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Abstract

In this paper we propose a hypothesis-driven
design of the empirical analysis of different
decision procedures which we refer to as sci-
entific benchmarking. The approach is to
start by choosing the benchmark problems
for which, on the basis of analytical consid-
erations, we expect a particular decision pro-
cedure to exhibit a behaviour different from
another decision procedure. Then empiri-
cal tests are performed in order to verify the
particular hypothesis concerning the decision
procedures under consideration. As a case
study, we apply this methodology to com-
pare different decision procedures for propo-
sitional temporal logic. We define two classes
of randomly generated temporal logic formu-
lae which we use to investigate the behaviour
of two tableaux-based temporal logic ap-
proaches using the Logics Workbench, a third
tableaux-based approach using the STeP sys-
tem, and temporal resolution using a new
prover called TRP.

1 Introduction

In recent years it has become common to compare deci-
sion procedures for a wide variety of logics, including
Boolean logic, quantified Boolean logic, basic modal
logic, and description logics on sets of randomly gen-
erated classes of formulae [1, 3, 7, 11, 16, 17, 18, 24, 25,
27]. Although this form of analysis of algorithms and
their implementations has lead to a number of inter-
esting results and has certainly contributed to recent
progress in the sophistication of decision procedures
for the logics under consideration, empirical analysis
with randomly generated problem sets is not without
problems.
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One of the main problems stems from the fact that un-
derlying any class of randomly generated problems is a
probability density function p which assigns probabili-
ties to instances of the problem class and the fact that
the analysis is sensitive to the choice of . The most
famous example illustrating this problem is the den-
sity function underlying a result by Goldberg [12, 13].
Goldberg has shown (analytically) that the satisfia-
bility problem of Boolean formulae can be solved by
a DPLL procedure in polynomial time in the average
case. Subsequently, Franco and Paull [10] proved that
this result is due to the density function he assumed
and not a particular feature of the DPLL algorithm,
and that for a more reasonable density function on
the class of Boolean formulae, a variant of the DPLL
procedure needs exponential time in the average case.

A related problem is that it is the aim of most com-
parisons to demonstrate differences between various
algorithms, data structures, or implementation tech-
niques. They are often used to illustrate the usefulness
of a new idea by comparing an implementation A, in-
corporating this idea, with an implementation B that
does not. However, even if we consider a problem class
together with a probability density function p that
makes the problem class reasonably hard in the av-
erage case, there is no guarantee that we will be able
to see any differences in the average performance of
implementations A and B. It may well be that the
particular problems on which A is superior to B have
a low probability with respect to p and can therefore
not influence the average performance sufficiently to
have a noticeable impact. This might be justified if p
models the probability of problems close to what we
expect in the ‘real world’, but this seems to be rarely
the case for the logics mentioned in the beginning and
the density functions described in the literature.

The problem is aggravated if we consider implemen-
tations A and B of decision procedures which vary in
more aspects than one. In this case, even if we can



observe a noticeable difference in the average perfor-
mance, we have to explain which particular aspects do
contribute to this difference and which do not. Again,
the choice of the density function g can influence our
ability to provide convincing evidence for any such ex-
planation.

Hooker [15] proposes the following experimental design
to overcome some of the problems related to this kind
of empirical analysis: We should start by setting up a
list of hypotheses about factors that could affect the
performance of an algorithm. Some of these factors
can be related to features of the problems we like to
deal with, e.g. size of the problems, a specific structure
of the problems, etc. Other factors can be related to
the algorithm itself, e.g. its inference rules, its heuris-
tics, its redundancy checks, etc. When formulating a
hypothesis we should use some abstract measure to de-
scribe the effect of a factor, for example, the number of
nodes in a tableau or the length of a refutation using
resolution, instead of simply relying on running time.
For each factor we should set up a benchmark suite
suitable for verifying our hypothesis about the influ-
ence of the factor on the performance of the algorithm.
The benchmark problems can be purely artificial and
need not be related to any ‘real world’ problems. So
randomly generated problems are well suited for this
purpose. Of course, we still have to be careful that
the generated problems possess the problem charac-
teristics needed for the test. Since the intention is not
to perform a competitive test, it is not necessary to
have an efficient implementation of our algorithm at
hand. The only necessary prerequisite is that we are
able to alter the implementation to test our hypotheses
about the algorithm itself, for example, we need to be
able to turn off specific inference rules and adjust spe-
cific heuristics. Hooker calls this kind of experimental
design scientific testing. It is an implicit assumption
of the scientific testing methodology that we restrict
ourselves to variations of one basic algorithm.

