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Abstract. We study time-bounded reachability in continuous-time kéarde-
cision processes for various scheduler classes. Suchatgiighproblems play a
paramount role in dependability analysis and the modgbfirmanufacturing and
gueueing systems. Consequently, their analysis has bediedtintensively, and
techniques for the approximation of optimal control arelwatlerstood. From a
mathematical point of view, however, the question of apjmnation is secondary
compared to the fundamental question whether or not optioraiol exists.

We demonstrate the existence of optimal schedulers fooaiheonly considered
scheduler classes. For scheduler classes without fulkadcetime we provide
an effective technique to determine simple optimal schaduhat converge to an
easy-to-compute memoryless scheduling policy after sfmimber of steps.

1 Introduction

Markov decision processes (MDPs) are a framework that parates both nondeter-
ministic and probabilistic choices. They are used in a tanéapplications such as the
control of manufacturing processes [11, 5] or queueingesyst[13]. We study a real
time version of MDPs, continuous-time Markov decision @gses (CTMDPSs), which
are a natural formalism for modelling in scheduling [4, 1ayiastochastic control the-
ory [5]. CTMDPs can also be seen as a unified framework foerffit stochastic model
types used in dependability analysis [12, 11, 8, 6, 9].

The analysis of CTMDPs usually concerns the different fi#ses to resolve the
nondeterminism by means of a scheduler (also called syafBgpical questions cover
qualitative as well as quantitative properties, such asn‘@e nondeterminism be re-
solved by a scheduler such that a predefined property hots®spectively “Which
scheduler optimises a given objective function?”.

In this paper, we study thmaximal time-bounded reachability problddr, 3, 15,
9, 10] for CTMDPs. Time-bounded reachability is the staddamtrol problem to con-
struct a scheduler that controls the Markov decision p®sash that the likelihood of
reaching a goal region within a given time bound is maximiset! to determine the
probability. For CTMDPs, the answer to both questions radityidepends on the power
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a scheduler has to observe the run of the system—in pantifil@an observe time—

and on its ability to store and process this information. #@& common classes of
schedulers, research has focused on efficient approximaibniques [3, 9, 10], while
the existence of optimal schedulers has remained open.

Overview. Given its practical importance, the bounded reachabilitybfem for
Markov decision processes has been intensively studie?] 18, 9, 10]. While previ-
ous research focused approximatingof optimal scheduling policies [3, 10], we prove
theexistenceof optimal schedulers in this paper.

Unlike for discrete time MDPs, the power of observing thepsiag of time is an
important aspect in the design of schedulers for CTMDPsyaridus classes of sched-
ulers that differ in their observational power have beenutised in the literature [9, 3].
Intuitively, the differences in these classes concern Hil@yato store information, and
to measure time.

Figure 1 shows a comparison between the com-
monly considered scheduler classes, where sched- TTH
ulers that can store the history, its length, or nothing ‘
at all are marked H (for history-dependent), C (for

hop-counting), and P (for positional), respectively. Tp TH

Schedulers that can observe time are marked with

a T (timed), and with TT (total time) if they have I

the power to revoke their decision. H
Revoking decisions is a concept first discussed /’

in [9] that extends schedulers on a different level c
than their observational power: while traditional
scheduler classes require the schedulers to fix their /
decisions as soon as they enter a location, TT p
schedulers may change their decision over time,
even while residing in a location. Fig. 1. Scheduler hierarchy
The arrows denote inclusions between classes, which aret dinplications of their
definitions. The classes depicted in Figure 1 are orderediéom by their maximal
reachability probabilities as known from the literature9B
In principle, approximating optimal schedulers is simpie &ll scheduler classes.
For schedulers that can observe time, it suffices to diser¢itine and to increase the
sample rate [10], and for time-abstract schedulers, itcgfio optimise the reachability
within a bounded number of steps and to let this bound growftnify [3].
Efficient techniques to determine these rates have, for pbareen discussed for
uniform CTMDPs—CTMDPs with a constant transition rate—laié3, Hermanns, Ka-
toen, and Haverkort [3].

Contribution. This paper has contributions on two levels: The clean resulthe
technical level is a proof that optimal schedulers existdtbrcommonly considered
scheduler classes, but we deem the simple insights on tlreeptral level that led to
these results to be of similar importance.



Markov + Time = Markov. Markov processes are mathematical models for the random
evolution of memorylessystems, that is, systems for which the likelihood of future
events, at any given moment, depends only on their presgat ahd not on the past. We
observe thatontinuous-time Markov chains and decision processesiremMarkovian

if we add the time that has passed to the state spaleaise this observation in Section

4 to introducdime-extende@€TMDPs, which contain the time that has passed as part
of their state space. This approach has an immediate intiplicfor all time-dependent
scheduler classes: It implies without further ado that tfeeduler classes TP and TH
as well as the classes TTP and TTH coincide, because optthabsler decisions

in a Markovian system (with simple objectives like time-bded reachability) cannot
depend on the history. As a result, the description of ogtiimee-dependent schedulers

in Section 4 is simple.

Reasoning about time-abstract scheduler classes islgligbte involved, because
time-abstract schedulers do not have access to the prizaesthiat remains for reaching
the goal region. Phrased in terms of time-extended CTMDO®Rset schedulers do not
know precisely in which state of the time-extended CTMDR tuee, but they can infer
a distribution over the states in which they could potehtiaé. While this argument is
not used explicitly in Section 3, it was the driving factordar research that led to the
construction of optimal time-abstract schedulers. It glsavides quick and intuitive al-
ternative proofs for the traditional result [3] that coungtiand history-dependent sched-
ulers provide the same time-bounded reachability proltakar uniform CTMDPs, but
different ones for non-uniform CTMDPs: while the distrilmut over the states of the
time-extended CTMDP coincides in the first case, it differthie latter.

Optimal Schedulers. Our technical contributions are simple algorithms for tloa-
struction of optimal time-abstract (Section 3) and timeeledent (Section 4) sched-
ulers.

