* Part III: Epistemic Logic

i Extensionality

= Classical logic is extensional:

= = (e )= (Y < yla/p])

Varieties of modal logics

Alethic logic
Dynamic logic
Deontic logic
Temporal logic
Doxastic logic
Epistemic logic
Arithmetic logic

Clp
[o]p
Og
Clp
Bop
K¢
Clp

¢ must be the case
after o, @ holds

¢ should be
always, @

@ is believed

@ is known

(@ is provable

i Modal logic

= philosophical logic
= a formal treatment of
notions
= various ‘flavours’:
» epistemic / doxastic
» temporal / dynamic (action logic)
» deontic

i defining knowledge

p Kp Kp Kp

0 0 “~ o

1 ~~ O~ -

i Semantics of modal logic

p: it is sunny in Liverpool q: it is sunny in Londor

P q

~1



i Semantics of modal logic

p: it is sunny in Liverpool

P>
G5 AS
O

q: it is sunny in Londos

i Modal logic, semantics
=M w|= ¢

= iff M, W |= @

= for w’ such that ~(w, w’)
m M, w |= Ocp
w iff M, W |= @

i epistemic logic

System is called S5 n K(d) — w) — (

= agents reasor
n Ko —0¢

= veridicality

as “difficult' as propositional!
R is an equivalence
no nestings needed:

K~KK—p <> ~K—p = K¢ — KK¢
= positive intro.
no iterations needed: s K¢ — K-K¢

K=(K(K=p v —Kq) = K-=Kq)

) = negative intrc
is unneccesary complex

-6 =|-K¢

- Amonto bunaso s

Modal logic, semantics

= Kripke models: M = (W, x, R)
= W: set of possible worlds
= o truth assignment function
= R: accessibility relation

= R(w) ={w’ | R(w,w")} set of accessil
worlds from w

i Modal logic, ctd.

= modal logic = ‘logic of  and ¢’
= ‘neutral reading”: / pos:
= basic property (K):
» (9—=y) — ( @— ), or equivalently
= (((p=y)n @) = )
= and Necessitaion

i Semantics

m Let E={M =<W,R,V>IR s equiv
m LetU={M=<W,R,V>IR is unive
s Let Th(M) = {p I M I= @}

s Then: Th(E) = Th(U)
» C straightforward



iSemantics
sEl=pe Ul=p «S51I-¢

= easy to verify:
= KKg = Ko
= K-Kgp=-Kog
= 7 KKgp =- Ko
s " K-=Kgp=Kp

i Small model property

= Suppose <S,V>,s |= ¢
= . Sub(gp) — 25
=« fs(p) = { }, atoms p in Sub(¢p)
= f8(p A p) =1s(p) U fs(y)
= f8(-¢) = fs()
s fs(Kog) =

= {1 ifcome <S V>t = m

i Epistemic and Doxastic lo

" Kg—>¢

= Kp — KKg knowledge
n "Kg = K-Ko

s "Bl

= Bo — BBo belief

—-D .. - D=D..

iSemantics
sEl=pe Ul=¢p «S5I-¢

= easy to verify:
= @ is satisfiable iff
= ¢ is satisfiable in a model of size with a
| states
s Ipl=1,1p A l=1+ gl + hpl
s |0l =Kol =lol + 1

i Small model property

= LetS" = {s} U U,  gup(q) £W)

= V' =V

» Then: <S'.V' >s |= ¢

= Proof: forall s’ in S’ : all y € Sub(¢)
s <S,V>l=9 < <S' V> I=¢

i Logical Omniscience

(LOI) B A B(gp =) — By
(Closure under impl

(LO2)  |=¢= |=Bg
(belief of valid fo
(LO3) |9 —=y=|=Byp =By

(Closure under valid impl



* Logical omniscience (2)

(LO4)  [F9<yp=[|=Byp < By
(Belief of equivalent fo
(LO5) (B A By) =Bl A y)
(Closure under conju
(LO6)  Bep—=B(pvy)
(Weakening of
(LO7) By — -B-¢
3xb,2xw
wb
bb bw
wb
bb bw
3Xxb,2xwW

2 white, 3 black hats
1 ? / ?

