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1 Introduction

Motivation-Framework. Apparently, it is in human’s nature to act selfishly. Game
Theory, founded by von Neumann and Morgenstern [39, 40], provides ustratiegic
gamesan important mathematical model to describe and analyze such a selfish behav-
ior and its resulting conflicts. In a strategic game, each of a finite set of players aims for
an optimal value of itgrivate objective functioy choosing either aure strategy (a
single strategy) or aixedstrategy (a probability distribution over all pure strategies)
from its strategy setStrategic games in which the strategy sets are finite are dalled

nite strategic game$ach player chooses its strategy once and for all, and all players’
choices are madeon-cooperativelgndsimultaneouslythat is, when choosing a strat-

egy each player is not informed of the strategies chosen by any other player). One of the
basic assumption in strategic games is that the playeratabal, that is, consistently

in pursuit of their private objective function. For a concise introduction to contemporary
Game Theory we recommend [25].

One of the most widely used solution concepts for strategic games is the concept
of Nash equilibrium It represents a stable state in which no player wishes to leave
unilaterally its own strategy in order to improve the value of its private objective func-
tion. A Nash equilibrium is callegureif all players choose a pure strategy, otherwise
mixed Many algorithms have been developed to compute a Nash equilibrium (see [27]
for an overview). Though the celebrated results of Nash [30, 31] ensure the existence
of a mixed Nash equilibrium, the complexity to compute such a Nash equilibrium is
widely unknown. Papadimitriou [32] advocates it to libBeé' most important concrete
open question on the boundary®ftoday’.

Rosenthal [33] introduced a special class of strategic games, now widely known as
congestion gameslere, the strategy set of each player is a subset of the power set of
givenresourcesThe players share a private objective function, defined as the sum (over
their chosen resources) of functions in tiemberof players sharing this resource. In
his seminal work, Rosenthal [33] showed with help gbaential functionthat con-
gestion games (in sharp contrast to general strategic games) always admit at least one
pure Nash equilibrium. Later, Milchtaich [28] considered two extensions of congestion
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games, namelyveighted congestion gamés which the players haveveightsand

thus different influence on the congestion of the resources, and congestion games with
player-specific payoff-functioria which the players do not share a private objective
function.

Another class of (weighted) congestion games are (weighetyork congestion
gamegds8, 11] in which the strategy sets correspond to paths in a network. Koutsoupias
and Papadimitriou [21] considered a very simple member of this class, nhow known as
KP-model The network consists of a singé®urceand a singledestinationwhich are
connected by paralldinks. Associated with each link is eapacityrepresenting the
rate at which the link processkmd, that is, the total weight of players assigned to this
link. Thus, the latency functions are linear. Each of the players selfishly routes from
the source to the destination by choosing a probability distribution over the links. The
private objective function of a player is defined as its expected latency.

Koutsoupias and Papadimitriou [21] were not only interested in the computational
complexity of Nash equilibria but also in the degradation of the social welfare of the
system due to the selfish behavior of the players. In order to measure this social wel-
fare, they introduced a global objective function, usually coinedag$al cost which
is defined as the expected maximum latency on a link, where the expectation is taken
over all random choices of the players. Trice of anarchyalso calledcoordination
ratio, measures the extent to which non-cooperation approximates cooperation. Itis de-
fined as the worst-case ratio between the value of social cost in a Nash equilibrium and
that of some social optimum. So, the price of anarchy represents a rendezvous of Nash
equilibrium, a concept fundamental to Game Theory, with approximation, an ubiqui-
tous concept in Theoretical Computer Science today (see, e.g., [38]).

