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Abstract. As applications of description logics proliferate, efficient reasoning
with large ABoxes (sets of individuals with descriptions) becomes ever more
important. Motivated by the prospects of reusing optimization techniques from
deductive databases, in this paper, we present a novel approach to checking con-
sistency of ABoxes, instance checking and query answering, w.r.t. ontologies for-
mulated using a slight restriction of the description logicSHIQ. Our approach
proceeds in three steps: (i) the ontology is translated into first-order clauses, (ii)
TBox and RBox clauses are saturated using a resolution-based decisionproce-
dure, and (iii) the saturated set of clauses is translated into a disjunctive datalog
program. Thus, query answering can be performed using the resulting program,
while applying all existing optimization techniques, such as join-order optimiza-
tions or magic sets. Equally important, the resolution-based decision procedure
we present is for unary coding of numbers worst-case optimal, i.e. it runs in
EXPTIME.

1 Introduction

In recent years description logics have found their application in various fields of com-
puter science, including, but not limiting to data integration, knowledge representation
and ontology modeling for the Semantic Web. Many practical DL reasoners have been
built and applied to practical problems. The experience shows that such systems per-
form well when computing the subsumption hierarchy: they use practicable, highly
optimized tableau-based algorithms [20], which perform much better on practical prob-
lems than their worst-case computational complexity suggests.

However, new applications, such as metadata management in the Semantic Web,
require efficient query answering over large ABoxes. So far,attempts have been made
to answer queries by reduction to ABox consistency checking, which can already be
done by employing above mentioned tableau algorithms. Froma theoretical point of
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view, this approach is quite elegant, but from a practical point of view, it has a significant
drawback: as the number of ABox individuals increases, the performance becomes quite
poor. We believe that there are three three main reasons for this. Firstly, tableau-based
algorithms treat all individuals separately, i.e., they donot group individuals together
depending on common properties. Secondly, to answer a query, one usually does not
need to consider all ABox information. Rather, only a small subset of the ABox usually
suffices to compute the query answer. We find it difficult to modify the tableau search
strategy to take into account the query in the search. Thirdly, a tableau-based ABox
algorithm tries to construct a ‘forest model’, i.e., a modelwhere each individual in
the ABox is the root of a tree of (in the worst case) exponential depth. Clearly, an
ABox algorithm that is to handle large numbers of ABox individuals has to restrict
these trees to a minimum size. These deficiencies have already been acknowledged by
the research community, and certain optimization techniques for instance retrieval have
already been developed [18, 19]. However, the performance of query answering is still
often not satisfactory in practice.

On the other hand, many techniques for efficient reasoning indeductive databases
already exist. For example, the first point is addressed by managing individuals in sets
[1]. This opens the door to various optimization techniques, such as join order optimiza-
tion. Consider the queryworksAt(P, I), hasName(I, ‘FZI’ ). Since the second argument
is a constant, it is reasonable to assume that evaluating thesubgoalhasName(I, ‘FZI’ )
first, and then joining the result with tuples in theworksAtrelation, will reduce the
number of irrelevant tuples considered. Join order optimizations are usually based on
the database statistics, and were shown to be very effectivein practice.

The second point is related to the observation that in most cases, only a small sub-
set of information from the database actually contributes to the query answer. Hence,
by effectively identifying the relevant information subset, query answering can be op-
timized significantly. Magic sets transformation [8] is a primary technique addressing
this problem, and has been used mainly in the context of Horn deductive databases to
optimize evaluation of recursive queries. Roughly, the query is modified so that during
its evaluation, a set of relevant facts is derived, and checking original query conditions
is limited to this estimation. For example, computing ancestors of some person in a ge-
nealogy tree requires only considering the nodes from that person upwards. The magic
sets transformation for disjunctive programs has been presented recently in [16], along
with empirical evidence of its usefulness. The significant performance improvements
reported there are attributed mainly to the fact that selecting information relevant to the
query reduces the number of models of the disjunctive program.

Since techniques for reasoning in deductive databases are now mature, we think it
makes sense to examine how they can be applied to improve ABoxreasoning in descrip-
tion logics. Our work was inspired by [17], where the intersection of logic programming
and description logic was investigated. Our initial experimental results on ABox reason-
ing using disjunctive database techniques were reported in[22] and are very promising,
exhibiting improvements in performance of one, or sometimes two orders of magnitude.
However, the approach presented there was limited to a very simple logic. In particular,
the presence of existentials in terminological cycles was not allowed, due to problems
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with termination. Other expressive features, such as number restrictions or transitivity,
were not considered either.

In this paper, we present a technique for reducingSHIQ− knowledge bases to
disjunctive datalog programs, while preserving the semantics of the knowledge base.
SHIQ− is a very expressive description logics which is at the core of Ontology Web
Language (OWL) [27] – the current standard for ontology languages in the Semantic
Web.SHIQ− differs fromSHIQ in the additional restriction that number restrictions
are allowed only for roles not having subroles. Our approachfor deciding consistency
of aSHIQ− knowledge baseKB works as follows:

– First, we encodeKB into anALCHIQ− knowledge baseΩ(KB) to eliminate
role transitivity axioms inKB , using an encoding similar to those from [30, 29].

– Next, we translate the TBox and RBox ofΩ(KB) into first-order formulae and
transform them into clausal form using structural transformation, obtaining the set
of clausesΓT R.

– We then apply the basic superposition calculus toΓT R to obtain a saturated set of
clausesSat(ΓT R). We choose appropriate ordering and selection function which,
together with eager redundancy elimination, ensure termination.

– We translateSat(ΓT R) into a function-free versionFF(KB), where each ground
functional termf(a) is simulated using a new constantaf .

– Since it does not contain functional terms any more,FF(KB) is then easily trans-
formed into a disjunctive datalog program with equalityDD(KB).

In Section 4, we show in Lemma 7 thatFF(KB) andKB are equi-satisfiable, and
in Theorem 2 thatDD(KB) entails the same set of ground consequences asKB un-
der descriptive semantics. SinceDD(KB) is a positive disjunctive datalog program,
any known technique for query answering may be used. In particular, an algorithm for
query answering by managing sets of tuples was given in [9], which is based on ordered
hyperresolution. Further, estimating the subset of databases information relevant to the
query can be achieved by applying the magic sets transformation [16]. Finally, saturat-
ing TBox and RBox first allows us to cut down the trees under individuals in the model
to the depth of only one.

Complementary toDD(KB), the saturation-based decision procedure used in the
third step to saturateΓT R can be used for standard TBox reasoning tasks. It is based on
the basic superposition calculus by Bachmair and Ganzinger[7]. As demonstrated in
Section 3, Theorem 1, basic superposition with eager redundancy elimination decides
ALCHIQ− satisfiability in worst case exponential time, for unary coding of numbers
in the input. This is almost optimal, sinceALCHIQ− is EXPTIME-complete for binary
coding of numbers in the input [30]. Drawing from the vast experience in building
efficient theorem provers, our algorithm can be efficiently implemented in practice.
On the other hand, existing optimal decision procedures forALCHIQ employing tree
automata techniques, are known not to be practicable.

We believe that the resolution decision procedure forALCHIQ− is interesting in
its own right. Many resolution decision procedures for various classes of logics have
already been devised, e.g. for DL* class [25] or for the (loosely) guarded fragment with
equality [14]. However, counting quantifiers cannot be embedded in any of these decid-
able classes. Furthermore, the combination of inverse roles and counting quantifiers is
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known to be difficult to handle. On the model-theoretic side,it makes the logic loose
the finite model property. On the proof-theoretic side, tableau decision procedures for
such logics require sophisticated pair-wise blocking techniques for ensuring termina-
tion [20]. Our decision procedure provides an elegant alternative by using so called
‘basicness’ restriction, combined with eager eliminationof redundant clauses by sub-
sumption. To the best of our knowledge, this is the first resolution decision procedure
employing redundancy elimination by subsumption to restrict the term depth.

The rest of this paper is structured as follows. In Section 2,we present the prelim-
inaries necessary for understanding our paper. In Section 3, we present the resolution
decision procedure for testing satisfiability ofALCHIQ− knowledge bases. In Sec-
tion 4, we show how to reduce anALCHIQ− knowledge base to a disjunctive datalog
program. In Section 5, we show how aSHIQ knowledge base can be reduced to an
ALCHIQ knowledge base, thus extending our results from previous sections. Before
we conclude, we present a simple example in Section 6.

2 Preliminaries

2.1 Description LogicSHIQ

In this subsection we introduce theSHIQ description logic, including its syntax, se-
mantics and interesting inference problems.

Definition 1. LetNR be the set of role names. The set ofSHIQ rolesis the setNR ∪
{R−|R ∈ NR}. For R ∈ NR, let Inv(R) denoteR− and let Inv(R−) denoteR. An
RBoxR overNR is a finite set of transitivity axiomsTrans(R) and role inclusion axioms
R ⊑ S, whereR andS are roles, such that, ifR ⊑ S ∈ R, thenInv(R) ⊑ Inv(S) ∈
R as well. A roleR is transitive if Trans(R) ∈ R or Trans(Inv(R)) ∈ R. Let⊑∗

denote the reflexive-transitive closure of⊑. A role R is transitiveif Trans(S) ∈ R or
Trans(Inv(S)) ∈ R for someS with S ⊑∗ R andR ⊑∗ S; R is simple if there is no
role S such thatS ⊑∗ R andS is transitive;R is complexif it is not simple.

LetNC be a set ofatomicconcept names. The set ofSHIQ conceptsoverNC and
NR is defined inductively as the smallest set for which the following holds:⊤ and⊥
are SHIQ concepts, each atomic concept nameA ∈ NC is a SHIQ concept, ifC
andD areSHIQ concepts andR is a role, then¬C, C ⊓D, C ⊔D, ∃R.C, ∀R.C are
alsoSHIQ concepts, and, ifC is aSHIQ concept,R a simple role andn an integer,
then≤ nR.C and≥ nR.C are SHIQ concepts. Concepts of the latter form, where
C is different from⊤, are calledqualified number restrictions, whereas concepts of the
form≤ nR.⊤ and≥ nR.⊤ are calledunqualified number restrictionsand are written
as≤ nR and≥ nR.

TBox T over NC andR is a finite set ofconcept inclusion axiomsC ⊑ D or
concept equivalence axiomsC ≡ D, whereC andD areSHIQ concepts.

LetNI be a set ofindividual names. AnABox A is a set of concept and rolemem-
bership axiomsC(a) andR(a, b), and (in)equality axiomsa ≈ b anda 6≈ b, whereC
is aSHIQ concept,R a role, anda andb are individuals.

A SHIQ knowledge baseKB is a triple (KBR,KBT ,KBA), whereKBR is an
RBox,KBT is a TBox, andKBA is an ABox.
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Mapping Concepts to FOL
πy(⊤, X) = ⊤
πy(⊥, X) = ⊥
πy(A, X) = A(X)

πy(¬C, X) = ¬πy(C, X)
πy(C ⊓ D, X) = πy(C, X) ∧ πy(D, X)
πy(C ⊔ D, X) = πy(C, X) ∨ πy(D, X)
πy(∀R.C, X) = ∀y : R(X, y) → πx(C, y)
πy(∃R.C, X) = ∃y : R(X, y) ∧ πx(C, y)

πy(≤ n R.C, X) = ∀y1, . . . , yn+1 :
V

R(X, yi) ∧
V

πx(C, yi) →
W

yi ≈ yj

πy(≥ n R.C, X) = ∃y1, . . . , yn :
V

R(X, yi) ∧
V

πx(C, yi) ∧
V

yi 6≈ yj

Mapping Axioms to FOL
π(C ⊑ D) = ∀x : πy(C, x) → πy(D, x)
π(C ≡ D) = ∀x : πy(C, x) ↔ πy(D, x)
π(R ⊑ S) = ∀x, y : R(x, y) → S(x, y)

π(Trans(R)) = ∀x, y, z : R(x, y) ∧ R(y, z) → R(x, z)
π(C(a)) = πy(C, a)

π(R(a, b)) = R(a, b)
π(a ≈ b) = a ≈ b

π(a 6≈ b) = a 6≈ b

MappingKB to FOL
π(R) = ∀x, y : R(x, y) ↔ R−(y, x)

π(KBR) =
V

α∈KBR
π(α) ∧

V
R∈NR

π(R)

π(KBT ) =
V

α∈KBT
π(α)

π(KBA) =
V

α∈KBA
π(α)

π(KB) = π(KBR) ∧ π(KBT ) ∧ π(KBA)

Notes:
(i): X is a meta variable and is substituted by the actual variable.

(ii ): πx is defined asπy by substitutingx andxi for all y andyi, respectively.

Table 1.Semantics ofSHIQ by Mapping to FOL

Usually, (in)equality axioms are not allowed in the ABox, but theunique name as-
sumption(UNA) is employed, requiring each individual to be interpreted as a different
object of the interpretation domain. However, OWL lacks the unique name assump-
tion and enables the user to axiomatize equality and inequality of individuals explicitly.
Therefore, we do not incorporate UNA into the definition ofSHIQ, but allow the user
to axiomatize it explicitly by including an inequality axiom ai 6≈ aj for each pair of
distinct individuals.

Definition 2. The semantics of aSHIQ knowledge baseKB is given by the mapping
π which transformsKB axioms into first-order formulae, as presented in Table 1. The
basic inference problem is checkingsatisfiabilityof KB , that is, determining whether a
first-order model ofπ(KB) exists.

Other interesting inference problems can be reduced to satisfiability as follows,
whereα denotes a new individual not occurring in the knowledge base:
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– Concept satisfiability. A conceptC is satisfiable with respect toKB if and only if
there exists a model ofKB in which the interpretation ofC is not empty. This is the
case if and only ifKB ∪ C(α) is satisfiable.

– Subsumption. A conceptC is subsumed by a conceptD with respect toKB if and
only if π(KB) |= π(C ⊑ D). This is the case if and only ifKB ∪ (C ⊓ ¬D)(α) is
unsatisfiable.

– Instance checking. An individuali is an instance of a conceptC with respect to
KB if and only ifπ(KB) |= π(C(i)). This is the case if and only ifKB ∪¬C(i) is
unsatisfiable.

We now define a slight restriction ofSHIQ description logic to which the approach
in this paper is applicable.

Definition 3. For a knowledge baseKB , a role R is calledvery simpleif no role S
different fromR exists, such thatS ⊑∗ R ∈ KBR. Description logicSHIQ− has the
same syntax and semantics asSHIQ, with the additional syntactical restriction that
roles in number restrictions≤ nR.C and≥ nR.C are very simple.

We also consider theALCHIQ (ALCHIQ−) fragment ofSHIQ (SHIQ−),
which does not allow transitivity axioms.

Notice that⊑∗ can be a cyclic relation in general. In [30] it has been shown that a
SHIQ knowledge baseKB with a cyclic role hierarchy can be reduced to a knowledge
baseKB ′ with an acyclic role hierarchy, as follows. First, we compute the set of maxi-
mal, strongly connected components (or maximal cycles) of the role inclusion relation
⊑ of KB . For each strongly connected componentC, we select one representative role,
denoted asrole(C). Next, we form the new TBoxKB ′

T and ABoxKB ′
A by replacing,

in all axioms ofKBA andKBT , each roleR with role(C), whereC is the maximal,
strongly connected component thatR belongs to. Finally, we construct the new RBox
KB ′

R as follows: (1) for each pair of strongly connected components C 6= C ′, we
add the axiomrole(C) ⊑ role(C ′) to KB ′

R if there are rolesR ∈ C andR′ ∈ C ′

with R ⊑∗ R′, and (2) for each strongly connected componentC, we add the axiom
Inv(role(C)) ⊑ role(C) to KB ′

R if there is a roleR ∈ C, such that alsoInv(R) ∈ C.
Since the strongly connected components of⊑ can be computed in time quadratic in
the number of roles, this reduction can be performed in polynomial time. Hence, we
can assume without loss of generality that RBoxes are acyclic.

A conceptC is in negation-normal formif all negations in it occur in front of atomic
concepts only.C can be transformed into an equivalent concept in negation-normal
form, denoted asNNF(C), in time linear in size ofC, by repeatedly applying de Mor-
gan’s laws to push negation inwards as much as possible.

2.2 Basic Superposition Calculus

Paramodulation is one of the fundamental techniques for theorem proving with equality.
In order to improve its performance, in [3] Bachmair and Ganzinger have presented the
superposition calculus, where stronger ordering restrictions restrict unnecessary infer-
ences. However, further optimizations of paramodulation and superposition were pre-
sented in [7], by adding a so called ‘basicness’ restriction. These optimizations are very
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general, but a simplified version, called basic superposition, may be found in [4, 5].
A very similar calculus, based on an inference model with constrained clauses, was
developed by Nieuwenhuis and Rubio [24].

The idea of the basic superposition calculus is to render superposition inferences
into terms introduced by previous unification steps redundant. In practice, this technique
has been shown essential for solving some particularly difficult problems in first-order
logic with equality [21]. Furthermore, it shows that superposition into arguments of
Skolem function symbols is not necessary. Namely, any Skolem function symbolf
occurs in the original clause set with variable arguments. Hence, for any termf(t), if t
is not a variable, it was introduced by a previous unificationstep.

