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Abstract

We study uniform interpolation and forgetting in
the description logic ALC. Our main results are
model-theoretic characterizations of uniform inter-
polants and their existence in terms of bisimula-
tions, tight complexity bounds for deciding the
existence of uniform interpolants, an approach to
computing interpolants when they exist, and tight
bounds on their size. We use a mix of model-
theoretic and automata-theoretic methods that, as a
by-product, also provides characterizations of and
decision procedures for conservative extensions.

1 Introduction

In Description Logic (DL), a TBox or ontology is a logical
theory that describes the conceptual knowledge of an ap-
plication domain using a set of appropriate predicate sym-
bols. For example, in the domain of universities and students,
the predicate symbols could include the concept names Uni,
Undergrad, and Grad, and the role name has_student. When
working with an ontology, it is often useful to eliminate some
of the used predicates while retaining the meaning of all re-
maining ones. For example, when re-using an existing on-
tology in a new application, then typically only a very small
fraction of the predicates is of interest. Instead of re-using
the whole ontology, one can thus use the potentially much
smaller ontology that results from an elimination of the non-
relevant predicates. Another reason for eliminating predicates
is predicate hiding, i.e., an ontology is to be published, but
some part of it should be concealed from the public because
it is confidential [8]. Finally, one can view the result of pred-
icate elimination as an approach to ontology summary: the
resulting, smaller and more focussed ontology summarizes
what the original ontology says about the remaining predi-
cates.

The idea of eliminating predicates has been studied in Al
under the name of forgetting a signature (set of predicates) %,
i.e., rewriting a knowledge base K such that it does not use
predicates from Y anymore and still has the same logical con-
sequences that do not refer to predicates from ¥ [13]. In
propositional logic, forgetting is also known as variable elim-
ination [12]. In mathematical logic, forgetting has been inves-
tigated under the dual notion of uniform interpolation w.r.t. a
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signature 3, i.e., rewriting a formula ¢ such that it uses only
predicates from X and has the same logical consequences for-
mulated only in 3. The result of this rewriting is then the uni-
form interpolant of ¢ w.r.t. ¥. This notion can be seen as a
generalization of the more widely known Craig interpolation.

Due to the various applications briefly discussed above,
forgetting und uniform interpolation receive increased inter-
est also in a DL context [4; 19; 18; 16; 11; 10]. Here,
the knowledge base K resp. formula ¢ is replaced with
a TBox 7. In fact, uniform interpolation is rather well-
understood in lightweight DLs such as DL-Lite and £L:
there, uniform interpolants of a TBox 7 can often be ex-
pressed in the DL in which 7 is formulated [11; 10] and
practical experiments have confirmed the usefulness and fea-
sibility of their computation [10]. The situation is differ-
ent for ‘expressive’ DLs such as ALC and its various ex-
tensions, where much less is known. There is a thorough
understanding of uniform interpolation on the level of con-
cepts, i.e., computing uniform interpolants of concepts in-
stead of TBoxes [14; 18], which is also what the litera-
ture on uniform interpolants in modal logic is about [15;
9]. On the TBox level, a basic observation is that there are
very simple ALC-TBoxes and signatures 3 such that the uni-
form interpolant of 7~ w.r.t. ¥ cannot be expressed in ALC
(nor in first-order predicate logic) [6]. A scheme for ap-
proximating (existing or non-existing) interpolants of ALC-
TBoxes was devised in [16]. In [19], an attempt is made to
improve this to an algorithm that computes uniform inter-
polants of ALC-TBoxes in an exact way, and also decides
their existence (resp. expressibility in .ALC). Unfortunately,
that algorithm turns out to be incorrect.

The aim of this paper is to lay foundations for uniform
interpolation in ALC and other expressive DLs, with a fo-
cus on (i) model-theoretic characterizations of uniform inter-
polants and their existence; (ii) deciding the existence of uni-
form interpolants and computing them in case they exist; and
(iii) analyzing the size of uniform interpolants. Clearly, these
are fundamental steps on the way towards the computation
and usage of uniform interpolation in practical applications.
Regarding (i), we establish an intimate connection between
uniform interpolants and the well-known notion of a bisimu-
lation and characterize the existence of interpolants in terms
of the existence of models with certain properties based on
bisimulations. For (ii), our main result is that deciding the



existence of uniform interpolants is 2-EXPTIME-complete,
and that methods for computing uniform interpolants on the
level of concepts can be lifted to the TBox level. Finally, re-
garding (iii) we prove that the size of uniform interpolants
is at most triple exponential in the size of the original TBox
(upper bound), and that, in general, no shorter interpolants
can be found (lower bound). In particular, this shows that
the algorithm from [19] is flawed as it always yields uniform
interpolants of at most double exponential size. Our meth-
ods, which are a mix of model-theory and automata-theory,
also provide model-theoretic characterizations of conserva-
tive extensions, which are closely related to uniform interpo-
lation [6]. Moreover, we use our approach to reprove the 2-
EXPTIME upper bound for deciding conservative extensions
from [6], in an alternative and argueably more transparent
way.

Most proofs in this paper are deferred to the (ap-
pendix of the) long version, which is available at
http://www.csc.liv.ac.uk/~frank/publ/publ.html

2 Getting Started

We introduce the description logic ALC and define uniform
interpolants and the dual notion of forgetting. Let N¢ and
NRg be disjoint and countably infinite sets of concept and role
names. ALC concepts are formed using the syntax rule

C,D—T|A|-C|CND|3rC

where A € N¢ and 7 € Ngr. The concept constructors |,
LI, and Vr.C are defined as abbreviations: L stands for =T,
C U D for =(=C M =D) and Vr.C abbreviates ~3r.—-C. A
TBox is a finite set of concept inclusions C' T D, where C, D
are ALC-concepts. We use C' = D as abbreviation for the
two inclusions C T D and D C C.

The semantics of ALC-concepts is given in terms of in-
terpretations T = (AZ,-T), where AT is a non-empty set
(the domain) and - is the interpretation function, assigning
toeach A € N¢ aset AT C AT, andtoeachr € Ng arelation
rT C AT x AT, The interpretation function is inductively ex-
tended to concepts as follows:

T :=AT (-C)f:=AT\C* (CnD)t:=ctTnD?
(3r.C)t = {d € AT | Fe.(d,e) €T Ne € CT}

An interpretation Z satisfies an inclusion C T D if CT C
DZ, and T is a model of a TBox T if it satisfies all inclusions
in 7. A concept C' is subsumed by a concept D relative to
a TBox T (written 7 = C C D) if every model Z of T
satisfies the inclusion C C D. We write 7 |= 7~ to indicate
that T =CC Dforal CC D e 7.

A set 3 C N¢ U Ng of concept and role names is called a
signature. The signature sig(C') of a concept C' is the set of
concept and role names occurring in C, and likewise for the
signature sig(C' C D) of an inclusion C' C D and sig(7") of a
TBox 7. A ¥-TBox is a TBox with sig(7) C X, and likewise
for Y-inclusions and X-concepts.

We now introduce the main notions studied in this paper:
uniform interpolants and conservative extensions.

Definition 1. Let 7,7 be TBoxes and ¥ a signature. 7 and
T’ are Y-inseparable if for all X-inclusions C' C D, we have
TECCDIffT =CC D. Wecall

o T’ a conservative extension of T if 7' O 7T and T and

T are Y-inseparable for ¥ = sig(T).
o T a uniform X-interpolant of T' if sig(T) C ¥ C
sig(7") and 7 and 7" are X-inseparable.
Note that uniform -interpolants are unique up to logical
equivalence, if they exist.

The notion of forgetting as investigated in [19] is dual to
uniform interpolation: a TBox T is the result of forgetting
about a signature ¥ in a TBox T if T’ is a uniform sig(7") \ X-
interpolant of 7.

Example 2. Let 7 consist of the inclusions

(1) Uni C Jhas_st.Undergrad M Jhas_st.Grad
2)UnimMUndergradC L 3)UniMGrad C L
(4) Undergrad M Grad C L.

Then the TBox that consists of (2) and

Uni C 3has_st.Undergrad M 3has_st.(—=Undergrad M =Uni)

is the result of forgetting {Grad}. Additionally forgetting
Undergrad yields the TBox {Uni C Jhas_st.—Uni}.

The following examples will be used to illustrate our char-
acterizations. Proofs are provided once we have developed
the appropriate tools.

Example 3. In the following, we always forget { B}.

() Let7Ty ={AC Ir.BMN3Ir.—B}and ¥, = {A,r}. Then
T{ = {A C 3r.T} is a uniform ¥;-interpolant of 7;.

(i) Let 7 = {A = BN 3r.B} and £5 = {A,r}. Then
T3 = {A C Ir.(AU —3r.A)} is a uniform YX,-interpolant
of 7.

(iii) For 73 = {A C B, B C 3r.B} and X3 = {A, r}, there
is no uniform X3-interpolant of 73.

(ivyFor Ty = {AC 3B, A C Ir(A;NB), E= AN
BM3r (A2 N B)}and ¥y = {A,r, Ay, A1, E}, there is no
uniform Y4-interpolant of 74. Note that 7y is of a very simple
form, namely an acyclic £L£-TBox, see [10].

Bisimulations are a central tool for studying the expressive
power of ALC, and play a crucial role also in our approach
to uniform interpolants. We introduce them next. A pointed
interpretation is a pair (Z, d) that consists of an interpretation
Tandad € AT,

Definition 4. Let X be a finite signature and (71, dy), (Z2, d2)
pointed interpretations. A relation S C A7t x A%2 is a X-
bisimulation between (Z1,d;) and (Z2,d2) if (d1,d2) € S
and for all (d,d’) € S the following conditions are satisfied:

1. d € ATviffd’ € A2, forall A € ¥ N Nc;

2. if (d,e) € r’1, then there exists ¢/ € A2 such that
(d',e’) € r*2 and (e, e’) € S, forall 7 € ¥ N Ng;

3. if (d’,¢’) € r’2, then there exists e € AZ* such that
(d,e) € 1 and (e, e’) € S, forall 7 € ¥ N Nc.

