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Abstract

We show that the vast majority of extensions of the descrip-
tion logic £L£ do not enjoy the Craig interpolation nor the
projective Beth definability property. This is the case, for ex-
ample, for ££ with nominals, ££ with the universal role, £L£
with a role inclusion of the form r o s C s, and for £LT.
It follows in particular that the existence of an explicit defi-
nition of a concept or individual name cannot be reduced to
subsumption checking via implicit definability. We show that
nevertheless the existence of interpolants and explicit defini-
tions can be decided in polynomial time for standard tractable
extensions of £L (such as ££7T) and in EXPTIME for ££T
and various extensions. It follows that these existence prob-
lems are not harder than subsumption which is in sharp con-
trast to the situation for expressive DLs. We also obtain tight
bounds for the size of interpolants and explicit definitions and
the complexity of computing them: single exponential for
tractable standard extensions of ££ and double exponential
for £L£T and extensions. We close with a discussion of Horn-
DLs such as Horn-ALCZ.

1 Introduction

The projective Beth definability property (PBDP) of a de-
scription logic (DL) L states that a concept or individual
name is explicitly definable under an L-ontology O by an
L-concept using symbols from a signature > of concept,
role, and individual names if, and only if, it is implic-
itly definable using ¥ under @. The importance of the
PBDP for DL research stems from the fact that it provides
a polynomial time reduction of the problem to decide the
existence of an explicit definition to the well understood
problem of subsumption checking. The existence of ex-
plicit definitions is important for numerous knowledge en-
gineering tasks and applications of description logic on-
tologies, for example, the extraction of equivalent acyclic
TBoxes from ontologies (ten Cate et al. 2006; ten Cate,
Franconi, and Seylan 2013), the computation of referring
expressions (or definite descriptions) for individuals (Artale
et al. 2021b), the equivalent rewriting of ontology-mediated
queries into concepts (Seylan, Franconi, and de Bruijn 2009;
Lutz, Seylan, and Wolter 2019; Toman and Weddell 2021),
the construction of alignments between ontologies (Geleta,
Payne, and Tamma 2016), and the decomposition of ontolo-
gies (Konev et al. 2010).

The PBDP is often investigated in tandem with the Craig
interpolation property (CIP) which states that if an L-
concept is subsumed by another £-concept under some L-
ontology then one finds an interpolating £-concept using the
shared symbols of the two input concepts only. In fact, the
CIP implies the PBDP and the interpolants obtained using
the CIP can serve as explicit definitions.

Many standard Boolean DLs such as ALC, ALCZ, and
ALCQT enjoy the CIP and PBDP and sophisticated algo-
rithms for computing interpolants and explicit definitions
have been developed (ten Cate, Franconi, and Seylan 2013).
Important exceptions are the extensions of any of the above
DLs with nominals and/or role hierarchies. In fact, it has re-
cently been shown that the problem of deciding the existence
of an interpolant/explicit definition becomes 2EXPTIME-
complete for ALCO (ALC with nominals) and for ALCH
(ALC with role hierarchies). This result is in sharp con-
trast to the EXPTIME-completeness of the same problem
for ALC itself inherited from the EXPTIME-completeness
of subsumption under ALC-ontologies (Artale et al. 2021a).

Our aim in this article is threefold: (1) determine which
members of the £L-family of DLs enjoy the CIP/PBDP; (2)
investigate the complexity of deciding the existence of inter-
polants/explicit definitions for those that do not enjoy it; and
(3) establish tight bounds on the size of interpolants/explicit
definitions and the complexity of computing them.

In what follows we discuss our main results. It has been
shown in (Konev et al. 2010; Lutz, Seylan, and Wolter 2019)
already that ££ and £L with role hierarchies enjoy the CIP
and PBDP. Rather surprisingly, it turns out that none of the
remaining standard DLs in the £ £-family enjoy the CIP nor
the PBDP.

Theorem 1. The following DLs do not enjoy the CIP nor
PBDP:

E L with the universal role,

E L with nominals,

EL with a single role inclusion r o s C s,

E L with role hierarchies and a transitive role,

SR b~

the extension ELL of EL with inverse roles.

In Points 2 to 5, the CIP/PBDP also fails if the universal role
can occur in interpolants/explicit definitions.



Theorem 1 also has interesting consequences that are not
explicitly stated. For instance, it follows that neither the DL
ELTT introduced in (Baader, Brandt, and Lutz 2005) nor the
extension of £LZ with any combination of nominals, role hi-
erarchies, or transitive roles enjoy the CIP/PBDP. With the
exception of the failure of the CIP/PBDP for ££ with nom-
inals (without the universal role in interpolants/explicit def-
initions) (Artale et al. 2021b), our results are new.

It follows from Theorem 1 that the behaviour of exten-
sions of £L is fundamentally different from extensions of
ALC: adding role hierarchies to ALC does not preserve
the CIP/PBDP (Konev et al. 2009) but it does for ££; on
the other hand, adding the universal role or inverse roles to
ALC preserves the CIP/PBDP (ten Cate, Franconi, and Sey-
lan 2013) but it does not for £L.

Theorem 1 leaves open the behaviour of a few natural DLs
between £L and its extension with arbitrary role inclusions.
For instance, what happens if one only adds transitive roles
or, more generally, role inclusions using a single role name
only? To cover these cases we show a general result that im-
plies that these DLs enjoy the CIP and PBDP. In particular,
it follows that in Point 4 of Theorem 1 the combination of
role hierarchies with a transitive role is necessary for failure
of the CIP/PBDP.

We next discuss our main result about tractable extensions
of EL.

Theorem 2. For EL and any extension with any combi-
nation of nominals, role inclusions, the universal role, or
L, the existence of interpolants and explicit definitions is in
PTIME. If an interpolant/explicit definition exists, then there
exists one of at most exponential size that can be computed
in exponential time. This bound is optimal.

It follows that for tractable extensions of £ L the complex-
ity of deciding the existence of interpolants and explicit def-
initions does not depend on the CIP/PBDP, in sharp con-
trast to the behaviour of ALCO and ALCH. Moreover, the
proof shows how interpolants and explicit definitions can be
computed from the canonical models introduced in (Baader,
Brandt, and Lutz 2005), if they exist. It applies derivation
trees (first introduced in (Bienvenu, Lutz, and Wolter 2013)
for DLs without nominals and role hierarchies) to estimate
the size of interpolants and provide an exponential time al-
gorithm for computing them.

Theorem 3. For ELT and any extension with any combi-
nation of nominals, the universal role, or L, the existence of
interpolants and explicit definitions is EXPTIME-complete.
If an interpolant/explicit definition exists, then there exists
one of at most double exponential size that can be computed
in double exponential time. This bound is optimal.

The proof of Theorem 3 shows how an interpolant or ex-
plicit definition can be extracted from a (potentially infinite)
tree-shaped canonical model. The EXPTIME complexity
bound is proved using an encoding as an emptiness prob-
lem for tree automata that also uses derivation trees. It does
not seem possible to obtain tight bounds on the size of inter-
polants using derivation trees; instead we generalize transfer
sequences for this purpose (also first introduced in (Bien-
venu, Lutz, and Wolter 2013)).

In the final section, we consider expressive Horn-DLs
such as Horn-ALCZ. We first observe that Theorem 3
also holds for Horn-ALCZ and extensions with nominals
and the universal role, provided one asks for interpolants
and explicit definitions in ££Z (and extensions with nom-
inals and the universal role, respectively). If one admits
expressive Horn-concepts as interpolants or explicit defini-
tions, then sometimes interpolants and explicit definitions
exist that previously did not exist. We show that neverthe-
less the CIP/PBDP also fail in this case for DLs including
Horn-ALC, LT, and Horn- ALCT.

Detailed proofs are given in the arxiv version of this arti-
cle.

2 Related Work

The CIP and PBDP have been investigated extensively
in databases, with applications to query rewriting under
views and query compilation (Toman and Weddell 2011;
Benedikt et al. 2016). The computation of explicit defini-
tions under Horn ontologies can be seen as an instance of
query reformulation under constraints (Deutsch, Popa, and
Tannen 2006) which has been a major research topic for
many years. The Chase and Backchase approach that is
central to this research closely resembles our use of canon-
ical models. We do not assume, however, that the chase
terminates. In (Benedikt et al. 2016; 2017), it is shown
that the reformulation of CQs into CQs under tgds can be
reduced to entailment using Lyndon interpolation of first-
order logic. By linking reformulation into CQs and defin-
ability using concepts, this approach can potentially be used
to obtain alternative proofs of complexity upper bounds for
the existence of interpolants and explicit definitions in our
languages. Also relevant is the investigation of interpola-
tion in basic modal logic (Maksimova and Gabbay 2005)
and hybrid modal logic (Areces, Blackburn, and Marx 2001;
ten Cate 2005).

The main aim of this article is to investigate explicit de-
finability of concept and individual names under ontolo-
gies. We have therefore chosen a definition of the CIP and
interpolants that generalizes the projective Beth definabil-
ity property and explicit definability in a natural and use-
ful way, following (ten Cate, Franconi, and Seylan 2013).
There are, however, other notions of Craig interpolation
that are of interest. Of particular importance for mod-
ularity and various other purposes is the following ver-
sion: if O is an ontology and C' C D an inclusion such
that O = C C D, then there exists an ontology O’ in
the shared signature of © and C' C D such that O
O’ = C C D. This property has been considered for
£L and various extensions in (Sofronie-Stokkermans 2008;
Koneyv et al. 2010). Currently, it is unknown whether there
exists any interesting relationship between this version of the
CIP and the version we investigate in this article.

Craig interpolants should not be confused with uniform
interpolants (or forgetting) (Lutz, Seylan, and Wolter 2012;
Lutz and Wolter 2011; Nikitina and Rudolph 2014; Koop-
mann and Schmidt 2015). Uniform interpolants generalize
Craig interpolants in the sense that a uniform interpolant is



an interpolant for a fixed antecedent and any formula im-
plied by the antecedent and sharing with it a fixed set of
symbols.

Interpolant and explicit definition existence have only re-
cently been investigated for logics that do not enjoy the CIP
or PBDP. Extending work on Boolean DLs we discussed al-
ready, it is shown that they become harder than validity also
in the guarded and two-variable fragment (Jung and Wolter
2021). The interpolant existence problem for linear temporal
logic LTL is considered in (Place and Zeitoun 2016). In the
context of referring expressions, explicit definition existence
is investigated in (Artale et al. 2021b), see also (Borgida,
Toman, and Weddell 2016).

3 Preliminaries

Let N¢, Ng, and N, be disjoint and countably infinite sets of
concept, role, and individual names. A role is a role name
r or an inverse role r—, with r a role name. Nominals take
the form {a}, where a is an individual name. The universal
role is denoted by u. ELZO,,-concepts C' are defined by the
following syntax rule:

C,C' = T|Al{a}|CNC|3IrC

where A ranges over concept names, a over individual
names, and r over roles (including the universal role). Frag-
ments of ELZO,, are defined as usual. For example, ELZ-
concepts are ELLQO,-concepts without nominals and the
universal role, and £ L-concepts are £LI-concepts without
inverse roles. Given any of the DLs £ introduced above,
an L-concept inclusion (L-CI) takes the form C' C D with
C, D L-concepts. An L-ontology O is a finite set of £-Cls.

We also consider ontologies with role inclusions (Rls), ex-
pressions of the form 1 0---or, C rwithry, ..., r,, 7 role
names. An £LO,,-ontology with Rls is called an ELRO,, -
ontology. A set of Rls is a role hierarchy if all its Rls are of
the form r C s with r, s role names.

A signature ¥ is a set of concept, role, and individual
names, uniformly referred to as (non-logical) symbols. We
follow common practice and do not regard the universal role
u as a non-logical symbol as its interpretation is fixed. We
use sig(X) to denote the set of symbols used in any syntactic
object X such as a concept or an ontology. If £ is a DL and
¥ asignature, then an £(X)-concept C'is an L-concept with
sig(C) C 3. The size || X]|| of a syntactic object X is the
number of symbols needed to write it down.

The semantics of DLs is given in terms of interpreta-
tions T = (AZ,.T), where AT is a non-empty set (the
domain) and - is the interpretation function, assigning to
each A € Nc aset AZ C AZ, to each r € Ng a relation
rZ C AT x AZ, and to each @ € N, an element o € AZ.
The interpretation CZ C AT of a concept C' in Z is defined
as usual, see (Baader et al. 2017). An interpretation Z satis-
fiesaCICC Dif CT C DY andanRIryo0---or, Crif
rfo...orl CrZ. We say that Z is a model of an ontology
O if it satisfies all inclusions in it. If «v is a CI or RI, we write
O = «if all models of O satisfy a. We write O = C = D
ifOECCDandOEDLCC.

An ontology is in normal form if its Cls are of the form

TEA, AlﬂAQEB, AE{CL}, {G}EA,

and
AC3dr.B, drBC A

where A, A1, Ao, B are concept names, r is a role or the
universal role, and a is an individual name. It is well known
that for any ££Z0,,-ontology O with or without RIs one
can construct in polynomial time a conservative extension
O’ using the same constructors as O that is in normal form.

L(X)-concepts can be characterized using L(3)-
simulations which we define next. Let Z and J be
interpretations. A relation S C A% x AY is called an
ELO(X)-simulation between Z and J if the following
conditions hold:

1. if d € AT and (d,e) € S, thene € A7, forall A €
Nc N3

2. ifd=a’ and (d,e) € S, thene = a7, foralla € N\NY;

3. if (d,d’) € r* and (d,e) € S, then there exists ¢’ with
(e,e’) € r7 and (d',¢') € S, forallr € Ng N X.

S is called an £LO,,(X)-simulation if AT is the domain of
S and an ELTO(X)-simulation if Condition 3 also holds for
inverse roles from . Condition 2 is dropped if £ does not
use nominals. We write (Z,d) <. s (7, e) if there exists an
L(X)-simulation S between Z and J with (d,e) € S. We
write (Z,d) <% (J,e) if d € C* implies e € C7 for
all L(X)-concepts C. The following characterization is well
known (Lutz and Wolter 2010; Lutz, Piro, and Wolter 2011).

Lemma 1. Let £L € {EL,EL,,ELO,ELO,,,ELT,ELT,}.
Then (Z,d) =, (J,e) implies (Z,d) < (J,e). The
converse direction holds if J is finite.

4 Craig Interpolation Property and
Projective Beth Definability Property

We introduce the Craig interpolation property (CIP) as de-
fined in (ten Cate, Franconi, and Seylan 2013) and the pro-
jective Beth definability property (PBDP) and prove Theo-
rem 1 from the introduction to this article. We observe that
the CIP implies the PBDP, but lack a proof of the converse
direction. Nevertheless, all DLs considered in this paper en-
joying the PBDP also enjoy the CIP.

Set sig(O, C') = sig(O)Usig(C), for any ontology O and
concept C'. Let O1, O3 be L-ontologies and let C7, C5 be L-
concepts. Then an L-concept D is called an L-interpolant'
for Cy C Cs under O4, Oy if

* sig(D) C sig(O1,Cy) Nsig(O2, Cs);
® 01 @] OQ ): Cl C D;
° 01 U 02 ): D C 02.

