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Abstract. In this work we study weightedetwork congestion gamesth player-
specificlatency functions where selfighayerswish to route theitraffic through
a sharedhetwork We consider both the case gjlittableandunsplittabletraffic.

Our main findings are as follows:

— For routing games on parallel links with linear latency functions without a
constant term we introduce two new potential functions for unsplittable and
for splittable traffic respectively. We use these functions to derive results on
the convergence to pure Nash equilibria and the computation of equilibria.
We also show for several generalizations of these routing games that such
potential functions do not exist.

— We prove upper and lower bounds on the price of anarchy for games with
linear latency functions. For the case of unsplittable traffic the upper and
lower bound are asymptotically tight.

1 Introduction

Motivation and Framework. Large scale communication networks, like e.g. the In-
ternet, often lack a central regulation for several reasons. For instance the size of the
network may be too large, or the users may be free to act according to their private in-
terests. Such an environment — where users neither obey some central control instance
nor cooperate with each other — can be modeledrasnacooperative gamé&he con-

cept ofNash equilibria[21] has become an important mathematical tool for analyzing
non-cooperative games. A Nash equilibrium is a state in which no player can improve
his private objective by unilaterally changing his strategy.

For a special class of non-cooperative games, now widely knowsoagestion
games Rosenthal [23] showed the existence of pure Nash equilibria with the help of
a certain potential function. In a congestion game, the strategy set of each player is
a subset of the power set of given resources and the private cost function of a player
is defined as the sum (over the chosen resources) of functions in the number of play-
ers sharing this resource. An extension to congestion games in which the players have
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weights and thus different influence on the congestion of the resourcegeaykted
congestion gamed\Veighted congestion games provide us with a general framework
for modeling any kind of non-cooperative resource sharing problem. A typical resource
sharing problem is that of routing. In a routing game the strategy sets of the players cor-
respond to paths in a network. Routing games where the demand of the players cannot
be split among multiple paths are also calfegtighted) network congestion games
Another model for selfish routing where traffic flows can be split arbitrarily — the
Wardrop mode} was already studied in the 1950's (see e.g. [4, 26]) in the context of
road traffic systems. In Wardrop equilibriumeach player assigns its traffic in such a
way that the latency experienced on all used paths is the same and minimum among all
possible paths for the player. The Wardrop model can be understood as a special net-
work congestion game with infinitely many players each carrying a negligible demand.
In order to measure the degradation of social welfare due to the selfish behavior,
Koutsoupias and Papadimitriou [17] used a global objective function, usually termed as
social cost They defined therice of anarchyas the worst-case ratio between the value
of social cost in a Nash equilibrium and that of some social optimum. Thus, the price
of anarchy measures the extent to which non-cooperation approximates cooperation.
In weighted network congestion games, as well as in the Wardrop model, players
have complete information about the system. However in many cases users of a routing
network only have incomplete information about the system. Harsanyi [15] defined the
Harsanyi transformation that transforms strategic games with incomplete information
into Bayesiargames where the players uncertainty is expressed in a probability distribu-
tion. A Bayesian routing game where players have incomplete information about each
others traffic was introduced and studied by Gairing et al. [13]. Georgiou et al. [14] in-
troduced a routing game where the players only have incomplete information about the
vector that contains all edge latency functions. Each user’s uncertainty about the latency
functions is modelled with a probability distribution over a set of different possible la-
tency function vectors. Georgiou et al. [14] showed, that such an incomplete informa-
tion routing game can be transformed into a complete information routing game where
the latency functions arplayer-specific The resulting games with player-specific la-
tency functions were earlier studied by Milchtaich [19]. Monderer [20] showed that
games with player-specific latency functions are of particular importance since each
game in strategic form is isomorphic to a congestion game with player-specific latency
functions. In this paper we study routing games with player-specific latency functions
for both splittable and unsplittable traffic.
Related Work. Routing GamesThe class ofveighted congestion gambas been ex-
tensively studied (see [12] for a survey). Fotakis et al. [10] proved that a pure Nash equi-
librium always exists if the latency functions are linear. For non-linear latency functions
they showed, that a pure Nash equilibrium might not exist, even if there are only 2 play-
ers (this was also observed earlier by Libman and Orda [18]). For the class of weighted
congestion games on parallel links a pure Nash equilibrium always exists, if all edge
latency functions are non-decreasing. Tnige of anarchywas studied for congestion
games with social cost defined as the total latency. For linear latency functions, it is
exactly 2 for unweighted [7] anc%—\/g for weighted congestion games [2]. The exact
price of anarchy is also known for polynomials with non-negative coefficients [1].



