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Validity, Satisfiability, and Entailment
fImpIications for Knowledge Representation T
» Deduction Theorem:
KB = «aifand only if (KB = «) is valid

»® Or,...
KB F «if and only if (KB A —a) is unsatisfiable
» reductio ad absurdum

Trevor SenchGapon

Overview

Entailment, satisfiability, and validity.
Conjunctive normal form.
Satisfiability as a search problem.
Efficient Heuristic Solvers
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Satisfiability Checking

» Given a knowledge base K B and a property a,
check if (KB A —a) is satisfiable

s If not satisfiable, a is implied by KB
s Otherwise, an interpretation of propositions would
give us a countermodel

» Compare Prolog. Prolog attempts to satisfy the
negation of the goal: the solutions returned are models
of the goal (countermodels to the negation of the goal).
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Propositional Logic for KR
=

iven a knowledge base K B and a property «,
check if KB = a

» Use truth tables

» Prove a from KB

» Relate with validity and satisfiability

» Davis-Putnam algorithm
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Countermodel (1)

—

To check if

(hot A smoky = fire)
A(alarm_beeps = smoky) }:? (alarm_beeps = switch_on_sprinklers)

A(fire = switch_on_sprinklers)

we form

(hot A smoky = fire)

A(alarm_beeps = smoky)

A(fire = switch_on_sprinklers)

A- (alarm_beeps = switch_on_sprinklers)
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Validity and Satisfiability
-

» A formulais said to be valid (or a tautology) iff it is true
under every interpretation.

» Aformula is said to be satisfiable (or consistent) iff it is
true under at least one interpretation.

» A formula is said to be unsatisfiable (or inconsistent or
contradictory) iff it is not made true under any
interpretation.

» [f aformula ¢ is a valid then —¢ is unsatisfiable.
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Countermodel (2)
B

ut
(hot A smoky = fire)
A(alarm_beeps = smoky)
A(fire = switch_on_sprinklers)
A- (alarm_beeps = switch_on_sprinklers)

is true under the interpretation I:

I(hot) =
I (mnol\y)
I(fire) —
I(alarm_| boops) T
L I(switch_on_sprinklers) = F J
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Example: Truth Tables and Satisfiability
Y B

sing a truth table show whether

(p=9Vig=p

is a tautology, consistent or inconsistent.

pla]lr=alle=n][@=a9Vi=>p]
T|T
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Example: Truth Tables and Satisfiability
Y B

sing a truth table show whether

(p=9Vig=rp)

is a tautology, consistent or inconsistent.

pla|p=a9|(@=p|P=9V=Dp
T|T T T T
T|F F T T
FlT
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Example: Truth Tables and Satisfiability
B

Using a truth table show whether

(p=a)Vig=np)

is a tautology, consistent or inconsistent.

rla]e=0]a=pn][r=0Vie=p]
iTir] T

L ]
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Example: Truth Tables and Satisfiability
]

Using a truth table show whether

(p=a)V(g=p)

is a tautology, consistent or inconsistent.

pla|lp=q9|(@=p|=9V(e=Dp)
TIT T T T
TIF F T T
FlT T F T
FlF

L ]
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Example: Truth Tables and Satisfiability
Y T

sing a truth table show whether

(=9 Vig=p)

is a tautology, consistent or inconsistent.

rlafe=0]e=pn][e=9Vve=p]
Tt v | 1 |

L ]
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Example: Truth Tables and Satisfiability
Y B

sing a truth table show whether

(=9 Vig=p

is a tautology, consistent or inconsistent.

pla]e=0]=p][@r=0Vi=D0]
TIT| T T T
TIF| F T T
FlT| 7 F T
Flr| 7 T T
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Example: Truth Tables and Satisfiability
[y B

sing a truth table show whether

(p=a)Vig=np)

is a tautology, consistent or inconsistent.

plafllp=q|@=p|(=aVig=Dp)
TIT T T T
T|F
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Efficiency
f.o A truth table contains 2" rows
» lts construction requires 2" steps. ..