Mavronicolas and Spirakis [26] introduced the notion dtily mixedNash equi-
librium in which each player chooses every link with positive probability. Gaighg
al. [15] conjectured that, in case of its existence, fally mixed Nash equilibrium
is the worst Nash equilibrium with respect to social cost. This so-c&llély Mixed
Nash Equilibrium Conjectures simultaneously intuitive and natural. To support intu-
ition, observe that the fully mixed Nash equilibrium favors collisions between differ-
ent players (since each player assigns its item with positive probability to every link).
This increased probability of collisions should favor an increase to social cost. To sup-
port significance, note that the Fully Mixed Nash Equilibrium Conjecture identifies the
worst-case Nash equilibrium afl instances. We stress that, in sharp contrast, the price
of anarchy only determines the worst-case Nash equilibriumon$t-casanstances.

Recently, the KP-model was extendedréstricted strategy sef®, 13] where the
strategy set of each player issabsetof the links. In addition, the KP-model was ex-
tended to general latency functions and studied with respect to different definitions of
social cost [1, 14]. Inspired by the arisen interest in the price of anarchy, the much older
Wardrop-mode]3, 6, 41] was re-investigated [35, 36]. In this weighted network conges-
tion game, weight can be split into arbitrary pieces. The social welfare of the system is
defined as the sum of the edge latencies. An equilibrium in the Wardrop-model can be
interpreted as a Nash equilibrium in a game with infinitely many players, each carrying
an infinitesimal amount of weight. Finally, the price of anarchy found its way into con-
gestion games [4, 11].



In this paper, we give a thorough survey on the most exciting results on finite
(weighted) congestion games and the special classes mentioned above. In particular,
we review the findings on the existence and computational complexity of pure Nash
equilibria. Furthermore, we discuss results on the price of anarchy. Last but not least,
we survey known facts on fully mixed Nash equilibria.

Overview. The rest of this paper is organized as follows. After a formal definition of
(weighted) congestion games in Section 2, we turn our attention to the existence and
computational complexity of pure Nash equilibria in Section 3. In Section 4, we con-
sider the price of anarchy before we investigate fully mixed Nash equilibria in Section 5.
We conclude, in Section 6, with some open problems.

2 Definitions and Notations

For all integers: > 0, we denotdk| = {1,...,k}.
A weighted congestion gandeis a tuple

Ir= (na E, (wi)ie[n]a (Si)ié[n]a (fﬁ)eéE') .

Here,n is the number oplayersand F is the finite set ofesourcesFor every player
i € [n], w; is theweightand S; C 2¥ is thestrategy seof playeri. DenotelWV =
Zie[n] w; andS = S; x ... x S,. For every resource € F, thelatency function
fo : RT — RT describes thé&atencyon resource.

In a congestion gamehe weights of all players are equal. Thus, the private cost
of a player only depends on threimberof players choosing the same resources. A
congestion game symmetridf the players share a strategy set.

2.1 Strategies and Assignments

A pure strategyfor playeri € [n] is some specifie; € S; whereas anixed strategy
P, = (p(i,si))s,es; IS a probability distribution oves;, wherep(i, s;) denotes the
probability that playeé chooses the pure strategy

A pure assignmerns ann-tupleL = (sq,...,s,) € S whereas anixed assignment
P = (P,...,P,)isrepresented by antuple of mixed strategies. A mixed assignment
is fully mixedif p(4, s;) > 0 foralli € [n] ands; € S;.

2.2 Private Cost

Fix any pure assignmeilt, and denote by, (L) = >, 5,5, wi theloadon resource
e € E. Theprivate cosbf player: € [n] is defined by

PCi(L) = Z Je (le(L)) :
ecs;
For a mixed assignmeiRt, theprivate cosbf playeri € [n] is

PCi(P) =) p(L)-PCi(L).

LesS



2.3 Social Cost

Associated with a weighted congestion gamand a mixed assignmeRtis thesocial
costas a measure of social welfare. We consider the following three definitions of social
cost:

— Sum of private costs SCsum(P) = Y PCi(P)
i€[n]
— Maximum of private costs SCuax(P) = m?)]( PC;(P)
€N
— Expected maximum latency ~ SCoo(P) = Y p(L) - max PC;(L)
1€|n
Les

Letx € {SUM, MAX, oo}. Theoptimumassociated with a weighted congestion game
is defined byOPT,. = minp SC,.(P).