(Zy,dy) and (Zy,ds) are X-bisimilar, written (Z1,d1) ~x
(Zs, da), if there exists a X-bisimulation between them.



‘We now state the main connection between bisimulations and
ALC, well-known from modal logic [7]. Say that (Z;,d;)
and (Zg, d2) are ALCx-equivalent, in symbols (Z1,d;) =x
(Zz, ds), if for all X-concepts C, d; € CT iff dy € CZ2.
An interpretation T has finite outdegree if {d’' | (d,d’) €
U, eng rZ} is finite, for all d € AZ.

Theorem 5. For all pointed interpretations (I;,d;) and
(Za,d2) and all finite signatures ¥, (Z1,dy) ~x (Za,d2) im-
plies (11,d1) =s. (Za,da); the converse holds for all T,, T,
of finite outdegree.

Bisimulations enable a purely semantic characterization of
uniform interpolants. For a pointed interpretation (Z, d), we
write (Z,d) | 35.7 when (Z,d) is X-bisimilar to some
pointed interpretation (7, d’) with 7 a model of 7. The no-
tation reflects that what we express here can be understood as
a form of bisimulation quantifier, see [5].

Theorem 6. Let T be a TBox and ¥ C sig(T). A £-TBox Tx
is a uniform X-interpolant of T iff for all interpretations Z,

IETs & foralde A" (I,d)E3IZT. )

For 7 of finite outdegree, one can prove this result by employ-
ing compactness arguments and Theorem 5. To prove it in its
full generality, we need the automata-theoretic machinery in-
troduced in Section 4. We illustrate Theorem 6 by sketching
a proof of Example 3(i). Correctness of 3(ii) is proved in the
appendix, while 3(iii) and 3(iv) are addressed in Section 3.
An interpretation Z is called a tree interpretation if the undi-
rected graph (A%, |, eNg rT) is a (possibly infinite) tree and
T N st = () for all distinct 7, s € Ng.

Example 7. Let 71 = {A C Ir.BMN 3Ir.-B}, X1 = {A,r},
and 7/ = {A C 3r. T} as in Example 3(i). We have Z = 7/
iff Vd € AZ: (Z,d) ~x, (J,d) for a tree model 7 of T{
iff Vd € AT: (Z,d) ~x, (J,d) for a tree interpretation J
such that e € A7 implies |{d | (d,e) € r7}| > 2
iff Vd € AT: (Z,d) ~x, (J,d) for a tree interpretation J
such that e € A7 implies e € (Ir.B M 3r.—~B)7
iffvd € AT: (Z,d) = 35 .Th.
1

The first ‘iff” relies on the fact that unraveling an interpreta-
tion into a tree interpretation preserves bisimularity, the sec-
ond one on the fact that bisimulations are oblivious to the du-
plication of successors, and the third one on a reinterpretation
of B¢ ¥inJ.

Theorem 6 also yields a characterization of conservative ex-
tensions in terms of bisimulations, which is as follows.

Theorem 8. Let 7,7’ be TBoxes. Then T U T’ is a conser-
vative extension of T iff for all interpretations T, T = T =
foralld € AT, (T,d) |= 35.T" where > = sig(T).

3 Characterizing Existence of Interpolants

If we admit TBoxes that are infinite, then uniform -
interpolants always exist: for any TBox 7 and signature X,
the infinite TBox 7,° that consists of all ¥-inclusions C' T D
with 7 |= C C D is a uniform Y-interpolant of 7. To refine
this simple observation, we define the role-depth rd(C') of a

concept C' to be the nesting depth of existential restrictions
in C. For every finite signature > and m > 0, one can fix a
finite set C{*(X) of X-concepts D with rd(D) < m such that
every X-concept C' with rd(C') < m is equivalent to some
D e CP(Y). Let

Tem ={CCD|TECEDandC,D € Cy' (%)}

Clearly, 7° is equivalent to | J,,,~ 7=,m suggesting that if a
uniform interpolant exists, it is one of the TBoxes Tsm- In
fact, it is easy to see that the following are equivalent (this is
similar to the approximation of uniform interpolants in [16]):

(a) there does not exist a uniform X-interpolant of 7
(b) no Tx,,, is a uniform X-interpolant of 7 ;
(c) for all m > 0 there is a k > m such that Ty, ,,, = Ts k.

Our characterization of the (non)-existence of uniform inter-
polants is based on an analysis of the TBoxes 7 ,,. For an
interpretation Z, d € A%, and m > 0, we use Z<™(d) to
denote the m-segment generated by d in Z, i.e., the restric-
tion of Z to those elements of A” that can be reached from
d in at most m steps in the graph (AT, Uren r%). Using
the definition of 7y, ,,,, Theorem 5, and the fact that every m-
segment can be described up to bisimulation using a concept
of role-depth m, it can be shown that an interpretation Z is a
model of T, ., iff each of 7°s m-segments is X-bisimilar to
an m-segment of a model of 7. Thus, if 75 ,, is not a uni-
form interpolant, then this is due to a problem that cannot be
‘detected’ by m-segments, i.e., some YX-part of a model of T
that is located before an m-segment can pose constraints on
Y-parts of the model after that segment, where ‘before’ and
‘after’ refer to reachability in (A%, U, ¢y, 77)-

The following result describes this in an exact way. To-
gether with the equivalence of (a) and (b) above, it yields a
first characterization of the existence of uniform interpolants.
p* denotes the root of a tree interpretation Z, Z<™ abbrevi-
ates Z=™(p?), and a Y-tree interpretation is a tree interpreta-
tions that only interprets predicates from .

Theorem 9. Let T be a TBox, 3> C sig(T), andm > 0. Then
Ts:,m is not a uniform X-interpolant of T iff

(*m ) there exist two X-tree interpretations, T, and Is, of fi-
nite outdegree such that

I IE™ = I3™;

2. (T, ph) = LT

3. (T, p™2) LT

4. For all successors d of p™2: (I, d) = T

Intuitively, Points 1 and 2 ensure that Z=™ = Z>™ is an
m-segment of a model of Ty, ,,,, Points 2 and 3 express that in
models of 7T, the Y-part after the m-segment is constrained
in some way, and Point 4 says that this is due to p”* and p’2,
i.e., the constraint is imposed ‘before’ the m-segment. The
following example demonstrates how Theorem 9 can be used
to prove non-existence of uniform interpolants.

Example 10. Let 73 = {A T B,B C 3r.B} and X3 =
{4, r} as in Example 3(iii). We show that (x,,) holds for all



m and thus, there is no uniform Xs-interpolant of 73. Exam-
ple 3(iv) is treated in the long version.

Let m > 0. Set Z; = ({0,1,...}, A7t r%1), where
ATt = {0} and r7* = {(n,n + 1) | n > 0}, and let Z be
the restriction of Z; to {0, ..., m}. Then (1) Ilgm = I;m;
(2) (7;,0) E 3%373 as the expansion of Z; by B* =
{0,1,...} is a model of T3; (3) (Z,0) [~ 35 75 as there

3
is no infinite r-sequence in Z, starting at 0; and (4) (Z, 1) =
3%37}, as the restriction of Zs to {1, ..., m} is a model of T3.

The next example illustrates another use of Theorem 9 by
identifying a class of signatures for which uniform inter-
polants always exist. Details are given in the long version.

Example 11 (Forgetting stratified concept names). A concept
name A is stratified in T if all occurrences of A in concepts
from conc(7) = {C,D | C C D € T} are exactly in nesting
depth n of existential restrictions, for some n > 0. Let 7 be
a TBox and X a signature such that sig(7) \ X consists of
stratified concept names only, i.e., we want to forget a set of
stratified concept names. Then the existence of a uniform -
interpolant of 7 is guaranteed; moreover, 7y ,, is such an
interpolant, where m = max{rd(C) | C' € conc(T)}.

To turn Theorem 9 into a decision procedure for the exis-
tence of uniform interpolants, we prove that rather than test-
ing (., ) for all m, it suffices to consider a single number m.
This yields the final characterization of the existence of uni-
form interpolants. We use | 7| to denote the length of a TBox
T, i.e., the number of symbols needed to write it.

Theorem 12. Let T be a TBox and ¥ C sig(T ). Then there
does not exist a uniform S-interpolant of T iff (*M%H)from

Theorem 9 holds, where My := 227!,
It suffices to show that (x2 1) implies (x,) for all m =

M2 + 1. The proof idea is as follows. Denote by cl(7) the
closure under single negation and subconcepts of conc(7T).
The fype of some d € A” in an interpretation Z is

tp?(d) := {C € |(T) | d € C*}.

Many constructions for ALC (such as blocking in tableaux,
filtrations of interpretations, etc.) exploit the fact that the rel-
evant information about any element d in an interpretation is
given by its type. This can be exploited e.g. to prove EXP-
TIME upper bounds as there are ‘only’ exponentially many
distinct types. In the proof of Theorem 12, we make use
of a ‘pumping lemma’ that enables us to transform any pair
11,7, witnessing (*p2 1) into a witness 77,75 for (+,)
when m > M% + 1. The construction depends on the rele-
vant information about elements of AZt and AZ2: in contrast
to standard constructions, however, types are not sufficient
and must be replaced by extension sets Ext” (d), defined as

Ext?(d) = {tp*(d') | 3T : J = T and (Z,d) ~x (J,d')}

and capturing all ways in which the restiction of tpZ(d) to
Y-concepts can be extended to a full type in models of 7. As
the number of such extension sets is double exponential in
|7 and we have to consider pairs (dy,ds) € ATt x ATz, we
(roughly) obtain a M% bound. Details are in the long version.

We note that, by Theorem 12, the uniform X-interpolant
of a TBox T exists iff 7 U Ty, M2 41 is a conservative ex-
tension of Ty, M241- With the decidability of conservative
extensions proved in [6], this yields decidablity of the exis-
tence of uniform interpolants. However, the size of Ty, M2+1
is non-elementary, and so is the running time of the resulting
algorithm. We next show how to improve this.

