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Abstract. In this work we study weightednetwork congestion gameswith player-
specificlatency functions where selfishplayerswish to route theirtraffic through
a sharednetwork. We consider both the case ofsplittableandunsplittabletraffic.
Our main findings are as follows:

– For routing games on parallel links with linear latency functions without a
constant term we introduce two new potential functions for unsplittable and
for splittable traffic respectively. We use these functions to derive results on
the convergence to pure Nash equilibria and the computation of equilibria.
We also show for several generalizations of these routing games that such
potential functions do not exist.

– We prove upper and lower bounds on the price of anarchy for games with
linear latency functions. For the case of unsplittable traffic the upper and
lower bound are asymptotically tight.

1 Introduction

Motivation and Framework. Large scale communication networks, like e.g. the In-
ternet, often lack a central regulation for several reasons. For instance the size of the
network may be too large, or the users may be free to act according to their private in-
terests. Such an environment – where users neither obey some central control instance
nor cooperate with each other – can be modeled as anon-cooperative game. The con-
cept ofNash equilibria[21] has become an important mathematical tool for analyzing
non-cooperative games. A Nash equilibrium is a state in which no player can improve
his private objective by unilaterally changing his strategy.

For a special class of non-cooperative games, now widely known ascongestion
games, Rosenthal [23] showed the existence of pure Nash equilibria with the help of
a certain potential function. In a congestion game, the strategy set of each player is
a subset of the power set of given resources and the private cost function of a player
is defined as the sum (over the chosen resources) of functions in the number of play-
ers sharing this resource. An extension to congestion games in which the players have
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weights and thus different influence on the congestion of the resources areweighted
congestion games. Weighted congestion games provide us with a general framework
for modeling any kind of non-cooperative resource sharing problem. A typical resource
sharing problem is that of routing. In a routing game the strategy sets of the players cor-
respond to paths in a network. Routing games where the demand of the players cannot
be split among multiple paths are also called(weighted) network congestion games.

Another model for selfish routing where traffic flows can be split arbitrarily – the
Wardrop model– was already studied in the 1950’s (see e.g. [4, 26]) in the context of
road traffic systems. In aWardrop equilibriumeach player assigns its traffic in such a
way that the latency experienced on all used paths is the same and minimum among all
possible paths for the player. The Wardrop model can be understood as a special net-
work congestion game with infinitely many players each carrying a negligible demand.

In order to measure the degradation of social welfare due to the selfish behavior,
Koutsoupias and Papadimitriou [17] used a global objective function, usually termed as
social cost. They defined theprice of anarchyas the worst-case ratio between the value
of social cost in a Nash equilibrium and that of some social optimum. Thus, the price
of anarchy measures the extent to which non-cooperation approximates cooperation.

In weighted network congestion games, as well as in the Wardrop model, players
have complete information about the system. However in many cases users of a routing
network only have incomplete information about the system. Harsanyi [15] defined the
Harsanyi transformation that transforms strategic games with incomplete information
intoBayesiangames where the players uncertainty is expressed in a probability distribu-
tion. A Bayesian routing game where players have incomplete information about each
others traffic was introduced and studied by Gairing et al. [13]. Georgiou et al. [14] in-
troduced a routing game where the players only have incomplete information about the
vector that contains all edge latency functions. Each user’s uncertainty about the latency
functions is modelled with a probability distribution over a set of different possible la-
tency function vectors. Georgiou et al. [14] showed, that such an incomplete informa-
tion routing game can be transformed into a complete information routing game where
the latency functions areplayer-specific. The resulting games with player-specific la-
tency functions were earlier studied by Milchtaich [19]. Monderer [20] showed that
games with player-specific latency functions are of particular importance since each
game in strategic form is isomorphic to a congestion game with player-specific latency
functions. In this paper we study routing games with player-specific latency functions
for both splittable and unsplittable traffic.
Related Work. Routing Games:The class ofweighted congestion gameshas been ex-
tensively studied (see [12] for a survey). Fotakis et al. [10] proved that a pure Nash equi-
librium always exists if the latency functions are linear. For non-linear latency functions
they showed, that a pure Nash equilibrium might not exist, even if there are only 2 play-
ers (this was also observed earlier by Libman and Orda [18]). For the class of weighted
congestion games on parallel links a pure Nash equilibrium always exists, if all edge
latency functions are non-decreasing. Theprice of anarchywas studied for congestion
games with social cost defined as the total latency. For linear latency functions, it is
exactly 5

