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Abstract. Basic services like, e.g., routing, load balancing, or data management are essential for efficient
usage of parallel and distributed systems. Therefore, the subproject A2 of our CRC376 has focused on design,
analysis and implementation of such services. In this report we briefly survey the work of this subproject from
1995 until today. The main part of the report gives more detailed surveys on three of our very recent topics:
Dynamic page migration for mobile wireless networks, selfish routing in non-cooperative networks, and exact
graph partitioning for process management in parallel systems.

1 Introduction

Within the subproject A2 ”Universal Basic Services” of our CRC 376 ”‘Massively Parallel
Computing: Algorithms, Design Methods, Applications”’ we develop services for users of par-
allel and distributed systems. The goal is to provide a simple and efficient access to the resources
like computation time, data storage, memory pages, and communication bandwidth. We have
started with investigating tightly coupled massively parallel systems. Over the years, we have
more and more extended our focus so that also loosely coupled systems (e.g. Internet) and more
dynamic systems like mobile networks are considered. The rest of this introduction gives a
very short overview on the major topics we contributed to in this subproject. We restrict the
references mainly to PhD-theses, a full list can be found on the Web-page of the CRC.

In the beginning of the SFB data management and load balancing were in the focus of our
research. We have developed a distributed data management system which provides transparent
and fast access to the shared data objects from any processor in the network. Our first scenario
was inspired by early work on PRAM simulation. We have investigated redundant, randomized
schemes for static data distribution in networks. This work has resulted into a subproject on
Storage Networks which has initiated a so-called Transfer Troject where we work towards pro-
totypes and products for storage virtualisation. The PhD-theses of Kay Salzwedel and André
Brinkmann resulted from this ”transfer” efforts. Our theoretical work has contributed signif-
icantly to many aspects of the redundant version of the balls-into-bins-game, which can be
seen as the combinatorial basis both for our redundant static data management schemes and for
many load balancing approaches. The PhD-theses of Berthold Vöcking, Klaus Schr̈oder, and
Petra Berenbrink contribute to this topic.

Our dynamic data management strategies describe how copies of the data objects are dis-
tributed and how read and write accesses are served. In order to provide efficient access to shared
data objects, the communication overhead, modeled by the congestion, should be as small as
possible. We presented online data management strategies for different types of networks and
prove optimal or close-to-optimal competitive ratio bounds on the congestion produced by our
strategies. Furthermore, we presented data management algorithms that for any given network
topology, and any given sequence of requests obtain close to optimum congestion. Our algo-
rithms serve all requests using only local information stored at the network nodes. This allows
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an easy and efficient implementation in a distributed environment, as we have demonstrated in
our DIVA library. The PhD-theses of Berthold Vöcking, Matthias Westermann, Harald Räcke
contribute to this research topic. A new approach where we incorporate mobility of the net-
work is described in more detail in Section 2. This work is the topic of Marcin Bienkowski’s
PhD-thesis.

We have also introduced a universal load balancing system which provides numerous load
balancing techniques. It supports various programming paradigms and also the combination of
different paradigms in the same application. The system is now in use in different application
areas. (Thomas Decker, Reinhard Lüling)

Routing strategies represent another basic service which use available communication in-
frastructure and enable the exchange of information between processors. We worked on univer-
sal routing strategies, that is, strategies which can be applied to arbitrary network topologies.
By introducing the routing number of a network, we offered a rigorous approach to measure
the quality of routing protocols. We introduced new universal protocols for both the store-
and-forward and the wormhole routing model. For more information see Christian Scheideler’s
PhD-thesis.

Large-scale networks often lack a central control instance. The distributed entities try to
optimize their own goals without regard to the overall performance of the system. We work
on various scenarios for selfish routing and scheduling and study the system performance like
the price of anarchy in networks with selfish users and the computational complexity of Nash
equilibria. (Martin Gairing, Thomas L̈ucking, Manuel Rode)

In several projects of the SFB the following question must be answered: How good is the
quality of developed heuristical methods? We are working in the area of optimization (espe-
cially linear mixed-integer optimization) and we develop optimal solution methods for prob-
lems which arise in the SFB. For the problem of graph partitioning we developed algorithms
which compute optimal solutions in a reasonable time. We use the results as an evaluation for
heuristical algorithms for graph partitioning which are developed in the project A3. (Meinolf
Sellmann, Norbert Sensen)

In the next three sections we present three topics considering different aspects of our work in
the project A2. In Section 2 we introduce data management strategies in dynamically changing
network topologies. In Section 3 we give a short overview on selfish routing in non-cooperative
networks and present then an algorithm for computation of a Nash equilibrium for a routing
game. In Section 4 we present one application of optimization methods developed for the SFB:
the calculation of an exact graph partitioning for process management.

2 Dynamic page migration

The traditional approach of storing the shared data in one or a few central repositories does
not scale up well with the increase of the network size, and is therefore inherently inefficient.
We investigateddata management strategiesthat try to exploittopological locality, i.e., try to
migrate the shared data in the network between participating nodes in such a way that a node
accessing a data item finds it “nearby” in the network. This problem can be modeled as an
online problem. This means that the accesses to the shared objects appear online, and the data
management algorithm has to decide, without knowledge of the future accesses, whether it is
worth to change the positions of objects’ copies. While several models have been proposed, we
were mainly dealing with the classical, most basic of these data management problems, called
Page Migration.



