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1 Introduction

Motivation-Framework. Apparently, it is in human’s nature to act selfishly. Game
Theory, founded by von Neumann and Morgenstern [39, 40], provides us withstrategic
games, an important mathematical model to describe and analyze such a selfish behav-
ior and its resulting conflicts. In a strategic game, each of a finite set of players aims for
an optimal value of itsprivate objective functionby choosing either apurestrategy (a
single strategy) or amixedstrategy (a probability distribution over all pure strategies)
from its strategy set. Strategic games in which the strategy sets are finite are calledfi-
nite strategic games. Each player chooses its strategy once and for all, and all players’
choices are madenon-cooperativelyandsimultaneously(that is, when choosing a strat-
egy each player is not informed of the strategies chosen by any other player). One of the
basic assumption in strategic games is that the players actrational, that is, consistently
in pursuit of their private objective function. For a concise introduction to contemporary
Game Theory we recommend [25].

One of the most widely used solution concepts for strategic games is the concept
of Nash equilibrium. It represents a stable state in which no player wishes to leave
unilaterally its own strategy in order to improve the value of its private objective func-
tion. A Nash equilibrium is calledpure if all players choose a pure strategy, otherwise
mixed. Many algorithms have been developed to compute a Nash equilibrium (see [27]
for an overview). Though the celebrated results of Nash [30, 31] ensure the existence
of a mixed Nash equilibrium, the complexity to compute such a Nash equilibrium is
widely unknown. Papadimitriou [32] advocates it to be “the most important concrete
open question on the boundary ofP today”.

Rosenthal [33] introduced a special class of strategic games, now widely known as
congestion games. Here, the strategy set of each player is a subset of the power set of
givenresources. The players share a private objective function, defined as the sum (over
their chosen resources) of functions in thenumberof players sharing this resource. In
his seminal work, Rosenthal [33] showed with help of apotential functionthat con-
gestion games (in sharp contrast to general strategic games) always admit at least one
pure Nash equilibrium. Later, Milchtaich [28] considered two extensions of congestion
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games, namelyweighted congestion gamesin which the players haveweightsand
thus different influence on the congestion of the resources, and congestion games with
player-specific payoff-functionsin which the players do not share a private objective
function.

Another class of (weighted) congestion games are (weighted)network congestion
games[8, 11] in which the strategy sets correspond to paths in a network. Koutsoupias
and Papadimitriou [21] considered a very simple member of this class, now known as
KP-model. The network consists of a singlesourceand a singledestinationwhich are
connected by parallellinks. Associated with each link is acapacityrepresenting the
rate at which the link processesload, that is, the total weight of players assigned to this
link. Thus, the latency functions are linear. Each of the players selfishly routes from
the source to the destination by choosing a probability distribution over the links. The
private objective function of a player is defined as its expected latency.

Koutsoupias and Papadimitriou [21] were not only interested in the computational
complexity of Nash equilibria but also in the degradation of the social welfare of the
system due to the selfish behavior of the players. In order to measure this social wel-
fare, they introduced a global objective function, usually coined associal cost, which
is defined as the expected maximum latency on a link, where the expectation is taken
over all random choices of the players. Theprice of anarchy, also calledcoordination
ratio, measures the extent to which non-cooperation approximates cooperation. It is de-
fined as the worst-case ratio between the value of social cost in a Nash equilibrium and
that of some social optimum. So, the price of anarchy represents a rendezvous of Nash
equilibrium, a concept fundamental to Game Theory, with approximation, an ubiqui-
tous concept in Theoretical Computer Science today (see, e.g., [38]).

Mavronicolas and Spirakis [26] introduced the notion of afully mixedNash equi-
librium in which each player chooses every link with positive probability. Gairinget
al. [15] conjectured that, in case of its existence, thefully mixedNash equilibrium
is the worst Nash equilibrium with respect to social cost. This so-calledFully Mixed
Nash Equilibrium Conjectureis simultaneously intuitive and natural. To support intu-
ition, observe that the fully mixed Nash equilibrium favors collisions between differ-
ent players (since each player assigns its item with positive probability to every link).
This increased probability of collisions should favor an increase to social cost. To sup-
port significance, note that the Fully Mixed Nash Equilibrium Conjecture identifies the
worst-case Nash equilibrium ofall instances. We stress that, in sharp contrast, the price
of anarchy only determines the worst-case Nash equilibrium ofworst-caseinstances.