2
for unweighted [7] and3+

√
5

2
for weighted congestion games [2]. The exact

price of anarchy is also known for polynomials with non-negative coefficients [1].



Inspired by the arisen interest in the price of anarchy Roughgarden and Tardos [25]
re-investigated theWardrop modeland used the total latency as a social cost measure.
In this context the price of anarchy was shown to be4

3
for linear latency functions [25]

andΘ( d
ln d

) for polynomials of degree at mostd with non-negative coefficients [24].
If all latency functions are linear and do not include a constant, then every Wardrop
equilibrium has optimum social cost [25]. Since a Wardrop equilibrium is a solution to
a convex program it can be computed in polynomial time using the ellipsoid method
of Khachyan [16]. This results also implies that the total latency is the same for all
Wardrop equilibria. There are several papers (see e.g. [6, 8, 22]) studying games with a
finite number of atomic players where each player can split its traffic over the available
paths with the objective to minimize its latency. In this setting the price of anarchy is at
most 3

2 for linear latency functions [8].
Routing Games with Player-Specific Latency Functions:Weighted congestion games
on parallel links with player-specific latency functions were studied by Milchtaich [19].
For the case of unweighted players and non-decreasing latency functions, Milchtaich
showed that such games do in general not posses the finite improvement property but
always admit a pure Nash equilibrium. In case of weighted players a pure Nash equilib-
rium might not exist, even for a game with 3 players and 3 edges (links) [19]. This is a
tight result since such games possess the finite best-reply property in case of 2 players
and the finite improvement property in case of 2 edges [19]. Georgiou et al. [14] studied
the same class of games as Milchtaich but they only allowed linear latency functions
without a constant term. They were able to prove upper bounds on the price of anarchy
for both social cost defined as the maximum private cost of a player and social cost
defined as the sum over the private cost of all players. Furthermore they presented a
polynomial time algorithm to compute a pure Nash equilibrium in case of two edges.

Orda et al. [22] studied a splittable flow routing game with certain player-specific la-
tency functions and a finite number of players each minimizing its latency. They showed
that there is a unique Nash equilibrium for each game on parallel links. They also de-
scribed a game on a more complex graph possessing two different Nash equilibria.
Contribution. In this work we generalize weighted network congestion games and the
Wardrop model, to accommodate player-specific latency functions. Our main contribu-
tions are the definition of new potential functions and the extension of the techniques
from [2, 7] to prove upper bounds on the price of anarchy also for games with player-
specific latency functions. More specifically, we prove:

– For routing games on parallel links with linear latency functions without a constant
term we introduce two new potential functions for unsplittable and for splittable
traffic respectively.
• In the case of unsplittable traffic we use our potential function to show that

games with unweighted players possess thefinite improvement property. We
also show that games with weighted players do not possess the finite improve-
ment property even ifn = 3.

• In the case of splittable traffic we show that our other convex potential function
is minimized if and only if the corresponding assignment is an equilibrium.
This result implies that an equilibrium can be computed in polynomial time.

We also show for several generalizations of the above games that such potential
functions do not exist.



– We prove upper and lower bounds on the price of anarchy for games with linear
latency functions. For the case of unsplittable traffic the upper and lower bound are
asymptotically tight.

Road Map. In Sect. 2 we define the games we consider. We present our results for
unsplittable traffic in Sect. 3 and for splittable traffic in Sect. 4. Due to lack of space we
have to omit many proofs.