Inspired by the arisen interest in the price of anarchy Roughgarden and Tardos [25]
re-investigated th&Vardrop modehnd used the total latency as a social cost measure.
In this context the price of anarchy was shown toitfer linear latency functions [25]
ando(%;) for polynomials of degree at mosgtwith non-negative coefficients [24].

If all latency functions are linear and do not include a constant, then every Wardrop
equilibrium has optimum social cost [25]. Since a Wardrop equilibrium is a solution to

a convex program it can be computed in polynomial time using the ellipsoid method
of Khachyan [16]. This results also implies that the total latency is the same for all
Wardrop equilibria. There are several papers (see e.g. [6, 8, 22]) studying games with a
finite number of atomic players where each player can split its traffic over the available
paths with the objective to minimize its latency. In this setting the price of anarchy is at
most% for linear latency functions [8].

Routing Games with Player-Specific Latency Functiogeighted congestion games

on parallel links with player-specific latency functions were studied by Milchtaich [19].
For the case of unweighted players and non-decreasing latency functions, Milchtaich
showed that such games do in general not posses the finite improvement property but
always admit a pure Nash equilibrium. In case of weighted players a pure Nash equilib-
rium might not exist, even for a game with 3 players and 3 edges (links) [19]. This is a
tight result since such games possess the finite best-reply property in case of 2 players
and the finite improvement property in case of 2 edges [19]. Georgiou et al. [14] studied
the same class of games as Milchtaich but they only allowed linear latency functions
without a constant term. They were able to prove upper bounds on the price of anarchy
for both social cost defined as the maximum private cost of a player and social cost
defined as the sum over the private cost of all players. Furthermore they presented a
polynomial time algorithm to compute a pure Nash equilibrium in case of two edges.

Orda et al. [22] studied a splittable flow routing game with certain player-specific la-
tency functions and a finite number of players each minimizing its latency. They showed
that there is a unique Nash equilibrium for each game on parallel links. They also de-
scribed a game on a more complex graph possessing two different Nash equilibria.
Contribution. In this work we generalize weighted network congestion games and the
Wardrop model, to accommodate player-specific latency functions. Our main contribu-
tions are the definition of new potential functions and the extension of the techniques
from [2, 7] to prove upper bounds on the price of anarchy also for games with player-
specific latency functions. More specifically, we prove:

— For routing games on parallel links with linear latency functions without a constant
term we introduce two new potential functions for unsplittable and for splittable

traffic respectively.
e In the case of unsplittable traffic we use our potential function to show that

games with unweighted players possessfihiée improvement propertyWe
also show that games with weighted players do not possess the finite improve-
ment property even ifi = 3.

¢ Inthe case of splittable traffic we show that our other convex potential function
is minimized if and only if the corresponding assignment is an equilibrium.

This result implies that an equilibrium can be computed in polynomial time.
We also show for several generalizations of the above games that such potential

functions do not exist.



— We prove upper and lower bounds on the price of anarchy for games with linear
latency functions. For the case of unsplittable traffic the upper and lower bound are
asymptotically tight.

Road Map. In Sect. 2 we define the games we consider. We present our results for
unsplittable traffic in Sect. 3 and for splittable traffic in Sect. 4. Due to lack of space we
have to omit many proofs.