Recently, the KP-model was extended torestricted strategy sets[2, 13] where the
strategy set of each player is asubsetof the links. In addition, the KP-model was ex-
tended to general latency functions and studied with respect to different definitions of
social cost [1, 14]. Inspired by the arisen interest in the price of anarchy, the much older
Wardrop-model[3, 6, 41] was re-investigated [35, 36]. In this weighted network conges-
tion game, weight can be split into arbitrary pieces. The social welfare of the system is
defined as the sum of the edge latencies. An equilibrium in the Wardrop-model can be
interpreted as a Nash equilibrium in a game with infinitely many players, each carrying
an infinitesimal amount of weight. Finally, the price of anarchy found its way into con-
gestion games [4, 11].
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In this paper, we give a thorough survey on the most exciting results on finite
(weighted) congestion games and the special classes mentioned above. In particular,
we review the findings on the existence and computational complexity of pure Nash
equilibria. Furthermore, we discuss results on the price of anarchy. Last but not least,
we survey known facts on fully mixed Nash equilibria.

Overview. The rest of this paper is organized as follows. After a formal definition of
(weighted) congestion games in Section 2, we turn our attention to the existence and
computational complexity of pure Nash equilibria in Section 3. In Section 4, we con-
sider the price of anarchy before we investigate fully mixed Nash equilibria in Section 5.
We conclude, in Section 6, with some open problems.

2 Definitions and Notations

For all integersk ≥ 0, we denote[k] = {1, . . . , k}.
A weighted congestion gameΓ is a tuple

Γ =
(
n, E, (wi)i∈[n], (Si)i∈[n], (fe)e∈E

)
.

Here,n is the number ofplayersandE is the finite set ofresources. For every player
i ∈ [n], wi is theweightandSi ⊆ 2E is thestrategy setof player i. DenoteW =∑

i∈[n] wi andS = S1 × . . . × Sn. For every resourcee ∈ E, the latency function
fe : R+ 7→ R+ describes thelatencyon resourcee.

In a congestion game, the weights of all players are equal. Thus, the private cost
of a player only depends on thenumberof players choosing the same resources. A
congestion game issymmetricif the players share a strategy set.

2.1 Strategies and Assignments

A pure strategyfor playeri ∈ [n] is some specificsi ∈ Si whereas amixed strategy
Pi = (p(i, si))si∈Si is a probability distribution overSi, wherep(i, si) denotes the
probability that playeri chooses the pure strategysi.

A pure assignmentis ann-tupleL = (s1, . . . , sn) ∈ S whereas amixed assignment
P = (P1, . . . , Pn) is represented by ann-tuple of mixed strategies. A mixed assignment
is fully mixedif p(i, si) > 0 for all i ∈ [n] andsi ∈ Si.

2.2 Private Cost

Fix any pure assignmentL, and denote byle(L) =
∑

i∈[n],si3e wi theloadon resource
e ∈ E. Theprivate costof playeri ∈ [n] is defined by

PCi(L) =
∑
e∈si

fe (le(L)) .

For a mixed assignmentP, theprivate costof playeri ∈ [n] is

PCi(P) =
∑
L∈S

p(L) · PCi(L) .
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2.3 Social Cost

Associated with a weighted congestion gameΓ and a mixed assignmentP is thesocial
costas a measure of social welfare. We consider the following three definitions of social
cost:

– Sum of private costs SCSUM(P) =
∑
i∈[n]

PCi(P)

– Maximum of private costs SCMAX(P) = max
i∈[n]

PCi(P)

– Expected maximum latency SC∞(P) =
∑
L∈S

p(L) ·max
i∈[n]

PCi(L)

Let ∗ ∈ {SUM,MAX,∞}. Theoptimumassociated with a weighted congestion game
is defined byOPT∗ = minP SC∗(P).