Of course, this is a considerable restrictions if we are
interested in assessing a broad variety of decision pro-
cedures for a particular logic. Simulation results re-
lating, for example, derivations in tableau calculi for
basic modal logic with those in the translation ap-
proach [4, 19, 20] or derivations using the inverse
method with the automata approach to modal satisfi-
ability [2], may still form a basis for an abstract mea-
sure for the performance of decision procedures based
on different calculi. However, if this abstract measure
is on the level of inference steps in the calculus under-
lying each of the decision procedures, then one may
argue that this puts certain approaches at a disadvan-
tage, in particular, if they allow the use of specialised

data structures and algorithms which result in a much
higher inference rate than for competing approaches.
In such a case it may also be important that the im-
plementation of the decision procedures under consid-
eration is sufficiently sophisticated to enable each ap-
proach to show its full strength. Consequently, we will
in most cases have to rely on existing implementations,
since otherwise the implementational effort required
will be excessive. So, in the absence of an abstract
measure relating the performance of different decision
procedures, or if we feel that such an abstract mea-
sure would lead to an incorrect assessment, measuring
the running time of existing implementations of de-
cision procedures for a particular logic can still be a
viable option. What remains of the scientific testing
methodology is that the benchmark problems are cho-
sen to verify a particular hypothesis concerning the
decision procedures under consideration. We call this
kind of experimental design scientific benchmarking or
hypothesis-driven benchmarking.

There is a danger that scientific benchmarking might
be abused to highlight only the strengths of a par-
ticular decision procedure over others. This is not
the intention. On the contrary, we believe the aim
should be to identify and study both the strengths and
weaknesses of decision procedures, to gain insight, and
therefore, increase the scientific value of a study. Thus,
an important component of scientific benchmarking is
the analytical analysis of a given problem class with
respect to the features of, and/or methods used in, the
decision procedures which are subject of the analysis.

In the following we apply this scientific benchmarking
approach to a comparison of decision procedures for
propositional linear time logic PLTL. Our aim is to
identify some problem sets with characteristic proper-
ties for which we expect a particular decision proce-
dure to exhibit a behaviour different from other deci-
sion procedures.

For propositional linear time logic PLTL there are
three major approaches: (i) tableaux- and sequent-
based calculi, (ii) automata-based approaches, and (iii)
temporal resolution calculi. In most publications on
tableaux-based calculi for PLTL [14, 29] the decision
procedure proceeds in two phases: Given a PLTL for-
mula ¢ which has to be tested for satisfiability, first,
the procedure creates a pre-model M for the formula
by applying tableaux expansion rules to ¢, then, in
the second phase the procedure checks whether M
satisfies all eventuality formulae. Two decision pro-
cedures based on this approach have been developed
by Janssen [21] and McGuire et al. [22]. A C4++ im-
plementation of Janssen’s procedure is incorporated



as the ‘satisfiability’ function in the PLTL module of
the Logics Workbench Version 1.1, while the STeP sys-
tem [23] includes an implementation of McGuire’s pro-
cedure.

In contrast, Schwendimann [26] presents a one-phase
tableau calculus which checks locally, on-the-fly, for
the fulfilment of eventuality formulae on a branch-by-
branch basis. A C++ implementation of this calculus
is incorporated as the ‘model’ function in the PLTL
module of the Logics Workbench Version 1.1.

Finally, the resolution method for PLTL proposed by
Fisher [8] (see also [5, 6, 9]) involves the translation
of PLTL formulae to a clausal normal form, classical
resolution within states and temporal resolution over
states between eventuality formulae like & —p and for-
mulae that together imply O p. We have used an exper-
imental implementation, called TRP (written in SIC-
Stus Prolog 3.8.6), for our experiments. TRP is an
extension of a first-order resolution theorem prover by
temporal resolution.

Since the resolution method for PLTL is less well-
established compared to the tableaux-based (and
automata-based) approaches, we will focus on high-
lighting some strengths and weaknesses of this ap-
proach compared to the three tableaux-based decision
procedures mentioned above. In particular, we will
design two classes of randomly generated PLTL for-
mulae, the first class will demonstrate that TRP can
exhibit better performance than the other approaches,
while the second class will demonstrate a shortcoming
of TRP that allows one of the other approaches to
outperform TRP.

