COMP317 DEPARTMENT : Computer Science Tel. No. 795 4244

’&°d UNIVERSITY OF

&/ LIVERPOOL

MAY EXAMINATIONS 2009

SEMANTICS OF PROGRAMMING LANGUAGES

TIME ALLOWED : Two and aHalf Hours

INSTRUCTIONS TO CANDIDATES
Answer FOUR gquestions.
If you attempt to answer more questions than the requiredoeniof questions (in any section),

the marks awarded for the excess questions answered wilsbarded (starting with your
lowest mark).
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Appendix A summarises the syntax and denotational sensaafi@ simple imperative
programming language. We want to extend this language wéke conditionals’ of the
form

case FE of
Ny Py
Ny o Py,

N,, . P,
endcase

whereE' is an expression, eadHl; is an integer, and each is a program. This program
is executed by first evaluating the expressiono obtain an integen; if the first occur-
rence of N in the list Ny, ..., N,, is N; (we allow that the listVy, ..., N,, may contain
duplicates), then prograif is executed; ifV doesn’t occur in the lisdvy, . . ., N,, then the
program immediately terminates (i.e., is equivalerg ko p).

For example, the program

case 'x + 1 of

0: 'z :=5;;
3: 2 :=6;;
4 'y =0
endcase

will set’ z to 5if ’ x has the value -1; it will seétz to 6 if * x has the value 2; it will set
"y to 0if’ x has the value 3; and it will have no effect ik has any other value.

(@) i. Give a BNF definition of a syntactic categof@aseLi st ) for the list of cases,
where the list either consists of a single case, of the foim: P, with N an
integer andP a program, or is of the formv. : P ;; CL, whereCL is a
CaselList. For example,

O:'z:=5 ,;; 3:72:=6 ,;; 4:'’'y:=0
isa(Caseli st ). [5 marks]
ii. Extend the BNF syntax of the programming language witheaige stating that
Programs (Pgm) may also consist of case conditionals of the form
case E of CL endcase
whereF is an expression and L a CaseList. [2 marks]

(b) i. Define a semantic function for CaseLists
[CL] ¢ : Int x Store — Store,

such that for a CaseListL, integerN and StoreS, [CL], (N, S) gives the Store

that results from choosing the first programdih with label N and running it in

stateS. For example, it should follow from your definition that
[0'z:=5;;3"2z:=6;;4:y:=0]c(3,9)

will return the state that results from running the progfamn : = 6 in the Store
S. [8 marks]

PAPER CODE COMP317 page 2 of 9 Continued



LIVERPOOL

ii. Extend the definition off ]]Pgm given in Appendix A to give a semantics for case
conditionals; i.e., define

[case E of C'L endcase]py,

whereF is an expression and L a CaseList. [6 marks]
iii. Use your answers to parts (i) and (ii) to calculate thenaatics of the following

program:
X 1= 2
case ’'x + 1 of
O0: 'z :=5;
3: 7z :=6;;
4 'y =0
endcase
[4 marks]
2. Give definitions for each of the following:
(a) Signature [4 marks]
(b) X-algebra [4 marks]
(c) Term algebra. [4 marks]
(d) Equational theory. [4 marks]
(e) Model of an equational theory. [4 marks]
(f) Initial model of an equational theory. [5 marks]

3. Describe term rewriting in detail, illustrating the prosegth a simple example of an OBJ
specification of natural numbers and arithmetic operatsmad as addition and multiplica-

tion.

[25 marks]

4. The following OBJ specification defines the factorial fuonton integers.

obj FACTORIAL is
pr ZZ .
op fac : Int -> Int
var | I nt
cq fac(l) = 1 if | <=0.
cq fac(l) = 1 = fac(l - 1) if 1 > 0.
endo

The following program sets the variabla to the factorial of the value stored iry:
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)

X :=1;

"count := 0 ;

while "count <’y

do
count := 'count + 1 ;
"X .= 'count * 'Xx

od

(a) Briefly describe what it means for a program to be correct vagipect to a given pre-
and post-condition, and say why invariants can be used teepifte correctness of

programs. [6 marks]
(b) Write an OBJ module that gives pre- and post-conditions skefte that the above
program sets x to the factorial of the value initially stored iny. [6 marks]