2.4 Nash Equilibria and Price of Anarchy

We are interested in a special class of (mixed) assignments called Nash equilibria [30,
31] that we describe here. Given a weighted congestion game and an associated mixed
assignmentP, a playeri ∈ [n] is satisfiedif it can not improve its private cost by uni-
laterally changing its strategy. Otherwise, playeri is unsatisfied. The mixed assignment
P is aNash equilibriumif and only if all playersi ∈ [n] are satisfied. Depending on the
type of assignment, we differ betweenpure, mixedandfully mixedNash equilibria.

Themixed price of anarchy, also calledcoordination ratioand denotedPoAmixed,
is the maximum value, over all instancesΓ and Nash equilibriaP, of the ratioSC∗(P)

OPT∗
.

If we restrict to pure Nash equilibria, then we speak of thepure price of anarchyand
denote it byPoApure.

2.5 Selfish Steps

Fix any pure assignmentL. In a selfish step, exactly one unsatisfied player is allowed
to change its pure strategy such that its private cost decreases. A selfish step isgreedyif
the player chooses its best strategy. Clearly, selfish steps define a neighborhood of pure
assignments that can be reached fromL. The assignmentL has an empty neighborhood
if and only if L is a Nash equilibrium. Thus, a pure Nash equilibrium corresponds to a
local optimum. This stresses the close relationship of selfish steps on the one hand and
local search processes on the other hand.

2.6 Special Weighted Congestion Games

Weighted Network Congestion Games.In a weighted network congestion gamethe
strategies of a player correspond to paths from a source to a destination in a network.
Thus, this class of games can be interpreted asrouting games. If the players share
the same source and destination, then we have a weightedsingle-commoditynetwork
congestion game, otherwise a weightedmulti-commoditynetwork congestion game.
The underlying network of a weighted single-commodity network congestion game is
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calledl-layeredif all paths from source to destination have lengthl.

KP-Model. Koutsoupias and Papadimitriou [21] considered a special weighted network
congestion game, now widely known as theKP-model. In this model, each of then
players is allowed to use exactly one ofm resources (here calledlinks), that is,Si =
[m] for all i ∈ [n]. The players are calledidentical if all weights are equal, otherwise
arbitrary. Associated with each linkj ∈ [m] is a capacitycj representing the rate at
which link j processesload. Clearly, the latency on linkj is fj(lj) = lj

cj
, showing that

the latency functions are linear. Ifc1, . . . , cm are equal, then the resources areidentical,
otherwiserelated. DenoteC =

∑
j∈[m] cj . In order to measure the social welfare of the

system, Koutsoupias and Papadimitriou [21] considered the expected maximum latency.
A natural goal is to identify a Nash equilibrium with worst social cost for a given

instance. For the model of related links, Gairinget al. [15] conjectured that, in case
of its existence, the fully mixed Nash equilibrium is the worst Nash equilibrium with
respect to social cost.

Fully Mixed Nash Equilibrium Conjecture ([15]). Consider the model of arbitrary
players and related links. Then, for any instance such that a fully mixed Nash equilib-
rium F exists, and for any associated Nash equilibriumP, SC∞(P) ≤ SC∞(F).

Routing Games on Parallel Links. We also consider variants of the KP-model to
which we refer asrouting games on parallel links. In particular, we investigatere-
stricted strategy setsin which the players are only allowed to choose from a subset of
links, that is,Si ⊆ [m] for all i ∈ [n].

2.7 Exact Potential Games

A functionΦ : (S1× ...×Sn) 7→ R is anexact potential functionfor a gameΓ if for ev-
ery pure strategy profileL = (s1, ..., sn), for every playeri ∈ [n] and for every strategy
s′i ∈ Si, PCi(L′)−PCi(L) = Φ(L′)−Φ(L), whereL′ = (s1, ..., si−1, s

′
i, si+1, ..., sn).

In this case,Γ is anexact potential game. Since all exact potential games admit a pure
Nash equilibrium (see e.g. [29]) these games are of interest in this paper.

3 Existence and Computation of Pure Nash Equilibria

Even though Nash was able to show that every finite game possesses a mixed Nash
equilibrium, the question which class of games admits a pure Nash equilibrium remains
open. In the case of its existence, it is of interest whether it is possible to compute a pure
Nash equilibrium in polynomial time. In this section, we give some positive and some
negative answers to both questions concerning the existence and the polynomial time
computation. We start in Section 3.1 with routing games on parallel links and continue
in Sections 3.2 and 3.3 with congestion games and weighted congestion games.