Definition 1. A DL L has the Craig interpolation property
(CIP) if for any L-ontologies O1, Oz and L-concepts Cy, Cy
such that O, UQOy |= Cy T Cy there exists an L-interpolant
for Cy C Cs under O1, Os.

'Important variations of this definition are to drop Oz in Point 2
and O; in Point 3, respectively, or to consider only one ontology
O = 01 = O> and regard the signature X of the interpolant as an
input given independently from O, C'1, Co. This has an effect on
the CIP, but our results on interpolant computation and existence
are not affected.



We next define the relevant definability notions. Let O be
an ontology and A a concept name. Let ¥ C sig(O) be a
signature. An £(X)-concept C is an explicit L(X)-definition
of Aunder O if O = A = C. We call A explicitly definable
in L(X) under O if there is an explicit £(X)-definition of A
under O. The ¥-reduct 7|5, of an interpretation Z coincides
with Z except that no symbol that is not in X is interpreted
in Z5;. A concept A is called implicitly definable using 3.
under O if the X-reduct of any model Z of O determines
the set AZ: in other words, if Z and 7 are both models of
O such that Zjy; = Jx, then AT = A7. It is easy to see
that implicit definability can be reformulated as a standard
reasoning problem as follows: a concept name A ¢ X is
implicitly definable using ¥ under O iff OUOy = A = A/,
where Oy is obtained from O by replacing every symbol X
not in X (including A) uniformly by a fresh symbol X".

Definition 2. A DL L has the projective Beth definable prop-
erty (PBDP) if for any L-ontology O, concept name A, and
signature . C sig(O) the following holds: if A is implic-
itly definable using %> under O, then A is explicitly L(X)-
definable under O.

Remark 1. The CIP implies the PBDP. To see this, assume
that an L-ontology O, concept name A and a signature X
are given, and that A is implicitly definable from ¥ under
O. Then OU Ox E A = A’, with Oy, defined above. Take
an L-interpolant C for A C A’ under O, Ox. Then C is an
explicit £(3)-definition of A under O.

Remark 2. The PBDP implies that implicitly definable
nominals are explicitly definable and that, more generally,
every implicitly definable concept C is explicitly definable.
This can be shown by adding A = C to the ontology for a
fresh concept name A and asking for an explicit definition
of A in the extended ontology.

Remark 3. The CIP and PBDP are invariant under adding
L (interpreted as the empty set) to the languages introduced
above. The straightforward proof is given in the appendix of
the full version.

We next prove that the majority of tractable extensions of
EL does not enjoy the CIP nor PBDP.

Theorem 1. The following DLs do not enjoy the CIP nor
PBDP:

1. EL with the universal role,

2. EL with nominals,

3. EL with a single role inclusionr o s C s,

4. EL with role hierarchies and a transitive role,

5. EL with inverse roles.

In Points 2 to 5, the CIP/PBDP also fails if the universal role
can occur in interpolants/explicit definitions.

Proof. We first show that ££,, does not enjoy the PBDP.
Point 1 then follows using Remark 1. We define an ££,,-
ontology O,,, signature ¥, and concept name A such that A
is implicitly definable using ¥ under O,, but not £L£,,(X)-
explicitly definable under O,,. Define O, as the following
set of Cls:

ACB, DNnau.ACE, BCIrC

CCD, BnNar(CNeg)CA,
and let ¥ = {B,D,E,r}. We have O, E A = BT
Vr.(D — E),*> so A is implicitly definable using 3 under
O, The interpretations Z and Z’ given in Figure 1 show that
A is not explicitly £L£,,(X)-definable under O,,. Indeed,

A, B B
a

a/
/ VRN
b b/ b//
C.,D,E D.E C,D

Figure 1: Interpretations Z (left) and Z' (right) used for O,.

and Z' are both models of O,,, a € AL, a’ ¢ AT, and the
relation {(a, a’), (b,0')} is a £L£,(X)-simulation between Z
and Z’. As EL,(X)-concepts are preserved under £L£,(X)-
simulations (Lemma 1), if O,, = A = F for some ££,,(X)-
concept F', then from a € AL we obtain @ € FZ. This
implies ' € FZ', andso a’ € AT . Asa’ ¢ AT, we obtain
a contradiction.

We next prove Point 2. An example from (Artale et al.
2021b) shows that £L£O does not enjoy the CIP/PBDP. Here
we show that £L£0 does not enjoy the CIP/PBDP, even if in-
terpolants/explicit defintions are from ££0O,,. Let O,, con-
tain the following Cls:

ACIr(En{c}), TEIs.(Q2M3s{c})

I5.(@Q1MQ2MN3s{c}) E A, Fs.EC Qs
and let ¥ = {c¢,s,Q1}. Observe that A is implicitly de-
finable using ¥ under O,, as O,, = A = Vs.(3s.{c} —
Q@1). The relation {(a,a’), (b,V'), (c,c')} is an ELO,(2)-
simulation between the interpretations Z and Z’ defined in
Figure 2. Now we can apply the same argument as in Point 1
to show that A is not explicitly ££0,,(X)-definable under
Oh.

A Q2
a

YA w7

b S ¢ E,A/{c} s {c}

A7Q27 Ql Ql

Figure 2: Interpretations Z (left) and Z' (right) used for O,,.

For Point 3, let O,. contain
AC3rE, ELC3ds.B, ds.BC A,
and let ¥ = {s, E'}. Then A is implicitly definable using ¥
under O, since
Or = Va(A(z) < y(E(y) AVz(s(y, 2) = s(z,2))).
We show that there does not exist any £L,,(X)-explicit def-
inition of A under O,. The interpretations Z and 7’ given

rosC s,

Here and in what follows we use standard ALC syntax and
semantics and set C' — D := —C U D (Baader et al. 2017).



a/

A
a
l r
S s
\ E,A j E, A
b
B

— C /¢ /
S Q b S C

T r
S
E, A

b// ¢ C”
S
B )

r

Figure 3: Interpretations Z (left) and Z’ (right) used for O,..

in Figure 3 are both models of O,, a € AT, a’ ¢ AT, and
the relation {(a, a’), (b,1'), (¢, ¢') } is an EL,,(X)-simulation
between Z and Z’. One can now show in the same way as in
Point 1 that no ££,,(3)-definition of A under O, exists.

Point 4 is shown in the appendix of the full version using
a modification of the ontology used for Point 3.

To prove Point 5, obtain an £LZ-ontology O; from O,,
defined above by replacing the second CI of O, by D M
Ir=.A C E. Let, as before, ¥ = {B,D, E,r}. Then A
is implicitly definable from ¥ under O; (the same explicit
definition works), but A is not explicitly ££Z,,(X)-definable
under O; (the same interpretations Z and Z' work). O

We next discuss a general positive result on interpolation
and explicit definition existence that shows that Theorem 1 is
essentially optimal. A set R of Rls is safe for a signature ¥ if
foreachRIrjo---or, CreR,n>1,if {ry,...,ry,r}N
¥ # (@ then {ry,...,rp, 7} C .

Theorem 4. Let O1, Oy be £ L-ontologies with Rls, Cy, Co
be EL-concepts, and set ¥ = sig(O1,C1) N sig(Oz,Cy).
Assume that the set of Rls in O1 U Os is safe for ¥ and
01 U0, = Cy E Cy. Then an € L-interpolant for C1 T Cy
under O1, Oy exists.

The proof technique is based on simulations and similar
to (Konev et al. 2010; Lutz, Seylan, and Wolter 2019). The-
orem 4 has a few interesting consequences. For instance,
& L with transitive roles enjoys both the CIP and PBDP since
transitivity is expressed by the role inclusion ror C r which
is safe for any signature (as it only uses a single role name).

5 Interpolant and Explicit Definition
Existence

We introduce interpolant and explicit definition existence as
decision problems and establish a polynomial time reduction
of the latter to the former. We then show that it suffices to
consider ontologies in normal form and that the addition of
1 does not affect the complexity of the decision problems.

Definition 3. Let £ be a DL. Then L-interpolant existence
is the problem to decide for any L-ontologies O1, 02 and

L-concepts C1, Cy whether there exists an L-interpolant for
Cl E CQ under 01, 02.

Observe that interpolant existence reduces to checking
01 U O, = Cy E Cs for logics with the CIP but that this is
not the case for logics without the CIP.

Definition 4. Letr £ be a DL. Then L-explicit definition exis-
tence is the problem to decide for any L-ontology O, signa-
ture X5, and concept name A whether A is explicitly definable
in L(X) under O.

Remark 4. There is a polynomial time reduction of
L-explicit definition existence to L-interpolant existence.
Moreover, any algorithm computing L-interpolants also
computes L-explicit definitions and any bound on the size
of L-interpolants provides a bound on the size of L-explicit
definitions. The proof is similar to the proof of Remark 1.

We next observe that replacing the original ontologies by
a conservative extension preserves interpolants and explicit
definitions. Thus, it suffices to consider ontologies in normal
form and interpolants for inclusions between concept names.

Lemma 2. Let O, Oy be ontologies and C1, Cy concepts in
any DL L considered in this paper. Then one can compute
in polynomial time L-ontologies O}, O} in normal form and
with fresh concept names A, B such that an L-concept C' is
an interpolant for C1 T Cs under Oy, Os iff it is an inter-
polant for A C B under O}, O,

Proof. Let O] and O} be normal form conservative exten-
sions of O U {A = C} and, respectively, O2 U {B = D},
computed in polynomial time. One can show that O] and
O}, are as required. O

Remark 5. Assume that £ is any of the DLs introduced
above and let £, denote its extension with L. Then
L-interpolant existence and L-explicit definition existence
can be reduced in polynomial time to L -interpolant ex-
istence and L -explicit definition existence, respectively.
The converse direction also holds modulo an oracle decid-
ing whether O EC C L.

6 Interpolant and Explicit Definition
Existence in Tractable ££ Extensions
The aim of this section is to analyse interpolants and explicit
definitions for extensions of ££ with any combination of
nominals, role inclusions, or the universal role. We show
the following result from the introduction.

Theorem 2. For EL and any extension with any combi-
nation of nominals, role inclusions, the universal role, or
L, the existence of interpolants and explicit definitions is in
PTIME. If an interpolant/explicit definition exists, then there
exists one of at most exponential size that can be computed
in exponential time. This bound is optimal.

Before we start with a sketch of the proof we give in-
structive examples showing that the exponential bound on
the size of explicit definitions is optimal.

Example 1. Variants of the following example have already
been used for various succinctness arguments in DL. Let

Ob = {AEMI‘IHrl.Bll_IEITQ.Bl}U
{Bz C 3T1.Bi+1 M ElTQ.B»L‘J'_l | 1<1< Tl} U
(B,C B,3.BN3BC B,BANMLC A}



and X9 = {ry,72, Bn, M}. A triggers a marker M and a
binary tree of depth n whose leafs are decorated with B,,.
Conversely, if B,, is true at all leafs of a binary tree of depth
n, then B is true at all nodes of the tree and B together
with M entail A at its root. Let, inductively, Cy := B,
and Cijy1 = Ir.C; M 3IAre.Cy, for 0 < ¢ < n, and C' =
M M C,,. Then C is the smallest explicit £L(3)-definition
of A under O. Next let

Op = {rior;Criz1|0<i<n}U
{AC 3r.B,BC 3r0.B,3r,.BC A}

and ¥y = {ro, B}. Then 3r2".B is the smallest explicit
EL(X1)-definition of A under O,,.

Observe that using O, one enforces explicit definitions of
exponential size by generating a binary tree of linear depth
whereas using O, this is achieved by generating a path of
exponential length. The latter can only happen if role inclu-
sions are used in the ontology. One insight provided by the
exponential upper bound on the size of explicit definitions
in Theorem 2 is that the two examples cannot be combined
to enforce a binary tree of exponential depth.

To continue with the proof we introduce ABoxes as a
technical tool that allows us to move from interpretations
to (potentially incomplete) sets of facts and concepts. An
ABox A is a (possibly infinite) set of assertions of the form
A(z), r(x,y), {a}(z), and T(x) with A € N¢, r € Ng,
a € Ny, and z,y individual variables (we call individuals
used in ABoxes variables to distinguish them from individ-
ual names used in nominals). We denote by ind(.A) the set of
individual variables in A. A X-ABox is an ABox using sym-
bols from ¥ only. Models of ABoxes are defined as usual.
We do not make the unique name assumption.

Every interpretation Z defines an ABox Az by identify-
ing every d € AT with a variable x4 and taking A(z4)
ifd € AL, r(z.,24) if (c,d) € 7%, {a}(zy) if a = d.
Conversely, ABoxes A define interpretations in the obvious
way (by identifying variables z,y if {a}(z),{a}(y) € A).
We associate with every ABox A a directed graph G4 =
(ind(A), U, eng {(2; y) | 7(2,y) € A}). Let I' be a set of
individual names. Then A is ditree-shaped modulo T if af-
ter dropping some facts of the form r(x, y) with {a}(y) € A
for some a € T, it is ditree-shaped in the sense that G 4 is
acyclic and r(z,y) € A and s(z,y) € A imply r = s.
A pointed ABox is a pair A,z with € ind(A). Then
ELO,,(X)-concepts correspond to pointed Y-ABoxes A, x
such that A is ditree-shaped modulo Ny N X and ELO(X)-
concepts correspond to rooted pointed Y.-ABoxes A, x such
that A is ditree-shaped modulo Ny N 3, where A, z is called
rooted if for every y € ind(.A) there is a path from z to y in
G 4. We write O, A |= O(x) if 27 € CF for every model Z
of O and A.

Given an £LRO,,-ontology O in normal form and a con-
cept name A, one can construct in polynomial time the
canonical model oy, 4 of O and A using the approach intro-
duced in (Baader, Brandt, and Lutz 2005). More generally,
the canonical model Zp 4 for an ABox .4 and ontology O
can be constructed in polynomial time and is a model of both
O and A such that for any ££0O,,-concept C using symbols
from O only and any z € ind(A),

(1) O, A= Cl(x)iffx € CTo.4,

details are given in the appendix of the full version. We let
To,a = To 4 with A = {A(p4)}. Note that in (Baader,
Brandt and Lutz 2005) the condition () is only stated for
subconcepts C' of the ontology O, thus (}) requires a proof.

Example 2. The interpretations Z defined in the proof of
Theorem 1 define canonical models Zp 4 with p4 = a for
the ontologies O € {O,, Oy, O,., O;}. The interpretations
7' define canonical models Z, A3y with A% the S-reduct of
Zo, 4 regarded as an ABox and p4 = a/.

The directed unfolding of a pointed ¥-ABox A, x into a
pointed 3-ABox A%, x that is ditree-shaped modulo ¥ N N,
is defined in the standard way. In the rooted directed unfold-
ing, nodes that cannot be reached from x via role names are
dropped.

Assume now that O is in normal form and A a concept
name. Let Aa 4 be the Y-reduct of the canonical model

Zo,a, regarded as an ABox. Denote by Agﬁ, pa the di-

rected unfolding of Aa A:PA, DY ./41(’92 4> pA the sub-ABox

of A 4 rooted in p 4, and by Ag;j‘, pa its rooted directed

unfolding. Theorem 2 is a direct consequence of the follow-
ing characterization of interpolants.