The page migration model, introduced in [16], reflects the following assumptions. There is
only one copyof one shared object(further referred to as thememory page) of sizeD, stored
in the local memory of one of the network nodes. The model isnon-uniform, which means that
migrating the whole object is much more expensive than accessing one unit of data from it.

The network is modelled as a connected, undirected graph, where each edgee has an as-
sociated costc(e) of sending one unit of data over the corresponding communication channel.
In case of wired networks, this cost might represent the load induced by sending data through
this communication link. The cost of sending one unit of data between two nodesva andvb is
defined as the sum of costs of edges on the cheapest path betweenva andvb.

A problem instance is a sequence of nodes(σt)t , which want to access (read or write) one
unit of data from the page. In one stept, one nodeσt issues a request to the node holding the
page and appropriate data is sent back. For such a request, a page migration algorithm is charged
a cost of sending one unit of data betweenσt and the node holding the page. At the end of each
time step the algorithm maymove (migrate)the page to an arbitrary node. Such a transaction
incurs a cost which isD times greater than the cost of sending one unit of data between these
two nodes. The goal is to compute a schedule of page movements to minimize the total cost.
Moreover, the decisions have to be made online, i.e., in time stept solely on the part of the input
up to stept.

In contrast to previous works on data management in networks, we focused on the page
migration in adynamicsetting. We assumed that the network is no longer static, but is subject to
change, and the costs of communication between nodes may change with time. Such a situation
is typical in mobile ad-hoc networks, but occurs also in large distributed systems, which are
used concurrently by many applications and users. Thus, we have to deal with two sources of
online events, namely the requests from nodes to the data item and the changes in the network.
Our contribution includes bothmodellingandalgorithm design and analysis, arising from the
combination of data management with the network dynamics.

2.1 Previous work

Previous results on the page migration problem concentrated on the static networks. To measure
the performance of online strategies for this problem, the competitive analysis was used. This
kind of evaluation, primarily introduced by Sleator and Tarjan [51], essentially compares the
cost of an online solution to the cost of the optimal offline strategy. In the following we assume
that an optimal solution is denoted by OPT, and for any algorithm ALG, CALG(I) denotes the
cost of this algorithm on input sequenceI = (σt)t . An online deterministic algorithm ALG is
c-competitive, if there exists a constantA, such that for any input sequenceI , it holds that

CALG(I) ≤ c·COPT(I)+A .

For a randomized algorithm ALG we replace its cost in the definition above by its expected
valueE[CALG(I)], where expectation is computed over all random choices made by ALG.

First randomized solutions presented by Westbrook [54] were a memoryless algorithm,
which was 3-competitive against an adaptive adversary, and a phase-based algorithm whose
competitive ratio against an oblivious adversary tends to 2.618 asD goes to infinity. The former
result was proven to be tight in [7, 5]. On the other hand, the exact competitive ratio against an
oblivious adversary is not a completely settled issue. Currently, the best known lower bound,
2+ 1

2D , is due to Chrobak et al. [18]. It is matched only for certain topologies, like trees or
uniform networks (see [18] and [36], respectively).



The currently best deterministic strategy is a 4,086-competitive, phase-based algorithm
MOVE-TO-LOCAL-M IN presented in [6] On the other hand, [18] showed a network with a
lower bound of approximately 3.148.

There exist also many extensions of page migration that allow more flexible data manage-
ment in networks. One of the possible generalizations is allowing more than one copy of an
object to exist in the network. A basic version of this extension, where only one shared object is
present in the system, is calledfile allocation, and was examined in [1, 7, 36]. In particular, the
results includeO(logn)-competitive strategies for this problem.

If multiple objects are present in the network and the nodes’ memory capacities are limited,
then simply running a file allocation scheme independently for each single object is no longer
feasible. Thisdistributed pagingproblem was considered in [7, 2, 3]. In particular, Awerbuch
et al. [3] gave the deterministicO(polylogn)-competitive algorithm, under the assumption that
the online algorithm hasO(polylogn) times more memory than the optimal algorithm.

2.2 New model for network dynamics

In the past, an application executed on a parallel machine was running in a virtually static
and invariable environment and one could safely assume that the interconnecting network is
predictable and reliable. Such assumptions, which substantially reduced the complexity of the
basic services design, ceased to hold when applications started to run in open and unknown
networks. In reality the network is usually subject to small continuous changes, like changes in
bandwidth capacity, or the changes in the topology induced by node mobility. These network
alterations induce the changes in the costs of communication between pairs of nodes.

Basic services for mobile wireless networks and dynamically changing wired networks are
a relatively new area. Thetopology control(the problem of computing and maintaining a con-
nected topology stretched on the network nodes) androuting in such networks received attention
in a past few years [43, 4, 47].

In comparison, basic services related to data management problems in dynamic networks
are still in their infancy. Till recently, no theoretical analysis or even experimental evaluation
was present in this area. We strived for creating a model, where the costs of point-to-point
communication can be changed arbitrarily, as long as the pace of these changes is restricted
by, say, an additive constant per step. While this model allows for rigorous analysis, it also
covers quite a lot of common cases in reality. This is for example motivated by a reality-close
pedestrian modelby Schindelhauer et al. [48], where mobile stations might be moved arbitrarily
by an adversary, as long their speed is bounded.