(c) Give an invariant that will allow you to prove the partial cesctness of the program.
[6 marks]

(d) Give an OBJ proof score that proves the correctness of thgrqomo [7 marks]

5. An abstract data type of pairs of integers is given in theofeihg OBJ specification:

obj PAIR is
pr ZZ .
sort Pair
op <, >:Int Int -> Pair

ops (fst_ ) (snd_) : Pair -> Int

vars | J : Int

eq fst <I , J > = |

eq snd<I , J> = J.
endo

We want to extend the programming language described in Agip® with a data type of
pairs, so that we can write programs such as the following:

q:=<1,2>; (p.1:=(9.2; (p).2:=(09).1

wherep andq are variables of the programming language) . 1 and( _) . 2 refer to the
first and second components of a p&iEl, E2> represents a pair whose first component
is the value of the integer expressiBh and whose second component is the value of the
integer expressio&2, and the overloaded operator =_ allows assignments either to a
‘pair variable’ such ag or g, or to a component of a pair variable, such(gs . 1 or
(p).2.. This program setg to a pair whose first component isand whose second
component i2, then sets the first componentwto the second component gf(i.e., the
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value?2), and finally sets the second componenpdb the first component af. After the
program has rurg has the valugl, 2> andp has the valug2, 1>.

(a) Specify the syntax of the extended language by completiagathowing OBJ spec-
ification with subsort and operator declarations (one ofdiherloaded assignment
operators has been declared for you).

obj PAI R-PROGRAMS is ex PGM .
**x Variabl es of the progranmm ng | anguage:

sort Pair Var
ops p q : -> PairVar

*x* First and second conponents of pairs:
sort Pair Conponent

**x* EXpressions of type Pair:
sort PairExp .

**x*x Subsort decl arations:

*+x* (Operations of the | anguage:
op _:=_: PairConponent Exp -> BPgm .
endo

[7 marks]

(b) The semantics of the extended language can be specified Hgadiag the operator
_[[_]] asin the following OBJ module:

th PAIR-SEMANTICS is pr SEM.
pr PAIR .
pr PAI R- PROGRAMS .

op [[_]] : Store PairExp -> Pair

endt h

Define the semantics of the extended language by givingdeigmuations to include
in PAI R- SEMANTI CS. [12 marks]

(c) Use the equations in your answer to part (b) to simplify tHie¥ang term:

(s q:=<L2>; (p).1:=(a).2; (p).-2:=(q).)[[p]]
for a given Stores. [6 marks]
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Appendix A: The Language and its Semantics

Syntax
(Exp) ::= (Numy | (Var) | (Exp) + (Exp) | (Exp) - (Exp) | (Exp) * (Exp)
(Tst) ::=true | false | (Exp) is (Exp) | (Exp) < (Exp)
| (Tst) and (Tst) | (Tst) or (Tst) | not (Tst)
(Pgmy ::= skip | (var) := (Exp) | (Pgm ; (Pgm

| if (Tst) then (Pgm el se (Pgm fi
| while (Tst) do (Pgm od

Summary of the Denotational Semantics
o [Ngp(S) =N
o [Vlge(S) =5(V)
o [Er + Ea]g(S) = [Erlley(S) + [Eallgep(S)
o [Er - Ea]ep(S) = [Erlle(S) — [E2]gep(S)
o [Er* Ea]e(S) = [Erlley(S) * [E2llgy(S)
o [truel(S) = true
o [fal se]y(S) = false

o [Ey is Eb]iy(S) = v, wherev = true if [E1]g,,(S) = [Ealg,p(S), andv = false
otherwise

o [Ey < Epfry(S) = v, wherev = true it [Er]g,,(S) < [Ea]gy(S), andv = false
otherwise

o [not Tg(S) =~ [TT1s(5)

o [Ty and Ty 1((S) = [T1]1(S) A [Ta]1(S)

o [T1or Tu]l1o(S) = [Ti]1(S) V [Ta]1<(S)

o [skip[pgn(S) =5

o [X 1= E]pgfS) = S[[E]eyp(S)/X]