Theorem 5. There exists a polynomial p such that the fol-
lowing conditions are equivalent for all ELRO,,-ontologies
01,05 in normal form, concept names A, B, and ¥ =
s5ig(O1, A) N sig(Os, B):

1. An ELO-interpolant for A © B under O1, O exists;

2. 01U, A5, 0,4 = Blpa);

3. there exists a finite subset A of AO Lo, A With

lind(A)| < 2°UIOVOAD) sych that the £LO,-concept
corresponding to A, p 4 is an ELO,-interpolant for A C
B under Oy, Os.
The same equivalences hold if in Points 1 to 3, ELO,, is
! s,
replaced by ELO, A%lUGQ,A by AéluO%A’ and Ay o, a
by A5
Y A0,00,,4°
In Point 3, A can be computed in exponential time, if it
exists.

Note that the polynomial time decidability of interpolant
existence follows from Point 2 of Theorem 5 (and the
tractability of ELRO,, (Baader, Brandt, and Lutz 2005)).
Example 3. Our proof of Theorem 2 can be regarded as
an application of Theorem 5: by Example 2, the interpre-
tations Z and Z’ coincide with the canonical models Zp 4

, To 42 . .
and IO»A%,A andsopy =d € A 0,4 is equivalent to
O, A% 4 = A(pa) (Point 2 in Theorem 5).

The following example illustrates the difference between
the existence of explicit definitions in £L£0O and £L0,, and
thus the need for moving to the ABoxes AO 4> and Aw ,if
one does not admit the universal role in exphclt deﬁmtlons
Example 4. Let O = {A C {b},A C 3r.B,B C 3s. 4}

and let ¥ = {b,B}. Then A is explicitly £L£LO,(X)-
definable under O since O = A = {b} M Ju.B but A



is not explicitly £LO(X)-definable. Note that in this case
AS a4 = {{b}pa). B(y)} but A"y = {{b}(pa)}.

We next sketch the proof idea for Theorem 5 for the case
with universal role in interpolants. We show “l1. = 2.,
observe that “3. = 1.7 is trivial, and then sketch the proof
of “2. = 3.” and the exponential time algorithm computing
interpolants, details are provided in the appendix of the full
version. For “1. = 2. assume that C is an £L£O,(X)-
concept with (i) O U Oo g: A C Cand (ii)) O UOs E
C C B. By (1) and (i), A5, ,0,.4 &= C(pa). But then by
(ii) 01 U O3, AD Lo, .4 = B(pa), as required.

If one does not impose a bound on the size of A in Point 3,
then one can prove “2. = 3. using compactness and a
generalization of unraveling tolerance according to which
O1 U 0, Ap, Lo, 4 and O1 U 027Ag;uU02’A entail the
same C(p4) (Lutz and Wolter 2017; Hernich et al. 2020).
As we are interested in an exponential bound on the size
of A (and a deterministic exponential time algorithm com-
puting it) we require a more syntactic approach. Our proof
of “2. = 3 1is based on derivation trees which repre-
sent a derivation of a fact C'(a) from an ontology O and
ABox A using a labeled tree. Our derivation trees general-
ize those introduced in (Bienvenu, Lutz, and Wolter 2013;
Baader et al. 2016) to languages with nominals and role in-
clusions. Reflecting the use of individual names and con-
cept names in the construction of the domain of the canon-
ical model (Baader, Brandt, and Lutz 2005), we assume
a € A :=ind(A) U ((Nc UN)) Nsig(O)) and C € © :=
{T}U(Nc nsig(O)) U{{a} | a € NyNsig(O)}. Then a
derivation tree (T, V) for (a,C) € A x O is atree T with a
labeling function V : T — A x © such that V' (¢) = (a,C)
and (V, T') satisfies rules stating under which conditions the
label of n is derived in one step from the labels of the suc-
cessors of n. To illustrate, the existence of successors nq, no
of n with V(n1) = (a,C1) and V(ng) = (a,Cs) justifies
V(n) = (a,C)if O = C; M Cy C C. The rules are given
in the appendix of the full version, we only discuss the rule
used to capture derivations using RIs: V(n) = (a1,C) is
justified if there are role names 73, ..., 792, 7 such that
(agk, C") is a label of a successor of n, O = Ir.C' C C,
O [ rgo---0rg_s C 7, and the situation depicted
in Figure 4 holds, where the “dotted lines” stand for ‘ei-
ther a; = a;41 or some (a;, {c}), (a;y1,{c}) with c € N,
are labels of successors of n’, and 7; stands for ‘either
r(ai,a;41) € A or some (a;,C;) is a label of a succes-
sor of n and O = C; C 3r;{a;41} if a;41 € N; and
O E C; C 3ry.ai4 if a;41 € N¢'. Moreover, for all
a; # a1, 1 < i < 2k, there exists a successor of n with label
(a;, D) for some D. The soundness of this rule should be
clear, completeness can be shown similarly to the analysis
of canonical models.

The length of the sequence ai,...,as; can be expo-
nential (for instance, in Example 1 for the fact (p, A) in

(’)p,/%; 4)- One can show, however, that its length can
be bounded without affecting completeness by 2¢(1Cl+[IAID

with ¢ a polynomial. The following lemma summarizes the
main properties of derivation trees.

A2k—2 —— G2k—1
0 T2 1 0 T6 1 T2k —2 0

Figure 4: Rule for Role Inclusions.

Lemma 3. Let O be an ELRQO,,-ontology in normal form
and A a finite sig(O)-ABox. Then

1. O, A E A(z) if and only if there is a derivation tree
for A(x) in O, A. Moreover, if a derivation tree exists,
then there exists one of depth and outdegree bounded by
(Al + 11O|]) x ||O]| which can be constructed in expo-
nential time in ||O|| + ||.A]|.

2. If (T, V) is a derivation tree for A(x) in O, A of at most
exponential size, then one can construct in exponential
time (in ||A|| + ||O||) a derivation tree (T", V') for A(x)
in O, A" with A" the directed unfolding of A modulo
Y = sig(A) NNy and T’ of the same depth as T and such
that the outdegree of T' does not exceed max {3, 3n} with
n the length of the longest chain a; - - - a,, used in the rule
for Rls in the derivation tree (T, V).

Proof. We sketch the idea. For Point 1, the bound on the
depth of derivation trees can be proved by observing that
one can assume (using a standard pumping argument) that
the labels of distinct nodes on a single path are distinct and
the bound on the outdegree can be proved by observing that
one can trivially assume that all successor nodes of a node
have distinct labels. For the construction of derivation trees,
let F,, denote the set of facts in A x © for which there is a
derivation tree of depth at most n. Then one can construct
in exponential time derivation trees for all facts in any F),,
n < (||A||+]|O]]) x ||O|| by starting with derivation trees of
depth 0 for members of Fj, and then constructing derivation
trees of depth ¢ + 1 for members of Fj ; using the trees for
members of Fy, ..., F;. For Point 2, the transformation of
(T, V) into (T",V"’) is by induction over rule application,
the only interesting step being the rule for RIs. Using the
ontology O,, of Example 1 one can see that the exponential
blow-up of the outdegree is unavoidable. O

We are now in the position to complete the sketch of
the proof of “2. = 3 Assume that Point 2 holds. Then
O, u OQ,A%NOLA = B(pa). By Point 1 of Lemma 3
we can construct a derivation tree (T',V') for (pa, B) in
O, u (’)2., Agluog, 4 of pglynomial depth and outdegree in
exponential time. By Point 2 of Lemma 3 we can trans-
form (T, V) into a derivation tree (7”,V’) for (pa, B) in
01 U O, AE’IUUOL 4 in exponential time. Now let A be the

restriction of A5, 4 to all z € ind(AZp, 4) Which
occur in a label of V. Then (T, V") is also a derivation tree
for (/)A7 B) in 01 U0y, Aand so O U 05, A ‘: B(pA>. It
follows that the £L£0,,(X)-concept corresponding to A is an
interpolant for A C B under O; U O,. Its size is at most ex-
ponential in ||O; UQs|| since (T”, V') is at most exponential
in [|O1 U O] + [|AB, Uo,.all- and so also in ||Oy U Oq|.



7 Interpolant and Explicit Definition
Existence in ££7 and Extensions

We analyze interpolants and explicit definitions for ££7 and
its extensions with nominals and universal roles, and show
the following result from the introduction.

Theorem 3. For £LT and any extension with any combina-
tion of nominals, the universal role, or 1, the existence of
interpolants and explicit definitions is EXPTIME-complete.
If an interpolant/explicit definition exists, then there exists
one of at most double exponential size that can be computed
in double exponential time. This bound is optimal.

The double exponential lower bound on the size of ex-
plicit definitions and interpolants is shown in the appendix
of the full version. The proof is inspired by similar lower
bounds for the size of FO-rewritings and uniform inter-
polants (Lutz and Wolter 2010; Nikitina and Rudolph 2014).
To prove the remaining claims of Theorem 3, we lift Theo-
rem 5 to ELZ. The main differences are that (1) we now
associate undirected graphs with ABoxes and also unfold
along inverse roles; (2) that canonical models become po-
tentially infinite but tree-shaped; (3) that therefore deciding
the new variant of Point 2 of Theorem 5 is not an instance
of standard entailment checking in ££Z, instead we give a
reduction to emptiness checking for tree automata; and (4)
that to bound the size of A in Point 3, we employ transfer
sequences (and not derivation trees) to represent how facts
are derived.

In more detail, associate with every ABox A the undi-
rected graph G% = (ind(A), U, oy, ({2,9} | (a,y) €
A}). We say that A is tree-shaped if G is acyclic,
r(xz,y) € Aand s(z,y) € Aimply r = s, and r(x,y) € A
implies s(y,z) & A for any s. A is tree-shaped modulo a
set I" of individual names if after dropping some facts r(z, y)
with {a}(x) or {a}(y) € Afor some a € T itis tree-shaped.
We observe that ELZ0O,, (X)-concepts correspond to pointed
3-ABoxes A, x such that A is tree-shaped modulo Ny N X.
ELTO(X)-concepts correspond to weakly rooted pointed X-
ABoxes A,z such that A is tree-shaped modulo N; N X,
where A, z is called weakly rooted if for every y € ind(A)
there is a path from x to y in G'.

For every £LZ0O,,-ontology O and concept A there ex-
ists a (potentially infinite) pointed canonical model Zp 4, pa
such that the ABox Ap 4 corresponding to Zp 4 is tree-
shaped modulo Ny N sig(O). The property (}) used in the
context of canonical models for tractable extensions of £L£
holds here as well. We also require the undirected unfold-
ing of a pointed X-ABox A, x into a pointed X-ABox A*, z
which is tree-shaped modulo ¥ N N;. In the rooted undi-
rected unfolding, nodes that cannot be reached from z via
roles are dropped.

Assume now that O is in normal form and A a concept
name. Let A(%’ 4 be the X-reduct of the canonical model

1o, 4, regarded as an ABox. Denote by Ag’;, pa the undi-

rected unfolding of A% 4, pa, by Aé’“ﬁ, pa the sub-ABox

of A% 4 weakly rooted in p 4, and by Ag’ff’*, pA its rooted

undirected unfolding. Then we lift Theorem 5 as follows.

Theorem 6. There exists a polynomial p such that the fol-
lowing conditions are equivalent for all ELTO,,-ontologies
01, Oy in normal form, concept names A, B, and % =
Sig(Oh A) n Sig(OQa B)

1. An ELTO,-interpolant for A C B under Oy, O exists;
2. 01U 02, AB, Lo, 4 FE Blpa);

3. there exists a finite subset A of A%I*uog, A With

lind(A)| < 92719199210 ¢y that the £LTO,-concept
corresponding to A,pa is an ELTO,-interpolant for
A C B under O, 0.

The same equivalences hold if in Points 1 to 3, ELTO,, is re-
placed by ELTO, ‘AglLJOQ,A by A%DIZEOQ,A’ and Aé’l*wz’A
by A=
O1U05, A
In Point 3, A can be computed in double exponential time,
if it exists.

We first sketch how tree automata are used to show that
Point 2 entails an exponential time upper bound for decid-
ing the existence of an interpolant. To this end we represent
finite prefix-closed subsets A of AB,L0,.4 as trees and de-
sign
* a non-determistic tree automaton over finite trees (NTA),

20, that accepts exactly those trees that represent prefix-

closed finite subsets of A%lUGQ A

e a two-way alternating tree automaton over finite trees
(2ATA), 2, that accepts exactly those trees that represent
a pointed ABox A, p with O; U O3, A |= B(p).

Similar tree automata techniques have been used e.g. in
(Jung et al. 2020). 2(; is constructed using the definition of
canonical models; its states are essentially types occuring in
the canonical model and it can be constructed in exponential
time. The 2ATA %5 tries to construct a derivation tree for
B(p) in O1 UO,, A, given as input a tree representing A, p.
It has polynomially many states, and can thus be turned into
an equivalent NTA with exponentially many states (Vardi
1998). By taking the intersection with 2(;, one can then
check in exponential time whether L(2;) N L(™Az) # 0, that
is, whether O1 U Oy, A% Lo, 4 = B(pa).

We return to the proof of Theorem 6. The interesting im-
plication is “2. = 3.” and the double exponential computa-
tion of interpolants. In this case we use transfer sequences

3k

to obtain a bound on the size of the subset A of AEIUO% A
needed to derive B(p ) (we note that for ££Z without nom-
inals one can also use the automata encoding above). Trans-
fer sequences describe how facts are derived in a tree-shaped
ABox and allow to determine when individuals a and b be-
have sufficiently similar so that the subtree rooted at a can
be replaced by the subtree rooted at b (Bienvenu, Lutz, and
Wolter 2013) without affecting a derivation. This technique
can be used to show that one can always choose a prefix
closed subset A of A%l*uoz, 4 of at most exponential depth.
This also implies that .4 can be obtained in double exponen-
tial time by constructing the canonical model up to depth
24(10:100:211) with ¢ a polynomial.



8 Expressive Horn Description Logics

We address two questions regarding expressive Horn-DLs.
(1) Can our results for ££7 and extensions be lifted to more
expressive Horn-DLs? (2) In the examples provided in the
proof of Theorem 1 we sometimes (for example, for £L£,,
and £LT) construct explicit Horn-DL definitions to show
implicit definability of concept names. Are Horn-DL con-
cepts always sufficient to obtain an explicit definition if an
implicit definition exists? We provide a positive answer to
(1) if one only admits ELZO,,-concepts (or fragments) as
interpolants/explicit definitions and a negative answer to (2)
in the sense that ££7 and various other Horn-DLs do not
enjoy the CIP/PBDP even if one admits Horn-DL concepts
as interpolants/explicit definitions.