2.4 Nash Equilibria and Price of Anarchy

We are interested in a special class of (mixed) assignments called Nash equilibria [30,
31] that we describe here. Given a weighted congestion game and an associated mixed
assignmenP, a playeri € [n] is satisfiedif it can not improve its private cost by uni-
laterally changing its strategy. Otherwise, playerunsatisfiedThe mixed assignment
P is aNash equilibriunif and only if all players; € [n] are satisfied. Depending on the
type of assignment, we differ betwepare, mixedandfully mixedNash equilibria.

Themixed price of anarchyalso calleccoordination ratioand denotedPoA,,,;.ca,
is the maximum value, over all instancEsand Nash equilibri@, of the ratiosgg({').
If we restrict to pure Nash equilibria, then we speak of plee price of anarchynd
denote it byPoA .

2.5 Selfish Steps

Fix any pure assignmeit. In aselfish stepexactly one unsatisfied player is allowed

to change its pure strategy such that its private cost decreases. A selfishosesuligf

the player chooses its best strategy. Clearly, selfish steps define a neighborhood of pure
assignments that can be reached fionThe assignmenit has an empty neighborhood

if and only if L is a Nash equilibrium. Thus, a pure Nash equilibrium corresponds to a
local optimum. This stresses the close relationship of selfish steps on the one hand and
local search processes on the other hand.

2.6 Special Weighted Congestion Games

Weighted Network Congestion Games.In a weighted network congestion garte
strategies of a player correspond to paths from a source to a destination in a network.
Thus, this class of games can be interpretedoating gameslIf the players share

the same source and destination, then we have a weightglk-commodityetwork
congestion game, otherwise a weightadlti-commoditynetwork congestion game.

The underlying network of a weighted single-commodity network congestion game is



calledi-layeredif all paths from source to destination have length

KP-Model. Koutsoupias and Papadimitriou [21] considered a special weighted network

congestion game, now widely known as tiE-model In this model, each of the

players is allowed to use exactly onemfresources (here calldihks), that is,S; =

[m] for all i € [n]. The players are calledenticalif all weights are equal, otherwise

arbitrary. Associated with each linfk € [m] is acapacityc; representing the rate at

which link j processetad. Clearly, the latency on link is f;(l;) = i—ﬂ showing that

the latency functions are linear.df, . . . , ¢,,, are equal, then the resources aentical

otherwiserelated DenoteC' = . . ¢;. In order to measure the social welfare of the

system, Koutsoupias and Papadimitriou [21] considered the expected maximum latency.
A natural goal is to identify a Nash equilibrium with worst social cost for a given

instance. For the model of related links, Gairiegal. [15] conjectured that, in case

of its existence, the fully mixed Nash equilibrium is the worst Nash equilibrium with

respect to social cost.

Fully Mixed Nash Equilibrium Conjecture ([15]). Consider the model of arbitrary
players and related links. Then, for any instance such that a fully mixed Nash equilib-
rium F exists, and for any associated Nash equilibriBp5C (P) < SC.. (F).

Routing Games on Parallel Links. We also consider variants of the KP-model to
which we refer agouting games on parallel linkdn particular, we investigatee-
stricted strategy seti® which the players are only allowed to choose from a subset of
links, that is,S; C [m] foralli € [n].

2.7 Exact Potential Games

Afunction® : (S; x...x S,,) — Ris anexact potential functiofor a gamel" if for ev-

ery pure strategy profile = (s1, ..., s,,), for every playet € [n] and for every strategy
S; € S;, PCZ(L’)—PCl(L) = @(L/) —@(L), whereL/ = (81, ey Si—1, S{L-, Sidly ey Sn)

In this case]" is anexact potential gameSince all exact potential games admit a pure
Nash equilibrium (see e.qg. [29]) these games are of interest in this paper.