4 Automata Constructions / Complexity

We develop a worst-case optimal algorithm for deciding the
existence of uniform interpolants in ALC, exploiting Theo-
rem 12 and making use of alternating automata. As a by-
product, we prove the fundamental characterization of uni-
form interpolants in terms of bisimulation stated as Theo-
rem 6 without the initial restriction to interpretations of finite
outdegree. We also obtain a representation of uniform inter-
polants as automata and a novel, more transparent proof of
the 2-EXPTIME upper bound for deciding conservative ex-
tensions originally established in [6].

We use amorphous alternating parity tree automata in the
style of Wilke [20], which run on unrestricted interpretations
rather than on trees, only. We call them tree automata as they
are in the tradition of more classical forms of such automata.
In particular, a run of an automaton is tree-shaped, even if the
input interpretation is not.

Definition 13 (APTA). An alternating parity tree automa-
ton (APTA) is a tuple A = (Q, XN, 2E, o, 9,()), where @
is a finite set of states, Xy C Nc is the finite node alpha-
bet, ¥ C Ng is the finite edge alphabet, qy € @ is the
initial state, 0 : () — mov(.A), is the transition function with
mov(A) = {true,false, A,—=A,q,q AN ¢',qV ¢, {r)q,[r]q |
A€ Xn,q,¢ € Q,r € Zg} the set of moves of the automa-
ton, and ) : Q — N is the priority function.

Intuitively, the move ¢ means that the automaton sends a copy
of itself in state q to the element of the interpretation that it is
currently processing, (r)q means that a copy in state ¢ is sent
to an 7-successor of the current element, and [r]g means that
a copy in state ¢ is sent to every r-successor.

It will be convenient to use arbitrary modal formulas in
negation normal form when specifying the transition func-
tion of APTAs. The more restricted form required by Def-
inition 13 can then be attained by introducing intermediate
states. In subsequent constructions that involve APTAs, we
will not describe those additional states explicitly. However,
we will (silently) take them into account when stating size
bounds for automata.

In what follows, a 3-labelled tree is a pair (T, ¢) with T a
tree and ¢ : 7' — ¥ a node labelling function. A path 7 in a
tree 1" is a subset of 1" such that ¢ € 7 and for each x € 7
that is not a leaf in 7', 7 contains one son of x.

Definition 14 (Run). Let (Z,dy) be a pointed Xy U Xp-
interpretation and A = (Q, XN, X g, qo,9,2) an APTA. A
run of Aon (Z,dy) is a Q x AZ-labelled tree (T, £) such that
£(e) = (qo,dp) and for every x € T with £(x) = (q,d):

e i(q) # false;
o if 5(q) = A(6(q) = —A), thend € AT (d ¢ AT);



e if 5(q) = ¢’ A ¢", then there are sons y,y’ of z with
U(y) = (¢, d) and £(y') = (¢", d);
e if 6(q) = ¢’ V ¢”, then there is a son y of = with £(y) =
(¢, d)or l(y') = (¢",d):
e if 5(q) = (r)q, then there is a (d,d’) € r and a son y
of z with £(y) = (¢, d');
e if §(¢) = [r]¢’ and (d,d’) € rZ, then there is a son y of
x with £(y) = (¢', d").
Arun (T, ) is accepting if for every path 7 of T, the maximal
i € N with {z € 7 | {(z) = (¢,d) with Q(q) = 4} infinite
is even. We use L(.A) to denote the language accepted by A,
i.e., the set of pointed ¥ U X.p-interpretations (Z,d) such
that there is an accepting run of A on (Z, d).

Using the fact that runs are always tree-shaped, it is easy to
prove that the languages accepted by APTAs are closed un-
der ¥ U X g-bisimulations. It is this property that makes
this automaton model particularly useful for our purposes.
APTAs can be complemented in polytime in the same way
as other alternating tree automata, and for all APTAs 4;
and As, one can construct in polytime an APTA that accepts
L(A;1) N L(As). Wilke shows that the emptiness problem for
APTAs is EXPTIME-complete [20].

We now show that uniform Y-interpolants of ALC-TBoxes
can be represented as APTAs, in the sense of the following
theorem and of Theorem 6.

Theorem 15. Let T be a TBox and ¥ C sig(T) a signa-
ture. Then there exists an APTA A1 s = (Q,2 N Nc, N
N, g0, 6, Q) with |Q| € 2°U7TD such that L(Arx) consists
of all pointed Y-interpretations (Z,d) with (Z,d) | 35.T.
A7 s can be constructed in time 2°UTD | p a polynomial.

The construction of the automaton At s, from Theorem 15
resembles the construction of uniform interpolants in the pu-
calculus using non-deterministic automata described in [2],
but is transferred to TBoxes and alternating automata.

Fix a TBox 7T and a signature 3 and assume w.l.o.g. that
T has the form {T T C7}, with C in negation normal
form [1]. Recall the notion of a type introduced in Section 3.
We use TP(7) to denote the set of all types realized in some
model of T, ie., TP(T) = {tp?(d) | Z model of T,d €
AT}, Note that TP(T) can be computed in time exponential
in the size of 7 since concept satisfiability w.r.t. TBoxes is
EXPTIME-complete in ALC [1]. Given ¢,t' € TP(T) and
r € X, we write t ~,. t' if C € t' implies Ir.C € ¢
for all 3r.C' € cl(T). Now define the automaton A7y :=
(Q,2N,XE,qo,0,52), where

Q=TP(Muw{gp} Sy=YXNNc Zg=%nNg
8(q0) = \/ TP(T)
sty=" N\ An N\ A

AetnNNcNX Ae(NcNX)\¢

AN N € TP(T) [t~y t')

reXNNg

AN\ OV ETP(T) | Cetnt~, 1}
Ir.Cet,rex
Q(q) =0forallqg € Q

Here, the empty conjunction represents true and the empty
disjunction represents false. The acceptance condition of the
automaton is trivial, which (potentially) changes when we
complement it subsequently. We prove in the appendix that
this automaton satisfies the conditions in Theorem 15.

We now develop a decision procedure for the existence of
uniform interpolants by showing that the characterization of
the existence of uniform interpolants provided by Theorem 12
can be captured by APTAs, in the following sense.

Theorem 16. Let T be a TBox, ¥ C sig(T) a signa-
ture, and m > 0. Then there is an APTA At s, =
(Q,XN,XE, q,0,Q) such that L(A) # 0 iff Condition (*,,)
from Theorem 9 is satisfied. Moreover;, |Q| € O(2°) +
log?m) and |S x|, |2 5| € O(n + logm), where n = |T].

The size of Ay s ., is exponential in |7 and logarithmic

in m. By Theorem 12, we can set m = 22m, and thus the
size of At 5. is exponential in | 7|. Together with the EX-
PTIME emptiness test for APTAs, we obtain a 2-EXPTIME
decision procedure for the existence of uniform interpolants.
We construct A7 5 ., as an intersection of four APTAs, each
ensuring one of the conditions of (x,,); building the automa-
ton for Condition 2 involves complementation. The automa-
ton A7 s, runs over an extended alphabet that allows to en-
code both of the interpretations Z; and Z, mentioned in (%,,),
plus a ‘depth counter’ for enforcing Condition 1 of (x,,).

A similar, but simpler construction can be used to reprove
the 2-EXPTIME upper bound for deciding conservative ex-
tensions established in [6]. The construction only depends
on Theorem &, but not on the material in Section 3 and is
arguably more transparent than the original one.

Theorem 17. Given TBoxes T and T, it can be decided in

time 20(7127"1) whether T U T is a conservative extension
of T, for some polynomial p().

A 2-EXPTIME lower bound was also established in [6], thus
the upper bound stated in Theorem 17 is tight. This lower
bound transfers to the existence of uniform interpolants: one
can show that 7/ = T U{T C C'} is a conservative extension
of T iff there is a uniform sig(7") U {r }-interpolant of

To=TU{-CC A AC 3r.AJU{3s.AC A| s €sig(T")},
with r, A are fresh. This yields the main result of this section.
Theorem 18. It is 2-EXPTIME-complete to decide, given a

TBox T and a signature 3> C sig(T ), whether there exists a
uniform Y-interpolant of T .

5 Computing Interpolants / Interpolant Size

We show how to compute smaller uniform interpolants than
the non-elementary 7y, M2+1 and establish a matching upper

bound on their size. Let C' be a concept and ¥ C sig(C)
a signature. A concept C’ is called a concept uniform -
interpolant of C if sig(C) C X, 0 E C C (', and § E
C’ C D for every concept D such that sig(D) C ¥ and
() = C C D. The following result is proved in [14].
Theorem 19. For every concept C and signature . C sig(C)
one can effectively compute a concept uniform Y-interpolant
C' of C of at most exponential size in C.



This result can be lifted to (TBox) uniform interpolants by
‘internalization’ of the TBox. This is very similar to what
is attempted in [19], but we use different bounds on the role
depth of the internalization concepts. More specifically, let
T = {T C C7} have a uniform X-interpolant and R denote
the set of role names in 7. For a concept C, define inductively

VRSV.Cc =C, VRS"Ml.Cc=Cn QVT.VRS".C
;

It can be shown using Theorem 12 that for m = 22T
2171 4 2 and C a concept uniform X-interpolant of
VR=™.Cr, the TBox 7' = {T C C} is a uniform -
interpolant of 7. A close inspection of the construction un-
derlying the proof of Theorem 19 applied to VR=™.C' re-
veals that rd(C) < rd(VR=™.C'7) and that the size of C is
at most triple exponential in |7|. This yields the following
upper bound.

Theorem 20. Let T be an ALC-TBox and ¥ C sig(T). If

there is a uniform X-interpolant of T, then there is one of size
52r(ITD)

at most 2 , p a polynomial.