+

rules out:

w w any

C: "I don't know my colot



‘ inwbbandwb . agent " knows his cc

=
< S

A: "I know mine!"

wb
W W

i specification

= when " x0 set i :=(
= while true do
= begin write (xi)

= send(“xi) until (>

= 0;

= while true do

= begin read(xi)
= send(xi) until K< xi;

= i=iH

s i=it+1
= end

= end

B: "I don't know my colotL
either"

wb
W W

i Protocol

Sender and - eceiver

input for S: X = <x0,x1,x2,....... >

S reads X, sends data to -, who writ
deletion errors: reception not guarar

required: protocol that satisfies
. for some Y, we have X =T;Y

= every xi of X appears eventually 11

i not correct

» X=<3,3,4,¢ 3, b,..... >

read(a) send(a)  send(a) send(K'x0)  read(a)

11 1

(x0=a) Send(' xo0) Send(" xo0)



i specification

when - x0 set i ::
while true do
begin write (xi)

= send(xi) until K\ xi; = send( xi) until

= send(K' xi) until K K/ xi = send(" K xi) un’
m =it w =it

and = end

= 0;
vhile true do
yegin read(xi)

i specification

i =0 = when x0 recvd ¢

while true do

begin write (xi)
= send(a,) until a.

while true do
begin read(xi)
= send(xi) until a; recvd;

= send(a,) until xi

m Q=i+

= send(a,) until a, recvd;
m =i+
end = end

i Alternating bit protocol

= knowledge of depth 4 is essential
= provable:

= Ssends xi+1 —

= Ks O (R receives xi+1 — KgKg Kg(xi)

i specification

when < x0 set i :=(
while true do while true do

begin read(xi) begin write (xi)

= send(xi) uni i; = se @ til K
= send(K K xi = send ntil
i =i+ mi=i+

end = end

i:=0;

Alternating Bit Protocol

(m,i) = mO if i is even, m1 else
i:=0;
while true do
begin read(xi)
= send clr(xi,i) until
(ack,1) recvd;

=it

= when x0 recvd se¢
= while true do
= begin write (xi)

= send clr(ack,i) t
recvd;
w 0= i+

i Card Games

there are three cards: r, W and b

three players: 1, 2 and 3

every player sees its own card

use names for worlds:

= r'wb for 1 has red, 2 white, 3 black, etc.
use colors for accessibilities:



* Card Games (ctd)

= draw the appropriate S5, Kripke m¢
= show that in rwb it holds that:
= K (Kyrp) A Ky (=Kory A =Korg)

* Card Games: HEXA

rwb rbw
@ — o

wrb e © whi

i Properties of HEXA

= M, rwb |=K;r
rw.b = M, rwb |=r,:
5 o< / /° wbr

rbw

/ \ = M, rbw |=r,

* Card Games:

rwb

wrb e

i Card Games:

HEXA

rbw
°

e wh

HEXA

WAVA
A

i Properties of

rbw
<]

Yavay
VAV

e wh

HEXA

= Ki(Kamrp) A Ky(=Kory
= M,rwb |= K K, si
= M,rwb |= K,r,, since
M,rwb |= -r, and
M,bwr |= A,
= M,rbw |= K;Ar,, since
M,rwb |= -r, and
M,bwr |= =r,



i Properties of HEXA

= Ki(Kprp) A Ky(=Kary a -
rwb r [ M,er |= K1 (ﬂK2r1 A K
= since
= M,rwb |= ~K,ry A Koy s
M,bwr |= -r, and
M,rwb |= -r,

bw
o @
/ / = M,rbw I= =Ky, A =Ko ry sil
7’ ° ° wbr M,wbr |= -r, and
/ M,rbw |= -ry

<]

(<)

i Exercise 3

(x,y): A carries x, B

(1,0 (1,2) (3,2) 3,4) (5,4) (5,6)

5} ° 5} o e

=)

i Exercise 4

after A reads, and B sees that:

m which is: m

i Exercise 3

= Ann and Bob each have a numbe
their head: Ann can only see Bob
who can only see Ann’s. Howeve
known by everybody that the nur
are successors of each other, i.e.
are n and n + 1 for some n.

= Draw the annronriate model.

i Exercise 4

= Ann and Bob are in a bar, in fron
them is an envelop for Ann, with
an invitation to go out in Amsterc
(p) or one to give a lecture (—p)

« Draw the corresponding Kripke mod
nobody has looked in the envelop y:

= Suppose A reads the letter in the en

i Exercise 5

let a, be: “An has number n”,similarly for b, “Bob has number n
5a Show: M, (3,4) |= =Kgb, n K,=Kgb,

let Kya denote: A knows what her number is, similarly for Kgb
5b Show: M,(1,2) |= MgK,a, or equivalently: M,(3,4) |= -Kg-K,a

5c Show: M,(3,4) |= MgM,MgK,a, or equivalently: M,(3,4) |= —=Kgk

1,0) 12) (3:2) (34 (54) (5.6)

- - - -~ a




Exercise 6

" be: “An has number n”,similarly for b, “Bob has number n. Supp
he real world is (3,4). Call the model M (see below).

5a. Show M, (3,4) |== MgM,Kgb A MgMMgK,a

5b. Suppose Ann says: I don't know my number
draw the new model M,. Show My, (3,4) |= -MgKpa A MgM,Kgb

5C. Suppose now Bob says: I don’t know my number
draw the new model M,. Show M,, (3,4) |= -Kgb A MgKsa

5d. Suppose now Ann says: I don’t know my number
draw the new model M;. Show M3, (3,4) [= Kgb !!