3 Existence and Computation of Pure Nash Equilibria

Even though Nash was able to show that every finite game possesses a mixed Nash
equilibrium, the question which class of games admits a pure Nash equilibrium remains
open. In the case of its existence, it is of interest whether it is possible to compute a pure
Nash equilibrium in polynomial time. In this section, we give some positive and some
negative answers to both questions concerning the existence and the polynomial time
computation. We start in Section 3.1 with routing games on parallel links and continue
in Sections 3.2 and 3.3 with congestion games and weighted congestion games.

3.1 Routing Games on Parallel Links

We begin our survey with results on the KP-model. Afterwards we focus on games with
restricted strategy sets.



KP-model. We first turn our attention to the problem of computing a pure Nash equi-
librium. Basically, two different approaches can be found in the literature.

The first approach is to directly compute a pure Nash equilibrium. Fotakis[10]
showed that the LPT algorithm, first explored by Graham [16], yields some pure Nash
equilibrium. Clearly, this holds for parallel links witkrbitrary non-decreasingatency
functions. For related links, the social cost of the Nash equilibrium computed by LPT
approximates the social cost of an optimal assignment by a factor between 1.52 and
1.67[12].

The second approach is to convert a given pure assignment into a Nash equilibrium
without increasing the social cost. This conversion process is qadigttification Since
selfish steps do not increase the social cost and any sequence of selfish steps eventu-
ally reaches a pure Nash equilibrium, selfish steps seem to be suitable for nashification.
However, we have to use them carefully since the number of selfish steps may be expo-
nential in the number of players before reaching a pure Nash equilibrium.

Theorem 1 ([7]). Consider the model of arbitrary players and identical links. Then,
there exists an instance and associated pure assignment for which the maximum length
of a sequence of greedy selfish steps is at least

()"

2(m —1)!

Though there exist sequences of greedy selfish steps of exponential length, it is
possible to use selfish steps to compute a Nash equilibrium in polynomial time if the
links are identical. In particular, always moving an unsatisfied player with maximum
weight to its best link requires at mostgreedy selfish steps [15]. For related links, it
is unknown whether selfish steps can be used to implement nashification in polynomial
time. Feldmanret al. [9] chose a different approach not only based on selfish steps.
Their algorithm relies on the following crucial observation.

Lemma 1 ([9]). Consider the model of arbitrary players and related links. Then, for
any pure assignment, a greedy selfish step of an unsatisfied plagdn| with weight

w;, from alinkj; € [m] to alinkj» € [m] with ¢;, < ¢;, makes no satisfied player
is € [n] with weightw;, > w;, unsatisfied.

The algorithm of Feldmanat al. [9] works in two phases. In the first phase, it fills
up links with small capacities with players with small weight as clos€Ggax (L) as
possible (but without exceedirgf_vax (L)), and it collects all these users in a&etin
the second phase, the algorithm performs greedy selfish steps for unsatisfied players in
U in non-increasing order of the weights. Lemma 1 allows to show that this procedure
results in a pure Nash equilibrium. Implementing the algorithm in a proper way, we get:

Theorem 2 ([9]). Consider the model of arbitrary players and related links. Then, for
any pure assignmetdt, a pure Nash equilibriunl’ with SC. (L) < SC. (L) can be
computed usin@ (m?n) time.



Thus, we can apply the PTAS of Hochbaum and Shmoys [17] for schedulsg
on relatednachinesand then convert the computed assignment into a pure Nash equi-
librium in polynomial time, and we get:

Corollary 1. There is a PTAS for computing a best pure Nash equilibrium.

Restricted Strategy SetsGairinget al. [13] considered a variant of the routing game
on parallel links where there exists at least one player[n] with S; C [m]. So, the
strategy sets of the players asesstricted

Gairinget al.[13] combined ideas from blocking flows and the geneRePLOW
PusH algorithm to derive a nashification algorithm for games with restricted strategy
sets on identical links.

