom stateq, canbede®nedas:

outO bs( 
 ) (q; VA ) = f � j � is consistentwith VA and�[0] � 
 qg:

De�nition 4.2. More generally, for � � � , and� beingany of thecollective observation modesCO,
EO, DO:

out�(�) (q; VA ) = f � j � is consistentwith VA and�[0] � Θ
Γ qg;

De�nition 4.3. Wede®nethesemanticsof ATOL with thefollowing rules:

q � p iff p 2 � (q)

q � : ' if f q 2 '

q � ' _  iff q � ' or q �  

q � Obsa ' if f for everyq′ � a q wehave q′ � '

q � hhAii •
O bs( 
 )

h ' if f thereis astrategy VA suchthatfor every � 2 outO bs( 
 ) (q; VA ) we
have �[1] � '

q � hhAii •
O bs( 
 )

2 ' iff thereis astrategy VA suchthatfor every � 2 outO bs( 
 ) (q; VA ) we
have �[ i ] � ' for all i = 0; 1; : : :

q � hhAii •
O bs( 
 )

' U iff thereis a strategy VA suchthat for every � 2 outO bs( 
 ) (q; VA )
thereis ak � 0 suchthat�[ k] �  and�[ i ] � ' for all 0 � i � k

q � � A ' if f for everyq′ � Θ
A q wehave q′ � '

q � hhAii •
�(�)

h ' if f thereis a strategy VA suchthatfor every � 2 out �(�) (q; VA ) we
have �[1] � '

q � hhAii •
�(�)

2 ' iff thereis a strategy VA suchthatfor every � 2 out
�(�)

(q; VA ) we
have �[ i ] � ' for all i = 0; 1; : : :

q � hhAii •
�(�)

' U iff thereis astrategy VA suchthatfor every� 2 out �(�) (q; VA ) there
is ak � 0 suchthat�[ k] �  and�[ i ] � ' for all 0 � i � k

Remark 4.1. NotethatoperatorsObsa andhhAii •
O bs( 
 )

arein factredundant:

� Obsa' � CO{a}' ;

� hhAii •
O bs( 
 )

h ' � hhAii •
C O ({
 })

h ' , hhAii •
O bs( 
 )

2 ' � hhAii •
C O ({
 })

2 ' ,
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andhhAii •
O bs( 
 )

' U � hhAii •
C O ({
 })

' U .

Remark 4.2. ATOL generalizesATL ir from [31]. Theotherpaperintroducesfour basicvariantsof the
alternating-timelogic, that differ in their treatmentof informationavailableto agents,andthe type of
agents'recall. Theactualkind of agentsbeingtreatedby a particularvariantis re�ected in the indices
addedto thenameof thelogic aswell asto thecooperationmodalities:I standsfor perfectinformation,
andi for imperfectinformation;similarly, R denotesperfect,andr ± imperfectrecall. Thus,ATL I R is
aboutagentswith perfectinformationandperfectrecall (hencebeingequivalent to the original ATL),
ATL iR treatsagentswith imperfectinformationandperfectrecall,andsoon.

ATL ir encodesthesameview to agentsasATOL: theagentshaveimperfectrecall(they usestrategies
basedon statesratherthanhistories)andincompleteinformation(modeledvia epistemicaccessibility
relationsover states).ATOL, however, is moreexpressive: not only it includestheepistemicoperators,
but thebasicmodalitiesof ATL ir canbeseenasspecialcasesof theATOL modalities:

hhAii ir � � hhAii •
E O ( A )

� :

Thus,it seemsthatATOL allows to distinguishmoresubtlecasesof having a (collective) strategy, and
doesit in amoreexplicit way.

Proposition4.1. Model checkingATOL is NP-hardand� 2-easy(i.e.,ATOL modelcheckingfalls be-
tweennondeterministicpolynomialtime complexity, andcomplexity of polynomialcallsto a nondeter-
ministicpolynomialoracle).

Proof:
Theproof is analogousto therespective proofsfor ATL ir from [31]. ut

Remark 4.3. ATOL syntacticallysubsumesmostof CTL. Although noneof hh� ii •
�(�)

is equivalent to
theCTL'sE, yet still theuniversalpathquanti®erA canbeexpressedwith hh;ii•

C O (∅)
. Thusalsomostof

“thereis a path” formulascanalsoberede®ned:E h ' � :hh;ii •
C O (∅)

h: ' , E2 ' � :hh;ii •
C O (∅)

3 : ' ,
andE3 ' � :hh;ii •

C O (∅)
2 : ' .

Remark 4.4. The languageof ATOL doesnot cover theexpressive power of full CTL. Unlike in ATL
(andevenATL I r ), E' U cannotbetranslatedto hh� ii •

C O (∅)
' U . Moreover, E' U cannotbeexpressed

asa combinationof A' U , E3 ' , E2 ' , A2 ' , E h ' , andA h ' (cf. [24]).

In consequence,themodalitiesfor completeinformation(i.e. possiblynon-uniform)strategieswith
norecall:hhAii • h ' , hhAii •2 ' andhhAii • ' U (correspondingto theATL I r logic [31]) canbeavaluable
extensionof thebasicATOL.

Remark 4.5. NotethatATL I r is equivalentto ATL [31], soATOL beginsto cover theexpressive power
of CTL assoonaswe addtheperfectinformationmodalitiesto ATOL.

