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Let G = (g,7) and b C g. Then b is downward closed in G if
Vz,y€g:zry,y€b=>z€b.
If Uy, U, are subsets of clusters U], U}, then we write UyrU, iff U{rUj.

Lemma 5.4.11 Let G = (g,r) be finite, a C g be downward closed in G,a # 0. Let
UeCl(G),Una=0, with Img(U) = {Us,...,Ux} C Cl(G,). Further let F = (f,s) be a
transitive frame with f = (g— U)UViU...UV,, n > 1, and (U,r) ~ (V,s) for i < n and

(1)Vz,y € g—U : zry & zsy.

(2) Vi #V; for i # ;.

(3)Vzeg-Uyye V,,i<n: ysz & Urz.
(4)Vz e g—-U,yeV,,i <n: zsy= zrU.
(5) Vi < k35 < n: UisVj.

(6) Vi <n3i<k: U; §Vj.

Suppose that there is no proper subset I of {1,...n} such that ((g— U)U U{V;|i € I},s)
has property (5). Then there is a p-morphism from F onto a descendant of G.

Proof. Let F have the required properties. First there are ¢,j < k such that we have for
all I < n:UisVi = U; AVi. For suppose that this is not the case. Take a U; such that
Ui #V1. Then for all j < k there is an m < n,m # 1 with U;sV,,. Hence,

(9= U)UU{Vm|m < n,m # 1}, s) has property (5).
Now take i,5 < k such that for all ] < n : U;sV; = U; AVi and take V|, V,, with
UisVi, U;jsVin. Let V1 := | J{V;,|UisV;, }, V2 := U{V;,|U;sV;, } and
V3= {V;,|U; #V;,,U; #V;,} and define Fy = (fy,51) by fi := (9= U)UV;UV,, and

81 = 8- (U{‘/Jl IJl < nrjl # 7"'11})2
U {(z1,22)|z1 € a,22 € Vi, 3y € V! : 218y}
U {(z1,23)|z1 € 6,23 € Vi, Iy € VZU V3 : 2,59}

Now it can be checked that F; is of type G[{V}, V;n}/U] and therefore is a descendant of
G. Defineamapp: F — Fy by p(z) = zforz € (¢g- U)UV, UV, and p(z) € V
if z € V! and p(z) € Vm if 2 € V2U V3. Clearly we can define p in such a way that
plVi] == {p(z)lz € V;} = Vi for V; C V! and p[Vi] = V,, for V; € V1 U V2. It can be
checked that p is a surjective p-morphism.-
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Lemma 5.4.12 Let v be a cluster valuation, G = (g,7) be finite with root 0 and h =
(h,<). Let {b; C h|z € g} be a set with Vg[bs|z € g] = h,bo # O and let a C g be
downward closed in G and b C h with p : hy ~ G, so that (Go ~ hy) is recognized by
{bz|z € a}. Further let U € CI(G),U Na = B, with Img(U) = {U,...,Ux} C Cl(Ga).
Define n := 4(G,U) and by := J{bz|z € U}. Then h is subreducible onto an F € F,*(G)
if one of the following conditions is satisfied:

(Ezt) There is no set ¢ C h with Gouv = hpuc so that (Gauwv =~ hsue) is recognized by
{bz|]z € aU U}.

(R-Om) U is proper and for any V = p‘l(Ui),i < k, there is a chain of reflezive
points {y} 4 ... y,} Cby withV Q y; .

(Ir-Om) U is non-degenerated and for any V = pf‘(U.-),i < k, there is a chain of
irreflezive points {y; 4 ... < yy} C by with V <« y;.

(Cl-Om) b # O and there are sets cy,...,¢; C by,l > 1, with (¢;,q) ~ (U,r) and
(a) cidhe; for all i # j,

(b) for all i < k there is a j < 1 with p~1(U;) < ¢j,

(c) for all j < 1 there is an i < k with p~1(U;)4 c;.

Proof. Define V; := p~(U;) for i < k.

Suppose that (Ext) holds. Let a;,...an C by be a minimal set such that a; N b, # @ for
all : < m,z € U and

(a) for all ¢ < k there is a j < m such that a; C O~V

(b)forall i # j: GajNa; =0,

(c) for all j < m either (i) (aj, <) ~ U or (ii) (a;,q) =~ (w, <) or (iii) (a;, <) = (v, Z).
The existence of such sets follows from the fact that Vg[b.|z € g] = h. Clearly m < k.