2 Notation
For all k € N denotelk] = {1,...,k}. For a vectov = (vy,...,v,) letv_; =
(V1 s Vim1, Vi1, - -, Op) ANA(V_i, 0]) = (V1,0 00, Vi1, U, Vi1, - - -, Un)-

Routing with Splittable Traffic. A Wardrop game with player-specific latency func-
tionsis a tupleY” = (n, G, w, Z,f). Here,n is the number oplayersandG = (V, E)
is an undirectedmulti)graph The vectorw = (w1, ..., w,) defines for every player
i € [n] its traffic w; € R*. For each playet € [n] the setZ; C 2F consists of all
possible routing paths iy = (V, E)) from some nodes; € V to some other node
t; € V. DenoteZ = Z; x ... x Z,. Edge latency functionf = (f;c)ic[n],ccr are
player-specific and; .. : ]Rar — Rar is the non-negative, non-decreasing, and continu-
ousplayer-specific latency functicihat player; € [n] assigns to edge € E. Notice
that we are in the setting of the regular Wardrop gamg.if= fx. for all i,k € [n],
e € FE. In the majority of cases we considémear player-specific latency functions
fie(w) = e - u + bie With a;e, b;e > 0. For a Wardrop gam@ with linear latency
functions denoteA(T) = max.c ;i ken{Gic/Ake; e < 00,ar. < oo} with the
understanding tha = 1 and$ = oo if ¢ > 0. A(Y) describes the maximum factor
by which the slopes of the player-specific linear latency functions deviate. Note that
A(Y) does not depend on the constabitsof the latency functions. We will use the
term Wardrop game witplayer-specific capacitie® denote a game where all latency
functions are of the fornf;.(u) = a;. - u,a;. > 0. In this case, we writa instead
of f to denote the vecta = (a;c)ic[n),ccz- We Will often consider games on a par-
allel link multi-graphG = (V, F) that has two node¥ = {s,t}, s = s1 = ... sp,
t=t; =...t,, and|E| edges connecting these two nodes.
Strategies and Strategy ProfilesA playeri € [n] can split its trafficw; over the
paths inZ;. A (pure) strategyfor playeri € [n] is a tuplex; = (z;r,)Rr,cz, With
ERieZi x;gr, = w; andz; g, > 0forall R; € Z;. Denote byX; = {x; | x; is a strategy
for playeri} the set of all strategies for playérNote, that; is an infinite, compact
and convex set. Atrategy profilex = (xq,...,x,) is ann-tuple of strategies for the
players. Defing¥ = X} x ... x &, as the set of all possible strategy profiles.
Wardrop Equilibria. For a strategy profile the loadd. (x) on an edge € F is given
by 6c(x) = > e 2oriez:,ri5e Tik, - A strategy profilex is aWardrop equilibrium
if for every playeri € [n], and everyR;, R, € Z; with g, > 0 it holds that

D fiel0e(x) < Y fie(e(x)).

eER; e€R)

Observe that in a Wardrop equilibrium all flow paths of a player have equal latency. We
can regard each playee [n] as a service provider who has many clients each handling



a negligible small amount of traffic. In a Wardrop equilibrium each service provider
satisfies all his clients because none of them can improve its experienced latency.

Social Cost and Price of AnarchyAssociated with a game and a strategy prafilis
thesocial costSC(x) as a measure of social welfare:

SC(x) = Z Z TiR, Z Jie(de(x)).

i€[n] R;€Z; eER;

This social cost is motivated by the interpretation as a game with infinitely many players
with negligible demand and models the sum of the players latencieogthreumas-
sociated with a game is defined BT = minyex SC(x). Theprice of anarchyalso
called coordination ratioand denotedPoA, is the maximum value, over all instances

e . SC(x)
and Wardrop equilibrix, of the ratio55+ .

Routing with Unsplittable Traffic. We also consider the case where players have to
assign their traffic integrally to a single path. Denote sualeaghted network conges-
tion game with player-specific latency functidnsI" = (n, G, w, Z,f). The players
areunweightedf they are all of traffic 1, i.ew; = ... = w, = 1. In this case we write

1 instead ofw. A pure strategy; for playeri € [n] is a tuplex; = (x;gr,)r,ecz, With
ZRiezi x;r, = w; andx,;p, € {0,w;} for all R; € Z,. Alternatively, with a slight
abuse of notation, we writR = (R1, ..., R,) whereR; € Z;, 1 <i < n, to denote a
strategy profile such that,z, = w; for all i € [n]. In this settingZ = Z; x ... x Z,

is the set of all pure strategy profiles. We definethigate costof player: € [n] as the
sum over the player-specific latencies of all used ed@€SR) = > .. fie(de(R)).