3.1 Routing Games on Parallel Links

We begin our survey with results on the KP-model. Afterwards we focus on games with
restricted strategy sets.

5



KP-model. We first turn our attention to the problem of computing a pure Nash equi-
librium. Basically, two different approaches can be found in the literature.

The first approach is to directly compute a pure Nash equilibrium. Fotakiset al.[10]
showed that the LPT algorithm, first explored by Graham [16], yields some pure Nash
equilibrium. Clearly, this holds for parallel links witharbitrary non-decreasinglatency
functions. For related links, the social cost of the Nash equilibrium computed by LPT
approximates the social cost of an optimal assignment by a factor between 1.52 and
1.67 [12].

The second approach is to convert a given pure assignment into a Nash equilibrium
without increasing the social cost. This conversion process is callednashification. Since
selfish steps do not increase the social cost and any sequence of selfish steps eventu-
ally reaches a pure Nash equilibrium, selfish steps seem to be suitable for nashification.
However, we have to use them carefully since the number of selfish steps may be expo-
nential in the number of players before reaching a pure Nash equilibrium.

Theorem 1 ([7]). Consider the model of arbitrary players and identical links. Then,
there exists an instance and associated pure assignment for which the maximum length
of a sequence of greedy selfish steps is at least(

n
m−1

)m−1

2(m− 1)!
.

Though there exist sequences of greedy selfish steps of exponential length, it is
possible to use selfish steps to compute a Nash equilibrium in polynomial time if the
links are identical. In particular, always moving an unsatisfied player with maximum
weight to its best link requires at mostn greedy selfish steps [15]. For related links, it
is unknown whether selfish steps can be used to implement nashification in polynomial
time. Feldmannet al. [9] chose a different approach not only based on selfish steps.
Their algorithm relies on the following crucial observation.

Lemma 1 ([9]). Consider the model of arbitrary players and related links. Then, for
any pure assignment, a greedy selfish step of an unsatisfied playeri1 ∈ [n] with weight
wi1 from a link j1 ∈ [m] to a link j2 ∈ [m] with cj1 ≤ cj2 makes no satisfied player
i2 ∈ [n] with weightwi2 ≥ wi1 unsatisfied.

The algorithm of Feldmannet al. [9] works in two phases. In the first phase, it fills
up links with small capacities with players with small weight as close toSCMAX(L) as
possible (but without exceedingSCMAX(L)), and it collects all these users in a setU . In
the second phase, the algorithm performs greedy selfish steps for unsatisfied players in
U in non-increasing order of the weights. Lemma 1 allows to show that this procedure
results in a pure Nash equilibrium. Implementing the algorithm in a proper way, we get:

Theorem 2 ([9]).Consider the model of arbitrary players and related links. Then, for
any pure assignmentL, a pure Nash equilibriumL′ with SC∞(L′) ≤ SC∞(L) can be
computed usingO(m2n) time.

6



Thus, we can apply the PTAS of Hochbaum and Shmoys [17] for schedulingjobs
on relatedmachinesand then convert the computed assignment into a pure Nash equi-
librium in polynomial time, and we get:

Corollary 1. There is a PTAS for computing a best pure Nash equilibrium.

Restricted Strategy Sets.Gairinget al. [13] considered a variant of the routing game
on parallel links where there exists at least one playeri ∈ [n] with Si ( [m]. So, the
strategy sets of the players arerestricted.

Gairinget al. [13] combined ideas from blocking flows and the generic PREFLOW-
PUSH algorithm to derive a nashification algorithm for games with restricted strategy
sets on identical links.

Theorem 3 ([13]).Consider the model of arbitrary players with restricted strategy sets
and identical links. Then, for any pure assignmentL, a pure Nash equilibriumL′ with
SC∞(L′) ≤ SC∞(L) can be computed fromL usingO(rmA(log W + m2)) time,
wherer is the number of distinct weights andA =

∑
i∈[n] |Si|.