Exercise 6

" be: “An has number n”,similarly for b, “Bob has number n. Supp
‘eal world is (3,4). Call the model M (see below).

5a. Show M, (3,4) |=- MgMaKgb A MgM,McK,a

voreover, K,a is true only in (1,0). From (3,4) there is a B-A-B path t
vore precisely:

\41 (110) |= KAa

\4/ (112) |= MBKAa

1, (3,2) |= MyMgKpa
v, (3/4) |= MgM\MK,a

Exercise 6

" be: “An has number n”,similarly for b, “Bob has number n. Supp
he real world is (3,4). Call the model M (see below).

5b. Suppose Ann says: I don't know my number
draw the new model M;. Show My, (3,4) |= -MgKsa A MgMpKgb

There is no point at which K,a holds, so M, (3,4) |= -MgK,a

Cgb is true at (1,2), and there is a B-A path to (1,2), hence
V1, (3,4) |=MgM,Kgb

1y, (1,2) |= Kgb, thus My, (3,2) |= MaKgb thus My, (3,4) |= MgM.Kgb

Exercise 6

"be: “An has number n”,similarly for b, “Bob has number n. Supp
«eal world is (3,4). Call the model M (see below).

5a. Show M, (3,4) |== MgM,Kgb A MgM,MgK,a

Sirst of all, note that Kgb is true nowhere: Bob is uncertain everywhere
This explains M, (3,4) |=- MgM,Kgb (in fact M,x |== MgM,Kgb for all

Yoreover, Kya is true only in (1,0). From (3,4) there is a B-A-B path t

Exercise 6

b be: “An has number n”,similarly for b, “Bob has number n. Supp
‘eal world is (3,4). Call the model M (see below).

5a. Show M, (3,4) | == MgMaKgb A MgM,McK,a

Sirst of all, note that Kgb is true nowhere: Bob is uncertain everywhere
This explains M, (3,4) |=- MgM,Kgb (in fact M,x |== MgM,Kgb for all

Yoreover, Kya is true only in (1,0). From (3,4) there is a B-A-B path
0, M, (3,4) |= MgMMgK,a

Exercise 6

b be: “An has number n”,similarly for b, “Bob has number n. Supp
he real world is (3,4). Call the model M, (see below).

5C. Suppose now Bob says: I don’t know my number
draw the new model M,. Show M,, (3,4) |= -Kgb A MgK,a

There is no point where Kgb is true, hence (3,4) |= —Kgb

,a is true at (3,2), hence (3,4) |= MgKpa



Exercise 6

" be: “An has number n”,similarly for b, “Bob has number n. Supp
e real world is (3,4). Call the model M; (see below).

5d. Suppose now Ann says: I don’t know my number
draw the new model M;. Show M;, (3,4) |= Kgb !!

This is clear: in (3,4), Bob has no doubt!

i Exercise 7

M
, o S P B:

3. Suppose Ann reads the letter aloud: it says p! Draw the model M,

i Exercise 7

M v A:
, o d P B:

2. Bob holds it for possible that A read the letter. Draw M,

P © © -p

i Exercise 7

M
, ° e P B:

o any item, start from M again.
3. Suppose Ann reads the letter aloud: it says p! Draw the model M,
2. Bob holds it for possible that A read the letter. Draw M,

=. An outsider tells A and B that one of them has read the letter. Draw

1 An nitcider telle A and R that nne nf them mav have read the letter

M

i Exercise 7

v A:
(€] @) —p B:

p

3. Suppose Ann reads the letter aloud: it says p! Draw the model My

w v
p ) ) -p

which is actually:
() ()

M

i Exercise 7

v A:
p [¢) @ -p B:

=. An outsider tells A and B that one of them has read the letter. Draw

’ ’

w %
p ¢} e p




M

* Exercise 7

v A:
p o ° -p B:

1. An outsider tells A and B that one of them may have read the letter

G ° P

i Exercise 7

M
v A:

p 6] ) -p B:

2. An outsider tells A and B that some (0, 1 or 2) of them may have re

Suppose only B read the

_ P

(6] o p Kgp A MgKap A Mg =K,p

i Exercise 7

M
w i A
p @ @ -p B:

2. An outsider tells A and B that some (0, 1 or 2) of them may have re

/.p /o -p

o o p

Suppose nobody read the

—Kgp A 7 Kyp A Mg Kyp A

M

i Exercise 7

\ A:
p ) 1) -p B:

2. An outsider tells A and B that some (0, 1 or 2) of them may have re

s P

° o _p

i Exercise 7

M
v A:

p ) ® -p B:

2. An outsider tells A and B that some (0, 1 or 2) of them may have re

Suppose A and B read th

e T

(] " p Kgp A Kyp A Mg =Kyp A D

i Different Modal Systems

sPropositional Tautologies Al
K¢ = p) = (Kip = Kyp) A2
=Ko = ¢ A3
sK.p — KKo A4
K¢ — K-K¢ AS

a-¢0=|-Ko¢

NAr~



* Different Modal Systems

¢ wKi(o —y) = (K — Kp) A2
r =Kiop—¢ A3
¢ =Ko =~ KKi¢

s = Kjp = Ki=Kjp

A4

A5

* Different Modal Systems

=Ki(¢ = p) = (K¢ = Kpyp)
oKL

uKi¢ — KiK¢

—Kip — Ki~Kip

mPropositional tautologies, Nec
™ > KD
KD4,

$ Different Semantic Systen

~

sKripke Models

mAccessibility Relations R; Ko KD KD4,,
=R, is serial

=R, is transitive

=R, is Euclidean

* Different Modal Systems

mPropositional tautologies, Nec
Ko=) = Ko —=Ku) [ ¢ T [
=Kip —~ ¢

=Ki¢ — KiK;¢

=Ko = K=K

* Different Semantic Systen

nKripke Models }
Koy
(m)
Y

mAccessibility Relations R;
mR; is reflexive
mR; is transitive

=R, is Euclidean

* Relating the Systems

Fe = KD,lFe = T,Fe = S,)F¢ =

it g I U

yFo = KDy -9 = Tyyl-9 = S44, ¢ -



i Example Derivation

S5y - 7Ki¢ <= K=K

* K¢ = KK
Ki=Ki¢ — =K;p
* K¢ < Ki=Kip

i Counterexamples
S4,) - 7Kip <> K=K 2
Answer is NO!  Because S4 ) |74 =K. <= K—-K0

M/Q P MI= -Kg < Kl

u Because

Q Mw|= ~K;p, and
\ M,w |= -K=K;p

Counterexamples
S4m) |- 7Ki¢ <= Ki-Kip 2
Answer is NO!  Because S4 |74 K¢ <= K~K;p

M |7¢/ K¢ <> K-l

P and

QV\ M E€ 54,

i Counterexamples

S4 ) - 7Ki¢ <= Ki—7Kip 2

Answer is NO!  Because 54, |7£ -Ki¢ <= K=K

. O
"

M, = -Kip <> K-l

u Because

O M,w|= ~K;p
\ Because M,v|=
w N v

i Counterexamples
Sy [-~Kp <> KK 2
Answer is NO!  Because S4 |74 -Kp <= K—-K.p

. O
"

M |7/ “Kip < Kl

u Because

G
\ M,w = —K;=K;p

Validities

We already derived: S5, [~ K¢ <= K=K
We could also have proved: S5 = K¢ <= K—K,

tof all, K¢ <> K=K ¢
uivalent to = =K <> - K;=K;¢
quivalent to K¢ <= =K;=K,$
uivalent to K¢ <= M|K;¢



Validities
We already derived: S5, [~ 7K <= K=K
We could also have proved: 5, = 7Ki¢ <> K=K
First of all, =K;¢ <= K,=K,¢ is equivalent to K;¢ <> M.
etM € S5, and w a world in M. To prove: M,w |= K¢

Suppose M,w |= K
Since R; is reflexive, we have Rww and hence M,w |= MK

This proves M,w |= Kip = MK:d

i Tactics

Let X, be any logic, for which X, |- ¢ < X, [= ¢
To prove Xy [~

either use the axioms and rules of X,
or use completeness and show X, [= ¢

To prove X, |7[ P

i Tactics

Let X, be any logic, for which X, |- ¢ < X, [= ¢

A formula 1 is X, -valid if
forallM € X, : M,w[=y

A formula 1 is Xy, —derivable if
Xm —W if

Validities
We already derived: S5, [~ K¢ <= K=K
We could also have proved: $5,, |= “K¢p <> K;7K;
First of all, =K;¢ <> K,=K,¢ is equivalent to K¢ <= M,
etM € 5, and w a world in M. To prove: M,w |= K¢
uppose M,w |= MK;p

here is u, Rwu and M,u |= K¢ Q
M

ake v, Rwv. To prove: M,v |= ¢

u
ince R; is Euclidean, we have Ruv. So M,v |= ¢ ﬂ/[

i Tactics

Let X,y be any logic, for which X, [~ ¢ < X, = ¢

A formula  is X, -satisfiable if there isa M € x;,,,
so that M,w |= ¢

A formula  is Xy, —consistent if
Xm) |7l - i.f
/Y(m) |7L - if

i Exercise 8

Are the following formulas valid with respect to
Ky ? Tamy? S4my? SSum)?