We introduce expressive Horn DLs (Hustadt, Motik, and
Sattler 2005), presented here in the form proposed in (Lutz
and Wolter 2012). Horn-ALCZQO,,-concepts R and Horn-
ALCZO,,-CIs L C R are defined by the syntax rules

RR :=T|L|A|-A|{a}|~{a} | RNR |L—>R|
3r.R|Vr.R
LI :=T|L|A|LNL |LUL'|3rL

with A ranging over concept names, a over individual
names, and r over roles (including the universal role). As
usual, the fragment of Horn-ALCZQO, without nominals
and the universal role is denoted by Horn- ALCZ and Horn-
ALC denotes the fragment of Horn-ALCZ without inverse
roles.

Theorem 7. Let (L, L) be the pair (Horn-ALCZ,ELT) or
the pair (Horn-ALCZO,, ELTO,,). Then

* deciding the existence of an L'-interpolant for an L'-
CI C T D under L-ontologies 01,0y is EXPTIME-
complete;

* deciding the existence of an explicit L'(X)-definition of
a concept name A under an L-ontology O is EXPTIME-
complete.

Moreover, if an L-interpolant/explicit definition exists, then
there exists one of at most double exponential size that can
be computed in double exponential time.

Theorem 7 follows from Theorem 3 and the fact that for
any L-ontology one can construct in polynomial time an £’-
ontology in normal form that is a conservative extension
of L (see (Bienvenu et al. 2016) for a similar result). We
next show that despite the fact that Horn- ALCZ-concepts
sometimes provide explicit definitions if none exist in ELT
(proof of Theorem 1), they are not sufficient to prove the
CIP/PBDP.

Theorem 8. There exists an ontology O in Horn-ALC (and
in ELT), a signature X, and a concept name A such that A
is implicitly definable using ¥ under O but does not have an
explicit Horn-ALCZ,,(X)-definition.

Proof. We modify the ontology used in the proof of Point 1
of Theorem 1. Let ¥ = {B, D1, E, 7,71} and let O contain
BM3r.(CMNE)C A and the following CIs:

ACB, BCLVrF, BC &IC, CCFNOVr.Dy,

A, B B
a a’
r r
/ 7 /
bC’,E,F CF E, F b C, F ¢ F
TIJ 7“1/ \Tl 7‘{ T{ Tl/ \T1
d e f d/ d// e/ f/

Dy, M D M D1, M Di,M D M

Figure 5: Interpretations Z (left) and Z’ (right).

F E E'Tl.Dl M E'Tl.M,
ACVr.((FN3r. (DN M)) = E).

Intuitively, the final two CIs should be read as

F EE'?"l.Dl
AC VT.((FHVTl.Dl) — E)

and the concept name M is introduced to achieve this in a
projective way as the latter CI is not in Horn-ALCZ.
A is implicitly definable using 3 under O since

@) ': A=B HVT.(Vrl.Dl — E)

To show that A is not explicitly Horn-ALCZ,, (X)-definable
under O consider the interpretations Z and Z’ in Figure 5.
The claim follows from the facts that Z and Z’ are models of
O,aec AT d ¢ AT buta € FZ implies a’ € FT' holds
for every Horn-ALCZ,(X)-concept F'. The latter can be
proved by observing that there exists a Horn-ALCZ, (%)-
simulation between Z and Z' (Jung et al. 2019) containing
({a},a), we refer the reader to the appendix of the full ver-
sion. To obtain an example in £LZ, it suffices to take a
conservative extension of O in ELT. O

9 Discussion

For a few important extensions of EL£/ELZ the complex-
ity of interpolant and explicit definition existence remains
to be investigated. Examples include extensions of £L£7
with role inclusions, and extensions of £L£ or £L£Z with
functional roles or more general number restrictions. It
would also be of interest to investigate interpolant existence
if Horn-concepts are admitted as interpolants (using, for ex-
ample, the games introduced in (Jung et al. 2019)). Fi-
nally, the question arises whether there exists at all a decid-
able Horn language extending, say, Horn-ALCZ, with the
CIP/PBDP. We note that Horn-FO enjoys the CIP (Exercise
6.2.6 in (Chang and Keisler 1998)) but is undecidable and
that we show in the appendix of the full version that the
Horn fragment of the guarded fragment does not enjoy the
CIP/PBDP.
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A Further Prelimaries

We call an ontology O’ a conservative extension of an on-
tology O if O’ = a for all @ € O and every model Z of O
can be expanded to a model 7 of @’ by modifying the inter-
pretation of symbols in sig(Q’) \ sig(O). In other words, the
sig(O)-reducts of Z and J coincide. The following result is
folklore (Baader, Brandt, and Lutz 2005).

Lemma 4. Let L be any DL  from
EL,ELT,ELO,ELRO,ELTIO or an extension with
the universal role, and let O be an L-ontology. Then one
can construct in polynomial time an L-ontology O' in
normal form such that O’ is a conservative extension of O.

We next give a more detailed introduction to ABoxes
and how they relate to concepts. Recall that an ABox A
is a (possibly infinite) set of assertions of the form A(z),
r(z,y), {a}(z), and T(x) with A € N¢, r € Nr, a € N,
and x,y individual variables. An ABox is factorized if
{a}(x),{a}(y) € Aimply z =y.

ABox assertions are interpreted in an interpretation Z us-
ing a variable assignment v that maps individual variables
to elements of AZ. Then Z, v satisfies an assertion A(z) if
v(z) € AT, r(z,y) if (v(z), v(y)) € ¥, {a}(2) if o =
v(x), and T (x) is always satisfied. Z, v satisfies an ABox
if it satisfies all assertions in it. We write Z | Az +— d]
if there exists an assignment v with v(x) = d such that Z, v
satisfies A. We say that an assertion Ag(xo) is entailed by
an ontology O and ABox A, in symbols O, A = Ay(xo),
if v(z) € A% for all models Z of O and assignments v
such that Z,v satisfy A. This is the standard notion of
entailment from a knowledge base consisting of an ontol-
ogy and an ABox. Deciding entailment is in PTIME for
the DLs between ££ and £ E:IJF (Baader, Brandt, and Lutz
2005) and EXPTIME-complete for the DLs between £L£Z
and £L70,, (Baader et al. 2017).

Every interpretation Z defines a factorized ABox Az by
identifying every d € AZ with a variable 24 and taking
A(zgq) it d € AL, r(xe,zq) if (c,d) € 7%, {a}(zq) if
a’ = d. Conversely, factorized ABoxes define interpreta-
tions in the obvious way.

The following lemma provides a formal description of the
relationship between ABoxes that are ditree-shaped modulo
some set of individual names and £ LO-concepts.

Lemma 5. For any ELO,,(X)-concept C one can construct
in polynomial time a pointed Y:-ABox A, x such that A is
ditree-shaped modulo N\NY and d € CT iff T |= Az + d),
for all interpretations T and d € A”.

Conversely, for any pointed Y-ABox A, x such that A is
a ditree-shaped ABox modulo T', one can construct in poly-
nomial time an ELO,, (X)-concept C such thatT' = NyN X
and d € CT iff T = Aclz — d), for all interpretations T
and d € A7,

The above also holds if one replaces ELO,,(X)-concepts
by ELO(X)-concepts and requires the pointed ABoxes to be
rooted.

We define a canonical model T 4, for an ELRO,,-
ontology O in normal form and a concept name Ag. This
has been done in (Baader, Brandt, and Lutz 2005), but as



we do not use canonical models for subsumption or instance
checking we give a succinct model-theoretic construction.
Assume O and Ag are given and O is in normal form.
Define an equivalence relation ~ on the set of individual
names « in sig(Q) by setting a ~ bif O | Ju.Ag M {a} C
{b}. Let [a] = {b € sig(O) | a ~ b} and set Ay = {[a] |
a € sig(O)}. Say that a concept name A is absorbed by
an individual name « if O |= Ju.Ag M A C {a} and let Ax
denote the set of concept names A in O such that O = Ay C
Ju.A and A is not absorbed by any individual name.
Now let ATe.40 = A; U Ac and let

{[a] € ATO40 | O |= Fu.Ag M {a} C A} U
{B e ATe40 | O = Ju.AgyN B C A}
afo4o = [q
{(lal, ) € AT x ATt |

O E3JuAdon{a} CIr{d}} U
{([al, B) € A%ot0 x ATox |

Ok Ju.AgN{a} EIr.B}U
{(B.[a) € A%t x ATo |

OFEFuAdnBLCIr{a}}U
{(A, B) € ATo40 x ATo40 |

O ': HU.AO nmA E HTB}

AZo. a0

TIO,AO

for every concept name A € Nc¢, a € sig(O) N N;, and
r € Nr. We often denote the nodes [a] and A by p(4 or, for
simplicity, p, and, respectively, p4. If Ay is absorbed by an
individual a we still often denote p(q) by pa,.

Lemma 6. The canonical model Lo 4, is a model of O and

for every model J of © and any d € A7 withd € A,
(Zo, Ay, Pa,) 2eco, s (T, d), where ¥ is any signature.

Proof. We first show that Zp 4, is a model of O. It is
straightforward to show that Zp 4, satisfies the Cls of the
fom T C A, A MNA T A AC {a},{a} C A.

Assume now that A C 3Ir.B € O and po € ATo 4o
with C of the form a or A. We have O = Ju.Ay C Ju.C,
O = JuinCLC A Thus O E Ju.A4,NC C Ir.B.
But then (pc, pg) € 77040 and pp € BTo40, Thus pc €
(3r, B)To:40, as required.

Assume now that Ir.A C B € O and p¢ € (Ir.A)T00.
Then there exists pp such that (pc, pp) € 77040 and pp €
ATo.40, Hence O = Ju.AgMC C Ir.D and O = Ju.Ag M
D C A Thus, O E Ju.Ap N C C Ir.A. Hence since
IrAC Be 0,0 E Ju.AyNC C B. But then pc €
BTo.40  as required.

Finally, assume that 70 --or,, C 7 € O and (pc, pp) €

To,a, Zo, 4
T o---ory % Then there are pc,, ...

(pcispcis,) € rizfl’Ao for all i < n, where Cy = C and
Cn = D. We obtain O ': HU.AO M 01 E 37"1‘4_1.01‘4_1 for
all i < n. Thus O = Ju.AgMNC C Iry ---3r,.D. Hence
O | Ju.Ay N C C 3Ir.D. Hence (pc,pp) € 1040, as
required.

Let J be a model of O with AOJ # (. Define a relation

between AZ0.40 and A7 as follows: for any po € AZo.40

, pc,, With

and d € A7, let (pc,d) € Sifd € C7. One can now show
that this is well-defined and that for any p¢ there exists a
d € A7 with (pc,d) € S. Itis straightforward to show that
Sisa L0, (X)-simulation, as required. O

The following observation is a consequence of Lemma 1
and Lemma 6.

Lemma 7. Let O be an ELRQO,,-ontology in normal form,
Ag a concept name, and C an ELO,-concept. Then the
following conditions are equivalent:

1. pa, € CTo.a0;
2.0k Ay CC.

Next assume that O and an ABox A are given. Assume
O is in normal form. Then one can construct in polynomial
time a canonical model Zp 4 of O that satisfies A via an
assignment vp, 4. The details are straightforward, and we
only give the main properties of Zp 4.

Lemma 8. Given an ELRQO,-ontology O in normal form
and an ABox A one can construct in polynomial time a
model o, 4 of O and an assignment vo_a such that for all
x € ind(A) and all ELO,,-concepts C the following condi-
tions are equivalent:

1. vo,u(x) € CToA;
2. 0, Ak O(x).
The following lemma provides a formal description of the

relationship between ABoxes that are tree-shaped modulo
some set of individual names and £ LZO-concepts.

Lemma 9. For any ELZ0,,(X)-concept C one can con-
struct in polynomial time a pointed ¥-ABox A, x such that A
is tree-shaped modulo N\NX and d € CT iff T = Alx — d),
for all interpretations T and d € A”.

Conversely, for any pointed 3-ABox A, x such that A is
a tree-shaped ABox modulo T, one can construct in polyno-
mial time an ELTO,(X)-concept C such thatT' = Ny N X
andd € CT iff T = Aclz — d), for all interpretations T
and d € A”.

The above also holds if one replaces ELTO,(X)-
concepts by ELTO(X)-concepts and requires the pointed
ABoxes to be weakly rooted.

B Proof for Section 4
We start by proving Remark 3.

Proof of Remark 3. We have to show that the CIP and
PBDP are invariant under adding | (interpreted as the empty
set) to the languages introduced in this paper. Assume that £
is any such language and let £, denote its extension with L.
We claim that £ enjoys the CIP/PBDP iff £, does. We show
this for the CIP, the proof for the PBDP is similar. Assume
first that C C D and Oq, O, are a counterexample to the
CIP of L. Then they are also a counterexample to the CIP
of L. Conversely, assume that C' T D and O, 05 are a
counterexample to the CIP of £ . We may assume that no
Clin O1 U O3 uses L in the concept on its left hand side (if
it does, the CI is redundant). Let B be a fresh concept name
and replace | by B in O; and O,. Also add to O; the CIs

.BCB, BL AN3dr.B



for all role names r in sig(O;) and A € sig(O;). We also
let r range over inverse roles in sig(Q;) if £ admits inverse
roles, the universal role if £ admits the universal role, and
A over nominals in sig(O;) if £ admits nominals. Let O}
denote the resulting ontology. Then it is easy to see that
C C D and O}, O}, are a counterexample to the CIP of L.

We continue with a few comments and missing proofs for
Theorem 1.

Theorem 1. The following DLs do not enjoy the CIP nor
PBDP:

EL with the universal role,
E L with nominals,
EL with a single role inclusion r o s C s,

E L with role hierarchies and a transitive role,

LR W N~

. EL with inverse roles.

In Points 2 to 5, the CIP/PBDP also fails if the universal role
can occur in interpolants/explicit definitions.

Proof. We first supply a proof for Point 4. Let O, contain
AC3ds.E, ELCds;.B, ds5.BC A,

s1Es, sLsg, sosLCs,
and let ¥ = {s1, 82, E}. Then A is implicitly definable
using ¥ under O, since
O,s EVz(A(x) < Jy(E(y) AVz(s1(y, 2) = sa(z, 2))).

In the same way as above, the interpretations Z and Z’ given
in Figure 6 show that A has no ££,(X)-definition under
Ors.

A
I a
S,S
8782l » 92
E, A
b c
B SLS S\
S, 52
I/. a/
52
52
E, A
b/ — C/ > 89
51,8, 82
S,89
S, 82
E, A

S, 82

Figure 6: Interpretations Z and Z’ used for O, .

We next observe that Point 5 can easily be strength-
ened. The concept name A does not only have no ex-
plicit ££Z,,(X)-definition, but no such definition exists in

A B B

a a
VRN VAN
b c B ¢ 1"
C,D,E D,E C,D

Figure 7: Interpretations Z (left) and Z’ (right) for O;.

the positive fragment of ALCZ,. To see this, consider
the interpretations given in Figure 7. Observe that the
interpretations Z,Z’ show that A is not definable under
O; using any concept constructed from X using M, U, 3,V
since for any such concept F we have for (z,2') €
{(a,ad), (b,V),(c,c), (c,c”)} that x € FZ implies 2’/ €
FZI. Of course, the interpretations Z and Z’ given in Fig-
ure 7. also demonstrate that concepts with implicit defini-
tions in ££,, may not have explicit definitions in positive
ALC,,. The interpretations depicted in Figure 7 differ from
the interpretations constructed previously in that they are not
the canonical models. The nodes ¢ and ¢ are not enforced
by the ontology but are needed to ensure Vr.E does not dis-
tinguish a and a’. O

We defer the proof of Theorem 4 to the end of Section D
as we need the canonical model and ABox unfolding ma-
chinery developed in that section.