The algorithmic solution for time-abstract schedulersdsubn the observation that,
if time has almost run out, we can usgeedy strategyhat optimises our chances to
reach our goal in a single step. Reaching it in more step®isulsed as a tie-break cri-
terion with decreasing power for increasing distance. Vavdhat such a memoryless
greedy scheduler exists and is indeed optimal after a cestap bound.

As a small side-result, we also extended the result thatvadtpfor randomisation
does not increase the time-bounded reachability prolyahiliall scheduler classes.

2 Continuous-Time M arkov Decision Processes

A continuous-time Markov decision proce&6is a tuple(L,Act R,v, B) with a finite
set of locationd., a finite set of actionéct, a rate matrixR : (L x Actx L) — Qxo, an
initial distributionv € Dist(L), and a goal regioB C L. We define the total exit rate for a
locationl and an actiomasR(l,a,L) = ¥ R(l,a,1"). Fora CTMDP we require that,
for all locationsl € L, there must be an actiane Actsuch thaR(l,a,L) > 0, and we
call such actiongnabled We defineAct(l) to be the set of enabled actions in location
I. If there is only one enabled action per location, a CTM®Pis a continuous-time
Markov chain [7]. If multiple actions are available, we neéedesolve the nondetermin-
ism by means of a scheduler (also called strategy or schmedpblicy). As usual, we



assume the goal region to be absorbing, and weP(ke,|’) = R(:—ZB to denote the

- R
time-abstract transition probability. (

Note, that we explicitly distinguish betwedncationsand states We consider a
state to be a location at a certain point of time. This notidlh prove to be helpful
when considering time-dependent schedulers in Section 4.

Uniform CTMDPs. We call a CTMDP uniform with rata if, for every locationl and
actiona € Act(l), the total exit rateR(l,a,L) is A. In this case the probabilitpy(n)
that there are exactlg discrete events (transitions) in timhds Poisson distributed:

_ oMt (D"
pac(n) = et -

We define theuniformisation? of a CTMDP M as the uniform CTMDP obtained
by creating a copy, for every locatiorl. We call the new copies unobservable, and all
locationsl € L C L¢; observable. Leh be the maximal total exit rate ifM. The new
rate matrixR¢; extendsR by first adding the ratR(I,a,1¢;/) = A —R(l,a,L) for every
locationl € L and actiora € Act of M, and by then copying the outgoing transitions
from every observable locatidnto its unobservable counterpagt, while the other
components remain untouched. The intuition behind thigoumiisation technique is
that it enables us to distinguish whether a step would haeeroed in the original
automaton or not.

Paths. A timed pathrtin CTMDP M is a finite sequence il x Actx R>o)* x L =
Pathg ). We write

ag;to Iy apty @1t

lo In

for a sequence, and we requirg_1 < tj for all i < n. Thet; denote the system’s time
when the events happen. The corresponting-abstract patlis defined a% B, F=N

S Bl We usePathgpg( M) to denote the set of all such projections and to
count the number of actions in a path. Concatenation of patifswill be written as

1o 1 if the last state oftis the first state oft.

Schedulers. The system’s behaviour is not completely defined by the CTMP
also by a scheduler that resolves the nondeterminism. Wihalysang properties of a
CTMDP, such as the reachability probability, we usuallyrmtifg over a class of sched-
ulers. We restrict all scheduler classes to those scheddcileating a measurable prob-
ability space (cf. [14]), and we consider the following coomtlasses, which differ in
their power to observe events and to revoke their decisions:

o Total time history-depende(ifTH) schedulers  Path§M) x R>o — D
that map timed paths and the elapsed time to decisions.

o Total time positiona{TTP) schedulers LxRso—D
that map locations and the elapsed time to decisions.

o Timed historyTH) schedulers Pathg M) — D
that map timed paths to decisions.

o Timed positiona(TP) schedulers LxRso—D

that map locations and the time until the last state chandedisions.



o Time-abstract history-dependd(ht) schedulers Pathsps(M ) — D
that map time-abstract paths to decisions.

o Time-abstract hop-countin@) schedulers LxN—-D
that map locations and the number of hops (length of the patt@cisions.
o Positional(P) or memoryless schedulers L—D

that map locations to decisions.

DecisionsD are either randomised (R), in which cd3e= Dist(Act) is the set of dis-
tributions over enabled actions, or are restricted to datéstic (D) choices, that is
D = Act Where itis necessary to distinguish randomised and détestic versions we
will add a postfix to the scheduler class, for example HD and HR

Induced Probability Space. We build our probability space in the natural way: we
first define the probability measure for cylindric sets otgahat start with

ag;to ah an—1,tn—1
lo Iy In,
with tj € Ij for all j < n, and for non-overlapping open intervaigls,...,In—1, to be
the usual probability that a path starts with these actionafrandomised schedulgr
ag.to a—1.ti—1

that may not revoke its decisions, and such i@ — ... ———= [;) is equivalent
forall (to,...,ti_1) €lox ... x li_1:

n—-1
x a1t CR( & L)t —t:
/ r!)5(|o—>ao'o L) (@) - R(l @ i) e READE -,
to€lo,t1€l1,..th-1€l-1 j=

assuming_1 = 0.

From this basic building block, we build our probability nsese for measurable
sets of paths and measurable schedulers in the usual wd§4pt. The similar space
for TT schedulers, which may revoke their decisions, is dieed in Appendix B.

Time-Bounded Reachability Probability. For a given CTMDPM = (L,Act R,v,B)
and a given measurable scheduethat resolves the nondeterminism, we use the fol-
lowing notations for the probabilities:

o Prg‘{(l ,t) is the probability of reaching the goal regiBrin timet when starting in
locationl,

o Prg‘{(t) = z|eLv(I)Pr§‘{(I ,t) denotes the probability of reaching the goal redgon
in timet,

o Prg‘{(t; k) denotes the probability of reaching the goal regiim timet andin at
mostk discrete steps, and

o PR?/[(T[,I) is the probability to traverse the time-abstract pathithin timet.