Remark 4.6. ATOL semanticallysubsumesCTL: it is enoughto restrict the alternatingobservational
gamestructuresto thecaseof oneagent(� = f ag), with the identity relationastheonly observational
accessibilityrelation(q � a q′ if f q = q′). For this classof models:E h ' � hhaii •

O bs( a)
h ' , A h ' �

hh;ii •
O bs( a)

h ' , E2 ' � hhaii •
O bs( a)

2 ' andsoon.
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Figure7. Thecontroller/clientproblemagain

4.3. Examples

Let usconsiderafew examplesto seehow propertiesof agentsandtheircoalitionscanbeexpressedwith
ATOL. We believe thatespeciallyExample4.3 demonstratesthepotentialof ATEL in reasoningabout
limitationsof agents,andthewaysthey canbeovercome.

Example4.1. First,wecanhavealook at thevariableclient/server systemfrom Example2.3again,this
timein theform of aconcurrentobservationalgamestructure(seeFigure7). Notehow theobservational
relationis de®ned:if wethink of x in binaryrepresentationx1x2, wehavethatc canobservex1, whereas
s observersx2. Thefollowing formulasarevalid in thesystem:

� Obssx = 1 _ Obss: x = 1 : theserver canrecognizewhetherthevalueof x is 1 or not;

� hhs;cii •
C O ( s;c )

h: x = 2 : the agentshave a strategy de re to avoid x = 2 in the next step. For
instance,theclient canalwaysexecuteadd1, andtheserver rejectstherequestin q1 andaccepts
otherwise;

� x = 2 ! :hhsii •
O bs( s)

h(x = 2) ^ hhsii •
O bs( c)

h(x = 2): Theserver s mustbehinteda strategy by
c if hewantsthevariableto retainthevalueof 2. To seewhy this is true,supposethatx = 2. We
have to ®nd a strategy vs suchthat for every � 2 outObs(c)(q2; vs), we have �[1] j= h(x = 2).
Let vs bethestrategy thatpicksrej in all states.Then,obviously, vs is anincompleteinformation
strategy. All thecomputationpathsconsistentwith thisstrategy areq0q0 : : : , q1q1 : : : andq2q2 : : : .
Therunsfrom thosethatarein outObs(c)(q2; vs) arethosethatstartin q2, sotheonly elementwe
retain is � = q2q2 : : : . Obviously, for this � , we have �[1] j= (x = 2). To further seethat
in q2 we have :hhsii •

O bs( s)
h(x = 2), assumethat thereis somestrategy vs suchthat for every

� 2 outObs(c)(q2; vs) we have �[1] j= (x = 2). Theonly strategy vs thatworksherechoosesrej
in q2. Sincevs hasto bean incompleteinformationstrategy, vs prescribesrej in q2 aswell. But
therunsgeneratedby this vs in outObs(c)(q2; vs) are� = q2q2 : : : and� ′ = q0q0 : : : . Obviously,
wedonothave � ′[1] j= x = 2;

� hhs;cii •
C O ( s;c )

3 (Obssx = 0 _ Obssx = 1 _ Obssx = 2) ^ hhs;cii •
C O ( s;c )

3 (Obscx = 0 _ Obscx =
1 _ Obscx = 2) ^ :hhs;cii •

C O ( s;c )
3 (EO{s;c}x = 0 _ EO{s;c}x = 1 _ EO{s;c}x = 2): theagents

haveawayto make thevalueof x observablefor any of them,but they havenostrategy to make it
observableto bothof themat thesamemoment.
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Figure8. Agentswith somememoryof thepast.Propositionrej holdsin thestatesimmediatelyaftera request
hasbeenrejected.

Example4.2. Let usgo backto the®rst variable/controllersystemwith only two states(Example2.1).
Thesystemcanbemodi®edto includeboundedmemoryof theplayers:for instance,it seemsreasonable
to assumethateachagentremembersat leastthe lastdecisionhemade.Resultingconcurrentobserva-
tionalgamestructureis shown in Figure8. For thisstructure,wemayfor instancedemonstratethat:

� s canalwaysrejecttheclaim: A2 hhsii •
O bs( s)

hr ej (whereA � hh;ii •
C O (∅)

± cf. Remark4.3);

� if s rejectsthe claimsthenthe valueof x will not change± ands canseeit: Obss[(x = 0 !
A h(r ej ! x = 0)) ^ (x = 1 ! A h(r ej ! x = 1)) ^ (x = 2 ! A h(r ej ! x = 2))].
Note that this kind of formulascanbeusedin ATOL to specifyresultsof particularstrategiesin
theobjectlanguage(in thiscase:the“alwaysreject” strategy).

Example4.3. Let usconsidera train controllerexamplesimilar to theonefrom [1, 17]. Therearetwo
trainstr 1; tr 2, anda controllerc thatcanlet theminto thetunnel.Thealgorithmof train tr i is sketched
in Figure9. Eachtrain canopt to stayout of the tunnel (actions) for sometime ± its local stateis
“away” (ai ) then.Whenthetrain wantsto enterthetunnel(e), it mustwait (statew i ) until thecontroller
lightsagreenlight for it (actionleti from thecontroller).In thetunnel(t i ), thetrain canagaindecideto
stayfor sometime (s) or to exit (e). Thereis enoughvocabulary to talk aboutthepositionof eachtrain
(propositionsa1,w1,t1 ,a2, w2andt2 ).