We formally defined the model in [14] making the following assumptions. The network is
modelled as a set ofn mobile nodes (processors) labelledv1,v2, . . . ,vn. These nodes are placed
in a metric space(X ,d), where the distance between any pair of points fromX is given by
the metricd. We assume that the position of each node is a function of time stept. The only
restriction we impose is that all the nodes move with abounded speed, i.e., for any node, the
distance between its positions in any two consecutive time steps is at most a constant.

As a natural consequence, for any two nodesva andvb, their distance may also change with
time; the distance in stept we denote bydt(va,vb). A tuple describing the positions of all the
nodes in time stept is calledconfiguration in step t, and is denoted byCt . Any two nodes are able
to communicate directly with each other. Essentially, the communication cost is proportional to
the distance between these two nodes, plus a constant overhead. This overhead represents the
startup cost for establishing connection.



Similarly to the casual page migration, in dynamic networks in each step an algorithm has
to serve the request, and then decide, whether it wants to migrate the page to some other node.
Precisely, for any algorithm ALG the following stages happen in time stept.

1. The positions of the nodes in the current step are defined byCt .
2. A nodeσt wants to access one single unit of data from the page. It sends a write or a read

request tovALG, the node holding ALG’s page in the current step.
3. ALG serves this request, i.e., it sends a confirmation in case of write, or a requested unit of

data in case of read. This transaction incurs a costct(vALG,σt).
4. ALG optionally moves the page to another node of its choice, called ajump candidate. A

movement tov∗ALG incurs a costD ·ct(vALG,v∗ALG).

We further refer to this problem asDynamic Page Migration(DPM). The goal is, again, to
construct a schedule of page movements to minimize the total cost of communication for any
input, i.e., for any pair of sequences(Ct)t ,(σt)t .

2.3 Our contribution

Like in the page migration case, the problem of minimizing the total cost incurred is relatively
easy, if both(Ct)t and(σt)t are given inofflinesetting, i.e., if an algorithm may read the whole
input beforehand. In [10] we constructed a dynamic programming approach, which is able to
find an optimal schedule of page movements for any instance of the DPM problem consisting
of T steps, usingO(T ·n2) operations andO(T ·n) additional space.

However, as mentioned earlier, DPM has to be primarily solved in anonlinesetting, where
an algorithm must make its decisions (where to move the page) in time stept, exclusively on
the sequenceC0,C1,σ1,C2,σ2, . . . ,Ct ,σt . To evaluate an online strategy for the DPM problem,
we use competitive analysis. Since the input sequence consists of two practically independent
streams,(σt)t describing the request patterns and(Ct)t reflecting the changes in network topol-
ogy, it is reasonable to assume that they are created by two separate adversarial entities, arequest
adversaryand aconfiguration (network) adversary.

We designed algorithms for different powers of adversaries, and rigorously analyze them
using competitive analysis and its variants. However, we have not only to precise the power of
a single adversary, but also to decide whether these adversaries cooperate in creating an input
sequence. This yields different scenarios depending on the ways in which these adversaries
interact.

(a) Adversarial (cooperative) scenario.The most straightforward modelling occurs when both
adversaries may cooperate to create the combined input sequence. In fact, this is equivalent to
having one adversary capable of constructing the whole input sequence.

We constructed a deterministic strategy, which isO(min{n ·
√

D,D})-competitive. Its main
non-trivial building block, algorithm MARK, presented in [12], achieves a competitive ratio of
O(n ·

√
D). All algorithms for the page migration in static networks used one main paradigm:

moving the page to a so calledgravity center, which was the node lying “in the middle” of
the last few requests. We proved that in the dynamic setting such an approach can no longer
guarantee a non-trivial competitive ratio. Instead, an algorithm has to consider not only gravity
centers, but also nodes lying close to gravity centers as its potential jump candidates. This is
exactly what MARK algorithm does. It works in phases consisting of a fixed number of steps.
At the end of each phase, it marks nodes which were far away from the recent requests, and



moves to arbitrarily chosen unmarked node. The latter nodes are provably close to the gravity
center.

We also show that if an algorithm may use random bits, then it can perform asymptoti-
cally as well as MARK, even without having any state information. TheO(n ·

√
D)-competitive

algorithm DIST presented in [14] can also be extended to anO(min{n ·
√

D,D})-competitive
randomized strategy, which is competitive even if the adversary is adaptive, i.e., it may see the
random bits used by the algorithm. Due to the lower bound shown in [14], these deterministic
and randomized strategies are up to a constant factor optimal.

Furthermore, in [11] we were able to randomize algorithm MARK, so that the resulting
algorithm chooses jump candidates randomly amongst not yet marked nodes, according to
their distance to the gravity center. By choosing an appropriate probability distribution, we
reduced the factorn appearing in the competitive ratio to

√
logn. The resulting algorithm EBM

is thereforeO(
√

D · logn,D}) competitive against an oblivious adversary (the one which can-
not see the algorithm’s random bits). In [12], we showed an almost matching lower bound
Ω(min{

√
D · logn,D2/3}).