Lenstraet al. [23] showed that an optimum assignment can be approximated within
a factor of2. It is worth mentioning that the nashification algorithm of Gairinget al.[13]
improves this result since, foranygiven assignmentL, it computes a pure Nash equilib-
rium L′ with SC∞(L′) ≤ (2− 1

w1
) ·OPT∞. Note that we can not hope to approximate

an optimum assignment with factor less than3
2 unlessP = NP [23].

3.2 Congestion Games

In his seminal paper, Rosenthal [33] proved thatΦ(L) =
∑

e∈E

∑le(L)
j=1 fe(j) is an

exact potential function for congestion games. An immediate consequence follows:

Theorem 4 ([33]).Every congestion game possesses a pure Nash equilibrium.

Rosenthal’s argumentation implies that every congestion game is an exact potential
game. A result by Monderer and Shapley [29] shows that every exact potential game is
closely related to a congestion game.

Theorem 5 ([29]). Every finite exact potential game is isomorphic to a congestion
game.

Since every congestion gameΓ possesses a pure Nash equilibrium the natural ques-
tion arises whether it is possible to compute a pure Nash equilibrium forΓ in polyno-
mial time. It is easy to see that this computational problem is inPLS. The class PLS
(polynomial-timelocalsearch) introduced in [19] consists of local search problems for
which local optimality can be verified in polynomial time. Many local search prob-
lems were shown to be complete for this class (see e.g. [19, 22, 37]), including graph
partitioning, weighted satisfiability and traveling salesman problems. For none of these
PLS-complete problems an algorithm is known that is able to compute a local optimum
in polynomial time.
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Using a sophisticatedPLS-reductionFabrikantet al.[8] proved that the computation
of a pure Nash equilibrium for symmetric congestion games and asymmetric network
congestion games is PLS-complete (see Figure 1). However, they showed that it is pos-
sible to calculate a pure Nash equilibrium for a symmetric network congestion game in
polynomial time by using a min-cost flow algorithm.

Symmetric Asymmetric

Congestion Games PLS-complete PLS-complete

Network Congestion Games Polynomial time PLS-complete

Fig. 1.Complexity of computing pure Nash equilibria in congestion games [8]

We now switch to the class ofcongestion games with player-specific payoff-functions
introduced by Milchtaich [28]. Here, a player always selects exactly one resource, that
is, S1 = . . . = Sn = E. Furthermore, the private cost of a playeri ∈ [n] on a resource
e ∈ E is described by a load dependent non-increasing latency functionf i

e : R+ 7→ R+

that may be different from the latency functionf j
e for another playerj 6= i. Milch-

taich [28] considered these games with respect to pure Nash equilibria and sequences
of selfish step. He showed:

Theorem 6 ([28]). Every congestion game with player-specific payoff-function pos-
sesses a pure Nash equilibrium.

Theorem 7 ([28]). There exists a finite congestion game with player-specific payoff-
function that admits a cycle of selfish steps, that is, a sequence of selfish steps starting
and ending in the same assignment.

It follows from the last theorem that games with player-specific payoff-functions do
not admit an exact potential function.

3.3 Weighted Congestion Games

In this section we deal with weighted congestion games where the players may have
different weights. Fotakiset al. [11] showed that there are such games that possess no
pure Nash equilibrium. Moreover, they were able to proof that there is a subclass of
games for which the existence of pure Nash equilibria is guaranteed.

Theorem 8 ([11]).There exist instances of weighted single-commodity network con-
gestion games for which there is no pure Nash equilibrium.

Theorem 9 ([11]).For any weighted multi-commodity network congestion game with
linear latency functions, at least one pure Nash equilibrium exists.
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4 Price of Anarchy

Themixed price of anarchy, also known ascoordination ratio, has been defined in the
seminal work by Koutsoupias and Papadimitriou [21] as a measure of the extent to
which non-cooperation approximates cooperation. Recall that it is defined as the worst-
case ratio between the value of social cost in a Nash equilibrium and that of a social
optimum. We present results on the pure and the mixed price of anarchy for routing
games on parallel links in Section 4.1, for congestion games in Section 4.2, and for
weighted congestion games in Section 4.3.