A matching lower bound on the size of uniform interpolants
can be obtained by transferring a lower bound on the size of
so-called witness concepts for (non-)conservative extensions
established in [6]:

Theorem 21. There exists a signature 33 of cardinality 4 and
a family of TBoxes (Tp,)n>o0 such that, for all n > 0,

(i) |Tn| € O(n?) and
(ii) every uniform S-interpolant {T T C7} for Ty, is of size
at least 22"2° =2,

6 Conclusions

We view the characterizations, tools, and results obtained in
this paper as a general foundation for working with uniform
interpolants in expressive DLs. In fact, we believe that the es-
tablished framework can be extended to other expressive DLs
such as ALC extended with number restrictions and/or in-
verse roles without too many hassles: the main modifications
required should be a suitable modification of the notion of
bisimulation and (at least in the case of number restrictions)
a corresponding extension of the automata model. Other ex-
tensions, such as with nominals, require more efforts.

In concrete applications, what to do when the desired uni-
form X-interpolant does not exist? In applications such as
ontology re-used and ontology summary, one option is to ex-
tend the signature Y, preferably in a minimal way, and then to
use the interpolant for the extended signature. We believe that
Theorem 9 can be helpful to investigate this further, loosely
in the spirit of Example 11. In applications such as predi-
cate hiding, an extension of X might not be acceptable. It
is then possible to resort to a more expressive DL in which
uniform interpolants always exist. In fact, Theorem 15 and
the fact that APTAs have the same expressive power as the
p-calculus [20] point the way towards the extension of ALC
with fixpoint operators.
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7 Proofs for Section 2

Proof sketch for Example 3 (ii) Recall that 75, = {4
B M 3r.B} and X2 = {A,r}. We show that 7; = {A C
Ir. (AU —3r.A)} is a uniform Yo-interpolant of 75. To this
end, we prove the criterion of Theorem 6.

Let Z be a model of A T Jr.(A U —3r.A). Then every
(Z,d), d € AZ, is bisimilar to a tree-interpretation (7, p7)
that is a model of A C Jr.(A U —3r.A). We define a new
interpretation 7' that coincides with 7 except that B is in-
terpreted as follows: for every e € A7 with e € A7 let
e € B and, if there does not exist an r-successor of e in
A7, then take an r-successor ¢’ of e with ¢/ ¢ (Ir.A)7 and
let e’ € B7" as well. Such an ¢ exists since 7 is a model of
A C Ir.(AU—-3r.A). Itis readily checked that 7’ is a model
of 3. Thus, foralld € AT, (Z,d) = 3%2.7—2.

Conversely, let (Z,d) |= 35 .72, forall d € AT, Letd €

AT and assume d ¢ 3r.(A U —=3r.A). Then, no r-successor
of d is in AZ and all r-successors of d have an r-successor
in AZ. Let (Z,d) ~x, (J,d’) with 7 a model of T3. Then
d' € A7, no r-successor of d’ is in A7, and all r-successors
of d’ have an r-successor in A7. We have d’ € (B 3r.B)7
and so d’ € BY and there exists an r-successor d”’ of d’ such
that ¢/ € BY. Since d’ ¢ A7, there does not exist an -
successor of d” that is in BY . But then no r-successor of d”’
is in A7 and we have derived a contradiction.

(all

To prove Theorem 6 in its full generality, we will rely
on the automata-theoretic machinery introduced in Section 4.
For now, we only establish a modified version where “for all
interpretation Z” is replaced with “for all interpretations Z of
finite outdegree”.

Theorem 6 (Modified Version) Let 7 be a TBox and X C
sig(T). A X-TBox Ty is a uniform Y-interpolant of 7 iff for
all interpretations Z of finite outdegree,

IETs < forallde AT, (Z,d)=3E.T.

Proof. “if”. Assume that (x) is satisfied for all interpreta-
tions Z of finite outdegree. We have to show that for all X-
inclusions C' C D,

Ts = CC Diff T =C C D.

Let sig(C C D) C X and assume Ty = C C D. Then
C M =D is satisfiable w.r.t. Ty, i.e., there is a pointed model
(Z,d) of Tx with finite outdegree and d € (C M —-D)%. By
(), there is thus a pointed model (7, e) of T with (Z, d) ~x
(J,e). Together with d € (C M —D)Z, the latter implies
e € (Cn=D)7. Thus, Cr—D is satisfiable w.r.t. 7, implying
T = C C D. Conversely, let T [~ C' T D. Then there is
a pointed model (Z,d) of T with finite outdegree and d €
(cn ﬁD)I . Trivially, Z satisfies the right-hand side of (%),
whence Z |= Ty, and we are done.

For the “only if ” direction, we first need a preliminary. An
interpretation Z is modally saturated iff it satisfies the fol-
lowing condition, for all » € Ngr: if d € AT and T is a
(potentially infinite) set of concepts such that, for all finite
U C T, there is a d’ with (d,d’) € r* and d’ € U7, then
there is an e with (d,e) € 77 and e € T'Z. The most im-
portant facts about modally saturated interpretations we need

here are (i) every (finite) or infinite set of concepts that is sat-
isfiable w.r.t. a TBox 7 is satisfiable in a modally saturated
model of T (ii) every inte rpretation with finite outdegree is
modally saturated; and (iii) Point 2 of Theorem 5 can be gen-
eralized from interpretations of finite outdegree to modally
saturated interpretations [7].

“only if”. Assume that 7y is a uniform Y-interpolant of
T. First assume that Z is an interpretation that satisfies the
right-hand side of (x). By Point 1 of Theorem 5, Z = T and
since T |= Ty, also Z |= Ts. Now assume that Z is a model
of Tx, of finite outdegree and let d € AZ. Define I' to be the
set of all ¥-concepts C' with d € CZ. Clearly, every finite
subset I' C T is satisfiable w.r.t. 7x;. Since Ty, is a uniform
Y-interpolant of 7T, every such I is also satisfiable w.r.t. T
(since T £ T C - IV implies 7 £ T C — |_| ). By
compactness of ALC, T is satisfiable w.r.t. 7. By (i), there
thus exists a modally saturated pointed model (J,e) of T
such that e € TY. Since d € TZ and e € TV (and since,
by definition, I" contains each Y-concept or its negation), we
have d € C7 iff e € C7 for all ALC-concepts C over Y. By
(i) and (iii), this yields Z ~x, J and we are done. [ |

8 Proofs for Section 3

For a tree interpretation Z and d € AT we denote by Z(d) the
tree interpretation induced by the subtree generated by din Z.

Besides of ALCx-equivalence, we now also require a char-
acterization of ALCx-equivalence for concepts of roles depth
bounded by some m.

Two pointed interpretations are ALCx-m-equivalent, in
symbols (Z1,d;) =¥ (Zy,dz), if, and only if, for all X-
concepts C with rd(C') < m, d; € CTviff dy € CF2.

The corresponding model-theoretic notion is that of m-
bisimilarity, which is defined inductively as follows: (Z1,d)
and (Zy, dy) are

e (3,0)-bisimilar, in symbols (Z1,d1) ~% (Za,ds), if

dy € AT iff dy € A% forall A € ¥ N Nc.

e (X, n+1)-bisimilar, in symbols (Z;,dy) ~%T (Zo, ds),

if (Il, dl) NOE (IQ, dQ) and
— for all (dyi,ey) € rZ1 there exists es € AZ2 such
that (da, e2) € 772 and (Zy, e1) ~% (Za, e2), for all
r e,
— for all (dg,es) € 722 there exists e; € ATt such
that (dy1,e1) € 771 and (Zy, e1) ~% (Z2, €2), for all
r e .
The following characterization is straightforward to prove
and can be found in [7].
Lemma 22. For all pointed interpretations (Iy,d,) and
(Zz, d2), all finite signatures ¥, and all m > 0: (Z;,d;) =%
(Z2, d2) if, and only if, (I1, d1) ~§ (L2, d2).

Lemma 23. Letr (Z1,d1) and (Za,d2) be pointed Y-
interpretations such that (I1,d1) ~% (Za,ds). Then there
exist Y-tree interpretations J1 and [Jo such that

o (J1,p7) ~x (Th, dv);
o (Jo,p”2) ~x (T2, d2);



< <
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Moreover, if T1 and Is have finite outdegree, then one can
find such Jy and Jo that have finite outdegree.

Proof. Assume (Z1,d;) and (Zo, do) are given. For j = 1,2,
we define J; as follows. The domain A7 consists of all
words
VToV1T1 " Un
such that
o vy = (di,ds2);
e for all i < m there are ¢;, f; such that v; = (es, fi) and
(Z1,e:) ~5 7" (Za, fi);
e forall: < m: ifv; = (ei,fi) and Vit1 = (ei+1,fi+1),
then (61‘, €i+1) S ’I“izl and (fl, fi—i—l) S ’/‘Z-IZ;
e foralli >m: v, € ATs;
e forall v, = (e, fm): if j = 1 then (€, V1) € 7215
and if j = 2 then (fy,, vymi1) € 722;
o foralli > m: (v;,v;41) €777,
For all concept names A, we set
AT = {vy-v, €A [ n>myv, € ATYU
{(eo, fo) -+~ (en, fn) € AT | n < mye, € AT},
and for all role names r, we define
rJi = {(w,wrv) | w,wrv € ATy e (AIJ UAT x AI"‘)}
It is straightforward to prove that
S1 = {le,w(e f)|ee A w(e, f) e AT} U
{(e,we) | e € AT jwe € AT}

is a Y-bisimulation between (Z1, p?*) and (1, p7*). A X-
bisimulation S, between (Zs, p*2) and (J2, p”2) can be con-

structed in the same way. Clearly, jlgm = me. Qa

Theorem 9. Let 7 be a TBox, ¥ C sig(7) a signature, and
m > 0. Then 7y ,, is not a uniform X-interpolant of 7 iff

(*,,) there exist two X-tree interpretations, Z; and Zo, of finite
outdegree such that

1L IE™ = I3™,

2 (Th, ) = 3T

3. (T, %) I 3T

4. For all sons d of p?2: (Z»,d) = 35.T.

Proof. Assume first that 7y ,, is not a uniform X-
interpolant of 7. We show (x,,). There exists m’ > m such
that 7s, v & Ts m/41. There exists a X-tree interpretation
7 of finite outdegree such that Z = Ty, and p* & CT for
some C'with T T C' € Ts /1.