Thesetof possiblesituations(globalstates)is
Q = f a1a2; a1w2; a1t2; w1a2; w1w2; w1t2; t1a2; t1w2; t1t2g.

The transitionfunction for the whole system,andthe accessibilityrelationsaredepictedin Figure10.
Every train canobserve only its own position.Thecontrolleris not very capableobservationally: it can
seewhich train is away ± but nothingmore. Whenoneof thetrainsis away andtheotheris not, c has
to light the greenlight for the latter.9 The trainscrashif they are in the tunnelat the samemoment

9This is meant to impose fair access of the trains to the tunnel: note that when tri wants to enter the tunnel, it must be eventually
allowed if only the other train does not stay in the tunnel for ever. Adding explicit fairness conditions, like in Fair ATL [4],
would probably be a more elegant solution, but it goes far beyond the scope of the example and the paper.
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Figure9. Train template:tr i for thetraincontrollerproblem

s;s; let1 s; s; let2 s;e;let1 s;e;let2 e;s; let1 e;s; let2 e;e;let1 e;e;let2

a1a2 a1a2 a1a2 a1w2 a1w2 w1a2 w1a2 w1w2 w1w2

a1w2 – – – a1t2 – – – w1t2

w1a2 – – – – t1a2 – t1w2 –

w1w2 – – – – – – t1w2 w1t2

a1t2 – a1t2 – a1a2 – w1t2 – w1a2

t1a2 t1a2 – t1w2 – a1a2 – a1w2 –

w1t2 – – – – t1t2 w1t2 t1a2 w1a2

t1w2 – – t1w2 t1t2 – – a1w2 a1t2

t1t2 t1t2 t1t2 t1t2 t1t2 t1t2 t1t2 t1t2 t1t2

q1q2 ∼tr1 q0
1q0

2 if f q1 = q0
1

q1q2 ∼tr2 q0
1q0

2 if f q2 = q0
2

∼c a1a2 a1w2 w1a2 w1w2 a1t2 t1a2 w1t2 t1w2 t1t2

a1a2 +

a1w2 + +

w1a2 + +

w1w2 + + + +

a1t2 + +

t1a2 + +

w1t2 + + + +

t1w2 + + + +

t1t2 + + + +

Figure10. Transitionsandobservationalaccessibilityfor thesystemwith two trainsanda controller
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Figure11. Modelsfor two IF games:(A) S[∀x∃y=x x 6= y]; (B) S[∀x∃z∃y=x x 6= y]. To helpthereader, the
nodesin whichFalsi�er makesa movearemarkedwith grey circles;it is Veri�er' s turnat all theothernodes.

(crash � t1 ^ t2), so the controllershouldnot let a train into the tunnel if the other train is inside.
Unfortunately:

� c is not ableto do so: :hhcii •
O bs( c)

2 : crash, becauseit hasto choosethesameoptionin w1t2 and
w2t1. Note that the controllerwould be able to keepthe trains from crashingif it hadperfect
information: :hhcii •2 : crash, which shows exactly that insuf®cient epistemiccapabilityof c is
thesourceof this failure;

� on theotherhand,atrain (say, tr 1) canhint theright strategy (passasignal)to thecontrollerevery
timeit is in thetunnel,sothatthereisnocrashin thenext moment:A2 (t1 ! hhcii •

O bs( tr 1 )
h: crash);

� whentr 1 is outof thetunnel,thenc canchoosethestrategy of lettingtr 2 in if tr 2 is notaway(and
choosinglet1 else)to succeedin thenext step:A2 (: t1 ! hhcii •

O bs( c)
h: crash);

� two lastpropertiesimply alsothatA2 hhcii •
D O ( c;tr 1)

h: crash : thecontrollercanavoid thecrash
whenhehasenoughcommunicationfrom tr 1;

� however, :hhcii •
D O ( c;tr 1 )

2 : crash, soa one-timecommunicationis notenough;

� ®nally, c is not a very goodcontroller for onemorereason± it cannotdetecta crasheven if it
occurs:crash ! : Obsc crash.

Example4.4. The last examplerefers to IF games,introducedby Hintikka and Sanduin [16], and
investigatedfurther in [6] from a game-theoreticperspective. Themetaphorof mathematicalproof asa
gamebetweenVeri®erV (who wantsto show thattheformulain questionis true)andFalsi®erF (who
wantsto demonstratethe opposite)is the startingpoint here. Oneagenttakes turn at eachquanti®er:
at 9x, Veri®er is free to assignx with any domainobjecthe likes,while at 8x the valueis chosenby
Falsi®er. IF gamesgeneralizetheideawith their“slashnotation”:9x=y meansthatV canchooseavalue
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for x, but at thesametimehemustforgeteverythingheknew aboutthevalueof y (for ever). [6] suggests
thatsuchlogic gamescanbegivenapropergame-theoreticaltreatmenttoo,andusesdynamic-epistemic
logic to reasonaboutthe players'knowledge,their powersetc. Obviously, ATOL canbe usedfor the
samepurpose.