2 Basics of PLTL

Let P be a set of propositional variables. The set of
formulae of propositional linear time logic PLTL (over
P) is inductively defined as follows: (i) T is a formula
of PLTL, (ii) every propositional variable of P is a for-
mula of PLTL, (iii) if ¢ and ¢ are formulae of PLTL,
then —¢ and (¢ V) are formulae of PLTL, and (iv) if
¢ and ¢ are formulae of PLTL, then O ¢ (in the next
moment of time ¢ is true), ¢ ¢ (sometimes in the fu-
ture @ is true), O¢ (always in the future ¢ is true),
e U P (¢ is true until ¢ is true), and @ W ¥ (¢ is
true unless ¢ is true) are formulae of PLTL.  Other
Boolean connectives including L, A, —, and « are
defined using T, —, and V. A formula of the form & ¢
is called a ¢-formula. Analogously, for the remaining
temporal operators.

We also use T and L to denote the empty conjunction
and disjunction, respectively. A literal is either p or

—p where p is a propositional variable.

PLTL-formulae are interpreted over ordered pairs Z =
(S,t) where (i) S is an infinite sequence of states
(8i)ien and (ii) ¢ is an interpretation function assigning
to each state a subset of P.

For an interpretation ¢ and a state s; € S we can define
a propositional valuation I by I(p) = (p € u(s;)) for
every p € P. On the other hand, given an infinite se-
quence (I;);en of propositional valuations, we can de-
fine an interpretation function ¢ by ¢(s;) = {p | L;i(p) =
true}.

We define a binary relation = between a PLTL-formula
¢ and a pair consisting of a PLTL-interpretation Z =
(S,¢) and a state s; € S as follows.

Z,s; = true

I,sikEp iff p e u(s;)

Z,si = iff Z,s;

IosiEeny ff I,si =pand Z,s; =

I,siEeVvy ff I,si=porZ,s; =9

I,siEOQCe Ml T siv1Ew

I,s; EO0¢ iff for all j € N, j > i implies
I,si ¢

Z,si =<9 iff there exists j € N such that

j>iand Z,s; =@
Z,s; = o U iff there exists j € N such that
jZl, I,Sj ':’(/), and
for all k € N, j > k < i implies
I7Sk ':(P
IsiEeWyil IT,s; FpoUYor I, s; =0

If 7, s; = o then we say @ is true, or holds, at s; in Z.
An interpretation Z satisfies a formula ¢ iff ¢ holds
at sg in Z and it satisfies a set N of formulae iff for
every formula ¢ € N, 7 satisfies ¢). In this case, Z is
a model for ¢ and N, respectively, and we say ¢ and
N are (PLTL-)satisfiable. The satisfiability problem of
PLTL is known to be PSPACE-complete [28].

Arbitrary PLTL-formulae can be transformed into a
separated normal form (SNF) in a satisfiability equiv-
alence preserving way using a renaming technique re-
placing non-atomic subformulae by new propositions
and removing all occurrences of the & and W opera-
tor [8, 9]. The result is a set of SNF clauses of the
following form (which differs slightly from [8, 9]).

\/?:1 L;

D(V;n:1 Kjv \/?:1 OLi)
O(V7L, K; VOL)

(initial clause)

(global clause)

(sometime clause)

Here, K, L;, and L (with 1 < j < m, 1 < m, and
1 <4< n,0<n) denote literals.



Given a PLTL-formula ¢ the transformation to SNF
starts with a set {g, ~qV ¢}, where ¢ is a new proposi-
tional variable, and exhaustively applies a set of trans-
formation rules to this set. We do not give a complete
description, but only present the transformation rules
dealing with formulae of the form O¢ and ¢ W v
which are important for the understanding of the tem-
poral resolution rule presented below.

—p1 VP2
O(—p2 V O p2)
O(—p2 V @)

{p1VvOp} =

if ¢ is a literal and po is new.

p1VeVy
—p1Vpa VY
O=p2 VO(p V)
O-pa V O(p2 V9)

{1 VoW =

if ¢ and % are literals and ps is new. The result of
the transformation of a formula ¢ to separated normal
form is denoted by snf(¢p).

We need some additional terminology for SNF clauses.
If ¢ = 0OV, K; vV, OL;) is a global clause,
then by now(C) we denote \/;_, K; and by next(C)
we denote \/!_, L;. If C = O(\}_, L;), then now(C)
will denote the empty clause and next(C) will denote
\/?:1 Li.

Lemma 1 ([8, 9]). Let ¢ be a formula of PLTL.
Then, ¢ is PLTL-satisfiable if and only if snf(p) is
PLTL-satisfiable, and snf(y) is computable in time
polynomial in the size of .

3 Random PLTL-formulae

The classes we introduce are intended to test the fol-
lowing hypothesis: We conjecture that the temporal
resolution calculus will perform better than the three
tableau calculi under consideration on problem classes
consisting of sets of SNF clauses which impose uni-
form non-trivial constraints on the states of potential
models. On the other hand, we expect the tableau
calculi to have an advantage over temporal resolution
if a considerable number of clauses impose only trivial
constraints on most of the states, particularly, if these
clauses include sometime clauses.