4.1 Routing Games on Parallel Links

We start with results on the KP-model. We then focus on the extension of this model
to restricted strategy sets. Finally, we investigate routing games on parallel links with
social cost defined as the sum of the private costs of the players.

KP-model. In the KP-model, latency functions are linear, social cost is defined as the
expected maximum latency and the players may choose any link. For the case of iden-
tical links the pure price of anarchy is upper bounded by a constant. This does not hold
for related links or mixed Nash equilibria. The bounds for mixed Nash equilibria are
shown by first bounding the maximum expected load on a link and then applying a
Hoeffding inequality [18]. All bounds are summarized in Figure 2.

Pure Price of Anarchy Mixed Price of Anarchy

Identical Links 2− 2
m+1

[15] Θ
“

log m
log log m

”
[5, 20]

Related Links Θ
“

log m
log log m

”
[5] Θ

“
log m

log log log m

”
[5]

Fig. 2.Pure and mixed price of anarchy for the KP-model

Restricted Strategy Sets.In case of restricted strategy sets, even for identical links, the
pure price of anarchy cannot be bounded by a constant. This also holds if the weights
are identical. Figure 3 shows bounds on the pure price of anarchy. Note, that the bound
for identical players and related links is only tight ifn = m. Awerbuchet al. [2] further
extended their result to mixed Nash equilibria.

Theorem 10 ([2]).Consider the model of arbitrary players with restricted strategy sets
and identical links. Then,

PoAmixed = Θ

(
log m

log log log m

)
.

Social Cost as Sum of Private Costs.Gairing et al. [14] considered another routing
game on parallel links. In contrast to the KP-model, social cost is defined as the sum of
the private costs of the players. This good natured definition of social cost makes the

9



Identical Players Arbitrary Players

Identical Links Θ
“

log m
log log m

”
[2, 13] Θ

“
log m

log log m

”
[2, 13]

Related Links O
“

log n
log log n

”
[13] m− 1 ≤ PoApure ≤ m [13]

Fig. 3.Pure price of anarchy for the KP-model with restricted strategy sets

analysis significantly simpler and allows the investigation of general non-decreasing
non-constant latency functions. For identical players, Gairinget al. [14] carried over an
upper bound on the pure price of anarchy from the Wardrop-model [35] to the discrete
setting.

Proposition 1 ([14]).Consider the model of identical players and arbitrary links with
non-decreasing and non-constant latency functions. Ifxfj(x) ≤ α

∑x
t=1 fj(t) for all

x ∈ [n] andj ∈ [m], then for any pure Nash equilibriumL, SCSUM(L) ≤ α ·OPTSUM.

Corollary 2 ([14]). Consider the model of identical players and arbitrary links. If the
latency functions are polynomials with non-negative coefficients and maximum degree
d, then the pure price of anarchy is bounded byd + 1.

In case that all links have the same latency functionf(x) = xd, one can show the
following bound on the mixed price of anarchy.Bk is thek’th Bell number and counts
the number of ways that a set ofk elements can be partitioned into non-empty subsets.

Theorem 11 ([14]).Consider the model of identical players and identical links with
latency functionf(x) = xd, d ∈ N. Then,

sup
w,P

SCSUM(P)
OPTSUM

= Bd+1 .

4.2 Congestion Games

Recently, the pure price of anarchy found its way into congestion games [1, 4]. We
restrict to results of Christodoulou and Koutsoupias [4] since only the abstract of the
paper of Awerbuchet al. [1] was available (note that the latter paper also considers
weightedcongestion games). For congestion games with linear latency functions, Fig-
ure 4 summarizes results (both upper and lower bounds) on the pure price of anarchy.
For the case of symmetric congestion games and social cost as the maximum of the
private costs there is still a gap between the upper and the lower bound.

Christodoulou and Koutsoupias [4] also considered polynomial latency functions of
degreed with non-negative coefficients. Figure 5 shows the corresponding bounds.

