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Abstract
In the model of restricted parallel links, n users must be routed on m par-
allel links under the restriction that the link for each user be chosen from
a certain set of allowed links for the user. In a (pure) Nash equilibrium, no
user may improve its own Individual Cost (latency) by unilaterally switch-
ing to another link from its set of allowed links. The Price of Anarchy is a
widely adopted measure of the worst-case loss (relative to optimum) in system
performance (mazimum latency) incurred in a Nash equilibrium.
In this work, we present a comprehensive collection of bounds on Price of
Anarchy for the model of restricted parallel links and for the special case of
pure Nash equilibria. Specifically, we prove:

e For the case of identical users and identical links, the Price of Anarchy

is Q(lglglgnm)'

e For the case of identical users, the Price of Anarchy is O(lglglgnn>'

e For the case of identical links, the Price of Anarchy is O(légl%), which
is asymptotically tight.

e For the most general case of arbitrary users and related links, the Price
of Anarchy is at least m — 1 and less than m.

The shown bounds reveal the dependence of the Price of Anarchy on n and
m for all possible assumptions on users and links.
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1. Introduction

1.1. Framework

In the model of restricted parallel links, n non-cooperative users route their unsplit-
table traffics (or weights) on m parallel links from a source node to a sink node.
Each link has a capacity and the latency through a link is the ratio of the total traffic
assigned to the link over its capacity. Since the latencies incurred on different links
due to the same traffic are ordered by their capacities, we say that links are related.

A distinguishing feature of the model of restricted parallel links is the restriction
that the link for each user must be chosen from a certain set of allowed links for the
user. This restriction corresponds to an important special case of the job scheduling
problem on unrelated machines, where only a subset of the users are allowed to use
a machine but otherwise machines are related. On the other hand, the model is
a generalization of the well studied KP model for selfish routing [11] that permits
considering a set of allowed links for each user.

In a (pure) Nash equilibrium [13,14], each user is minimizing its Individual Cost,
which is the latency on the link it chooses. So, a Nash equilibrium represents a
stable state of the system in which no user has an incentive to unilaterally switch
links. There is also a global objective function called Social Cost [11], which is the
makespan (maximum latency); however, users do not adhere to it. The Price of
Anarchy (or Coordination Ratio) [11,15] is the worst-case ratio of the Social Cost
of a Nash equilibrium over the Social Cost of an optimal assignment. The Price
of Anarchy is a measure of the worst-case system performance loss (relative to
optimum) in a Nash equilibrium; it has been studied very intensively in the last few
years.

1.2. Contribution

We present a comprehensive collection of bounds on Price of Anarchy for the model
of restricted parallel links; we only consider pure Nash equilibria. Some of the
bounds apply to the special case of identical users (resp., identical links) where all
weights (resp., capacities) equal 1.

e For the simplest case of identical users and identical links, we present a coun-

terexample to prove that the Price of Anarchy is € <1g1%ggnm) (Theorem 3.1).

e We then consider the case of identical users for which we prove that the Price

of Anarchy is O <1g1;glgnn) (Theorem 4.2). The proof establishes that a number
of users significantly larger than the Price of Anarchy is necessary; we then
employ a careful analysis to establish the claimed upper bound on the Price

of Anarchy.

e For the case of identical links, we prove that the Price of Anarchy is O (lé%gmm>
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(Theorem 5.3). The proof uses the same techniques as those for the case of
identical users.

e We finally consider the most general case of arbitrary users and related links,
for which we prove that the Price of Anarchy is at least m — 1 (Theorem 6.5)
and less than m (Theorem 6.6). For the lower bound, we present a coun-
terexample. For the upper bound, we establish that a number of links larger
than the Price of Anarchy is necessary; we then employ a careful analysis to
establish the claimed upper bound on the Price of Anarchy.