We assume the standard definition of first-order formulae, which can be found in
any text book on first-order theorem proving (e.g. [13]). Clauses are considered to be
multisets of literals, denoted asL1 ∨ . . . ∨ Ln. This is necessary for correct treatment
of simplification rules compatible with the calculus. A clauseC is safeif each variable
occurring in a positive literal ofC also occurs in a negative literal ofC. Unsafeis the
opposite of safe. A clause ispositiveif it does not contain a negated literal; it isnegative
if it does not contain positive literals.

We use the following typographic conventions: atoms will bedenoted by lettersA
andB, clauses byC andD, literals byL, predicates byP , R, S, T andU , constants
by a, b andc, variables byx, y andz, and terms bys, t, u, v andw. For termsu ands,
u|p denotes the subterm ofu at positionp, andu[s]p denotes the term obtained fromu
by substitutings at positionp. Variable assignments of a substitutionσ will be written
as{x1 7→ t1, . . . , xn 7→ tn}, and its set of domain variables asdom(σ). The empty
substitution is denoted by{}, and the result of the applying it to any clauseC is C
itself.

It is common practice in equational theorem proving to consider logical theories
consisting of the equality predicate exclusively. This simplifies the theoretical treat-
ment significantly without losing generality. LiteralsP (t1, . . . , tn), whereP is not the
equality predicate, are encoded asP (t1, . . . , tn) ≈ ⊤, so predicate symbols actually
become function symbols. It is well-known that this transformation preserves satisfi-
ability. In order to avoid considering terms where predicate symbols occur as proper
subterms of other terms, one usually employs a multi-sortedframework: all predicate
symbols and the symbol⊤ belong to a sort which is disjoint from the sort of function
and constant symbols. In the sequel we treatP (t1, . . . , tn) as a syntactic shortcut. We
treat≈ as having built-in symmetry: any literals ≈ t may also be interpreted ast ≈ s.

As already mentioned, the goal of the calculus is to prohibitinferences into terms
introduced by previous unification steps. This is most easily formulated by breaking a
clause into two parts: (i) theskeletonclauseC and (ii) the substitutionσ representing the
cumulative effects of previous unifications. These two components together are called
aclosureand are written asC ·σ, and are logically equivalent to a clauseCσ. A closure
C ·σ can, for convenience, equivalently be represented asCσ, where the terms occurring
at variable positions ofC aremarked. Any position at or beneath a marked position is
called asubstitution position. Basic superposition can be summarized as a calculus
where superposition into a substitution position is not necessary.
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The following example is logically equivalent to the clauseP (f(y))∨g(b) ≈ b. On
the left-hand side, the closure is represented by a skeletonand a substitution explicitly,
whereas on the right-hand side it is represented by marking the variable positions4.

(P (x) ∨ z ≈ b) · {x 7→ f(y), z 7→ g(b)} ≡ P ([f(y)]) ∨ [g(b)] ≈ b

Note that all variable positions are always marked, so we usually do not show this
for readability purposes. A closureC · σ is ground if Cσ is ground. To technically
simplify the presentation, we consider each closure to be inthestandard form, which is
the case if the following conditions are satisfied:

– the substitutionσ does not contain trivial mappings of the formx 7→ y and
– all variables fromdom(σ) occur inC.

A closureC ·σ can be brought into the standard form in the following way: Ifx 7→ t
is a mapping inσ violating some of the conditions above, then letσ′ beσ \ {x 7→ t},
and replace the closure withC{x 7→ t} · σ′{x 7→ t}.

A closure(Cσ1) · σ2 is a retraction of a closureC · σ if σ = σ1σ2. Intuitively,
a retraction is obtained by moving some marked positions lower in the closure. For
example, the following is a retraction of the example above:

(P (x) ∨ g(z) ≈ b) · {x 7→ f(y), z 7→ b} ≡ P ([f(y)]) ∨ g([b]) ≈ b

The basic superposition calculus is parameterized with an ordering≻ and a selec-
tion function. Anadmissibleordering on terms≻ is a transitive relation satisfying these
properties:

– It is well-founded, which means that there is no infinite sequencet0 ≻ t1 ≻ . . ..
– It is a rewrite relation, which means that, ifs ≻ t, then, for any substitutionσ and

termu, it holds thatu[sσ]p ≻ u[tσ]p.
– It is total on ground terms, which means that for all ground terms t ands, either

s ≻ t, s = t or t ≻ s.
– ⊤ is the smallest element.

An ordering≻ can be extended to an ordering on literals (ambiguously denoted
also with≻) by identifying each positive literals ≈ t with a multiset{{s}, {t}} and
each negative literals 6≈ t with a multiset{{s, t}}, and comparing these multisets by a
two-fold multiset extension(≻mul)mul over≻ 5. An extension≻mul of some ordering
≻ to multisets is defined as follows:M ≻mul N if M 6= N and if N(x) > M(x) for
somex, then there is somey for whichM(y) > N(y) andy ≻ x. The literal ordering
obtained in such a way is total on ground literals. We say thatthe literalL ·σ is maximal

4 In [7], framing was used for marked positions. We decided to use a different notation, because
framing introduced problems with the text layout. Our notation should not beconfused with
the notation for modalities in multi-modal logic.

5 Whereas this definition should be used in the general case, for the special case ofALCHIQ−

logic we give a simpler definition in Section 3.
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in closureC · σ if there is noL′ ∈ C \ {L} such thatL′σ ≻ Lσ. We say thatL · σ is
strictly maximalif there is noL′ ∈ C \ {L} such thatL′σ � Lσ.

A selection functionselects a (possibly empty) subset of negative literals in a clo-
sure. There are no other constraints on the selection function.

The basic superposition calculus is a refutation procedure. If some set of closures
N is saturated up to redundancy, then it is unsatisfiable if and only if it contains the
empty closure. Intuitively, the set of closuresN is saturated up to redundancy if all
inferences from premises inN are redundant inN . The exact details of redundancy
will be discussed later; we present the rules of the calculusfirst. For these rules, we
make the technical assumption that all premises are variable-disjoint, so closures in all
premises are expressed using the same substitution. A literalL·θ is (strictly) eligible for
superpositionin the closure(C ∨L) ·θ if there are no selected literals in(C ∨L) ·θ and
L · θ is (strictly) maximal inC · θ. A literal L · θ is eligible for resolutionin the closure
(C ∨ L) · θ if it is selected in(C ∨ L) · θ or there are no selected literals in(C ∨ L) · θ
andL · θ is maximal inC · θ. We call this calculusBS and present its inference rules in
Table 2. MGU denotes the most general unifier.

In the ordered resolution inference rule, the first closure is called theside premise
and the second themain premise. Ordered resolution is actually a ‘macro’: negative
superposition of(A ≈ ⊤)·ρ from the side premise into(B 6≈ ⊤)·ρ of the main premise
results in(⊤ 6≈ ⊤) · θ, which is immediately eliminated by reflexivity resolution. Also,
positive superposition of a main premise into a positive literal of the form(B ≈ ⊤) · ρ
result in a tautology(⊤ ≈ ⊤) · θ. Hence, ordered resolution captures all necessary
inferences from two premises involving literals with ordinary predicates. One might
also define ordered factoring as a macro, combining equalityresolution on(C ∨ A ≈
⊤ ∨ B ≈ ⊤) · ρ with reflexivity resolution. We decided not to do this in order to keep
the presentation simple.

As already mentioned, we often use the convenient representation of closures, by
marking the position of variables in the skeleton. Inference rules ofBS govern precisely
how markers are propagated. For example, consider superposition of [f(x)] ≈ [g(x)]
into R(x′, f(x′)). We first represent the premises by showing the skeleton and substitu-
tion explicitly: the first premise is equivalent to(y ≈ z) · {y 7→ f(x), z 7→ g(x)}, and
the second one toR(x, f(x)) · {}. By the definition of the positive superposition rule in
Table 2, the superposition conclusion is clearlyR(x′, z) · {z 7→ g(x′)}, which can also
be written asR(x′, [g(x′)]).

It is well known that efficient inference rules are just one component of an efficient
theorem prover. Equally important are effectiveredundancy elimination rules, provid-
ing means for deleting certain closures or replacing them with simpler ones, without
jeopardizing completeness. Usual simplification and deletion techniques are not directly
applicable in the context ofBS. Hence, we present an overview of the techniques for
which compatibility withBS was demonstrated in [7].

The notion of a closureC · σ beingreduced modulo substitutionη relative toa clo-
sureD ·θ is central in treating simplification rules. However, giving the exact definition
of that notion would require presenting the ins and outs of the calculus, so we direct the
interested reader to [7]. Intuitively,C · σ is reduced relative toD · θ moduloη if, for all
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Positive superposition:

(C ∨ s ≈ t) · ρ (D ∨ w ≈ v) · ρ

(C ∨ D ∨ w[t]p ≈ v) · θ

(i) σ = MGU(sρ, wρ|p) andθ = ρσ,
(ii ) tθ � sθ andvθ � wθ,
(iii ) (s ≈ t) · θ is strictly eligible for superposition

in (C ∨ s ≈ t) · θ,
(iv) (w ≈ v) · θ is strictly eligible for superposition

in (D ∨ w ≈ v) · θ,
(v) sθ ≈ tθ � wθ ≈ vθ,
(vi) w|p is not a variable.

Negative superposition:

(C ∨ s ≈ t) · ρ (D ∨ w 6≈ v) · ρ

(C ∨ D ∨ w[t]p 6≈ v) · θ

(i) σ = MGU(sρ, wρ|p) andθ = ρσ,
(ii ) tθ � sθ andvθ � wθ,
(iii ) (s ≈ t) · θ is strictly eligible for superposition

in (C ∨ s ≈ t) · θ,
(iv) (w 6≈ v) · θ is eligible for resolution in

(D ∨ w ≈ v) · θ,
(v) w|p is not a variable.

Reflexivity resolution:

(C ∨ s 6≈ t) · ρ

C · θ

(i) σ = MGU(sρ, tρ) andθ = ρσ,
(ii ) (s 6≈ t) · θ is eligible for resolution in

(C ∨ s 6≈ t) · θ.

Equality factoring:

(C ∨ s ≈ t ∨ s′ ≈ t′) · ρ

(C ∨ t 6≈ t′ ∨ s′ ≈ t′) · θ

(i) σ = MGU(sρ, s′ρ) andθ = ρσ,
(ii ) tθ � sθ andt′θ � s′θ,
(iii ) (s ≈ t) · θ is eligible for superposition in

(C ∨ s ≈ t ∨ s′ ≈ t′) · θ.

Ordered resolution:

(C ∨ A) · ρ (D ∨ ¬B) · ρ

(C ∨ D) · θ

(i) σ = MGU(Aρ, Bρ) andθ = ρσ,
(ii ) A · θ is strictly eligible for superposition in

(C ∨ A) · θ,
(iii ) ¬B · θ is eligible for resolution in

(D ∨ ¬B) · θ.

Table 2. Inference Rules ofBS Calculus

substitutionsτ , whenever terms at marked positions ofD · θτ cannot be rewritten by
some rewrite systemR, then no marked term inC · σητ can be rewritten byR either.
Checking this condition is difficult, since one needs to consider all ground substitutions
and all possible rewrite systems. However, approximate checks suitable for practice are
known.

One of them involves the notion ofη-domination: for two termss ·σ andt ·θ, we say
thats is η-dominated byt, writtens · σ ⊑η t · θ, if and only if sση = tθ and, whenever
some variablex from σ occurs ins at positionp, thenp is in t at or below a variable.

For example, lets · σ = f(g(x), [g(y)]) andt · θ = f([g(c)] , [g(h(z))]). For η =
{x 7→ c, y 7→ h(z)}, obviouslysση = tθ. Furthermore, each marked position froms
can be overlaid at or inside a marked position oft, sos · σ ⊑η t · θ.

This notion can be extended to literals:(s ≈ t) · σ ⊑η (w ≈ v) · θ if and only if
s · σ ⊑η w · θ andt · σ ⊑η v · θ, or s · σ ⊑η v · θ andt · σ ⊑η w · θ. The definition is
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analogous for negative literals, and no literal mayη-dominate a literal of the opposite
polarity. The extension to closures is performed like this:C · σ ⊑η D · θ if and only if,
for each literalL1 ·σ from C ·σ, there exists a distinct literalL2 ·θ from D ·θ, such that
L1 · σ ⊑η L2 · θ. Note that this definition allowsD · θ to have more literals thanC · σ.

Now if C · σ ⊑η D · θ, thenC · σ is reduced relative toD · θ moduloη. It may
happen that, for someη, it holds thatL′ση = Lθ, but notL′ ·σ ⊑η L · θ. One can make
L′ · σ reduced relative toL · θ by replacingL′ · σ with a retractL′′ · σ′ in which those
substitution positions whichL andL′ have in common are instantiated. In this way, the
application of a simplification or deletion rule may be enabled, while retracting fromσ
as little information as possible.

With these notions we can finally present the simplification rules. ClosureC · σ is
a basic subsumerof D · θ if there is a substitutionη such thatCση ⊆ Dθ andC · σ is
reduced relative toD · θ moduloη. Additionally, if C · σ has fewer literals thanD · θ,
thenD · θ may be deleted.

A closure(C ∨ A ∨ B) · σ can be replaced with(C ∨ A) · σ if A · σ ⊑id B · σ,
whereid is the identity substitution. This simplification rule is called duplicate literal
deletion.

A closureC · σ can be deleted ifCσ is a tautology, meaning that|= Cσ. This
deletion rule is calledtautology deletion. Testing whetherCσ is a tautology requires
itself theorem proving. However, the following simple approximate syntactic checks
are typically used:Cσ is a tautology if it contains a pair of literals(s ≈ t) · σ and
(s′ 6≈ t′) · σ, such thatsσ = s′σ andtσ = t′σ, or a literal of the form(s ≈ t) · σ with
sσ = tσ.

A closure(C ∨ x 6≈ s) · σ, wherexσ ≻ sσ is called abasic tautologyand can be
safely deleted. For example, iff(x) ≻ g(x), then the closure[f(x)] 6≈ g(x) is a basic
tautology. However,f(x) 6≈ g(x) is not a basic tautology, sincef(x) does not occur at
a substitution position.

All presented redundancy elimination rules are decidable.In fact, duplicate literal
deletion and tautology deletion can be performed in time polynomial in the number
of literals. It is well-known that the subsumption check isNP-complete in the num-
ber of literals [15], andη-domination can be checked in polynomial time. Finally, the
complexity of basic tautology deletion is determined by thecomplexity of checking
ordering constraints.

2.3 Hyperresolution with Superposition and Splitting

We use hyperresolution with superposition and splitting insome proofs in this paper.
This calculus was shown to be complete in [3]. It consists of positive and negative su-
perposition rules, reflexivity resolution, equality factoring, and ordered factoring, which
are identical to those presented in Subsection 2.2. However, the ordered resolution in-
ference rule is replaced withhyperresolution, which resolves several literals at once. In
Table 3, we present the new inference rules, hyperresolution and splitting.

The closure¬B1 ∨ . . .∨¬Bn ∨D in the hyperresolution rule is called thenucleus,
whereas closuresCi ∨Ai are calledelectrons. Notice thatD may, but need not contain
negative atoms: one may don’t-care non-deterministicallyhyperresolve any subset of
negative literals [6]. On the other hand, electrons are not allowed to contain negative
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Hyperresolution:

C1 ∨ A1 . . . Cn ∨ An ¬B1 ∨ . . . ∨ ¬Bn ∨ D

C1σ ∨ . . . ∨ Cnσ ∨ Dσ

(i) σ = MGU(A1, . . . , An, B1, . . . , Bn),
(ii ) closuresCi do not contain

negative literals,
(iii ) Ai is maximal inCi ∨ Ai.

Splitting:

N ∪ {C ∨ D}

N ∪ {C} | N ∪ {D}

(i) N is a set of closures,
(ii ) C andD do not have

variables in common.

Table 3. Inference Rules of Hyperresolution with Splitting

literals. Under these considerations, hyperresolution with superposition is a sound and
complete inference procedure.

The splitting rule is borrowed from the semantic tableau calculus and represents an
explicit case analysis. If some closure consists of two parts not having variables in com-
mon, one may separately test the assumption that either partis true. If unsatisfiability is
proved in both cases, the initial closure set is evidently unsatisfiable. Each of the cases
introduced by the splitting rule is called abranch.

2.4 Disjunctive Datalog

In this subsection we briefly present the syntax and semantics of disjunctive datalog.
This presentation is standard and may be found in [11, 16].

A relational schemaR is a finite list ofrelation symbols(R1, . . . , Rk), where each
relation is of some arity, denoted asarity(Ri). A relational databaseD over R and
a countable domainU is a finite structure(U, r1, . . . , rk) whereri are finiterelations
overU arity(Ri). For a relation symbolRi, relationri from a databaseD is often denoted
asD(Ri). D is sometimes also called aninstanceof R.

A disjunctive datalog programP is a triple(π,E, I), whereE is a relational schema
calledextensional schema, I a relational schema calledintensional schema, E andI are
defined over same domainU , andπ is a finite set of rules of the form

A1 ∨ ... ∨An ← B1, ..., Bm

wheren ≥ 0, m ≥ 0, atomsAi andBi are of the formS(t1, . . . , tn) with ti being
a variable or a constant fromU . For atomsAi, S may be fromI ∪ {≈}, whereas for
atomsBi, S may be fromE ∪ I ∪ {≈}. For a ruler, the set of atoms{Ai} is called the
rule headand is denoted ashead(r), whereas the set of atoms{Bi} is called therule
bodyand is denoted asbody(r). A ground rule with empty body is called afact.