Let us considertwo IF gamesfrom [6]: onefor 8x9y=x x 6= y, the otherfor 8x9z9y=x x 6= y.
Thegametreesfor bothgamesareshown in Figure11. Thearcsarelabeledwith j V ; j F wherej V is the
actionof Veri®erandjF is theFalsi®er'sdecision;nopstandsfor “no-operation”or “do-nothing”action.
DottedlinesdisplayV 's observationalaccessibilitylinks. F hasperfectinformationin bothgames.It
is assumedthat thedomaincontainstwo objects:s andt. Atom win indicatesthe statesin which the
Veri®erwins, i.e. thestatesin whichhehasbeenableto prove theformulain question.

Wewill usethetreesasconcurrentobservationalgamestructuresto demonstrateinterestingproper-
tiesof theplayerswith ATOL formulas.

� S[8x9y=x x 6= y]; q0 j= :hhV ii •
O bs( V )

3 win : Veri®erhasno uniformstrategy to win thisgame;

� notethatS[8x9y=x x 6= y]; q0 j= :hhF ii •
O bs( F )

2 : win : Falsi®erhasno power to preventV from
winning aswell in the®rst game± in otherwords,thegameis non-determined.Thus,thereason
for V 's failurelies in his insuf®cientepistemicabilities± in thesecondmove,to bemorespeci®c:
S[8x9y=x x 6= y]; q0 j= hhV ii •

O bs( V )
hhhV ii •

C O (∅)
3 win ;

� the vacuousquanti®erin (B) doesmattera lot: V canuseit to storethe actualvalueof x, so
S[8x9z9y=x x 6= y]; q0 j= hhV ii •

O bs( V )
3 win !

� Veri®erhasastrategy thatguaranteeswin (seeabove),but hewill never beableto observe thathe
hasactuallywon: S[8x9z9y=x x 6= y]; q0 j= :hhV ii •

O bs( V )
3 ObsV win .

Giving a completeaxiomatizationfor ATOL is beyond thescopeof this paper. We only mentiona
few tautologiesbelow.

Proposition4.2. Thefollowing arevalid ATOL properties:

� hhAii •
O bs( 
 )

� ! Obs
 hhAii •
O bs( 
 )

� : if 
 is ableto identify A's strategy to bring about� , thenhe
canseethatA have suchastrategy, too;

� moregenerally:hhAii •
�(�)

� ! � ΓhhAii •
�(�)

� ;

� hhAii •
�(�)

� ! � ΓhhAii •
C O (∅)

� : if A haveastrategy de re in any sense,thenthey havealsoastrategy
de dicto in thesamesense.

� having astrategy de dicto implieshaving acompleteinformationstrategy: hhAii •
C O (∅)

� ! hhAii •� .

5. ATEL-R*: Knowledge, Cooperation and Time with no Restraint

Realagentshave®nitememoryandunlessthey canextendtheircapacitywhennecessary(hencemaking
thememory®nite, but unbounded),modelswith no recall canbe usedfor them. However, even if we
know thatanagenthaslimited memorycapabilities,weseldomknow whichobservationshewill actually
decideto remember. Modelswith no recallexist for many problems,but they areoftenextremelylarge
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andmustbeconstructedon the�y for every particularsetting.Assigningagentswith perfectrecallcan
beaneatwayto getrid of theseinconveniences,althoughat theexpenseof makingtheagentsremember
(andaccomplish)too much.Our languageto talk aboutagentswith recall± Alternating-timeTemporal
EpistemicLogic with Recall(ATEL-R*) ± includesthefollowing formulas:

� p, wherep is anatomicproposition;

� : ' or ' _  , where';  areATEL-R* formulas;

� h ' or ' U , where';  areATEL-R* formulas.

� KA ' , whereK is any of thecollective knowledgeoperators:C, E , D , A is asetof agents,and'
is anATEL-R* formula;

� hhAii
K(�) ' , whereA; � aresetsof agents,K = C; E; D , and' is anATEL-R* formula.

We would like to embedtheobservationallogic ATOL, andmodalitiesfor strategieswith complete
informationinto ATEL-R* in a generalway. Past time operatorscanbe alsouseful in the context of
perfectrecall,sothefollowing formulasaremeantto beapartof ATEL-R* aswell (� = CO; EO; DO
andK = C; E; D):

� � A ' ;

� hhAii •
�(�)

' , hhAii •
K(�)

' , hhAii �(�) ' ;

� hhAii • ' , hhAii ' ;

� h−1' (“previously ' ”) and' S  (“ ' since ”) .

Severalderivedoperatorscanbede®ned:

� ' ^  � : (: ' _ :  ) etc.;

� K a' � C
{a} ' andhhAii K ( 
 ) � � hhAii C ({
 }) ' ;

� Obsa' � CO{a}' andhhAii •
O bs( 
 )

� � hhAii •
C O ({
 })

� ;

� 3 ' � tr ueU' and2 ' � : 3 : ' ;

� 3 −1' � tr ueS ' and2 −1' � : 3 −1: ' ;

� A' � hh;ii C (∅) ' andE' � :hh;ii C (∅) : ' .