The shown bounds shed light on the dependence of the Price of Anarchy on
n and m for all possible assumptions on users and links. Moreover, our bounds
imply a separation with respect to Price of Anarchy between the general case of
arbitrary users and related links and each of the two special cases of identical users
and identical links, respectively.

1.3. Related Work

Some of the techniques we used for proving both lower and upper bounds extend
the techniques used by Czumaj and Vocking [4] for the KP model to the model of
restricted parallel links.

Independently of our work, Awerbuch et al. [2] also have studied the model of
restricted parallel links. Awerbuch et al. [2] focused on the case of arbitrary users

and identical links, for which they proved that the Price of Anarchy is O (légl;gmm>

for pure Nash equilibria (cf. Theorem 5.3) and © (%) for all (mixed) Nash
equilibria. We stress that Theorem 5.3 is the only result in our work that can
be found in (or even follows easily from) [2]. Awerbuch et al. [2] relied on using
techniques from [4] as well.

Tight bounds on the Price of Anarchy for the KP model [11] were proven in [4,10]
for the case of identical links (© ( lgm ) for all Nash equilibria), and in [4] for

lglgm
the case or related links (© (min{llgm ,lgc—l}) for pure Nash equilibria and
glgm’™® Cm

(C] (ﬁ%) for all Nash equilibria). For other bounds on Price of Anarchy for
the KP model and its variants, see [6,7,8,9,12].

Suri et al. [17] studied a variant of the model of restricted parallel links where the
Social Cost is the total latency, as opposed to maximum latency. (A corresponding
variant of the KP model has been studied already in [9].) For this variant, Suri et
al. [17] prove some constant bounds on Price of Anarchy. Two recent papers [1,3]
already generalize the results of Suri et al. [17] to some more general classes of
(network) congestion games [16].

Elsésser et al. [5] studied a further restriction of the model of restricted parallel
links, called interaction graphs, where all sets of allowed links for the users have
size 2. The results of Elsésser et al. [5] for their model include bounds on Price of

Anarchy. In particular, Elsésser et al. [5, Theorem 3] prove that (lglglgmm> is still
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a lower bound on Price of Anarchy for the case of identical users and identical links
in the more restricted model of interaction graphs.

1.4. Organization

Section 2 summarizes the model of restricted parallel links. Section 3 considers the
case of identical users and identical links. The case of identical users and related
links is considered in Section 4. The symmetric case of arbitrary users and identical
links is considered in Section 5. Section 6 considers the case of arbitrary users and
related links. We conclude in Section 7.

2. Restricted Parallel Links

Throughout, denote for each positive integer m, [m] = {1,...,m}; take that [0] = 0.
For any integer k > 1, the Gamma Function T is defined by T'(k + 1) = k!. Both T
and its inverse I' ™! are monotone increasing. It is well known that for any integer

k>1,T-(k) :@( Iz )

lglg k
We consider a network consisting of a set of m parallel links 1,...,m from a
source node to a sink node. Each of n users 1,...,n wishes to route a particular

amount of traffic along a (non-fixed) link from source to sink. Assume throughout
that m > 2 and n > 2.

Denote w; the weight of user i € [n]. Assume, without loss of generality, that
wy > ... > w,. The weight vector w is the tuple of all weights. In the case of
identical users, all weights equal 1; weights vary arbitrarily in the case of arbitrary
users.

Denote ¢; > 0 the capacity of link j € [m]. The capacity vector c is the tuple
of all capacities. The latency for weight w through link j € [m] is cﬂ In the case
of identical links, all capacities equal 1; capacities vary arbitrarily in the case of
related links. An instance is a pair (w,c).

Associated with each user i € [n] is a strategy set £; C [m], as the set of allowed
links for user 4; thus, user i can only be assigned to a link from L£;. So, a strategy
for user ¢ is some link from its set of allowed links £;. Denote £ = X;c[,,]Ls; clearly,
L C [m]™. An assignment L = (l1,...,l,) € L is a tuple of strategies, one for each
user.