C Proofs for Section 5

We give a proof for Remark 5.

Proof of Remark 5. Assume that £ is any DL introduced
in this paper and let £, denote its extension with L. The
polynomial time reductions of L-interpolant existence and
L-explicit definition existence to £ -interpolant existence
and L -explicit definition existence, respectively, are triv-
ial. For the converse direction, we consider the CIP, the re-
duction for the PBDP is similar. The idea is the same as in
Remark 3. Assume that C C D and O, are in £ . If
O1 U Oy E C C 1, then an interpolant exists and we are
done. Assume O U O, £ C C L. We may assume that no
Clin O; U O uses L in the concept on its left hand side (if
it does, the CI is redundant). Now let B be a fresh concept
name and replace L by B in C, D, Oy, and O,. Also add to
O; the CIs

I¥BCB, BCANIrB

for all role names r in sig(O;) and A € sig(O;). We also
let r range over inverse roles in sig(Q;) if £ admits inverse
roles, the universal role if £ admits the universal role, and
A over nominals in sig(O;) if £ admits nominals. Let O
denote the resulting ontology. Then there exists an £ -
interpolant for C' £ D under Oy, O, iff there exists an L-
interpolant for C' C D under Of, O5.

D Proofs for Section 6

We first give a proof of the polynomial time decidability of
interpolant existence that has not been discussed in the main



paper. Then we provide the missing proofs from the main
paper.

The following complexity upper bound proof does not
provide an upper bound on the size of interpolants/explicit
definitions, but is more elementary than the one we sketched
in the main paper.

We start by proving a characterization for the existence of
interpolants using canonical models and simulations.

Lemma 10. Let O1, 05 be ELRO,,-ontologies in normal
Sform, A, B concept names, and L € {ELO,ELO,}. Let
Y = 5ig(O1, A) N sig(Os, B). Then there does not exist
an L-interpolant for A C B under Oy, Os iff there exists a
model J of O1 U Oy and d € A7 such that

1. d¢ BY;
2' (I(,)lUOQ,A?pA) ﬁL,E (\77 d)

Proof. Assume an L-interpolant F' exists, but there exists a
model 7 of O; U Oy and d € A7 satisfying the conditions
of the lemma. As O; UO2 = A C F, by Lemma 6, we
obtain py € FT01v02.4, By Lemma 1, d € F7. We have
derived a contradiction to the condition that d ¢ BY, J is a
model of O U Oy, and O U0, = F C B.

Assume no L-interpolant exists. Let

L ={CecL(X)|pac Clorwosal

By Lemma 7 and compactness, there exists a model J of
01Uy and d € A7 such that d € C7 for all C € T but
d ¢ BY . We may assume that 7 is w-saturated.’ Thus, by a
straightforward gneralization of Lemma 1 from finite to w-
saturated interpretations, (Zo,u0,.4, p4) =c.5 (J,d), and
J satisfies the conditions of the lemma. O

The characterization provided in Lemma 10 can be
checked in polynomial time. Consider a fresh concept name
X, for each d € AT for T = Zo,u0,.4. We define the
ELO,(X) diagram D(ZT) of T as the ontology consisting of
the following Cls:

* X4y A forevery A€ Yandd € AZ;

o Xz C {b}, forevery b € %;

* X;C 3Ir. Xy, forevery r € Y and (d,d’) € r%;
o XgC Ju.Xy,forevery d,d € AT.

Denote by Z;5; the Y-reduct of the interpretation Z. Now
it is straightforward to show that there exists a model J of
01 U0y and d € A7 such that the conditions of Lemma 10
hold for £ = ELO,, iff O;1 U Oy U D((I@luoz’AhE) }#
X,, C B. The latter condition can be checked in polyno-
mial time. If we aim at interpolants without the universal
role we simply remove the Cls of the final item from the
definition of D(Z), denote the resulting set of inclusions by
D'(Z) and have that there exists a model J of O; U O3 and
d € A7 such that the conditions of Lemma 10 hold for
L=ELOiff O1 U0, UD ((Zo,00,,4)2) F Xpa E B.

3See (Chang and Keisler 1998) for an introduction to w-
saturated interpretations and their properties.

Directed Unfolding of ABox. We give a precise definition
of the directed unfolding of an ABox. Let A be a factorized
3-ABox and I' = NyNX. The directed unfolding of A into a
ditree-shaped ABox 4" modulo I is defined as follows. The
individuals of A" are the words w = xzgry - - -, with
r1,...,7, role names and zg,...z, € ind(A) such that
{a}(x;) ¢ Aforanyi # Oand a € I" and 741 (24, i11) €
A for all i < n. We set tail(w) = z,, and define

o A(w) € A" if A(tail(w)) € A, for A € N¢;

o r(w,wrz) € A" if r(tail(w),z) € A and r(w,x) € A
if {a}(z) € Afor some a € T and r(tail(w), x) € A, for
re NR;

e {a}(z) € A% if {a}(z) € A, fora € T and z € ind(A).

Derivation Trees. Fix an ELRO,,-ontology O in normal
form, a sig(0)-ABox A, and recall the definition of A and
©. Let (a,C) € A x ©. A derivation tree for the assertion
(a,C)in O, Ais afinite A x O-labeled tree (T, V'), where T’
isasetof nodesand V' : T'— A x O the labeling function,
such that

e V(e) = (a,0);

* if V(n) = (a,C), then (i) a € ind(.A) and C' = T or (ii)
C(a) € Aor (iii) a € Nyand C = {a} or

1. a = C = Afor aconcept name A and n has a successor
n/ with V(n') = (b, A); or

2. a = C = Aforaconcept name A and n has a successor
n' such that V/(n') = (b,C") and O |= C’ C Ju.A4; or

3. n has successors ny,ng with V(n;) = (a,C;) for i =
1,2andand O = C1 M Cy C Cor

4. n has successors np,ng,ng with V(ng) = (b,C),
V(ng2) = (a,{c}), and V(n3) = (b, {c}); or

5. the conditions of the rule for RIs discussed in the main
paper hold: there are role names 7o, ...,7r2;_2,7 and
members @ = aq,...,as; of A such that (asx,C”)
is a label of a successor of n, O = Ir.C"' C C,
O Ergo---0ry_o C r, and the situation depicted
in Figure 4 holds, where the “dotted lines” stand for
‘either a; = a;41 or some (a;, {c}), (ait1,{c}) with
¢ € N are labels of successors of n’, and 7; stands for
‘either r(a;, a;+1) € A or some (a;, C;) is a label of a
successor of n and O = C; C Ir;.{a;11}if aip1 €N,
and O | C; C Ir;.a;41 if a;+1 € N¢’. Moreover, for
all a; # a, 1 < i < 2k, there exists a successor of n
with label (a;, D) for some D; or

6. n has a successor n’ with V(n') = (b,C’) and O |=
Ju.C'C C.

The purpose of Conditions 1 and 2 is to establish that it fol-
lows from O and A that A is not empty. In this case (A4, A)
is derived. The purpose of the remaining rules should be
clear.

Example 5. We use the ontology from Example 1. Recall
that

Op = {Tl'OTZ‘ETi+1|0§7:<Tl}U
{AC 3ry.B,BC 3r¢.B,3r,.BC A}



Then o, 4 is defined by setting

AIOP’A = {pAa y}

Afera = {p,}

Brora = {y}

r ot = {(pasy)s (yoy)}, for0 < i <m.

Recall that ¥ = {ro, B} and that 3r3".B is an explicit def-
inition of A using ¥ under O,. Consider the ABox Ax
corresponding to the 3-reduct of Lo, a. Then a deriva-
tion tree (T, V') for (pa, A) in Oy, A, is defined by set-
ting V(e) = (pa, A) and taking a single successor n of €
with V(n) = (y, B). In the notation of Rule 5, we have
a1 = as = paand az = --- = agn = y. We use that
O, = Tgn Crpand O, |=3r,.BC A
We next show Part 1 of Lemma 3.

Proof of Part 1 of Lemma 3. Let O be an ELRO,-
ontology in normal form and A a finite sig(O)-ABox. As-
sume (z, A) with z € ind(A) and A € O is given. It is
straightforward to show by induction that if there is a deriva-
tion tree for (z, A) in O, A, then O, A = A(x). We con-
struct a sequence of ABoxes Ag, A1, ... as follows. Define
Ay as the union of A and all assertions {a}(a) with a an
individual name in O and T (x) with z € ind(A). Let A;11
be obtained from .A; by applying one of the following rules:

1. if A(b) € A;, then add A(A) to A;;

2. if C'(b) € A; and O E C’ C Ju.A, then add A(A) to
Ais

3. if Cy(a),C2(a) € A;and O = Cy M Cy C C, then add
C(a) to A;;

4. if C(b),{c}(a), {c}(b) € A;, then add C(a) to A;;

5. if there is a sequence ag, ..., as; of elements of A and
a sequence 1,74, . .., Tog—2 Of role names such that a =
ay and for every ag;41 either asj11 = agj4o or there is
c with {c}(azj+1),{c}(azj+2) € A; such that for every
ag;:

. 7“2]‘(&2]‘, a2j+1) € A; or

* azj+1 € NyNsig(O) and there exists Cay; € (N¢ U
N;) Nsig(O) such that Czj(az;) € A; and O |= Cy; C
3T2j-{a2j+1}; or

* agj+1 € N Nsig(O) and there exists Ca; € (N¢ U
N;) Nsig(O) such that Cyj(az;) € A; and O |= Cy; T
37"2j.a2j+1

and there exist C’ € (Nc U N)) Nsig(O) and a role name

r such that C'(ag;) € A;, O | Ir.C' C A, and O E

T9OT40...0T9,_o L 1, then add A(a) to A;.

6. if C'(b) € A; and O = Fu.C’ C C, then add C(a) to

Note that the sequence is finite, and denote by A* the final

ABox.

Claim. There is a model Z,v of A* and O such that for all

x € ind(A) and A € N¢, v(z)T € AT implies A(z) € A*.

Proof of the Claim. For all a,b € ind(A*), we write a ~ b

if a = bor {c}(a),{c}(b) € A* for some c. Notice that

due to Rule 4, a ~ b implies C(a) € A* if and only if
C(b) € A*. Tt follows that ~ is an equivalence relation.
We let [a] denote the equivalence class of a. Start with an
interpretation Z; defined by:

ATo = ind(A*)/~
A% = {[a] | A(a) € A"}

]
a™ = {[a]}
rfo = {([a], [b]) | 3d’ € [a],V € [b]. 7(d',b) € A*}.

By definition, Z satisfies all CIs in O that do not in-
volve role names or the universal role. We next extend Z
by adding pairs of the form ([a], [b]) with b € Nc U N; to the
interpretation of role names. In detail, if [a] € AZ° and there
exist C € Nc UN; with a € C%o and ¢ € N, with ¢ € [b]
such that O |= C C 3r.{c}, then add ([a], [b]) to 0. Also,
if [a] € A% and there exist C € Nc U N, with a € C%o
and A € N¢ with A € [b] such that O = C' C Jr.A, then
add ([a], [b]) to Z°. Finally, add any pair ([a], [b]) to %o if
there exists an RI r; o - - - or,, C r that follows from O such
that ([a], [b]) is in relation 7 o - - - o r,, under the updated
interpretations of r1,...,7,. This defines an interpretation
Z. By Rule 2 all CIs of the form A T Jr.B are satisfied in
7. By definition, all RIs in O are satisfied in Z. By Rules 5
and 6, all CIs of the form 3r.B T A are satisfied as well.
This finishes the proof of the claim.

Now suppose O, A = Ag(xo). By the Claim, we have
Ap(zg) € A*. Since the six rules to construct Ag, A1, ...
are in one-to-one correspondence with Conditions (1)—(6)
from the definition of derivation trees, we can inductively
construct a derivation tree for Ag(zg) in A w.r.t. O.

The remaining claims made in Part 1 of Lemma 3 have
been shown in the main paper already. O

We next come to Part 2 of Lemma 3. The following ex-
ample illustrates how one can construct from a derivation
tree of A(z) in O, A a derivation tree in O, A* with A" the
directed unfolding of .A. The derivation tree has the same
depth but the outdegree might be exponential.

Example 6. Recall the ontology O, and concept name A
from Example 5. We consider the Y:-reduct Ay, of the ABox
A corresponding to the canonical model o, a. It is defined
by Ajs; = {ro(pa;y),ro(y,y), B(y)}. The directed unfold-
ing Arz has individuals

PA, PATOY, PATOYTOY,
and the assertions
B(paroy), B(pazroyroy),

ro(pa,paroy), To(paToyY, pATOYTOY),

In a derivation tree (T', V") for A(po) in Oy, Ajs; we re-
quire that € has 2™ successors labeled with:

(pa(roy)®™, B).

We now give the general construction of the derivation
tree in the directed unfolding from a derivation tree in the
original ABox.

(paroy,B), (paroyroy,B),...,



Proof of Part 2 of Lemma 3. Assume that (7,V) is a
derivation tree for A(x) in O, A of at most exponential
size. We obtain a very similar derivation tree (7", V’) for
A(z) in O, A" with A" the directed unfolding of .A modulo
% = sig(\A) N N;. In fact, with the exception of Condition 5,
the construction is identical. For Condition 5, one poten-
tially has to introduce “copies” of the nodes in 7" which cor-
respond to the fresh individuals introduced in the unfolded
ABox.

In the following construction of (77, V') the following
holds: if the label of n in (T, V) is (a,C), then the label
of copies n’ of n in (T”,V’) takes the form (w,C) with
tail(w) = a. Moreover, if {b}(a) € A for some b € L NN,
or a € N; U Ng, then the label of n’ is identical to the label
of n. Note V' is a mapping form 7" to A’ x © with

A’ = ind(A") U ((Nc UNy) N'sig(O))

In detail, we define (7", V") as follows from (T, V'), starting
with the root by setting V' () := V(e) = (=, A).

Assume inductively that m is a copy of n, V' (n) = (a, C),
and V'(m) = (w,C). To define the successors of m and
their labelings we consider the possible derivation steps for
(a,C)in O, A: (i) if a € ind(A) and C = T, then w €
ind(A*) and C = T; (ii) if C(a) € A, then C(w) € A%,
(iii) if @ € Ny and C = {a}, then V'(m) = (a,{a}). We
next consider the cases 1 to 6:

1. a = C = A for a concept name A and n has a successor
n' with V(n') = (b, A): take a copy m’ of n’ as the only
successor of m and set V'(m') = (b, A).

2. a = C = A for a concept name A and n has a successor
n' such that V(n') = (b,C") and O E C’' C Fu.A:
take a copy m’ of n’ as the only successor of m and set
V'(m') = (b, C).