To simplify the treatment, rules are usually required to besafe, that is, each variable
occurring in a head literal must occur in a body literal as well. In this way the explicit
reference to the universe of the program is not needed. Typical definitions of disjunctive
datalog program, e.g. from [11, 16], allow negated atoms in the body. This negation,
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however, is non-monotonic, and is different from negation in first-order logic. As our
approach produces only positive disjunctive datalog programs, we omit negation from
our definitions.

The semantics of disjunctive datalog programs is defined as follows. Let P be a
disjunctive datalog program and letD be an instance of the extensional schema ofP .
ThenPD = P ∪ {S(t)|t ∈ S(D)} denotes a datalog program obtained by adding to
P each tuple fromD as a fact. The setHU PD

is called theHerbrand universeof PD

and contains all constants fromPD. Theground instanceof P overHU PD
, denoted as

ground(P,HU PD
), is the set of ground rules obtained by replacing variables in each

rule of P with constants fromHU PD
in all possible ways. TheHerbrand baseHBPD

of PD is the set of all atoms defined by relations fromE, I and≈. An interpretationM
of PD is a subset ofHB . We say that some ground atomA is true in an interpretation
M if A ∈ M . Similarly,A is false inM if A /∈ M . InterpretationM is amodelof PD

if, for each ruler ∈ ground(P,HU PD
), if body(R) ⊆ M , thenhead(r) ∩M 6= ∅ and

if all atoms fromM involving the≈ predicate yield an equality relation. Anequality
relation is a relation that is reflexive, symmetric, transitive, and,for any relation symbol
R ∈ E ∪ I, if R(. . . , a, . . .) ∈M anda ≈ b ∈M , thenR(. . . , b, . . .) ∈M as well.

A modelM is minimalif no subset ofM is a model. The semantics ofPD is denoted
byMM(P ) and defined to be the set of all minimal models ofPD. Finally, we define
the notion of query answering. A ground literalA is a cautious answerof P (written
P |=c A) if all minimal models of the program containA; A is abrave answerof P
(writtenP |=b A) if at least one minimal model of the program containsA. First-order
entailment is analogous to cautious entailment.

3 DecidingALCHIQ− using Basic Superposition

In this section, we present a resolution decision procedurefor theALCHIQ− descrip-
tion logic, based on basic superposition calculus. In Section 5, we show how to extend
this result to incorporate transitivity axioms.

In the rest of this section, we deal with closures exclusively, for which we often use
the convenient notation of marking terms at variable positions of the skeleton. Closures
without marked terms should be understood as closures with an empty substitution.
For example,C(x) ∨D(f(x)) should be understood as the convenient notation for the
closure(C(x) ∨D(f(x))) · {}.

3.1 Overview

Before delving into the details, we present a high-level overview of the technique we
use to derive the decision procedure. Given a knowledge baseKB , the first step is to
preprocess it into a clausal representation, as explained in Subsection 3.2. Let us denote
with Ξ(KB) the set of closures derived by preprocessingKB . It is not difficult to see
thatΞ(KB) will contain only closures of certain syntactic form, as shown in Table 4.

We denote withBSDL theBS calculus, parameterized as described in Definition 6.
We apply saturation ofΞ(KB) underBSDL with eager application of redundancy elim-
ination rules next, and denote the obtained closure set bySat(Ξ(KB)). SinceBSDL
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is sound and complete [7],Sat(Ξ(KB)) will contain an empty closure if and only if
Ξ(KB) is unsatisfiable. In order to obtain a decision procedure, weshow that saturation
up to redundancy terminates for anyALCHIQ− knowledge baseKB . This is done in
a proof-theoretic way as follows:

– We generalize the types of closures from Table 4 to so calledALCHIQ−-closures,
which are presented in Table 5. In Subsection 3.4, Lemma 1, weshow that each
closure occurring inΞ(KB) is anALCHIQ−-closure.

– In Subsection 3.4, Lemma 2, we show that, in anyBSDL-derivation fromΞ(KB),
each inference rule produces either anALCHIQ−-closure, or a closure which is
redundant (and may be deleted).

– In Subsection 3.5, Lemma 4, we show that, for some finite knowledge base, the set
of possibleALCHIQ−-closures occurring in anyBSDL-derivation is finite.

– Termination is now a simple consequence of these two lemmata: in the worst case,
one will build the maximal set ofALCHIQ−-closures, from which all further in-
ferences are redundant. The bound on the size of the set ofALCHIQ−-closures
gives us also the bound on the complexity of the decision procedure, as demon-
strated in Theorem 1.

We now define a saturation-based decision procedure forALCHIQ−.

Definition 4. Let KB be someALCHIQ− knowledge base. LetConsistent(KB) de-
note an algorithm that transformsKB to Ξ(KB) as defined in Subsection 3.2, applies
BSDL with eager application of redundancy elimination rules, and returns ‘unsatisfi-
able’ if and only ifSat(Ξ(KB)) contains the empty closure.

3.2 Preprocessing

The first step in deciding satisfiability ofKB is to transform it into clausal form.
Straightforward transformation ofπ(KB) into disjunctive normal form has two sig-
nificant drawbacks. Firstly, the structure of formulae would be destroyed. Secondly, the
usual transformation into clausal normal form would increase the size of the closure
set exponentially. Hence, we first apply thestructural transformation[28], also known
as renaming. Intuitively, for some first-order formulaϕ, the structural transformation
introduces a new name for each subformula ofϕ. Thus, the original formula structure
is preserved. Furthermore, since the number of subformulaeof ϕ is linear in the size of
ϕ, the exponential blowup is avoided.

Let ϕ be some formula in negation-normal form, andΛ a subset of positions of
subformulae ofϕ. ThenDefΛ(ϕ) is called thedefinitional normal formof ϕ with re-
spect toΛ and is defined inductively as follows, wherep is maximal inΛ ∪ {p} with
respect to the prefix ordering on positions,Qp is a new predicate not occurring inϕ,
andx1, . . . , xn are the free variables ofϕ|p:

Def∅(ϕ) = ϕ
DefΛ∪{p}(ϕ) = DefΛ(ϕ[Qp(x1, . . . , xn)]p) ∧ ∀x1, . . . , xn : Qp(x1, . . . , xn)→ ϕ|p
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Furthermore, letCls(ϕ) denote the set of closures obtained by the usual clausifica-
tion by structural skolemization [26]. It is well-known [28] that, if ϕ does not contain
equivalences, thenCls(DefΛ(ϕ)) can be computed in polynomial time. Furthermore,ϕ
is satisfiable if and only ifCls(DefΛ(ϕ)) satisfiable, whereΛ is any set of positions in
ϕ.

Without loss of generality we may assume that all ABox concept membership ax-
ioms inKB are expressed using atomic concepts and that all such concepts occur neg-
atively in all TBox axioms: for each membership axiomC(a), whereC is either not
atomic or occurs positively in some TBox axiom, one may introduce a new atomic con-
ceptAC , add the axiomAC ⊑ C to the TBox and replaceC(a) with AC(a). Such a
transformation is obviously polynomial and it preserves the semantics ofKB . We call
such knowledge basesextensionally reduced. In the rest of this paper we assume that
all knowledge bases are extensionally reduced.

Definition 5. For anALCHIQ conceptC, let Def(C) = DefΛ(∀x : π(NNF(C), x)),
whereΛ denotes the set of positions in∀x : π(NNF(C), x) corresponding to positions
of non-atomic subconcepts ofNNF(C). For an ALCHIQ knowledge baseKB , let
Ξ(KB) denote the minimal set of closures satisfying the followingconditions:

– For each role nameR ∈ NR, Cls(π(R)) ⊆ Ξ(KB).

– For each RBox axiomα in KB , Cls(π(α)) ⊆ Ξ(KB).

– For each TBox axiomC ⊑ D in KB , Cls(Def(¬C ⊔D)) ⊆ Ξ(KB).

– For each TBox axiomC ≡ D in KB , Cls(Def(¬C ⊔D)) ⊆ Ξ(KB) and
Cls(Def(¬D ⊔ C)) ⊆ Ξ(KB),

– For each ABox axiomα in KB , Cls(π(α)) ⊆ Ξ(KB).

In the above definition, inΛ one can safely omit positions of outer-most disjunctions
of NNF(C), since this reduces the number of closures generated. For example, the
negation normal form of the axiom¬C ⊓¬D ⊑ ∃R.⊤ is C ⊔D⊔∃R.⊤, which can be
transformed into closureC(x) ∨D(x) ∨ R(x, f(x)), without introducing a new name
for the subconceptC ⊔D.

By definition ofπ from Table 1, it is easy to see that all closures obtained by this
transformation share some common syntactic properties. Table 4 lists the types of clo-
sures thatΞ(KB) may contain. Also, sinceNNF(C) can be computed in polynomial
time,Ξ(KB) can be computed in polynomial time.

3.3 Parameters for Basic Superposition

We use alexicographic path ordering(LPO) [10] to decideALCHIQ−. This ordering,
denoted as≻lpo, is induced over a precedence>P over function, constant and predicate
symbols. It is well-known that, if>P is total, then the induced LPO is admissible, and
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1 ¬R(x, y) ∨ Inv(R)(y, x)
2 ¬R(x, y) ∨ S(x, y)
3
W

(¬)Ci(x) ∨ R(x, f(x))
4
W

(¬)Ci(x) ∨ (¬)D(f(x))
5
W

(¬)Ci(x) ∨ fi(x) 6≈ fj(x)
6
W

(¬)Ci(x)
7
W

(¬)Ci(x) ∨
Wn

i=1
¬R(x, yi) ∨

Wn

i=1
D(yi) ∨

Wn

i,j=1;j>i
yi ≈ yj

8 (¬)C(a)
8 R(a, b)

10 a ≈ b

11 a 6≈ b

Table 4.Closures Types after Preprocessing

that it has thesubterm property, that is, for any termt and a non-root positionp, we
havet ≻ t|p. In general, an LPO≻lpo is defined as follows:s ≻lpo t if

1. t is a variable occurring as a proper subterm ofs or
2. s = f(s1, . . . , sm), t = g(t1, . . . , tn) and

(a) f >P g and, for alli with 1 ≤ i ≤ n, we haves ≻lpo ti or
(b) f = g and, for somej, we have(s1, . . . , sj−1) = (t1, . . . tj−1), sj ≻lpo tj ,

ands ≻lpo tk for all k with j < k ≤ n or
(c) sj �lpo t for somej with 1 ≤ j ≤ m.

Definition 6. We denote withBSDL the calculusBS parameterized as follows:

– The term ordering≻ is a LPO induced over a total precedence>P on function,
constant and predicate symbols, such that, for any functionsymbolf , constant
symbolc, and predicate symbolp, we havef >P c >P p >P ⊤.

– The selection function selects in each closureC · σ every negative binary literal

In BSDL, we need to compare terms and literals only in closures of types 3–6 and
9 from Table 5. It is easy to see that, since LPOs are total on ground terms, and terms in
closures of type 3–6 and 9 have at most one variable, any LPO istotal on non-ground
terms from these closures. In this case, one can use a more direct definition of the literal
ordering. We associate with each literalL the triplecL = (max(L), pL,min(L)), where
max(L) is the maximum of the two terms inL, min(L) is the minimum of the two terms
term inL, andpL is 1 if L is negative, and 0 otherwise. ThenL1 ≻ L2 if and only if
cL1
≻ cL2

, wherecL are compared lexicographically. An LPO is used to compare the
first and the third position ofcL, where for the second position we take1 ≻ 0. It is easy
to see that, since≻ is total on terms, this definition is equivalent to the one based on
two-fold multiset extension, given in Subsection 2.2.

Ordering and selection constraints from Subsection 2.2 arecheckeda posteriori,
that is, after computing the unifier. This is more general, since some terms may be
comparable only after unification. For example,s = f(x) andt = y are not comparable
using an LPO. However, forσ = {x 7→ a, y 7→ g(f(a))}, we havetσ ≻ sσ. The
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drawback is that the unifier is often computed in vain, just todetermine that constraints
are not satisfied. However, LPOs are total on terms from closures 3–6 and 9, so we may
check ordering and selection constraintsa priory, that is, before computing the unifier.
If s andt be two terms to be compared, they are either both ground or both have the
same, single free variable, so they can always be compared before computingσ. Also,
if s ≻ t, then, for any substitutionσ, obviouslysσ ≻ tσ.

3.4 Closure ofALCHIQ−-closures under Inferences

Next we generalize types of closures from Table 4 to types of so calledALCHIQ−-
closures presented in Table 5. ByP(x) we denote a possibly empty disjunction of
the form (¬)P1(x) ∨ . . . ∨ (¬)Pn(x). With P(f(x)) we denote the possibly empty
disjunction of the formP1(f1(x)) ∨ . . . ∨Pn(fn(x)). Finally, by〈t〉 we denote thatt
may, but need not be marked. In all closure types, some of the disjuncts may be empty.
Observe that type 9 allows ground literals of the form¬R(a, b). This will enable us to
use the algorithm for checking whether(¬)R(a, b) is entailed byKB .

Lemma 1. Each closure fromΞ(KB) is of exactly one of the types from Table 5. Fur-
thermore, for each function symbolf occurring inΞ(KB), there is exactly one closure
of type 3 containingf(x) unmarked; this closure is called theRf -generator, the dis-
junctionPf (x) is called thef -support, andR is called thedesignated rolefor f and is
denoted asrole(f).

Proof. The first claim follows trivially from the definition ofΞ(KB). For the second
claim, one should observe that each closure of type 3 is generated by skolemizing an
existentially quantified subformula. Since each skolemization requires a fresh function
symbol, such a symbol will be associated with exactly one closure of type 3.

We now prove the main result of this subsection.

Lemma 2. Let Ξ(KB) = N0, . . . , Ni ∪ {C} be aBSDL-derivation, whereC is the
conclusion derived from premises inNi. ThenC is either anALCHIQ−-closure or is
redundant.

Proof. We first prove the property (max), determining which literals can be maximal
in closures of types 3, 4, 5, 6 and 9 under ordering and selection function as used in
BSDL:

– In a closure of type 3, the literalR(x, 〈f(x)〉 is always maximal.
– In a closure of type 4, the literalR([f(x)] , x) is always maximal.
– In a closure of type 5, the literal of the form(¬)P (x) can be maximal only if the

closure does not containf(x).
– In a closure of type 6, only literals containing the termfi([g(x)]) can be maximal.
– In a closure of type 9, a literal of the form(¬)R(a, b), (¬)P (a), a ≈ b, or a 6≈ b

can be maximal only if the closure does not contain a functionsymbol.
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1 ¬R(x, y) ∨ Inv(R)(y, x)

2 ¬R(x, y) ∨ S(x, y)

3 Pf (x) ∨ R(x, 〈f(x)〉)

4 Pf (x) ∨ R([f(x)] , x)

5 P1(x) ∨ P2(〈f(x)〉) ∨
W

[fi(x)] ≈ [fj(x)] ∨
W

〈fi(x)〉 6≈ 〈fj(x)〉

(i): for eachfi(x) the closure containsPfi(x),
(ii ): for each[fi(x)] ≈ [fj(x)] we haverole(fi) = role(fj).

6 P1(x) ∨ P2([g(x)]) ∨ P3(〈t〉) ∨
W

[ti] ≈ [tj ] ∨
W

〈ti〉 6≈ 〈tj〉
(i): there is at least one term of the formfi([g(x)]),

(ii ): termst, ti andtj are of the formx or fi([g(x)]),
(iii ): for eachfi([g(x)]), the closure containsPfi([g(x)]),
(iv): the closure containsPg(x),
(v): for each[fi(g(x))] ≈ [fj(g(x))], we haverole(fi) = role(fj),

(vi): for each[fi(g(x))] ≈ x, there is a closureP g(x) ∨ role(fi)([g(x)] , x).
7
W

¬R([u] , yi) ∨ P1(y) ∨ P2(x) ∨ P3([f(x)]) ∨
W

[ti] ≈ [tj ] ∨ G

(i): there is at least one literal¬R([u] , yi),
(ii ): termsti andtj are of the formyi, a constantc, or a termf([u]),

(iii ): u is the variablex or u is a constant andx does not appear in the closure,
(iv): eachyi occurs as the second argument of exactly one¬R([u] , yi),
(v): for each pair of variablesyi andyj , there is a literalyi ≈ yj ,

(vi): G is a closure of type 9,
(vii): for eachfi(u), the closure containsPfi([u]),

(viii ): for each[fi(u)] ≈ [fj(u)], we haverole(fi) = role(fj).
8
W

¬R([g(x)] , yi) ∨ P1(y) ∨ P2(x) ∨ P3([g(x)]) ∨ P4([f(g(x))]) ∨
W

[ti] ≈ [tj ]
(i): there is at least one literal¬R([g(x)] , yi),

(ii ): termsti andtj are of the formyi, x or fi([g(x)]),
(iii ): eachyi occurs as the second argument of exactly one¬R([g(x)] , yi),
(iv): for variableyi, there is a literalyi ≈ x,
(v): for eachfi([g(x)]) the closure containsPfi([g(x)]),

(vi): the closure containsPg(x),
(vii): for each[fi(g(x))] ≈ [fj(g(x))], we haverole(fi) = role(fj),

(viii ): for each[fi(g(x))] ≈ x, there is a closureP g(x) ∨ role(fi)([g(x)] , x).
9 R(〈a〉 , 〈b〉) ∨ P1(〈a〉) ∨ P2([f(a)]) ∨

W
〈ti〉 ≈ 〈tj〉 ∨

W
〈ti〉 6≈ 〈tj〉

(i): termsti andtj are of the forma or fi([a]),
(ii ): equality literals may contain only constant terms non-marked,

(iii ): for eachfi([a]) the closure containsPfi([a]),
(iv): for each[fi(a)] ≈ [fj(a)], we haverole(fi) = role(fj),
(v): for each[fi(a)] ≈ [b] there is anR(a, b)-witnessR(〈a〉 , 〈b〉) ∨ D · σ, whereD · σ

does not contain functional terms, it is contained in this closure, andR = role(fi).