Fix now an assignment L. The load A;(L) on link j is the sum of weights of
users assigned to link j; thus, A;(L) =32, , _ wyi. The latency A;(L) on link j is
given by A;(L) = AJCEL) The Individual Cost IC;(L) of user i € [n] in assignment
L is the latency of the link it chooses; that is, 1C;(L) = Ay, (L).

Associated with an instance (w,c) and an assignment L is the Social Cost [11,
Section 2], denoted SC (w, ¢, L), which is the maximum, over all links, latency due to
the load through the link; so, SC (w, ¢, L) = max;¢},) A;(L). Associated with an in-
stance (w,c) is the Optimum [11, Section 2], denoted OPT (w, ¢), which is the least
possible, over all assignments, of the maximum, over all links, latency due to the load
through the link; so, OPT (w, ¢) = minpe SC(w, ¢, L) = minpe, max;epm,) Aj(L).

Say that a user i € [n] is satisfied in assignment L if for all links j € L,
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IC,(L) < %ﬁwl’
switching to a different allowed link. Say that L is a Nash equilibrium [14] if all
users are satisfied in L.

The Price of Anarchy [11,15] (also known as Coordination Ratio [11, Section 2]),

denoted PoA, is the worst-case ratio SC(w,c, L) over all instances (w, ¢) and Nash
OPT (w,¢c)

so, a satisfied user cannot decrease its Individual Cost by

equilibria L; thus,

SC(w,c,L)
PoA = —_—
© (vg%},{L OPT (w,c)

3. Identical Users and Identical Links

We prove:
Theorem 3.1 Consider the case of identical users and identical links. Then,

1
PoA > T '(m)—2 = Q< gm).
lglgm

Proof: Consider an instance (w,c) with n users and m links. We construct the
strategy sets of the users as follows. Fix some sufficiently large integer p (to be
determined later).

o Partition the set of links into p + 1 disjoint subsets Mo, My, ..., M, with:
— Mo =1.
— For each integer [, where 1 <1 <p, M| = (p—1) - [L;cp_y)(p—J)-

Note that since | M| < |[M;| < ... < |[M,]| the partition implies that m <
(p+1) - My = (p+1)(p—1)(p—D! < (p+1)! = T(p+2). So, p >~} (m)—2.
o Partition the set of users into p disjoint subsets Uy, U1, ..., Up—1 with:
— For each integer k, where 0 < k <p—1, [Ux| = (p—k) - M|
— The strategy set of each user in Uy, is My U Mp41.

We now construct a Nash equilibrium L and an optimal assignment Q such that
SC(w,c,L) =p and SC(w,c,Q) = 1.

e Construct an assignment L as follows.

— All p users from the set U are assigned to the single link in M.

— For each integer k, where 1 < k < p—1, p—k users from U, are assigned
to each link in My,. (Note that no user is assigned to any link in M,,.)

By the construction of L, the latency on each link in the set M;, where
0 <1< p,isp—1. Thus, for each integer I, where 0 <! < p — 1, no user
assigned to a link in the set M; can decrease its Individual Cost by switching
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either to a different link from the set M; or to a link from the set M; 1. So,
all users are satisfied in L and L is a Nash equilibrium with

SC(w,c,L) = maxA;(L)
J€[m]
= Or;llaSXp(p*l)

e Note that |[Mg| + |M1| = p and |[Uy| = p. Note also that for each integer k,

1§k§}7_17
Ul = (p—k) - [My]
= p-k@e-1- ][] @9
jelk—1)
= p-1-J[@w-5
JE[K]
= [ Mpta].

So, it is possible to assign each user in Uy to a distinct link in My U My, and
to assign each user in Uy, where 1 < k < p — 1, to a distinct link in Myyq.
Call Q the resulting assignment. Then, SC(w,c,Q) = 1 and Q is optimal.
So, OPT (w,c) = 1.