Can we do better than that?
» Not really: Theory says that this is a very hard problem

# In practice, not so bad, if we can use heuristics to
identify lines we don’t need to check

» But we have to transform (KB A —«) into a normal form

L |
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Equivalent Formulae

[ ]

» Two formulae A and B are equivalent, written A = B iff
A and B have the same truth values for every
interpretation.

® Show

p=9=(pVq.
Draw up a truth table for (p = ¢) and (—p Vv ¢) and check
their truth values are the same.

[plalrp=a[-r[-»vd]
[T]7]

Trevor Banch-Gapen

Equivalent Transformations II1

-

# Identity laws
ANT =
AVF =
AANF =
AVT =

NN e

» Complement laws

AN-A =
AV -A
—(—A)
-T =
-F

1l
e B B B |
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Equivalent Formulae

[ ]

»® Two formulae A and B are equivalent, written A = B iff
A and B have the same truth values for every
interpretation.

® Show

(p=a) =(-pVa).
Draw up a truth table for (p = ¢) and (—p V ¢) and check
their truth values are the same.

plag|p=q|P|PVa
r(r] v [r] T
T|F| F |[F| F
Flr| v |1 1
| FIlF| T |T| T |
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Equivalent Transformations IV

-

# de Morgan’s laws

—AV-B
—AN-B

—(AAB)
-(AV B)

# laws for = and

A=B = -AVB
AeB = (A= B)A(B=A)

We can use these laws to simplify expressions and to
prove equivalences.

L
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Equivalent Transformations I

’7Where A, B and C' are propositions or propositional
formulae and 7" and £’ are true and false respectively.

» |dempotent laws

Example

fS

implify the following expression.

(=P A-Q)

ANA = A ~(=PA-Q) given
AvA = A = (-—PV--Q) de Morgan'slaws
» Associative laws (PVQ) Complement laws
(ANB)AC = AAN(BAC)
(AVB)VC = AV(BVC)
Equivalent Transformations II Example

-

» Commutative laws

AANB = BAA
AVB = BVA

» Distributive laws

AAN(BVCO) = (AAB)V(AAC)
AV(BAC) = (AVB)A(AVC)
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-

Prove the following equivalence
“~(=(PAQ)VP)=F
S(-(PAQ)V P) given
= ~((-PVv-Q)VP) deMorgan’s laws
((

-Q VvV —=P)Vv P) Commutative laws
(—-Q V (=P V P)) Associative laws
(

J

= -

Il
d

= (-QVT) Complement laws
= T Complement laws
= F Complement laws

Trevar Bench-Capan
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Normal Forms

-

» |t is often useful to transform formulae into normal
forms. These are logically equivalent formulae but have
syntactically different forms that may be more suitable
for reasoning with.

» Recall two formulae A and B are equivalent, written
A = Bif and only if the truth values for A and B are the
same for each interpretation.

# There are several normal forms: Negation normal form,
Clausal form, Disjunctive Normal Form and Conjunctive
Normal Form. We are interested in Conjunctive
Normal Form (CNF).

Trevor Banch-Gapen
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Search Space

fC

onsider (=pV —r) A (pV q) A (rV—q)

F F F T T F F F

# Every path in the tree represents a (partial) assignment

L ]

Trevor SenchGapon
COMP210 Arfical Inta igence, Loctura 20, Efficlant propositona reasoning —p, 22131

Conjunctive Normal Form

-

» A formulais in Conjunctive Normal Form if it is of the

form
AL NAg AL LA
where each A4; is a disjunction of propositions or their
negations.
® Example

(pVg) ArA(=pV-rVs)isin CNF
=(pVg)ArA(=pV-rVs)isnotin CNF
(pVag) ArA(p=(-rVs))isnotin CNF.

» Any well formed formula of propositional logic can be
rewritten, using the above equivalences, as an
equivalent formula of CNF

L
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Complexity...

