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Example (1)
—

alarm_beeps A hot

N

A(hot A smoky = fire)

2 switch_on_sprinklers
A(alarm_beeps = smoky)

Al(fire = switch_on_sprinklers)
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Recap & Overview
—

» Last time: the syntax and semantics of propositional J
logic.

» Today: Propositional logic for KR.
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Example (2)

(hot A smoky = fire) P
A(alarm_beeps = smoky) ’

A(fire = switch_on_sprinklers)

alarm_beeps

= switch_on_sprinklers
Ahot - =
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Knowledge Representation
—

We are interested in a computer-suitable language to J

» represent explicit knowledge
® reason

Inference engine ~=——— domain-independent algorithms

Knowledge base

~e———domain-specific content

Knowledge base = set of sentences in a formal language
» Clear syntax and semantics

# Adequate (in many aspects)

7’5 Natural L
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Example (3)

(hot A smoky = fire) ?
A(alarm_beeps = smoky)

A(fire = switch_on_sprinklers)

7 —switch_on_sprinklers = —fire
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Example (1)
[ B

alarm_beeps A hot
A(hot A ky = fi
(hot A\ smoky re) 2 switch_on_sprinklers
A(alarm_beeps = smoky) - -

A(fire = switch_on_sprinklers)
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Example (4)
—

(hot A smoky = fire) P2
A(alarm_beeps = smoky) ’
A(fire = switch_on_sprinklers)

—switch_on_sprinklers

= —smoky
Ahot
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Propositional Logic for KR

n ]

# Describe what we know about a particular domain by a
propositional formula, K B.

» Formulate a hypothesis, a.

» We want to know whether K B implies .
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Example
[ B

(hot A smoky = fire)
A(alarm_beeps = smoky) f2 —switch_on_sprinklers = —fire

A(fire = switch_on_sprinklers)
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Entailment

-

]

» Entailment means that one thing follows from another:
KB E«
» Knowledge base K B entails sentence « if and only if
is true in all worlds where K B is true

s E.g., the KB containing “the Giants won” and “the
Reds won”
entails “Either the Giants won or the Reds won”

s Eg,z+y=4dentailsd=x+y

# Entailment is a relationship between sentences (i.e.,
syntax) that is based on semantics

]
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COMP210: Arifc

Example

[ ]

(Hot A Smoky = Fire)
A(Alarm_beeps = Smoky)
A(Fire = sWitch_on_sprinklers)

2 = sWitch_on_sprinklers = —Fire

L ]
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Entailment Test
]

How do we know that KB = a?
» Models
» Inference
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Example
[ B

(Hot A Smoky = Fire)
A(Alarm_beeps = Smoky)
A(Fire = sWitch_on_sprinklers)

{2 = sWitch_on_sprinklers = —Fire

Abbreviations:

(HAS=F)A(A=S)A(F=W)) 2(-W = —F)
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Models

]

°

Logicians typically think in terms of models, which are
formally structured worlds with respect to which truth
can be evaluated

® We say m is a model of a sentence « if v is true in m

» Each line on a truth table which evaluates to true is a
model for the formula

® M(w) is the set of all models of «
® Then KB = «ifand only if M(KB) C M(«)

) MO0
E.g. KB = Giants won and Reds
won « = Giants won

COMP210: Articial

Truth Table
[ ]

... gives a truth value for all possible interpretations.

(HAS = F)
H|S|F|A|W| AA=Y) -W = —F

A(F = W))
T|\T\|\T|T|T T T
T|\T\|\T|T|F F F
T|\T\|T|F|T T T
T|\T\|T|F|F F F
T|\T\|F|T|T F T
T|T|F|T|F F T

Trewor
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Truth Table
—

... gives a truth value for all possible interpretations.

(HAS=TF)
H|S|F|A|W| AA=S) W = —F
AF = W)
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M odus Ponens

—

This well known proof rule is called modus ponens, i.e. in
general

N

A= B, A
B

where A and B are any WFF.
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Inference

-

® KB; a=sentence a can be derived from K B by
procedure ¢

#® Soundness: i is sound if
whenever KB +; «, itis also true that KB |= a

»® Completeness: i is complete if
whenever KB = a, itis also true that KB F; a

That is, the procedure will answer any question whose
answer follows from what is known by the K'B.
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A-elimination

[ ]

# Another common proof rule, known as A-elimination is

AANB AANB
- o —
A B

The first of these can be read if A and B hold (or are
provable or true) then A must also hold.
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I nference Example

fire fire = switch_on_sprinklers

switch_on_sprinklers
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Natural Deduction Example
—

From r A s and s = p can we prove p, i.e. show
rAS,s=pkp?