2 Notation

For all k ∈ N denote[k] = {1, . . . , k}. For a vectorv = (v1, . . . , vn) let v−i =
(v1, . . . , vi−1, vi+1, . . . , vn) and(v−i, v

′
i) = (v1, . . . , vi−1, v

′
i, vi+1, . . . , vn).

Routing with Splittable Traffic. A Wardrop game with player-specific latency func-
tions is a tupleΥ = (n, G,w, Z, f). Here,n is the number ofplayersandG = (V,E)
is an undirected(multi)graph. The vectorw = (w1, . . . , wn) defines for every player
i ∈ [n] its traffic wi ∈ R+. For each playeri ∈ [n] the setZi ⊂ 2E consists of all
possible routing paths inG = (V,E) from some nodesi ∈ V to some other node
ti ∈ V . DenoteZ = Z1 × . . . × Zn. Edge latency functionsf = (fi e)i∈[n],e∈E are
player-specific andfi e : R+

0 → R+
0 is the non-negative, non-decreasing, and continu-

ousplayer-specific latency functionthat playeri ∈ [n] assigns to edgee ∈ E. Notice
that we are in the setting of the regular Wardrop game iffie = fke for all i, k ∈ [n],
e ∈ E. In the majority of cases we considerlinear player-specific latency functions
fie(u) = aie · u + bie with aie, bie ≥ 0. For a Wardrop gameΥ with linear latency
functions denote∆(Υ ) = maxe∈E;i,k∈[n]{ai e/ak e; ai e < ∞, ak e < ∞} with the
understanding that00 = 1 and c

0 = ∞ if c > 0. ∆(Υ ) describes the maximum factor
by which the slopes of the player-specific linear latency functions deviate. Note that
∆(Υ ) does not depend on the constantsbie of the latency functions. We will use the
term Wardrop game withplayer-specific capacitiesto denote a game where all latency
functions are of the formfi e(u) = ai e · u, ai e > 0. In this case, we writea instead
of f to denote the vectora = (ai e)i∈[n],e∈E . We will often consider games on a par-
allel link multi-graphG = (V,E) that has two nodesV = {s, t}, s = s1 = . . . sn,
t = t1 = . . . tn, and|E| edges connecting these two nodes.
Strategies and Strategy Profiles.A player i ∈ [n] can split its trafficwi over the
paths inZi. A (pure) strategyfor player i ∈ [n] is a tuplexi = (xiRi)Ri∈Zi with∑

Ri∈Zi
xiRi

= wi andxiRi
≥ 0 for all Ri ∈ Zi. Denote byXi = {xi | xi is a strategy

for playeri} the set of all strategies for playeri. Note, thatXi is an infinite, compact
and convex set. Astrategy profilex = (x1, . . . , xn) is ann-tuple of strategies for the
players. DefineX = X1 × . . .×Xn as the set of all possible strategy profiles.
Wardrop Equilibria. For a strategy profilex the loadδe(x) on an edgee ∈ E is given
by δe(x) =

∑
i∈[n]

∑
Ri∈Zi,Ri3e xiRi

. A strategy profilex is aWardrop equilibrium,
if for every playeri ∈ [n], and everyRi, R

′
i ∈ Zi with xiRi

> 0 it holds thatX
e∈Ri

fi e(δe(x)) ≤
X
e∈R′

i

fi e(δe(x)).

Observe that in a Wardrop equilibrium all flow paths of a player have equal latency. We
can regard each playeri ∈ [n] as a service provider who has many clients each handling



a negligible small amount of traffic. In a Wardrop equilibrium each service provider
satisfies all his clients because none of them can improve its experienced latency.
Social Cost and Price of Anarchy.Associated with a game and a strategy profilex is
thesocial costSC(x) as a measure of social welfare:

SC(x) =
X
i∈[n]

X
Ri∈Zi

xiRi

X
e∈Ri

fi e(δe(x)).