Given a pure strategy profiB = (R, ..., R,) aselfish stepf a playeri € [n] is
a deviation to strategy profil® _;, R;) wherePC;(R_;, R}) < PC;(R) andR} € Z,.
Such a selfish step isgreedy selfish stejp there is for player no strategyR; € Z;
such thaPC;(R_;, R}) < PC;(R_;, R}).

A gamel” possesses tHaite best-reply propertif any sequence of greedy selfish
steps is finite. If even any sequence of selfish steps is finite it possesses in addition the
finite improvement propertyNote, that the finite improvement property implies the fi-
nite best-reply property which again implies the existence of a pure Nash equilibrium.

We also considemixed strategie®; for the players. Ther®; = (p(4, R;))r; ez
is a probability distribution oveZ; andp(i, R;) denotes the probability that player
chooses patfi®;. A mixed strategy profil® = (P4, ...,P,) is represented by amtu-
ple of mixed strategies. For a mixed strategy pralelenotep(R) = [[,¢(, p(i; R:)
as the probability that the players choose the pure strategy pRofie(R;, ..., R,).

Nash Equilibrium, Social Cost, and Price of Anarchy.For a mixed strategy profile

P the private cost of player € [n] is PC;(P) = > g, p(R) - PC;(R). For a pure
strategy profildR the social cosC(R) is defined as before whereas for a mixed strat-
egy profileP the social cost is given b§C(P) = > g, p(R) - SC(R). A strategy
profile P is a Nash equilibrium if no player € [n] can decrease its private cd¥t; if

the other players stick to their strategies. More formaly= (P,,...,P,) is a Nash
equilibrium if PC;(P) < PC,(P_;, P!) for all probability distributions! over Z; and
forall i € [n]. In the unsplittable setting the price of anardtA is the worst-case ratio
between the social cost of a mixed Nash equilibrium and that of some social optimum.




3 Results for Unsplittable Traffic

3.1 Unweighted Players: Finite Improvement Property

Milchtaich [19] showed that network congestion games on parallel links with player-
specific latency functions and unweighted players do not possess the finite improvement
property in general. In Theorem 1 we show that we achieve the finite improvement prop-
erty if we restrict to player-specific capacities. In Theorem 2 we give counterexamples
to show that a slight deviation from this model yields a loss of the finite improve-
ment property. For the positive result in Theorem 1 we define for every strategy profile
R = (Ry,..., R,) the following potential function:

S(R) =[] air - [] 0c(R)!
i€[n]

eckE
In contrast to all other potential functions we knawloes not contain any summation.

Theorem 1. Every network congestion game on parallel links with unweighted players
and player-specific capacities possesses the finite improvement property.

Proof. Consider a selfish steR — R’ of a playeri € [n] from edgej € F to
edgek € E,i.e.R = (Ry,...,Ri-1,j,Ri+1,...,Rp) @andR’ = (Ry,..., R;_1,k,
Ri1,...,R,). If Adenotesthe common part of the expressid(B.) and®(R’) they
can be written ad(R’) = A - a; - (6x(R) +1) and®(R) = A-a;, - §;(R). Since
R — R’ is a selfish step we have tHa€;(R') = a;x - (0x(R) + 1) < a;; - 0;(R) =
PC;(R). Thus®(R') = A-PC;(R’) < A-PC;(R) = #(R). The claim follows since
the number of strategy profiles is finite. O

Theorem 2. Network congestion games on a graghwith unweighted players and
player-specific latency functions do (in general) not possess

(a) the finite best-reply property if the game I3gdayers, linear latency functions, and
G is a parallel links graph.

(b) the finite improvement property if the game Rgslayers, player-specific capaci-
ties, andG is a concatenation df parallel link graphs connected in series.

