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Abstract. We give a relation between a logic of knowledge and change,
with a semantics on Kripke models, and a logic of knowledge and time,
with a semantics on interpreted systems. More in particular, given an
epistemic state (pointed multi-agent Kripke model where all accessibil-
ity relations are equivalence relations) and a formula in action model logic
(a logic describing the consequences of epistemic events), we construct an
interpreted system relative to that epistemic state and that formula that
satisfies the translation of the formula into branching temporal epistemic
logic. The construction involves that the protocol that is implicit in the
dynamic epistemic formula, i.e. the set of sequences of events being exe-
cuted to evaluate the formula, is made explicit. For presentation reasons,
we focus on the logic of knowledge and change that is known as public
announcement logic, which can be seen as a specific action model logic.
The interpreted system that is constructed in the process is minimal
in the sense that it precisely contains all the event structure present in
the dynamic epistemic formula. Different approaches to this correspon-
dence can be considered syntactic or semantic sugar. That observation
brings applications of our insights closer, because some such approaches
originate in the model checking community.

Keywords: modal logic, interpreted system, model checking, action
logic, protocol, temporal logic

1 Introduction

Epistemic logic is the formalisation of knowledge. Seminal work in this area is
Hintikka’s [10], from 1962, and since then many philosophers have been inter-
ested in further developing the notions of knowledge and belief using a possible
world semantics. In the late 1980s these approaches were picked up and further
developed by computer scientists, cf. [9, 5]. This development was originally mo-
tivated by the need to reason about communication protocols. One is typically
interested in what different parties to a protocol know before, during and after a
run (an execution sequence) of the protocol. This interest in change of knowledge
over time is already eminent in this area for twenty years. Fagin, Halpern, Moses
and Vardi’s seminal Reasoning about Knowledge [5] is a culmination of several
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earlier papers in this area, and also incorporates Halpern and Vardi’s 1986 paper
[9] The Complexity of Reasoning about Knowledge and Time.

The central notion in the work of Fagin et al. [5] is that of an interpreted
system. When compared to Kripke (possible worlds) models, interpreted systems
have at least two appealing features: a natural and appealing accessibility rela-
tion between domain objects, that can be summarised as ‘each agent knows its
own state’, and an equally natural notion of dynamics, modelled by runs. The
accessibility relation as we know it from the possible worlds model is in this case
grounded; it has a direct and natural interpretation, as follows. In an interpreted
system, the role of possible worlds is performed by global states, which are con-
stituted by the agents’ local states and the state of the environment. Each agent
knows exactly its own local state: two global states are indistinguishable for
an agent if his local compartment is the same. Secondly, an interpreted system
defines a number of runs through such global states (i.e., a sequence of global
states). Each run corresponds to a possible computation allowed by a proto-
col. In an object language with temporal and epistemic operators one can then
express temporal properties such as liveness and temporal epistemic properties
such as perfect recall.

The interpreted systems approach has proven its value far beyond the scope
of communication protocols, and temporal epistemic logics that describe them
have been studied and applied extensively. Rather than linear time, one may
consider branching time logic, and apart from synchrony (roughly, the agents
know what the time is) and perfect recall, one may consider properties with or
without assuming a unique initial state, and with or without the principle of no
learning. Varying only these parameters already yield 96 different logics: for a
comprehensive overview of the linear case we refer to [8], and for the branching
time case, to [24]. Moreover, apart from the interpreted systems stance there
have been several other and related approaches to knowledge and time, like the
distributed processes approach of [15]. The recent paper [23] provides a picture
of different logics for knowledge and time from the point of view of decidability
and undecidability results for several logics. Apart from computer science, there
is much interest in the temporal dynamics of knowledge and belief in areas as
diverse as artificial intelligence [13], multiagent systems [18], philosophy [1] and
game theory [2].

Dynamic epistemic logic studies what kinds of events are responsible for
change of knowledge in a multiagent setting. A quizmaster may publicly an-
nounce the winning lot, or whisper it in the ear of his assistant. Both result in a
change of knowledge for everybody present, although the change is different in
either case. Where belief revision [1] is interested in describing the effect of ex-
pansion, contraction and revision of a belief set of one agent, dynamic epistemic
logic treats all of knowledge, higher-order knowledge, and its dynamics on the
same level, and it gives a fine-tuned analysis of the way the revision is brought
about, ranging from a private insight by one agent to a public announcement in
a group. Unlike temporal epistemic logics, where the meaning of a temporal shift
only appears from the underlying model, in dynamic epistemic logic this change
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is specified ‘directly’ in the dynamic operators. Starting with a few somewhat
isolated contributions in the late 1980s [16, 20], the area strongly developed from
the late 1990s onward [7, 3, 25]. A general theory only now and partially emerges.
We will base our treatment of dynamic epistemic logic on [25].