This social cost is motivated by the interpretation as a game with infinitely many players
with negligible demand and models the sum of the players latencies. Theoptimumas-
sociated with a game is defined byOPT = minx∈X SC(x). Theprice of anarchy, also
calledcoordination ratioand denotedPoA, is the maximum value, over all instances
and Wardrop equilibriax, of the ratioSC(x)

OPT .

Routing with Unsplittable Traffic. We also consider the case where players have to
assign their traffic integrally to a single path. Denote such aweighted network conges-
tion game with player-specific latency functionsby Γ = (n, G,w, Z, f). The players
areunweightedif they are all of traffic 1, i.e.w1 = . . . = wn = 1. In this case we write
1 instead ofw. A pure strategyxi for playeri ∈ [n] is a tuplexi = (xiRi)Ri∈Zi with∑

Ri∈Zi
xiRi = wi andxiRi ∈ {0, wi} for all Ri ∈ Zi. Alternatively, with a slight

abuse of notation, we writeR = (R1, . . . , Rn) whereRi ∈ Zi, 1 ≤ i ≤ n, to denote a
strategy profile such thatxiRi

= wi for all i ∈ [n]. In this setting,Z = Z1 × . . .× Zn

is the set of all pure strategy profiles. We define theprivate costof playeri ∈ [n] as the
sum over the player-specific latencies of all used edges:PCi(R) =

∑
e∈Ri

fi e(δe(R)).
Given a pure strategy profileR = (R1, . . . , Rn) a selfish stepof a playeri ∈ [n] is

a deviation to strategy profile(R−i, R
′
i) wherePCi(R−i, R

′
i) < PCi(R) andR′

i ∈ Zi.
Such a selfish step is agreedy selfish stepif there is for playeri no strategyR′′

i ∈ Zi

such thatPCi(R−i, R
′′
i ) < PCi(R−i, R

′
i).

A gameΓ possesses thefinite best-reply propertyif any sequence of greedy selfish
steps is finite. If even any sequence of selfish steps is finite it possesses in addition the
finite improvement property. Note, that the finite improvement property implies the fi-
nite best-reply property which again implies the existence of a pure Nash equilibrium.

We also considermixed strategiesPi for the players. Then,Pi = (p(i, Ri))Ri∈Zi

is a probability distribution overZi andp(i, Ri) denotes the probability that playeri
chooses pathRi. A mixed strategy profileP = (P1, . . . ,Pn) is represented by ann tu-
ple of mixed strategies. For a mixed strategy profileP denotep(R) =

∏
i∈[n] p(i, Ri)

as the probability that the players choose the pure strategy profileR = (R1, . . . , Rn).
Nash Equilibrium, Social Cost, and Price of Anarchy.For a mixed strategy profile
P the private cost of playeri ∈ [n] is PCi(P) =

∑
R∈Z p(R) · PCi(R). For a pure

strategy profileR the social costSC(R) is defined as before whereas for a mixed strat-
egy profileP the social cost is given bySC(P) =

∑
R∈Z p(R) · SC(R). A strategy

profileP is a Nash equilibrium if no playeri ∈ [n] can decrease its private costPCi if
the other players stick to their strategies. More formally,P = (P1, . . . ,Pn) is a Nash
equilibrium if PCi(P) ≤ PCi(P−i,P

′
i) for all probability distributionsP′i overZi and

for all i ∈ [n]. In the unsplittable setting the price of anarchyPoA is the worst-case ratio
between the social cost of a mixed Nash equilibrium and that of some social optimum.



3 Results for Unsplittable Traffic

3.1 Unweighted Players: Finite Improvement Property

Milchtaich [19] showed that network congestion games on parallel links with player-
specific latency functions and unweighted players do not possess the finite improvement
property in general. In Theorem 1 we show that we achieve the finite improvement prop-
erty if we restrict to player-specific capacities. In Theorem 2 we give counterexamples
to show that a slight deviation from this model yields a loss of the finite improve-
ment property. For the positive result in Theorem 1 we define for every strategy profile
R = (R1, . . . , Rn) the following potential function:

Φ(R) =
Y

i∈[n]

ai Ri ·
Y
e∈E

δe(R)!