3. n has successors ny,ny with V(n;) = (a,C;) and and
O E C; N0y C C: take copies myq, mo of ny,ny as the
successors of m and set V'(m;) = (w, C;).

4. n has successors ni,n2,ng with V(ny) = (b,C),
V(n2) = (a,{c}), and V(n3) = (b,{c}): take copies
mqy, Mo, m3g of ni,n9,ng as successors of m and set
Vimy) = (b,C), V(me) = (w,{c}), and V(m3) =
(0, {c}).

5. Suppose that n has successors such that the conditions
of Point 5 for derivation trees hold for ro,..., 7912, 7
and members a = aq,...,as of A. We define the new
members b1, ..., bo; of A’ and relevant successors of m
with labeling by induction. We set b; = w. Assume that
boi+1 has been defined and (bg;41, D) is the label of a
copy of a successor of n with label (a1, D).

Case 1. a2i4+1 = A2;42. Then we set b2,j+2 = b273+1.
Case 2. There exists ¢ € N; and successors ni,no of n
with V(?’Ll) = (a2i+17{c}) and V(TLQ) = (a27;+27{c}).
Then we let by := a9;42 and we introduce copies
my,mo of ny,ny with V’(ml) = (b2i+1,{c}) and
V'(m2) = (azit2,{c}).

Now assume that bo; has been defined and (bs;, D) is the
label of a copy of a successor of n with label (ag;, D).

Case 1. Tgi(azi,a2i+1) € A and V(n’) = (a2i+1,D’)
for some successor n’ of n. If {b}(azi+1) € A for
some b € N, then we set by; 11 = a2;+1 and introduce
a copy m’ of n and set V'(m') = (ag+1,D’). Ob-
serve that ro;(bo;, agi+1) € A™. Otherwise (if no b with
{b}(CLQH_l) € A GXiStS), we set bgi+1 = bQiTQZ'GQH_l and
introduce a copy m’ of n’ and set V' (m') = (ba; 41, D’).
Case 2. ag;4+1 € (N|UNc)ﬂSig<O), V(n1> = (a2i+1,D’)
for some successor ny of n, and V(ng) = (ag;, F) for
a successor ng of n and O = F C Frogj.agi+1 (f
azi+1 € No)or O |= F C Iy {agi1} (if aziy1 € N,
respectively. Then we introduce copies mi,mo of ny, ne
and set b2i+1 = a2i+1, V’(ml) = (b2i+1,D/), and
V/(mg) = (bgi, F)

6. n has a successor n’ with V(n') = (b,C’") and O

Ju.C’ C C: then introduce a copy m’ of n’ and set
V'(m') = (b,C).

Then (7”,V") is a derivation tree for A(z) in O, A" satisfy-
ing the conditions of the lemma. O

The proof of “2. = 3.” of Theorem 5 is now as sketched
in the main paper. Note also that we can construct A in ex-
ponential time since we can construct the derivation tree for
Bin A3 0, 4 in exponential time, then lift it to a deriva-
tion tree in its unfolding in exponential time, and from that
derivation tree obtain the individuals in the ABox A in ex-
ponential time.

A proof of the statement of Theorem 5 for interpolants
without the universal role is obtained from the proof above
in a straightforward way.

We conclude this section with a deferred proof of Theo-
rem 4.

Theorem 4. Let O1, Oy be £ L-ontologies with Rls, Cy, Co
be EL-concepts, and set ¥ = sig(O1,C1) N sig(Oz,Cy).
Assume that the set of Rls in O1 U O4 is safe for ¥ and
O1UQO, = Cy C Cy. Then an & L-interpolant for Cy C Co
under O1, Oy exists.

Proof. For convenience of notation, we assume w.l.o.g., by
Lemma 2, that O; and O are in normal form, A € sig(O;),
B € sig(03) and {A, B} N ¥ = (). Suppose for a proof by
contradiction that 01 UOs |= A C B but there exists no £L-
interpolant for A C B. Then O;UQO,, Agﬁuoz,A K B(pa).
Moreover, since the language under consideration contains
neither nominals nor the universal role, this strengthens to
O1U 02, A3, u0,,4 & B(pa).

Let Jy be the canonical model of O, UO, and -A%lu(% A
In what follows, we identify the domain of I(%lu@, 4 and
individuals of A(%luoz, 4> and consider both to be subsets
of the domain of Jy. By the properties of the canonical
model, we then have p4 ¢ B7°. Furthermore, as Zo, 0, .4
is a model for both @7 U O, and A%luo% 4. there exists a
sig(O1 U Oy)-simulation S between Jy and Zo, uo,, 4 such
that (z,x) € S forall z € ATo1v0s.4,
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(di,dip+1) € r,‘Z" foralll <k<n

Figure 8: Definition of J;11.

Consider an interpretation ./ defined as follows:

AN — AJO’
P75 = ploy proivoza forall P € (sig(0;) \ %),
P P70 forall P ¢ (sig(O1) \ %),

where P is a concept or role name. If 73 E O U Oy we
immediately derive a contradiction as we then have py4 €
A7t and p4 ¢ B71, contradicting O; U Oy = AC B.

e If @1 U Oy does not contain Rls, as Jy and J; are
identical on all elements except AZoiuos.a for all
r € ATo1vosa the relation S is a sig(O; U Oq)-
simulation between [J; and Zp, 0, 4. Conversely, the
embedding of Zp,u0,,4 into J; generates a simulation,
that is (IOIU(927A7-’L’) =EL sig(Or) (J1,z) for all z €
ATo1voz.4 By Lemma 1, for any sig(O;)-£ L-concept
C and for all z € AZo1v0z.4 we have x € C71 if, and
only if z € CT01v02.4 Thus, J; is a model of Cls in O;.
By construction J; = Os.

* Suppose that O; U O; contains RIs. Since the interpreta-
tion J1 may not satisfy some RIs, we consider a sequence
of interpretations J; obtained by extending the interpreta-
tions of roles in J; to satisfy RIs. We give the construc-
tion of J; 41, for 7 > 1, in Figure 8.

A simple inductive argument shows that by the safety con-
dition and the fact that (dy,d,+1) ¢ r7¢ we have that
{r1,...,mn, 7} Csig(On).

Furthermore, we prove by induction that the relation S is
a sig(O1 U Oy)-simulation between J;11 and Zo,u0,,A-
For 7 = 1 this has been established above. For the in-
duction stop it suffices to consider r-successors of d;
in J;y1, where r is from the definition of ;11 above.
By the induction hypothesis, S is a a sig(O; U Os)-
simulation between J; and Zp, 0,,4. Then there ex-
ist {’UQ, e ,Un+1} - ATo1u02.4 with (dj+1,’Uj+1) S
S and (vi,vn41) € rTO1v024 for j € {1,...,n}.
As To,u0,.4 is a model of Op, we have (vi,vp41) €
rZ01002.4 and (d,,11,vn41) € S as required.

As EL canonical models defined in this paper are finite,
there exists N > O such that forall: > N, J;, = Jn. It
can be seen that 7 satisfies all RIs in O; U O and the
satisfaction of Cls is proved similarly to the case above.
Then Jy is a model of O; U Oy with p4 € AN and
pa & BIN, contradicting O; U Oy = AC B.

O

E Proofs for Section 7

The section is organized as follows. We first introduce
canonical models and derivation trees for ££LZ0,,. We then
give the automata based proof of the EXPTIME upper bound
for interpolant existence. We then show the double expo-
nential lower bound on the size of explicit definitions, the
implication “2. = 3.” of Theorem 6, and that interpolants
can be computed in double exponential time.

Canonical Models. Assume O is an ££LZ0O,, ontology in
normal form and A a concept name with A € sig(O). We
introduce the canonical model Zp 4. Let sub(O) denote the
set of subconcepts of concepts in O, and denote by sub” (0)
the set of 3r.{a} with r or r~ arole name in sig(O) and a €
sig(O). We may assume that Ju.A € sub(O). An O-rype is
a subset 7 of sub(©) U sub” (O) such that O |= [ee-CC

C” implies C' € 7 for all concepts C’ € sub(Q) Usub™(0).
We sometimes identify 7 and [ |, C. For a role r, we
write 71 ~>, To if 75 is a maximal (w.r.t. inclusion) O-type
such that O |= 71 C Jr.7. Note that the set of all O-types
and relation ~~,. can be computed in exponential time.

For any concept name B, 75 denotes the minimal O-type
containing B and Ju.A. Similarly, for any individual a, 7,
denotes the minimal O-type containing {a} and Ju.A. Let
S = ScUSy with S = {75 | O E A C Ju.B} and
Sy = {1, | @ € Ny N sig(O)}. The canonical model Lo 4
of O and A is defined as follows:

AIO,A {TOTlTl”'rnTn|TOGS7Tla"'7Tn ¢5N7
1,00 €ENRUNR™, T3~y Tig1)
To,a
aoh = 7,
B4 = {w]|we AT B € tail(w)}
rfoa = {(w,wrr) | w,wrr € Ao} U

{(wr™r,w) | w,wr~7 € AToa1} U
{r(w,1,) | Ir{a} € tail(w)} U
{r(re,w) | Ir~{a} € tail(w)}
We also use p4 to denote 74. The following properties of
canonical models can be proved in a standard way.

Lemma 11. For all ELTO,,-ontologies O in normal form
and concept names A € sig(O):

1. Lo, 4 is a model of O;

2. for every model J of O and any d € A7 with d € A7,
(Zo,a,p4) 2eczo,.x (T,d);



3. for every ELTO,,(sig(O))-concept C, O = A C C if
and only if py € CTo .4,

We use Ap, 4 to denote the ABox associated with the
canonical model Zp 4, and A , its E-reduct. We denote
the individuals z,, and =, by z, and g, respectively and
observe that z, = xp iff O |= {a} M Ju.A C {b} and
xp =2, iff O = BMN3u.AC {a}.

Undirected Unfolding of an ABox. We give a precise def-
inition of the undirected unfolding of an ABox. Let A be a
Y-ABox and I' = N\NX. The undirected unfolding of A into
a tree-shaped ABox .A* modulo I' is defined as follows. The
individuals of A* are the set of words w = xgr1 -« rpTy,
with ry,...,r, roles and xg,...x, € ind(A) such that
{a}(z;) ¢ Aforanyi # O0anda € ', and r; 11 (2, Ti41) €
A if r;y 1 is a role name and 7, | (7541, 25) € Aif iy is
an inverse role, for all ¢ < n. We set tail(w) = x,, and let

o A(w) € A*if A(tail(w)) € A, for A € N¢;

o r(w,wrz) € A* if r(tail(w), z) € A and r(w,z) € A*
if {a}(x) € A for some a € T" and r(tail(w), z) € A, for
r € Ng;

o r(wr-z,w) € A* if r(z, tail(w)) € Aand r(z,w) € A*
if {a}(x) € A for some a € T" and r(z, tail(w)) € A, for
r € Ng;

* {a}(z) € A*if {a}(x) € A, fora € T'and x € ind(.A).

Derivation Trees. Fix an £LZ0,-ontology O in normal
form and an ABox A, o € ind(A) and Ay € N¢. Let
01 = ind(A) U (N; N'sig(O)), and ©2 = N¢ Nsig(O) U
{{a} | a € Ninsig(O)} U {Fu.A | A € Nc Nsig(O)}.
A derivation tree for the assertion Ag(x) in O, A is a finite
©O1 X Og-labeled tree (T, V'), where T is a set of nodes and
V : T — ©1 X O4 the labeling function, such that:

° V(€) = (I(),AQ);

* If V(n) = (z,C) with z € ind(A), then C(z) € A or
OETLCECor

1. n has successors nq,...,ng, k > 1 with V(n;) =
(ai, C;), such that a; = z or a; € Ny N sig(O) for all ¢,
and defining C! = C; if a; = x, and C] = Ju.({a;} N
C;) otherwise, we have O |=C1M...MC, C C;or

2. C = Fu.A and n has a single successor n’ with
V(n') = (y,3u.A); or

3. n has a single successor n’ with V(n') = (y, A) such
that r(z,y) € Aand O = Jr. A C C (where r is arole
name or an inverse role).

e If V(n) = (a,C) with a € N; N sig(O), then C' = {a}
or:

4. There exists € ind(A) such that n has successors
ni,...,ng, k> 1 with V(n;) = (a;,C;) and a; = x
or a; € Ny Nsig(O) for all 4, and, defining C} = C; if
a; = x, and C! = Ju.({a;} N C;) otherwise, we have
OECIN...NCLC Fu.({a} 1 C).

Note that a special case of rule 1 is when n has two succes-
sors labeled (z, {a}) and (a, C), and a special case of rule 4
is when n has two successors labeled (z, {a}) and (z, C).

We now prove the analogue of Lemma 3 for ££LZ0,,, ex-
cept not considering the size of derivation trees.

Lemma 12. Let O be an ELTO,,-ontology in normal form
and A a finite sig(O)-ABox. Then

1. O, A = Ao(xo) if and only if there is a derivation tree
for Ao(l‘o) in O, ./4

2. If (T, V) is a derivation tree for Ag(xo) in O, A, then
one can construct a derivation tree (T", V') for Ag(xo) in
O, A*, with A* the undirected unfolding of A, and such
that T =T'.

Proof. We start with the proof of Part 1. (<) is
straightforward. For (=), we construct a sequence of
ABoxes Ag, A1, . .. generalized with assertions of the form

(Ju.A)(z). Take Ag = AU {{a}(z,) | a € Ny Nsig(O)}
where the x,’s are fresh individual variables. Let A4;,1 be
obtained from A; by applying one of the following rule,
where C' is a concept of the form C € N¢ or C = {a}
or C'=Ju.A,and z,y € ind(A;):

L. if Ci(x1),...,Cr(xg) € A;, with x; = z or z; = x4,
for some a; € N;Nsig(O0),and O =CiMN...NC;. C C,
where C! = C; if z; = z and C! = Ju.({a;} N Cy) if
T = Xq,, then add C'(z);

2. if (Ju.A)(y) € A; then add (Fu.A)(z);

3. if r(x,y),Aly) € A; and O | Ir.A C C, then
add C(z);

4. if Cy(z1),...,Cr(zr) € A;, with x; = x or z; = zg,
for some a; € Ny Nsig(0), and O = C1N...NC,,
Ju.({a} N C), where C, = C; if z; = x and C]
Ju.({a;} N C;) if & = xg,, then add C'(z,,).

Note that the sequence is finite, and denote by A* the final
ABox.

Claim. There is a model Z, v of A* and O such that for all
x € ind(A) and A € N¢, v(z)? € AT implies A(z) € A*.
Proof of the Claim. For all z,y € ind(A*), we write x ~ y
if {a}(z),{a}(y) € A* for some a € N; N sig(O). Notice
that if {a}(z), {a}(y),C(z) € A*, then C(z,) € A* by
rule 4, and C(y) € A* by rule 1. Therefore, z ~ y implies
C(z) € A* if and only if C(y) € A*. In particular, ~ is an
equivalence relation. We let [z] denote the equivalence class
of x. Start with an interpretation Z; defined by:

AT = ind(A*)/~

Ao = {[z] | A(z) € A*}

a = [Za)

P ={([z],[y) | r(z,y) € A°}.