Theorem 3 ([13]).Consider the model of arbitrary players with restricted strategy sets
and identical links. Then, for any pure assignmkng pure Nash equilibriunL’ with
SCoo(L/) < SC4 (L) can be computed fromh using O(rmA(log W + m?)) time,

wherer is the number of distinct weights antd= 3", (., |Si.

Lenstraet al.[23] showed that an optimum assignment can be approximated within
afactor of2. It is worth mentioning that the nashification algorithm of Gairgigl.[13]
improves this result since, fanygiven assignmerit, it computes a pure Nash equilib-
rium L’ with SC. (L) < (2 — w%) -OPT .. Note that we can not hope to approximate

an optimum assignment with factor less thanonlessP = NP [23].

3.2 Congestion Games
In his seminal paper, Rosenthal [33] proved téL) = > 5 ngf) fe(4) is an
exact potential function for congestion games. An immediate consequence follows:

Theorem 4 ([33]).Every congestion game possesses a pure Nash equilibrium.

Rosenthal’'s argumentation implies that every congestion game is an exact potential
game. A result by Monderer and Shapley [29] shows that every exact potential game is
closely related to a congestion game.

Theorem 5 ([29]). Every finite exact potential game is isomorphic to a congestion
game.

Since every congestion gamigpossesses a pure Nash equilibrium the natural ques-
tion arises whether it is possible to compute a pure Nash equilibriurf farpolyno-
mial time. It is easy to see that this computational problem BlLi& The class PLS
(polynomial-timelocalsearch) introduced in [19] consists of local search problems for
which local optimality can be verified in polynomial time. Many local search prob-
lems were shown to be complete for this class (see e.g. [19, 22, 37]), including graph
partitioning, weighted satisfiability and traveling salesman problems. For none of these
PLS-complete problems an algorithm is known that is able to compute a local optimum
in polynomial time.



Using a sophisticateldL S-reductiorFabrikantet al.[8] proved that the computation
of a pure Nash equilibrium for symmetric congestion games and asymmetric network
congestion games is PLS-complete (see Figure 1). However, they showed that it is pos-
sible to calculate a pure Nash equilibrium for a symmetric network congestion game in
polynomial time by using a min-cost flow algorithm.

Symmetric Asymmetric

Congestion Games PLS-complete | PLS-complete

Network Congestion Games | Polynomial time | PLS-complete

Fig. 1. Complexity of computing pure Nash equilibria in congestion games [8]

We now switch to the class abngestion games with player-specific payoff-functions
introduced by Milchtaich [28]. Here, a player always selects exactly one resource, that
is,S1 = ... =S5, = E. Furthermore, the private cost of a playet [r] on a resource
e € Eis described by a load dependent non-increasing latency fungtioR ™ — R*
that may be different from the latency functigil for another playe # i. Milch-
taich [28] considered these games with respect to pure Nash equilibria and sequences
of selfish step. He showed:

Theorem 6 ([28]). Every congestion game with player-specific payoff-function pos-
sesses a pure Nash equilibrium.

Theorem 7 ([28]). There exists a finite congestion game with player-specific payoff-
function that admits a cycle of selfish steps, that is, a sequence of selfish steps starting
and ending in the same assignment.

It follows from the last theorem that games with player-specific payoff-functions do
not admit an exact potential function.

3.3 Weighted Congestion Games

In this section we deal with weighted congestion games where the players may have
different weights. Fotakist al. [11] showed that there are such games that possess no

pure Nash equilibrium. Moreover, they were able to proof that there is a subclass of
games for which the existence of pure Nash equilibria is guaranteed.

Theorem 8 ([11]). There exist instances of weighted single-commodity network con-
gestion games for which there is no pure Nash equilibrium.

Theorem 9 ([11]). For any weighted multi-commodity network congestion game with
linear latency functions, at least one pure Nash equilibrium exists.