As T |= Tsm, the concept

D = I_l B

Eecy (2),pTe BT

is satisfiable w.r.t. 7. There exists a X-tree interpreta-
tion J of finite outdegree that is a model of 7 such that
(Z,p%) =% (J,p7). By Lemma 22, we have (Z, p*) ~%’
(J,p7). By Lemma 23, and closure under composition of
(m)-bisimulations, we can assume that 7 is a X-tree interpre-
tation of finite outdegree with

o 75m — jéml~

(7,07) = 35T,

T ): 7-E,m’-

pt ¢ CT forsome (T C C) € Tsmr41-

For every son d of p%, as Z(d) is a model of T ,,» we can
argue as above and find a Y-tree interpretation K4 of finite
outdegree such that

(Z(d),d) ~2" (Kq, p*) = 35.T.

We have

(T (d), d) ~pm—y (K, p™).
Thus, by Lemma 23, we find X-tree interpretations 7; and
M of finite outdegree such that

o (Ja,p7t) ~x (J(d),d);

L (KdapICd) ~y (MdapMd);

° jdgm’—l _ M%m/—l.
Now define Z; by replacing, for every son d of p7, J(d)
by J; in J. Define T, by replacing, for every son d of pZ,

Z(d) by Mg in Z. It is readily checked that Z; and Z; are as
required:

° Ilgm = I;m: since m’ > m it is sufficient to show
I=™ = ZI;™ . Butsince ZS' = J=! this follows
from 77" ' = M5™ 7! for every son d of p.

o (7, p") | 3X.T follows from (7, p7) = 357 and
(Z1, p7) ~x (T, p7).

o (I, p™) ¥ 3Z.T follows if p™ ¢ C*> for some -
concept C such that 7 = T C C. By construction,
there exists C' € C}”'H(Z‘) such that p? ¢ C7 and
(T C C) € Tsm+1. Thus, by Lemma 22, it is suf-
ficient to show (Zy, p*2) Ng’+1 (Z, p*). This follows if
(Z(d),d) ~Z" (Mg, pM¢), for every son d of p”. But
this follows from

(Z(d),d) ~" (Ka, o) ~ox (Ma, p™9).

e For all sons d of p?2: (Z,d) = 33.7. This follows
from

(Zx(d),d) = (Mg, pM?) ~x (Ka, p) = 35.T.

Now assume that 7; and Z, satisfy (x,,). Then Z5 is a model
of Tx. . For assume this is not the case. Then d ¢ C?> for

some C' with T C C € Ty, Ifd = pI2, then d ¢ CT
because of Point 1. This contradicts Z; = 35.7. If d # p’2,

then d € Z(d') for some son d’ of p¥2. Hence d ¢ CZ(),
which contradicts Point 4.



Now assume that 7y ,, is a uniform Y-interpolant of 7.
As Ty is a model of Ty ,,, and has finite outdegree, we obtain
from the modified version of Theorem 6 proved above that
(Z2, p™*) |= 35T, which contradicts Point 3. a

We show Example 3 (iv): for 74 consisting of
1. AC 3r.B;

2. Ap C Ir.(A; N B);

3. E= A NBN3r(4A2MNB)};

and X4 {A,r, Ao, A1, E}, there is no uniform 3y4-
interpolant of 7.

Proof. It is sufficient to show (x,,) for all m > 0. Let
7, = ({0,...,m+1,(a,2),...,(a,m+1)},-T1), where

AT = {1,...,m}

ET = )

ri = {(G,i+1)|0<i<m}U
{(i,(a,i+1)) [1<i<m}

AR = {1,...,m+1}

AR = {(a,2),...,(a,m+1)}

Az = {0}

Then (Z;,0) E 3%4.71 because the expansion of Z; by
BT = {1,...,m + 1} is a model of 73.

Define Z as the restriction of Z; to A7t \ {m + 1}. By
definition, Z=™ = Z5™,

Claim 1. (Z,0) £ 33 .7Ta.

Assume (Z,,0) E 35 Ta. Take (Z2,0) ~x (J,0") with J
a model of 7. Let S be the X-bisimulation with (0,0") € S.
By inclusion (2.) there exists 1’ with (1,1’) € S such that
1" € ("EN AN A; N B)7. By inclusion (1.) there exists
an r-successor 2’ of 1’ that is in B7. We have (2,2) € S or
((a,2),2") € S. But ((a,2),2") ¢ S because otherwise 2’ €
(A2 1 B)Y which, since 1 € (A; 1M B)7, would imply, by
inclusion (3.), that 1’ € E7, a contradiction. Thus, (2,2') €
Sandso2 € (~EMAM A; 1 B)7. One can now show in
same way by induction that there is a m’ with (m,m’) € S
such that m’ € (~E M A A; 1 B)7. All r-successors
of m’ are in AJ since all r-successors of m are in A7 . By
inclusions (2.) and (3.) and since m’ ¢ E7 this leads to a
contradiction.

As 1 is the only r-successor of 0 in Z,, it remains to
show that (Zo,1) E 35, T Let T} be the restriction of

T, to ATz \ {0}. Then (Z»,1) | 3%4.71 follows from
the observation that the expansion of Z), by setting BT =
{(a,2),...,(a,m+ 1)} is a model of Tj. o

In a tree interpretation Z, we set dist(p”, d) = k and say that
the depth of d in T is k iff d can be reached from p? in exactly
k steps.

Example 11 Let 7 be a TBox and X a signature such that
sig(T) \ X consists of stratified concept names only, i.e., we

want to forget a set of stratified concept names. Then the ex-
istence of a uniform X-interpolant of 7 is guaranteed; more-
over, Ty, is such an interpolant, where m = max{rd(C) |

C € conc(T)}.

Proof. Assume Z;,7Z, satisfy (*,,). There exists a tree-
interpretation 77 that is a model of 7 such that (Z;, le) ~y
(J1, p7), and for every r-successor d,. of p’2 there exists a
tree-interpretation 7, that is a model of T with (Z5,d,.) ~x
(J4,,pd,.). We may assume that 7; is the X-reduct of [J;
and that every Z»(d,) coincides with the Y-reduct of Jy, .
Now expand Z; to an interpretation [J> as follows: for every
B esig(T) \ X of level k < m set

B = {d|de B7 Adist(p*2,d) = k} U
{d|d e B Ndist(p™2,d) # k}.

We show that /5 is a model of 7; and have derived a con-
tradiction as Ty - EIN T.LetC C D € 7T and assume that
de C~72\I D72 Letdlst 72,d) = 1.1f1 =0, thend € X7
iff d € X+ for all concepts X in T, by the definition of the
expansion. Thus, d € C%1 \ D% which contradicts that Z;
is a model of 7. If [ > 0, then d is in the domain of some
T,(d,). Thend € X2 iff d € X 74 for all concepts X in T,
by the definition of the expansion. Thus, d € C74- \ D7ar
which contradicts that 7, is a model of 7. a

Fix a TBox 7 and ¥ C sig(7). Set (Z1,d1) ~c (Z2,d2)
iff Ext™ (d;) = Ext™(dy). Note that the number of ~.-
equivalence classes is bounded by M.
Lemma 24. Let T be a tree interpretation and d € AT. As-
sume (Z(d),d) ~¢ (T, p7) for a tree interpretation J. Re-
place Z(d) by J in T and denote the resulting tree interpre-
tation by K. Then T \= 35.T if, and only if, K |= 35.T
Proof. Let Z, d, J, and K be as in the formulation of
Lemma 24. Assume Z = 33.7. There exists a tree-
interpretation Z’ that is a model of 7 such that (Z, p%) ~x
(T, p*). We may assume that there is a X-bisimulation
S between (Z, p%) and (Z', p*) such that S~ is an injec-
tive relation and such that (e,e’) € S implies that e is
reached from p” along the same path as e’ from pI/. Let
S(d) = {d"| (d,d") € S}. Consider, for every d’ € S(d), a
tree-interpretation Ky satisfying 7 such that

° th/’T(d’) _ tp’Cd'»T(p’Cd');

o (J,p7) ~s (Kar, ).
Such interpretations /Cy exist by the definition of the equiva-
lence relation ~¢. Now replace, in Z’ and for all d' € S(d),
the tree interpretation Z’(d’) by K4/, and denote the resulting
1nterpretation by K. K’ is a model of T since tp” 7 (d') =
tpa T (pFa), I’ is a model of T and all Ky are models of
7. It remains to show that (K, p) ~5 (K', p*"). Take for
every d’ € S(d) a X-bisimulation Sy between (7, p7) and
(Kar, p*4). Let S be the restriction of Sto

(AI \ AI( U AI’(d'
des(d
It is not difficult to show that S"U(J 5, S(d) Sd/ is the required
Y-bisimulation between (K, p7 ) and (K, o). 0



Theorem 12. Let 7 be a TBox and ¥ C sig(7). Then there
does not exist a uniform 3-interpolant of 7 iff (x M2 +1) from

Theorem 9 holds, where My := 22"

Proof. By Theorem 9, it is sufficient to prove that (x M2 1)
implies (x,,) for all m > M2 + 1. Take Y-tree interpre-
tations Z; and Z, satisfying (%,,) of Theorem 9 for some
m > M% + 1. We show that there exist X-tree interpretations
J1 and 7 satisfying (#,,41) of Theorem 9. The implication
then follows by induction.