The presented frameworks interact both on the level of logical languages
and on the level of semantic objects—and it is precisely this interaction that is
the subject of the underlying investigation. Various results have already been
achieved. The relation between Kripke models and interpreted systems has been
investigated by Lomuscio and Ryan in [12]. Their approach suits Kripke models
where all states have different valuations, which is not generally the case. A
recent study by Pacuit [14] compares the history-based approach by Parikh and
Ramanujam [15] to interpreted systems, with runs. This addresses the relation
between Kripke models with histories consisting of event sequences (in our case
this primitive is derived and called a tree model) and interpreted systems. Pacuit
handles partial observability of agents, when they perceive only some but not
all of a sequence of events. He does not address in [14] the partial observability
common in dynamic epistemics, where only an aspect of an event is observable.
Other recent work by van Benthem, Gerbrandy and Pacuit [23], rooted in older
work [22, 21], gives a precise relation between temporal epistemics and dynamic
epistemics. In their approach, each event (M, w) (an action model) corresponds
to a unique labelled modality ©(M,w), interpreted in a linear temporal logic,
such that a dynamic epistemic formula of the form [M, w]ϕ (‘after execution of
event ‘(M, w)’ it holds that ϕ’) is true in a Kripke model with merely epistemic
accessibility relations, if and only if a temporal epistemic formula ©(M,w)ϕ is
true in an ‘enlarged’ Kripke model that is constructed using two copies of the
former and an accessibility relation for ©(M,w)-execution that connects them.
This is a forest that we will introduce later. We have straightforwardly applied
their elegant approach. Unlike them, we do not assume a protocol but compute
it based on the structure of a given formula.

Much recent work in model checking is based on temporal epistemics de-
scribing interpreted systems (MCMAS [17], MCK [6], and see also [19]), al-
though some recent, very promising, work is based on dynamic epistemics de-
scribing Kripke models (DEMO, [27]). In a previous study we addressed the
relation between these logics. We encoded public announcement logic into tem-
poral epistemics [26] by way of explicitly introducing boolean state variables
for each announcement with values corresponding to unknown (i.e., before the
announcement is made), and true (after a truthful announcement). Our current
investigation can be seen as a continuation of that effort, that however remains
rooted in such practical applications.

Section 2 contains short notes on logical languages and structures involved. Sec-
tion 3 presents our main results for a specific event logic, namely public an-
nouncement logic. We translate all formulas with announcements into a frag-
ment of the logic ETL, and prove a theorem that identifies the truth of such a
dynamic epistemic formula in a world of a Kripke model, with the truth of a
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temporal epistemic formula in a global state of an interpreted system. In Sec-
tion 4 we provide precise technical details on the generalization of that result
to arbitrary event execution.

2 Logical preliminaries

We introduce three structural primitives and two languages. The structures are:
epistemic models (plus a somewhat derived primitive called an event model),
i.e., Kripke models with for each agent an accessibility relation representing
his knowledge, tree models, that fall under the branch of epistemic PDL-models
which are Kripke models with not just accessibility relations representing agent
knowledge but also accessibility relations for event execution (thus closer to
models/graphs used for PDL), and interpreted systems. The languages are those
of dynamic epistemic logic and a fragment of a (branching) temporal epistemic
logic (that one could think of as ‘epistemic next-time logic’). The former can be
given meaning both on (purely) epistemic models but also on epistemic PDL-
models; the latter both on epistemic PDL-models and on interpreted systems.
As global parameters to both the languages and the structures we have a set A
of n agents, and a (countable) set P of atoms p. Details on action models and
on common knowledge are omitted (see the references in the previous section).