(c) a pure Nash equilibrium if the game haplayers, player-specific capacities, and
all paths inG are of length at mos.

3.2 Weighted Players: Finite Improvement Property

For weighted congestion games on parallel links with player-specific capacities Geor-
giou et al. [14] showed that a Nash equilibrium always exists in the case of 3 players.
For arbitrary many players it is an open problem whether such a game still admits a
pure Nash equilibrium or not. Theorem 3 implies that the finite improvement property
can not be used to solve the open problem even if there are only 3 players. We would
like to note that for the case of 2 players we can give a potential function showing that
the finite improvement property is fulfilled.

Theorem 3. There is a weighted congestion game on parallel links Wiphayers and
player-specific capacities that does not possess the finite improvement property.



Proof. The 3 players of the game are of traffig = 1, w, = 2, andws = 79. The
player-specific capacities of the 11 edges are listed in this tahle,(e; > 0 are small
numbers we will discuss later):

il 12l 3] 4| 5 | 6 | 7| 8] 9| 10 | 1
ay|E—eslool 1 |3—e [(3—e1)?|(3—€1)%|(3—€1)!|(3—e1)°|(3—1)®| (3—e1)” | (B—e1)®
azj| oo 12— %—61 %2—61 %—61 %—61 ?TZ—Q %—61 %—61 00
asj| 1 |oo|f5—e| oo oo 00 00 00 00 %-g—e (8 —e)?

Our cycle of selfish steps starts in the initial strategy prdfile, 1). We now per-
form 8 double-steps (A). A double-step (A) consists of a first step that moves player
2 from an edgg to the edgé: player 1 is assigned to and a second step to an empty
edge! that player 1 does. Both steps of a double-step (A) are selfish;ifio; < 2
anday; /a1, < 3. In each step of our 8 double-steps (A) the deviating player moves
from edget to edget + 1. After the double-steps (A) the strategy profild, 10, 1) is
reached. Notice that all 16 steps performed up to now are selfishesine®.

The cycle continues with double-steps (B). A double-step (B) starts with a move
of player 1 from edge to the edgek used by player 3 followed by a step of player
3 to an empty edgé Observe that (B) is a pair of selfish stepsaff./a1; < 45 and
asi/ase < 2. We conduct 2 double-steps (B): (11,10:4) (1,10,1)— (1,10,3)—
(3,10,3)— (3,10,11). These steps are selfish if:

38 . 3 (3-e)®
8 o 0 _\WTa)
1-(3—€1)® >80 (80 53> i.e. e3 > 30 30 and (@)
38 38
1-(=—=— -1 i.e. — — &0. 2
<80 €3>>80 i.e €3<80 80 2

Starting from the strategy profile (3,10,11) we proceed with a double-step (C) that
moves player 3 to the edge 10 player 2 is assigned to and continues with a step of player
2 to the empty edge 2. This double-step consists of selfish stepsdffas 11 < &3 and
az2/az10 < . The double-step (C) is selfish if:

2 2 2 2
79.<%—e1) >81~(80 L e2> i.e. e > 80 —E(@—q) and (3)

792.81 79.81 81 \ 79
28 ) 28 2
81<3fs—€1>>21 l.e. €1<378_871' (4)

The 11 double-steps explained up to now are followed by a final step that moves player
3 back to edge 1: (3,2,16) (3,2,1). It is selfish if:

80% 79 . 802
It is possible to seleet, €2, €5 > 0 fulfilling (1) — (5). Thus the claim follows. d

3.3 General Networks and Linear Latency Functions: Price of Anarchy

In this section we study the price of anarchy for weighted congestion games with linear
player-specific latency functions. To prove our upper bound we use similar techniques
as Christodoulou and Koutsoupias [7] and Awerbuch et al. [2]. The proof is also based
on the following technical lemma.



Lemma 1. Forall u,v € R} andc € RT we havev(u +v) < c-u?+ (1+ &) - 02

Theorem 4. Let I" be a weighted network congestion game with player-specific linear
latency functions. The®oA < 1 - [A(I) + 2+ /A(D)(A(D) + 4)].