In contrast to all other potential functions we know,Φ does not contain any summation.

Theorem 1. Every network congestion game on parallel links with unweighted players
and player-specific capacities possesses the finite improvement property.

Proof. Consider a selfish stepR → R′ of a playeri ∈ [n] from edgej ∈ E to
edgek ∈ E, i.e. R = (R1, . . . , Ri−1, j, Ri+1, . . . , Rn) andR′ = (R1, . . . , Ri−1, k,
Ri+1, . . . , Rn). If A denotes the common part of the expressionsΦ(R) andΦ(R′) they
can be written asΦ(R′) = A · ai k · (δk(R) + 1) and Φ(R) = A · ai j · δj(R). Since
R → R′ is a selfish step we have thatPCi(R′) = ai k · (δk(R) + 1) < ai j · δj(R) =
PCi(R). ThusΦ(R′) = A · PCi(R′) < A · PCi(R) = Φ(R). The claim follows since
the number of strategy profiles is finite. ut

Theorem 2. Network congestion games on a graphG with unweighted players and
player-specific latency functions do (in general) not possess

(a) the finite best-reply property if the game has3 players, linear latency functions, and
G is a parallel links graph.

(b) the finite improvement property if the game has2 players, player-specific capaci-
ties, andG is a concatenation of2 parallel link graphs connected in series.

(c) a pure Nash equilibrium if the game has3 players, player-specific capacities, and
all paths inG are of length at most2.

3.2 Weighted Players: Finite Improvement Property

For weighted congestion games on parallel links with player-specific capacities Geor-
giou et al. [14] showed that a Nash equilibrium always exists in the case of 3 players.
For arbitrary many players it is an open problem whether such a game still admits a
pure Nash equilibrium or not. Theorem 3 implies that the finite improvement property
can not be used to solve the open problem even if there are only 3 players. We would
like to note that for the case of 2 players we can give a potential function showing that
the finite improvement property is fulfilled.

Theorem 3. There is a weighted congestion game on parallel links with3 players and
player-specific capacities that does not possess the finite improvement property.



Proof. The 3 players of the game are of trafficw1 = 1, w2 = 2, andw3 = 79. The
player-specific capacities of the 11 edges are listed in this table (ε1, ε2, ε3 > 0 are small
numbers we will discuss later):
j 1 2 3 4 5 6 7 8 9 10 11

a1j
38

80
−ε3 ∞ 1 3−ε1 (3−ε1)

2 (3−ε1)
3 (3−ε1)

4 (3−ε1)
5 (3−ε1)

6 (3−ε1)
7 (3−ε1)

8

a2j ∞ 1 2
3
−ε1

22

32−ε1
23

33−ε1
24

34−ε1
25

35−ε1
26

36−ε1
27

37−ε1
28

38−ε1 ∞
a3j 1 ∞ 80

79
−ε1 ∞ ∞ ∞ ∞ ∞ ∞ 802

792 · 7981−ε2 ( 80
79
−ε1)

2

Our cycle of selfish steps starts in the initial strategy profile(3, 2, 1). We now per-
form 8 double-steps (A). A double-step (A) consists of a first step that moves player
2 from an edgej to the edgek player 1 is assigned to and a second step to an empty
edgel that player 1 does. Both steps of a double-step (A) are selfish iffa2k/a2j < 2

3

anda1l/a1k < 3. In each step of our 8 double-steps (A) the deviating player moves
from edget to edget + 1. After the double-steps (A) the strategy profile(11, 10, 1) is
reached. Notice that all 16 steps performed up to now are selfish sinceε1 > 0.