Table 5.Types ofALCHIQ−-closures
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For closures of type 3 and 4, the claims follow directly from the Definition 6. Fur-
thermore, we may easily see that, for any termt, function symbolf , and predicate
symbolP , we havef(t) ≻ P (t). For a closure of type 5, we haveP ′(f(x)) ≻ f(x) ≻
P (x), soP (x) may be maximal only if the closure does not containf(x). For a closure
of type 6, we haveP ′′(f(g(x))) ≻ f(g(x)) ≻ P ′(g(x)) ≻ g(x) ≻ P (x), so only
literals containingf(g(x)) may be maximal. Finally, we may easily see that, for any
function symbolf , constantsa, b, andc, unary predicate symbolP , and binary predi-
cate symbolR, we havef(a) ≻ P (b), f(a) ≻ R(b, c) andf(a) ≻ b. Hence, literals not
containing function symbols can be maximal only in closuresnot containing function
symbols.

We next prove the following invariant (inv): EachNi in the derivation contains ex-
actly oneRf -generator for each function symbolf . The proof is by an easy induction
argument. The induction base forN0 follows directly from Lemma 1. For the induction
step, we have to consider all inference rules that can be applied to premises inNi to
a closure of type 3. For positive or negative superposition,it is enough to observe that
functional terms always occur marked in an equality literal. Hence, the superposition
conclusion always contains only marked functional terms. Ordered resolution of a clo-
sure of type 3 is possible only with a closure of type 1 or 2, andresults in a closure of
type 4 or 3, respectively. However, the termf(x) in both cases obviously occurs marked
in the conclusion. Hence, none of these inferences producesanRf -generator. Since no
other inference may produce a closure of type 3, the invariant holds.

In a similar way one may show that noR(a, b)-witness contains a negative binary
literal. Namely, if a closureC of type 9 contains a negative binary literal, this literal is
always selected inC. Hence,C cannot be resolved with a closure of type 7, so it cannot
become a witness.

We now prove the Lemma by induction on the derivation length.By Lemma 1,N0

contains onlyALCHIQ−-closures, so the induction base holds. For the induction step,
we examine all possible applications of inference rules ofBSDL to closures inNi.

Positive or negative superposition.Superposition from a closure of type 7 or 8 is not
possible, since these always contain a negative literal¬R([u] , yi) or ¬R([g(x)] , yi)
which is selected. Similarly, superposition into these closures is redundant:u is the
only non-variable term occurring in a selected literal and is always marked. Similarly,
superposition into closures of type 1, 2, or 4 is redundant, as these closures contain only
variables or marked terms at all candidate positions.

Assume(D ∨ w ≈ v) · ρ is of type 3 with the free variable beingx′. By condition
(max), (w ≈ v) · ρ can only be the literalR(x′, f(x′)) with R being the designated role
for f . There are three possibilities:

– (C ∨ s ≈ t) · ρ is a closure of type 5 with(s ≈ t) · ρ of the form[f(x)] ≈ [g(x)].
Then the unifierσ is {x′ 7→ x}, so the superposition conclusion has the form
Pf (x) ∨ R(x, [g(x)]) ∨ C · ρ, whereC · ρ containsPg(x). By condition 5.ii and
(inv), theRg-generator of the formP g(y) ∨ R(y, g(y)) exists, and subsumes the
conclusion through the substitution{y 7→ x}.

– Assume that(C ∨ s ≈ t) · ρ is a closure of type 6. There are two possibilities for
the form of(s ≈ t) · ρ:
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• For superposition from[f(g(x))] ≈ [h(g(x))], σ is {x′ 7→ g(x)}, so the su-
perposition conclusion has the formPf ([g(x)])∨R([g(x)] , [h(g(x))])∨C ·ρ,
whereC · ρ containsPh(g(x)). By condition 6.v and (inv), theRh-generator
of the formPh(y) ∨ R(y, h(y)) exists, and subsumes the conclusion through
the substitution{y 7→ g(x)}.

• For superposition from[f(g(x))] ≈ x, σ is {x′ 7→ g(x)}, so the superposition
conclusion has the formPf ([g(x)])∨R([g(x)] , x)∨C ·ρ, whereC ·ρ contains
Pg(x). By condition 6.vi and (inv), a closurePg(y)∨R([g(y)] , y) exists, and
obviously subsumes the conclusion through the substitution {y 7→ x}.

– (C ∨ s ≈ t) · ρ is a closure of type 9. There are two possibilities for the form of
(s ≈ t) · ρ:
• For superposition from[f(a)] ≈ [g(a)], σ is {x′ 7→ a}, so the superposition

conclusion has the formPf ([a])∨R([a] , [g(a)])∨C · ρ, whereC · ρ contains
Pg(a). By condition 9.iv and (inv), theRg-generatorP g(y)∨R(y, g(y)) exists,
and subsumes the conclusion through the substitution{y 7→ a}.

• For superposition from[f(a)] ≈ [b], σ is {x′ 7→ a}, so the superposition
conclusion has the formPf ([a]) ∨ R([a] , [b]) ∨ C · ρ. By condition 9.v, an
R(a, b)-witness of the formR(〈a〉 , 〈b〉) ∨ D · σ, whereDσ ⊆ Cρ, andR is
the designated role forf exists, and subsumes the superposition conclusion
through an empty substitution. If theR(a, b)-witness has been subsumed by
some other closure, then, since the subsumption relation istransitive, this other
closure subsumes the conclusion.

In all cases, the superposition conclusion is subsumed by anexisting closure, so we
may conclude that any superposition into a closure of type 3 is redundant.

Assume(D ∨ w ≈ v) · ρ is of type 5 with the free variable beingx′. By condition
(max), superposition may be performed into literalsP2(f(x′)) or f(x′) 6≈ . . .. There
are three possibilities:

– (C ∨ s ≈ t) · ρ is a closure of type 5 with(s ≈ t) · ρ of the form[f(x)] ≈ [h(x)],
andσ is {x′ 7→ x}. If both premises satisfy conditions 5.i and 5.ii, the conclusion
obviously satisfies them too, so it is of type 5.

– (C ∨ s ≈ t) · ρ is a closure of type 6. Regardless of whether(s ≈ t) · ρ is of
the form [f(g(x))] ≈ [h(g(x))] or [f(g(x))] ≈ x, the unifierσ is {x′ 7→ g(x)}.
If the premises satisfy conditions 5.i, 6.iii and 6.iv, the conclusion satisfies them
too: Pg(x) is contained inC · ρ, disjunctionsPf ([g(x)]) from C · ρ are con-
tained in the conclusion, and eachPf (x′) from D · ρ becomesPf ([g(x)]). If
both premises satisfy conditions 5.ii, 6.v and 6.vi, the conclusion satisfies them
too: literals[fi(x

′)] ≈ [fj(x
′)] from D · ρ satisfying 5.ii are changed into literals

[fi(g(x))] ≈ [fj(g(x))] and satisfy 6.v. No new literals of the form[fi(g(x))] ≈ x
are generated, so the conclusion satisfies 6.vi. Hence, the conclusion is of type 6.

– (C ∨ s ≈ t) · ρ is a closure of type 9 with(s ≈ t) · ρ of the form[f(a)] ≈ [b] or
[f(a)] ≈ [h(a)], and the unifierσ is {x′ 7→ a}. Furthermore, all equalities inD · ρ
are of the form[fi(x

′)] ≈ [fj(x
′)], so condition 9.v is satisfied. AllPf (x′) from

D ·ρ becomePf ([a]), so condition 9.iii is satisfied. Finally, each[fi(x
′)] ≈ [fj(x

′)]
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from D · ρ satisfying 5.ii is changed into[fi(a)] ≈ [fj(a)] and satisfies 9.iv. All
equalities inD · ρ have marked terms, so the conclusion satisfies 9.ii. No new
equalities of the form[fi(a)] ≈ [b] are generated, so the conclusion satisfies 9.v.
Hence, the conclusion is of type 9.

Assume(D ∨ w ≈ v) · ρ is of type 6 with the free variablex′. By condition
(max), superposition may be performed into a literal of the formP3(f([g(x′)])) or
f([g(x′)]) 6≈ . . .. It is important to notice that each occurrence ofg(x) in such a closure
is always marked, so superposition is possible only at the position off . There are three
possibilities:

– (C ∨ s ≈ t) · ρ is of type 5 with(s ≈ t) · ρ being [f(x)] ≈ [h(x)], and the
unifier σ is {x 7→ g(x′)}. If both premises satisfy conditions 5.i, 6.iii, and 6.iv,
the conclusion satisfies them too:Pg(x′) is contained inD · ρ, eachPf ([g(x′)])
from D · ρ is contained in the conclusion, and eachPf (x) from C · ρ becomes
Pf ([g(x′)]). If both premises satisfy conditions 5.ii, 6.v, and 6.vi, the conclusion
satisfies them too: literals[fi(x)] ≈ [fj(x)] from C · ρ satisfying 5.ii are changed
into literals[fi(g(x′))] ≈ [fj(g(x′))] and satisfy 6.v. No new equalities of the form
[fi(g(x))] ≈ x are generated, so 6.vi is satisfied, and the conclusion is of type 6.

– (C ∨ s ≈ t) · ρ is a closure of type 6. Regardless of whether(s ≈ t) · ρ has the
form [f(g(x))] ≈ [h(g(x))] or [f(g(x))] ≈ x, the unifierσ is {x′ 7→ x}. Now if
both literals involved in the inference are of the form[f(g(x))] ≈ x, the conclu-
sion contains the literalx 6≈ x which may be eliminated using equality resolution.
Hence, the conclusion has the form 5 or 6. Otherwise, at leastone of the literals
is of the form[f(g(x))] ≈ [h(g(x))] and the conclusion has the form 6. In any
case, all conditions obviously remain preserved, since theunifier is empty, so each
equality in the conclusion must be contained in some premise.

– (C ∨ s ≈ t) · ρ is a closure of type 9 with(s ≈ t) · ρ of the form[f(a)] ≈ [b] or
[f(a)] ≈ [g(a)]. However, unification with a termf([g(x)]) is not possible, so this
type of superposition is not possible.

Assume(D ∨ w ≈ v) · ρ is of type 9. By condition (max), superposition may be
performed into a literal of the formP1(a), P2(f([a])), R(a, b), a 6≈ . . . or f([a]) 6≈ . . ..
There are three possibilities:

– (C∨s ≈ t) ·ρ is a closure of type 5 with(s ≈ t) ·ρ of the form[f(x)] ≈ [g(x)], and
the unifierσ is {x 7→ a}. Furthermore, all equalities in the closure of type 5 are of
the form[f(x)] ≈ [g(x)], so condition 9.v remains preserved. AllPf (x) from C ·ρ
becomePf ([a]), so condition 9.iii is satisfied. Finally, each[fi(x)] ≈ [fj(x)] from
C · ρ satisfying 5.ii is changed into[fi(a)] ≈ [fj(a)] and satisfies 9.iv. Condition
9.ii is trivially satisfied. Hence, the conclusion is of type9.

– (C ∨ s ≈ t) ·ρ is a closure of type 6. Regardless of whether(s ≈ t) ·ρ has the form
[f(g(x))] ≈ [h(g(x))] or [f(g(x))] ≈ x, the unification is not possible.
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– (C ∨ s ≈ t) · ρ is a closure of type 9. Unifier is always empty. Since according to
condition 9.ii, all literals of the form[f(a)] ≈ [b] have both terms marked, no such
literal can be involved in superposition. Hence, condition9.v remains preserved
in the conclusion. Since unifier is empty, no new equalities are generated, so the
conclusion obviously satisfies 9.ii, 9.iii and 9.iv. Hence,the conclusion is of type 9.

Reflexivity resolution.Only closures of types 5, 6 or 9 are candidates for reflexivity
resolution. For type 5, the unifier is empty, so the conclusion is of type 5.

For type 6, the rule can be applied only to a literal〈f([g(x)])〉 6≈ 〈f([g(x)])〉 (for
literals〈f([g(x)])〉 6≈ x or 〈fi([g(x)])〉 6≈ 〈fj([g(x)])〉 the unifier does not exist). The
conclusion is of type 5 or 6, depending on whether remaining literals in the closure
contain a term of the formf([g(x)]).

For type 9, the rule can be applied only to a literal〈f([a])〉 6≈ 〈f([a])〉 or 〈a〉 6≈ 〈a〉.
The unifier is empty and the conclusion is of type 9.

In each case the unifier is empty, so the conclusion obviouslysatisfies all condi-
tions of the respective closure type. Furthermore, the conclusion always subsumes the
premise, so reflexivity resolution can be applied eagerly asa simplification rule.

Equality factoring.Only closures of types 5, 6 or 9 are candidates for equality factoring.
The premise has the form(C ∨ s ≈ t ∨ s′ ≈ t′) · ρ, wheresρ ≈ tρ is maximal in
Cρ ∨ s′ρ ≈ t′ρ, tρ � sρ, andt′ρ � s′ρ. The unifierσ is always empty. If we assume
that simplification by duplicate literal elimination is applied eagerly, we safely conclude
that(s ≈ t) ·ρ is actually strictly maximal, sot′ andt cannot be⊤. Hence, termssρ, tρ,
s′ρ andt′ρ are either all ground or all contain the same free variablex. The ordering≻
is total on such terms, so we may rewrite ordering constraints astρ ≺ sρ andt′ρ ≺ s′ρ.
By the fact thatsρ ≈ tρ is strictly maximal, we conclude thattρ ≻ t′ρ.

Consider now the case where all equalities involved in the inference are marked, so
s, t, s′ andt′ are variables. This is the case for all closures of type 5 and 6, and some
closures of type 9. The conclusion has then the form(C ∨ t 6≈ t′ ∨ s′ ≈ t′) · ρ, wheret
is a variable andtρ ≻ t′ρ. Thus, the conclusion is a basic tautology and is redundant.

Hence, provided that duplicate literal elimination is applied eagerly, equality factor-
ing is redundant for all closures, apart from those closuresof type 9 containing equali-
ties of the form〈a〉 ≈ 〈b〉 with at least one non-marked term, originating from explicit
equality statements among individuals. Depending on the marking, equality factoring
either yields a basic tautology which is redundant or closure of type 9. In the latter case,
the unifier is empty, so the conclusion obviously satisfies all conditions for type 9.

Ordered resolution.Assume that the main premise is a closure of type 1. Then if the
side premise is a closure of type 3, the conclusion is a closure of type 4. If the side
premise is a closure of type 4, the inference is redundant, since the conclusion is a
closure of type 3 which already exists in the closure set. Finally, if the side premise is
a closure of type 9, the conclusion is a closure of type 9: conditions 9.ii, 9.iii and 9.iv
are obviously preserved, as well as the condition 9.v: the set of witness closures of the
conclusion is identical to the set of witnesses of the premise.

Similarly, assume that the main premise is a closure of type 2. Then if the side
premise is a closure of type 3, the conclusion is a closure of type 3, but with the term
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f(x) marked, so the uniqueness of the designated role forf remains preserved. If the
side premise is a closure of type 4, the conclusion is a closure of type 4. Finally, if the
side premise is a closure of type 9, the conclusion is a closure of type 9, similarly to the
previous case.

Closures of type 3 or 4 cannot be main premises, since their maximal literals are
always positive and no negative literals are ever selected.

Consider a resolution between closures of type 5 and 5, 5 and 6or 6 and 6. By
condition (max), if some literalP1(x) is maximal in a closure of type 5, then this closure
does not contain the termf(x), and in a closure of type 6 the maximal literal is always
of the formP3(〈f([g(x)])〉). Now in any resolution the unifier is either{x′ 7→ x},
{x′ 7→ g(x)} or {x′ 7→ f(g(x))}. The conclusion is obviously a closure of type 5 or 6.
If either closure containsf(x) (fi(g(x))), then no inference may be performed on some
literal fromPf (x) (Pfi([g(x)])), since all such literals are not maximal. Therefore, the
conclusion satisfies conditions 5.i, 6.iii and 6.iv. It can be shown that the conclusion
satisfies conditions 5.ii, 6.v, and 6.vi, similarly to the superposition case.

Similarly, resolution between a closure of type 5 and of type9 results in a closure
of type 9. If the closure of type 9 contains[f(a)] ≈ [b], resolution on some literal
occurring in anR(a, b)-witness is not possible by condition (max), so the conclusion
satisfies 9.v. If some premise containsfi(x), then resolution on some literal occurring
in Pfi(x) is not possible, so the conclusion satisfies 9.iii. Since both premises satisfy
5.ii, 9.ii and 9.iv, the conclusion satisfies 9.ii and 9.iv aswell.

Resolving closures of type 6 and 9 is not possible since maximal literals in the
closures do not unify. Finally, closures of type 9 cannot be resolved with closures of
type 3 or 4, since literals¬R(a, b) do not unify withR(x, 〈f(x)〉) or R([f(x)] , x).