Proof. LetP = (Py,..., P,) be a mixed Nash equilibrium and 1€ be a pure strat-
egy profile with optimum social cost. Sind@ is a Nash equilibrium, playercannot
improve by switching from strateg; to @;. Thus,

PC(P) <PG(P_i,Q) = > pR) | D fie(BeR)+ D fie(0e(R) +wi)

ReZ e€Q;NR; e€Q;\R;

< Z p(R) Z fie(ée(R) +55(Q))

ReZ e€Q;

It follows that

SCP) = pR) > wi Y fielde(R)) = D wi- PC:(P)
1€[n]

ReZ eER; i€[n]

S Z Z p(R) Z w; - fie(ée(R) + JE(Q))

ie[n] REZ e€eQ;
=D pR)Y D wi[aic(de(R) +5.(Q)) + bic]

ReZ e€E i,Q;de¢

> i 0:5e GieWs

=> pR) Y % 0.(Q) - (0:(R) + 6(Q))

ReZ C€E,5¢(Q)>0, ¢

5e(R)>0
+ Z p(R) Z 3.(Q) - Z AieW; + Z p(R) Z Z Wibie.
ReZ 96615,256(>Q)>0, 1,Qide ReZ ecEi,Q;3e
< (R)=0

By Lemma 1 we get for € R,

scP) < Y pm) Y Liune Gielli KH— i) 5.(Q)> +c-5e(R)2}

ReZ c€E,5.(Q)>0, 3.(Q) de
5 (R)>0
FYR Y @ Y aens Y AR S
ReZ e€E,50(Q)>0, i,Q;de ReZ e€E i,Q; e
e (R)=0
1
< (1+4—C> SRS T wew | 5@+ SRS S wi b
ReZ ecE \1i,Q;de ReZ ecE i,Q;e
> i 0.5 GieWi
te Y p®) > %ﬁe(m?
ReZ c€E,5¢(Q)>0, €
5o (R)>0

< (1 + 4i) SC@ e Yp®) Y et g

ReZ e€E,5:(Q)>0, 56(Q)
Je(R)>0



Observe thagj—m . ZLQBE a;cw; IS a weighted average slope of latency functions for
edgee € E. With 2i= < A(I") for all i,k € [n] with a;c, ae < oo it follows that

1 1
5@ i @ize GieWi < AL) - 5Ry - 204 Ryze Giews: We get,

1 ZZ 5 QieWs
SC(P) < (1+ 4—0) SC(Q)+c- > pR) > AU ’?#@(R)Q
ReZ e€E,5:(Q)>0, €
5c(R)>0
< (1 + 4l) SC(Q)+e- > pR)D AT 6(R)- > aiew;
¢ ReZ eckE i,R;de
< (1 + i) -SC(Q) +¢- A(I') - SC(P).
Thus choosing = —ANY V4§8:§(A(F)+4) yields
SC(P) _ de+l A +2+ VAD)AD) +4)
SC(Q) ~ 4c(1 —cA(D)) 2 ’
SinceP is an arbitrary (mixed) Nash equilibrium the claim follows. O

Interestingly, we get with Theorem 4 an upper bound,of(3 + V/5) in the case of

A(I') = 1 which matches the exact price of anarchy for weighted congestion games [2]
even though our model still allows for player-specific constantsz by... We proceed

with a lower bound on the price of anarchy that is asymptotically tight. Variations of
the games used in the proof of the lower bound were also used in some recent papers to
show lower bounds on the price of anarchy in different settings (see e.g. [3, 9, 11]).

Theorem 5. For each! € N and for eache > 0 there is a congestion gamg on
parallel links with unweighted players and player-specific capacities that possesses a
pure Nash equilibriunR such thatA(I") > 1 andSC(R)/OPT > (1 —¢) - A(T).

The construction in the proof of Theorem 5 uses a large number of players. However,
the price of anarchy is unbounded even for 2 player games.

Theorem 6. For everyk > 1 there is a weighted congestion game on parallel links
with 2 players and player-specific capacities that possesses a pure Nash equillRrium
such thatSC(R))/OPT > k.