Let D be the set of d € ATt with dist(p?,d) = m such
that Z; (d)S' # Zo(d)<! (i.e., the restrictions of Z; to {d’ |
d sonof dinZ;} and Zy to {d’ | d’ son of dinZy} do not
coincide). If D = 0, then Z=" " = Z5™*! and the claim
is proved. Otherwise choose f € D and consider the path

Tm—1dm = f

with (d;, d;y1) € rizl forall i < m. Asm > M72- + 1, there
exists 0 < ¢ < 7 < m such that both,

(Th,d;) ~° (Th,d;), (Ta,d;) ~° (Lo, d;).

Replace Z;(d;) by Z1(d;) in Z; and denote the resulting in-
terpretation by /C;. Similarly, replace Z5(d;) by Z2(d;) in Zo
and denote the resulting interpretation 2. By Lemma 24, 1y
and /Cy still have Properties (1)-(4). Moreover, the set D’ of
all d € AT with dist(p?i,d) = m such that K (d)S! #
K2(d)<! is a subset of D not containing f. Thus, we can
proceed with D’ in the same way as above until the set is
empty. Denote the resulting interpretations by J; and Js,
respectively. They still have Properties (1)-(4), but now for
some m’ > m. a

ptt = dorody - -

9 Proofs for Section 4

We start with establishing some basic results about APTAs.
To formulate and prove these, we make some technicalities
more formal than in the main paper. Recall than a run is a
pair (T, /) with T a tree. Let us make precise what exactly we
mean by ‘tree’ here. A tree is a non-empty (finite or infinite)
prefix-closed subset 7' C S*, for some set S. If d € T and
d-ce€ T withd € S* and ¢ € S, then the node d - ¢ is a son
of the node d in T. A node d € T that has no sons is a leaf.
We measure the size of an APTA primarily in the number of
states. To define a more fine-grained measure, we use ||.A||
to denote the size of A, i.e., |Q| + |Xn| + |Zg|- Note that
the size of (the representation of) all other components of the
automaton is bounded polynomially in ||.4]|. In particular, we
can w.l.o.g. assume that the values in Q2 are bounded by 2|Q)|.

Lemma 25. Let A; = (Q“ YN, 2E, q0,i5 (52‘7 Ql) be APTAs,
i € {1,2} with Q1 N Q2 = (. Then there is an APTA

1A = (Q1,2N,XE,q0,1,6", ) such that L(A") =
L(Ay):
2. A" =(Q19 QW {q}, XN, XE, qo, 8", Q") such that
L(A") = L(A;) N L(As).
Moreover, A’ and A" can be constructed in time p( ), p
a polynomial.

Proof. (sketch) The construction of A’ is based on the stan-
dard dualization construction first given in [3], i.e., ¢’ is ob-
tained from 0 by swapping true and false, A and = A, A and
V, and diamonds and boxes, and setting ' (¢) = Q(q) + 1 for
all ¢ € Q. The construction of A" is standard as well: add a
fresh initial state gop with 6(go) = go,1 A ¢o,1, and define 6"
and Q" as the fusion of the respective components of A4; and
A (e.g., 6" (q) = 61(q) forall ¢ € Q1 and 6" (¢q) = d2(q) for
all ¢ € Q9). |

The following lemma shows that a language accepted by an
APTA is closed under bisimulation. It implies that whenever
for an APTA A we have L(A) # (), then there is a pointed
tree interpretation (Z, d) with (Z,d) € L(.A). As a notational
convention, whenever z is a node in a Q x AZ-labelled tree
and ¢(z) = (g, d), then we use ¢1(x) to denote g and ¢2(x) to
denote d.

Lemma 26. Ler A = (Q,XN,XE,qo,9,2) be an APTA,
(Z,d) € L(A), and (Z,d) ~syusy (J,€). Then (J,e) €
L(A).

Proof. Let (Z,d) € L(A), and (Z,d) ~xyus, (J,e).
Moreover, let (T,¢) be an accepting run of A on (I d).
We inductively construct a Q x A7 -labelled tree (7", /),
along with a map p : 7" — T such that pu(y) = = implies
ti(x) = £1(y) and (Z, Lo(x)) ~syusg (T, 6(y)):

o start with 77 = {e}, ¢'(¢) = (q,€), and p(e) = ¢;

o ify € T isaleaf, ¢ (y) = ¢’ A q¢”, and u(y) = x, then
there are sons z’, 2" of x with ¢(z’) = (¢',¢2(z)) and
L2") = (¢",42(x)); add fresh y - ¢ and y - ¢’ to T’
and put £y - ) = (¢', (1)), ¢ (y - ") = (a" Ey(1)),
ply - ) =a',and u(y - ) = 2

o if y € TV is aleaf, £ (y) = ¢ V¢’ and p(y) = =z,
then there is a son 2’ of = with ¢, (z ’) € {¢,q"} and
lo(x') = £a(x); add a fresh y- ¢’ to T and put E’(y d) =
(6r(2), €5(y)) and p(y - ) = 2';

o ify € TV is aleaf, ¢} (y) = (r)¢, and u(y) = =, then
there is an (/5(x), d) € r and a son 2’ of z with £(z') =
(¢, d); since (Z,03(x)) ~syusy (J,45(y)), there is
an (¢ (y),d') € r7 with (Z,d) ~syus, (J,d'); add a
freshy-¢’ toT" and put £'(y-¢’) = (¢’,d’) and pu(y-¢') =
a’;

o if y € T is a leaf, ¢{(y) = [r]¢, and u(y ) = z,
then do the following for every (¢4 (y),d’) € r7: since
(Z,42(x)) ~syusp (T, 45(y)), there is an (€2(x), d) €
rZ with (Z,d) ~syus, (J,d'), and thus also a son 2’
of z with £(2’) = (¢/,d); add a fresh y - ¢/ to T” and put
U(y-c)= (¢ d)and p(y - ) = a'.

It can be verified that (77, ¢') is an accepting run of 4 on

(7). 0

Finally, we fix the complexity of the emptiness problem of
APTAs. The following is proved in [20] using a reduction to
parity games.

Theorem 27 (Wilke). Let A = (Q,Yn,XE, qo,0,2) be an
APTA. Then the emptiness of L(A) can be decided in time
2PUIAID | p a polynomial.



The following lemma establishes the correctness of the con-
struction of the automata A-;, for Theorem 15.
Lemma 28. (Z,dy) € L(A7x) iff (Z,do) = 35.T, for all
pointed Y-interpretations (Z,dg).
Proof. Let (Z,dy) be a pointed E-interpretation. By defini-
tion of Ay 5, we have (Z,dy) € L(Ar y) iff there exists a
Q x AZ-labelled tree (T, £) such that
1. £(e) = (qo, do);
2. there exists ason z of ¢ and t € TP(T ) such that {(x) =
(t, do);
3. if {(z) = (t,d), then
(@) de AT forall A e tNNcNX;
(b) dg Al forall A€ (NcNX)\ t;

(c) forall 7 € ¥ and (d,d’) € rZ, there exist ¢’ €
TP(T) such that t ~~,. ¢ and a son y of = such that
y) = (¢, d');

(d) for all Ir.C' € ¢ with r € 3, there exists (d,d’) €
rZ and ¢’ € TP(T) such that C € ¢’ and t ~~,. t/,
and ¢(y) = (¢, d") for some son y of x.

Assume that (Z,do) |= 35.7 and let (J,eo) be a pointed
model of 7 such that (Z,dy) ~x (J,ep). A pathis a se-
quence (di,e1) -+ (dn,en), n > 0, with dy,...,d, € AT
and ey, ..., e, € A7 such that

(i) d1 = do;

(i) (d;,diy1) € r* forsomer € XN Ng, for1 <i < n;
(iii) (Z,d;) ~x (J,e;) forl <i<n.
Define a Q x AZ-labelled tree (T, £) by setting

e T to the set of all paths;

o (&) = (g0, do);

o (((di,e1) - (dn,en)) = (tp7(
(d17 61) e (dn7 en) # .

One can now verify that (7, ¢) satisfies Conditions 1 to 3,
thus (Z,dy) € L(Aryx). In fact, Conditions 1 and 2
are immediate and Conditions 3a and 3b are a consequence
of the definition of ¢ and (iii). As for Condition 3c, let
E(x) = (t,d), (d,d') € rf, and r € X, and assume
x = (di,er)- ~(dn,en) Then d = d,,, and d,, ~x e,
and (d,d') € rT yield an (e,,e’) € r7 with d ~x €.
Thus y s (di,e1)-- (dn,en)(d/ €’) is a son of z and
t' .= tp7 (¢') is as desired, i.e., t ~,. ' and £(y) = (t',d’).
Condition 3d can be established 51m1larly

en),dy,) for all paths

Conversely, assume that there is a QQ x AZ-labelled tree
(T, ¢) that satisfies Conditions 1 to 3. Define an interpretation
Jo by setting

e AN =T\{zeT|l(z)=ql};

o Ao ={ze AP | Acit(x)};

o (z,y) € r70iff yis a son of z, {(x) =

(t',d"), t ~, t',and (d,d’) € r*
The next step is to extend J to also satisfy existential restric-

tions Jr.C with r ¢ 3. For each z € A7 and Ir.C € /()
with ¢ X, fix a model Z, 3,.c of T that satisfies C' and

(t,d), t(y) =

every D with Vr.D € {;(x) at the root. Such models exist
since ¢1(x) € TP(T), thus it is realized in some model of
T. LetZy, 3v1.Ch»- - - s Lay,3r.c,, DE the chosen models and
assume w.l.o.g. that their domains are pairwise disjoint, and
also disjoint from A70, Now define a new interpretation J
as follows:

e AT = Aoy U ALzi3m5.04

1<i<k

e AT =A%y | AT
1<i<k

o rJ =pJoy U pLei3ri.c; U (:L‘i’pl-'fivarq‘,-ci)'
1<i<k 1<i<k

By Condition 2, there is a son z( of £ in T" such that £(z() =
(t,dp). Using Condition 3, it can be verified that {(d, z) €
AT x AP0 | ly(x) = d} is a X-bisimulation between (Z, dp)
and (J, xg). It thus remains to show that 7 is a model of T,
which is an immediate consequence of the following claim
and the definition of types for 7.