(a) ¢ — Kip

() ¢ = KKi—¢
(©) Ki¢ = -K;=¢
(d) ~Ki¢ = Ki—¢



* Group Notionss

i Everybody knows

= Eg: Everybody knows @
= definition: Ep =Ko A K,p A .. K g

= veridical? introspective?

Group notions

m B =K pAKypr..AK b = Ki(0 =) = (K

= agents reason rat

= everybody knows @

= Kg—=¢
" Kiq) - D(b = veridicality
= if'one knows it, it is distributed K. — KK

= positive introspec
n D(¢p — ) = (D¢ — D) = 2 Kip =K~ K¢

= negative introspec
= Do—¢ - o=|-Ko
= D¢ — DD¢ = agents know tautc
L

= Dd — N=Ddh

i epistemic logic

= Ko —=vy)—(K

= agents reason r
= Ko—¢

= veridicality
= K¢ — KK¢

= positive introsp.
s -K¢ — K-K¢

= negative introsy
n |— o= ‘— K¢

= agents know tai

i Distributed knowledge

Dq: it is distributed knowledge that «
idea: (K, A K, (¢ —=y)) = Dy
veridical? introspective?

“wise man’ to whom everybody tells
also called “implicit knowledge” (Ip)

i Distributed knowledge

= Consider the following derivation rule:

(L APyA e A Q) =)

K9, A Kyg, ... AK @) = Dy

AAina DM an a w1la A« 7 A < TYA an an avinam 10 Amas



Group notions: semantics

m B¢ =KdrKpn..K
= everybody knows @

= R, =R, UR,U..

= taking the union

s Ko —= D¢ s Rb,ER,NR,N..
= if'one knows it, it is = not an equivalenc
distributed

viulua-agent Knowicage

WWW.KANIAMANIA.COM

From: Betsy Fleener
Subject: My First E-
To: Entire Company I
Attach: C:\*.*

PLEASE LET ME
KNOW ASAP

IF YOU DON'T GET
THIS MESSAGE.

K, a: Aknowsa

B sends mto A

Hugs,
Betsy

chris@kaniamania.com _ ©1997 Kania

Kgm?

Receiving mail from novice e-
T

K, Kz m?

K.K.K.m?

Common Knowledge

s K(dp— — (K.
‘ C(¢ - IP) - (C q) —C lp) -](qzzgent;p:easorg rc;(tll
= agents reason rationally s Ko— ¢
| C¢ — ¢. = veridicality
= veridicality = Kip = KK
| Cq) — EC q) = positive introspec

= Ko =~ K= K¢
= negative introspec
" |— o= ‘_ Ko

= agents know tautc

= and vice versa

A OO e

Group notions: semantics

= RpbCER, NR,N.
= not an equivalenc
V() =V’ () =V'(t]) = V’'(12) tl

VAN
=

R, Ry, Ry

Msl=p M s’ =@

Bizantyne
i General

Common Knowledge

= K¢ —=y) = (Kg
: C(¢ - IP) - (C q) —C W) = agents reason rat.
= agents reason rationally m Kp—0¢
| Cq) — q) = veridicality
= veridicality = Kip — KKjp
CH—ECH Lo
= and vice versa = negative introspec
1 C(¢p = Ey) = (¢ = Cy) » -0=|-Ko

= “induction”
V= 1= Oy

= agents know tautc



$ Common Knowledge

= Semantically, i
boils down to

= R.=Ry*

= that is, the refl
transitive clost

L C(§ =) = (Co—Cp)
= agents reason rationally
 Co—
= veridicality
1 Co—=ECo
= and vice versa
| C(¢ — Ey) = (9 — Cy)
= “induction”
Cl—dh = - Ch

i Alco at a conference

= A is at a conference. He decides to leave the roc
and have a drink at the bar.

= There is an announcement ¢: no talks tomorrow mor
= E@?Cq?

= Then, A leaves the bar for a walk outside.

= B says: “A is not here!” President: “intercom in bar!’
= E@?EE ¢?C @?

= Aistold all the above
« E¢?EE ¢? EEE ¢? C ¢?

At least one of you is muddy.
If you know that you are, step forwart

Common Knowledge

+

Eqg: Everybody knows o

E¢p  EEg

Co: it is Common Knowledge that ¢
idea: Cyp = Ep & EEp & EEEgp & EEE
&....

so: "Co if somebody

= considers it possible that

— camahndsr nancidare it naccihla that

c children, m are muddy

+

¢ Xy
o
* o

%

?