Resolution between two closures of type 9 obviously resultsin a closure of type 9
or an empty closure: if a premise contains[f(a)] ≈ [b], resolution on some literal oc-
curring in itsR(a, b)-witness is not possible by condition (max), so conclusion satisfies
9.v. Since premises satisfy 9.ii, 9.iii, and 9.iv, the conclusion satisfies 9.ii, 9.iii, and 9.iv
as well.

Assume that the main premise is a closure of type 7. Resolution is possible only on
a selected literal¬R([u] , y′

i). There are three possibilities:

– The side premise is a closure of type 3. The unifierσ is {x 7→ u, y′
i 7→ f(u)} and

the conclusion is obviously a closure of type 5, 7, or 9, depending on whether there
is another literal¬R([u] , y′

j) or not, and whetheru is a constant or a variable. Ifu
is a constanta, condition 9.v remains preserved: if there is someb ≈ yi in the main
premise, it was produced by resolving it with some closure oftype 9 containing the
literal R(a, b), which is theR(a, b)-witness of the conclusion. All equalities in the
conclusion of the form[fi(x)] ≈ [fj(x)] are generated by resolution with gener-
ators involvingR. Since all suchR are very simple roles, the conclusion satisfies
conditions 5.ii, 7.viii or 9.iv. If the conclusion is of type7, since the main premise
satisfies 7.v, the conclusion satisfies 7.v as well. The otherconditions are trivial to
check.

– The side premise is a closure of type 4. Unification is possible only if u is a variable
x′. The unifierσ is {x′ 7→ g(x), y′

i 7→ x} and the conclusion is a closure of type 6
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or 8. All equalities[fi(g(x))] ≈ [fj(g(x))] are obtained from corresponding equal-
ities of the form[fi(x)] ≈ [fj(x)] from the main premise satisfying 7.viii, so the
conclusion satisfies 6.v or 8.vii. All equalities containing [fi(g(x))] are produced
by resolution with the generators involvingR. Since all suchR are very simple
roles, the conclusion obviously satisfies conditions 6.vi or 8.viii. If the conclusion
is of type 8, since the main premise satisfies 7.v, the conclusion satisfies 8.iv.

– The side premise is a closure of type 9 with the maximal literal having the form
R(a, b). Since the maximal literal in the side premise does not contain function
symbols, the entire side premise does not contain function symbols. Ifu is a vari-
ablex′, thenσ = {x′ 7→ a, y′

i 7→ b}, otherwise, unification is possible only ifu is a
constanta andσ = {y′

i 7→ b}. Application of the unifier may only instantiate new
equalities of the form[f(a)] ≈ [g(a)], [f(a)] ≈ [b] or 〈a〉 ≈ 〈b〉. Hence, condition
9.v is satisfied in the conclusion – theR(a, b)-witness is the side premise. The con-
clusion is either a closure of type 7 or 9, depending on whether the side premise
contains other literals of the form¬R([u] , yi) or not. Since the main premise satis-
fies 7.viii and all equalities of the form[f(a)] ≈ [g(a)] are inherited from the main
premise, the conclusion obviously satisfies 7.viii or 9.iv.If the conclusion is of type
7, since the main premise satisfies 7.v, the conclusion satisfies 7.v as well.

Finally, assume that the main premise is a closure of type 8. Resolution is possible
only on selected literals of the form¬R([g(x′)] , yi). There are three possibilities:

– The side premise is a closure of type 3,σ is {x 7→ g(x′), y′
i 7→ f(g(x′))}, and

the conclusion is obviously a closure of type 6 or 8: all equalities in the conclusion
of the form[fi(g(x))] ≈ [fj(g(x))] are generated by resolution with generators in-
volvingR. Since all suchR are very simple roles, the conclusion obviously satisfies
conditions 6.v and 6.vi or 8.vii and 8.viii. If the conclusion is of type 8, since the
main premise satisfies 8.iv, the conclusion satisfies it as well. The other conditions
are trivial to check.

– The side premise is a closure of type 4. Resolution is possible only on the literal
of the formR([g(x)] , x), with the unifier{y′

i 7→ x}. By condition 8.iv, the main
premise containsy′

i ≈ x. Hence, the conclusion contains a literal of the formx ≈ x,
and is a tautology, so this inference is redundant.

– The side is a closure of type 9 with the maximal literalR(a, b). However, unification
with a literal¬R([g(x′)] , y′

i) is not possible.

We have shown that, for all possible inferences from premises inNi, the conclusion
is either anALCHIQ−-closure, or is redundant, so the claim of the Lemma follows.

A slight optimization of the above process is possible. Namely, any closure of type
7 with n binary literals can be resolved withn premises inn! ways. However, closures
of type 7 inΞ(KB) are symmetric with respect to variablesyi, so all of then! resolu-
tions will result in the same closure. Obviously, this can beoptimized by ordering the
premises and performing just one resolution.
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We formalize this idea by attaching a constraintT = y1 ≻ . . . ≻ yn to closures
of type 7 in Ξ(KB) and resolving binary literals in closures of type 7 and 8 from
left to right. Each time a closure of type 7 participates in a resolution with unifierσ,
we computeTσ. If ordering constraints are not satisfied, the resulting closure may be
deleted; otherwise, we attach the constraintTσ to the result.

Lemma 3. The constraint inheritance explained above does not affectsoundness or
completeness ofBSDL.

3.5 Termination and Complexity Analysis

We now show that the number ofALCHIQ−-closures is finite for some finite signa-
ture. This, in combination with Lemma 2 and the soundness andcompleteness ofBSDL

shows thatBSDL, with eager application of redundancy elimination rules, is a decision
procedure forALCHIQ−.

Let the number|KB | be thesize of the knowledge base, computed recursively in the
following way, whereC andD are concepts,A an atomic concept, andR andS roles:

– |KB | =
∑

α∈KBR∪KBT ∪KBA
|α|,

– |R ⊑ S| = 3,
– |Trans(R)| = 2,
– |C ⊑ D| = |C ≡ D| = |C|+ |D|+ 1,
– |R(a, b)| = 3,
– |C(a)| = |C|+ 1,
– |⊤| = |⊥| = 1,
– |A| = |¬A| = 2,
– |C ⊔D| = |C ⊓D| = |C|+ |D|+ 1,
– |∃R.C| = |∀R.C| = 2 + |C|,
– | ≥ nR.C| = | ≤ nR.C| = n + 2 + |C|.

Intuitively, |KB | is the number of symbols needed to encodeKB on the input tape of
a Turing machine using the unary encoding of numbers. We use asingle symbol for each
atomic concept, role and individual. Then in the definition of the length of concepts
≥ nR.C and≤ nR.C stems from the assumption on unary coding of numbers: a
numbern can be encoded in unary coding withn bits.

Lemma 4. Let Ni be any closure set obtained in a derivation as defined in Lemma2.
If C is a closure inNi, then the number of literals inC is at most polynomial in|KB |,
for unary coding of numbers inKB input. Furthermore,|Ni| is at most exponential in
|KB |, for unary coding of numbers inKB input.

Proof. By Lemma 2,Ni can contain onlyALCHIQ−-closures. Since redundancy
elimination is applied eagerly,Ni cannot contain closures with duplicate literals or
closures identical up to variable renaming. Letr denote the number of role predicate
names,c the number of concept predicate names,i the number of individual names and
f the number of function symbols occurring in the signature ofΞ(KB). Thenr andi
are obviously linear in|KB |. Furthermore,c is also linear in|KB |, since the number
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of new concept names introduced during preprocessing is bounded by the number of
subconcepts of each concept, which is linear in|KB |. The numberf is bounded by the
sum of all numbersn in ≥ nR.C and≤ nR.C plus one for each∃R.C and∀R.C
occurring inKB . Since unary coding of numbers is employed,f is linear in|KB |. Let
n denote the maximal number occurring in any number restriction. For unary coding of
numbers,n is linear in|KB |.

Consider now the maximal number of literals in a closure of type 5. The maximal
number of literals forP1(x) is 2c (factor 2 allows for each predicate to occur positively
or negatively), forP2(〈f(x)〉) it is 2c · 2f (f is multiplied by2 since each term may
or may not be marked), for equalities it isf2 (both terms are always marked), and for
inequalities it is4f2 (factor4 allows for each side of the equality to be marked or not).
Hence, the maximal number of literals is2c + 4cf + f2 + 4f2. For a closure of type
6, the maximal number of literals is2c + 2c + 4cf + (f2 + f) + (4f2 + 2f): possible
choices forg do not contribute to the closure length, and the expressionsin parenthesis
take into account that each term in an equality or an inequality can befi(g(x)) or x.
For a closure of type 9, the maximal number of literals is2r · 2i · 2i + 2c · 2i + 2c ·
2f · i + 2 · (4i2 + i · f2 + if · 2i): the factor2 in front of the parenthesis takes into
account that equalities and inequalities may have the same form, and the expression in
the parenthesis counts all possible forms these literals may have. The maximal number
of literals of closures of type 1 and 2 is obviously2, and for closures of type 3 and 4
it is c + 1. For closures of type 7 and 8, one may observe that the number of variables
yi is bounded byn: closures inΞ(KB) contain at mostn variables, and no inference
steps increases the number of variables. The maximal numberof literals in a closure of
type 7 isn + nc + c + cf + n2 + |G|, where|G| is the maximal number of literals
in a closure of type 9: choices foru andR do not contribute to the closure length, and
the maximal number of equalities is bounded byn2, since after translation ofKB the
closure contains a literalyi ≈ yj for eachi > j, and no inference increases the number
of such equalities. Similarly, the maximal number of literals in a closure of type 8 is
n + nc + c + c + fc + n2. Hence, the maximal number of literals in any closure is
polynomial in|KB |, for unary coding of numbers.

The maximal number of closures of type 1–6 and 9 inNi is now easily obtained as
follows: if Cl is the closure with maximal number of literalsl for some closure type,
then there are2l subsets of literals ofCl. To obtain the total number of closures, one
must multiply2l with the number of closure-wide choices. For closures of type 6, the
function symbolg can be chosen inf ways. For closures of type 3 and 4, one can choose
R andf in rf ways. For closures of type 1, one can chooseR in r ways. For closures
of type 2, one can chooseR andS in r2 ways. Since all these factors are polynomial in
|KB | for unary coding of numbers, we obtain an exponential bound on the number of
closures of types 1–6 and 9.

For closures of type 7 and 8, we obtain the bound slightly differently: the initial
number of closures of type 7 is polynomial in|KB |. Each such closure can participate
in at mostn resolutions on the negative binary literals with a closure of type 3, 4, or
9. Since the number of such closures is exponential in|KB |, the number of closures of
type 7 and 8 is exponential inn · |KB |, which is again exponential in|KB |.
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We note that using binary coding of numbers, it is possible toencode the numbern
by log2 n bits, sof andn would be bounded by2|KB|, which would yield an exponen-
tial bound on the number of literals in the closure, and a doubly-exponential bound on
the number of closures.

Theorem 1. For anALCHIQ− knowledge baseKB , Consistent(KB) decides satis-
fiability of KB and runs in time exponential in the size of the input for unarycoding of
numbers.

Proof. Translation ofKB to Ξ(KB) can be performed in time polynomial in the size
of KB and contains onlyALCHIQ−-closures by Lemma 1. Letc denote the maximal
number of closures occurring in the closure set in a derivation as specified in Lemma
2, and letl denote the maximal number of literals in a closure. By Lemma 4, c is ex-
ponential, andl polynomial in |KB |, for unary coding of numbers. Hence, ordering
constraints can be checked in polynomial time. In [15], a subsumption decision algo-
rithm was presented, running in exponential time in the number of literals. Furthermore,
the subsumption check is performed at most for each pair of closures. Hence, subsump-
tion checking takes exponential time in|KB |. Each closure can potentially participate
in an inference with each other closure, resulting inc2 combinations. Furthermore, an
inference rule can be applied to any pair of literals, resulting in l2 combinations. Fi-
nally, any of the 5 inference rules may be applied. Hence, thenumber of applications of
inference rules ofBSDL is bounded by5c2l2, which is exponential in|KB |, for unary
coding of numbers. Now it is obvious that, after at most an exponential number of steps,
the set of closures will be saturated, and the procedure willterminate. SinceBSDL is
sound and complete with eager application of redundancy elimination rules, the claim
of the theorem follows.

In the proof of Theorem 1, we assumed an exponential algorithm for checking sub-
sumption. In practice, it is known that modern theorem provers spend up to 90% of their
time in subsumption checking, so an algorithm with a better worst case complexity on
ALCHIQ−-closures is useful in practice.

Lemma 5. Approximate subsumption checks forALCHIQ−-closures may be per-
formed in polynomial time.

Proof. In [15] it was shown that subsumption between closures having at most one
variable can be checked in polynomial time. This algorithm can be easily extended to
additionally checkη-reducibility, so subsumption checking for closures of type 3, 4, 5,
6 and 9 can be performed polynomially. Furthermore, checking whether a closure of
type 1 or 2 subsumes some other closure can be performed by matching the negative
literal first, and then checking whether there is a matching positive literal, which can be
performed in quadratic time. The problematic cases are closures of type 7 and 8.

LetC = C ·ρ be a closure of type 7, withC containing the variablex andn variables
yi, and letD = D · ρ be a closure of type 7, withD containing the variablex′ and
m variablesy′

j . Let us first assume that none of the closures contains constants. For a
closureα, letα∆ denote the multiset of terms assigned to variablesyi in the substitution
of α, andαx denote the sub-multiset of literals ofα containing only the variablex. C
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subsumesD if there exists a substitutionσ, such thatCρσ ⊆ Dρ. Obviously,σ will
contain a mappingx 7→ x′, and assignments fromyi to y′

j . Let σ′ = {x 7→ x′}.
The set of equality literals inC can be represented as a graph, where vertices are

marked with variablesyi, and there is an edge between each pair of vertices. ForC to
subsumeD, it is necessary to embed such a graph fromC into a graph fromD. Further-
more, verticesyi, to which a value has been assigned inρ, must be matched with such
verticesy′

j , such thatyiρσ′ = y′
jρ. Obviously, such an embedding exists if and only if

n ≤ m andC∆σ′ ⊆ D∆, which can be checked in polynomial time. Notice that terms
in equality literals always occur at substitution positions, soη-reducibility is always
satisfied. Additionally, forC to subsumeD, we need to check whetherCx subsumes
Dx′

, whetherCyi subsumesDy′

j for someyi andy′
j (since closures are symmetric with

respect toyi, checking someyi with somey′
j is sufficient), and whether the number of

literals¬R(x, yi) in C is smaller than or equal to the number of literals¬R(x, y′
j) inD.

These checks can be done in polynomial time.
Checking subsumption between closures of type 8 can be done in exactly the same

way. Finally, checking whether a closure of type 7 subsumes aclosure of type 8 differs
only in the fact thatσ will contain the mappingx 7→ g(x′), so we setσ′ = {x 7→ g(x′)}.

Furthermore, these checks may be performed onΞ(KB) before saturation. Since no
inference with a closure of type 7 or 8 may remove an equality literal from the closure,
if a closureC of type 7 or 8 does not subsume a closureD of type 7 or 8, no closureC′

derived fromC may subsume a closureD′ derived fromD. If bothC′ andD′ are derived
from the same closureC, if we resolve literals from left to right and use the ordering
constraint inheritance from Lemma 3, any substitutionσ will contain only mappings of
the formx 7→ x′ andyi 7→ y′

i, so we can replace the subsumption check by a simply
checking syntactic equality of literals containing corresponding variables.

For the case whereC orD contain ground subclauses, we may separately check the
subsumption of the ground and the non-ground subclauses. This check is approximate:
it is possible that the graph of equality literals fromC can be embedded into the graph
of equality literals fromD by using some equalities from the ground part ofD. Further-
more, we cannot use this algorithm for checking whether a closure of type 7 subsumes
a closure of type 9. However, we expect both of these situations to occur rarely, and
therefore expect that approximate checks will be sufficientin most cases.

3.6 Discussion

We briefly comment on some important aspects of our decision procedure. Firstly, it is
important to note that basic superposition is crucial to obtain the decision procedure,
as it it is responsible for restricting the depth of functional terms in any proof. If the
basicness restriction were not employed, then from premises g(h(x)) ≈ f(h(x)) and
C(f(g(x))), it would be possible to perform superposition into the termg(x) of the
second premise and obtainC(f(f(h(x)))). Under basic superposition, this inference
is not applicable, since the subtermg(x) is always introduced by a previous unifica-
tion step. Thus, superposition intog(x) of a termf(g(x)) is prohibited, so it does not
increase the term depth.

The second important aspect is the fact that superposition into closures of type 3
is redundant. If this were not the case, fromf(g(x)) ≈ h(g(x)) andR(x, f(x)), one
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might deriveR(g(x), f(g(x))), which can be turned intoR−(f(g(x)), g(x)). Now this
and closures of type 3 and 7 create closures of ever increasing depth. Whereas most
existing resolution decision procedures employ subsumption to limit the clause length
[25, 14], to our best knowledge, our decision procedure is the first one which uses sub-
sumption to restrict the term depth.

In a way, basic superposition ‘remembers’ thatf(g(x)) is actually a successor of
g(x) in a tree, sog(x) is always marked. Because of that, each closure of type 6 contains
exactly one suchg(x). Furthermore, superposition into closures of type 3 is redundant,
since each closure ‘remembers’ that each functional term appearing in it was generated
by some closure of type 3. These two features are closely related to the tree model
property of theALCHIQ− description logic.