All the presented competitive ratios are strict, which means that the constantA occurring in
the definition of the competitive ratio is equal to zero. However, the competitive ratios of the best
possible algorithms for DPM problem are large, even against the weakest, oblivious adversaries.
It can be inferred that the poor performance of algorithms for this scenario is caused by the fact
that the network and request adversaries might combine and synchronize their efforts in order to
destroy our algorithm. Such a cooperation is unfair and rather unrealistic, it is however unclear
how to forbid it. Therefore we propose that the DPM problem could be analyzed in another
extreme case, where one of the adversaries is replaced by a stochastic process. This leads to
another two scenarios.

(b) Brownian motion scenario.In this scenario, which we defined in [14], requests are given
by the adversary, but the movement of nodes is random. Precisely, the mobile nodes perform a
random walk on a bounded area of diameterB, and the request adversary dictates which nodes
issue requests during runtime. Byarea we mean ad-dimensional discrete torus or mesh of
diameterB, whered is a constant.

The request adversary is “oblivious”, i.e., it has to create the whole request sequence(σt)t

in advance, without knowledge of the actual configuration sequence(Ct)t induced by a random
walk. The definition of competitiveness has to be adapted appropriately to reflect the fact that
the input sequence is created both by an adversary and a stochastic process. Motivated by the re-
search in the smoothed analysis of online algorithms [8, 46] we introduced the following notion.
A deterministic algorithm ALG is c-competitive with probabilityp, if there exists a constantA,
such that for all request sequences(σt)t it holds that

Pr(Ct)t

[
CALG((Ct)t ,(σt)t)≤ c·COPT((Ct)t ,(σt)t)+A

]
≥ p ,

where the probability is taken over all possible configuration sequences generated by the random
movement.

In [14, 13] we presented a simplemajorityapproach MAJ, which after a phase consisting of
some fixed number of steps, moves to the node which issued a majority of the requests in this
phase. It appears that MAJ is O(min{ 4

√
D,n} · polylog(B,D,n))-competitive in 1-dimensional

areas. The result can be extended to any constant-dimensional areas forB≥
√

D. The ratio is
achieved with high probability, which means that the probabilityp occurring in the definition
above can be amplified to 1− (B·D)−γ , for sufficiently long input sequences.



(c) Stochastic requests scenario.This scenario, discussed in [9], is symmetric to the Brownian
motion one. It assumes that requests appear with given frequencies, i.e., in stept, σt is a node
chosen randomly according to a fixed probability distributionπ. We took a performance mea-
sure identical to the one used in the Brownian motion case, but with the roles of configuration
and request sequences swapped.

We presented an algorithm MOVE-TO-FIRST-REQUEST, achieving strictO(1)-competitive
ratio, with high probability. This algorithm migrates the page each` steps to the node which
has just issued the request, where` is a carefully chosen constant. Moreover, without hindering
the competitive ratio, the algorithm can be slightly modified to also handle the case where the
communication cost between two nodes is proportional to the distance between them to some
fixed powerα. For the case of wireless radio networks, one can choose the parameterα to
respect apropagation exponentof the medium (see, e.g., [44]). For example, by settingα = 2,
the cost definition reflects the energy consumption used to send a message in the ideally free
space along a given distance. Thus, this result minimizes, up to a constant factor, the total energy
used in the system.

3 Selfish Routing in Non-Cooperative Networks

3.1 Framework

Large-scale traffic and communication networks, like e.g. the internet, telephone networks, or
road traffic systems often lack a central regulation for several reasons: The size of the net-
work may be too large, the network may be dynamically evolving over time, or the users of
the network may be free to act according to their private interest, without regard to the over-
all performance of the system. Besides the lack of central regulation even cooperation of the
users among themselves may be impossible due to the fact that the users may not even know
each other. Networks with non-cooperative users have already been studied in the early 1950s
in the context of road traffic systems (see e.g. [53]) Recently, motivated by non-cooperative
systems like the internet, combining ideas from game theory and theoretical computer science
has become increasingly important (see e.g. [41]).

An environment, which lacks a central control unit due to its size or operational mode, can
be modeled as a non-cooperative game. Users selfishly choose their private strategies, which
in our environment correspond to paths (or probability distributions over the paths) from their
sourcesto theirdestinations. When routing theirtrafficsaccording to the strategies chosen, the
users will experience anexpected latencycaused by the traffics of all users sharing edges. Each
user tries to minimize itsprivate cost, expressed in terms of its expected latency. This often
contradicts the goal of optimizing thesocial costwhich measures the global performance of
the whole network. Such networks are callednon-cooperative networks. The degradation of the
global performance due to the selfish behavior of its users is often termedprice of anarchy[41,
45] and measured in terms of thecoordination ratio. The theory of Nash equilibria [39, 40]
provides us with an important tool for environments of this kind: ANash equilibriumis a state
of the system such that no user can decrease its private cost by unilaterally changing its strategy.