2.1 Languages

The logical language Ldel of action model logic is inductively defined as

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | Kiϕ | CBϕ | [M, w]ϕ

where p ∈ P , i ∈ A, B ⊆ A, and (M, w) a pointed action model with the usual
constraints. Without loss of generality (and for the convenience of the comparison
with PDL-like abstract action names) we assume that all points of all action
models are differently named, so that we can associated a particular w with
the pointed model (M, w) whenever convenient. For the special case of singleton
event models with reflexive access for all agents, i.e. public announcements, we
write [ϕ]ψ where ϕ is the precondition (the announced formula).

The language Letl is inductively defined as

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | Kiϕ | CBϕ | ©w ϕ

where, again, p ∈ P , i ∈ A, B ⊆ A, and w the (uniquely named, see above) point
of pointed action model (M, w).

2.2 Structures

An epistemic model is a structure 〈W,∼1, . . . ,∼n, π〉 where W is a domain of
worlds, for each agent i, ∼i is the binary accessibility relation between worlds,
that is an equivalence relation, expressing the worlds that are indistinguishable
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from each other for that agent, and where π : W → P → {0, 1} is a valuation
(or interpretation) that determines for each world which atoms are true or false
in that world.

An epistemic PDL-model is a structure 〈W,∼1, . . . ,∼n, {→w}, π〉 that is like
an epistemic model but plus a set of accessibility relations →w expressing the
execution of actions w (we assume a background parameter set of events W—
each event corresponds to an action model (M, w)). We will in fact use a specific
epistemic PDL-model where all worlds have the form (w, w1, . . . ,wm) where
w1, . . . ,wm is a sequence of executed events.

To formally define an interpreted system I for n agents we first give the
notion of a global state. A global state s is a tuple s = (se, s1, . . . , sn) where se

is the state of the environment and where for i = 1 . . . n, si is the local state of
agent i. The set of global states of interest will be denoted G. A run over G is
a sequence of states, or, rather, a function r from time N to global states. The
pair (r, m) consisting of a run and a time point is also referred to as a point. Let
r(m) = s be the global state at time m in run r, then with ri(m) we mean local
state si. An interpreted system I = (R, π) over G is a system R of runs over
a set G of global states with an interpretation π which decides for each point
(r, m) and atom p ∈ P , whether p is true in (r, m) or not. Two points (r, m) and
(r′, m′) are indistinguishable for i, written (r, m) ∼i (r′, m′), if ri(m) = r′i(m′).

2.3 Semantics

The most pregnant clauses of the semantics are for knowledge, event execution
(for which we only give the example of announcement execution), and the tem-
poral connective. Formula Kiϕ means ‘agent i knows ϕ’. On epistemic models,
and on epistemic PDL-models, its semantics is

M, w |= Kiϕ iff for all v ∈ W : w ∼i v implies M, v |= ϕ

This expresses that given a model M and a state w, agent i knows that ϕ, if ϕ
is the case in every state the agent cannot distinguish from w.

A singleton event model with universal access for all agents represents a
public announcement. Formula [ϕ]ψ stands for ‘after public announcement of ϕ
it holds that ψ’. Its semantics with respect to an epistemic model M is:

M, w |= [ϕ]ψ iff M, w |= ϕ implies M |ϕ, w |= ψ

where M |ϕ is the restriction of M to the worlds where ϕ is true. On the other
hand, the semantics of [ϕ]ψ with respect to an epistemic PDL-model M is as
follows. Let w be the name for [ϕ] (in other words, w is the point of the singleton
action model corresponding to the announcement), and suppose that in the
model M all worlds where ϕ is true have a →w transition (this condition is
satisfied in the tree models to be introduced in the next section). Then:

M, w |= [ϕ]ψ iff M, w |= ϕ implies ∃v s.t. w →w v and M, v |= ψ
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For the temporal operator ©w the semantics on epistemic PDL-models is:

M, w |= ©wϕ iff there is a state v such that w →w v and M, v |= ϕ

whereas the semantics for this expression on interpreted systems is formulated
in terms of runs through the system. Let I = (R, π) be an interpreted system
over a set G of global states. “Runs r and r′ are equivalent to time m” means
that the initial segments of r and r′ are the same from 0 to m, i.e., r(0) = r′(0)
up to r(m) = r′(m). Choosing the bundle semantics as in [24] we now define that:

(I, r, m) |= ©wϕ iff there is a run r′ that is equivalent to r to time m and
r′(m + 1) is an w-successor of r(m) such that: (I, r′, m + 1) |= ϕ.