It follows that
SC(w,c,L)
OPT (w,c)
= D
> T7lm) -2

Q lgm 7
lglgm
as needed. [J

Theorem 3.1 implies that €2 (lglglgmm> is a lower bound on the Price of Anarchy

for the more general cases of arbitrary users or related links (or of both).

PoA

4. Identical Users

We prove:
Theorem 4.2 Consider the case of identical users. Then,

1
PoA < I''(n)+1 = o 2" ).
Iglgn

Proof: Consider any arbitrary instance (w,c) with an associated Nash equilib-
rium L such that

p-OPT (w,c) < SC(w,c,L) < (p+1)-OPT(w,c)
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for some integer p € N, and an optimal assignment Q. To prove an upper bound on
the Price of Anarchy, it suffices to prove an upper bound on p+ 1. To do so, we will
prove a lower bound (as a function of p) on the number of users that are necessary
for such a Nash equilibrium L. We will then use this lower bound to prove an upper

bound of O (léglg"n) on p+ 1. We continue with the details of the formal proof.

Consider now a link j € [m] with ¢; < m Note that in the optimal as-
signment Q, no user is assigned to link j (since otherwise é < A;(Q) <OPT (w,c),
1 . . . o .

> OPT (w o W, ). If, in addition, A, (L) < SC(w, c,L), then link j can be elim

inated (together with all users assigned to it in L) with no change to SC (w,c, L)
and no increase to OPT (w, ¢). So, assume, without loss of generality, that for each
link j € [m], either ¢; > m or Aj(L) =SC(w,c,L).

Define My as the set of links j € [m] with latency

or ¢;

A;(L) > p-OPT(w,c).

Clearly, My # 0. By definition of latency, this implies that

> AjL) = p-OPT(we): > ¢.

JEMo jEMo

We prove an inductive claim:

Lemma 4.1 For eachl € [p — 1], there is a set of links M, with
MiNn(MoU...UM;_1) = 0 such that:

(1) ZjeMl ¢ 2 (P - 1) ’ Hje[z—l] (p - j) ’ ZjEMo Cj-

(2) For each link j € M;, Aj(L) > (p—1)-OPT (w,c).

(3) Z;eMl iL)>p@-1)- Hje[l] (p—j)-OPT (w,c) - Zje/\/lo Cj-
(4)

4) There are at least (p—1)-T];¢;y(p—7)-OPT (W, €)->";c 04, ¢; users assigned by L
to links in MoU. . .UM whose strategy sets include links outside MoU. . .UM;.

Proof: By (strong) induction on I. For the sake of shortening the proof, we merge
the proof for the basis case (where [ = 1) into the proof for the induction step; thus,
the case | = 1 will be treated separately (where needed) along the proof of the
induction step.

Assume inductively that for some integer [ > 1, the claim holds for all integers
not exceeding (I — 1). Notice that if | = 1, the induction hypothesis is empty. We
will prove the claim for [.

Assume first that [ = 1. Recall that >, A;(L) > p-OPT (w,¢) -3 v, ¢
In the optimal assignment Q, A;(Q) < OPT (w,c) for each link j € [m]. By
definition of latency, this implies that >, 1. A;(Q) < OPT (w,¢) - > 50y, ¢ It
follows that there are at least

p-OPT (w,c) - ZchOPTwc ch = —1)-OPT (w,c) - Zc]
JjeEMo JEMo JjeEMo
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excess users assigned by L to links in M whose strategy sets include links outside
M.

Assume now that [ > 1 By induction hypothesis (condition (4)), there are at
least (p —1) - J[;cp_17(p —J) - OPT (w,c) - 3= c pq, Cj €xcess users assigned by L to
links in MyU...UM,;_; whose strategy sets include links outside MgoU...UM;_;.

Define M, as the set of all links outside MoU. ..UM;_1 that are included
in the strategy sets of such excess users; so, M;N(MoU...UM;_1) = 0.

Clearly, in Q, all these excess users are assigned to links in M, so that

Y2AQ) = (-1 J] =5 -O0PT(w,0)- Y ¢;.