Both linear and polynomial latency functions were also considered in the Wardrop-
model. Recall that in this model the social welfare of the system is defined as the sum
of the edge latencies. The pure price of anarchy for linear latency functions is4

3 [35]
whereas the pure price of anarchy for polynomial latency functions of degreed turned
out to beΘ( d

log d ) [34].
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SCSUM SCMAX

Symmetric 5n−2
2n+1

5n−2
2n+1

≤ PoApure ≤ 5
2

Asymmetric 5
2

Θ(
√

n)

Fig. 4.Pure price of anarchy for congestion games with linear latency functions [4]

SCSUM SCMAX

Symmetric dΘ(d) dΘ(d)

Asymmetric dΘ(d) Ω(nd/(d+1)), O(n)

Fig. 5.Pure price of anarchy for congestion games with polynomial latency functions [4]

4.3 Weighted Congestion Games.

The mixed price of anarchy was also studied in weighted congestion games. Fotakiset
al. [11] consideredl-layered networks with identical edges each having the same linear
latency function and social cost defined as the expected maximum latency.

Theorem 12 ([11]). For weightedl-layered network congestion games with latency
functionfe(x) = x for all e ∈ E, the mixed price of anarchy for social cost as expected

maximum latency isO
(

log m
log log m

)
.

This result is particularly interesting in comparison with the corresponding bound for
the parallel link network (see Figure 2). It shows that under alll-layered networks the
parallel link network has worst mixed price of anarchy.

5 Fully Mixed Nash Equilibria for Routing Games on Parallel
Links

In routing games on parallel links, afully mixedNash equilibrium is a special Nash equi-
librium, where each player chooses each link with strictly positive probability. Such a
Nash equilibrium does not always exist. In this section, we give a characterization of in-
stances with a fully mixed Nash equilibrium, we show its uniqueness and we study the
Fully Mixed Nash Equilibrium Conjecture. We do this for two different routing games
on parallel links. We would like to point out that there exist routing games on parallel
links for which the Fully Mixed Nash Equilibrium Conjecture was disproved [24].

KP-model. Mavronicolas and Spirakis [26] were the first to consider fully mixed Nash
equilibria. They showed for the KP-model, that if a fully mixed Nash equilibrium exists,
it is unique and can be easily computed.
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Theorem 13 ([26]).Consider the model of arbitrary players and related links. Then,
there exists a fully mixed Nash equilibriumF if and only if

fij =
(
1− mcj

C

)
·
(

1− W

(n− 1)wi

)
+

cj

C
∈ (0, 1)

for all i ∈ [n] andj ∈ [m]. If F exists, thenF is unique andF = (fij)i∈[n],j∈[m].

In particular, this implies that for the case of identical links the fully mixed Nash equi-
librium uniquely exists and has probabilitiesfij = 1

m ,∀i ∈ [n], j ∈ [m].
In [15], the Fully Mixed Nash Equilibrium Conjecture was first explicitly stated for

the KP-model, where social cost is defined as the expected maximum latency. Here, the
ultimate settlement of this conjecture would reveal an interesting complexity-theoretical
contrast between the worst-case pure and the worst-case mixed Nash equilibria. On the
one hand, if the conjecture is valid, then the identification of the worst-case mixed Nash
equilibrium is immediate in the cases where the fully mixed Nash equilibrium exists.
On the other hand, Gairinget al.[15] showed that the worst-case pure Nash equilibrium
is not(2− 2

m+1 − ε)-approximable even on identical links.

Theorem 14 ([15]).Consider the model of arbitrary players and identical links. If, for
anyε with 0 < ε ≤ 1− 2

m+1 , the worst-case pure Nash equilibrium is(2− 2
m+1 − ε)-

approximable, thenP = NP.

This result also unfolds an interesting contrast between best and worst-case pure
Nash equilibria. For anyε > 0, a pure Nash equilibriumL with SC∞(L) ≤ (1 + ε) ·
OPT∞ can be computed in polynomial time whereas the computation of a pure Nash
equilibriumL′ with SC∞(L′) ≥ (1 + ε) · OPT∞ isNP-hard.

So far, the Fully Mixed Nash Equilibrium Conjecture has been proved only for
some special cases, namely, two players on identical links [15], two identical players
on related links and identical players on two identical links [24]. Furthermore, it was
shown up to a factor of49.02 in case of identical players and related links [10] and up
to a factor of2h(1+ ε) for arbitrary players on identical links, ifn = m sufficient large
[15], whereh is the factor between the maximum and the average weight of the players.