Case 1. m = 1. Then, by condition (Ext), a; is an infinite chain of reflexive or irreflexive
points and U is non-degenerated. (i) a; is a chain of irreflexive points. We proof that A
is subreducible onto F = G[7,*/U]. Take {yo < ... < yn—1} C a; and define c; := b, for
z€g—(aUU),c; :=p~1(z) for z € a and ¢; := {y;} for i < n. It is easy to check that
Vrlcz|z € f] = h. Hence h is subreducible onto F. (ii) a; is a chain of reflexive points.
Then, by condition (Ext), |U| > 1. In this case h is subreducible onto G[7,?/U].

Case 2. m > 1. Define a frame F = (f,s) by f := (¢ - U) U Uj...U Uy, with |U}| = |U|

8

r—(UxU)
{(31,%)|n € 6,32 € U},p~ (1) € COa;}

{1, 92)l1 € Uj,y2 € 9= U, U 7 32}
{(%1,%2)l1,%2 € U}, U non-degenerated}.

C ChE

Now define ¢, := p~'(z) forz € a, ¢, := b, for z € g—(aUU) and let for i < m {c.|z € U!}
be a partition of a; with ¢; C ¢y for z,y € U/ if U is non-degenerated. It can be checked
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that Vz[cz|z € f] = h. It follows from Lemma 5.4.11 that there is a descendant of G
which is a p-morphic image of F. Hence, h is subreducible onto a descendant of G. \

Suppose that (R-Om) holds. We show that h is subreducible onto F := G[T;?/U]. Define
d = {y_;lj < n,i < k}andlet ¢; := by forz € g— (aUU),c; := pl(z)ifz €a
and ¢; = {y € dldpr,(y) = n—i— 1} for i < n—1. Again it can be checked that
Vrlez|z € fl=h.

Suppose that (Ir-Om) holds. Then the argumentation is as in (2), but reflexive points are
replaced by irreflexive ones. This time h is subreducible onto G[7;7/U].

Suppose that (Cl-Om) holds. We assume that ci,...,¢; is minimal with the required
properties, especially that ! < k. Define F = (f,s) by
fi=(g-U)Uc;...Uc and

8

r—(UxVU)

{(m,92)ln Q v, 0,02 € ¢i,i < 1}
{(v1,92)|v1 € 32 € ¢i,p7" (1) < ¥2}
{(v1,92)lv1 € ci,v2€ 9= U, U 7 92}

cC c C

Define d, := p~!(z) for z € a, d; := b forz € g— (aUU),d; :={z} forz €1 U...Uq.
It can be checked that Vx[d;|z € f] = h. Again, by Lemma 5.4.11, F is subreducible onto
a descendant of G. Hence h is subreducible onto a descendant of G. -

Corollary 5.4.13 (Extension Lemma) For any cluster-valuation v, finite G with root
0, h € Fr(K4/¥ F3(G)) and {b: C h|z € g} with Vgbs|z € g] = h,bo # 0: If q: hy = Ga
for a downward closed a C g is recognized by {b;|z € a} then there arec 2 a andG: h. =G
such that (h. ~ G) is recognized by {bz|z € g}.

Proof. his not subreducible onto an F € F3(G). ence) the corollary follows by induction
from Lemma 5.4.12 (Ext). (7

Corollary 5.4.14 For all cluster valuations v and finite G with root 0 and all
h € Fr(K4/ F3(G)): h is subreducible onto G iff G C h.

Proof. The direction from right to left is trivial. Now suppose that A is subreducible
onto G. Then there exists {b, C h|z € g} with Vg[bz|z € g] = h and by # 0. Now the
lemma follows from the Extension Lemma applied toa =b= 0. 4
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Corollary 5.4.15 Let F,G be finite and rooted frames. Then F is subreducible onto G
iff there is a G, € Fp(G) with G, C F.