The intuition underlying the notion of a clause im-
posing a trivial or non-trivial constraint on the states
is best explained with examples. Consider the PLTL-
formula

p1=-pAO(=pVO(pA))

where 9 is an arbitrary, large PLTL-formula. Suppose
we want to construct a model Z = (S,¢) for ¢;. The
first conjunct of 1 imposes the constraint that p has
to be false in the initial state sg, that is, p &€ ¢(so).
But, then the second conjunct of ¢; imposes no fur-
ther constraints on sg. Since —p is true at sg, so is
—-pV O(p A ¥). The construction of the model can
then be completed by defining ¢(s;11) = ¢(sg) for all
i € N. In this construction the truth of ¢ in any of the
states of Z was never considered. Thus, although v
is a large PLTL-formula by assumption and although
it may seem at first sight that the second conjunct of
(1 imposes a complex constraint on potential models
of 1, it turns out that it imposes only a ‘trivial’ con-
straint since we were able to satisfy the constraint by
simply making p false at every state.

Now, consider the PLTL-formula

w2 =0(pVg)ADO(—pV O1) ANO(—gV O12)

where 17 and 1o are arbitrary, large PLTL-formulae.
Again, we want to construct a model Z = (S,:) for
this formula. In constrast to ¢1, where the first con-
junct only imposed a constraint on the first state of
the model, here the first conjunct O(p V ¢) imposes a
uniform constraint on all states of Z. If we start the
construction at state sg, then we have to make either
p or g true at this state. We can also see that, de-
pending on our choice, we will have to consider the
truth of Oy or Oy which, given that v, and v, are
large formulae, can turn out to be non-trivial. Fur-
thermore, since O 11 and O, impose constraints on
the next state s, which we have not considered yet,
we have no indication whether making p true at sg will
lead to an ‘easier’ model construction than making ¢
true at so or vice versa. In addition, O(p V ¢) enforces
that pV q has to be true at s; as well; a constraint that
may interact with 11 or 15 being true at s;. Thus, in
the context of the second and third conjunct of ¢, the
first conjunct O(pV ¢) imposes a non-trivial constraint
on our model construction.

Since tableau derivations are closely related to model
construction approaches as the one we have used for
the two example formulae, it is reasonable to expect
that tableau calculi find formulae similar to ¢; easier
than formulae similar to ¢s. Before we explain why
we expect that temporal resolution will behave in the
opposite way, we first define the classes of formulae
with which we are going to test the hypothesis.

Based on Lemma 1 it is clear that in the construction
of classes of formulae suitable to test the hypothesis
we can restrict ourselves to sets of SNF clauses in-
stead of arbitrary PLTL-formulae. The similarity of



SNF clauses to propositional clauses makes it easy to
generalise the standard random generator for uniform
propositional kSAT clauses to SNF clauses. This can
be done in a number of ways. The random genera-
tor we have used in our experiments takes as input
the number of propositional variables n, the number
of clauses [, a probability p, and a number k.

For the first class of PLTL-formulae, denoted by Cl,.,
which will test the first part of the hypothesis, each
randomly generated formula ¢ is a conjunction of SNF

clauses of the following form

OOLIV...vOLO)A...AOOLY v...VOL,)
A O(=p1 V< p2)
A B(=p2 V < p3)

A D(—\pn \ <>p1)7

where for each global clause, the literals L¢, ..., L} are
generated by choosing k distinct variables randomly
from the set {p1,...,pn} of n propositional variables
and by determining the polarity of each literal with
probability p. The sometime clauses included in ¢
only depend on the parameter n.

For the second class of PLTL-formulae, denoted by
C2,,,, which will test the second part of the hypothesis,
each randomly generated formula ¢ is a conjunction
of initial, global and sometime clauses of the following

form.

(mVIIV...VL)A...A(rVLiv...VLL)
AO(=r, VOr)
AO(=r,—1 VOT,)

A D(_W’l V OTQ)

AQ(=r, VO-g,) A ... AO(=r1 V O gy,
A(=r1Vagr) A (=r1 V —gy)

/\\:\(ﬁql \/<>82)/\ D(ﬁSQ\/QQ \/OQn\/...\/Oqg)

AO(Gn—1 V< s,) ADO(=s, V gn)

For each of the first [ initial clauses, the literals L, . . .,
L} are generated by choosing k distinct variables ran-
domly from the set {p1, ..., pn} of n propositional vari-
ables and by determining the polarity of each literal
with probability p. The global and sometime clauses
included in ¢ only depend on the parameter n.