Let C, denote the conjunction of all concepts of the form
C e€Ng, C ={a},C =Fu.A,or C =Fu.({a} M A) such
that A* = C(z). Let Z, denote the canonical model for O
and C;, rooted at [z]. Due to rule 1 and the universality of Z,,,
for every concept name or nominal C, we have [z] € C%o

1M



if and only if [z] € C%=. Similarly, because of rule 4, for
every a € NjNsig(0), %= € CZ+ if and only if a?° € CTo.

We can now define T as follows: AZ is the disjoint union
of AZo and all elements in domains AZ= \ ({[z]} U {a®* |
a € NyNsig(O)}). Interpretations of concept names and
nominals are inherited from the Z, or Z,, each element comes
from. Finally, 7 is obtained by taking the union of 7Z° and
all rZ= after replacing edges to/from a’+ with edges to/from
a®o. Tt is clear that for the variable assignment v(z) = [z],
Ty, v satisfies A*, and thus so does Z, v.

By rule 1, all concept inclusions of O of the form T C A,
Ay MAy C B, A C {a} and {a} C A are satisfied by
To. They are also satisfied by every Z,, (since Z, is a model
of 0), and thus by Z. Now consider a concept inclusion
A T Jr.B € O, where r is a role name or an inverse role.
Recall that for every a and z, a* € B” if and only if a’* €
BZe. Therefore, for all d € A%+, d € (Ir.B)*= implies
d € (3r.B). The case A C Ju.B is similar. Since every
T, satisfies A C 3r.B, so does Z. Similarly, every concept
inclusion 3r.B C A € O is satisfied in Z: if the witness
pair for 3r.B is part of Zy, this follows from rule 3, and if
not, then it is part of some Z,,, which is by definition a model
of O. For concept inclusions of the form Ju.B C A € O,
we can observe that if there exists some d’ € AZ such that
d'" € BZ, then (Ju.B) is in C, for some z, i.e., by rule 2,
for all x.

Finally, for all z € ind(A) and A € Ng, [2]T € AT
implies [z]T0 € AZo, i.e., A(z) € A*. This concludes the
proof of the claim.

Now suppose O, A = Ag(xo). By the Claim, we have
Ap(zg) € A*. Since the four rules to construct Ag, A1, ...
are in one-to-one correspondence with Conditions (1)—(4)
from the definition of derivation trees, we can inductively
construct a derivation tree for Ag(zg) in A w.rt. O. This
concludes the proof of Part 1.

The proof of Part 2 is similar to that of Lemma 3. We de-
fine (T, V') as follows from (T, V), starting with the root
by setting V'(¢) = V(e) = (xo,A40). At each step, if
V(n) = (a,C) then V'(n) = (w,C) for some w such that
tail(w) = a. To define the labelings of the successors of n,
we consider the possible derivation steps for (a, C') in A.

1. a =z €ind(A), and n has successors ny,...,ng, k > 1
with V(n;) = (a;, C;), such that a; = x or a; € Nj N
sig(O) for all 4, and defining C/ = C; if a; = =z, and
C! = Fu.({a;} N C;) otherwise, we have O = C7 N
...NC, CC. Take V'(n;) = (w,C;) if x; = x, and
V'(n;) = (a;, C;) if a; € Ny N sig(O).

2. C = Ju.A and n has a single successor n’ with V(n’) =
(y, Ju.A). Take V'(n') = (y, Ju.A).

3. n has a single successor n’ with V(n') = (y, A) such that
r(a,y) € Aand O |= Ir.A T C (where r is a role name
or an inverse role). Take V' (n') = (wry, A).

4. a € Ny N sig(O) and there exists x € ind(.A) such that n
has successors n, ..., ng, k > 1 with V(n;) = (a;, C;)
and a; = x or a; € Ny Nsig(O) for all 4, and, defining
C! = C;ifa; = z, and C! = Ju.({a;} N C;) otherwise,

we have O = C{ M...MC;, C Ju.({a} N C). Take
V/(Tli) = (J},Cl) if xr, = I, and V’(ni) = (ai,C’i) if
a; € Ny Nsig(O).

Then (7, V") is a derivation tree for Ag(zo) in A* w.r.t. O.
O

Tree Automata. A tree is a non-empty set 7' C (N\ {0})*
closed under prefixes and such that n - (i + 1) € T implies
n-i €T Ttis k-ary if T C {1,...,k}*. The node ¢
is the root of T'. As a convention, we take n - 0 = n and
(n-4) - —1 = n. Note that € - —1 is undefined. Given an
alphabet ©, a ©-labeled tree is a pair (T, L) consisting of a
tree 7" and a node-labeling function L : T" — ©.

A non-deterministic tree automaton (NTA) over finite k-
ary trees is a tuple 2l = (Q, 0,1, A), where Q is a set of
states, © is the input alphabet, I C (@ is the set of initial
states, and A C Q X © X [Jy<p<p @° is the transition rela-
tion. A run of an NTA 2 = (Q, O, I, A) over a k-ary input
(T, L) is a Q-labeled tree (7', ) such that for all z € T with
children y1, ..., ye, (r(w), L(w),r(y1),.-.,7(ye)) € A. It
is accepting if r(¢) € I. The language accepted by 2, de-
noted L(%), is the set of all finite k-ary O-labeled trees over
which 2( has an accepting run.

A two-way alternating tree automaton over finite k-ary
trees (2ATA) is a tuple 2L = (Q, ©, qo, §) where @ is a finite
set of states, © is the input alphabet, qy € Q is the initial
state, and ¢ is a transition function. The transition function
0 maps every state ¢ and input letter § € O to a positive
Boolean formula d(g, ) over the truth constants true and
false and transition atoms of the form (i, ¢) € [k] x Q, where
[k] = {-1,0,1,...,k}. The semantics is given in terms of
runs. More precisely, let (T, L) be a finite k-ary ©-labeled
tree and A = (Q, O, qo, ) a 2ATA. An accepting run of A
over (T, L) is a (T x @)-labeled tree (7., r) such that:

1. 7(e) = (g, 4p), and

2. for all y € T, with r(y) = (z, ¢q), there is a subset S C
[k]x @ such that S |= 0(g, L(x)) and for every (i,¢’) € S,
there is some successor ¢’ of y in T, with r(y) = (z-i,q’).

The language accepted by 2, denoted L(2(), is the set of
all finite k-ary O-labeled trees (7', L) for which there is an
accepting run.

From a 2ATA 2, one can compute in exponential time an
NTA 21’ whose number of states is exponential in the number
of states of 2 and such that L(2A) = L(2(") (Vardi 1998).

Interpolant Existence. We now give the proof that Point 2
in Theorem 6 entails an exponential time upper bound for
deciding the existence of an interpolant. We focus on the
case of ELZ0O,,. Let Oy, 05 be ELTO,,-ontologies in nor-
mal form, A, B € N¢, and & = sig(O1, 4) N sig(Os, B).
We can assume that A € sig(O;) and B € sig(Os).

As our proof relies on tree automata, let us first explain
how we represent ABoxes that are tree-shaped modulo N; N



Y as trees over the alphabet 2A where
A=NcNnXU
{{a} |laeNNZE}U
{r,r= |reNgNXZ}U
{Ir{a} |reNgNZAaeNNZ} U
{Fr~{a} |reNrRNZAaeNNZ}.

Intuitively, the nodes of the tree correspond to
the individual variables of the ABox; labels C €
Nc,{a},3r.{a}, Ir~.{a} indicate concepts that hold at the
current node, while labels r or r— are used to indicate which
roles (if any) connect a node to its parent. Note that there
need not be such a label r or »—, so connected nodes in
the tree representation are not necessarily connected in the
ABox.

More precisely, we associate with every 2*-labeled tree
(T, L) the following ABox, where z, are fresh individual
variables:

A(T,L) = {T(Cﬂ) | x € T} U
{{a}(z,) | Fz € T : {a} € L(x)} U
{{a}(@) |z €T A{a} € L(x)} U
{B(z) |lx€e TAB € L(x)}U
{r(z,x-i)|z-i€TAreNgAreL(z-i)}U

{r(x-i,z)|z-i€TAreNgAr” € L(x-i)} U

{r(z,zq) |z € TAIr{a} € L(x)} U
{r(g,z) |z € TAIr~{a} € L(x)}.

Notice that A7 1) is tree-shaped modulo Ny N 3. Con-
versely, for every ABox A that is tree-shaped modulo NN,
there exists a (not necessarily unique) tree (7', L) such that
A = A(r,). In addition, if the degree of G} is less than £,
then there exists a k-ary tree (7', L) such that A = A 1.
For instance, Agluoz) 4 can be represented by a k-ary tree
for any £ larger than the number of concept inclusions in
01 UQOs.
We also denote by A(ZT7 L) the Y-reduct of A7 r,).

We describe below an NTA 2(; with exponentially many
states accepting trees that represent prefix-closed finite sub-
sets of Aaqu, 4 and a 2-ATA 2(, with polynomially many
states accepting trees (7, L) such that Aip 1) = B(e).
The existence of an interpolant then reduces to the non-
emptiness of L(2;) N L(2As).

Definition of 2(;. We represent the canonical model for
01 U Oy and A by a tree with 74 at the root of the tree,
other 7 € S inserted at arbitrary positions in the tree, and
TOT1T1 """ TnTn below Tori7y - - rp_1Tn—1 if n > 0. We
want 2, to accept finite subsets of Agluoz, 4 obtained by
keeping a prefix-closed finite subset of nodes, and possi-
bly removing some concepts and relations from the labels
(including all concepts and relations not in ). To do so,
the automaton will simply guess in its state the type of each
node, and check that all guesses are locally consistent by al-
lowing only transitions that match the definition of canonical

models. Concretely, the states of the automaton consist of a
pair of O-types, where state (7, 7’) should be interpreted as
the parent node having type 7 and the current node type 7'.

To keep the definition simple, the automaton also accepts
trees where, compared to the canonical model, some nodes
are duplicated (that is, we do not require that the node corre-
sponding to some 7 € AT0.4 N § is unique). This does not
change the set of concepts entailed at the root.

We take 2; = (Q1,2%, 11, A,), where

e Q1 = (SU{L}) xS, where S is the set of O-types
introduced in the definition of Zp 4;

* L={(L7a)};

* For states ¢ = (7,7'),q1 = (11, 71),...,q = (174, 7) €
Q1 and input letter « C A, (¢, @, q1,...,qe) € Aq if the
following conditions are satisfied, forall 1 < ¢ < ¢:

— the current state and label are consistent with the defi-
nition of the canonical model: for all 7 € , 7 ~,. 7';

— the set of concepts associated with « is a subset of the
O-type 7' o N (sub(OQ) U'sub?(0)) C 7';

— the current type 7’ is stored in the state of all child
nodes: forall1 < i< /¢, 7, = 7.

Note that 2(; can be computed in exponential time.

Lemma 13. O, U O3, A3 0, 4 = Blpa) if and only if
there exists (T, L) € L(2y) such that Oy U Oz, A 1) =
B(e), where ¢ is the root of (T, L).

Proof. The run of 2 on some (7,L) € L(A;) can
be used to define a homomorphism from Ay, e to
A%lUQZ’A,pA. Therefore, if O1 U Oz, A1y = Bl(e)
then O U OQ,A%IU(%’A E B(pa). Conversely, if O; U
OQ,A%IU(QZ’A = B(pa) then there exists a finite subset
Aof AZ Lo, .4 such that O; U Oy, A = B(pa). Take as
(T, L) any finite prefix of an encoding of A% o, 4 that
contains all nodes corresponding to individuals in A Then
the labeling of (7, L) with the full types from the canon-

ical model defines an accepting run of 204 on (7, L), and
OlUOQ,A(T}L) )ZB(E) [

Definition of 2>. The construction of 2y =
(Q2,2%,qpB, 02) relies on derivation trees. Intuitively,
runs of 2 on some (T, L) correspond to derivation trees



for B(e) in O1 U Oz, A(r,1,). The states of 2 are

Qs = {qA/ | A" e Ncn sig((’)h(’)g)} @]
{q{a} | a € Ny Nsig(O1,02)} U
{aar.a7, g3~ .4 | 7 € Nr N5ig(O1, O2),
A" €Ncn sig(0y,05)} U
{qau.a | A" € Nc Nsig(O1,05)} U
{@5u.({aynany | @ € Ny Nsig(Oy, Oq),
A" € NcNsig(O1,0:)} U
{03u.(faynpey) | @0 € Ny Nsig(Oq,02)} U
{¢ryq— | " ENgNZ}U
{4ar.a}> @3- {ay | @ € Ny N5ig(O1, O2),
r € Nr Nsig(O1,02)} .

Intuitively, state g¢ is used to check that C' is entailed at the
current node. States g, and g3, {4} are used to check the
label of the current node. The initial state is ¢p, as we are
trying to construct a derivation tree for B at the root.

Let us now define the transition relation. From a state ¢,
Of q3r.{a}> Where 7 € Nk UNR™ and a € Ny, the automaton
simply checks the current label:

true ifr € «
false ifr ¢ «

sl ) = {

~ Jtrue if Ir{a} €
02(dar (ay, @) = {false if 3r.{a} ¢ .

From a state g3, 4/, withr € Ng UNR™ and A’ € Nc, the
automaton checks that the current node has an r-successor
from which there exists a run starting in q4/. This 7-
successor can be (i) the parent of the current node, i.e. there
is a run from ¢,— from the current node and a run from ¢ 4-
from the parent node, (ii) some i-th child of the current node,
i.e. there is a run from ¢, and one from ¢4+ from the i-th
child, or (iii) an individual a, i.e. there is a run from g3, (4}
and from gz, ({a}na") from the current node:

52(q3r.A’7 a) = (qur_) A (_17 QA’) \

\/ (iqa) A (iigr) v

1<i<k

V' (0,43r4a)) A (0, q3u.((a}rar)) -
aeNNT

From a state g3, 4+, the automaton checks if (i) condition 1
from derivation trees can be applied, that is, there exist con-
cepts C,...,C, of the form B, {a}, Ju.({a} M B’) or
Ju.({a}{b}) such that O1UO3 |= C1 M- --NC,, E Ju. A’
and there exists a run from each g¢, from the current node,
or (ii) condition 2 from derivation trees can be applied,
which can be checked by propagating the search for a run
from g3, 4+ to all neighbouring nodes, or (iii) condition 3
from derivation trees can be applied, that is, there exists r, B’
such that O; UQ, |= 3r.B’ C Ju. A’ and the automaton has

arun from ¢3, g/ starting from the current node:

52(q3u.A/7 O() = \/ /\ (Oa QCi) \

OLUOL=C1 M- NCy ETu. A’ 1<i<n

V o Ggaua)V

ie{—1,1,...,k}

\/ (quEIr.B’) .