4 Price of Anarchy

The mixed price of anarchyalso known agoordination ratiq has been defined in the
seminal work by Koutsoupias and Papadimitriou [21] as a measure of the extent to
which non-cooperation approximates cooperation. Recall that it is defined as the worst-
case ratio between the value of social cost in a Nash equilibrium and that of a social
optimum. We present results on the pure and the mixed price of anarchy for routing
games on parallel links in Section 4.1, for congestion games in Section 4.2, and for
weighted congestion games in Section 4.3.

4.1 Routing Games on Parallel Links

We start with results on the KP-model. We then focus on the extension of this model
to restricted strategy sets. Finally, we investigate routing games on parallel links with
social cost defined as the sum of the private costs of the players.

KP-model. In the KP-model, latency functions are linear, social cost is defined as the
expected maximum latency and the players may choose any link. For the case of iden-
tical links the pure price of anarchy is upper bounded by a constant. This does not hold
for related links or mixed Nash equilibria. The bounds for mixed Nash equilibria are
shown by first bounding the maximum expected load on a link and then applying a
Hoeffding inequality [18]. All bounds are summarized in Figure 2.

Pure Price of Anarchy Mixed Price of Anarchy
Identical Links | 2 -2; 15l | o(pmEe) 520
Related Links | © (log’ﬁ)zm) S (71Og Ton g m) [5]

Fig. 2. Pure and mixed price of anarchy for the KP-model

Restricted Strategy SetsIn case of restricted strategy sets, even for identical links, the
pure price of anarchy cannot be bounded by a constant. This also holds if the weights
are identical. Figure 3 shows bounds on the pure price of anarchy. Note, that the bound
for identical players and related links is only tightif= m. Awerbuchet al.[2] further
extended their result to mixed Nash equilibria.

Theorem 10 ([2]).Consider the model of arbitrary players with restricted strategy sets
and identical links. Then,

logm
PoAmiged = O | ——20 ) |
logloglogm

Social Cost as Sum of Private CostgGairing et al. [14] considered another routing
game on parallel links. In contrast to the KP-model, social cost is defined as the sum of
the private costs of the players. This good natured definition of social cost makes the



Identical Players Arbitrary Players
\dentical Links | © (g2 [2,13] 6 (mee) [2,13]
Related Links | O (lo{;;so gn) [13] | m—1<PoApure <m  [13]

Fig. 3. Pure price of anarchy for the KP-model with restricted strategy sets

analysis significantly simpler and allows the investigation of general non-decreasing
non-constant latency functions. For identical players, Gakeireg.[14] carried over an
upper bound on the pure price of anarchy from the Wardrop-model [35] to the discrete
setting.

Proposition 1 ([14]). Consider the model of identical players and arbitrary links with
non-decreasing and non-constant latency functionsfi{z) < «>";_, f;(¢) for all
x € [n] andj € [m], then for any pure Nash equilibriuiia, SCsym (L) < a- OPTsym.

Corollary 2 ([14]). Consider the model of identical players and arbitrary links. If the
latency functions are polynomials with non-negative coefficients and maximum degree
d, then the pure price of anarchy is boundeddoy 1.

In case that all links have the same latency functfon) = z?, one can show the
following bound on the mixed price of anarchy; is thek’th Bell number and counts
the number of ways that a setflements can be partitioned into non-empty subsets.

Theorem 11 ([14]).Consider the model of identical players and identical links with
latency functionf(z) = ¢, d € N. Then,

SCsum(P)

sup = Bgi1 -
w,p OPTsum *

4.2 Congestion Games

Recently, the pure price of anarchy found its way into congestion games [1, 4]. We
restrict to results of Christodoulou and Koutsoupias [4] since only the abstract of the
paper of Awerbuctet al. [1] was available (note that the latter paper also considers
weightedcongestion games). For congestion games with linear latency functions, Fig-
ure 4 summarizes results (both upper and lower bounds) on the pure price of anarchy.
For the case of symmetric congestion games and social cost as the maximum of the
private costs there is still a gap between the upper and the lower bound.