[ ]

» ... For n propositions, the tree will have (2" — 1) nodes.
#® Another idea: Simplify formula with a partial assignment
s (-pV-r)A(pVq) A(rV—q);letp="True
o (—TrueV —r)A(TrueVq) A (rV —q)
s (FalseV —r) ATrueA (rV —q)
—r A (rV —q) can only be true if r = False
—False A\ (False V q)
g can only be true if ¢ = True
s True

e o ©

» Given a good order for partial assignments this can be
very helpful. DPLL provides heuristics for choosing
partial assignments. Only in the worst case we will
L need to try everything. J
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Satisfiability as a Search Problem

» Given a formula in CNF, can we find an assignment of
truth values to propositions which satisfies it?

» States are partial assignments—some propositions get
values, some are possibly unassigned

» Operations are deciding whether a (yet unassigned)
proposition is true or false

» |Initial state: empty partial assignment
» Goal state: an assignment making the formula true

Trevor Bench-Gapen
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Likewise...

-

® (-pV-r)A(Ve A(rV—q);letp= False
® (—FalseV—r)A(FalseV q) A (rV —q)

® (TrueV -r)AgA(rV—q)

® True ANgA(rV—q)

® g A(rV—gq)canonly be true if ¢ = True

® TrueA (rV —True)

® (rV False)

»® rcanonly be true if r = True

® True

Trevor SenchGapen
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Algorithm for satifiability for CNF

A complete backtracking algorithm (Davis-Putnam or DPLL)

» Davis-Putnam paper (1960)

# The presented version is described in a paper by Davis,
Logemann, and Loveland (1962)

» Naive Approach: every proposition is either true of false
in any interpretation

Trewor Banch-Capan
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Reduced Search Space

Consider (=pV —r) A (pV q) A (rV —q)

»® Only 5 nodes!

L |
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Algorithm Structure
’71 Search through possible assignments of propositions
» Simplify formulae with partial assignments
» Unit clause propagation
s Pure literal elimination

Trevor Banch-Gapen

Simplify(¢, L)

fGiven a propositional formula ¢ and a literal 7, simplify(¢, 1)
does the following:

N

» Delete every clause that contains [ from ¢;
»® Delete —( from all clauses in ¢

» Apply exhaustively unit clause propagation and pure
literal elimination;

» Fail (return False) if positive and negative unit clauses
for the same literal

Trevor SenchGapon

Unit Clause
—

» A clause with just one literal is called a unit clause
o Eg. [q]A(=rV—g) A(rAs)

» Literal’s value can be uniquely assigned
» ¢ must be set to True

» Unit clause propagation:
Check if a formula in CNF has a unit clause, C.
Set the value of the literal in C such that C'is True.

» Notice that some other clauses may become unit
o E.g. g A (—rV—q) A (rAs)reduces to[or]A (rAs)
o r must be set to False

L s - A(rAs)reduces to

Trewor Banch-Capen
coupzio Lecture 20 Eficient

Applications
]

# There are now several efficient sat solvers based on
DPLL available on the web. They are used in a number
of applications.

» Hardware and software verification
s IBM, Intell, ...

s Planning
s Scheduling

o ...

Trevor Sench-Capan

Pure Literal

-

® A pure literal is a literal that always appears with the
same “sign” in all clauses.

s Eg. (VO A(mgV-r)A (g V)
» Making a pure literal True makes some clauses True,
but no clause False
s Eg. (pVvVg) A(=gV—r)A(—gVr)reduces to
(=q]Vv =) A ([2a] V)

s (=g V-r)A(—-qVr)reduces to True

» Pure literal elimination:
Check if a formula in CNF has a pure literal, [
Set the value of [ to True

L
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DPLL(¢)

Given a propositional formula ¢, DPLL(¢) does the following:
® [f ¢ is True then return True;

» If ¢ is False then return False;

» Pick a proposition p in ¢

s |If DPLL(Simplify(¢,p)) is True then return True;

o |f DPLL(Simplify(¢, —p)) is True then return True;
Return False;

1)
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