In all our experiments, for both classes, the parameters
k and p were fixed to 3 and 0.5, respectively.

The restricted form of global and sometime clauses in
both classes indicates that they form strict subclasses

of the class of sets (or conjunctions) of SNF clauses.
Thus, not every PLTL-formula is equivalent to some
formula in Cl,or C%,,. It turns out that the satis-
fiability problem of both Cl, and C%, has reduced

ran
complexity.

Theorem 2. The satisfiability problem for Cl,. and
C2,., is in NP.

ran

Proof sketch. Let ¢ be a SNF formula in CL,,, over n
propositional variables with global clauses C1q, ..., C|.
Let ¢ be the propositional formula next(Cy) A ... A
next(Cy). Let 1y be the propositional formula ¢’ A
—poA...A—py,, and let ; be the propositional formula
' A p; for every i, 1 < i < mn. Then ¢ is satisfiable iff
g is satisfiable or for every i, 1); is satisfiable. Since
each v;, 0 < i < n, is a propositional formula of length
smaller than that of ¢, these n+1 satisfiability test can
be performed by a non-deterministic Turing machine
in time polynomial in the length of .

Let ¢ be a SNF formula in C2,, over n propositional
variables with global and sometime clauses Cq, ...,
Cyn—2, and initial clauses Iy, ..., [;4o. For an initial
clause I; let I;[r1/L] denote the clause obtained from
I; by substituting L (falsum) for ;. It is straightfor-
ward to check that G =y A A\j<;<4,_o Ci is unsatis-
fiable. As far as the initial clauses are concerned, we
see that almost all of them contain r; as a positive
literal. Obviously, if I = A, o Li[r1/ 1] is satis-
fiable, we can build a PLTL model Z for ¢ where 7y
is false in the initial state sy and which satisfies all
clauses of ¢. However, if I is unsatisfiable, then we
can only satisfy the set of initial clauses by assuming
that 7y is true in sg. But then we will not be able to
satisfy G. Thus, ¢ is unsatisfiable. So, ¢ is satisfiable
iff I is satisfiable. Since I is a propositional formula of
length smaller than ¢, it follows that the satisfiability
problem for C2,, is in NP. O
Underlying this theorem are considerations about
the satisfiability equivalence of formulae and
(un)satisfiability of particular subformulae. It
should be stressed that the fact that a formula ¢ can
be transformed into an ‘easy’ satisfiability equivalent
formula ¢’ does not indicate that ¢ will be easy for
a particular theorem prover. We can only do so if
we know that a particular theorem prover actually
performs the described transformations. However,
the proof of Theorem 2 is the key to understanding
the behaviour of the decision procedures under
consideration.

To understand why Cl,. and C2,, are suitable to test
the first and second part of our hypothesis, respec-

tively, we have to take a closer look at TRP and the



Initial resolution rules: CiVL ~LV Cy CiVvL O(~LV Cs)
Cl \Y 02 Cl \ CQ
where C1 VL and ~LV Cy are initial clauses, O(~LV C5) is a global clause and ~LV C5 is a propositional clause.
Step resolution rules: 0O(Cy Vv L) O(~LV Cs)
O(Cy Vv Cy)
0O(Cy v L) O(O~LV D) 0(D; VOL) O(O~LV D)
D(Cl \/DQ) D(Dl \/DQ)

where O(Cy V L) and O(~L V Cs3) are global clauses and C; V L and ~L V Cy are propositional clauses, and

O(O~LV Dy) and O(D; VO L) are global clauses.
1y \/k1 1
D(C VvV 2, 0Dy)

kl
Temporal resolution rule: O(C}, Vv \/, " OD]}

ml,l

: o
) - 8en, vV, It oDy, )

n kn n
ot vV, 0 Dl,l)

O(C vV oL)

OOV (~ViZi NiZ C)) W L))

where for all i, 1 <i < n, (/\;’Z1

ki i m; k; i n m; i
Vil Dj,z) — ~L and (/\j:l Vil Dj,l) — (Vi /\j:l Cj}) are provable.

Figure 1: The temporal resolution calculus

temporal resolution calculus. Besides the standard res-
olution rule for propositional clause logic (which can
only be applied to initial clauses), the temporal reso-
lution calculus contains two inference rules, step res-
olution and temporal resolution; see Figure 1. While
the step resolution rule resolves two global clauses Cy
and Cy on complementary literals in next(C;) and
next(Cy), the temporal resolution rule resolves a set
of global clauses with a sometime clause to derive a
set of initial and global clauses. Determining a set of
global clauses which can be successfully resolved with
a sometime clause is a non-trivial problem, and our im-
plementation follows the approach described in [6]. In
TRP propositional and step resolution take precedence
over temporal resolution. That is, TRP will only try
to apply the temporal resolution rule when no further
applications of the other two rules are possible.