As usual, the supremum of the time-bounded reachabilitadvdity over a par-
ticular scheduler class is called the time-bounded realityadf  for this scheduler
class, and we use ‘max’ instead of ‘sup’ to indicate that taikie is taken for some
optimal schedulegs of this class.



Step Probability Vector. Given a schedule$ and a locationt fora CTMDP M, we
define thestep probability vector d of infinite dimension. An entry [i] for i > 0
denotes the probability to reach goal regBrin up toi steps from location (not
considering any time constraints).

3 Time-Abstract Schedulers

In this section, we show thaiptimal schedulers exist for all natural time-abstract
classes, that is, for CD, CR, HD, and HR. Moreover, we showthere are optimal
schedulers that become positional after a small numberepistwhich we compute
with a simple algorithm. We also show that randomisatiorsdu# yield any advantage:
deterministic schedulers are as good as randomised onegr@afs are constructive,
and thus allow for the construction of optimal scheduletis®lso provides the first
procedure to precisely determine the time-bounded redihgirobability, because
we can now reduce this problem to solving the time-boundadhability problem of
continuous-time Markov chains [2].

Our proof consists of two parts. We first consider the classnifiorm CTMDPs,
which are much simpler to treat in the time-abstract caseqlmse we can use Poisson
distributions to describe the number of steps taken withgivan time bound. For uni-
form CTMDPs it is already known that the supremum over thenided reachability
collapses for all time-abstract scheduler classes fromddiR [3]. It therefore suffices
to show that there is a CD scheduler which takes this value.

We then show that a similar claim holds for CD and HD schedinéhe general
class of not necessarily uniform CTMDPs. In this case, i &lslds that there are sim-
ple optimal schedulers that converge against a positiateduler after a finite num-
ber of steps, and that randomisation does not improve the-tiounded reachability
probability. However, in the non-uniform case the timetedt path contains more in-
formation about the remaining time than its length only, &Bndnded reachability of
history-dependent and counting schedulers usually deyate [3] for a simple exam-
ple).

We start this section with the introductiongrieedy scheduler$iD schedulers that
favour reachability in a small number of steps over readtahiith a larger number of
steps; the positional schedulers against which the CD anddfiedulers converge are
such greedy schedulers.

3.1 Greedy Schedulers

The natural objective when seeking optimal schedulers mdgimise time-bounded
reachabilityPrg‘{(I,t) for every locationl with respect to a particular scheduler class
such as HD. Unfortunately, this optimisation problem is pamably complex.

However, when the remaining tintés close to 0, then increasing the likelihood of
reaching the goal region in few steps dominates the impactaxthing it later. While
we have no direct access to the remaining time in the tim&atisase, we can infer
the distribution over the remaining time from the time-aaet history (or its length).



Since the expected remaining time converges to 0 when théauaof transitions goes
to infinity, we can argue in a way similar to the time-deperidase.

This motivates the introduction of greedy schedulers. 8alegs are called greedy,
if they (greedily) look for short-term gain, and favour itewany long-term effect.
Greedy schedulers that optimise the reachability withenfttstk steps have been ex-
ploited in the efficient analysis of CTMDPs [3]. We call suathedulersk-optimal
(because they are the optimal schedulergkfsreo).

To understand the principles of optimal control, a simptent greediness proves
to be more appropriate: We call an HD schedgleredyif it maximises the step prob-
ability vector of every locatioh with respect to the lexicographic order (for example
(0,0.2,0.3,...) >1ex (0,0.1,0.4,...)). To prove the existence of greedy schedulers, we
draw from the fact that the supremusin= sups.p di s obviously exists, where the
supremum s to be read as a supremum with respect to the ¢gajgloic order. An action
ac Act(l) is calledgreedyfor a location ¢ Bif it satisfiesshift(d|) = 3., P(l,a,1")dy,
whereshift(d,) shifts the vector by one position (that &ift(d )[i] = d|[i + 1] Vi € N).
For locationd in the goal regiorB, all enabled actiona € Act(l) are greedy.

Lemma 1. Greedy schedulers exist, and they can be described as the afasched-
ulers that choose a greedy action upon every reachable gibstract path.

Proof. It is plain that, for every non-goal locatidr¢ B, shift(d)) > 5. P(l,a,1")dy
holds for every actiom, and that equality must hold for some.

For a schedules that always chooses greedy actions, a simple inductivareegti
shows thatl [i] = d| ¢[i] holds for alli € N, while it is easy to show thak > d; s holds if
S deviates from greedy decisions upon a path that is possitalerits own scheduling
policy and does not contain a goal location. a

This allows in particular to fix a positionatandard greedy schedulby fixing an
arbitrary greedy action for every location.

To determine the set of greedy actions, let us consider ardigtistic schedulers
that starts in a locationwith a non-greedy actioa Thenshift(d, 5) < 3¢ P(l,a,1")dy
holds true, where the surfi;.c P(l,a,1")d; corresponds to the scheduler choosing
the non-greedy actiom at location| and acting greedy in all further steps. Let
dia+ SreL P(1,a,1")dy denote the step probability vector of such schedulers.

We know thatd, s < dj 5 < d;. Hence, there is not only a difference betwekg
andd,, this difference will not occur at a higher index as the fiiffedence between the
newly definedd 5 andd,. The finite number of locations and actions thus implies the
existence of a bounkion the occurrence of this first difference betweggandd, as
well asd, s andd,. While the existence of suchkesuffices to demonstrate the existence
of optimal schedulers, we show in Appendix A that this consta< |L| is smaller than
the CTMDP itself.

Having established such a boukdit suffices to compare schedulers up to this
bound. This provides us with the greedy actions, and alsh thi¢ initial sequence
di a[0],d a[1],...,d a[K] for all locationsl and actionsa. Consequently, we can deter-
mine a positive lower bouna> 0 for the first non-zero entry of the vectalis-d, 5. We
call this lower boundu thediscriminatorof the CTMDP. Intuitively, the discriminator
urepresents the minimal advantage of greedy strategy ovegreedy strategies.