The cycle continues with double-steps (B). A double-step (B) starts with a move
of player 1 from edgej to the edgek used by player 3 followed by a step of player
3 to an empty edgel. Observe that (B) is a pair of selfish steps iffa1k/a1j < 1

80
and

a3l/a3k < 80
79

. We conduct 2 double-steps (B): (11,10,1)→ (1,10,1)→ (1,10,3)→
(3,10,3)→ (3,10,11). These steps are selfish if:

1 · (3− ε1)
8 > 80 ·

„
38

80
− ε3

«
i.e. ε3 >

38

80
− (3− ε1)

8

80
and (1)

1 ·
„

38

80
− ε3

«
> 80 · 1 i.e. ε3 <

38

80
− 80. (2)

Starting from the strategy profile (3,10,11) we proceed with a double-step (C) that
moves player 3 to the edge 10 player 2 is assigned to and continues with a step of player
2 to the empty edge 2. This double-step consists of selfish steps iffa3 10/a3 11 < 79

81
and

a2 2/a2 10 < 81
2

. The double-step (C) is selfish if:

79 ·
„

80

79
− ε1

«2

> 81 ·
„

802 · 79

792 · 81
− ε2

«
i.e. ε2 >

802

79 · 81
− 79

81

„
80

79
− ε1

«2

and (3)

81 ·
„

28

38
− ε1

«
> 2 · 1 i.e. ε1 <

28

38
− 2

81
. (4)

The 11 double-steps explained up to now are followed by a final step that moves player
3 back to edge 1: (3,2,10)→ (3,2,1). It is selfish if:

79 ·
„

802

792
· 79

81
− ε2

«
> 79 · 1 i.e. ε2 <

802

79 · 81
− 1. (5)

It is possible to selectε1, ε2, ε3 > 0 fulfilling (1) – (5). Thus the claim follows. ut

3.3 General Networks and Linear Latency Functions: Price of Anarchy

In this section we study the price of anarchy for weighted congestion games with linear
player-specific latency functions. To prove our upper bound we use similar techniques
as Christodoulou and Koutsoupias [7] and Awerbuch et al. [2]. The proof is also based
on the following technical lemma.



Lemma 1. For all u, v ∈ R+
0 andc ∈ R+ we havev(u + v) ≤ c · u2 +

(
1 + 1

4c

)
· v2.

Theorem 4. LetΓ be a weighted network congestion game with player-specific linear
latency functions. Then,PoA ≤ 1

2
· [∆(Γ ) + 2 +

p
∆(Γ )(∆(Γ ) + 4)].

Proof. Let P = (P1, . . . , Pn) be a mixed Nash equilibrium and letQ be a pure strat-
egy profile with optimum social cost. SinceP is a Nash equilibrium, playeri cannot
improve by switching from strategyPi to Qi. Thus,

PCi(P) ≤ PCi(P−i, Qi) =
X
R∈Z

p(R)

24 X
e∈Qi∩Ri

fie(δe(R)) +
X

e∈Qi\Ri

fie(δe(R) + wi)

35
≤

X
R∈Z

p(R)
X

e∈Qi

fie(δe(R) + δe(Q)).

It follows that

SC(P) =
X
R∈Z

p(R)
X
i∈[n]

wi

X
e∈Ri

fie(δe(R)) =
X
i∈[n]

wi · PCi(P)

≤
X
i∈[n]

X
R∈Z

p(R)
X

e∈Qi

wi · fie(δe(R) + δe(Q))

=
X
R∈Z

p(R)
X
e∈E

X
i,Qi3e

wi · [aie(δe(R) + δe(Q)) + bie]

=
X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)>0

P
i,Qi3e aiewi

δe(Q)
· δe(Q) · (δe(R) + δe(Q))

+
X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)=0

δe(Q) ·
X

i,Qi3e

aiewi +
X
R∈Z

p(R)
X
e∈E

X
i,Qi3e

wibie.