4 Results for Splittable Traffic

4.1 Parallel Links and Player-Specific Capacities:
Existence of and Convergence to a Wardrop Equilibrium

In this section we consider Wardrop games on parallel links with player-specific capac-
ities. For such a game and a strategy profiléefine the following function:

Ux)= >3 mic-(aic)+ Y. Ge(x) - In(de(x)).
i€[n]ecE 6ee(i1)5,>0

Note, thate? ®) has a similar form as the potential functignin Sect. 3. The next
theorem shows thal plays a similar role as the potential functién



Theorem 7. LetY be a Wardrop game on parallel links with player-specific capacities.
Moreover letx be a strategy profile fol” so that there exists a playére [n], two edges
p,q € E,andsomel, 0 < A <z, suchthatay,- (0,(x) — A) > ag 4 (64(x) + A4).
Define a new strategy profile by:

xrp —Aifi=k,j=p,
Yij = xkq—l—/lif’i:k’j:q7

Tij otherwise.

Then? (y) < ¥(x).
We now show tha? (x) is minimized iffx is a Wardrop equilibrium.

Theorem 8. Let 7" be a Wardrop game on parallel links with player-specific capaci-
ties. Moreover ley be a strategy profile fot". Then the following two conditions are
equivalent:

(@) ¥(y) = mingex ¥(x),
(b) y is a Wardrop equilibrium.

Proof. (a) = (b) follows immediately with Theorem 7. It is possible to show#b)a)
with an argumentation based on the Karush-Kuhn-Tucker theorem (see [5]). O

SinceV is a convex function it follows with Theorem 8 that the ellipsoid method of
Khachyan [16] can be used to compute a Wardrop equilibrium in time polynomial in
the size of the instance and the number of bits of precision required.

4.2 Does there exist a convex potential function for a more general setting?

If a game can be described by a convex potential function then the set of Nash equilib-
ria forms a convex set. In this section we show that no such convex function exists for
general graphs with player-specific capacities (Theorem 9) whereas the existence re-
mains an open problem for parallel links with strictly increasing player-specific latency
functions (Theorem 10).

Theorem 9. There is a Wardrop gam¥ with player-specific capacities that possesses
two Wardrop equilibriax andy where

(@) 9;(x) # 0,(y) foran edgej € E andSC(x) # SC(y),
(b) the set of Wardrop equilibria fdF does not form a convex set.

Theorem 10. LetY be a Wardrop game on parallel links with strictly increasing player-
specific latency functions. Letandy be Wardrop equilibria fof". Then,

(a) 0;(x) =0;(y) forall j € EandSC(x) = SC(y),
(b) the set of Wardrop equilibria fdl" forms a convex set.



4.3 General Networks and Player-Specific Latency Functions:
Existence of Wardrop Equilibria

Each Wardrop game possesses a Wardrop equilibrium (see [4]). It is possible to use
Brouwer’s fixed point theorem to prove the existence of equilibria for our more general
class of games.

Theorem 11. Every Wardrop gam@& with strictly increasing player-specific latency
functions possesses a Wardrop equilibrium.

4.4 General Networks and Linear Latency Functions: Price of Anarchy

In this section we give bounds on the price of anarchy. The proof of the upper bound
uses the same technigue as the proof of Theorem 4.

Theorem 12. Let T be a Wardrop game with player-specific linear latency functions.
Then,

T 1TAT) <2
<Jd=am ! =4
POA_{ A(T) otherwise.

Theorem 13. For eachn € N there is a Wardrop gam#& on 2 parallel links withn
unweighted players and player-specific capacities that possesses a Wardrop equilibrium
x such thatA(Y) = n? andSC(x)/OPT > 1 . \/A(T).

For the Wardrop model with linear latency functions, Roughgarden and Tardos [25]
showed that the price of anarchy is exactly Theorem 12 withA(?") = 1 implies

that the price of anarchy does not change even if the linear latency functions of the
players have player-specific constabits# by... Although our upper bound is tight for
A(Y) = 1thereis for largeA(Y) still a gap between the upper bound4€Y") and the
lower bound.
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