5.1. Semanticsfor ATEL-R*

A few semanticshave beenproposedfor CTL* with past time [15, 25]. The semanticswe usefor
ATEL-R* is basedon [25], wherecumulative linearpastis assumed:thehistoryof thecurrentsituation
increaseswith time andis never forgotten. In a similar way, we do not make the usual(unnecessary)
distinctionbetweenstateandpathformulashere.
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Theknowledgeaccessibilityrelationfor agenta is de®nedasbefore:� � K
A � ′ if f � [i ] � K

A � ′[i ] for all
i . Again, � [i ], � |i , and� i denotethei th position,®rst i + 1 positions,andthei th suf®x of � respectively.
Thesemanticsfor ATEL-R*, proposedbelow, exploits alsofunctionout∗K(Γ)(�; FA ) which returnsthe
setof computationsthatarepossiblefrom theviewpoint of group� (with respectto knowledgeoperator
K) in situation� (i.e. afterhistory� took place):

out∗K(Γ)(�; FA ) = f � j � |n � K
Γ � and� n is consistentwith FA , wheren is thelengthof � g:

De�nition 5.1. Thesemanticsof ATEL-R* is de®nedwith thefollowing rules:
� ; n � p iff p 2 � (�[ n])

� ; n � : ' if f � ; n 2 '

� ; n � ' _  iff � ; n � ' or � ; n �  

� ; n � h ' if f � ; n + 1 � '

� ; n � ' U iff thereis ak � n suchthat� ; k �  and� ; i � ' for all n � i < k

� ; n � KA ' if f for every � ′ suchthat � ′
|n � K

A � |n we have � ′; n � ' (whereK
canbeany of thecollective knowledgeoperators:C, E , D )

� ; n � hhAii
K(�) ' if f thereexists a collective uniform strategy FA suchthat for every

� ′ 2 out∗K(Γ)(� |n ; FA ) wehave � ′; n � ' .

We believe thataddingpasttime operatorsto ATEL-R* doesnot changeits expressive power ± the
sameway asCTL*+Pasthasbeenproven equivalent to CTL* [15, 25]. However, explicit pasttense
constructsin thelanguageenableexpressinghistory-orientedpropertiesin a naturalandeasyway.

De�nition 5.2. Semanticsof pasttenseoperatorscanbede®nedasfollows:
� ; n � h−1' if f n > 0 and� ; n � 1 � '

� ; n � ' S  iff thereis ak � n suchthat� ; k �  and� ; i � ' for all k < i � n.

Example5.1. Considerthetrainsandcontrollerfrom Example4.3.Thetrainscanneverenterthetunnel
atthesamemoment,soA2 (crash ! h−1(t1_ t2)) , i.e. if thereisacrash,thenatrainmusthavealready
beenin the tunnelin thepreviousmoment.The formula is equivalentto A2 : (: (t 1 _ t2) ^ hcrash)
whenwe considerboth formulasfrom theperspective of the initial point of thecomputation:it cannot
happenthatno train is in thetunnelandin thenext statethetrainscrash.10

Example5.2. Anotherusefulpasttimeformulais : h−1tr ue, thatspeci®esthestartingpointin compu-
tation.For instance,wemaywantto requirethatnotrainis in thetunnelat thebeginning: : h−1tr ue !
: t1 ^ : t2, which is initially equivalentto : t1 ^ : t2, but statesthefactexplicitly andholdsfor all points
in all computations.Also, tautologyA23 −1: h−1tr ue makesit clearthatwe dealwith ®nite pastin
ATEL-R*.

5.2. Knowledgevs. Observations

It canbeinterestingto reasonaboutobservationsin ATEL-R*, too. We canembedATOL in ATEL-R*
in thefollowing way:
10For a precise definition and more detailed discussion of initial equivalence, consult for instance [25].



28 W. Jamroga and W. van der Hoek / Agents that Know How to Play

De�nition 5.3. For all � = CO; EO or DO:
� ; n � � A ' if f for every � ′; n′ suchthat� ′[n′] � Θ

A �[ n] wehave � ′; n′ � '

� ; n � hhAii •
�(�)

' if f thereis a uniform strategy with no recallVA suchthat for every
� ′; n′, for which� ′[n′] � Θ

Γ �[ n] and� ′ is consistentwith VA , we
have � ′; n′ � ' .

Operatorsfor memorylessstrategies,identi®edby agentswith recall (hhAii•
K(�)

, K = C; E; D) andvice
versa(hhAii �(�) , � = CO; EO; DO) canalsobeaddedin a straightforwardway.

Theexplicit distinctionbetweenknowledgeandobservationscanhelp to clarify a few things. The
®rst oneis morephilosophical:an agentknows what he canseeplus what he canrememberto have
seen.Or ± moreprecisely± knowledgeis whatwe candeducefrom our presentandpastobservations,
providedwe aregivensuf®cientobservationalabilities(in theontologicalsense,i.e. we cannamewhat
wesee).

Proposition5.1. Supposeour languageis rich enoughto identify separatestates,i.e. thesetof propo-
sitions� includesa proposition� q for every stateq 2 Q, suchthat � q is true only in q (sincethe set
of statesis always®nite, we canalwaysaddsuchpropositionsto � for eachparticularmodel). Then
for every formula' thereexist formulas' ′

1; ' ′′
1 ; : : : ; ' ′

n ; ' ′′
n , suchthat' ′

1; : : : ; ' ′
n containno epistemic

operatorswith recall(K ; C; E ; D ), and' ′
i ^ ' ′′

i ! ' for every i , and:
∨

i=1::n

K a' � (Obsa' ′
i ^ h−1K a

h ' ′′
i ) _ (: h−1tr ue ^ Obsa' ):

This implies that, in every situation,K a' canbe rewritten to someformula Obsa' ′
i ^ h−1K a

h ' ′′
i

unlessweareat thebeginningof a run± thenit shouldberewritten to Obsa' .