X
gt




c =4, m = 3 (Kripke mod

|

|

001
\011
101&

/ 0101
000
0110
\ 1001 /
0100 1110
1010
1101

c =4, m = 3 (Kripke mod

001\
0001 0111

0101

1071

0010

0110 \

0000

1001 /
0100 110

1070
1000 1o

Group Knowledge

Kio A Ky (p =) — Doy
Co =Ep= Kgo=Do= ¢

1 l

"any fool knows" o .
a wise man knows'

Common Knowledge cannot be obtained through communice

Cp < ECo

+

c =4, m = 3 (Kripke mod

+

0000

001~
0111
101

0001
0101
0010 \

0110
1001 /
0100 1110
1070
1101
100\ _—

c =4, m = 3 (Kripke mod

0000

001
00 1 0111
0101
0010 101\

1000

i Ignorance

= Pand Sareina
room, 1 X b

m2=<b=1=<99

P knows 1 x b
Sknows1+ b




i Ignorance

I knew that. I don’t know what
I know them neither the numbers are

Now I know what the
numbers are!

i Ignorance

Now I konw them too!

i Advanced Byzantine Gene

= S and R are involved in a protocol
= It is common knowledge that:

= messages derive either immediately or
time delay

= S sends m at t,.

i Ignorance

999999999

i Advanced Byzantine Gene

= S and R are involved in a protocc
= It is common knowledge that:

= messages derive either immediat
with ¢ time delay

i Advanced Byzantine Gene

let s: “sent”, d: “delivered” e: “delay”
suppose there is no delay

time: t,, t, =t, + €, ...., t, = {, + ne
Sender is red, Receiver is green

reflexive arrows are implicit

e means delay, ¢ means no delay
= m means: message has arrived



$ Advanced Byzantine Gene

s.,dy s ,d

i Advanced Byzantine Gene

s.,dy s .d

\j
30
3

°
So’do\so’dl si.d sp.d,
S ® o ® -—--
m m

i Advanced Byzantine Gene

s 1,dg spd
®
R m

°
So’do\so’dl s, S;,d,
S ° ° o ——-=-=
m

m =1m

m

i Advance Byzantine Gener

= S and R are involved in a protocol

= It is common knowledge that:
= messages derive either immediately or

time delay
= S sends m at t,.

D\ \ ‘.‘.

i Centipede

= 1 and 2 divide n marbles; they choc
turn, if somebody picks two, the gal

over




$ Centipede

= Intuitively correct?

i Common Knowledge

= K¢ —=y) = (K~

\7 Cq) - q) = agents reason rationc
= veridicality = Kog=o
\8 C(I) —EC (I) = veridicality

» Ko —KKo¢
= building iterations = positive introspection
9 CO—=Y) > (Co—>Cy) = Kb KoK
= negative introspectioi
» -o=]-Ko¢

= agents know tautolog

= agents reason rationally
A0 C(9 =~ Ey) = (¢ = Cvy)
= “induction”

3 l-d=1-Cd

i Lemma (X-distribution)

Let X be a necessity operator. Then:
Kimy =9 = ¥ = Kim) |- X¢ = Xy

Proof. Let X be a necessity operator.

suppose Kimy |- ¢ — ¢
then, by necessitation, Ky [~ X(¢ — )

we also have K |- X(¢ = ) = (X¢ — Xvp)

i Gossiping

= six friends each have a gossip. They call each ott
= at each call, they share their information

= at least how many calls are needed to bring all of
to date with respect to all the gossips?

" 87? 95

i Different Modal Systems

N

Propositional tautologies, Nec
Ki(¢ =) = (Kip = Kyp)
T Co—¢
3 Co—EC¢ KEC(m)> TEC
) Clp =) > (Co—>Cy) ™ - saEC,
0 C(¢—Ey)— (6 —Cyp) ‘
b -e=1]-Co
Ko = ¢ /
Kb — KK.o

i Iterations of Modal Opera

For any operator X, define X"¢ by induction on n:

X% =¢
Xn+1¢ = XXn ¢

Example:
K23¢ = K,K,K,0, E’¢ = EEEEE¢
and even (K,E)*¢ = K,E K,E K,E K,E ¢



i First Property

Claim: for every n, KEC(p) |- Cd — E"¢

1 Co— o A7

hence,
C¢ — E% since E% = ¢, by definition of E°

i First Property: winding ug

KEC(m) |- Co — E%

KEC(m)|- Co —~ E'¢

if KEC(py) |- C¢ — E¢ then KEC(p,,y |- Co — E& Do
KEC(m) - Co» = E'¢  so KEC(y,) |- Co — E29
KEC(pmy |- Cd — E?*¢ so KEC ) |- C$ — E3¢
KEC(py |- Co — ... 50 KEC(p)|-Cd — ...