Claim. For all C € cl(T):

() for all z € A% with ¢(z) = (t,d), C € t implies
zeC7,

(i) for 1 <i<kandallz € AL 5 ., 2 € CFeancs
implies z € C7.

The proof is by induction on the structure of C. We only do
the case C' = 3r.D explicitly. For Point (i), let z € A0
with ¢(z) = (t,d), and Ir.D € t. First assume r € 3. Then
Condition 3d yields a (d,d’) € r% and ¢ € TP(T) such that
D et andt ~, t/, and a son y of x with £(y) = (¢',d’). By
definition of \70,5% y) € r7.ByIH, D €t yields y € D7,
thus z € (3r.D)7. Now assume r ¢ 3. Then (z, pT=3r-P) €
r7. By IH and choice of pZ=3rp, pZ=3r0 ¢ DI and we are
done. For Point (ii), it suffices to apply IH and the semantics.

d

Proof of Theorem 6. We have already proved the modified
version of the theorem, where “for all interpretations Z”’ is re-
placed with “for all interpretations Z with finite outdegree”.
The “if” direction of the modified version immediately im-
plies the one of the original version. For the “only if” direc-
tion of the original version, assume that Ty, is a uniform -
interpolant of 7. The direction “<” of (x) is proved exactly
as in the modified version. For “=-", take an interpretation
Z with Z = Tx and assume to the contrary that there is a
d € AT such that (Z,d) is not X-bisimilar to any pointed
model of 7. Let A be the complement of the automaton
A7 s of Theorem 15. By Lemma 28, (Z,d) € L(A). We
can w.l.o.g. assume that 7 is a tree interpretation with root
d (if it is not, apply unravelling). By considering an accept-
ing run (7, ¢) of A on Z and removing unnecessary subtrees
synchronously from both Z and (T, £), it is easy to show that
there is a (J,d) € L(A) that is still a model of T, but of
finite outdegree. Since J € L(A), J is not X-bisimilar to
any model of 7. The existence of such a J contradicts the
modified Theorem 6, which we already proved to hold.  [J



Our next aim is to prove Theorem 16, which or convenience
we state in expanded form here. Theorem 16. Let 7 be a
TBox, ¥ C sig(7) a signature, and m > 0. Then there is an
APTA AT,E,m = (Q, YN, 28, q0, 6, Q) such that L(.A) #* 0
iff there are X-tree interpretations (Z;, dy) and (Zs, d3) such
that

LI =13™,

2. (I1,p") E 35T

3. (To, p™2) - 35T

4. for all successors d of p?2, we have (I, d) = EI%.T.

Moreover, |Q| € O(2°0 + log®m) and |Zy|, |Sg| €
O(n + logm), where n = |T.

Proof. Let 7 be a TBox, ¥ C sig(7) a signature, and k >
0. We show how to constuct the APTA At 5 ; stipulated in
Theorem 16 as an intersection of four automata A, ..., A4.
Let k = [log(m + 2)]. All of the automata .A; will use the
alphabets

EN = ((EQNC)X{LQ})U{Cla"'vck}
S o= (SNNR)x{1,2,12}

We assume w.l.o.g. that Xy C N¢ and ¥ C Ng. Intuitively,
a Xy U X g-interpretation Z represents two Y-interpretations
T, and Z, where for i € {1,2}, we set AT = AT, AT =
d € (A,i)% and r%i = (r,i)T U(r,12)%. Thus, edges indexed
by “12” represent edges that are shared between the two inter-
pretations. The additional concept names cq, . . ., ¢ are used
to implement a counter that counts the depth of elements in
Z up to m + 1, and then stays at m + 1. As a by-product,
the counter ensures that every element has a uniquely defined
depth. Formally, a pointed Xy U X g-interpretation (Z, d)
is called m-well-counting if for all dy,...,d, € AT with
dy = dand (dj,di11) € U,ex, 7 for 0 < i < n, the
value encoded in binary by the truth of the concept names
Cly- .-, Ck atdy is min{n, m + 1}.

Automaton A; ensures Condition 2 of Theorem 16. We
construct it by starting with the APTA Ay 5 from Theo-
rem 15, and then modifying it as follows to run on track 1
of the combined interpretations:

e replace the node alphabet ¥ N Ng with ¥, and the edge
alphabet ¥ N N¢ with X

o for all states ¢, J(q) is obtained from &(q) by replacing
A with (A, 1), ~A with (A4, 1), (r)q with {(r,1))q V
((r,12))q and every [r]q with [(r, 1)]q A [(r,12)]q

Automaton A, takes care of Condition 3 of Theorem 16.
We again start with At 5, first complement it according to
Lemma 25 and then modify it as A, but using track/index
2 instead of track/index 1. Automaton A3 addresses Condi-
tion 4 of Theorem 16. We start once more with A7 5, mod-
ify it to run on track 2, add a new initial state ¢{,, and put
6(90) = Ave(mnng)x{2,123[T]d0, With go the original initial
state, to start the run of the obtained automaton at every suc-
cessor of the selected point instead of at the selected point
itself. The following lemma states the central property of the
APTASs constructed so far.

Claim 1 Let (Z, d) be a pointed ¥ yUX g-interpretation. Then

1. (Z,d) € L(A)iff (I1,d) € L(Ar.g)iff (I,,d) =
T

2. (Z.d) € L(A) iff (T,d) ¢ L(Ars) iff (To.d) £
3T

3. (Z,d) € L(A3) iff (Zo(d'),d") € L(Ar x) for all suc-
cessors d’ of diff (Z>(d'), d') |= 35T for all successors

d' of d.
The purpose of the final automaton A4 is to address Condi-

tion 1 of Theorem 16. To achieve this, A4 also enforces that
accepted interpretations are m-well-counting.

Q =1{q,91,q}
§(go) = —e1 A+ A=k Aqi A go
5(q1) = (c=k+1)VI[r](ct+)) A
(c<k+1D)V[e==))A A o
reXg
N\ (A1) A (A,2)) V (=(A4,1) A=(4,2)) A

AeXNNc¢

/\ [(r, 1)]false A [(r, 2)]false

reXNNg

Ale=k+DV A [(r12)]g)

reXNNR

5((12) =

where (¢ < k + 1) and (¢ = k + 1) are the obvious
Boolean NNF formulas expressing that the counter cy, . . ., cx
is smaller and equal to k + 1, respectively, [r](c==) is a for-
mula expressing that the counter value does not change when
travelling to r-successors, and [r](c++) expresses that the
counter is incremented when travelling to r-successors. It is
standard to work out the details of these formulas.

Claim 2. Let (Z,d) be a pointed X U X g-interpretation.
Then (Z,d) € L(A4) iff (Z,d) is k-well-counting and
(Z1,d)SF = (T, d)=F.!

By Claims 1 and 2 and Lemma 26, the intersection of
Ay, ..., Ay satisfies Conditions 1-4 of Theorem 16. The size
bounds stated in Theorem 16 are also satisfied (note the addi-
tional states implicit in .Ay). a

Theorem 17. Given TBoxes 7 and 7, it can be decided in

time 27(7127"1) \whether 7 U T” is a conservative extension
of T, for some polynomial p().

Proof.(sketch) Let 7 and 7' be TBoxes and & = sig(7 ). We
construct an APTA A such that L(A) = () iff there are Y-tree
interpretations Z and Z’ such that Z |= 7 and Z [£ 35.7".
By Theorem 8 and a straightforward unravelling argument,
it follows that 7 U 7" is a conservative extension of 7T iff
L(A) = (. We start with taking automata A7 x; and A7 5,
where the latter is constructed according to Theorem 15 and
the former is defined as (Q, X, X g, qo, 9, §2), where @ is the

IThe definition of (Z, d)<* generalizes from tree interpretations
to k-well-counting interpretations in the obvious way.



set of all subformulas of Cr,

Ynv =X NNc Y =YXNNg
S(a)=Crn N\ [rlao
reXNNR
6(A) = 6(-A4) = -4
5(CM D)= C/\D 5(CUD)=CVD
5(3r.0) = (r)C 5(7r.C) = [r]C

Set Q(q) = 0 for all ¢ € Q). We can then use the construc-
tions from Lemma 25 to obtain a final automaton .4 such that
L(A) = L(A7x)NL(A7 ). It can be verified that the au-
tomaton is as required, and that Theorem 27 yields the bounds
stated in Theorem 17. 4

Theorem 18. It is 2-EXPTIME-complete to decide for a given
a TBox 7 and signature &> C sig(7 ), whether there exists a
uniform X-interpolant of 7.

Proof. It remains to prove the lower bound. To this end,
we reduce deciding conservative extensions to deciding the
existence of uniform interpolants. Assume 7 C 7 are given.
We may assume that 7/ = 7 U {T C C} and that 7" is
satisfiable and T [~ T~. Consider the TBox

To=TU{-CC A AC IrAJU{3s.AC A| s csig(T")}
where A is a fresh concept name and r a fresh role name.

Claim. 7 is a conservative extension of 7 iff there exists a
uniform Y-interpolant of Ty for 3 = sig(7) U {r}.

Assume first that 77 is a conservative extension of 7. We
show that 7" is a uniform Y-interpolant of 7. By Theorem 6,
it is sufficient to show the following for all Z: Z |= T iff for
alld € AT : (Z,d) = 3%.To. The direction from right to left
is trivial. Assume now that T T and fixad € AZ. By
Theorem 8, (Z,d) = 33, .7" and thus there is a pointed
model (7, e) of 7' such that (Z,d) ~sig(7) (Za,d). As T C
C € T', we have CY = A7, Moreover, since A and r do
not occur in 7 and 7”, we may assume that A7 = (). But
from C7 = A7 and A7 = ) we obtain 7 = T and so
(Z,d) = 35. 7o as required.