On the other hand, Gairinget al. [15] proved that the private costs of all players in
a Nash equilibrium are upper bounded by their private costs in the fully mixed Nash
equilibrium. This directly implies:

Theorem 15 ([15]).Consider the model of arbitrary players and related links. If the
fully mixed Nash equilibriumF exists, then, for any mixed Nash equilibriumP, we have
SCSUM(P) ≤ SCSUM(F) andSCMAX(P) ≤ SCMAX(F).

Social Cost as Sum of Private Costs.Fully mixed Nash equilibria were also consid-
ered for identical players and general non-decreasing and non-constant latency func-
tions with respect to social cost defined as the sum of the private costs [14]. In order to
characterize instances where the fully mixed Nash equilibrium exists, Gairinget al.[14]
introduced two classes of links, namelydead linksandspecial links. They showed that
in any Nash equilibrium, none of the players is assigned to a dead link. Moreover, there
exists at most one player who is assigned to any of the special links. Availing these
results, they could give the following thorough characterization.
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Theorem 16 ([14]).Consider the model of identical players and links with non-de-
creasing and non-constant latency functions. Then, there exists a fully mixed Nash
equilibrium F if and only if there are no special and no dead links. IfF exists then
F is unique.

For every instance define thegeneralized fully mixed Nash equilibriumas the fully
mixed Nash equilibrium for the instance where the links are restricted to non-special
and non-dead links. If latency functions are non-decreasing, non-constant andconvex,
then one can show, that the private cost of each player in a Nash equilibrium is up-
per bounded by its private cost in the generalized fully mixed Nash equilibrium. This
directly implies:

Theorem 17 ([14]).Consider the model of identical players and links with non-de-
creasing, non-constant and convex latency functions. Then, for any Nash equilibrium
P and generalized fully mixed Nash equilibriumF, SCSUM(P) ≤ SCSUM(F) and
SCMAX(P) ≤ SCMAX(F).

6 Open Problems

The flourishing interest in weighted congestion games resulted in a multitude of results
and methods, but raised even more questions remaining tantalizingly open. We only
state some of them:

– Although the results of Nash [30, 31] guarantee the existence of a Nash equilibrium
in strategic games, the computational complexity of computing a Nash equilibrium
is open even if only two players are involved.

– Which classes of symmetric weighted network congestions games possess a pure
Nash equilibrium? For which classes is it possible to compute such a pure Nash
equilibrium in polynomial time?

– It is impossible to approximate a worst-case pure Nash equilibrium within a factor
better than2− 2

m+1 in the KP-model with identical links [15]. To which extent is it
possible to approximate a worst-case pure Nash equilibrium in the KP-model with
related links or in more general settings?

– Most of the known bounds on the price of anarchy for network congestion games
were shown with respect to social cost defined as sum or maximum of the private
costs of the players [1, 4]. What is the price of anarchy if social cost is defined as
expected maximum latency?

– For the KP-model, Gairinget al. [15] showed that the private costs of all players
in a Nash equilibrium are bounded from above by their private costs in the fully
mixed Nash equilibrium. For which classes of network congestion games does this
property still hold?

– If the players are identical and the links are related, then the Fully Mixed Nash
Equilibrium Conjecture holds up to a factor of2h(1 + ε), whereh is the factor
between the maximum and the average weight of the players [15]. Does there exist
an approximation factor independent ofh?
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37. A. A. Scḧaffer and M. Yannakakis. Simple Local Search Problems that are Hard to Solve.

SIAM Journal of Computing, 20(1):56–87, 1991.
38. V. Vazirani.Approximation Algorithms. Springer Verlag, 2001.
39. J. von Neumann. Zur Theorie der Gesellschaftsspiele.Mathematische Annalen, 100:295–

320, 1928.
40. J. von Neumann and O. Morgenstern.Theory of Games and Economic Behavior. Princeton

University Press, 1944.
41. J. G. Wardrop. Some Theoretical Aspects of Road Traffic Research. InProceedings of the

Institute of Civil Engineers, Pt. II, Vol. 1, pages 325–378, 1956.

15