The concept of Nash equilibrium [39, 40] has become an important mathematical tool for
analyzing the behavior of selfish users in non-cooperative systems. It has been shown by Nash
that a Nash equilibrium exists under fairly broad circumstances. Many algorithms have been de-
veloped to compute a Nash equilibrium in a general game (see [37] for an overview). Although
the celebrated result of Nash [39, 40] guarantees the existence of a Nash equilibrium for any
finite strategic game, the complexity of computing a Nash equilibrium in general games is wide



open even if only two users are involved. This problem has been advocated as one of the most
important open problems in theoretical computer science today [41].

3.2 Contribution

In recent years we extensively studied various models of selfish routing and scheduling. One
task that was successfully hit had to do with the computation of an optimum pure Nash equi-
librium for a selfish routing game on parallel links. Roughly speaking, an optimal (pure) Nash
equilibrium minimizes a certain measure of social performance of the system. This social per-
formance is usually coined as social cost. We pioneered the idea of Nashification algorithms;
these are algorithms converting any arbitrary assignment into a Nash equilibrium without in-
creasing social cost. This simple idea has been the driving force towards developing some
Nashification algorithms for some particular instances of the selfish routing game [20, 25, 28].
Today, Nashification is widely considered an algorithmic paradigm for the design and analysis
of algorithms computing (or approximating) a pure Nash equilibrium.

In another line of research we focused on the study ofworst case Nash equilibria. In this
setting we introduced the fully mixed Nash equilibrium conjecture. Roughly speaking this con-
jecture states that the fully mixed Nash equilibrium (which is some particular type of Nash
equilibria) is the worst possible Nash equilibrium with respect to some social cost. This conjec-
ture was explicitly formulated in [28] and further studied in [35]. For social cost defined as the
sum of individual costs the conjecture holds [27, 34] but it was disproved for social cost defined
as the expected maximum congestion [23].

In a different front we intensively work towards a characterization, and an improved under-
standing of properties, of various models for selfish routing and scheduling [19–21, 25–30, 34,
35]. The characterization has been based on the definitions of individual cost and social cost. A
significant milestone has been the recent model of Bayesian routing [30].

3.3 A Nashification Algorithm for Restricted Parallel Links

As one of the hightlights from our work, we now present a Nashification algorithm for a routing
game on restricted parallel links. Here links are identical, however a user is only allowed to
route its traffic along a link from a subset of allowed links for the user. Our algorithm is called
NASHIFY-RESTRICTEDand was first presented in [25]. It identifies some natural connections
between the problem of computing a Nash equilibrium andnetwork flowproblems.

In order to present the algorithm, we first introduce some notations and we show how to
represent a (partial) pure assignment via a residual network. We then introduce a blocking flow
algorithm, called UNSPLITTABLE-BLOCKING-FLOW, which is the key routine of our Nashifi-
cation algorithm. Finally, we describe how UNSPLITTABLE-BLOCKING-FLOW can be used to
alter a pure assignment such that the social cost does not increase and the resulting assignment
is a Nash equilibrium.
Notation. We consider a network consisting of a setM = {1,2, . . . ,m} of m parallel linksfrom
a sourcenode to asink node. Eachusersfrom a setU = {1,2, . . . ,n} of n users wishes to
route a particular amount of traffic along a (non-fixed) link from source to sink. Denotewi the
(integer)traffic of useri ∈U . Assume, without loss of generality, thatw1≥ . . .≥wn, and denote
W = ∑i∈U wi (thetotal traffic). Thetraffic vectorw is the tuple of all user traffics.

A strategyfor a useri ∈ U is some specific link. The key distinguishing feature of the
restricted parallel links model is that there is associated with each useri ∈ U a strategy set
Ai ⊆M, as the set ofallowed linksfor useri; thus, useri can only be assigned to a link fromAi .



DenoteA = ∑i∈U |Ai | the total size of strategy sets. AnassignmentL = 〈l1, . . . , ln〉 is a tuple of
strategies, one for each user.

For the assignmentL , theloadδ j on link j is the sum of traffics of all users assigned to link
j; thus,δ j = ∑k:lk= j wk. TheIndividual Costλi of useri ∈U in assignmentL is thelatencyof
the link it chooses; that is,λi = δl i .

Associated with a traffic vectorw and an assignmentL is theSocial CostdenotedSC(w,L),
which is the maximum, over all links, latency due to the load through the link; thus,

SC(w,L) = max
j∈M

∑
k:lk= j

wk .

TheOptimumassociated with a traffic vectorw is the least possible, over all assignments, of the
maximum, over all links, latency due to the load through the link; thus,

OPT(w) = min
L∈Mn

SC(w,L) .

We are interested in a special class of assignments called Nash equilibria [39, 40] that we
describe below. Say that a useri ∈U is satisfiedin assignmentL if for all links j ∈ Ai ,

λi ≤
δ j +wi

cl i
;

thus, a satisfied user has no incentive to unilaterally change its strategy. Anunsatisfieduser is
one that is not satisfied. The assignmentL is aNash equilibriumif all users are satisfied.

In the following, we present a (partial) pure assignment with help of a residual network.

Definition 1. Given a (partial) pure assignmentL = 〈`1, . . . , `n〉, we define a directed bipartite
graph GL = (V,EL ), where V= M∪U such that each link is represented by a node in M and
each user is represented by a node in U. Furthermore, EL = E1

L ∪E2
L with

E1
L = {( j, i) | j ∈M, i ∈U, j = `i} , and

E2
L = {(i, j) | i ∈U, j ∈M, j ∈ Ai \{`i}} .