JEM, JE[l-1] jEMo

We now prove the four claimed properties for the set M.

e Clearly,
o A;(Q)
jez-/\:/lz K jGX/\:/lz Aj(Q)
ZjGMz AJ(Q)
- OPT (w,c)
(p—1)- Hje[lfl] (p—j) - OPT (w,c)- ZjEMo G
- OPT (w,c)
= -1 I e=9- > o,
jE[I-1] JEMo

which proves (1).

e To prove (2), consider any link j € M;. Since j € My, it follows that
A;(L) < p-OPT (w,c). Since SC(w,c,L) > p- OPT (w, c), this implies that
1

A](L) < SC (W,C,L). Therefore, Cj Z W

If | = 1, there is some link j/ € Mg to which L assigns some excess user.
So, assume [ > 1. Recall that in the optimal assignment Q, A;(Q) <
OPT (w,c) for each link j € [m]. By definition of latency, this implies that
djem,, Dj(Q) SOPT (w,c) > caq,_, ¢j- By induction hypothesis (condi-
tion (3))’ ZjEszl AJ(L) 2 (p - 1) ’ Hje[l—1] (p *j) -OPT (ch) ’ Zje,/\/[o Cj-
It follows that there is some excess user assigned to some link j/' € M;_;.
Since L is a Nash equilibrium,

ML) € AL+
A;(L) + OPT (w,c) .

A

Assume first that [ = 1. By definition of the set My,

Ajy(L) > p-OPT(w,c).
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It follows that

Aj(L) = (p—1)-OPT(w,c),

and the proof of (2) for the basis case is now complete.

So, assume [ > 1. By induction hypothesis (condition (2)),

(p—(—-1))-OPT (w,c)
= (p—1)-OPT(w,c)+OPT(w,c) .

Aj (L)

It follows that
Aj(L) > (p—1)-OPT(w,c),

and the proof of (2) is now complete.

To prove (3), we use (2) and (1) to derive that

AL = > AL

JEM, JEM,
> (p—1)-OPT(w,c)- > ¢
JEM,
> (p—1)-OPT(w,0)-(p—1)- [[ =0) > ¢
jE—1] JEMy
= (=1-[[w—5)-OPT(w,c)- Y ¢,
JE[] JEMo

as needed for proving (3).

Recall first that in the optimal assignment Q, A;(Q) < OPT (w,c) for each
link j € [m]. By definition of latency, this implies that 3, \(, A;(Q) <
OPT (w,¢) - > e, C5-

Clearly, the number of users assigned by L to links in My U ... U M; whose
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strategy sets include links outside My U ...

M, is at least

Do D (A1) - 44(Q)
re{0}U[l] JEM,
= > > @ AL - AQ)
rell—1] jEM, JEM, jeM
> (p—1)- H(p j) - OPT (w,c) - ZCJ
je[l—l] JjEMo
+(p—1)-OPT (w,c) - Zc]fOPT(wc) Z ¢
JEM, JEMI_1
> (p—1)- H( j)-OPT (w,c) - Zc]
JE[-1] JjEMo
+(p—-1—1)-OPT(w,c) Z ¢j
JEM,
> -1 [] -0 OPT(wo)- 3 o
jE[l-1] jEMo
+(p—1-1)-OPT(w,c)-(p—1)- [[ =9- > ¢
jEl—1] JjEMo
= (1+@-1-1))--1- J] (=) -OPT(w,c)- Y ¢
jE[l—l] JEMy
= (-1 [[w-5 OPT(w,e)- Y ¢,
Jell JEMo

as needed for proving (4).

The proof of the inductive claim is now complete. O

We now prove an upper bound on p + 1.
A;(L) < SC(w,c,L) < (p+1)-OPT (w,c).
A;(L) > p-OPT (w,c) > 0. This implies that A;(L)
(p+1)-OPT (w,c). This implies that

> 1

1
OPT (w,c) - Zc] 71

jEMo

Fix any link j € M.
Recall that by definition of My,

7Cj.