3.2 Uniform CTMDPs

In this subsection, we show that every CD or HD scheduler fomitorm CTMDP can
be transformed into a scheduler that converges to this atdrigteedy scheduler.

In the quest for an optimal CD scheduler, it is useful to cdesthe fact that the
maximal reachability probability can be computed using $tep probability vector,
because the likelihood that a particular number of steppdram timet is independent
of the scheduler:

m?m=;wuiwwymm. ®
€L i=

Moreover, the Poisson distributign; has the useful property that the probability of
takingk steps is falling very fast. We define tgeeed bound gy to be a natural number,
for which

upm(n)zipm(nﬁ) VN> Ny, (2)

holds true. It suffices to choosg, > 2\ since it impliesupy (n) > 2px(n+1), ¥n >
Ny, (Whichyields (2) by simple induction). Such a greed bounplies that the decrease
in likelihood of reaching the goal region in few steps causgadnaking a non-greedy
decision after the greed bound dwarfs any potential latier. Y¢e use this observationto
improve any given CD or HD schedulgrthat makes a non-greedy decision after;,
steps by replacing the behaviour after this history by adyeeheduler. Finally, we
use the interchangeability of greedy schedulers to intteduschedules that makes
the same decisions gson short histories and follows the standard greedy schagluli
policy once the length of the history reaches the greed batmdthis scheduler, we
show thaPr¥! (t)>Pr’ (t) holds true.

Theorem 1. For uniform CTMDPs, there is an optimal scheduler for thesskes CD
and HD that converges to the standard greedy scheduler afjesteps.

Proof. Let us consider any HD schedul§rthat makes a non-greedy decision after a
time-abstract patht of length | > n,, with last location . If the path ends in, or has
previously passed, the goal region, or if the probabilitythaf historymt is 0, that is,
if it cannot occur with the scheduling policy ¢f then we can change the decision of
S on every path starting witht arbitrarily—and in particular to the standard greedy
scheduler—without altering the reachability probability

If PRZ”(n,t) > 0, then we change the decisions of the schedsiltor paths with
prefixtsuch that they comply with the standard greedy schedulecalViéhe resulting
HD schedulers’ and analyse the change in reachability probability usinggfign (1):

m%m—m%m=P@%uyi@m—wgmnmw+m

where Sy : W — S(mo 1) is the HD scheduler which prefixes its input with the path
mtand then calls the schedulgr The greedy criterion implied, > d, g, with respect

to the lexicographic order, and we can apply Equation 2 taidedhat the difference
Praf(t) — Pri(t) is non-negative.



Likewise, we can concurrently change the scheduling padidie standard greedy
scheduler for all paths of length n,, for which the schedules makes non-greedy
decisions. In this way, we obtain a scheduléthat makes non-greedy decisions only in
the firstn,, steps, and yields a (not necessarily strictly) better toanded reachability
probability thans.

Since all greedy schedulers are interchangeable with@urtgihg the time-bounded
reachability probability (and even without altering thegsprobability vector), we can
modify §” such that it follows the standard greedy scheduling polftsra n,, steps,
resulting in a schedules that comes with the same time-bounded reachability proba-
bility as $”. Note thats is counting if$ is counting.

Hence, the supremum over the time-bounded reachabilitf GLYHD schedulers
is equivalent to the supremum over the bounded reachabfl®D/HD schedulers that
deviate from the standard greedy scheduler only in thefjyssteps. This class is finite,
and the supremum over the bounded reachability is thereferenaximal bounded
reachability obtained by one of its representatives. O

Hence, we have shown the existence of a—simple—optimal-timended CD
scheduler. Using the fact that the suprema over the timexdedireachability probabil-
ity coincide for CD, CR, HD, and HR scheduler [3], we can irtfeat such a scheduler
is optimal for all of these classes.

Corollary 1. maxPr¥!(t) = maxPr%!(t) holds for all uniform CTMDPs. m
SeCD €HR

S

3.3 Non-uniform CTMDPs

Reasoning over non-uniform CTMDPs is harder than reasaniaguniform CTMDPs,
because the likelihood of seeing exadtlgteps does not adhere to the simple Poisson
distribution, but depends on the precise history. Evendf paths have the same length,
they may imply different probability distributions overmttime passed so far. Knowing
the time-abstract history therefore provides a scheduiir mvore information about
the system’s state than merely its length. As a result, iinipke to construct example
CTMDPs, for which history-dependent and counting schedutan obtain different
time-bounded reachability probabilities [3].

In this subsection, we extend the results from the previobsection to general
CTMDPs. We show that simple optimal CD/HD scheduler exisd, that randomisation
does not yield an advantage:

grgg)D(Prg‘{(t) :g;g)éPrg‘{(t) and SrenHagPr?{(t) = Sr’rgﬁ)FgPrg‘{(t).
To obtain this result, we work on the uniformisatiohof M instead of working on

M itself. We argue that the behaviour of a general CTM®YPcan be viewed as the
observable behaviour of its uniformisatid@f using a scheduler that does rs&ethe

new transitions and locations. Schedulers from this classticen be replaced by (or
viewed as) schedulers that do niethe additional information. And finally, we can
approximate schedulers that do not use the additionalrimdtion by schedulers that do
not use it initially, where initially means until the numbefrvisible steps—and hence



in particular the number of steps—exceeds the greed bagnaf the uniformisation
U of M. Comparable to the argument from the proof of Theorem 1, veevghat we
can restrict our attention to the standard greedy schedftiarthis initial phase, which
leads again to a situation where considering a finite classt#dulers suffices to obtain
the optimum.

Lemma 2. The greedy decisions and the step probability vector cdméor the ob-
servable and unobservable copy of each location in the umiation U of any
CTMDP M.

Proof. The observable and unobservable copy of each location thacdame succes-
sors under the same actions with the same transition rate. a

We can therefore choose a positiostdndard greedy schedulerhose decisions
coincide for the observable and unobservable copy of eattiém.