We briefly comment on why the restrictions to very simple roles is necessary and
why basic superposition as such does not decide the unrestrictedALCHIQ variant.
In essence, the restriction to very simple roles in number restrictions is necessary for
establishing properties 5.i, 6.v, 6.vi, 7.viii, 8.vii, 8.viii and 9.iv. These properties are
used to show that superposition into a generator is redundant, since the conclusion is
subsumed by another generator. If at-most restrictions areallowed on roles having sub-
roles, then this subsuming generator need not exist. Consider the following knowledge
base:R ⊑ T, S ⊑ T,C ⊑ ∃R.⊤,⊤ ⊑ ∃S−.⊤,⊤ ⊑≤ 1T . The following is the
translation into closures:

¬C(x) ∨R(x, f(x)) (1)

S−(x, g(x)) (2)

¬R(x, y) ∨ T (x, y) (3)

¬S(x, y) ∨ T (x, y) (4)

¬S−(x, y) ∨ S(y, x) (5)

¬T (x, y1) ∨ ¬T (x, y1) ∨ y1 ≈ y2 (6)

In the following presentation, we omit the markers to reducethe clutter. From (2)
and (5), one can deriveS(g(x), x). From this and from (1), (3), (4) and (6) it is possible
to derivef(g(x)) ≈ x, which can be superposed back into (1), resulting in a closure
C(g(x)) ∨ R(g(x), x). However, sinceT was used in an at-least restriction and is not
very simple, condition 6.vi is not satisfied forf(g(x)) ≈ x: the designated role off
is R, but the inner occurrence ofg(x) stems fromPg(x) ∨ S([g(x)] , x). Hence, the
superposition conclusion is not redundant, but it is also not anALCHIQ−-closure. It
is easy to construct examples where such closures yield terms of ever increasing depth.

We finish this discussion with a short note on the complexity of our algorithm.
From [30] it is known that deciding satisfiability ofALCHIQ− knowledge bases is
EXPTIME-complete, even for non-unary coding of number in the input.Our algorithm
runs in exponential time only if unary coding of numbers in input is assumed. Practi-
cally, this means that the algorithm should not be used for large numbers in cardinality
restrictions, as this may degrade the performance.
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4 ReducingALCHIQ− to Disjunctive Datalog

Based on the decision procedure from Section 3, in this section we show how to reduce
anALCHIQ− knowledge baseKB to a disjunctive datalog program. Marking infor-
mation is not relevant for the reduction to datalog, so in this section we consider any
closureC · σ equivalent to the clauseCσ.

4.1 Overview

The translation we present is based on the observation that all ground functional terms
encountered during saturation step of algorithmConsistent(KB) are of depth at most
one. Hence, each such ground functional term can be simulated by a fresh constant.
Hence, one can simulate ground inference steps ofBSDL in a function-free version of
KB . The algorithm proceeds as follows:

– The TBox and RBox clauses ofKB are first saturated underBSDL. As shown by
Lemma 6, certain clauses can be removed from the saturated set, as they may not
participate in further inferences.

– If the saturated set does not contain the empty clause, function symbols are elim-
inated from saturated clauses cf. Subsection 4.2. Lemma 7 demonstrates that this
transformation does not affect satisfiability.

– In order to reduce the size of the datalog program, some irrelevant rules may be
removed, cf. Subsection 4.3. Lemma 8 demonstrates that thistransformation also
does not affect satisfiability.

– Transformation ofKB into a disjunctive datalog program, cf. Subsection 4.4, is
now straightforward: apart from some technical assumptions, it suffices to trans-
form each clause into equivalent sequent form. This transformation does not affect
entailment, which is trivially demonstrated by Theorem 2.

4.2 Eliminating Function Symbols

For anALCHIQ− knowledge baseKB , letΓT R = Ξ(KBT ∪KBR). LetSatR(ΓT R)
denote therelevant set of saturated clauses, that is, clauses of type 1, 2, 5, 7 ob-
tained by saturatingΓT R usingBSDL with eager application of redundancy elimi-
nation rules. Finally, letΓ = SatR(ΓT R) ∪ Ξ(KBA). Intuitively, Sat(ΓT R) contains
all non-redundant clauses following from the TBox and RBox.From this clause set any
further inference involved in deriving the empty clause will involve an ABox clause,
which cannot participate in an inference with a clause of type 3, 4, 6 or 8. Hence, we
may safely delete these clauses and consider only theSatR(ΓT R) subset.

Lemma 6. KB is unsatisfiable if and only ifΓ is unsatisfiable.

Proof. KB is unsatisfiable if and only if the set of clauses derived by the saturation
of Ξ(KB) by BSDL contains the empty clause. Since choosing the premises of each
inference rule is don’t-care non-deterministic, we may perform all non-redundant in-
ferences among clauses fromΓT R first. Let us denote the resulting set of intermediate
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clauses withNi = Sat(ΓT R) ∪Ξ(KBA). If Ni contains the empty clause,Γ contains
it by definition as well (the empty clause is of type 5), and theclaim of the Lemma
follows. Otherwise, we continue with saturation ofNi. Obviously, eachNj , j > i, in
the derivation, will be obtained fromNj−1 by applying an inference rule involving at
least one clause not inNi, which can only be a clause of type 7 whereu is a constant,
or a clause of type 9. By Lemma 3, we may safely consider only derivations where the
variablesyk in a clause are assigned terms in the decreasing order. Hence, Nj may not
be obtained by resolving a clause of type 7 whereu is a constant with a clause of type
3: this would assignyk to f(u), which is obviously larger than the constant that was
assigned to someyk′ , k′ < k. Furthermore, from the proof of Lemma 2, one may see
that a clause of type 7 whereu is a constant cannot participate in a resolution with a
clause of type 3, since the unifier never exists. The same lemma shows that any other
inferences with clauses of types 3, 4, 6 or 8 are either not possible, or are redundant.
Therefore, we may conclude that no clause of type 3, 4, 6 or 8 from Ni participates in
deriving Nj , j > i. Hence,Ni may safely be replaced byΓ . Any set of clausesNj ,
j > i, which can be obtained by saturation fromΞ(KB) may be obtained by saturation
fromΓ as well, modulo clauses of type 3, 4, 6 or 8. Hence, the saturation ofΓ byBSDL

derives the empty clause if and only if the saturation ofΞ(KB) by BSDL derives the
empty clause, so the claim of the Lemma follows.

We now show how to eliminate function symbols from clauses inΓ . Intuitively, the
idea is to replace each ground functional termf(a) with a new constant, denoted as
af . For each function symbolf we introduce a new predicate symbolSf , containing,
for each constanta, a tuple of the formSf (a, af ). Thus,Sf contains thef -successor
of each constant. Any reference to a termf(x) in some clause is then replaced with a
new variablexf , with the literal¬Sf (x, xf ) being added to the clause. Thus, for some
a, resolving¬Sf (x, xf ) with S(a, af ) will bind the value ofxf to af , which plays the
role of f(a). The Herbrand universe of the clause set becomes thus finite,so it can be
represented as a finite relationHU containing all constantsa andaf , and is used to
bind unsafe variables.

In order to formalize this process, we first define an operatorλ which eliminates
functional terms and binds all unsafe variables in a clause.

Definition 7. LetKB be anALCHIQ− knowledge base. For some ground functional
termf(a), let λ(f(a)) denote a globally unique constantaf , not occurring inKB 6.
For anALCHIQ−-clauseC, we defineλ(C) as follows:

1. For each term of the formf(x) in C, introduce a fresh variablexf not occurring
in C. Replace each occurrence off(x) with xf .

2. Replace each ground functional termf(a) with λ(f(a)).
3. For each variablexf introduced in the first step, append the literal¬Sf (x, xf ).
4. If after steps 1–3 some variablex occurs in a positive literal but not in a negative

literal, append the literal¬HU (x).

If p is a position in a clauseC, let λ(p) denote the corresponding position inλ(C).
Letλ− denote the inverse ofλ (i.e.λ(λ−(C)) ≡ C for any clauseC).

6 Globally unique means that, for somef anda, the constantaf is always the one and the same.
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Let FF(KB) = FFλ(KB) ∪ FFSucc(KB) ∪ FFHU (KB) ∪ Ξ(KBA) denote the
function-free version ofΞ(KB), whereFFλ, FFSucc andFFHU are defined as follows,
wherea andf range over all constant and function symbols inΞ(KB):

FFλ(KB) =
⋃

C∈SatR(ΓT R) λ(C)

FFSucc(KB) =
⋃

Sf (a, λ(f(a)))
FFHU (KB) =

⋃
HU (a) ∪

⋃
HU (λ(f(a)))

We now show thatKB andFF(KB) are equi-satisfiable.

Lemma 7. KB is unsatisfiable if and only ifFF(KB) is unsatisfiable.

Proof. We show thatΓ andFF(KB) are equi-satisfiable. SinceKB andΓ are equi-
satisfiable by Lemma 6, the claim of the lemma follows.

(⇐) If FF(KB) is unsatisfiable, since hyperresolution with superposition and splitting
is sound and complete [3], a derivation of an empty clause exists. We now show that
each such a derivation can be reduced to a derivation of the empty clause inΓ by sound
inference rules, in particular, hyperresolution, paramodulation, instantiation and split-
ting. In FF(KB), all clauses are safe, so electrons are always positive ground clauses,
and each hyperresolvent is a positive ground clause. Furthermore, since superposition
into variables is not necessary for completeness, superposition-related inferences are
necessary only among ground clauses. Finally, splitting ground clauses simplifies the
proof, since all ground clauses on each branch are unit clauses.

Let B be a branch branchFF(KB) = N0, . . . , Nn of a derivation by hyperresolu-
tion with superposition and eager splitting fromFF(KB). We show now by induction
onn that, for any branchB, there exists a corresponding branchB′ in a derivation from
Γ by sound inference steps, and a set of clausesN ′

m on B′ such that: (*) ifC is some
clause inNn not of the formSf (u, v) or HU (u), thenN ′

m contains thecounterpart
clauseof C, equal toλ−(C). The induction basen = 0 is obvious, asFF(KB) andΓ
contain only one branch, on which, other thanSf (u, v) or HU (u), all ground clauses
are ABox clauses. Now assume that the proposition (*) holds for somen and consider
all possibilities for the inference of a clauseC from clauses inNn, formingNn+1:

– Superposition into a literalHU (u) is redundant, sinceHU is instantiated for each
constant occurring inFF(KB), so the conclusion already appears on the branch.

– Assume that the inference is a superposition froms ≈ t into the ground unit clause
L. If L is of the formSf (u, v), then the proposition obviously holds. Otherwise,
clausess ≈ t andL are derived in at mostn steps onB, so by induction assumption
counterpart clausesλ−(s ≈ t) andλ−(L) are derivable inB′. Thus, superposition
can be performed on these clauses inB′, so the proposition holds.

– Reflexivity resolution can only be performed on some clauseu 6≈ u in B. By
induction hypothesisλ−(u 6≈ u) is then derivable inB′, and reflexivity resolution
can be applied there, so the proposition holds.

– Equality factoring is not applicable toB, since all positive clauses inB are ground
unit clauses.
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– Assume that the inference is a hyperresolution inference with nucleusC, the set of
positive ground electronsE1, . . . , Ek, and the unifierσ, resulting in the hyperresol-
ventH. We construct the substitutionσ′ as follows: for each variablex ∈ dom(σ)
not of the formxf , we include a mappingx 7→ λ−(xσ). Let us now perform onB′

an instantiation stepC ′ = (λ−(C))σ′. Obviously,λ−(Cσ) andC ′ may differ only
at a positionp in C, at which a variable of the formxf occurs. Let us denote with
p′ the positionλ−(p) in C ′. Furthermore, the term atp′ in λ−(C) is f(x), so with
p′x we denote the position of the innerx in f(x). In the hyperresolution inference
generatingH, the variablexf is instantiated by resolving¬Sf (x, xf ) with some
ground literalSf (u, v). Hence,Cσ contains atp the termv, whereasC ′ contains
at p′ the termf(u), andλ−(v) 6= f(u). We show now how to eliminate all such
discrepancies inB′. Observe that the literalSf (u, v) is onB obtained from some
R = Sf (a, af ) by n or less superposition inference steps. Let us denote by∆1

(∆2) the sequence of ground unit equalities applied to the first (second) argument
of R. All si ≈ ti from ∆1 or ∆2 are derivable inn steps or less onB, so corre-
sponding equalitiesλ−(si ≈ ti) are derivable onB′ by induction hypothesis. Let
us denote these corresponding sequences with∆′

1 and∆′
2. We may now perform

superposition with equalities from∆′
1 to C ′ at p′x in the reverse order. After this,

p′x will contain the constanta, andp′ will contain the termf(a). Hence, we may
now apply superposition with equalities from∆′

2 at p′ in the original order. After
this is done, each positionp′ will contain the termλ−(v). Let us denote withC ′′

the result of removing discrepancies at all positions. Obviously,C ′′ = λ−(Cσ).
All electronsEi are derivable inn steps or less onB, so if Ei is not of the form
Sf (u, v) or HU (u), λ−(Ei) is derivable onB′. We may now hyperresolve these
electrons withC ′′ to obtainH ′. Obviously,H ′ = λ−(H), so the proposition holds.

– If some ground clauseC of lengthk causes the branchB to be split intok sub-
branches, thenλ−(C) is also of lengthk andB′ can be split intok sub-branches,
where each of them satisfies (*), so the proposition holds.

Hence, if there is a derivation of the empty clause on all branches fromFF(KB),
then there is a derivation of the empty clause on all branchesfrom Γ as well.

(⇒) If Γ is unsatisfiable, sinceBSDL is sound and complete, a derivation of an empty
clause exists. We now show that each such derivation can be reduced to a derivation of
the empty clause inFF(KB) by sound inference rules.

Let B′ be a derivationΓ = N ′
0, . . . , N

′
n by BSDL. We show by induction onn

that there exists a corresponding derivationB of the formFF(KB) = N0, . . . , Nm by
sound inference steps, such that: (**) ifC ′ is some clause inN ′

n, thenNm contains the
counterpart clauseC = λ(C ′). The induction basen = 0 is trivial. Assume now that
(**) holds for somen and consider possible inferences derivingN ′

n+1 = N ′
n ∪ {C

′},
where the clauseC ′ is derived from premisesP ′

1 andP ′
2 in N ′

n. By induction hypothesis,
we know that there is a derivationB from FF(KB) with a clause setNm containing the
counterpart clauses of the premisesP ′

1 andP ′
2, denoted withP1 andP2, respectively.

We now consider each possible inference that might have leadto the derivation ofC ′

and show how to construct a derivation ofC = λ(C ′) from Nm.
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Assume that the inference is by ordered resolution on literals L′
1 ∈ P ′

1 andL′
2 ∈ P ′

2.
Then resolution may be applied on corresponding literalsL1 andL2 of P1 andP2,
respectively, resulting in a clauseD. Unification of a non-ground functional termf(x)
with some other term or variable inL′

1 andL′
2 corresponds to the unification ofxf with

some other term or variable inL1 andL2. The differences betweenλ(C ′) andD may
have the following causes:

– C ′ may have some termf(a) appearing inC ′ at positionp, while D containsxf at
λ(p). However,D then contains the literal¬Sf (a, xf ), which can be resolved with
S(a, af ), to produceaf at positionλ(p).

– λ(C ′) andD may differ in some literal of the form¬HU(u). Since, for any con-
stantu, any set of clauses onB containsHU(u), this discrepancy can easily be
removed by resolvingC with HU(u).

By successively removing differences betweenD andλ(C ′), we eventually obtain
a clauseC such thatC = λ(C ′).

If the inference is by equality factoring or reflexivity resolution, then the premise
P ′

1 is ground and the inference may be applied toP1 in the same way.
Assume the inference is by positive or negative basic superposition. If bothP1 and

P2 are ground, since superposition into Skolem function symbols is not needed, super-
position can be applied toP1 andP2 in the same way. Otherwise,P1 is a clause of type
5. Let superposition be performed at positionp into a term of the formf(x) with the
term inP2 being of the formf(a), with unifier{x 7→ a}. This inference can be simu-
lated inNm as follows:P1 must contain a literal¬Sf (x, xf ) and the variablexf must
occur at positionλ(p). One can first resolveP1 with Sf (a, af ), which will produceaf

at positionλ(p). Now one may perform superposition withP2 at λ(p) to obtain the
clauseC. SinceP1 containsxf , is it safe and does not contain any¬HU (x) literals, so
C = λ(C ′).

Hence, if there is a derivation of the empty clause fromΓ , then there is a derivation
of the empty clause fromFF(KB) as well.

The result above means thatKB |= α if and only if FF(KB) |= α, whereα may
be of the form(¬)A(a) or (¬)R(a, b), whereA is an atomic concept. The proof also
reveals the fact that, in checking satisfiability ofFF(KB), it is not necessary to perform
superposition into literalsHU (a).

In case the knowledge base uses only constructs from theALCHI subset, further
optimizations are possible, sinceΞ(KB) then does not contain equalities. The proof of
Lemma 2 implies that clauses of type 5 containing a functional term cannot participate
in any inference with clauses of type 9: superposition intof(x) is not possible, so no
ground literal containing a functional term may be generated. In this case,SatR(ΓT R)
should contain only function-free clauses from the saturated set. Also,FF(KB) should
contain onlyHU (a) for each constanta.