— - —— —~ —_——

Common Knowledge

1t1vr;§t;iiosure: MWw|=Cp <
E —_
Rexy = Rg*xy lel— ¢ &

YWRgwWv = MV [=¢) &
VvVu (R wv & R vu = M,u |=
VvVuVt (R wv & R vu & Rput =

Re*Xy & Rgyz = Rg*xz

O +—— , o

—

i First Property

Claim: for every n, KEC ) |- Cd — E"¢
suppose we already proven: KEC ) |- C — EX¢

1 Cd— EX¢ ass
2 C¢ — ECo A8
3 EC¢ — EEX¢ 2, E-distr.
4 C¢ — EEXg 2,3,A1
hence,

Ch — F&iDd cince FRkh = FkiDd hy definition of

i Common Knowledge

Mw|=Ed =
Vv(Rgwv = M,v |=
withRe=R; UR, U ..

Mw|=Cd <
VVv(RFwv = M,V |=
with Rg* is reflexive tr
closure of Rg

definition of closure:

= VXRE#*xX

= Rexy = Rg*xy

s Re*Xy & Rpyz = Rg*xz

Common Knowledge

ition of closure: M,W|= 2Cop <
VXRg*XX M _
ReXy = Re*Xy M= =g or

AV(R WY & M,V |= =¢) or
AvIu Ry wv & Rpvu & M,u |= ¢)
IvI vt (R wv & R vu & Rput &

Re*Xy & Reyz = Re*xz

O+, o

—




i Soundness and Completel

Given the truth definition M,w|= C$ <=

VVv(RFwv = M,v |= ¢)
KEC(m) |- ¢ < K= ¢
TECm)-o = T, = ¢

i Interpreted Systems

= We have m processors
= each i can be in a number of states €
= Now build M =<5,m,Ry, R,, ....... ,R
«S=L xLX....... X Ly,
« ={8=<sl,82, ...sm>|siEL
= m:S—P— {{f}

D — (fea®\ | ~ —

. NY‘ Oﬂ\,‘.

i Interpreted Systems: Exa

0,2) 1.2) (2,2)
o ° )

1 ° e ° (21
1,1)

F Interpreted Systems

i Interpreted Systems: Exa

= Two Pprocessors: A and B
u LA: LB: {0,1,2}

=S=LixLg={  (0,0),(0,1), (0,
. (1,0), (1,1), (1,2
. (1,0), (1,1), (1,2

s Rys t <= Ry (x1y) (X0,y2) < X, =X

i Interpreted Systems: Exa

(0.2) (1,2) 2.2) Rgst<
° ° ° Rg (x1,y1)
Y1=Y2
1 e e ° (1)

(11)



$ Interpreted Systems: Exa

02) (1,2) 22 Rzste
N 7 0 RB (Xl,yl) ¢
Yi=™y
1) © —————— o — @ (21)
(1,1) RA S t =4
RA (xpyy) @

i Interpreted Systems: Run

(0,2) 1,2) (2,2)
Starting in (0,0), B ck
© © © its value from 0 to 1
A does not notice this
the same in (0,0) and
Then, A adds 1 to its
e . .
ne ———o ——— o (21) B knowing this
(1,1) Finally, both A and B
computation step: bot
value
i Atoms:
(0,2) 1,2) (2,2) x=0; x=1; x=2 and
(€] (&) ® y:()’ y:lj y:2

R, and Ry are reflex
and transitive

2,1 11a. show:

ne ———e ——o M(0,0)|=Ex=0v
(1,1)

11b. show, for every
M/N M |— BRA |

i Interpreted Systems: Exa

0,2) (1,2) (2,2) Atoms:
° ° o x=0; x=1; x=2 ¢
y=0; y=1; y=2
MI(OIO) |= KA
e ———o ———— o (21)
(1,1)
MI(OIO) |= I<A

i Distr. Systems: Exercise €

(0,2) (1,2) (2,2) Starting in (0,0), B ot
tarting 1n (0,0), B ¢

© e © its value from 0 to 1

A does not notice this

the same in (0,0) and

Formulate what it me
He ——oe e (21) does not notice, and t

the claim
' LD

i Intr. Systems: Example 2

= Three processors: A, Fand T

=L, ={n,s, b, I}, Lr ={0,1}, L, =
= use atoms a=s, =0, t=7, etc, in <f,a,1
= Make a drawing of this system, and :
= M,(1,n,2) |= MK (t=0)




* IS: Example 2

fixt=0

wich we draw as:

1,n,3)

1,n2)

0100 © —————— ©® (10
0,b,0) © ©  (1,b,0)
0,50) © ® (1,5,0)
e
o (1,0
010) o e
°
[ ]
0b,0) ¢ ®
)
0s0) o ®
(1,1,0)
0,1,0)
,")K’
0,b,0) pyes
N (]
0,s,0) ®

1,n,3)

1n,2)

* IS: Example 2

1,n3)

1,n,2)