For the uniformisation 4 of a CTMDP M, we define the functionvis :
Pathgps(U) — Pathspg(M) that maps a patitof U to the corresponding path i,
thevisible path by deleting all unobservable locations and their preggthiansitions
from 1 (Note that all paths irtl start in an observable location.) We call a scheduler
n-visibleif its decisions only depend on the visible path and coinéid¢he observable
and unobservable copy of every location for all paths coirgiup ton visible steps.
We call a schedulerisibleif it is n-visible for alln € N.

We call a HD/HR scheduler am{)visible HD/HR scheduler if it is r§-)visible,
and we call anrf-)visible HD/HR scheduler a visible CD/CR scheduler if iextsions
depend only on the length of the visible path, andchansible CD/CR scheduler if its
decisions depend only on the length of the visible path figpaths containing up ta
visible steps. The respective classes are denoted withrdinggrefixes, for example,
n-vCD. Note that §-)visible counting schedulers are not counting.

Itis a simple observation that we can study visible CD, CR, Bl HR schedulers
on the uniformisationt/ of a CTMDP M instead of studying CD, CR, HD, and HR
schedulers off.

Lemma 3. §+— Sovisis a bijection from visible CD, CR, HD, or HR schedulensthe
uniformisation of a CTMDPAM onto CD, CR, HD, or HR schedulers, respectively, of
M that preserves the time-bounded reachability probabiftyZ' (t) = Pr%vis(t). O

At the same time, copying the argument from the proof of Theot, amq;-visible
CD or HD schedulers can be adjusted to the-visible CD or HD schedules that
deviates froms only in that it complies with the standard greedy scheduert after
ne; visible steps, without decreasing the time-bounded rdzlitygprobability. These
schedulers are visible schedulers from a finite sub-classhance some representative
of this class takes the optimal value.

Lemma 4. The following equations hold for the uniformisati@hof a CTMDP M :

max Prd(t) = max Pr¥t) and max Pr¥t) = max Pré(t).
Seng—vCD S ( ) SevCD S ( ) Seng—vHD S ( ) SevHD S ( )



Proof. We have shown in Theorem 1 that turning to the standard grselgduling
policy afterng; or more steps can only increase the time-bounded readygtitiba-
bility. This implies that we can turn to the standard greeclyesliuler afteng; visible
steps.

The scheduler resulting from this adjustment does not ceyainng-visible, it
becomes a visible CD and HD scheduler, respectively. Maednis a scheduler from
the finite subset of CD or HD schedulers, respectively, whieteviour may only de-
viate from the standard scheduler within the firgtvisible steps. O

We can therefore construct optimal CD and HD scheduler feryeCTMDP 9.
To prove that optimal CD and HD scheduler are also optimal @R AR scheduler,
respectively, we first prove the simpler lemma that this kéddk-bounded reachability.

Lemma 5. k-optimal CD or HD schedulers are also k-optimal CR or HR sttliers,
respectively.

Proof. For a CTMDPM we can turn an arbitrary CR or HR schedufeinto a CD or
HD schedulets’ with a time anck-bounded reachability probability that is at least as
good as the one of by first determinising the scheduler decisions from tkhe 1)st
step onwards—this has obviously no impactkebounded reachability—and then de-
terminising the remaining randomised choices.

Replacing a single randomised decision on a paffor history-dependent sched-
ulers) or on a set of pathd (for counting schedulers) that end(s) in a locatiois
safe, because the time akdbounded reachability probability of a scheduler is an affin
combination—the affine combination defined Byrt) and S(|m,1), respectively—of
the|Act(l)| schedulers resulting from determinising this single denisHence, we can
pick one of them whose time akebounded reachability probability is at least as high
as the one of.

As the number of these randomised decisions is finité|L| for CR, and< k!
for HR schedulers), this results in a deterministic schedafter a finite number of
improvement steps. a

Theorem 2. Optimal CD schedulers are also optimal CR schedulers.

Proof. First, the probability that the goal regi@his reached in more thansteps con-
verges to 0, independent of the scheduler. Together withn&®, this implies

sup Pr?{(t) = lim supPr?[(t;k) = lim sup Pr?[(t;k) < maxPr?{(t),
SECR M=% seCR N—=% seCD 5€CD

while > is implied byCD C CR O
Analogously, we can prove the similar theorem for histoependent schedulers:

Theorem 3. Optimal HD schedulers are also optimal HR schedulers. a



Fig. 2. The example CTMDPVM (left) and the reachable part of its uniformisatioh(right).

34 Example

To exemplify our proposed construction, let us consideretkeemple CTMDPM de-
picted in Figure 2. A is not uniform, we start with constructing the uniformisati
U of M (cf. Figure 2).

U has the uniform transition rafe= 6. Independent of the initial distribution of
M, the unobservable copieslafandl, are not reachable ifi/, because the initial dis-
tribution of a uniformisation assigns all probability wbtgo observable locations, and
the transition rate of all enabled actiondimandl, in M is alreadyA. (Unobservable
copies of a locatioh are only reachable from the observable and unobservabjeafop
| upon enabled actioreswith non-maximal exit rat&(l,a,L) # A.)

Disregarding the unreachable part@f there are only 8 positional schedulers for
U, and only 4 of them are visible (that is, coincidelgand|¢; o). They can be charac-
terised byS;1 = {lop—a, l1—a}, S2={lo—a, l1— b}, Ss={lo— b, 11— a}, and
Sa = {lo— b, 11— b}. In order to determine a greedy scheduler, we first determine
step probability vectors:

Forlg: C||0,_51 = d|0’52 = (%,g, %—?,...), C||0,_53 = (%, 112, %,...), d|0~,54 = (%, %,%,)

Forly: d|1;51 = d|1753 = (?13’3_76’%’”')’ d|1752 = (0,%,%,...), d|1!54 = (O, %, %,)

Note that, in the given example, it suffices to compute thp ptebability vector
for a single step to determine thgy is optimal (w.r.t. the greedy optimality criterion);
in general, it suffices to consider as many steps as the CTMi3Hdctations. Since
deviating fromS; decreases the chance to reach the goal locétiona single step by
% both fromlp andl4, the discriminatopt = % is easy to compute.