Clearly,

It follows that ci

Assume, without loss of generality, that p > 3 (otherwise p + 1 € O(1)). Then,
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by Lemma 4.1 (condition (3)),

o> Y AW+ Y AW
JEMp_1 JEMp_2
> (p-1)- [ (0—45)-OPT(w,e)- > ¢
jE€lp—1] JEMg
+p-1- J[ 0—4)-OPT(w,e)- > ¢
j€lp—2] J€Mo
1
Ap—1)(p— 1) ——
> 2-(p=1)-(p—1) P
= (p—-1)!
= TI'(p).
Hence
p+l < T n)+1
lgn
a O<lglgn>’
as needed.

We remark that Theorems 3.1 and 4.2 leave a gap between our bounds on Price
of Anarchy for the case of identical users. Closing this gap remains an interesting
open problem.

5. Identical Links

With a similar proof as in Theorem 4.2, we can prove an upper bound that matches
asymptotically the lower bound shown in Theorem 3.1.

Theorem 5.3 Consider the case of identical links. Then,

1
POA < I 'm)+1 = O],
lglgm

Theorems 4.2 and 5.3 together imply:

Theorem 5.4 Consider the case of identical users and identical links. Then,
PoA = O lsminym, nj mlr.l{m,n} .
lglgmin{m,n}

We remark that in the interesting cases where n > m, Theorems 3.1 and 5.4
provide asymptotically tight bounds on Price of Anarchy for the case of identical
users and identical links.

6. The General Case

We first prove the lower bound:

Theorem 6.5 Consider the case of arbitrary users and related links. Then, PoA >
m — 1.
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Proof: Consider an instance (w,c) as follows:
e For each link j € [m], the capacity ¢; is

(m—1)!
G-

¢ =

e There are n = m — 1 users; the weight of user i € [m — 1] is w; = ¢;.
Moreover, assume that for each user ¢ € [m—1], the strategy set £; is £; = {4,i+1}.
e Construct an assignment L as follows:
Each user i € [m — 1] is assigned to link ¢ 4 1.
We will argue that all users are satisfied in L.

— Note that the Individual Cost of each user i € [m — 1]\ {1} is

IG(L) = Aipa(L)

Wy

Ci+1
Cj

Cit+1
= 1.

On the other hand,

A +w; wi—1 +w;
Cj Cj
Ci—1+¢
(&5
_ G 1
C;
= (i-1)+1

= 1.

It follows that user ¢ € [m — 1] \ {1} is satisfied in L.

— Consider now user 1. Since ¢; = ¢ and there are no users assigned to
link 1, user 1 cannot decrease its Individual Cost by switching from link
2 to link 1. So, user 1 is also satisfied in L.

It follows that L is a Nash equilibrium. Clearly,
SC(w,c,L) = maxA;(L)
jelm]

= max ) — 1
je[m]\{l}(] )
= m-—1.
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e Construct now an assignment Q as follows:

Each user i € [m — 1] is assigned to link .

Clearly, for each link j € [m — 1], A;(L) = %J =1 and A, (L) = 0. So,
SC(w,c,Q) = 1. Thus, OPT (w,c) < 1.
It follows that
SC(w,c,L)
PoA > - W.&L)
°* = OPT(w,c)
m—1
> -
- 1
= m-—1,

as needed. [J

We now prove the upper bound:
Theorem 6.6 Consider the case of arbitrary users and related links. Then, PoA <
m.
Proof: Counsider any arbitrary instance (w,c) with an associated Nash equilib-
rium L such that

p-OPT (w,c) < SC(w,c,L) < (p+1)-OPT(w,c)