4.3 Removing Irrelevant Clauses

The saturation ofΓT R derives new clauses which enable the reduction toFF(KB).
However, the same process introduces lots of clauses which are not necessary. Consider,
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for example, the knowledge baseKB = {A ⊑ C,C ⊑ B}. If the predicate ordering
is C ≻ B ≻ A, then the saturation process will derive the clause¬A(x) ∨ B(x),
which is not necessary: all ground consequences of this clause may be obtained by
combining ground consequences of the first two. Hence, in this subsection we present
an optimization, by which we reduce the number of clauses in the resulting disjunctive
datalog program.

Definition 8. Let C ∈ FF(KB) be a clause such thatλ−(C) was derived in the satu-
ration ofΓT R from premisesPi, 1 ≤ i ≤ k, by an inference with a substitutionσ. Then
C is irrelevantin FF(KB) if, for each premisePi, λ(Pi) is defined,λ(Pi) ∈ FF(KB),
and each variable occurring inλ(Piσ) occurs inC. A clauseC is relevantif and only
if it is not irrelevant. Finally, we useFFR(KB) to set of all clauses relevant inFF(KB).

Removing irrelevant clauses preserves satisfiability, as demonstrated by the follow-
ing lemma.

Lemma 8. FFR(KB) is unsatisfiable if and only ifFF(KB) is unsatisfiable.

Proof. Let C be an irrelevant clause inFF(KB), whereλ−(C) is derived in the sat-
uration ofΓT R from premisesPi by an inference ruleξ with a substitutionσ. Let N
be a (not necessarily proper) subset ofFF(KB), such thatC ∈ N andλ(Pi) ∈ N ,
i ≤ i ≤ k. We now demonstrate the following property (***):N is unsatisfiable if and
only if N \ {C} is unsatisfiable. The (⇐) direction is trivial, sinceN \ {C} ⊂ N .

For the (⇒) direction, by Herbrand’s theorem,N is unsatisfiable if and only if some
finite setM of ground instances ofN is unsatisfiable. For suchM , we construct the
set of ground clausesM ′ in the following way, whereλ(σ) is the substitution obtained
from σ by changing eachx 7→ t into x 7→ λ(t):

– For eachD ∈M such thatD is not a ground instance ofC, let D ∈M ′.
– For eachD ∈ M such thatD is a ground instance ofC with substitutionτ , let

λ(Pi)λ(σ)τ ∈M ′, 1 ≤ i ≤ k.

Let τ be a ground substitution forC andD = Cτ . SincePi can be clauses of type 1
– 5, andσ is the most general unifier, it can contain only mappings of the formx 7→ c,
x 7→ x′ or x 7→ f(x′). Hence, the set of variables inλ(Piσ) andλ(Pi)λ(σ) coincide,
and sinceτ instantiates all variables fromλ(Piσ), the clauses inM ′ are indeed ground
instances ofN \ {C}. Furthermore, it is easy to see thatλ(Pi)λ(σ)τ ⊆ λ(Piσ)τ . If
the inclusion is strict, this is due to literals of the form¬Sf (a, b) in the latter clause
which are not in the first one becauseσ instantiates some variable fromPi to a func-
tional termf(x′) originating from some premisePj . But thenλ(Pj) contains the literal
¬Sf (x′, x′

f ), soλ(Pj)λ(σ)τ contains¬Sf (a, b). Therefore, allλ(Pi)λ(σ)τ can partic-
ipate in an ground inference corresponding toξ derivingD, so ifM is unsatisfiable,M ′

is unsatisfiable as well. SinceM ′ is an unsatisfiable set of ground instances ofN \{C},
N \ {C} is unsatisfiable by Herbrand’s theorem.

Let derivesbe a binary relation on clauses inFF(KB), such thatC1 derivesC2 if
λ−(C1) was used as a premise for derivingλ−(C2) in the saturation ofΓT R. Obviously,
derivesis a directed acyclic graph, so it can be topologically sorted into a sequence
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C1, . . . , Cn, such that for each1 ≤ i < j ≤ n, noCi derivessomeCj (i.e. each clause
has a smaller index than the clauses it was derived from). Consider now a sequence
of clause setsN0 = FFR(KB), N1, . . . , Nn, whereNi = Ni−1 if Ci is relevant in
FF(KB), andNi = Ni−1\{Ci} if Ci is irrelevant inFF(KB), 1 ≤ i ≤ n. By induction
on n, Nn is unsatisfiable if and only ifFF(KB) is unsatisfiable: ifCi is irrelevant,
since all premises derivingλ−(Ci) are in Ni, the conditions of (***) are satisfied.
Furthermore, all irrelevant clauses are eliminated inNn. Hence,Nn = FFR(KB), and
the claim of the lemma follows.

4.4 Reduction to Disjunctive Datalog

Reduction of anALCHIQ− knowledge baseKB to disjunctive datalog is now easy.

Definition 9. Reduction ofKB to a disjunctive datalog programDD(KB) is obtained
by simply rewriting each clauseA1 ∨ . . .∨An ∨¬B1 ∨ . . .∨¬Bm in FFR(KB) as the
rule A1 ∨ . . . ∨An ← B1, . . . , Bm.

Theorem 2. LetKB be anALCHIQ− knowledge base and letDD(KB) be its reduc-
tion to disjunctive datalog. Then the following claims hold:

1. KB is unsatisfiable if and only ifDD(KB) is unsatisfiable.
2. KB |= α if and only ifDD(KB) |=c α, whereα is of the formA(a) or R(a, b) and

A is an atomic concept.
3. KB |= C(a) with C being a non-atomic concept if and only if

DD(KB ∪ {C ⊑ Q}) |=c Q(a).
4. The number of rules inDD(KB) is at most exponential, the number of literals in

each rule is at most polynomial, andDD(KB) can be computed in exponential time
in |KB |, for unary coding of numbers in the input.

Proof. The first claim is an obvious consequence of Lemma 8. The second claim fol-
lows from the first one, sinceDD(KB ∪ {¬α}) = DD(KB) ∪ {¬α} is unsatisfiable
if and only if DD(KB) |=c α. Furthermore,KB |= C(a) if and only if KB ∪ ¬C(a)
is unsatisfiable, which is the case if and only ifKB ∪ {¬Q(a),¬Q ⊑ ¬C} = KB ∪
{¬Q(a), C ⊑ Q} is unsatisfiable. Now the third claim follows from the secondone,
and the fact thatQ is atomic.

By Lemma 4,|Sat(ΓT R)| is at most exponential in|KB |, and, for each clauseC
in it, the number of literals is at most polynomial in|KB |. It is easy to see that the
application ofλ to C can be performed in time polynomial in the number of terms and
literals in C. The number of constantsaf added toDD(KB) is equal toi · f , where
i is the number of individuals, andf the number of function symbols. By Lemma 4,
if numbers are unary coded, bothi andf are polynomial in|KB |, so the number of
constantsaf is also polynomial in|KB |. By Theorem 1,Sat(ΓT R) can be computed in
time at most exponential in|KB |, so the fourth claim follows.
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4.5 Answering Queries inDD(KB)

In order to make this paper self-contained, we discuss briefly the techniques that can
be used for query answering inDD(KB). Many techniques have been developed for
disjunctive datalog without equality. These techniques can be used, provided that the
usual congruence properties of equality are axiomatized correctly. This can be done by
adding the following axioms toDD(KB), where the last axiom is instantiated for each
predicate occurring inDD(KB) other thanHU :

x ≈ x← HU (x). (7)

x ≈ y ← y ≈ x. (8)

x ≈ z ← x ≈ y, y ≈ z. (9)

P (. . . , y, . . .)← P (. . . , x, . . .), x ≈ y. (10)

Currently, the state-of-the-art technique for reasoning in disjunctive datalog is so-
called intelligent grounding [12]. The algorithm is based on model building, which
is performed by generating the ground instantiation of the program rules, generating
candidate models, and using model checking algorithms to eliminate models which do
not satisfy the ground rules. In order to avoid generating the entire grounding of the
program, carefully designed heuristics is applied to generate the subset of the ground
rules which have exactly the same set of the stable models as the original program.
Query answering is reduced to model building, sinceA is not a certain answer if and
only if there is a model not containingA.

The intelligent grounding technique is currently the state-of-the-art technique for
reasoning in disjunctive datalog and has been implemented successfully in the DLV
disjunctive datalog engine [12]. However, it is important to understand that in disjunc-
tive datalog applications, computing the models is usuallyof more interest than query
answering. For example, disjunctive datalog has been successfully applied to planning
problems, where each model usually represents one computedplan.

On the contrary, the models ofDD(KB) are of virtually no interest andDD(KB)
does not contain negation-as-failure. Hence, we propose query answering inDD(KB)
by hyperresolution and basic superposition, which may be viewed as an extension of
the fixpoint computation of plain datalog. A similar technique was presented in [9].
However, the algorithm presented there has two drawbacks: it does not take equality
into account, and it does not specify whether application ofredundancy elimination
techniques is allowed. Roughly, the technique consists of saturating the rules and facts
of DD(KB) by hyperresolution with basic superposition under an ordering in which all
ground query literals are smallest. Additionally, it is required that the query predicate
does not occur in the body of any rule. Under these assumptions, one may show that
the saturated set of clauses will contain all ground query literals which are cautiously
entailed by the program. Because the ordering is total, in each ground disjunction there
is exactly one maximal literal. Hence, semi-naive bottom-up computation or join order
optimizations can be adapted to the disjunctive case.
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It is important to understand that even though we do not propose reusing intelli-
gent grounding, the reduction to disjunctive datalog has the benefit that it enables the
application of the magic sets transformation [16]. This technique is independent of the
actual query evaluation strategy and can be reused as-is. Wefind it difficult to adapt the
technique to other formalisms.

We now present the query answering technique in more detail.Let HBS denote
theBS calculus where ordered resolution rule is replaced with hyperresolution of all
negative literals. LetP be a positive satisfiable disjunctive datalog program andQ a
predicate not occurring in the body of any rule inP . Let SatHBS(P ) denote the set of
ground closures obtained by saturatingP byHBS under any term ordering in which all
literals of the formQ(a) are smallest. Furthermore, apart from usual basic superposition
inferences, for any two closuress ≈ t∨C wheres ≈ t is strictly maximal ands ≻ t, and
Q(a)∨D whereQ(a) is strictly maximal, we perform any possible superpositionfrom
t into Q(a), and we perform it even if the corresponding position inQ(a) is marked.
During saturation, redundancy elimination techniques maybe applied as usual.

A remark about the above definition is in order. Namely, any admissible ordering is
stable under contexts and under substitutions, and is totalon ground terms; therefore,
it has the subterm property for ground terms [2]. However, insuch an ordering a literal
Q(a) is not always the smallest: for literalsa ≈ b andQ(a) with a ≻ b, we always have
Q(a) ≻ a, soQ(a) ≻ a ≈ b.

This situation can be remedied by dropping the requirement on≻ to be stable under
substitutions (i.e. that for all substitutionsσ and termss andt, s ≻ t impliessσ ≻ tσ).
Hence, for ground terms the term ordering≻ must be total, well-founded and stable
under contexts (i.e. for all ground termss, t andu, and all positionsp, s ≻ t implies
u[s]p ≻ u[t]p). An example is aqueryordering≻Q induced over a total precedence
of over constant symbols>C and predicate symbols>P such thatQ is the smallest
element in>Q, defined in the following way (a(i) andb(i) are arbitrary constants,P
andR are arbitrary predicate symbols, andQ is the query predicate symbol):

– a ≻Q b if a >C b,
– P (a1, . . . an) ≻Q b,
– P (a1, . . . an) ≻Q R(b1, . . . , bm) if R >P R,
– P (a1, . . . an) ≻Q P (b1, . . . , bn) if there is somek, 1 ≤ k ≤ n, such thatai = bi

for i < k andak ≻ bk,
– a ≻Q Q(b1, . . . , bn).

It is easy to see that≻Q is well-founded, stable under contexts, and that it fulfillsthe
requirements ofHBS. However, it is not defined for non-ground terms, since extending
≻Q to non-ground terms would requirex ≻ Q(x). Therefore,≻Q cannot be used to
decide satisfiability of a general first-order theory byBS.

However, satisfiability of a positive programP can be decided by saturatingP
underHBS. Let P∞ be the set of closures obtained by saturatingP underHBS and
consider applying model-generation method toP∞. All non-ground closures inP∞

have selected negative literals, so they are not productive. Therefore, all productive
clauses inP∞ are positive ground clauses without functional terms. Literals from such
clauses can be compared using≻Q, and a model can be generated in the same way as



ReducingSHIQ− Description Logic to Disjunctive Datalog Programs 39

in [7, 24]. In fact, to saturateP and to generate a model ofP∞ it is not necessary to
compare non-ground terms, so stability under substitutions is not needed. Therefore, we
conclude thatHBS is sound and complete for deciding satisfiability ofP . From this we
obtain the following result:

Lemma 9. P |=c Q(a) if and only ifQ(a) ∈ SatHBS(P ).

Proof. P |=c Q(a) if and only if the set of closuresN obtained by saturatingP ∪
{¬Q(a)} under hyperresolution and basic superposition under the above specified or-
dering contains the empty closure. Notice that, since all rules inP are safe, all hyperre-
solvents are positive ground closures.

Consider first the case when no superposition inference is applied to the literal
¬Q(a) in the saturation ofN . SinceP is satisfiable,N contains the empty closure
if and only if a hyperresolution with¬Q(a) is performed in saturation. Since the lit-
erals containingQ are smallest in the ordering, a positive literalQ(a) can be maximal
only in a closureC = Q(a) ∨D, whereD contains only literals with theQ predicate.
Since¬Q(a) is the only closure whereQ occurs negatively, ifD is not empty, no literal
from D can be eliminated by a subsequent hyperresolution inference. Hence, the empty
closure can be derived from suchC if and only if D is empty, which is the case if and
only if Q(a) ∈ SatHBS(P ).

Assume now that in the saturation ofN several superposition inferences from clo-
suresai ≈ bi ∨ Ci, ai ≻ bi, are applied to¬Q(a), resulting in a closure¬Q(b) ∨ C,
which then participates in a resolution with a closureQ(b) ∨D yieldingC ∨D. Such
a derivation can be transformed into a derivation where superposition inferences are
performed onbi into Q(b) ∨D, yieldingQ(a) ∨ C ∨D, which can then participate in
a resolution with¬Q(a) to obtainC ∨ D. Thus, we may successively eliminate each
superposition into some¬Q(a) and obtain a derivation in which no superposition into
some¬Q(a) has been performed. Since inSatHBS(P ) all superposition inferences from
the smaller side of the equality are performed into all literals containingQ, and all such
inferences are sound, the claim of the lemma follows.

Assuming thatQ is a single predicate, or that it does not occur in the body of any
rule in P does not reduce the generality of the approach, as one can always add a new
rule of the formQ(x)← A(x) so that the conditions of Lemma 9 are satisfied.

We now consider the complexity of query answering inDD(KB). Namely, it is
well-known that the expression complexity of checking whetherP |=c A for any pro-
gramP is co-NEXPTIMENP-complete in the size of|P | [11]. Since|DD(KB)| is expo-
nential in|KB |, a straight-forward reasoning gives an algorithm in co-2NEXPTIMENP.
However, inDD(KB), each rule is of length polynomial in|KB |, so the hardness argu-
ments from [11] do not apply directly toDD(KB), since it is a program of a restricted
form.

Theorem 3. Computing the set of all ground literals of the formC(a) or R(a, b) which
are entailed byDD(KB) can be done in time exponential in|KB | for unary coding of
numbers.
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Proof. In a way similar to the Lemma 4, it is easy to see that the maximal length of each
ground clause inSatHBS(DD(KB)) is polynomial in|KB |, so the number of ground
clauses is exponential in|KB |. Furthermore, in each application of the hyperresolution
inference to some ruler, one selects a clause for each body literal ofr, which is poly-
nomial in|KB |, giving rise to exponentially many different hyperresolution inferences.
Hence, the saturation ofDD(KB) may be performed in time exponential in|KB |. Since
by Lemma 9 saturation ofDD(KB) computes all certain answers ofDD(KB), the claim
of the theorem follows.

We finish with a note about an optimization which may be applied if unique names
assumption holds inKB and only answers involving the individual constants are of
interest (which is the usual case). If one takes an ordering where all constantsaf are
bigger than all individual constantsa, then superposition inferences from the smaller
side of an equation are not needed. Namely, sinceaf ≻ a, in saturation ofDD(KB) ∪
{¬Q(a)} no superposition inference may replace someai with af . Furthermore, for
any clauseD = a ≈ b ∨ C, there is a clausea 6≈ b, soD may be replaced immediately
with C. Hence, no equality can reduce a position in¬Q(a), so we always have the first
case of the Lemma 9.

4.6 Discussion

It is important to note that our reduction to disjunctive datalog preserves entailment
underdescriptive semantics. Namely, in [23] Nebel has shown that knowledge bases
containing terminological cycles are not definitorial. This means that, for some fixed
partial interpretation of atomic concepts, several interpretations of non-atomic concepts
may exist. It might be reasonable then to designate a particular interpretation as the
intended one, with least and greatest fixpoint models being the obvious candidates.
However, there is no definite answer to this question, as choosing either of the fixpoint
models has its drawbacks. Consequently, most description logic systems implement the
so called descriptive semantics, which coincides with thatof Definition 2.