Our coarse estimation provides a greed bound:pf= [72-t], wheret is the time
bound, bung = [42-1] suffices to satisfy Equation (2).

When seeking optimal schedulers from any of the discussestes, we can focus
on the finite set of those schedulers that comply \$iafterne; (visible) steps. In the
following subsection, we describe how the precise modetking technique of Aziz
et al. [2] can be exploited to turn the existence proof int@#ective technique for the
construction of optimal schedulers.

3.5 Constructing Optimal Schedulers

The techniques discussed in the previous subsections finevexistence of optimal
schedulers by showing that it suffices to consider detestiinschedulers that deviate



from a standard greedy scheduler only in the firgt (or n¢;) steps. The combina-
tion of each of these schedulers with the respective CTMDPbeaviewed as éinite
continuous-time Markoehain (CTMC).

Aziz et al. [2] have shown that the time-bounded reachahglibbability of CTMCs
are computable (and comparable) finite syms nie®, where the individuat); andd;
are algebraic numbers. This provides us with a construetiension of the results
developed in this section:

Corollary 2. We can effectively construct optimal CD, CR, HD, and HR sclezd.O

Corollary 3. We can compute the time-bounded reachability probabilitpmgtimal
schedulers as finite sunys, nie%, where tha); andd; are algebraic numbers. O

These corollaries, however, lean on the precise CTMC mdudmdidng approach of
Aziz et al. [2], which only demonstrates the effective dediiity of this problem. We
deem it unlikely that a complexity for finding optimal strgies can be provided prior
to determining the respective CTMC model checking compyexi

4 Time-Dependent Schedulers

In this section we make use of a simple but illuminative shifbur view on the control
problem for a CTMDPM: We consider the time that has passed as part of the state-
spacé of a time-extended CTMDP (tCTMDP), turning the time-bousdeachability
problem to reachB in timetg into an ordinary reachability problem to reaBhx [0, o]

in a tCTMDP MM, .

This extension has obviously no effect on the Markovian ati@r of the tCT-
MDP. In particular for a TT schedulet, which can revoke its decisions, the probability
Pri‘{((l,t)) to reach the goal regioB x [0,t] from a state(l,t) in the time extended
CTMDP 9%, is independent of the history.

For a traditional time-dependent schedulgérshe probabilityPr?{((I ,t)) to reach
a location in the goal region from a stdtet) is memoryful in general, as the decisions
made by the schedulgrdepend on the time that the locatibwas entered. However,
the behaviour becomes memoryless if we focus on the poinitsiefat which a discrete
transition took place.

In both cases it is simple to translate positional schedutarthe resulting time-
extended CTMDPM, to equivalent TTP/TP schedulers for the original CTMBR

For every TP schedulef, we havePrimO ((1,t)) = 1 for all goal stategl,t) € B x

[0,10], as we have reached the goal region in time in this casel?aj%ﬂ((l ,t)) =0 for
all locationsl € L and allt > tp, because the goal region cannot be reached in time any
longer if it has not been visited before.
For a measurable deterministic positional schedsilend a non-goal locations¢
B and timet € [0,tg], we will reach the goal region in time (provided we have not

3 Adding time to the state-space leads to a construction gs&mbles the semantics of timed
automata [1], but with a simpler treatment of time (only otexk and no resets).



reached it before), if we reach it in time with or after thddeling transition. Hence,

pr2fo N prMo 1 pyeROS(0) L
((1.1) = IgLR(I,S((I,t)),I)/t Prifo( 1) RIS dt

holds true, Wher@r?{to ((1,t)) denotes the probability of reaching the goal region when
the locationl is enteredat timet. Different to tCTMDPs for TT schedulers (cf. Ap-
pendix B), tCTMDPs for traditional T schedulers therefoagdna discrete flavour.

Naturally, this shift in our way of looking at the problem has influence on the
probability of reaching our objective, and the followinguadjons must hold:

M
supPri’ (I,to—t) = supPrg °((I,t)) and supPri’(to) = 3 v(l supPrS °((1,0)).
SeTP SeP SeTP I'eL SeP

For both T and TT schedulers, the hard part is to show that Etmapmeasurable
scheduler exists. We prove that there are optimal schegléhe class of randomised
history and time-dependent schedulers that are detettimiaisd positional.

Theorem 4. maxPr? (t)=supPr? (t), and randomisation does not improve the result.
seTP S SeTH °

Proof. The formulas given above for positional schedulers, as agedlimilar formulas
for history-dependent schedulers, are clearly dominayetidofunctions defined by

M
t° ((It = max R l,a,1") / Prpto T 7R(I,a,L)rd_[_
aeAct

For an extension to randomised schedulers, the maximumtbgeactions needs
to be replaced by a supremum over the distributions in anrirgdiate step, but as
suprema over affine combinations over a finite set of valuegaken in one of these
values, the same function is dominating the functions faasneable history-dependent
randomised schedulers as well.

The hard part is to show that a measurable scheduler exataltes these maxima,
that is, that no non-measurable change between differ¢inhads required. To prove
this, we show how to construct a measurable determinissdipnal schedules that
always chooses actioaghat take the maximum value.

To determine suitable scheduler decisions for a locdtifor such a schedules,
we disintegrat€0, to] into measurable se{d, | a € Act(l)}, such that§ only makes de-

. - w0 o M iy
cisions that maximisg . R(I,a,1") /i Prp © ((I",1))e"Rtabitgr. (For positions out-
side of{0,1to], that is, for times behind our time boutig the behaviour of the scheduler
does not matter, and(l,t) can be fixed to any constant decisiare Act(l) for all
t>to.)
We start with fixing an arbitrary order on the actions inAct(l), and intro-
duce, for each point € [0,tp], an order>=; on the actions determined by the value

o o, M _ . .
of SpeL R(1L,a, ") 7 Prp © ((I',1))e R(:aLTdr, using~ as a tie-breaker.
1. For the actiora in Act(l) that is minimal with respect te-, we start by fixing the

open seO, = [0,1o] of points in time where the scheduler does not make a decision
a = a(where open set in this proof refers to sets ope@jty)).