for some integer p € N, and an optimal assignment Q. To prove an upper bound on
the Price of Anarchy, it suffices to prove an upper bound on p+ 1. To do so, we will
prove a lower bound (as a function of p) on the number of links that are necessary
for such a Nash equilibrium L. We will then use this lower bound to prove an upper
bound of m on p 4+ 1. We continue with the details of the formal proof.
We prove an inductive claim:
Lemma 6.2 For each integer i € [p], there exists a distinct link l; € [m] with
latency Ay, (L) > (p—i+1) - OPT (w,c).
Proof: By (strong) induction on . For the basis case, let i = 1. Since SC (w,¢,L) >
p-OPT (w, c), there is a link I; € [m] with latency A, (L) > p-OPT (w, ¢), as needed.
Assume inductively that for some integer i > 2 the claim holds for all integers
not exceeding (i — 1). We will prove the claim for 7. By induction hypothesis, there
exist ¢ — 1 distinct links [q,...,l;_1 with

Ay(L) > (p—j+1)-OPT(w,c),

for each integer j € [i — 1]. Since j <i—1 and i < p, it follows that j < p — 1. So,
p—j+12>2. Tt follows that for each integer j € [i — 1],

Ay (L) > OPT(w,c),

Since OPT (w,c) = SC(w,c,Q) > Ay, (Q) for each integer j € [i —1], it follows that
for each integer j € [i—1], Ay, (L) > Ay, (Q). So, > ey Ay (L) > 32 5c-1) Ay (Q)-
It follows that there is some user i assigned by L to some link in the set {l1,...,l;_1}
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that is assigned by Q to some link I; & {ly,...,l;—1} (otherwise, Zje[i_l] A (Q) >
> jeti—1 Ay, (L)), Thus, [; is an allowed link for user 4.

Since L is a Nash equilibrium, user iy has no incentive to switch from its link [;,
where j € [i — 1], to link ;. Since user i is assigned to link /; in Q, the additional
latency on link /; in L due to user ig switching to link [; is at most the latency on
link /; in Q; since Q is optimal, this additional latency is at most OPT (w,c). It
follows that

A (L) < Ali (L) + OPT (W, C) .

J
By induction hypothesis,

A, (L)

J

(p—7+1)-OPT(w,c)
(p—(—1)+1)-OPT(w,c)
(p—i+1)-OPT(w,c)+ OPT (w,c) .

2
2

It follows that

ALy > (p—i+1)-OPT(w,c).
The proof of the inductive claim is now complete. [J

Lemma 6.2 implies that for L, there are p distinct links with latency larger
than OPT (w,c). Since }7;cp, Aj(L) = > ¢4, A(Q) and A;(Q) < OPT (w, ¢)
for each j € [m], it follows that there is some other link with latency smaller than
OPT (w,c). So,p<m —1or p+1<m, as needed. O

7. Epilogue

We presented a comprehensive collection of lower and upper bounds on Price of
Anarchy for the model of restricted parallel links, where we considered only pure
Nash equilibria. The case of identical users is the only case for which we do not yet
know tight bounds. Most important, what are tight bounds on Price of Anarchy
(for the general case of arbitrary users and related links) when all (mixed) Nash
equilibria are considered? Deriving such tight bounds remains an important open
problem.

References

[1] B. Awerbuch, Y. Azar and A. Epstein, ”The Price of Routing Unsplittable Flow,”
Proceedings of the 37th Annual ACM Symposium on Theory of Computing, pp.
57-66, May 2005.

[2] B. Awerbuch, Y. Azar, Y. Richter and D. Tsur, " Tradeoffs in Worst-Case Equilibria,”
Proceedings of the 1st International Workshop on Approximation and Online
Algorithms, K. Jansen and R. Solis-Oba eds., pp. 41-52, Vol. 2909, Lecture Notes in
Computer Science, Springer-Verlag, September 2003.

[3] G. Christodoulou and E. Koutsoupias, " The Price of Anarchy of Finite Congestion
Games,” Proceedings of the 37th Annual ACM Symposium on Theory of Com-
puting,” pp. 67-73, May 2005.