Proof:
Considerformulas' ′

i � : Obsa: � qi and' ′′
i � : Obsa: � qi ! ' , onepair for eachstateqi 2 Q. Let

� ; n bea computationandapositionin it, and�[ n] = qj currentstateof thecomputation.Supposethat
� ; n j= K a' ; thenfor every � ′ suchthat� ′

|n � a � |n , wehave that� ′; n j= ' . Notethat: Obsa: � qj is
trueexactly in thestatesbelief-accessiblefor a from qj , so� ; n j= Obsa(: Obsa: � qj ). Now, � ′

|n−1 � a

� |n−1 and� ′; n j= : Obsa: � qj imply that� ′
|n � a � |n , so� ′; n � 1 j= h(: Obsa: � qj ! ' ) andhence

� ; n j= h−1K a
h(: Obsa: � qj ! ' ). Finally, : Obsa: � qi and: Obsa: � qi ! ' obviously imply ' .

Theproof that� ; n j= h−1K a
h(: Obsa: � qj ! ' ) and� ; n j= Obsa(: Obsa: � qj ) imply � ; n j=

K a' is analogous. ut

Example5.3. The above propositioncanbe illustratedwith the systemsin Figure12. Considerpath
q2q6 for example.Theagentmusthave known in q2 thathewasin q1 or q2 andthereforein thenext step
hecanbein eitherq5 or q6. Now, in q6 hecanobserve thatthecurrentstateis q6 or q7, soit mustbeq6

in which p holds. Note that theagent's ontologyis too poor in system(A): hecannotexpresswith the
availablelanguagethedifferenceshecanactuallysee.Suf®cientvocabulary is providedin Figure12(B):
for instance,whenq6 is thecurrentstate,K a p canbealwaysrewrittenas

Obsa: Obsa: q6 ^ h−1K a
h(: Obsa: q6 ! p)

andof course: Obsa: q6 ^ (: Obsa: q6 ! p) ! p.
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q1 q2

q5 q6

(A)

q3 q4

q7 q8

p p

q1 q2

q5 q6

(B)

q3 q4

q7 q8

q6,p

q5

q1 q2 q3 q4

q8,p

q7

Figure12. Knowledgevs. observations:with andwithout thevocabulary

5.3. CompleteInf ormation vs. Uniform Strategies

Let hhAii � denotethatA have a completeinformationstrategy to enforce� - like in ATL andoriginal
ATEL*. Relationshipanalogousto Proposition5.1canbeshown betweentheincompleteandcomplete
informationcooperationmodalities.This oneis notpast-,but future-oriented,however.

Proposition5.2. hhAii � � hhAii C(∅)
hhhAii h−1� . In other words, having a completeinformation

strategy is equivalent to having a uniform strategy that canbe hintedat every stepby an omniscient
observer.

A similarpropertycanbeshown for agentswith no recall:

Proposition5.3. hhAii •� � hhAii •CO(∅)
hhhAii • h−1� .

5.4. Mor eExamples

Severalfurtherexamplesfor ATEL-R* arepresentedbelow.

Example5.4. For thevariableclient/server systemfrom Examples2.3 and4.1, recall of thepastadds
nothingto theagents'powers:

� hhsii
K ( s)

' ! hhsii •
O bs( s)

' ,

� hhcii K ( c) ' ! hhcii •
O bs( c)

' ,

� K s' ! Obss' etc.

This is becauseeachstatecanbereachedfrom all theotheronesin a singlestep. Thus,knowledgeof
thepreviouspositionsin thegamedoesnotallow for any eliminationof possiblealternatives.Obviously,
in a realisticsetting,the agentswould remembernot only their local statesfrom the past,but alsothe
decisionsthey made± andthatwould improve theclient's epistemiccapacity.

Example5.5. Considera modelfor thevariableclient andserver, extendedin a similar way asin Ex-
ample4.2 (in which every playerremembershis lastdecision).For this system,theclient startsto have
completeknowledgeof thesituationassoonasx is assignedthevalueof 2:

� A2 (x = 2 ! A2 (K c(x = 0) _ K c(x = 1) _ K c(x = 2)));
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q6q3

q1 q2

q4 q5
win win

nop, x:=s nop, x:=t

y:=s, nop y:=t, nop
y:=t, nop y:=s, nop

nop, x:=s nop, x:=t

nop, x:=t

nop, x:=s

q0

Figure13. GamestructureS[� 1] for game� 1 ≡ ∀x∃y=x (x 6= y ∨ � 1)

� notethatstill A2 (: Obsc(x = 0) ^ : Obsc(x = 1)).

On theotherhand,theserver gainsonly someknowledgeof thepast.If hehasbeenrejectingtheclaims
all thetime, for instance,heknows thatat thebeginningthevalueof x musthave beenthesameasnow:

� 2 −1r ej ! K s(x = 0 ! 2 −1(: h−1tr ue ! x = 0)) etc.

Example5.6. Somepropertiesof thetraincontrollerfrom Example4.3canbeanalyzedthroughformu-
lasof ATEL-R*:

� t i ! K c
h−1: ai : every timeatrain is in thetunnel,c knows at leastthatin thepreviousmoment

it wasnotaway;

� thecontrolleris still unableto accomplishits mission::hhcii K ( c) 2 : crash, but...