N

1. rAs [Given]
2. s=p [Given|
rAS

S

3. s [1 A elimination]

s=p,S
p

4. p [2,3 modus ponens]
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Trevor Bench-Capon
comp210:

—p.1020

Proof Rules
—

® Stating that B follows (or is provable) from A;,... A, can
be written
Ay, Ay
B

L ]
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V-introduction
-

Another proof rule, known as Vv-introduction is

A A
or
AV B BvA

The first of these can be read if A holds (or are provable or
true) then A v B must also hold.

L ]
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Proof Theory
[ B

# Reasoning about statements of the logic without
considering interpretations is known as proof theory.

#® Proof rules (or inference rules) show us, given true
statements how to generate further true statements.

»® Axioms describe ‘universal truths’ of the logic.
s Example - p Vv —p is an axiom of propositional logic.
#® We use the symbol + denoting is provable or is true.

» We write Ay,... A, - B to show that B is provable from
Ayp,... A, (given some set of inference rules).
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Soundness and Completeness
[ B

® Let Ay,... Ay, B be well formed formulae and let
Ai,... A F B

denote that B is derivable from Ay, ... A,.

# Informally, soundness involves ensuring our proof
system gives the correct answers.

» Theorem (Soundness) If A;,... A, F B then
AN NA, vH B

# Informally, completeness involves ensuring that all
formulae that should be able to be proved can be.

» Theorem (Completeness) If A} A... A A, = B then
Ay, A B.

L
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Proofs
_‘b Let Ay,..., A, B be well-formed formulae J

# There is a proof of B from Ay, ..., A, iff there exists
some sequence of formulae

Ci,...,Cp

such that C,, = B, and each formula Cy, for 1 < k < nis
either an axiom or one of the formulae A4, ..., A,,, or
else is the conclusion of a rule whose premises
appeared earlier in the sequence.
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More about Soundness & Completeness

[ ]

»® Example: An unsound (bad) inference rule is

A, B
c

# Using this rule from any p and ¢ we could derive r yet
p A q = r does not hold.

L ]
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Example
[ o

From p = ¢, (-rV ¢) = (s V p), ¢ can we prove sV ¢?

1. p=g¢q [Given]
2. (-rVvgq)=(sVvp) [Given|
3. q (Given|
4. sVyq (3, V introduction]

»® Think how much work we would have had to do to
construct a truth table to show

(p=aAN((=rVag) = (sVp)Ag) FE (sVaq)

L ]

Trevor Bench-Capon
COMP210: Arifc

teliaence. Lecture 19. Propositonal loaic for knowledae representation. Inference svstems. - p. 2320

IsNatural Deduction Complete?
-

#® The set of rules modus ponens and A elimination is
incomplete:
Without Vv-introduction we cannot do the proof on
page 23 yet

(= A((=rVvg) = (sVp)Aqg) E(sVa).

L |
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Exercise
—

Show r from p = (¢ = r) and p A q using the rules we have
been given so far. That is prove

]

p=(¢=r),pAqtr

L ]

Trevor Bench-Capon
COMP210: Arifcial Inteligence. Lecture 18. Propositional loic for knowledge representation. Inference systems. - p. 24129

Comments

[ ]

® We haven’t shown a full set of proof rules but just some
examples.

# For a full set of proof rules look for Natural Deduction in
a logic or Al book.
s More than 10 rules
s Intricate proofs (indirect proofs, reductio ad

absurdum, etc)

» Note, at any step in the proof there may be many rules
which could be applied. May need to apply search
techniques, heuristics or strategies to find a proof.

# Getting computers to perform proof is an area of Al
itself known as automated reasoning.

L ]
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Summary

® We've discussed proof or inference rules and axioms.

» We've given examples of the proof rules A-introduction,
modus ponens and V-elimination.

»® We've given some example proofs.

» After the Easter break we will look at how we can
automate deduction

Trevor Bench-Capon
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