The semantics of knowledge of interpreted systems expresses that global states
are indistinguishable if they are at the same point in time (we assume synchronic-
ity) and if the local states of that agent are the same:

(I, r, m) |= Kiϕ iff for all runs r′ such that r′i(m) = ri(m): (I, r′, m) |= ϕ.

3 Public announcements and interpreted systems

Given a formula ϕ in the language of public announcement logic, and a multi-
agent epistemic model (M, w), we want to simulate checking the truth of ϕ in
(M, w) by checking the truth of a corresponding temporal epistemic formula in
a corresponding interpreted system. The interpreted system is based on (M, w)
but should also encode the dynamics that is implicitly present in ϕ in the form
of public announcement operators. It is therefore relative to both ϕ and (M, w).
In other words, we are looking for a semantic transformation f and a syntactic
translation trs such that: M, w |= ϕ iff f((M, w), ϕ) |= trs(ϕ). The image of
actual world w under f (a global state sw) is entirely determined by the role of
w in M . It is therefore sufficient to determine f(M, ϕ):

M, w |= ϕ iff f(M, ϕ), sw |= trs(ϕ)

3.1 Syntactic translation

The dynamic epistemic formula translates to a temporal epistemic one in a simple
way. All static features remain the same. For the dynamic feature, consider a
formula [ϕ]ψ containing the announcement of ϕ. Each announcement should
correspond precisely one temporal transition, and that is expressed in a next
temporal operator labelled by an event corresponding to that announcement.

Definition 1 (Dynamic epistemic to temporal epistemic). All clauses
are trivial except the case for public announcement. Suppose that the event w
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corresponds to announcement modality [ϕ]:

trs(p) ≡ p
trs(ϕ ∧ ψ) ≡ trs(ϕ) ∧ trs(ψ)
trs(¬ϕ) ≡ ¬trs(ϕ)
trs(Kiϕ) ≡ Kitrs(ϕ)
trs(CBϕ) ≡ CBtrs(ϕ)
trs([ϕ]ψ) ≡ trs(ϕ) → ©wtrs(ψ)

The translation is to a language fragment of ETL.

Example 1. Given a public announcement formula [p][q](p∧q)∧ [q]K1q. Suppose
w′ corresponds to [p], w′′ to first [q], and w′′′ to second [q]. This formula is then
translated as (p → ©w′(q → ©w′′(p ∧ q))) ∧ (q → ©w′′′K1q).

Protocol The dynamics implicitly present in ϕ, that plays a role in f((M, w), ϕ),
can be identified with the set of all sequences of public announcements that may
need to be evaluated in order to determine the truth of ϕ. As this is known as a
protocol [14], we call this the protocol of a formula ϕ. It can be determined from
ϕ and is therefore another syntactic feature that we can address before applying
it in the semantic transformation f((M, w), ϕ).

To determine the protocol, we must be able to distinguish an announcement
in a formula from all other announcements occurring in that formula. For ex-
ample, in [p][q](p∧ q)∧ [q]K1q there are two announcements of q, but they have
a different dynamic effect. We distinguish the announcements in a formula from
one another by giving them different names. We name the n announcements oc-
curring in a formula w1, . . . ,wn in the order of occurrence of their left ‘[’ bracket,
when reading the formula from left to right. Note that this is unambiguous. The
names will also serve as (components of) local state values in the interpreted
system to be constructed later.

Example 2. The three announcements in the formula [p][q](p ∧ q) ∧ [q]K1q cor-
respond to three state variables w′, w′′, w′′′. For a less trivial example, the three
announcements in the formula [p ∧ [q]K2q]C12p ∧ [+]¬K1p are associated with
three announcement state variables as follows:

v [p ∧ [q]K2q]
v′ [q]
v′′ [+]

The left bracket ‘[’ in ‘[p ∧ . . . ’ comes first when reading from left to right.
Then comes the left bracket of the announcement [q] that is a subformula of
[p∧ [q]K2q]. Finally we reach the announcement [+] in the right-hand side of the
conjunction.