01005 =3r.B'C3u. A’

From a state ¢g,.c where C = {a} M A" or C = {a} M
{b} with b # a, the automaton checks if condition 4 from
derivation trees can be applied either (i) taking the current
node as z, that is, there exist concepts C1,...,C,, of the
form B’, {b}, Ju.({b} M B’) or Ju.({b} M {c}) such that
O1UO0; = CiM---MC, E Ju.C and there exists a run
from each g¢, from the current node, or (ii) taking some
other node as x, which can be checked by propagating the
search for a run from ¢3,, ¢ to all neighbouring nodes:

52(q3u.C7 a) - \/ /\ (07 qcl) \

O1UO05=C1M-+-NCy, EFu.C 1<i<n

\/ (Z7 qﬂu.C) .

ie{-1,1,...k}
We also set
02(q3u.({a}n{a}), @) = true.

For C = {a} or C € N¢, é(gqc,a) = true if C € « or
01 U0y = T C C, and otherwise, the automaton checks if
conditions 1 or 3 from derivation trees can be applied:

52(QC7a) = \/ /\ (anc7) N
O1UO=C1M--NCy [=C 1<i<n
V  0aes).

0100, =3r.B'CC

Lemma 14. For all finite k-ary 2*-labeled trees (T, L), we
have (T, L) € L(22) if and only if O1UO2, A(r,1) = B(e).

Proof. We observe that for all (T, L),

* For all sig(Oy, Oz)-concept C of the form C = A’, C =
{a} or C = Ju.A" with A’ € Nc and a € N;, 2 has a run
starting from state go on (7', L) if and only if there exists
a derivation tree for (¢, C) in O1 U Oa, A(7 1).

e Forall a € NyNsig(Oy, O3), for all sig(O1, Os)-concept
C = {b} or C = A’ € N, 2 has a run starting from state
q3u.({aync) if and only if there exists a derivation tree for
(a,C)in OlUOQ,A(T,L). O

From 2l5, one can construct an equivalent NTA 21}, with
exponentially many states (Vardi 1998). By Lemmas 13
and 14, we have O; U OQ,A%IU(QZ E B(pa) if and only
if L(2;) N L(2A%) = 0, which can be checked in exponential
time.



Lower Bound for Explicit Definitions. We construct an
ELT-ontology O, signature ¥, and concept name A such
that the smallest explicit ££Z(X)-definition of A under
O is of double exponential size in ||O]]. O is a vari-
ant of ontologies constructed in (Lutz and Wolter 2010;
Nikitina and Rudolph 2014) and defined as follows. It con-
tains T C Jr. T Mds.T,
ACMMNXeN...
30’7.(Yi|_|X0 M... ﬂXi_l)
E'O’i.(Xi |_|X0 M...7 Xi—l)
Jo~ . (X; N X;)
do™ (Xz M YJ)

e

-
CX; oe{r,shi<n
CX; oce{rshi<n
c
c

and
LCB, IrBN3ds.BC B, BMNMELCA.

Let ¥ = {M,r,s,L}. Note that A triggers a marker M
and a binary tree of depth 2" using counter concept names
Xo,..., X, and Xy, ..., X,,. A concept name L is made
true at the leafs. Conversely, if L is true at the leafs of a
binary tree of depth 2" then B is true at all nodes of the tree
and A is entailed by M and B at its root. Define inductively

Co=L, Ciy1=3IrCp,N3s.Cy, C=Con MNM.

Then C is the smallest explicit £LZ(X)-definition of A un-
der O.

Transfer Sequences. For the proof of “2. = 3. of The-
orem 6 and the proof that interpolants can be computed
in double exponential time we require an extension of the
notion of transfer sequences first introduced in (Bienvenu,
Lutz, and Wolter 2013) to logics with nominals.

Assume that Condition 2 of Theorem 6 holds. So we
have £LZ0O,-ontologies 01, Oy in normal form, concept
names A, B, and ¥ = sig(Oy, A) N sig(O2, B) such that
O, U OQ,A%NOZ’A = B(pa). Set O = 01 U Oy. We
use Ao, 4 to denote the ABox associated with the canonical
model Zp, 4. We require some notation for the individuals
that occurin Ap 4. Weseta ~ bif O = {a}M3u.A C {b}
and set [a] = {b € sig(O) | a ~ b}. We say that concept
name E is absorbed by a if O = E N Ju.A C {a}. We
denote the individual x,, of Ao 4 by x, and the individu-
als z,, of Ap 4 by zg. Note that z, = a3 if @ ~ b and
ro, = x4 if A is absorbed by a.

Given w € ind(Ap, 4), we call the individuals of the form
ww' € ind(Ap 4) the subtree of Ao, a, rooted at w.

By compactness we have a finite subset A of Ap 4 con-
taining 24 such that O, Ajs; = B(z4). We may assume
that A is prefix closed and that A5, contains

* {a}(z,) and A(z4) forall a, A € 3;
* T(x4)and T(z,) forall a, A € sig(O) \ %;
We obtain the ABox Ay from Ajx; by adding the assertions

* {a}(zgnew) and T (T4 pew), for all a, A € sig(O) \ %,
where Z 4 new and 4 pew are fresh individuals.

X; oce{rshji<i<n
X; oce{rshji<i<n

Let I denote the set of individuals x,,z4 with a, A €
sig(O) and let I, denote the set of individuals
Zanews TAnew With a, A € sig(O) \ . Observe that
O, As and O, A5, entail the same assertions C(a) for a €
ind(A‘ s1), so the additional individuals do not influence what
is entailed. In fact, we introduce the individuals /., only
to enable explicit bookkeeping about when in a transfer se-
quence (defined below) an assertion of the form C(a) or
Ju. A is derived.

We aim to define a small subset A’ of Ay, such that O =
A C C for the concept C' corresponding to .4’ and such
that still O, A" = B(za). If A’ has at most exponential
depth in the size of O then we are done, as then A’ is of at
most double exponential size in the size of ©O. We obtain A’
from Ay, by determining w and ww’ € ind(A) \ (I U Iyew)
which behave ‘sufficiently similar’ such that if we obtain A’
from A by replacing the subtree rooted at w in Ay by the
subtree rooted at ww’, then we still have O, A’ = B(x4)
and O = A C C for the concept C' defined by A’. The
replacement of subtrees is then performed exhaustively.

For w and ww' to be sufficiently similar, we firstly require
that tail(w) = tail(ww’) (with tail(w) the final type in w for
any w). This ensures that O = A C C for the concept
C corresponding to A", This also has the consequence that
A’ is (isomorphic) to a prefix closed subABox of Ag. For
the second condition for being sufficiently similar, we apply
the notion of transfer sequences (Bienvenu, Lutz, and Wolter
2013). To define transfer sequences, we consider derivations
using O and intermediate ABoxes B such that

I U ILiew Cind(B) C ind(Agx)

We admit B to contain equations x, = x, for z.,x. €

I U I,ey, with the obvious semantics. Consider such an in-

termediate B and w € ind(B) \ (I U Iey). Then the set

Dpg(w) is defined as the set of assertions « with O, B’ = «

and « of the form

* A(c)or{a}(c)with A, a € sig(O) and ¢ € {w}UIULew;
or

o r(w,c) withr € NkUNg™ and ¢ € T U Iey;

o r(c,d) withr € Nk UNR™ and ¢,d € T U Iey;

e c=dwithe,d € T U [y.

and B = BU {A(zanew) | O,B = Ju.A}. Forw €
ind(B) \ (I U Ijew), let

* B} denote the restriction of B to the individuals in the
subtree of BB rooted at w and I U I,y ; and let

* B! be the ABox obtained from B by dropping B, from
B except for w itself and 1 U ey .

Define the transfer sequence Xy, X1, . ..
as follows:

of (As,w) w.rt. O

o = Dy (W)

Xl = D(AE)Z;UXO (’LU)

XQ = D(AE);LUUXI (U})
Xy =



Intuitively, we first consider the set X}y of assertions that are
entailed by O and Ay, at {w} U I U I, if we only use
assertions in Ay, t}. We update Ay, by those assertions. Next
we consider the set X of assertions that are entailed by O
and the updated Ay, at {w}UIUI,, if we only use assertions
in the updated AEL. We update Ay again, and so on. It is
not difficult to see that if w, ww’ € ind(Ax) \ (I U Ipew) and

* the restrictions of Ay, to {w} U (I U Iey) and {ww'} U
(I U Iew) coincide (modulo renaming w to ww') and

* the transfer sequences of (Ag, w) w.r.t. O coincides with
the transfer sequence of (Ax, ww’) w.rt. O (modulo re-
naming w to ww'’)

then one can replace Agfu by Aztw, in Ay, and it still holds
that O, A’ = B(w4) for the resulting ABox A’. If in addi-
tion we require that tail(w) = tail(ww’), then the resulting
ABox is (isomorphic to) a prefix closed sub ABox of Ay, and
so the concept corresponding to the ABox A’ is still entailed
by A w.rt. O.

By performing the above replacement exhaustively, we
obtain a prefix closed subset A of Ay that is of depth
< 24191 with ¢ a polynomial and therefore has the prop-
erties required for Point 3 of Theorem 6. Such an .4 can
be constructed in at most double exponential time since one
can construct the canonical model Zp 4 up to nodes of depth
< 24U191D in double exponential time.

The claims stated in Theorem 6 for interpolants without
the universal role are shown by modifying the proof above
in a straightforward way.

F Proofs for Sections 8 and 9

We first complete the proof of Theorem 8 by showing that
there is a Horn-ALCZ-simulation between the interpreta-
tions Z and Z’ defined in Figure 5. The definition of Horn-
simulations is as follows. For any two sets X and Y and a
binary relation R, we set

* XR'Y if forall x € X there exists y € Y with (z,y) €
R;

o XRVY ifforally € Y there exists x € X with (z,y) €
R.

A relation Z C P(AT) x AT is a Horn-ALCIZ(Z)-
simulation between Z and 7' if (X,b) € Z implies X # ()
and the following hold:

o forany A € X, if (X,b) € Zand X C AZ, thenb € AT

e for any role 7 in X, if (X,b) € Z and XrTY, then
there exist Y/ C Y and &' € AT with (b,0') € X" and
') € 7,

« for any role r in ¥, if (X,b) € Z and (b,V') € rZ’, then
there is Y C AT with XrZ+Y and (Y, V') € Z;

« if (X,b) € Z,thenZ',b =<¢grz,» Z,a forevery a € X
(where =¢g.7 s indicates that we have a simulation that
does not only respect role names in X but also the inverse
of role names in X2).

We write Z,X =<jomyx Z',b if there exists a Horn-
ALCI(X)-simulation Z between Z and Z’ such that
(X,b) € Z. 1t is shown in (Jung et al. 2019) that if
Z,X <pom,x I',b, then all Horn-ALCZ(X)-concepts true
in all nodes in X are also true in b.

Now observe that the relation Z between 22" and AT
containing all pairs ({z},z’), ({b,c},b”), and ({d, e}, d"”)
is a Horn-ALCZ(X)-simulation between the interpretations
7 and 7’ defined in Figure 5, as required.

We next observe that moving to the Horn fragment Horn-
GF of the guarded fragment is not sufficient to obtain a logic
in which interpolants/explicit definitions always exist. To
this end we modify the ontology given in the proof of Theo-
rem 8. In detail, let O’ contain the following Cls:

ACB

BLCVr.F

FC3r.DyM3re.Dy M 3ry. M M 3re. M
ACYr.(FN3r.(Di N M)MN3re. (DN M)) — E)
BLC 3IrC

C C FnVry.Dy MVry.Dy

and also B M 3r.(C' M E) C A. Define the signature 3 by
setting ¥ = {B, Dy, Do, E,7,r1,72}. We note that, intu-
itively, the third and fourth CI should be read as

F C 3r1.Dy M 3dry.Dy
ALC V’I‘((F nvry.Dy N V’I’Q.Dg) — E)

and the concept name M is introduced to achieve this in a
projective way as the latter CI is not in Horn-ALCZ.

We first observe that A is implicitly definable from X un-
der O’ since

o ): A=B I’lVr.(Vrl.Dl MVry.Dy — E)

We next sketch the proof that A is not explicitly Horn-
GF(X)-definable under O’. For a definition of Horn-GF
and Horn-GF simulations we refer the reader to (Jung et al.
2019). Now consider the interpretations Z and Z’ defined
in Figure 9. Both Z and 7’ are models of O’, a € A7,
o ¢ AT but a € FT implies ' € FT holds for every
Horn-GF(X)-formula F, and the claim follows. The latter
can be proved by observing that there exists a Horn-GF(X)-
simulation between Z and Z’ (Jung et al. 2019) containing
({a},a). In fact, one can show that the relation Z containing
all pairs ({z},2"), ({b,c},b”), and ({d,e},d”) is a Horn-
GF(X)-simulation.

We finally make a few observations regarding the Horn
fragment of first-order logic. Recall that Horn-FO is defined
as the closure of formulas of the form R(%),

Ri(t)A-- AR, (t,) — R(1), Ri(f)A-- AR, (t,) — L

under conjunction, universal quantification, and existential
quantification, where t1,...,tn, T are sequences of indi-
vidual variables and individual names (Chang and Keisler
1998). According to Exercise 6.2.6 in (Chang and Keisler
1998) Horn-FO has the following property.
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Figure 9: Interpretations Z (left) and Z’ (right) used for O’.

Theorem 9. Let ¢, be sentences in Horn-FO such that
@ N W is not satisfiable. Then there exists a sentence X in
Horn-FO such that sig(x) C sig(y) Nsig(¥), ¢ E x, and
X A\ is not satisfiable.

We directly obtain the following interpolation result.

Theorem 10. Let O, Oy be Horn-ALCLZO,-ontologies
and let Cy,Cs be Horn-ALCZO,,-concepts such that O U
Oy = Cy C Cs. Then there exists a formula x(x) in Horn-
FO such that

* sig(x) C sig(O1,C1) Nsig(Oa, C);

* 01 | Vz(Ci(z) = x(2));

* Oy EVz(x(z) = Co(a)).

Proof. Take a fresh unary relation symbol A(z) and a fresh
individual name c. Let ¢ be the conjunction of all sentences
in O1U{C1(c)} and let ¢ be the conjunction of all sentences
in Oz U {Vz(Ca(z) <> A(x)),—A(c)}. Then ¢ and ¢ are
both equivalent to sentences in Horn-FO. By definition o Ay
is not satisfiable. Thus there exists a Horn-FO sentence
using only ¢ and symbols in sig(O;, C71) Nsig(Oz, C3) such
that ¢ = x and x A % is not satisfiable. Thus:

e O = Ci(e) = x5
* Oy U{Va(Ca(z) < A(z))} = x — Alc).
Replace ¢ by z in x, C1(¢), and A(c). Then

* 01 = Va(Ci(z) = x(x));
* Oy = Va(x(z) = Ca(a))

as required. O

)

Applied to Horn-ALCZ ontologies and concepts we thus
always obtain an interpolant in Horn-FO and an interpolant
in ALCZ (since ALCZ enjoys the CIP (ten Cate, Franconi,
and Seylan 2013)).

It would be interesting to find out whether there exists an
interpolant in the intersection of Horn-FO and ALCZ and
whether it is possible to give an informative syntactic de-
scription of that intersection.