The class C},,, has been constructed in such a way

that for an unsatisfiable formula ¢ in C},, either the
conjunction of global clauses in ¢ is already unsatis-
fiable, which can be detected without any application
of the temporal resolution rule, or a small number of
comparatively easy applications of the temporal res-
olution rule will allow us to derive a contradiction.
Basically, this is due to the uniform character of the
global clauses in ¢ which impose the same constraints

on all states in a potential PLTL model.

In contrast, the tableaux-based decision procedures
will try to construct a model for ¢. Let Cy, ...,
C; be the global clauses in ¢. First note, that C; =

0(O LivO LyVO LY) is equivalent to O O(LiVLEVLY).
Thus, C; puts no constraint on the state sg in a po-
tential model Z for ¢, and enforces the constraint
Li v L4V Ly = next(C;) on the remaining states s;,
j > 0, of Z. In analogy to TRP, a tableaux-based
procedure may easily detect that no model for ¢ ex-
ists if Co = A\, <, <, next(C}) is unsatisfiable. This will
depend on the presence of sufficiently strong simplifi-
cation methods for Boolean formulae in the decision
procedure. However, if Cp is satisfiable, the tableaux-
based procedure will construct a set or sequence of
states, each with its own valuation for the proposi-
tional variables p1, ..., pn, and each satisfying Cg.
In the worst case the procedure constructs 2" distinct
states before this part of the model construction is fin-
ished. Note that according to the proof of Theorem 2
a model with at most n states exists for each formula
in C},,,. The procedures will only detect that the inter-
pretation they have constructed is not a model for ¢
once they have checked whether all the sometime for-
mulae < p; contained in the sometime clauses of ¢ can
be satisfied (this is called the eventuality check). In the
case of STeP, this is done in a separate phase, which
follows the model construction phase. In this model
construction phase STeP effectively builds a represen-
tation of not just one, but all models of the formula
under consideration. This means STeP should be very
sensitive to the total number of models and conse-
quently we expect it to be the worst performing sys-
tem on CL . . In the case of Schwendimann’s one-phase

ran*

tableau calculus only one interpretation is constructed



at a time and the eventuality check is performed during
the search for a model, which should result in better
computational behaviour as compared to STeP. How-
ever, the Schwendimann algorithm will then backtrack
and search for an alternative interpretation satisfying
o and only after all alternatives are exhausted will the
algorithm conclude that ¢ is unsatisfiable.

Now consider a satisfiable formula ¢ in C2,, over

n propositional variables with global and sometime
clauses C1, ..., C4p—2, and initial clauses Iy, ..., [;4o.
According to the proof of Theorem 2, ¢ can only be
satisfiable if I = A, _,o; 5 Ii[r1/1] is satisfiable. The
initial clauses are the first part of ¢ considered by any
of the tableaux-based decision procedures. Assuming
that 1 is set to false in the initial state, it will be an
easy task for the procedure to find a satisfying valua-
tion for the propositional variables pq, ..., p, occur-
ring in I, the remaining clauses of ¢ can be satisfying
by setting all s; and ¢;, 1 < ¢ < n to false for all
states including the initial state. Thus, assuming that
the tableaux-based decision procedure searches for a
model in the way outlined, it will easily find the model
we have just described. The temporal resolution pro-
cedure TRP on the other hand will always consider
the global and sometime clauses of ¢ regardless as to
whether r; can be assumed to be false or not. The
global and sometime clauses have been chosen in such a
way that a successful application of the temporal reso-
lution is possible to each of the sometime clauses, how-
ever, only if performed in the correct ordering, starting
with O(—g,—1V<s,) and ending with O(—q Vs3). For
successful and unsuccessful applications of the tempo-
ral resolution rule, the global clauses make sure that
each application is non-trivial and takes considerable
time to perform. After completing all successful ap-
plications of the temporal resolution rule, TRP will
derive O-ry, which in turn can be used to remove
all positive occurrences of r; from the initial clauses.
However, the simplified initial clauses remain satisfi-
able. Thus considerable computational resources have
been invested into the exploration of a part of ¢ which
a tableaux-based procedure was able to ignore.

What remains to be done, is to verify by empirical
experiment that this theoretical analysis correctly re-
flects the actual behaviour of the procedures under
consideration.