Definition 2 (Protocol of a formula). The protocol of a formula is de-
fined by induction on formula structure. In the last clause, w is the name for
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the announcement of ϕ in [ϕ]ψ, and wprot(ψ) = {ww1 . . . wm | w1 . . . wm ∈
prot(ψ)}, i.e. the concatenation of w to all sequences in the set of prot(ψ).

prot(p) ≡ ∅
prot(¬ϕ) ≡ prot(ϕ)
prot(ϕ ∧ ψ) ≡ prot(ϕ) ∪ prot(ψ)
prot(Kiϕ) ≡ prot(ϕ)
prot(CBϕ) ≡ prot(ϕ)
prot([ϕ]ψ) ≡ prot(ϕ) ∪ wprot(ψ)

This notion of protocol is similar to in [14]. The difference is that in our case
prot(ψ) is not subsequence closed. The protocol of a formula would be subse-
quence closed if the last clause is changed to prot([ϕ]ψ) ≡ prot(ϕ)∪wprot(ψ)∪
{w}. For a protocol variable we use T .

Example 3. We have that prot([p][q](p ∧ q) ∧ [q]K1q) = {w′w′′, w′′′}, and that
prot([p ∧ [q]K2q]C12p ∧ [+]¬K1p) = {v, v′, v′′}. (See previous example.)

3.2 Semantic transformation

The required semantic transformation f in f(M, ϕ) is determined in two steps.
(As said, the f-image of actual world w is simply its image as a world in the do-
main of M .) First, we construct the forest, a.k.a. tree model, frst(M, prot(ϕ))
from the epistemic model M and the protocol prot(ϕ) of the dynamic epistemic
formula ϕ [21, 23]. The tree model is an epistemic PDL-model 〈W,∼1, . . . ,∼n

, {→w}, π〉 (where {→w} is a set of accessibility relations, one for each event oc-
curring in ϕ, such as an announcement). Then we can determine an interpreted
system is(M ′) corresponding to a tree model M ′. We then simply define f(M, ϕ)
as is(frst(M, prot(ϕ)).

Definition 3 (Epistemic model to tree model). Given epistemic model
M = 〈W,∼1, ...,∼n, π〉, w ∈ W , and a protocol T . Let ϕ be the announcement
named w. The tree model frst(M, T ) is defined by

frst(M, ∅) ≡ M
frst(M, T ∪ T ′) ≡ frst(M, T ) ∪ frst(M, T ′)
frst(M, {w1 . . . wmw}) ≡ from frst(M, {w1 . . . wm}) and w as below

For the iteration in the last clause we show the first step. Tree model frst(M, {w}) =
M ′ with M ′ = 〈W ′,∼1, . . . ,∼n, {→w}, π〉 is defined as

W ′ = W ∪ {(w, w) | M, w |= ϕ}
w ∼′

i w′ iff w ∼i w′ and (w, w) ∼′
i (w′, w) iff w ∼i w′

w →w (w, w)
π′(w)(p) = π(w)(p) and π′((w, w))(p) = π(w)(p)
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The construction can be seen as repeatedly merging a model and the restricted
modal product of that model and a singleton ‘action model’ corresponding to
the announcement [3].

Next, from such a tree model we can determine an interpreted system. This
is based on a fairly simple idea (that however we have not encountered in this
form). For each world in a Kripke model we need to find a corresponding global
state. This can be achieved keeping that world as the value of the environmental
state and for each agent the set of indistinguishable worlds as the value of that
agent’s local state. The valuation π remains as it was. Now for a world w in
an epistemic model M = 〈W,∼1, . . . ,∼n〉 this recipe delivers a corresponding
global state s = (w, w̃1, . . . , w̃n). (Partly for its pretty layout we write w̃i for the
i-equivalence class containing w, i.e. {w′ ∈ W | w′ ∼i w}. Alternatively, we write
w∼i .) The same recipe applies, in principle, to worlds (w, w1, . . . ,wm) in the tree
model frst(M, prot(ϕ)), but here we can somewhat simplify matters by ob-
serving that (i) the environment is fully determined by the w in (w, w1, . . . ,wm)
because all events (such as announcements) are defined relative to their com-
bined effect on the agents only, and by observing that (ii) public announcements
are fully observable by all agents so we can represent them as global parameters.
In the following we use (w, w̃1, . . . , w̃n, w1, . . . ,wm) to denote the global state
((w, w1, . . . ,wm), (w, w1, . . . ,wm)∼1 , . . . , (w, w1, . . . ,wm)∼n).

Given that each global state has some world as its environmental state, and
given that the environment remains constant throughout a run, we tend to label
global states and runs with that world: write sw and rw, respectively, for global
and runs with w as environmental state. Incidentally, note that we cannot do
away with the environmental state altogether: consider an epistemic model with
universal access for all agents but where facts are true in some worlds but false
in other worlds. Global states corresponding to such worlds have identical local
states for all agents but are only different in their environmental state value (that
represents the value of facts).