Proof. The implication from right to left follows from Lemma 5.4.9. Now suppose that
F is subreducible onto G. Then, by Corollary 5.4.14, for all cluster valuations 7 there is
a G € F,(G) with G; C F. Take a v such that v(G;,U) > |F| for all G; and U € CI(G,).
Then F,(G) N {G:||G:| < |71} = Fp(G) N {G:||G:| < |F[}A
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5.4.2 Subframe logics above K4 (IV)

Let us note the main consequences for subframe logics above K4. The following theorem
is essentially a reformulation of theorems known from FINE [85] and ZAKHARYASCHEV

[92a].

Theorem 5.4.16 For all subframe logics A above K4 the following conditions are equiv-
alent:

(1) A is elementary.

(2) There is a cluster valuation y with
Fv, (Fry(K4) - Fry(A)) € Fry(K4)— Fryz(A).

(3) There is a cluster valuation vy such that for all finite sets F of rooted frames
from A = K4/5F follows A = K4/ F,(F).

(4) There is a cluster valuation 7y and a 7y-closed set of finite rooted frames F
with A = K4/5F

If (4) is satisfied by v and Fthen Fr(A) = {h € Fr(K4)|F € h for any F € F}. '

Proof. (1) = (2). Suppose that there is no cluster valuation with the property required
in (2). Then there is a finite frame G [~ A and a non-degenerated cluster U € CI(G) such
that (i) G[7,; /U] E Afor0 < n € w or
(ii) U is proper and G[7,? /U] = Afor 0 < n € w.

But then all finite subframes of G[(w, <)/U] are A-frames or all finite subframes of the
frame G[(w, <)/U] are A-frames. Now, by Lemma 5.4.10, G is a p-morphic image of both
of these frames. Hence, Fr(A) does not have the finite embedding property. (2) = (3)
follows from Lemma 5.4.9 and (3) = (4) is trivial. For the implication from (4) to (1) let
h & Fr(A). Then h is subreducible onto a G € F. Take a maximal F in (F(G), <) such
that h is subreducible onto F. By Corollary 5.4.14, we have ¥ C h. Hence, A has the
finite embedding property. - "_“

Our work on variants and descendants begins to pay off with the following theorem.

Theorem 5.4.17 All elementary subframe logics above K4 are aziomaiizable by a setT
of formulas such that K4(¢) is an elementary subframe logic for all ¢ € T.

Proof. Let A = K4/5F be elementary. Clearly the theorem follows if there is a family
Ai,i € I, of elementary, finitely axiomatizable subframe logics with A = \/(A;|i € I).
Define for G € F Ag := K4/ F,(G), with v such that Fry(K4) — Frs(A) is 4-closed.
Fv(G) is finite and therefore Ag is a finitely axiomatizable and elementary subframe logic
and A = \/(Ag|G € F). 4
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5.4.3 Proof of Theorem 5.4.2

Proof of Theorem 5.4.2. (5) > (6). The direction from left to right is clear. For the other
direction note that Fr(A) = (Fr(A*.t)}¥ which is an elementary class if Fr(A*.t) is an

elementary class.
(1) & (4) and (3) & (2) follow from the fact that K4.t is an iterated Sf-splitting of K.t

| by finite frames. Hence, it remains to show (4) = (5) = (3) = (4).

(4) = (5). Suppose that A is not elementary. Then there is a finite rooted frame G = (g, )
with G ¢ Fr(A) and a non-degenerated cluster U € CI(G) such that

(i) G[T;x/U] £ A for all n > 0 or
(ii) U is proper and G[7,?/U] = A for all n > 0.

We assume that there is no proper subframe of G with these properties. Let (i) be the
case and |U| = m. Define a tense frame H := (h, <%, <47, A) by

h:=wU{(0,n)]1 < n<m},

4 :={(0,n)[1 < n <m}PU{(i,(0,n))li €w,1 < n < m}U{(i,5)li,j € w,i<j},

and let A be the closure of

C := {aC h|a finite and (0,n) ¢ a forall 1 < n < m}
u .{’{‘njlj €w}u {L(O,np}ll <n<m}

under N and —. It is standard to check that H is a descriptive tense frame. H looks as

follows: il SRR n‘;-cluster

By Lemma 5.4.5, G*[H/U] = ((g — U) U h,s*,s™, B) is a descriptive tense frame.

Claim 1. G'[H/U] [£ A* 1.