2. We then define the sa@t, as the pointd € O, in time, for which the actiora is
maximal with respect té-;.
Ta is an open measurable set with a countable fringe, and fpoaitst € T, \ T,

it holds thata maximisesy ., R(l,b,l") Prg{to ((I",7))e RbLTgr among all
actionsb € Act(l), though not strictly. (A detailed description why the comity

of Syl R(I,b,17) 7 Pr,imo((I’,r))e*R("b’L)Tdr for all actionsb € Act(l) implies
thatT, is open, measurable, and has a countable fringe is supplieggdendix B.)
3. We fix$(l,t) = aforallt € T,N Oa.
4. If there is a next smaller (with respect:tg actiona’ = max{a’ < a}, than we fix
the new open s&dy = O, . T, for &, and proceed with Step 2.

Repeating this for all non-goal locatiohg B, and fixing arbitrary decisions for the goal
locations (independent of the time passed) provides thgtgoneasurable deterministic
time-dependent positional scheduler that dominates stibhi-dependent randomised
time-dependent schedulers. a

The proof for a similar theorem for TT schedulers is moved ppéndix B due to space
restrictions.

Theorem 5. maxPrM(t):supPr?{ (t), and randomisation does not improve the result.
SETTP SETTH
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Appendix
A Greedy Schedulers

The proof of the existence of a positional greedy schedule8ubsection 3.1 is not
constructive, because we do not provide means to computasiactk that satisfies
di #da= 3K <k d[k > dalk]. Moreover, suitable constangsandn,, can only
be computed onck is known. Without being able to provide a suitable consteeat,
could therefore provide an algorithm that converges tawogittime-abstract schedulers,
but we would not be able to determine whether an optimal Eoiuias already been
reached.

The technigues we exploit in this appendix to show that|L| is in fact smaller
than the uniform CTMDPV itself draw from linear algebra, and are, while simple, a
bit unusual in this context. We first turn to the simpler notid Markov chains, resolv-
ing the nondeterminism in accordance with the positioraidard greedy schedulér
whose existence was shown in Subsection 3.1.

We first lift the step probability vector from locations tcsttibutions, wherel, =
S1eLV(1)d is, for a distributiorv : L — [0, 1], the normal affine combination of the step
probability vectors of the individual locations. We calldwistributions), v’ : L — [0, 1]
equivalent, if their step probability vectods = d,s are equal, andtstep equivalent if
they are equal up to positian(Vj <i. dy[j] = dy[]j]). We immediately extend these
definitions to arbitrary vectors: L — R.

We then define the vector spades of multitudes of differences — Vv’ of i-step
equivalent distributions, v’ : L — [0, 1]. That is, the differences betweestep equiva-
lent distributions form a spanning setbf.

As a basis for our constructioBy is simple to construct: it is the vector space that
contains the multitudes of differences- v’ of distributionsv,v’ : L — [0,1] that are
equally likely in the goal region. The first implies the réstion 3, 8(1) = 0, and
the latter the restrictiory g &(1) = 0 for all d € Dg. On the other hand, all vectors
that satisfy these side conditions are clearly multitudediféerencesv — v’ of 0-step
equivalent distributions, v’ : L — [0,1], such thaDg is completely described by this
description.

Once we have computed the vector spgewe can compute the vector space
O; that contains a vectad if it is a multitude of differences — v’ of distributions
v,V : L — [0,1], such thashift(d,) andshift(d,) arei-step equivalent. The transition
from step probability vectors to th&hift of them is a simple linear operation, which
essentially transforms the distributions according totthesition matrix, but drops all
weight that is already accumulated in the goal region. Heweecan obtair®; from D;
by a simple linear transformation of the vector space.

Now, D 1 obviously consists of those vectorsin that are also ifQ;, andD; 1 =
D; NO; can be obtained by an intersection of two vector spaces.

Now Do 2 D12 ... 2 D2 2 ... obviously holds, an®; = Dj1 implies O; =
Oi+1, and henc®; = D.,. AsDg is a|L| — 2 dimensional vector space, and inequality
implies the loss of at least one dimension, a fixed point istred after at most.| — 2
steps. That is, two distributions are equivalent, if, anty dfp they are (|L| — 2)-step
equivalent.



Having established this, we apply it on the distributipgobtained in one step from
a position ¢ B when choosing the actiag as compared to the distributienobtained
when choosing the actiafy(l) defined by the positional greedy scheduler.

Now, d| > d, 5 holds if, and only ifshift(d, ) = dy, > dy, , = shift(d, a), which implies
dy, [K'] > dy, ,[K'] for somek’ < |L|—2, and hence [k] > dj 4[] for somek < |L|.

B TT Schedulers

In this appendix we describe the small differences that oatien we allow for sched-
ulers that have the capability to revoke their decisions.

Probability Space. As a first adjustment, we have to build a probability space tha
covers this generalisation. Such spaces are not hard w (ofiil[9, 10] for locally uni-
form CTMDPs): We can simply define measures for simple tyfe¢kease schedulers,
and complete the measure space in the usual way.

That is, we start with defining the probability measure fds & paths

ap.to apty an-1,tn-1
|O |1 R |n

withO<tg <ty <ty <...<th_1,suchthaty€lg,ty €lg,...,th_1 € In_1, for disjoint
openinterval$o, l1, ...,In—1, and schedulers that revoke their decisions in finitely many
pointsri,ra,....Irm, but whose decisions do not depend on the titpgs, ..., th—1.

For such simple sets of paths and schedulers, we can confpuaabability to
obtain a path in this cylindric set as

n—-1

mn % It/
/ I_LR(li,athl) r!efR(i’%’L)(tift“),
to€lo,t1€ly,. . th-1€ln-1 j= =

where

oty =0,

ot} <ty <...<tn,,is the chain of points in time that contaigs< t; <t, < ... <
tho1andrq,ro,...,rm,

o I!'is the location the CTMDP is in for the interv@|_,,t/), and

o & is the decision the scheduler would make in the time inteftyal,t/), which is
also the decision it makes at the tinmgsf the discrete transitions.