[P Pollpgn(S) = [Polpgm([Pilpgn(S))

If [T]g(S) = true then[i f T'then Py el se P, fi [p = [Pillpgn(S)

o If [T]4(S) = false then[i f T'then P el se P, fi [y = [P2lpgn(S)
o If [T]14(S) = false then[whi | e T"do P od]p,,(S) = S
o If [T]1s(S) = truethen[whi | e T do P od]py(S) = [whi | e T"do P od]pg([P]pgm(S))
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Appendix B: OBJ Semantics

*+x* the progranm ng | anguage: expressi ons *xx*
obj EXP is pr ZZ .
pr QD *(sort Id to Var)

sort Exp.

subsorts Var Int < Exp .

op _+ : Exp Exp -> Exp [prec 10]

op _*_ . Exp Exp -> Exp [prec 8]

op - Ep -> Ep .

op _-_ : Exp Exp -> Exp [prec 10]
endo

obj TST is pr EXP .
sort Tst
subsort Bool < Tst
op _<_ : Exp Exp -> Tst [prec 15]

op _<=_ : Exp Exp -> Tst [prec 15]
op _is_: Exp Exp -> Tst [prec 15]
op not_: Tst -> Tst [prec 1]

op _and_: Tst Tst -> Tst [prec 20]
op _or_ : Tst Tst -> Tst [prec 25]
endo

**x the programm ng | anguage: basic prograns =*xx*

obj BPGMis pr TST

sort BPgm.

op _:=_ : Var Exp -> BPgm [ prec 20]
endo
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**x semantics of basic prograns **=*
th STORE is pr BPGM .
sort Store .

] : Store Exp -> Int [prec 65]
] : Store Tst -> Bool [prec 65] .
op -
var S : Store
vars X1 X2 : Var .
var | : Int .
vars El1 E2 : Exp .
vars T1 T2 : Tst .
var B : Bool .

eq SI[[I]] = 1.

eq S[[- El]] = -(S[[E1]]) .

eq SI[[El - E2]] = (S[[E1]]) - (S[[E2]])

eq SI[[El +E2]] = (S[[ELl]]) + (S[[E2]])

eq SI[[El » E2]] = (S[[E1]]) » (S[[E2]])

eq S[[B]] = B.

eq S[[Elis E2]] = (S[[E1]]) is (S[[E2]]) .

eq S[[El <=E2]] = (S[[E1]]) <= (SI[I[E2]]) .

eq S[[El <E2]] = (SI[[EL]) <(SI[I[E2]])

eq S [[not T1]] = not(S[[T1]])

eq SJ[[T1 and T2]] = (S [[T1]]) and (ST[T2]]) .

eq SJ[[TLor T2]] = (S[[T1]]) or (S [[T2]]) .

eq S; X1 :=El[[X1]] = S]J[[E1]]

cq S; X1 :=EL[[X2]] = SI[[X2]] if X1 =/=
endt h

*x* extended progranmm ng | anguage =**=*
obj PGMis pr BPGM.

sort Pgm.

subsort BPgm < Pgm .

op skip : -> Pgm.

op ; : Pgm Pgm -> Pgm [ assoc prec 50] .

op |f then else fi : Tst Pgm Pgm -> Pgm [ prec 40] .

op while_do_od . Tst Pgm-> Pgm|[prec 40] .
endo
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th SEMis pr PGM.
pr STORE .
sort EStore .
subsort Store < EStore

op _;_: EStore Pgm-> EStore [prec 60]

var S : Store

var T : Tst

var P1 P2 : Pgm .

eq S; skip = S.

eq S; (P1L; P2) = (S; P1) ; P2.

cq S; if Tthen Pl elseP2fi = S; P1
if S[[T]]

cq S; if Tthen Pl else P2 fi
if not(S[[T]])
cq S; while T do P1 od
if S[[T]]
cqgq S; while T do P1 od
if not(S[[T]])
endt h

I
wn
U
N

(S:; Pl) : while T do P1 od

S

PAPER CODE COMP317 page 9 of 9 End