4 Experiments

We will now see how TRP, STeP, and the two tableau
calculi incorporated in the Logics Workbench 1.1 per-
form on C!, and C2

ran ran*

The tests have been performed on a PC with a 1.3GHz
AMD Athlon processor, 512MB main memory, and
1GB virtual memory running RedHat Linux 7.0. For
each individual satisfiability test a time-limit of 1000
CPU seconds was used.

Concerning the satisfiability of random formulae in
CL, and C2,. we observe that similar to random kSAT
formulae, a random SNF formula is likely to be satis-
fiable if the number [ of clauses is small and it is likely
to be unsatisfiable if the number [ of clauses is large.
Figure 2 shows the percentage of satisfiable random
formulae in both classes for n = 5 and n = 12. To ob-
tain these graphs, for each of the values of [ between
1 and 8n we have generated a test set of 100 random
SNF formulae which were tested for satisfiability. In
the case of C},,, we see that for ratios [/n smaller than
2, a random formula is most likely satisfiable while for
ratios I/n greater than 4, it is most likely unsatisfi-
able. For ratios [/n between 2 and 4 we note a phase
transition in the satisfiability of random SNF formula
which becomes more abrupt with greater values of n.
For C2,,,, a random formula is most likely satisfiable
for ratios I/n smaller than 3.5 and most likely unsat-
isfiable for ratios I/n greater than 6.5. These graphs
have been obtained using the reduction of the satisfi-
ability problem of C},, and C2,, to propositional logic
described in the proof of Theorem 2. The tests have
been performed using the propositional logic module
of the Logics Workbench 1.1. None of test required

more than 80 milliseconds.

Figure 3 shows the median CPU time graphs of all four
procedures on C},,, and C2,, for n =5 and n = 12. In
each graph the vertical line indicates the ratio I/n at
which test sets contain 50% satisfiable and 50% un-
satisfiable formulae. We observe that on Cl, , TRP
performs better than any of the tableaux-based deci-
sion procedures except for certain ratios where it is
outperformed by Janssen’s algorithm (the ‘satisfiable’

function of the Logics Workbench 1.1).

On C},, for n = 12, Janssen’s algorithm behaves
roughly as predicted in Section 3. If ¢ is a formula in
CL.., over n propositional variables with global clauses
Ci, ..., Cp where C; = O(O LY vV OL5 vV OLY), then
each C; enforces the constraint LV LiV L = next(C;)
on the states s;, j > 0, of any interpretation 7
which may satisfy . With increasing [, the num-
ber of distinct valuations which satisfy next(C;) for
all 4, 1 <1 <, continuously decreases. For [/n > 5,
no such satisfying valuation exists for more than 50%
of the formulae in C},,. This is easy to detect and

leads to the good performance of Janssen’s algorithm
on formulae in this region for n = 12 on C},, . For
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Figure 2: Satisfiability of random PLTL-formulae

all ratios I/n smaller than 5 the sometime clauses in
¢ have to be taken into account. Consider an arbi-
trary sometime clause O(—p; V O p;p1). This clause
imposes the constraint —p; V < p; 1 on all states in Z.
To satisfy this disjunction, for sy, the implementation
of Janssen’s algorithm in the Logics Workbench 1.1
will always choose to make —p; true, but for all other
states this will only be possible if p; is not already true
due to the constraints imposed by the global clauses.
Thus, as long as there is a satisfying valuation which
makes all next(C;) true and also all p; false, Z can
be constructed easily. For n = 12 we find that for
[/n < 0.33 this is true for more than 50% of the for-
mulae and for I/n < 0.58 it is still true for more than
40% of the formulae. The percentile graph for n = 12
shows quite a good correlation between the sudden rise
in the CPU time consumption and the decline of the
percentage of formulae for which models can be found
in the way described above.

To explain the behaviour of the Logics Workbench for
n = 12 and ratios 0.83 < I/n < 5 we take Theorem 2
into account. The proof of Theorem 2 tells us some-
thing about the structure of PLTL-models for random

SNF formulae. There are basically two possibilities.
Either the model consists of an infinite sequence of
states whose identical valuations satisfy the formula g
defined in the proof of Theorem 2, or the model con-
sists of an infinite repetition of the sequence of states
$1, ..., S, where each s; satisfies the formulae 1; de-
fined above. The first possibility provides an explana-
tion of the good behaviour of Janssen’s algorithm for
ratios {/n < 0.58. However, for ratios 0.83 < I/n <5
almost all models will be structured according to the
second possibility. Since the the implementation of
Janssen’s algorithm in the Logics Workbench 1.1. is
not aware that the states sq, ..., s, have to satisfy par-
ticular valuations, it searches through up to n?" com-
binations of possible valuations, until a model has been
found. Since the global clauses put ever stronger con-
straints on satisfying constraints with increasing ratio
[/n, the search space is getting continuously smaller.
Thus, the continuous decrease in the median CPU time
observed after the peak at [ = 1.17. Curiously, this
peak occurs at a ratio I/n which is not related to the
ratio I/n = 3.15 where 50% of the formula are satisfi-
able and 50% of the formulae are unsatisfiable.
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Figure 3: Performance of the decision procedures