The extension to randomised schedulers is trivial.

These probabilities for cylindric sets then become theddasilding blocks of our
probability space: As usual, we can buildalgebra over these sets, and complete the
resulting simple measure space. Note that this definiti@s cot raise the requirement
of locally uniform schedulers that was considered necggzaviously (cf. [9, 10]), al-
though using locally uniform schedulers admittedly sirfigdi representing the measure
of these cylindric sets of traces to the same integral us&gation 2.



Optimal TT SchedulersBased on the resulting probabilistic space, we argue asdn Se
tion 4 that we can consider tCTMDPs instead of the standaed,and that the result-
ing tCTMDPs remain Markovian. This suggests a proof for tkistence of optimal TT
schedulers comparable to the prove for time-dependentlatdrs that cannot revoke
their decisions.

The main difference to the proof in Section 4 is that TT schemdcan revoke their
decision in any point of time, and the resulting tCTMBR, is Markovian in any state,
rather than only in any discrete entry point. This takes athaydiscrete flavour from
the T scheduler case. Comparable to the case of T scheduéeksow that

o Pr?[to ((1,t)) = 1 holds for all goal statelse B and allt < t,
o Pr?[to ((1,t)) = 0 holds for all location$ € L and allt > to, and
o Pr?[to ((1,t0)) = 0 holds for all non-goal locatioris¢ B.

holds for every scheduler. For a measurable positionalddies, we now have that
Pis™((1.0) = 5 R(L5(0.0).1) - (Pr3e(0.0) - () )
I"eL

for all non-goal Iocatlonis;é B, and allt € [0,to] holds true, wherer ;™ °((1,t)) isthe

derivation ofPr 2o ((1,t)) to the second argument, that is, to the time.
Naturally, our shift in the way we look at the problem has agai influence on the
probability of reaching our objective, and the followinguatjons must hold:

%
sup Prif(l,to—t) =supPr °((1,t)) and sup Pri! (to) = > v supPr ((1,0)).
SeTTP SeP SeTTP l'eL SeP

The hard part is again to show that an optimal measurablelatdreexists.

Theorem 5. max, Pr¥(to) = sup Pr¥(t), and randomisation does notimprove the
sertp ¥ SETTH
result.

Proof. The formulas discussed above provide us with simple diffiégabequations, and
the functions that we yield for positional schedulers, alt asthose that we would get
for history-dependent schedulers, are clearly dominaygtiéfunctions defined by the
differential equation

Prs™o ((1,1) )= min. ZRIaI (Pr?{to((l,t))—Pr?{“’((l’,t)))forallte[O,to].

For an extension to randomised schedulers, the minimumtbeeactions needs
to be replaced by an infimum over the distributions in an meiate step, but as the
infima over affine combinations of a finite set of values takgsrinimum in one of
these values, the same differential equations defines anging function.

Just like in the proof of Theorem 4, the hard part of the pretdishow that there is a
measurable schedulBthat always chooses an actiathat minimises this value. This



guarantee%eLv(l)Pr?{(I,O) = sup Prg‘[(to). We can construct such a scheduler
SETTH

similarly to the construction of an optimal scheduler in pineof of Theorem 4.

To construct the scheduler decisions for a locatiéor a measurable scheduler
we disintegratd0,to] into measurable setsT, | a € Act(l)}, such thatS only makes
decisions that minimisg ¢, R(l,a,1")- (Przl{to (1) - Pr?[to ((I",1))). (For positions
outside of{0, o], that is, for times behind the time boutdthe behaviour of the sched-
uler does not matter ang{1,t) can be fixed to any constant decisi@e Act(l) for all
t>to.)

We start with fixing an arbitrary ordex on the actions inAct(l), and intro-
duce, for each point € [0,t5], an order>; on the actions determined by the value

of SpeL R(L,a, 1) - (PrimO (1) - Pr?[to ((I',1))), using:- as a tie-breaker.

1. For the actiora in Act(l) that is maximal with respect te, we start by fixing the
open seO, = [0, 1] of points in time where the scheduler does not make a decision
a' - a(where open set in this proof refers to sets opedjty)]).

2. We then define the sa@t, as the pointd € O, in time, for which the actiora is
minimal with respect to=;.
Being minimal  with  respect to > requires  the  value

SreL R(Lal’)- (Pr?[to (1) — Pri‘[to ((I",t))) to be strictly smaller fora
compared to the respective value of all other act@ns a, which implies that this
sum is also strictly smaller for af in somee-environment of in [0, to].

As O is open, such as-environment is a subset @, which implies thafT, is
open.

We now first fix one sucls-environmentZ; C O, for all t € Ty, and then fix an
arbitrary sequencgy, Z1, ... from these open sets such that, foria N, there is
not € T, such thatfﬂ\Uj<i z dr > foq_,\ujd z dt.

Now, the open setZ, = Uicny% Iis measurable, and since obviously
limj e ffi,\ujd 5 = 0 holds true,fx,_, z dt = 0 follows for allt € Ta, which

implies % C E, (because the measurable openBgt. E, is a 0 set, and hence
empty).

Since, is a countable union of open interval, . Ea| < [N| is countable, and
hence a 0 set. Furthermorg; C T, C ‘E, holds true, and consequently = Z, is
measurable.

3. Moreover, for the points of time in the fringe of,, the continuity of
SreL R(ILA, 1) - (PrimO (1) - PrimO ((I,t))) for every actiora’ € Act(l) guar-
antees thaa still minimises this value, although not necessarily $iyicdence, we
can fix$(l,t) =aforallt € TaNO,.

4. If there is a next smaller (with respect:tg actiona’ = max{a’ < a}, we fix the
new open seDy = O, \ T, for &, and proceed with step 2.

This way, we can constructraeasurablescheduler that provides the optimal solu-
tion. a