For a total pure assignmentL , we use the graphGL from Definition 1 to define a graph
GL (w) whereV stays the same, but fromEL we now only consider edges

EL (w) = EL \{(i, j) | i ∈U, j ∈M,wi > w} .

This means that all usersi ∈U with wi > w stay assigned to their link. We useGL instead of
GL (w) if it is clear from the context whichw is used.
Unsplittable-Blocking-Flow. We now introduce an algorithm, called UNSPLITTABLE-BLOCKING-
FLOW. Starting with any integerw∈ N and any pure assignmentL , we use an integera to con-
trol the approximation of an optimum assignment. The intention is to find ana which is a lower
bound onOPT(w), and then to compute a pure assignmentL ′ with SC(w,L ′)≤ a+w. For any
integera, we partition the set of linksM into three subsets:

M− = { j ∈M | δ j(L)≤ a}
M0 = { j ∈M | a+1≤ δ j(L)≤ a+w}
M+ = { j ∈M | δ j(L)≥ a+w+1}



In this setting, we do not have a dedicated source or sink. However, at each time nodes inM+

andM− can be interpreted as source and sink nodes, respectively. Note, that those sets change
over time.

UNSPLITTABLE-BLOCKING-FLOW combines ideas from blocking flows with the idea of
pushing users without splitting them. Roughly speaking, algorithm UNSPLITTABLE-BLOCKING-
FLOW shifts users so that the latencies of links fromM− are never decreased, the latencies of
links from M+ are never increased, and links fromM0 remain inM0. The algorithm is con-
trolled by aheight function h: V → N0 with h( j) = distGL (w)( j,M−) for all j ∈V. We call an
edge(u,v) admissibleif h(u) = h(v)+ 1. In anadmissible path, all edges are admissible. For
each nodeu∈V with 0 < h(u) < ∞, defineS(u) to be theset of successorsof nodeu; this is the
set of nodes to whichu has an admissible edge, so that

S(u) = {v∈V | (u,v) ∈ EL andh(u) = h(v)+1} .

Note thatS(u) also defines the set of admissible edges leavingu. Let s(u) be the first node in a
list implementation of the setS(u). We proceed to define:

Definition 2. A link j ∈M with 0 < h( j) < ∞ is calledhelpful if δ j(L)≥ a+1+ws( j).

Lemma 1. Let v0 be a helpful link of minimum height. Then, there exists a sequence v0, . . . ,vr ,
where v2i ∈M for all 0≤ i ≤ r/2 and v2i+1 ∈U for all 0≤ i < r/2 such that

(1.) (vi ,vi+1) ∈ EL and h(vi) = h(vi+1)+1,
(2.) δv0(L)≥ a+1+ws(v0),
(3.) a+1≤ δv2i(L)+ws(v2i−2)−ws(v2i) ≤ a+w for all 0 < i < r/2,
(4.) δvr (L)+ws(vr−2) ≤ a+w.

We are now ready to present the algorithm UNSPLITTABLE-BLOCKING-FLOW, stated as
Algorithm 1. Initially, the height functionh is computed as the distance inGL (w) of each node
to the setM− of nodes. Then, the algorithm proceeds in phases. In each phase, first the minimum
heightd = h(v) of a nodev∈M+ is computed. Inside each phase, we do not update the height
function, but we successively choose a helpful linkv of minimum height and we push users
along the helpful path induced byv and adjust the pure assignment accordingly. In order to
updateGL (w), we have to change the direction of two arcs for each user push. The phase ends
when there exists no further admissible path from a nodev∈M+ with h(v) = d to some node in
M−. Before the new phase starts, we recomputeh and we check whether we need to start a new
phase or not. UNSPLITTABLE-BLOCKING-FLOW stops when eitherM− = /0 or for all v∈M+

we haveh(v) = ∞.
We showed [25] that UNSPLITTABLE-BLOCKING-FLOW decreases the maximum load and

increases the minimum load on the links, respectively (Lemma 2). Moreover, we showed prop-
erties of the resulting pure assignmentL ′ (Lemma 3), and that UNSPLITTABLE-BLOCKING-
FLOW can be implemented to run inO(mA) time (Theorem 1).

Lemma 2. For the pure assignmentL ′ computed byUNSPLITTABLE-BLOCKING-FLOW(L ,a,w),
we have

max
j∈M

δ j(L ′)≤max
j∈M

δ j(L) , and

min
j∈M

δ j(L ′)≥min
j∈M

δ j(L) .