As predicted, the performance of STeP is worse than
that of the Logics Workbench 1.1 ‘satisfiable’ function.
We have already observed that on C},,, for n = 12 and
I/n < 0.58 the majority of the formulae under con-
sideration are satisfied by an interpretation consisting
of an infinite sequence of states whose identical valu-
ations satisfy the formula 1y defined in the proof of
Theorem 2. Only for these formulae STeP terminates
within the imposed time-limit of 1000 CPU seconds.
For all other formulae the simultaneous consideration
of all potentially satisfying interpretations in conjunc-
tion with a delayed eventuality check provides the ex-
planation for the inferior performance of STeP. A sur-
prise, however, is the behaviour of STeP on C},, for
n = 5 and I/n > 4.5 where the median CPU time
increases. Since the number of potentially satisfying
interpretations that need to be considered decreases
in this area, we were expecting a much better perfor-
mance of STeP, similar to the good performance we
see for the Logics Workbench 1.1 ‘satisfiable’ function
for n =12 and I/n > 5.

The Logics Worbench 1.1 ‘model’ function behaves
uniformly better than STeP and is also able to out-

perform the Logics Workbench ‘satisfiable’ function
on Cl, for n = 12 and I/n < 1.8. The behaviour
of Schwendimann’s one-phase tableau calculus is not
so much influenced by the total number of models that
the formula under consideration has. Instead it is in-
fluenced by the number of backtracks that the system
needs to perform until a model has been found. This
in turn is influenced by the simplification and redun-
dancy elimination rules and by the heuristics which
determine the sequence of tableau expansion steps the
system performs which all may allow the system to
avoid the introduction of superfluous backtrack points.
Unfortunately, the implementation of Schwendimann’s
calculus lacks any simplification and redundancy elim-
ination rules and does not use sophisticated heuristics
to guide its search. This becomes evident on C},,, for
n = 12 and I/n > 5, where the Logics Worbench 1.1
‘model’ function should be much faster in determining
that the formulae in this region are unsatisfiable.

TRP behaves as predicted. As pointed out above, for
n =12 and I/n > 5, the conjunction of global clauses
in a formula of C},, is unsatisfiable. The slow and
steady increase in the time needed to decide C},,, for-



mulae for I/n > 5 is due to the increase in the num-
ber of global clauses in the formulae which are satu-
rated under the three inference rules. For n = 12 and
I/n < 0.83 the number of resolvents generated is be-
low 10, reaching about 1000 resolvents for [/n = 5,
and dropping to below 350 resolvents for I/n > 6.

For C2,,, we see that TRP is orders of magnitude slower
than the ‘model’ function of the Logics Workbench 1.1
on all satisfiable formulae generated for n = 5 and
n = 12. This is due to the fact that this algorithm
behaves exactly as described in the previous section,
given that the clauses of the formulae in C2,,, are writ-
ten in a particular order which allows the algorithm
to pick the clauses and literals of the formulae in an
optimal order. Although this shows that the consid-
erations in the previous section concerning these two
decision procedures are correct, it is interesting to see
that for n = 12 the ‘model’ function of the Logics
Workbench is not able to solve a single unsatisfiable
formula in C2,,,. Concerning the Logics Workbench 1.1
‘satisfiable’ function it is important to point out that
for n = 12 the algorithm fails to solve a single problem
not because it exceeds the time-limit, but because it
terminates with a segmentation fault after exhausting

the space in one of its internal data structures.

Summing up, for the first class of problems the char-
acteristics of C},,, roughly leads to the behaviour pre-
dicted in Section 3. For the second class of problems
the predicted behaviour is observed only when com-
paring the curves for TRP and the ‘model” function
implementation of Schwendimann’s calculus. The be-
haviour of the other tableaux implementations is not
in accordance with the hypothesis. This indicates that
further analysis is necessary before the hypothesis can
be regarded as empirically validated. However, the re-
sults of the experiments are evidence of a correlation
between the structural properties of the problems and
the computational behaviour of the implemented de-
cision procedures for PLTL.
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