Definition 4 (Tree model to interpreted system). To a given tree model
M = 〈W,∼1, ...,∼n, {→w}, π〉 corresponds to the interpreted system I = (R, π)
over G as follows. Every world (w, w1, . . . ,wm) in the tree model corresponds to
a global state (w, w̃1, . . . , w̃n, w1, . . . ,wm) in G, where the local state of agent i
is (w̃i, w1, . . . ,wm). The set R consists of runs rw with

– rw(0) = (w, w̃1, . . . , w̃n);
– rw(i+1) = (w, w̃1, . . . , w̃n, w1, . . . ,wi+1) iff (w, w̃1, . . . , w̃n, w1, . . . ,wi) →wi+1

(w, w̃1, . . . , w̃n, w1, . . . ,wi, wi+1) and rw(i) = (w, w̃1, . . . , w̃n, w1, . . . ,wi);
– rw(i + 1) = rw(i), otherwise.

The valuations correspond: for arbitrary r, world w, and time i, π(rw(i))(p) =
π(w)(p).

We now define the interpretation of DEL formula over interpreted system
more precisely:
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(I, r, m) |= ©wϕ iff there is a run r′ that is equivalent to r to time m and
r′(m) →w r′(m + 1) such that: (I, r′, m + 1) |= ϕ.

3.3 Example

Consider two agents 1 and 2 and two facts p and q. Agent 1 knows whether p
but is uncertain about the truth of q, whereas agent 2 knows whether q but is
uncertain about the truth of p. The agents are commonly aware of each other’s
factual knowledge and ignorance. In fact, both p and q are true. This is modelled
by

w01 w11

w00 w102

2

1 1

We have named the four worlds of the model w00, w10, w01, and w11, where the
index reveals the valuation of atoms p and q (in that order). Agent 1 cannot
distinguish worlds w00, w01 from one another, therefore they are linked and the
link is labelled with a 1. Etc. The actual world is underlined.

We now want to check the truth of formula [p][q](p∧q)∧[q]K1q in state w11 of
the model. First, consider p. An announcement of p results in a model restriction
where the ¬p-worlds w00 and w01 are eliminated. In the resulting model, agent 1
is still uncertain about q, but agent 2 now knows that p. We can visualize such a
state transition by an ⇒-arrow between the epistemic state before the announce-
ment and the epistemic state resulting from the announcement. To distinguish
this from other announcements we label ⇒ with that announcement. After the
announcement of p, given [p][q](p∧q), atom q is subsequently announced, result-
ing in another state transition. But q could also initially have been announced,
namely in the right-hand part [q]K1q of the initial formula. Depicting all three
announcements at the same time, we get

w01 w11

w01 w11 w11 w11

w00 w10 w102

2 p q

1 1 1

q

2

The tree model equivalent of this model plus announcements is as follows. The
epistemic state transitions induced by announcements are now accessibility rela-
tions within a single epistemic PDL-model, where we have to take into account
that other transitions are indistinguishable from the above three. Please recall
that the event variables w′, w′′, and w′′′ represent the three different announce-
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ments.

(w01, w′′′) (w11, w′′′)

w01 w11 (w11, w′) (w11, w′, w′′)

w00 w10 (w10, w′)
2 w′

2 w′ w′′

1 1 1

w′′′ w′′′

2

This forest (tree model) consists of four trees: the one with root w11 corresponds
essentially to the previous picture. The other trees have roots w00,w01, and w10.
Somewhat arbitrarily we have chosen the root w11 to be the ‘actual world’ of the
model; this represents the state of the system where none of the announcements
have yet been made.