Proof. Let U = {z1,...2,}. Define a set {b;|z € g} C B by b, := {z} forz € g— U and
b, := {ij]j € w}uU{(0,%)} for 1 < i < m. It is easy to check that Vg[b.|z € g] = (¢9—U)Uh.
Hence, G![H/U] £ (0WVg — —po)* € At 2.

Define © := Th(Sf(G'[H/U])).

Claim 2. Fry(©) C Fry(At.t).

Proof. Let F = (f,s*,s”) € Fry(©). Then F = A*.t if any rooted generated subframe

of F* = (f,s*) is a A-frame. Hence, we may assume that F* is a rooted frame. Let z be

the root of . Clearly © is n-transitive for an n € w. Hence, by Corollary 3.1.11, there

exists a set {bz|z € f} C B with Vx[bs|z € fl]=(9—U)Uh and b, # §. Now let
d:={z € flb- 0 {(0,n)[1 < n < m} # 0.
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Case 1. d = 0. Then there is an n € w with J{b.|z € f} C G![T,7/U) € Fr(A*.t). Hence
we get F € Fr(A*.t). T,
Case 2. d # 0. Then we have b, C O%b, and b, C O7b, for all z,y € d. Hence, d
is a subset of a non-degenerated cluster V in F*. It follows immediately that there is

a cluster U’ in G with U'rU and b, N U’ # @ for z € V. Now it can be checked that
(g — U',r) is subreducible onto F*. Hence, by Lemma 5.4.15, there is an F; € Fp(F*t)
with 7y C (g — U',r). If F; € Fry(A), then F € Fr(A*t.t). Suppose that F; ¢ Fry(A).
Then we have U N f; =: U” # 0. Hence, 71(7,;/U"] € Fr(A) for all n € w which is a |
contradiction to the assumption that G is minimal.

Claim 3. Fr(0) C Fr(A*.t).

Proof. Clearly Claim 3 follows from Claim 2 if all rooted frames in Fr(©)* are finite.

Let n € w be maximal such that there is a cluster V in G with |V| = n. Then let

K := (n+1,n41xn+1). Clearly we have (()Vy: — —po)t € ©,(0MNV): — —py)~ € O.
Hence, a frame in Fr(©)* contains no cluster with cardinality > n, no strictly ascending
chains and no strictly descending chains. Further it is clear there is a k € w with ]+ € G) t.¢e

+
It follows immediately that any rooted 7 € Fr(©)* is finite. g O ()M 7L e

<k

Define Ay := @ NA*.t. Then Ay € SK4.t,A; C A*.t by Claim 1 and Fr(A,) = Fr(A*‘ t)
by Claim 3. Hence A*.t is not strictly Sf-complete above K4.t.

Now let (ii) be the case and |U| = m > 1. Let H*® be the reflexive closure of H. It can be
checked that this is again a descriptive tense frame. Define © := Th(Sf(G'[H*/U])). Now
the proof that A; := © N A.t satisfies A; € SK4.t,A; C At. t\,and Fr(Ay) = Fr(At.t)is
completely analogous to the proof above.

Before going on with the proof let us note that there is a crucial difference between the
formula Vg and the formula Vg for a finite rooted frame G € Fr(K4). This difference
reflects the fact there there are p-morphims p : H — G which are not t-p-morphisms from
H* to G'. We sometimes write V; instead of Vg:. Let us also note that a set {a.|z € g}
which recognizes (hy ~ G) in H = (h, <, A) does not necessarily recognize (hf ~ G*) in H*.
The proof of (5) = (3) is essentially a description of how to manipulate a set {a.|z € g}
which recognizes (hy ~ G) in H so that {a,|z € g} recognizes (h} ~ G*) in H!. It turns
out that such a manipulation is possible for H € Rfr(K4/% F}(G)).

(5) = (3) Let A = K4/¥F, F a set of finite rooted frames, and let 7 be a cluster valuation

with F,(F) C F. We proof by inverse induction on <., that the following holds for all
v-closed sets F; C F:

(i) F% defines an iterated Sf-splitting of K4.t
(ii) (K4/9F).t = K4.t/5F}

Then we have for F; := F that F?} defines an iterated Sf-splitting of K4.t with
Att=K4/5Fi.

Let G € F with root 0 and suppose that (i) and (ii) hold for F3(G). Now define