Christodoulou and Koutsoupias [4] also considered polynomial latency functions of
degreel with non-negative coefficients. Figure 5 shows the corresponding bounds.

Both linear and polynomial latency functions were also considered in the Wardrop-
model. Recall that in this model the social welfare of the system is defined as the sum
of the edge latencies. The pure price of anarchy for linear latency functic§1$3i'§]
whereas the pure price of anarchy for polynomial latency functions of degreaed
out to beO(;4) [34].

10



SCSUM SCMAX

H 5n—2 5n—2 5
Symmetric QZ+1 224—1 < PoApure < 3
: 5
Asymmetric 2 O(y/n)

Fig. 4. Pure price of anarchy for congestion games with linear latency functions [4]

SCsum SCmax
Symmetric | d®@ d®@
Asymmetric | d®@® 2(n? @) O(n)

Fig. 5. Pure price of anarchy for congestion games with polynomial latency functions [4]

4.3 Weighted Congestion Games.

The mixed price of anarchy was also studied in weighted congestion games. [edtakis
al. [11] considered-layered networks with identical edges each having the same linear
latency function and social cost defined as the expected maximum latency.

Theorem 12 ([11]). For weighted/-layered network congestion games with latency
functionf.(xz) = z for all e € E, the mixed price of anarchy for social cost as expected

maximum latency i€ (1 log m )
oglogm

This result is particularly interesting in comparison with the corresponding bound for
the parallel link network (see Figure 2). It shows that undet-&iered networks the
parallel link network has worst mixed price of anarchy.

5 Fully Mixed Nash Equilibria for Routing Games on Parallel
Links

In routing games on parallel linksfally mixedNash equilibrium is a special Nash equi-
librium, where each player chooses each link with strictly positive probability. Such a
Nash equilibrium does not always exist. In this section, we give a characterization of in-
stances with a fully mixed Nash equilibrium, we show its uniqueness and we study the
Fully Mixed Nash Equilibrium Conjecture. We do this for two different routing games
on parallel links. We would like to point out that there exist routing games on parallel
links for which the Fully Mixed Nash Equilibrium Conjecture was disproved [24].

KP-model. Mavronicolas and Spirakis [26] were the first to consider fully mixed Nash

equilibria. They showed for the KP-model, that if a fully mixed Nash equilibrium exists,
it is unique and can be easily computed.

11



Theorem 13 ([26]).Consider the model of arbitrary players and related links. Then,
there exists a fully mixed Nash equilibridfif and only if

fij(lTrLCC;j>'(lm_I/V1)W>+CCJ;€(O,1)

forall i € [n] andj € [m]. If F exists, therF' is unique andf = (fi;)icin),je[m]-

In particular, this implies that for the case of identical links the fully mixed Nash equi-
librium uniquely exists and has probabilitiés = L, Vi € [n], j € [m].

In [15], the Fully Mixed Nash Equilibrium Conjecture was first explicitly stated for
the KP-model, where social cost is defined as the expected maximum latency. Here, the
ultimate settlement of this conjecture would reveal an interesting complexity-theoretical
contrast between the worst-case pure and the worst-case mixed Nash equilibria. On the
one hand, if the conjecture is valid, then the identification of the worst-case mixed Nash
equilibrium is immediate in the cases where the fully mixed Nash equilibrium exists.
On the other hand, Gairirgf al.[15] showed that the worst-case pure Nash equilibrium

is not(2 — ;-2 — )-approximable even on identical links.

Theorem 14 ([15]).Consider the model of arbitrary players and identical links. If, for
anye with 0 < ¢ <1 — -2, the worst-case pure Nash equilibrium(is— 25 —¢)-
approximable, the® = N'P.