0L0) © ——————————— © (10)
0,b,0) © o
05,0 © ®
@
1,0
0100 o (L0
0b0) o ®
1
0,s,0) P ®
@
o
0,1,0) ;
050) o [ S
i
0,s,0)

1,n3)

(1n,2)



’ w0

./

e

0,,0) /
0,b,0) & A (1,n,3)
H
1,n2)
0,s,0)
Vol
e o)
(1,1,0) @
'0,1,0) fe)
@
0,b,0) @° (1,n,3)
H
(1,n,2)
0,s,0) PN
Q 0
(1,,0) [}
0,1,0) Q
[}
0,b,0) QF (1,n,3)
H
(1,n,2)
0,s,0) o

wo

o

./

0,1,0)
0,b,0) 8- W (1,n,3)
1
1,n,2)
0,s,0)
Vol
q Q
(1,1,0) o
'0,1,0) (€]
Q
0,b,0) Q. (1,n,3)
1
1,n,2)
0,s,0) °
q Q
(1,1,0) o
0,1,0) °
[©]
0,b,0) foXE (1,n,3)
1 ,
an, .
0,5,0) o Re (1,n,2) (
- RA 74 - NN\ |




0,,0)

0,b,0)

0,s,0)

),1,0)

),b,0)

),s,0)

),1,0)

),b,0)

C Q
o @)
(@]
I
C | )
14 (1,n,3)
o
e * wn2)
i Exercisg12
12a. Give a ¢ for whicl
M,(0,n,0) |= E¢
D
M,(0,n,0) |= E(f=0
(1,,0) ?
o
°
[ 38 (1n3)
d
1,n2)
[
i Exercisg12
12b. show or disprove:
M,(0,n,0) |= EE$ <
)
=: M,(0,n,0) |= EE
0 e M,(0,n,0) |= KyE¢ -
0
[ 3¢ @n3)
p
wn2)
[

1,5,0)

),1,0) /

(1,1,0)

),b,0)

),s,0)

1n,2)

i Exercisg12

),1,0) /

(1,1,0)

),b,0)

),5,0)

(1,n,2)

i Exercisg12

v

(1,1,0)

),b,0)

,5,0)

(1,n,2)

12a. Give a ¢ for whicl
M,(0,n,0) |= E¢

12b. show or disprove:
M,(0,n,0) |= EE¢$ <

(1,n;3)

12b. show or disprove:
M,(0,n,0) |= EE¢$ <

< is obviously true

(1,n;3)

12b. show or disprove:
M,(0,n,0) |= EE¢$ <

=: M,(0,n,0) |= EE
Ml(olnlo) |= KTE¢ =

M,x |= E¢ forall x i

(1,n,3)
M,(0,n,0) |= E¢ ar
M,(L,n,0) |=Ep=

MDD AN - 4



iExercisg/lz —

12b. show or disprove:

M,(0,n,0) |= EE¢$ <

=:M,(0,n,0) |= EE«

® MI(OInIO) |= KTE¢ =
M,x |= E¢ forall x i1

(Ln;3)
M,(0,n,0) |= E¢ar
. ML) |= B =
M/N N\ - 4

i Exercise 13: Solution

13b. show:

12) (12) (2
° ° e M,(0,0) [= 1(x=0 A y=0)

M,(0,0) |=1¢p =
(ZIIL (0,0) [=1¢

> ° ) Y(xy) (R; (0,0)(x,y) = M,(x,y) |= ¢ <
/ V(x,y) (Ry (0,0)(x,y) and Rg (0,0)(x,y) -

M,(xy) |= ¢ =
0) (1,0) (2,0) Y(x,y) (x=0 andy = 0 = M,(X,y) |= ¢)

i Exercise 13: solution

3c. show in interpreted systems: MW |= D¢ <= ¢

ow suppose : M,w |= ¢ . To prove: M,w |= D¢

:call that W= <Wy, Wy, , W, >

ke an arbitrary v for which (R; N R, .... N .... Rywv
{WV, so v; = W, and R,wv, SO V, = W, ... and R wv, sc

ance v=<V..Va~__.._.__. V. >=<W..W.__.__.__. W.>=w

i Exercise 13

Atoms:
(0,2) (1,2) (2,2) x=0; x=1; x=2 and
© ° o y=0;y=1;y=2

R, and Ry are reflex
and transitive

2,1) 13a. show:
e ———eo ——o M(0,0)|=Ex=0v
(1,1)
13b. show:
M 0N [— Trv=n «

i Exercise 13: solution

3c. show in interpreted systems: M,w |= D¢ <= ¢

rst of all: the — direction is easy:

‘M,w |= D¢ then

L,V |= ¢ for all v such that (R; N R, .... N .... R)wv

| interpreted systems, Rww, so (R; N R, .... N .... R)w
yMw =