The interpreted system corresponding to the initial epistemic state and the
formula to be evaluated is of course utterly similar to the tree model just given.
The world w10 corresponds to the global state (w10, {w10, w11}, {w00, w10}), and
the world (w10, w′) corresponds to the global state (w10, {w10, w11}, {w10}, w′),
(in other words: (w10, {(w10, w′), (w11, w′)}, {(w10, w′)})), etc. Write s10 for the
former global state and s10w′ for the latter. The accessibility relations for agent
1 and 2 remain the same. Instead of event-labelled transitions we now have runs
connecting the global states. There are four non-trivial runs, (arbitrarily) named
as

r (s10, s10w′)
r′ (s11, s11w′, s11w′w′′)
r′′ (s01, s01w′′′)
r′′′ (s11, s11w′′′)

The interpreted system can now be depicted as

s01w′′′ s11w′′′

s01 s11 s11w′ s11w′w′′

s00 s10 s10w′2 r

2 r′ r′

1 1 1

r′′ r′′′

2

The translation trs of the formula [p][q](p∧q)∧ [q]K1q, was, as we have already
seen, (p → ©w′(q → ©w′′(p ∧ q))) ∧ (q → ©w′′′K1q), which is clearly true in
state s11 of the interpreted system.

3.4 Theoretical results

We now show the correspondence M, w |= ϕ iff f(M, ϕ), sw |= trs(ϕ) by way of
a few intermediate results. Proof details are fairly elementary and omitted.
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Proposition 1 (Baltag et al., Venema, van Benthem, Pacuit). Let M be
an epistemic model and ϕ ∈ Ldel.

M, w |= ϕ iff frst(M, prot(ϕ)), w |= ϕ

This is a known result, expressing that we can either evaluate dynamic modal
operators by pointed Kripke model transformation, or alternatively construct a
‘supermodel’ that already contains all future dynamic developments as submod-
els. Our formulation, relative to a formula ϕ to be evaluated, is slightly different
from the standard purely semantic form. For a description of the technique see
Venema’s chapter ‘Dynamic Models in their Logical Surroundings’ in [22, page
122], or [21, 23].

The next result says that on tree models that have the dynamic transitions
in the right place (namely →w transitions exactly when ϕ is true, where w is
the name for ϕ) a dynamic epistemic formula ϕ is equivalent to its translation
trs(ϕ).

Proposition 2.

frst(M, prot(ϕ)), w |= ϕ ↔ trs(ϕ)

The proof is by induction on ϕ. The only logical connectives affecting the proto-
col of a formula are conjunction and announcement, and for all but announce-
ment the clauses of trs are trivial. We therefore only have to consider the cases
conjunction and announcement. An essential proof detail for the clause con-
junction ϕ ∧ ψ is, that it can be shown that frst(M, prot(ϕ)), w |= ϕ iff (
for all ψ : frst(M, prot(ϕ ∧ ψ)), w |= ϕ ). The proof uses that tree model
frst(M, prot(ϕ)) is a submodel of tree model frst(M, prot(ϕ ∧ ψ)).

Proposition 3. For every executable ϕ ∈ Letl (i.e., a formula of the form
trs(ψ)), and tree model M :

M, w |= ϕ iff is(M), (w, w̃1, . . . , w̃n) |= ϕ

We emphasize that Proposition 3 does not hold for arbitrary formulas in
our temporal epistemic fragment, because of the observed slight but essential
difference between tree models, where event chains are finite, and corresponding
interpreted systems, with infinite runs. More precisely: in case ϕ → ©wψ of the
proof of Proposition 3 the precondition ϕ is essential! Worlds in tree models do
not necessarily have an event successor, so that in such worlds all formulas of
form ©wψ are false, whereas runs in interpreted systems keep looping after a
finite meaningful prefix, such that (e.g.) ©wp will always remain true if p is true.

We now have the main result in our pocket, directly from Propositions 1, 2,
and 3—note that f(M, ϕ) is by definition is(frst(M, prot(ϕ))).

Theorem 1.
M, w |= ϕ iff f(M, ϕ), sw |= trs(ϕ)
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Finally, we come to the minimality of our construction. Let ‘M is minimal’ mean
that it is a bisimulation contraction, a.k.a. strongly extensional [4]. Informally,
a model is minimal if it cannot contain fewer worlds without changing its infor-
mation content.

Proposition 4. Assume M, w |= ϕ. If M is minimal, then frst(M, prot(ϕ))
is minimal. If we remove (at least) a pair from a dynamic relation →w in
frst(M, prot(ϕ)), then frst(M, prot(ϕ)), w 0|= trs(ϕ).

Obviously, a similar result holds for M and f(M, ϕ).