Algorithm 1 (UNSPLITTABLE-BLOCKING-FLOW)
Input: a pure assignmentL and positive integersa,w
Output: a pure assignmentL ′

(1) begin
(2) computeh;
(3) L ′← L ;
(4) while M− 6= /0 and there exists av∈M+ with h(v) < ∞ do
(5) d←minv∈M+(h(v));
(6) while there exists an admissible path fromv∈M+,h(v) = d, to M− do
(7) choose helpful linkv of minimum height;
(8) push users along helpful path defined byv;
(9) updateL ′,GL ′(w);
(10) recomputeh;
(11) return L ′;
(12) end

Lemma 3. For the pure assignmentL ′ computed byUNSPLITTABLE-BLOCKING-FLOW(L ,a,w),
one of the following conditions holds:

(1.) M−(L ′) = /0.
(2.) M+(L ′) = /0.
(3.) There exists some set of links B⊂M such that

(a.) δ j(L ′)≥ a+1 for all j ∈ B, and
(b.) δ j(L ′)≤ a+w for all j ∈M \B, and
(c.) `i ∈ B implies Ai ⊆ B for all i ∈U with wi ≤ w.

Theorem 1. UNSPLITTABLE-BLOCKING-FLOW can be implemented to run in O(mA) time.

Nashify-Restricted.We now briefly describe how UNSPLITTABLE-BLOCKING-FLOW can be
used to convert any pure assignment into a pure Nash equilibrium with non-increased social
cost. Our Nashification algorithm first finds an assignment satisfying all users with trafficw1 by
recursively applying UNSPLITTABLE-BLOCKING-FLOW. In the recursive procedure we make
extensive use of Lemma 3.

We then fix the assignment of all users with trafficw1 and proceed with the next smaller
traffic while making sure that all fixed users stay satisfied. To make sure that all fixed users
stay satisfied, we introduce lower and upper bounds on the load of the links, such that the
load of each link is always in its bounds, the lower bound only increases and the upper bound
only decreases. This is done until all users are satisfied. In order to achieve this, we again
make extensive use of algorithm UNSPLITTABLE-BLOCKING-FLOW. The total running time of
NASHIFY-RESTRICTEDis O(nmA(logW+m2)). For a detailed description of our Nashification
algorithm we refer to [25].

4 Exact Graph Partitioning

4.1 Motivation and contribution

Graph Partitioning is the problem of partitioning a set of vertices of a graph into disjoint subsets
of a given maximal size such that the number of edges with end points in different subsets is
minimized. Graph Partitioning is a very common problem and has a large number of applica-
tions. For example circuit layout, compiler design, and load balancing are typical applications



in which Graph Partitioning problems appear. Unfortunately, the Graph Partitioning problem
is a NP-hard problem. So in the last years a lot of effort has been spent in the development of
fast and good heuristics for the problem, a recent survey is given in [24]. These heuristics often
can handle rather large graphs with more than a million vertices and deliver good solutions. In
contrast to the development of heuristics only a little expense has been done in the development
of exact algorithms. From the NP-hardness fact it is clear that generally only relatively small
graphs can be solved exactly. Nevertheless, exact solutions are of interest for applications and
for the validation of heuristics.

In the last years, a number of exact approaches for solving the graph partitioning problem
have been presented. One approach is presented in [32] by S.E. Karisch, F. Rendl, and J. Clausen
who use semidefinite programming relaxations for computing bounds on the objective. In [22],
Ferreira et al. present a branch-and-cut algorithm for the problem. The same approach is fol-
lowed by L. Brunetta, M. Conforti, and G. Rinaldi in [17]. In [31], E. Johnson, A. Mehrotra, and
G. Nemhauser elaborate on a column generation approach for the graph partitioning problem.

In [50], we presented a new lower bound for the bisection width of a graph. It can be ob-
tained by solving a multicommodity flow problem with variable sender volumes. The problem
may be viewed as a generalized maximum multicommodity flow problem: we need to compute
a maximum multicommodity flow on an undirected network where the commodities have ex-
actly one source, but may have many sinks. Building up on existing techniques for the solution
of multicommodity flow problems, we develop in [49] a fully polynomial time approximation
scheme (FPTAS). The routine is embedded in a branch&bound-framework for exact graph bi-
section and experimentally compared with a Lagrangian relaxation based cost-decomposition
approach and a barrier LP-solver on various test instances. On top of that, we compare the mul-
ticommodity bound and the different algorithms for its computation/approximation with the
semidefinite bounding routine developed in [32]. Finally, we prove the performance of our ex-
act graph bisection algorithm by computing the previously unknown bisection width of some
DeBruijn- and Shuffle-Exchange-Graphs.

4.2 Bounds on Graph Bisection

Our work bases on the lower bounds on the graph partitioning problem introduced in [50]. In
the following, we give a small survey on the main ideas of these bounds:

A well known lower bound (see [33]) on the bisection width can be achieved by embedding
a clique with the same number of nodesn into the given graphG. When embedding the clique,
an edge between two nodes translates into a path inG. The number of paths that use the same
edgee is called thecongestionof e. The edge with the maximum congestion then determines
the congestion of the embedding. If the clique can be embedded with congestionC, we know
thatG has a bisection width of at leastn2

4C. Note that the clique embedding can also be viewed
as an integer multicommodity flow problem where every vertex sends a commodity of size one
to every other vertex.