By Lemma 1 we get forc ∈ R+,

SC(P) ≤
X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)>0

P
i,Qi3e aiewi

δe(Q)
·

»„
1 +

1

4c

«
· δe(Q)2 + c · δe(R)2

–

+
X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)=0

δe(Q) ·
X

i,Qi3e

aiewi +
X
R∈Z

p(R)
X
e∈E

X
i,Qi3e

wibie

≤
„

1 +
1

4c

« X
R∈Z

p(R)
X
e∈E

0@ X
i,Qi3e

aiewi

1A δe(Q) +
X
R∈Z

p(R)
X
e∈E

X
i,Qi3e

wi · bie

+ c ·
X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)>0

P
i,Qi3e aiewi

δe(Q)
· δe(R)2

≤
„

1 +
1

4c

«
· SC(Q) + c ·

X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)>0

P
i,Qi3e aiewi

δe(Q)
· δe(R)2.



Observe that 1
δe(Q) ·

∑
i,Qi3e aiewi is a weighted average slope of latency functions for

edgee ∈ E. With aie

ake
≤ ∆(Γ ) for all i, k ∈ [n] with aie, ake < ∞ it follows that

1
δe(Q) ·

∑
i,Qi3e aiewi ≤ ∆(Γ ) · 1

δe(R) ·
∑

i,Ri3e aiewi. We get,

SC(P) ≤
„

1 +
1

4c

«
· SC(Q) + c ·

X
R∈Z

p(R)
X

e∈E,δe(Q)>0,

δe(R)>0

∆(Γ ) ·
P

i,Ri3e aiewi

δe(R)
· δe(R)2

≤
„

1 +
1

4c

«
· SC(Q) + c ·

X
R∈Z

p(R)
X
e∈E

∆(Γ ) · δe(R) ·
X

i,Ri3e

aiewi

≤
„

1 +
1

4c

«
· SC(Q) + c ·∆(Γ ) · SC(P).

Thus choosingc = −∆(Γ )+
√

∆(Γ )(∆(Γ )+4)

4∆(Γ ) yields

SC(P)

SC(Q)
≤ 4c + 1

4c(1− c∆(Γ ))
=

∆(Γ ) + 2 +
p

∆(Γ )(∆(Γ ) + 4)

2
.

SinceP is an arbitrary (mixed) Nash equilibrium the claim follows. ut

Interestingly, we get with Theorem 4 an upper bound of1
2 · (3 +

√
5) in the case of

∆(Γ ) = 1 which matches the exact price of anarchy for weighted congestion games [2]
even though our model still allows for player-specific constantsbie 6= bke. We proceed
with a lower bound on the price of anarchy that is asymptotically tight. Variations of
the games used in the proof of the lower bound were also used in some recent papers to
show lower bounds on the price of anarchy in different settings (see e.g. [3, 9, 11]).

Theorem 5. For eachl ∈ N and for eachε > 0 there is a congestion gameΓ on
parallel links with unweighted players and player-specific capacities that possesses a
pure Nash equilibriumR such that∆(Γ ) ≥ l andSC(R)/OPT ≥ (1− ε) ·∆(Γ ).

The construction in the proof of Theorem 5 uses a large number of players. However,
the price of anarchy is unbounded even for 2 player games.

Theorem 6. For everyk ≥ 1 there is a weighted congestion game on parallel links
with 2 players and player-specific capacities that possesses a pure Nash equilibriumR
such thatSC(R)/OPT > k.

4 Results for Splittable Traffic

4.1 Parallel Links and Player-Specific Capacities:
Existence of and Convergence to a Wardrop Equilibrium

In this section we consider Wardrop games on parallel links with player-specific capac-
ities. For such a game and a strategy profilex define the following function:

Ψ(x) =
X
i∈[n]

X
e∈E

xi e · ln(ai e) +
X
e∈E,

δe(x)>0

δe(x) · ln(δe(x)).

Note, thateΨ(x) has a similar form as the potential functionΦ in Sect. 3. The next
theorem shows thatΨ plays a similar role as the potential functionΦ.