Obviously, our decision procedure implements exactly the descriptive semantics.
Furthermore, Theorem 2 shows thatDD(KB) entails exactly those ground facts which
are entailed by our decision procedure, soDD(KB) also implements the descriptive
semantics. Hence, one may say that the set of facts containedin any minimal model of
DD(KB) coincides with the set of facts entailed byKB under descriptive semantics.
Intuitively, it is the saturation process which is responsible for this.

Finally, we point out that basic superposition is crucial for the correctness of the
translation. Namely, the basicness restriction renders superposition into Skolem func-
tion symbols redundant, which allows treating ground functional terms as constants.

5 Extension toSHIQ− Description Logic

In this section we extend our results toSHIQ−, by encoding anSHIQ knowledge
base into an equi-satisfiableALCHIQ knowledge base. Restriction to very simple
roles is not relevant in this context, so we prove our resultsfor SHIQ.
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This transformation is similar to the one found in [30], where an algorithm for trans-
formingSHIQ concepts to concepts inALCIQb logic was presented (ALCIQb does
not provide any role hierarchy, but allows certain types of boolean operations on roles).
Another similar transformation has been presented in [29],where it is demonstrated,
among others, how multi-modal logic with transitive modalities K4m can be encoded
in a multi-modal logic without transitive modalities Km.

Definition 10. For aSHIQ knowledge baseKB , letclos(KB) denote the concept clo-
sure ofKB , defined as the smallest set of concepts satisfying the following conditions:

– If C ⊑ D ∈ KBT , thenNNF(¬C ⊔D) ∈ clos(KB).
– If C ≡ D ∈ KBT , thenNNF(¬C ⊔D) ∈ clos(KB) and

NNF(¬D ⊔ C) ∈ clos(KB).
– If C(a) ∈ KBA, thenNNF(C) ∈ clos(KB).
– If C ∈ clos(KB) andD occurs inC, then{D,NNF(¬D)} ⊆ clos(KB).
– If ∀R.C ∈ clos(KB), S ⊑∗ R, andTrans(S) ∈ KBR, then∀S.C ∈ clos(KB).

Notice that all concepts inclos(KB) are in NNF. Now we define the operatorΩ
which encodes anySHIQ knowledge baseKB into anALCHIQ knowledge base
Ω(KB) which can equivalently be used for satisfiability checking.

Definition 11. For a SHIQ knowledge baseKB , let Ω(KB) denote the following
ALCHIQ knowledge base:

– Ω(KB)R is obtained fromKBR by removing all axiomsTrans(R),
– Ω(KB)T = KBT ∪ {∀R.C ⊑ ∀S.(∀S.C) | ∀R.C ∈ clos(KB) ∧

S ⊑∗ R ∧ Trans(S) ∈ KBR},
– Ω(KB)A = KBA.

Observe that, for any conceptC, the number of subconcepts inclos(KB) is bounded
by the number of subexpressions inC. Furthermore, for each concept fromclos(KB),
we may generate at most|NR| axioms inΩ(KB)T . Hence, the encoding is polynomial
in |KB |. We now show that this encoding does not affect satisfiability.

Theorem 4. KB is satisfiable if and only ifΩ(KB) is satisfiable.

Proof. Out of convenience, we use the model-theoretic semantics ofSHIQ in this
proof. This semantics is identical to the one given by mapping to first-order logic. In
particular, the notationα ∈ CI should be understood asI |= C(a), whereaI = α.

(⇐) Assume thatI is a model ofKB . We show thatI is a model ofΩ(KB) as well. The
proof is by contradiction: assume thatI is not a model ofΩ(KB), so some axiom from
Ω(KB) is not satisfied inI. Since we haveΩ(KB)R ⊆ KBR andKBT ⊆ Ω(KB)T ,
this axiom must have been added in the second point of Definition 11. Hence, there
is a domain elementα such thatα ∈ ∀R.CI , but α /∈ (∀S.(∀S.C))I . There are two
possibilities:

– There is no domain elementβ for which (α, β) ∈ SI . Thenα ∈ (∀S.X)I , regard-
less ofX. Hence,α ∈ (∀S.(∀S.C))I must hold, which is a contradiction.
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– There isβ such that(α, β) ∈ SI . There are two possibilities:

• If no domain elementγ exists such that(β, γ) ∈ SI , thenβ ∈ (∀S.(∀S.C))I ,
which is a contradiction.

• If there isγ such that(β, γ) ∈ SI , by transitivity ofS we have(α, γ) ∈ SI .
Since andSI ⊆ RI andα ∈ (∀R.C)I , we haveγ ∈ CI . Since this holds
for any γ, we haveβ ∈ (∀S.C)I . Since this holds for anyβ, we have that
α ∈ (∀S.(∀S.C))I and we derive a contradiction.

Since we derive a contradiction in all cases,I must be a model ofΩ(KB).

(⇒) As explained in Subsection 2.1, without loss of generalitywe may focus only on
knowledge bases with acyclic RBoxes. LetR+ denote the transitive closure of some
relationR. Let I be a model ofΩ(KB), and let interpretationI ′ be constructed fromI
as follows:

– For each atomic conceptA ∈ clos(KB) setAI′

= AI .
– If Trans(R) ∈ KBR, setRI′

= (RI)+.
– If Trans(R) /∈ KBR, setRI′

= RI ∪
⋃

S⊑∗R,S 6=R SI′

.

Since we may assume thatKBR is acyclic, the above induction is well-defined. We
will now show thatI ′ satisfies every RBox axiom ofKB . By constructionI ′ satisfies
all transitivity axioms inKBR. Furthermore,I ′ satisfies each inclusion axiom inKBR:
If R is not transitive, this is obvious from the construction; otherwise, this follows from
the fact thatA+ ∪ B+ ⊆ (A ∪ B)+ for anyA andB. Furthermore, for any roleR we
haveRI ⊆ RI′

. Finally, if R is simple, thenRI′

= RI .
We now show that, for eachD ∈ clos(KB), DI ⊆ DI′

. We do this by induction
on the structure ofD. For the base case, whenD is an atomic conceptA or a negation
of an atomic concept¬A, the claim follows directly from the definition ofI ′. For the
induction steps we examine each possible formD might have:

– D = C1 ⊓ C2. Assume for someα we haveα ∈ (C1 ⊓ C2)
I . Thenα ∈ CI

1 and
α ∈ CI

2 . By induction hypothesis,α ∈ CI′

1 andα ∈ CI′

2 . Hence,α ∈ (C1 ⊓C2)
I′

.
– D = C1⊔C2. Assume for someα we haveα ∈ (C1⊔C2)

I . Then eitherα ∈ CI
1 , so

by induction hypothesisα ∈ CI′

1 , or α ∈ CI
2 , so by induction hypothesisα ∈ CI′

2 .
Either way,α ∈ (C1 ⊔ C2)

I′

.
– D = ∃R.C. Assume for someα we haveα ∈ (∃R.C)I . Then there is aβ such that

(α, β) ∈ RI andβ ∈ CI , so by induction hypothesisβ ∈ CI′

. SinceRI ⊆ RI′

,
we have(α, β) ∈ RI′

. Hence,α ∈ (∃R.C)I′

.
– D = ∀R.C. Assume thatα ∈ (∀R.C)I . If there is noβ such that(α, β) ∈ RI′

,
thenα ∈ (∀R.C)I′

. Otherwise, assume there is suchβ. There are two possibilities:

• (α, β) ∈ RI . Thenβ ∈ CI , so by induction hypothesisβ ∈ CI′

.
• (α, β) /∈ RI . Then there must be a roleT ⊑∗ R with Trans(T ) ∈ KBR, and

a path(α, γ1) ∈ T I , (γ1, γ2) ∈ T I , . . ., (γn−1, β) ∈ T I , n > 1. But then
∀R.C ⊑ ∀T.(∀T.C) ∈ Ω(KB)T , soα ∈ (∀T.(∀T.C))I , soγ1 ∈ (∀T.C)I .
Furthermore,∀T.C ⊑ ∀T.(∀T.C) ∈ Ω(KB)T , so for eachi we haveγi ∈
(∀T.C)I . Forn− 1 we haveβ ∈ CI , so by induction hypothesisβ ∈ CI′

.
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Since for anyβ, in both cases we have thatβ ∈ CI′

, we haveα ∈ (∀R.C)I′

.
– D =≥ nR.C. Assume thatα ∈ (≥ nR.C)I . Then there are at leastn distinct do-

main elementsβi such that(α, βi) ∈ RI andβi ∈ CI , so by induction hypothesis
βi ∈ CI′

. SinceRI ⊆ RI′

, we haveα ∈ (≥ nR.C)I′

.
– D = ≤ nR.C. SinceR is simple,RI = RI′

. Let E = NNF(¬C). Assume
now thatα ∈ (≤ nR.C)I , but α /∈ (≤ nR.C)I′

. Then aβ must exist such
that (α, β) ∈ RI , β /∈ CI , β ∈ CI′

, β ∈ EI and β /∈ EI′

. However, since
E ∈ clos(KB), by induction hypothesis we haveβ ∈ EI′

, which is a contradiction.
Hence,α ∈ (≤ nR.C)I′

.

Now it is obvious that any ABox axiom of the formC(a) from KB is satisfied inI ′:
sinceI is a model ofΩ(KB), we haveaI ∈ CI , but sinceCI ⊆ CI′

, we haveaI ∈ CI′

.
Also, any ABox axiom of the formR(a, b) from KB is satisfied inI ′: sinceI is a
model ofΩ(KB), we have(aI , bI) ∈ RI , but sinceRI ⊆ RI′

, we have(aI , bI) ∈ RI′

.
Finally, any TBox axiom of the formC ⊆ D from KB is satisfied inI ′: sinceI is a
model ofΩ(KB), we have that△I ⊆ (¬C⊔D)I , but since(¬C⊔D)I ⊆ (¬C⊔D)I′

,
we have△I ⊆ (¬C ⊔D)I′

. Similar argument may be made for any TBox axiom of the
form C ≡ D.

Notice thatΩ(KB ∪ {(¬)C(a)}) = Ω(KB) ∪ {(¬)C(a)}, soKB |= (¬)C(a)
iff Ω(KB) |= (¬)C(a). However, the models ofKB andΩ(KB) may differ in the
interpretation of complex roles, soΩ(KB) can be used only to prove entailment of
ground facts(¬)R(a, b) for a simple roleR.

6 Example

In this section we present a simpleALCHIQ− knowledge base and show how it can
be reduced to disjunctive datalog. LetKB denote the following knowledge base:

≥ 2 hasChild ⊑ TaxCut (11)

Man ⊓Woman ⊑ ⊥ (12)

∃hasDaughter .⊤ ⊑Woman (13)

∃hasChild .(∃hasDaughter .⊤)(Peter) (14)

hasChild(Peter ,Paul) (15)

Man(Paul) (16)

The intuitive interpretation is as follows: (11) states that if someone has two chil-
dren, then he is eligible for a tax cut. (12) says that the set of man and women are
disjoint. (13) says that if someone has a daughter, then she is a woman. (14) says that
Peter has a child which has some daughter. Finally, (15) states that Peter has a child
Paul and (16) says thatPaul is a man. Notice that axiom (14) states a form of incom-
plete knowledge: one knows thatPeter has at least one child, but one does not know its
name. This is not allowed in traditional database data models, which can manage only
definite information.
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This knowledge base entailsTaxCut(Peter), and here is why: The unnamed child
of Peter implied by (14) has a daughter, so it must be a woman by (13). Furthermore,
this unnamed child must be some other child thanPaul , sincePaul is a man. Hence,
Peter has at least two children, so he is eligible for a tax cut. Notice that if we had no
evidence that the unnamed child is a woman, we would not be able to tell whether this
unnamed child is different fromPaul , so we would not be able to draw the conclusion
TaxCut(Peter).

Let us now show howTaxCut(Peter) may be concluded by reducing the knowl-
edge base to disjunctive datalog. First we may observe that (14) is not extensionally
reduced, so we introduce a new atomic conceptQ1 and replace (14) with these axioms:

Q1 ⊑ ∃hasChild .(∃hasDaughter .⊤) (17)

Q1(Peter) (18)

The next step is to computeΞ(KB). We do this by applying the structural transfor-
mation, where we introduce a new predicateQ2 for the subexpression∃hasDaughter .⊤
of (17). We define the precedence relation>P for the LPO as follows:

g >P f >P

Peter >P Paul >P

Woman >P TaxCut >P Q2 >P Q1 >P Man >P hasDaughter >P hasChild

Then (19) to (24) below present the closures ofΞ(KBT ), where literals which may
participate in inferences have been underlined (they are either selected or maximal):

TaxCut(x) ∨ ¬hasChild(x, y1) ∨ ¬hasChild(x, y2) ∨ y1 ≈ y2 (19)

¬Man(x) ∨ ¬Woman(x) (20)

¬hasDaughter(x, y) ∨Woman(x) (21)

¬Q1(x) ∨ hasChild(x, f(x)) (22)

¬Q1(x) ∨Q2(f(x)) (23)

¬Q2(x) ∨ hasDaughter(x, g(x)) (24)

Now we apply the inference rules of the basic superposition calculus in order to
saturate the TBox. One can resolve (19) and (22) to obtain (25), (21) and (24) to obtain
(26), (26) and (20) to obtain (27), and (23) and (27) to obtain(28). After these inferences
are performed,Ξ(KBT ) is saturated and consists of the following clauses:

TaxCut(x) ∨ ¬Q1(x) ∨ ¬hasChild(x, y2) ∨ [f(x)] ≈ y2 (25)

¬Q2(x) ∨Woman(x) (26)

¬Q2(x) ∨ ¬Man(x) (27)

¬Q1(x) ∨ ¬Man(f(x)) (28)
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Closures (22) and (24) are of type 3 and are therefore not converted to disjunctive
datalog. Furthermore, closures (27) and (28) are irrelevant, since they are obtained by
ordered resolution into a negative literal. We apply theλ operator to the remaining
closures and obtain the following datalog program:

TaxCut(x) ∨ y1 ≈ y2 ← hasChild(x, y1), hasChild(x, y2) (29)

TaxCut(x) ∨ xf ≈ y2 ← Q1(x), hasChild(x, y2), Sf (x, xf ) (30)

← Man(x),Woman(x) (31)

Woman(x)← hasDaughter(x, y) (32)

Q2(xf )← Q1(x), Sf (x, xf ) (33)

Woman(x)← Q2(x) (34)

Since there are no unsafe rules, there is no need to append theHerbrand universe
declarations. We merely need to append the ABox clauses and the definition ofSf :

Q1(Peter) (35)

hasChild(Peter ,Paul) (36)

Man(Paul) (37)

Sf (Peter ,Peterf ) (38)

Sf (Paul ,Paulf ) (39)

Now to answer the query?−TaxCut(x), we make all literals involving the predi-
cateTaxCut smallest in the ordering. Next, we hyperresolve (30) with (35), (36) and
(38) to obtain (40). Next we hyperresolve (33) and (35) to obtain (41), which is then
hyperresolved with (34) to obtain (42). Now (40) is superposed into (42) to obtain (43).
Finally, we hyperresolve (31) with (42) and (43) to obtain the desired conclusion (44).

TaxCut(Peter) ∨ Peterf ≈ Paul (40)

Q2(Peterf ) (41)

Woman(Peterf ) (42)

TaxCut(Peter) ∨Woman(Paul) (43)

TaxCut(Peter) (44)

7 Conclusion

Motivated by the prospects of optimizing ABox reasoning by reusing optimization tech-
niques from disjunctive deductive databases, in this paperwe present a technique for
reducingALCHIQ− knowledge bases to disjunctive datalog programs. In order to do
that, we devise a decision procedure for satisfiability checking based on basic superpo-
sition. Our decision procedure runs in EXPTIME in the size of the knowledge base for
unary coding of numbers in the input.
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Next we show how to use this procedure to reduce anyALCHIQ− knowledge base
to a disjunctive datalog program. This is possible because we can safely remove from
the saturated set of clauses produced by our procedure all clauses containing functional
terms of depth greater than one, and simulate the ground functional terms of depth one
with fresh constants.

We demonstrate that anySHIQ knowledge base can be polynomially encoded as
anALCHIQ knowledge base without affecting satisfiability. Thus, ourapproach pro-
vides means for handling a great number of interesting description logics. In particular,
it is useful in the Semantic Web context, since it can handle most of OWL-DL, with the
exception of of nominals and the restriction to very simple roles. On the other hand, we
support qualified number restrictions, which are not present in OWL-DL.

We believe that our approach will enable efficient ABox reasoning primarily be-
cause reduction to disjunctive datalog allows us to use various optimizations, such as
join order optimizations or the magic sets transformation.The latter has been show to
dramatically improve the evaluation of disjunctive datalog programs, as it reduces the
number of models of the disjunctive program.

For our future work, we see five theoretical and one practicalchallenge. The theo-
retical challenges are: dropping the constraint on very simple roles, extending the logic
with nominals, providing a decision procedure in EXPTIME regardless of the coding
of numbers, investigating whether basic superposition canbe used to decide answer-
ing conjunctive queries overALCHIQ knowledge bases, and providing support for
reasoning with data types.

From the practical point of view, we intend to implement a newdescription logic
inference system, compare its performance to state-of-the-art systems, and thus validate
our approach in practice.
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