First, we note that actually we do not need to enforce the integrality constraints on the flows
and thereby can strengthen the bound computed1. We can further improve on this bound by
taking two steps of generalization: First, it can be observed that every single-source multicom-
modity flow instance (with arbitrary demands and destinations) can be used to compute a lower
bound on the bisection width. The critical point is theCutFlow, i.e. the amount of flow which

1 For flows, the congestion of an edge is the amount of flow that is routed through it.



can be ensured to cross every possible bisection of the graph. It is easy to show thatCutFlow
C is

always a valid lower bound on the bisection problem.
Second, we do not have to select an appropriate multicommodity flow instance by ourselves:

Typically, linear programming techniques are used to solve multicommodity flow problems.
In [50], we introduced the idea to leave the selection of an appropriate multicommodity flow
instance to the linear program by adding some variables and constraints. Two different possibil-
ities with a different degree of freedom for the selection of the multicommodity flow instance
have been introduced: theVarMCand theMVarMC formulations. In the MVarMC formulation,
every node has the freedom to send a commodity of arbitrary size to each other node. Whereas
in the VarMC formulation, every node has to send a commodity of arbitrary size to every other
node, whereby each destination gets the same share. Experiments have shown that, for the graph
bisection problem, the VarMC formulation gives equally good bounds when compared with the
MVarMC formulation. Therefore, in this section, we compare different solution techniques for
the computation of the VarMC-bound.

4.3 A Branch&Bound Algorithm

Our main goal is the computation of exact solutions for graph bisection problems. Thus, we
construct a branch&bound algorithm using the described VarMC-bound as lower bound for the
problems. A detailed description of the implementation can be found in [50]. In the following,
we give a brief survey on the main ideas:

First, we heuristically compute a graph bisection usingPARTY[42]. Since this start-solution
is optimal in most cases, we only have to prove optimality. We use a pure depth first search tree
traversal for this purpose. The branching is done on the decision whether two specific vertices
{v,w} stay in the same partition (join) or if they are separated (split). A join is performed by
merging these two vertices into one vertex. A split is performed by introducing an additional
commodity from vertexv to vertexw whose entire amount is known to cross the cut. Thus, it can
be added to theCutFlowcompletely. The selection of the pair{v,w} for the next branching is
done with the help of an upper bound on the lower bound. Additionally to this idea, the selection
is restricted to pairs{v,w} (if any) where one node (say,v) has been split with some other node
u 6= w before. Then, split of{v,w} implies a join of{u,w}, of course.

4.4 Optimal Partitioning

To show the behavior on different kinds of graphs, we use four different sets of 20 randomly
generated graphs: The setRandPlancontains random maximal planar graphs with 100 vertices;
the graphs are generated using the same principle as it is used in LEDA [38]. Benchmark set
RandRegconsists of random regular graphs with 100 vertices and degree four; for its generation,
the algorithm from Steger and Wormald [52] is used. The setRandomcontains graphs with
44 vertices where every pair{v,w} is adjacent with probability 0.2. The setRandWconsists
of complete graphs with 24 vertices where every edge has a random weight in the interval
{0, . . . ,99}.

In most works on exact graph partitioning (see e.g. [17, 32]), sets likeRandomandRandW
are used for the experiments. We added the sets of random regular and random planar graphs
here, because we believe that more structured graph classes should also be considered with
respect to their bigger relevance for practical applications.

We observe that with respect to the memory consumption, approximation and cost-decom-
position are preferable to the barrier algorithm: When the graphs we consider become larger, for



DeBruijn 9 or Shuffle-Exchange 9, for example, 2 GB main memory are not enough to allow
the application of CPLEX. Thus, it cannot be applied to compute the corresponding bisection
widths, whereas both cost-decomposition and approximation allowed us to prove a bisection
width of 92 and 48, respectively. Apart from being more memory efficient, we observe that
cost-decomposition does not allow us to solve our generalized maximum multicommodity flow
problem faster than standard LP methods.

We developed an algorithm for the approximation of the VarMC-bound on the bisection
width of a graph. It is based on an approximation scheme for maximum multicommodity flows
and yields anε-approximation in timeO∗(m2/ε2). We experimented with different practical
improvements that have been suggested for this kind of multicommodity flow approximation
scheme and were able to improve the practical behavior by using the new enhanced scaling
technique.

When comparing the approximation algorithms with a barrier LP-solver and a Lagrangian
relaxation based cost-decomposition algorithm, we found that it is favorable to use the ap-
proximation scheme, both with respect to the memory consumption and running time. The
VarMC-approximation scheme allowed us to compute the bisection width of large graphs, such
as DeBruijn 9 (the bisection width is 92), Shuffle-Exchange 9 (48), and Shuffle-Exchange 10
(82), which were unknown and out of the reach of exact graph bisection algorithms before.
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Scheideler, Meinolf Sellmann, Norbert Sensen, Christian Sohler, Berthold Vöcking, Matthias
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Reinhard Lüling, ”Lastverteilungsverfahren zur effizienten Nutzung paralleler Systeme”, PhD
thesis, University of Paderborn, 1997.

Berthold Vöcking, ”Static and dynamic data management in networks”, PhD thesis, Univer-
sity of Paderborn, 1998.

Thomas Decker, ”Ein universelles Lastverteilungssystem und seine Anwendung bei der Isolierung
reeller Nullstellen”, PhD thesis, University of Paderborn, 2000.

Petra Berenbrink, ”Randomized allocation of independent tasks”, PhD thesis, University of
Paderborn, 2000.
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