(4]

[5]

The Price of Anarchy for Restricted Parallel Links

A. Czumaj and B. Vécking, " Tight Bounds for Worst-Case Equilibria,” Proceedings
of the 13th Annual ACM-SIAM Symposium on Discrete Algorithms, pp. 413-420,
January 2002.

R. Elsésser, M. Gairing, T. Liicking, M. Mavronicolas and B. Monien, ” A Simple Graph-
Theoretic Model for Selfish Restricted Scheduling,” Proceedings of the First Work-
shop on Internet and Network Economics, Lecture Notes in Computer Science,
Springer-Verlag, Hong-Kong, December 2005, to appear.

D. Fotakis, S. Kontogiannis and P. Spirakis, ”Selfish Unsplittable Flow,” Proceedings
of the 31st International Colloguium on Automata, Languages and Programming,
J. Diaz, J. Karhuméki, A. Lepisté and D. Sannella eds., pp. 593-605, Vol. 3142, Lecture
Notes in Computer Science, Springer-Verlag, July 2004.

M. Gairing, T. Liicking, M. Mavronicolas and B. Monien, ”"The Price of Anarchy
for Polynomial Social Cost,” Proceedings of the 29th International Symposium on
Mathematical Foundations of Computer Science, J. Fiala, V. Koubek and J. Kra-
tochvil eds., pp. 574-585, Lecture Notes in Computer Science, Springer-Verlag, August
2004.

M. Gairing, T. Liicking, M. Mavronicolas, B. Monien and M. Rode, ”Nash Equilibria
in Discrete Routing Games with Convex Latency Functions,” Proceedings of the 30th
International Colloquium on Automata, Languages, and Programming, J. Diaz,
J. Karhumaki, A. Lepisté and D. Sannella eds., pp. 645-657, Vol. 3142, Lecture Notes
in Computer Science, Springer-Verlag, July 2004.

T. Liicking, M. Mavronicolas, B. Monien and M. Rode, ” A New Model for Selfish Rout-
ing,” Proceedings of the 21st International Symposium on Theoretical Aspects of
Computer Science, V. Diekert and M. Habib eds., pp. 547-558, Vol. 2996, Lecture
Notes in Computer Science, Springer-Verlag, March 2004.

E. Koutsoupias, M. Mavronicolas and P. Spirakis, ” Approximate Equilibria and Ball
Fusion,” Theory of Computing Systems, Vol. 36, No. 6, pp. 683-693, November 2003.
E. Koutsoupias and C. H. Papadimitriou, ”Worst-Case Equilibria,” Proceedings of
the 16th International Symposium on Theoretical Aspects of Computer Science,
G. Meinel and S. Tison eds., pp. 404-413, Vol. 1563, Lecture Notes in Computer Science,
Springer-Verlag, March 1999.

M. Mavronicolas and P. Spirakis, " The Price of Selfish Routing,” Proceedings of the
38rd Annual ACM Symposium on Theory of Computing, pp. 510-519, July 2001.
Also, accepted to Algorithmica.

J. F. Nash, ”Equilibrium Points in IN-Person Games,” Proceedings of the National
Academy of Sciences, Vol. 36, pp. 48-49, 1950.

J. F. Nash, "Non-Cooperative Games,” Annals of Mathematics, Vol. 54, No. 2, pp.
286295, 1951.

C. H. Papadimitriou, ” Algorithms, Games and the Internet,” Proceedings of the 33rd
Annual ACM Symposium on Theory of Computing, pp. 749-753, July 2001.

R. W. Rosenthal, ”A Class of Games Possessing Pure Strategy Nash Equilibria,” In-
ternational Journal of Game Theory, Vol. 2, pp. 65-67, 1973.

S. Suri, C. D. Toth and Y. Zhou, ”Selfish Load Balancing and Atomic Congestion
Games,” Proceedings of the 16th Annual ACM Symposium on Parallelism in Al-
gorithms and Architectures, pp. 188-195, July 2004.