� a1 ^ a2 ! hhcii K ( c) (2 : (a1 ^ a2 ^ h(w1 ^ w2)) ! 2 : crash). Supposethe trainsnever enter
“the waitingzone”simultaneouslyandbothareinitially away± thenc can®nally keepthemfrom
crashing.Thestrategy is to immediatelygrantthegreenlight to the®rst train thatentersthezone,
andkeepit until thetrain is away again± thenswitch it to theotheroneif it hasalreadyentered
thezone,andsoon;

� also,if c is allowedto rememberhis lastdecision(i.e. themodelis modi®edin thesamewayasin
previousexamples),thenc knows who is in thetunnel:A2 (K ct i _ K c: t i ) in thenew model. In
consequence,c cankeeptheothertrainwaitingandavoid crashaswell.

Example5.7. ConsiderIF gamesagain(seeExample4.4). An interestingvariationon the themecan
beto allow thata gameis playedrepeatedlya (possiblyin®nite) numberof times.For instance,we can
have formula� 1 de®nedasa ®xedpoint: � 1 � 8x9y=x (x 6= y _ � 1), which meansthat thegameof
8x9y=x x 6= y shouldbeplayeduntil Veri®erwins. Thestructureof thisgameis presentedin Figure13.

� Veri®erstill cannotbeguaranteedthatheeventuallywins: S[� 1]; q0 : : : ; 0 j= :hhV ii K ( V ) 3 win ;
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� thistimearound,however, V 'ssuccessis muchmorelikely: for eachstrategy of his,hefailsonone
pathout of in®nitely many possible(andFalsi®erhasto make up his mind before V). Intuitively,
the probability of eventuallybringing aboutwin is 1, yet we do not seehow this issuecanbe
expressedin ATEL-R* or ATOL at present;

� notethat in ananalogousmodelfor 8x8z9y=x x 6= y we have S[8x8z9y=x x 6= y]; q0 : : : ; 0 j=
hhV ii K ( V ) 3 win , yet this is only becausethe semanticsof ATEL-R* doesnot treat � V as the
epistemicaccessibilityrelation,but ratherasa basisfrom which therelationis generated.Hence,
it allows V to rememberthevalueof x anyway ± which shows thatS[8x8z9y=x x 6= y] is not a
suitableATEL-R* modelfor theformula(althoughit is still anappropriateATOL model);

� in orderto encodethenew gamein ATEL-R*, we shouldsplit Veri®er into two separateplayers
V1 andV2. V1 makesthemove at the®rst andsecondstepsandhasa completeinformationabout
thestateof theenvironment;V2 doesnotseetheFalsi®er's choicefor x atall. Whatweshouldask
aboutthenis: hhV1ii

K ( V1 )
h hhhV2ii

K ( V2 )
3 win , whichnaturallydoesnothold;

� theabove shows thatATOL is muchcloserto thespirit of IF gamesthanATEL-R*. Why should
we careaboutATEL-R* for modelingIF gamesat all? Well, considergame8x� 2, where� 2 �
9y=x (x 6= y _ � 2); the structureof the gameis shown in Figure 14. In ATEL-R*, Veri®er
hasa simplewinning strategy: ®rst try y := s, and the next time y := t, andhe is boundto
hit the appropriatevalue± hence,S[� 2]; q0 : : : ; 0 j= hhV ii

K ( V )
3 win . At the sametime, V has

no memorylessstrategy: S[� 1]; q0 : : : ; 0 j= :hhV ii •
O bs( V )

3 win , becausehe losestheknowledge
whathedid with y lasttime every time heusesy again.In a sense,hhV ii K ( V ) is closerto theway
variablesaretreatedin mathematicallogic thanhhV ii •

O bs( V )
: in 9y9y ' both quanti®ersrefer to

different variablesthathave thesamenameonly incidentally.

Proposition5.4. Finally, thefollowing formulasareexamplesof ATEL-R* tautologies:

� hhAii
K(�) � ! KΓhhAii

K(�) � : if � areableto identify A'sstrategy to bringabout� , thenthey also
know thatA have suchastrategy;

� hhAii
K(�) � ! KΓhhAii C O (∅) � : if A have astrategy de re, thenthey have astrategy de dicto;

� having auniformstrategy implieshaving acompleteinformationstrategy: hhAii C O (∅) � ! hhAii � ;

� hhAii •
K(�)

� ! hhAii
K(�) � : memorylessstrategiesarespecialcasesof strategieswith recall.

5.5. Expressivity and Complexity of ATEL-R* and its Subsets

ATEL-R* logic, as de®nedhere, subsumesATL* and the original ATEL*, as well as Schobbens's
ATL ir *, ATL iR * andATL I r * logics from [31]. One interestingissueaboutATL*, ATL ir *, ATL iR *
andATL I r * is thatthey donotseemto beexpressibleby eachotheronthelanguagelevel.11 This is why
wedecidedto includeseparateoperatorsfor eachrelevantperspective to epistemicandstrategic abilities
of agents.