3.5 Notational variants and model checking

Theorem 1 provides a way to model check dynamic epistemic formulas in tem-
poral epistemic model checkers ‘directly’. The temporal epistemic checkers men-
tioned [17, 6, 19] have all in common that: their semantics is on interpreted sys-
tems, and that: they optimize search by implementing binary decision diagrams
(BDD, see [11] for an introduction). This requires boolean local state variables.
Our presentation so far was on a rather ‘abstract’ level where local states took
structured forms such as (w, w, v), thus providing a convenient representation for
the comparison with dynamic logics. Now there are simple and standard ways to
convert (‘compile’) any such multi-valued formalism into a binary one, unrelated
to the accidental structure of that formalism, and hidden from the modeller. But
there is also a particular way that uses the structure rather well, keeps the re-
sult intelligable to the modeller / (human) model checker, and is more or less
enforced, in our opinion, by these currently available temporal epistemic model
checkers. We introduce it informally.

In a typical initial epistemic model to undergo dynamic developments, all
worlds are factually distinct. (Typical is initial uncertainty for all agents between
all worlds. A domain of worlds with the universal relation between them for all
agents is bisimilar to that domain where all worlds having the same valuation are
identified.) In that case a world can be represented a binary array representing
which facts are true and false in that world.

Now assume a world w and a world (w, w) expressing the result of announcing
some ϕ with name w in that world. Alternatively, we can see w as a binary state
variable with value 0 (for ‘unknown’) in the initial state of the system and that
gets value 1 (for ‘known and true’) in the global state corresponding to (w, w).
In other words: all announcement variable names are present from the initial
state of the system onwards.

We apply these basic simplifications to the run r = (s10, s10w′) described
in the example of subsection 3.3. Formally, s10 was (w10, {w10, w11}, {w10, w00})
and s10w′ was (w10, {w10, w11}, {w10, w00}). Instead, we now get r = (10.000, 10.100).
The part ‘10.’ contains the values of atoms p and q, the part (e.g.) ‘100’ contains
the values of the announcement variables; note that w′ was the first of three
state variables, the others remain irrelevant in this particular run. This is the
approach applied in [26].
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4 Action models and interpreted systems

The approach in the previous section is straightforwardly generalized from public
announcements as in [ϕ]ψ to action models as in [M, w]ψ. To translate formu-
las in action model logic, replace clause trs([ϕ]ψ) ≡ trs(ϕ) → ©wtrs(ψ) in
Definition 1 on page 6 by

trs([M, w]ψ) ≡ trs(pre(w)) → ©wtrs(ψ)

The clause for public announcement is now a special case, as the precondition
of a singleton action model with universal access is the announcement formula.
The state variables that we associate with announcements can now simply be
the event names — where we assume w.l.o.g. that in a given formula all names
are different. The clause prot([ϕ]ψ) ≡ prot(ϕ) ∪ wprot(ψ) in Definition 2 on
page 7 of the protocol of a formula now becomes

prot([M, w]ψ) ≡
⋃

v∈D(M)

(prot(pre(v) ∪ vprot(ψ))

where D(M) is the domain of the action model, which includes the point w.
There are no changes at all in the construction of the tree model from a given
protocol.

The interpreted system is somewhat different, as the events are no longer
accessible to all agents. In the case of sequences of events corresponding to public
announcements, every world (w, w1, . . . ,wm) in the tree model corresponds to a
global state (w, w̃1, . . . , w̃n, w1, . . . ,wm) in G, where the local state of agent i is
(w̃i, w1, . . . ,wm). Now, instead we have that every world (w, w1, . . . ,wm) in the
tree model corresponds to a global state

(w, w̃1, . . . , w̃n, w̃1
1, . . . , w̃1

n, . . . , w̃m
1, . . . , w̃m

n)

in G, where the local state of agent i is (w̃i, w̃1
i, . . . , w̃m

i).
The main Theorem 1 still holds for the generalization—nowhere in the proof

it was essential that events corresponded to public announcements. (And the
minimality results also hold unchanged.) So, again:

M, w |= ϕ iff f(M, ϕ), sw |= trs(ϕ)

5 Conclusions

Given an epistemic state and a formula in action model logic, we constructed an
interpreted system relative to that epistemic state and that formula that satisfied
the translation of the formula into temporal epistemic logic, and vice versa. The
construction involved the protocol implicitly present in the dynamic epistemic
formula, i.e. the set of sequences of events being executed to evaluate the formula.
The interpreted system that is constructed in the process is minimal in the sense
that it precisely contains all the event structure present in the dynamic epistemic
formula. We hope our results are useful for the model checking community.
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