This result also unfolds an interesting contrast between best and worst-case pure
Nash equilibria. For any > 0, a pure Nash equilibriurfu with SCo (L) < (1 +¢) -
OPT, can be computed in polynomial time whereas the computation of a pure Nash
equilibriumL’ with SC (L) > (1 +¢) - OPT is N'P-hard.

So far, the Fully Mixed Nash Equilibrium Conjecture has been proved only for
some special cases, namely, two players on identical links [15], two identical players
on related links and identical players on two identical links [24]. Furthermore, it was
shown up to a factor 0f9.02 in case of identical players and related links [10] and up
to a factor of2h(1 + ¢) for arbitrary players on identical links, if = m sufficient large
[15], whereh is the factor between the maximum and the average weight of the players.

On the other hand, Gairingt al.[15] proved that the private costs of all players in
a Nash equilibrium are upper bounded by their private costs in the fully mixed Nash
equilibrium. This directly implies:

Theorem 15 ([15]).Consider the model of arbitrary players and related links. If the
fully mixed Nash equilibriurl' exists, then, for any mixed Nash equilibrilmwe have
SCsum (P) < SC5U|\/|(F) andSCMAX(P) < SCMAx(F).

Social Cost as Sum of Private CostsFully mixed Nash equilibria were also consid-
ered for identical players and general non-decreasing and non-constant latency func-
tions with respect to social cost defined as the sum of the private costs [14]. In order to
characterize instances where the fully mixed Nash equilibrium exists, Gairaid14]
introduced two classes of links, namelgad linksandspecial links They showed that

in any Nash equilibrium, none of the players is assigned to a dead link. Moreover, there
exists at most one player who is assigned to any of the special links. Availing these
results, they could give the following thorough characterization.

12



Theorem 16 ([14]). Consider the model of identical players and links with non-de-
creasing and non-constant latency functions. Then, there exists a fully mixed Nash
equilibrium F if and only if there are no special and no dead linksFlfexists then

F is unique.

For every instance define tlgeneralized fully mixed Nash equilibriuas the fully
mixed Nash equilibrium for the instance where the links are restricted to non-special
and non-dead links. If latency functions are non-decreasing, non-constacoiawek
then one can show, that the private cost of each player in a Nash equilibrium is up-
per bounded by its private cost in the generalized fully mixed Nash equilibrium. This
directly implies:

Theorem 17 ([14]). Consider the model of identical players and links with non-de-
creasing, non-constant and convex latency functions. Then, for any Nash equilibrium
P and generalized fully mixed Nash equilibriuB) SCsym(P) < SCsym(F) and
SCuax(P) < SCuax(F).

6 Open Problems

The flourishing interest in weighted congestion games resulted in a multitude of results
and methods, but raised even more questions remaining tantalizingly open. We only
state some of them:

— Although the results of Nash [30, 31] guarantee the existence of a Nash equilibrium
in strategic games, the computational complexity of computing a Nash equilibrium
is open even if only two players are involved.

— Which classes of symmetric weighted network congestions games possess a pure
Nash equilibrium? For which classes is it possible to compute such a pure Nash
equilibrium in polynomial time?

— Itis impossible to approximate a worst-case pure Nash equilibrium within a factor
better thar2 — ﬁ in the KP-model with identical links [15]. To which extent is it
possible to approximate a worst-case pure Nash equilibrium in the KP-model with
related links or in more general settings?

— Most of the known bounds on the price of anarchy for network congestion games
were shown with respect to social cost defined as sum or maximum of the private
costs of the players [1, 4]. What is the price of anarchy if social cost is defined as
expected maximum latency?

— For the KP-model, Gairingt al. [15] showed that the private costs of all players
in a Nash equilibrium are bounded from above by their private costs in the fully
mixed Nash equilibrium. For which classes of network congestion games does this
property still hold?

— If the players are identical and the links are related, then the Fully Mixed Nash
Equilibrium Conjecture holds up to a factor ?k(1 + ¢), whereh is the factor
between the maximum and the average weight of the players [15]. Does there exist
an approximation factor independent/df

13
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