Theorem 7. LetΥ be a Wardrop game on parallel links with player-specific capacities.
Moreover letx be a strategy profile forΥ so that there exists a playerk ∈ [n], two edges
p, q ∈ E, and someΛ, 0 < Λ ≤ xk p such that:ak p ·(δp(x)− Λ) ≥ ak q ·(δq(x) + Λ) .
Define a new strategy profiley by:

yi j =

{
xk p − Λ if i = k, j = p,
xk q + Λ if i = k, j = q,
xi j otherwise.

ThenΨ(y) < Ψ(x).

We now show thatΨ(x) is minimized iffx is a Wardrop equilibrium.

Theorem 8. Let Υ be a Wardrop game on parallel links with player-specific capaci-
ties. Moreover lety be a strategy profile forΥ . Then the following two conditions are
equivalent:

(a) Ψ(y) = minx∈X Ψ(x),
(b) y is a Wardrop equilibrium.

Proof. (a)⇒ (b) follows immediately with Theorem 7. It is possible to show (b)⇒ (a)
with an argumentation based on the Karush-Kuhn-Tucker theorem (see [5]). ut

SinceΨ is a convex function it follows with Theorem 8 that the ellipsoid method of
Khachyan [16] can be used to compute a Wardrop equilibrium in time polynomial in
the size of the instance and the number of bits of precision required.

4.2 Does there exist a convex potential function for a more general setting?

If a game can be described by a convex potential function then the set of Nash equilib-
ria forms a convex set. In this section we show that no such convex function exists for
general graphs with player-specific capacities (Theorem 9) whereas the existence re-
mains an open problem for parallel links with strictly increasing player-specific latency
functions (Theorem 10).

Theorem 9. There is a Wardrop gameΥ with player-specific capacities that possesses
two Wardrop equilibriax andy where

(a) δj(x) 6= δj(y) for an edgej ∈ E andSC(x) 6= SC(y),
(b) the set of Wardrop equilibria forΥ does not form a convex set.

Theorem 10. LetΥ be a Wardrop game on parallel links with strictly increasing player-
specific latency functions. Letx andy be Wardrop equilibria forΥ . Then,

(a) δj(x) = δj(y) for all j ∈ E andSC(x) = SC(y),
(b) the set of Wardrop equilibria forΥ forms a convex set.



4.3 General Networks and Player-Specific Latency Functions:
Existence of Wardrop Equilibria

Each Wardrop game possesses a Wardrop equilibrium (see [4]). It is possible to use
Brouwer’s fixed point theorem to prove the existence of equilibria for our more general
class of games.

Theorem 11. Every Wardrop gameΥ with strictly increasing player-specific latency
functions possesses a Wardrop equilibrium.

4.4 General Networks and Linear Latency Functions: Price of Anarchy

In this section we give bounds on the price of anarchy. The proof of the upper bound
uses the same technique as the proof of Theorem 4.

Theorem 12. Let Υ be a Wardrop game with player-specific linear latency functions.
Then,

PoA ≤
{ 4

4−∆(Υ ) if ∆(Υ ) ≤ 2,

∆(Υ ) otherwise.

Theorem 13. For eachn ∈ N there is a Wardrop gameΥ on 2 parallel links withn
unweighted players and player-specific capacities that possesses a Wardrop equilibrium
x such that∆(Υ ) = n2 andSC(x)/OPT ≥ 1

4 ·
√

∆(Υ ).

For the Wardrop model with linear latency functions, Roughgarden and Tardos [25]
showed that the price of anarchy is exactly4

3 . Theorem 12 with∆(Υ ) = 1 implies
that the price of anarchy does not change even if the linear latency functions of the
players have player-specific constantsbie 6= bke. Although our upper bound is tight for
∆(Υ ) = 1 there is for large∆(Υ ) still a gap between the upper bound of∆(Υ ) and the
lower bound.
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