11Except for ATL and ATLI r – but without the star! – which are equivalent
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q1 q2

q4 q5
win win

nop, x:=s nop, x:=t

y:=s, nop y:=t, nop

y:=t, nop y:=s, nop

q0

Figure14. GamestructureS[∀x� 2]

Thecomplexity resultsfor modelcheckingof “vanilla” ATEL-R areratherdiscouraging.Evenparts
of it arealreadyintractable:thesameproblemfor ATL ir is NP-hard[31], andmodelcheckingof ATL iR

(basedon cooperationmodalitiesfor incompleteinformationandperfectrecall) is generallybelievedto
beundecidable[31]. Wewould like to stimulatea systematicinvestigationof theissueby extendingthe
notationfrom [10]. Let B (P1; P2; : : : | T1; T2; : : : | M 1; M 2; : : :) be the branchingtime logic with path
quanti®ersP1; P2; : : : , temporaloperatorsT1; T2; : : : andothermodalitiesM 1; M 2; : : : . Everytemporal
operatormusthave apathquanti®erasits immediatepredecessor(like in CTL). Then:

1. B (E | g; 2 ; U | −) is CTL;

2. B (〈〈A〉〉 | g; 2 ; U | −) is ATL;

3. B (〈〈A〉〉 | g; 2 ; U | CO
A

; EO
A

; DO
A

) is theoriginalversionof ATEL from [17];

4. B (〈〈A〉〉
CO(; )

| g; 2 ; U | CO
A

; EO
A

; DO
A

) is theATEL versionfrom [22];

5. B (〈〈A〉〉�
Θ(Γ)

| g; 2 ; U | CO
A

; EO
A

; DO
A

) is ATOL (Section4);

6. B (〈〈A〉〉
K (Γ)

; 〈〈A〉〉�
K (Γ)

; 〈〈A〉〉; 〈〈A〉〉� | g; 2 ; U ; g� 1; 2 � 1; S | C
A

; E
A

; D
A

; CO
A

; EO
A

; DO
A

) is
“vanilla” ATEL-R.

The model checkingproblemcan be solved in polynomial time for (3). On the other hand,the
sameproblemfor (5) is NP-complete(Proposition4.1). Note that allowing for perfectrecall strate-
gies (but with memorylessstrategy identi®cation)doesnot make things worse: model checkingfor
B (〈〈A〉〉

Θ(Γ)
| g; 2 ; U | CO

A
; EO

A
; DO

A
) is NP-completein thesameway(hint: usethemodelchecking

algorithmfor (3) andguesstheright setof statesfrom which A canuniformly getto thecurrent“good”
statesevery time functionpre is invoked). It turnsout that theauthorsof theoriginal ATEL proposed
the largesttractablememberof the family to date.Whetheranything relevantcanbeaddedto it seems
animportantquestion.

6. Conclusions

We have brie�y re-introducedAlternating-timeTemporalLogic anddiscussedtwo kindsof modelsfor
thelanguage(concurrentgamestructuresandalternatingtransitionsystems),trying to stressthat± when
onewantsto reasonaboutknowledgein suchsystems± it is importantto distinguishthecomputational
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structurefrom thebehavioral structure,andto decidein whatway the®rst oneunravels into the latter.
We arguethattheinitial approachto Alternating-timeTemporalEpistemicLogic [17] offeredtoo weak
a notionof a strategy. In orderto saythat agenta canenforcea property' , it wasrequiredthat there
existeda sequenceof a's actionsat theendof which ' held± whetherhehadknowledgeto recognize
thesequencewasnot takeninto account.Moreover, eventherequirementthattheagent's strategy must
beuniform proved too weak: it would still enableplansin which theagentwasallowed to “guess”the
openingaction. We suggestthat it is not enoughthat theagentknows thatsomestrategy will helphim
out; it is moreappropriateto requirethat the agentcan identify the winning strategy itself. In other
words,theagentshouldberequiredto haveastrategy de re ratherthande dicto. Undersuchaconstraint,
theagent“knows how to play”.

This is still notenoughto give themeaningof acooperationmodalityfor coalitionalplanningunder
uncertainty. Evenif a groupof agentscancollectively identify a winning strategy, they areproneto fail
in casethereareothercompetingstrategiesaswell. Thus,weproposeseveraldifferentoperatorsinstead
of oneto distinguishsubtlecaseshere.

Theassumptionthatagentscanusethecompletehistoryto make their subsequentdecisionsis also
investigatedin thispaper. Two paradigmsarestudiedherein consequence.First,agentscanbeassumed
to have no (or only limited) memory. In this case,they make their decisionsonly on thebasisof what
they canobserve (albeitin thebroadestpossiblesenseof theword);a languagefor ATL + Observations,
dubbedATOL, is proposedfor speci®cationof suchagentsin this paper. Theotherparadigmis formal-
izedvia arichersystem,calledAlternating-timeTemporalEpistemicLogic with Recall(ATEL-R*). We
believe thatbothapproachescanbeequallyinterestinganduseful.

This paperis only a steptowardsclarifying epistemicissuesin ATL, andit leavesmany questions
open.For instance,althoughonly recentlya completeaxiomatizationfor ATL hasbeengiven[13], this
is still unexploredareafor ATEL andATOL. Also, morenon-trivial examplesof game-like scenario's
shouldbe looked for in which a logic of knowledgeandtime mayhelp to reveal interestingproperties,
andwhicharegoodcasesfor automatedplanningvia modelchecking.
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