Conversely, assume that 7" is not a conservative extension
of T. Let Cy be a sig(T)-concept that is satisfiable w.r.t. 7
but not w.r.t. 77. Then 7y = Cy C A. To show thls, let Z be
a tree interpretation satisfying 7o with p? € CZ. Let Zo be
the restriction of Z to all d € A7 that are reachable from p”
with paths using roles from sig(7") only. Then Z; is a model
of 7 and not a model of 7" and so CZ0 # AZo, From -C C
A € Ty we obtain AZ0 £ (). Thus, from 3s.A T A € Ty for
all s € sig(T"), we obtain p? € AZo C AZ, as required.

From A C 3r.A € Ty, we obtain 7o = Co C Ir.---Ir.T
for arbitrary long sequences 3r. - - - 3r. Intuitively, this cannot
be axiomatized with a uniform interpolant not using A. To
prove this in a formal way, we apply Theorem 9 and prove
that (*,,,) holds for all m > 0.

Assume m > 0 is given. Let [Jj be a tree model satisfying
T with C5® € p7° and in which each d € A with the
exception of p7° has an r-successor. Let J; be tree models
satisfying 77 with r7¢ = (), i > 0. We may assume that the
A7+ are mutually disjoint. Define Z; = (A%, -71) by setting

o ATt = UZZO AT,
o st — Uiso s7 and BT1 = Uiso B7i for all 5, B €
sig(T7);
o 1T =P U {(p%, p7) | 2 0},
Note that p¥* = p7°. Then (Z;, p™') & 35.7o because the

extension of Z; defined by setting A7t = A U{p7: | i > 0}
is a model of 7.
Let Z, be the restriction of Z; to (Jy<;<,, A7. Then

(Top®™) ¥ KT !
(Ty, p*2) ~x (T}, p%) we have p%> € CL2. If T} is a model
of 7o, then p%2 € A%2 and so there exist do, d1, . . . such that
do = pIé and (d;,d;41) € rZ2 for i > 0. But then there ex-
ists such a sequence in T starting at p%2. As such a sequence
does not exist, we have derived a contradiction.

On the other hand, for all sons d of p?2, we have (Z, d) =
35.7o: ford = p7t this is witnessed by the interpretation
obtained from Z, by interpreting A as the empty set. For all
d € A7 this is witnessed by the interpretation obtained from
7, by interpreting A as the whole domain.

It follows that Z; and Z, satisfy the condition (x,,) from
Theorem 9. a

for any interpretation Z} with

10 Proofs for Section 5

Theorem 20. Let 7 = {T C C7} and assume that 7 has
a uniform X-interpolant Let R denote the set of role names
in T, m = 227" 1 21C71 4 2 and let C be a Y-concept
uniform interpolant of VR<™.Cy w.r.t. ¥. Then 7/ = {T C
C'} is a uniform X-interpolant of 7.

Proof. Recall that My = 927!, By Theorem 12, 7‘27M%+1
is a uniform X-interpolant of 7. We may assume that
Tsmzy1 = {T £ F} for a E-concept F' with rd(F) <
M3 + 1. We show

§=VR=".CrCF

We provide a sketch only since the argument is similar to the
standard reduction of “global consequence” to “local conse-
quence” in modal logic. Suppose this is not the case. Let Z be
a tree interpretation with p? € (VR="™.C1)? and p? ¢ FZ.
Let W be the set of d € AZ that are of depth 2271 For
any path of length 2/“7| + 1 starting at some d € W, there
exist at least two points on that path, say d; and d», such that

{E € sub(Cy) | dy € E*} = {E € sub(C7r) | dy € ET}.

We remove the subtree Z(dz) from Z and add the pair (d’, d;)
to 77 for the unique predecessor d’ of dy with (d’,d3) €
for some role r. This modification is repeated until a (non-
tree!) interpretation Z’ is reached in which all points are
reachable from p? by a path of length bounded by m =
22T 4 9ICT| 4 2 Since rd(F) < M3 + 1 and Z has
not changed for points of depth not exceeding MT + 1, we

still have p? ¢ FT', By construction, Z’ is a model of
T = {T C C7}. Thus, we have obtained a contradiction



to the assumption that {T C F'} is a uniform Y-interpolant
of T.

From () = VRS™.Cr C F we obtain () = C' C F for the
Y-concept uniform interpolant C. Thus {T C C} =T C F
and so {T C C'} is a uniform 3-interpolant of 7. a

Theorem 21. There exists a signature > and a family of
TBoxes (7, )n>0 such that, for all n > 0,

() |7.| € O(n?) and
(i) every uniform X-interpolant { T = C} for T, is of size
at least 22"2" =2,
To prove Theorem 21 in an economic way, we reuse some
techniques and result from [6]. We first need a bit of termi-
nology. If 7 and 7' are TBoxes and 7" is not a conservative
extension of 7, then there is a X-concept C' such that C' is
satisfiable relative 7, but not relative to 7'; such a concept C

is a witness concept for non-conservativity of the extension
of 7 with 77. One main result of [6] is as follows.

Theorem 29 ([6]). There are families of TBoxes (T, )n>o and
(T n>0 such that, for all n > 0,

(i) Tn, UT,. is not a conservative extension of Tp,

(i) |Tnl € O(n?), |T!| € O(n?), and

(ii) every witness concept for non-conservativity of the ex-

tension of T, with T, is of size at least 2(2"2% )1,

To transfer Theorem 29 from witness concepts to uniform
interpolants, we need to introduce some technicalities from
its proof. For the reminder of this section, fix a signature
¥ = {A, B,r, s}. Let Z be an intepretation and d € AZ. A
path starting at d is a sequence d, ..., d; with d; = d and
(di,di11) € 7P UsT, for1 < i < k. In[6], T is called
strongly n-violating iff there exists an z € A such that the
following two properties are satisfied, where m = (2" - 22" ):

(P1) for all paths z1, ...,z in Z with k& < m starting at z,
the X values of x1,...,x; describe the first £ bits of a
2"-bit counter counting from 0 to 22" — 1.

(P2) there exist elements x,, € AZ, for all w € {r,s}* of
length at most m — 1, such that the following are true:

(a) xe =u;
(1) (T, Tor) € 7T ifw' = w -7, and (Typ, Ty ) € 8
ifw =w-s;
(¢) x,, ¢ BT if wis of length m — 1.
Define a X-TBox

T, ={T CVr-ANVs.-A

VA

AC-X1 |<_2| V(rUs)imX}

The following result of [6] underlies the proof of Theorem 29.

Lemma 30 ([6]). There exist families of TBoxes (T, )n>0 and
(T n>o0 such that, for all n > 0,

(i) | Tl € O(n?), |T;| € O(n?);

(ii) a model of T, that is strongly n-violating cannot be ex-
tended to a model of T,.;

K o= ]

i<m,bit; (22" )=

V{r,s}".X M 1
1

V{r, s}t~ X 2
i<m,bit; (22" )=0 {r.s} @)
K" = -B 3)
I K n3s kY )

Figure 1: Definition of the concepts K; and K. 2(7”).

(iii) a tree model of T, that is not strongly n-violating can be
extended to a model of T,

(iv) every model of T, can be extended to a model of Ty,.

The TBoxes 7, and 7,, from Lemma 29 are formulated in
extensions of the signature ¥, more precisely we have ¥ =
sig(7T,) Nsig(7,)). Thus, the phrase ‘extended to a model of”
refers to interpreting those symbols that do not occur in the
original TBox.

To estabish Theorem 21, we consider the uniform -
interpolants of the TBoxes 7,, U 7,/. Let

Tem =T, U{AT —K; U-K{™}

where the concepts K; and Kg(m) are shown in Figure 1
and m = 2" - 22", In the figure, we use bit;(m) to denote
the ¢-th bit of the string obtained by concatenating all val-
ues of a binary counter that counts up to m (lowest bit first,
and with every counter value padded to log(m) bits using
trailing zeros). Note that V{r U s}*.C is an abbreviation for

Vry. .-+ .¥r;.C. We show that Ty, ,, is a uniform
ri-ri€{r,s}?
Y-interpolant of 7,, U 7,7, and that it is essentially of minimal
size. It is not hard to see that the models of 7y, are precisely
those interpretations that are not strongly n-violating.

Lemma 31. Foralln > 0,
1. Tx p is a uniform L-interpolant of T, U T,.;

2. every uniform X-interpolant {T T Cr} for T, U T/ is

. n, 277 p—
of size at least 222" )1,

Proof. For Point 1, let C' C D be a ¥-inclusion and assume
first that 7y, ,, = C C D, i.e., there is a model Z of Ty, ,, and
ad € (Cn =D)L Since 7,7 C Tx., and by Point (iv) of
Lemma 30, Z can be extended to a model Z' of 7,,. Let J be
the unravelling of Z’ into a tree with root d. Obviously, 7 is
still a model of 7,, and d € (CT—=D)7. Since Z |= Ts n, L is
not strongly n-violating, and thus the same holds for 7. By
Point (iii) of Lemma 30, J can be extended to a model 7’ of
7T and we have d € (C' M —=D)7 , thus 7, U7, k& C C D.

Conversely, let 7, U T,! i~ C' C D. Then there is a model
Zof T,UT,!andad € (C T —D)L. By (ii), Z is not strongly
n-violating, thus it is a model of 7y , and we get Ts, k=
CCD.

For Point 2, assume that there is a uniform X-interpolant
{T C C7} for T,, U T, that is of size strictly smaller than

2(2"2"")=2 " Then the size of ~Cf is strictly smaller than



9(2"2*")-1, By Theorem 29, to obtain a contradiction it
thus suffices to show that ~C's is a witness concept for non-
conservativity of the extension of 7, with 7. First, since
T.UT! E T C Cr, ~C7 is unsatisfiable relative to 7,, U7,..
And second, there clearly is a model Z of 7, that is not a
model of 7y, ,,. Since {T C C'7} and Ty, ,, are both uniform
Y -interpolants of 7,, U 7/, they are equivalent and thus there
isad € ﬁC7Z-. By Point (iv) of Lemma 30, ~C'r- is satisfiable
relative to 7,,. 4



