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Overview

-

First-order temporal logic is very expressive but has no
finite axiom system.

The monodic fragment of FOTL has been shown to
have completeness and sometimes even decidability
properties (Hodkinson et al.).

Tableau and resolution calculi have been defined for the
monodic fragment (Kontchakov et al., Degtyarev et al.),
however neither are very practical.

Here we focus on expanding domains i.e. the domain
which first-order terms can range over can increase at
each temporal step.

We present a fine grained calculus with steps amenable
to implementation. J
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M otivation

. .

The monodic fragment of first-order temporal logic is useful
o for spatio-temporal reasoning;
# for reasoning about temporal entity relation models;

# as a unifying framework for:
» temporal logics of knowledge/belief;
s Spatio-temporal logics;
s temporal description logics.
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First-Order Temporal Logic
B -

o First-order language without functional symbols
extended with temporal connectives: O, <, [ ], U, W.

# Formulae are interpreted in a sequence of first-order
models, M, = (D,, I,), where D,, C D,, (expanding
domain) for n < m and I,, iIs an interpretation of
constant and predicate symbols over D,,.

# The Interpretation of constants and variables is rigid.

Definition 1 An FOTL-formula ¢ is called monodic if any

subformulae of the form 7, where 7 is O, [ ], or {> (or
17T o, Where 7 1S U or W), contains at most one free
variable.

The set of valid monodic formulae is finitely axiomatisable.
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Semantics of Temporal Operators
B -

Usual semantics for the temporal operators.
p p p p D p D p

L1p
p
| | | | | | |
Op
A A
pUq
p
| | | | |
Op
where

pWag=pUqV [ p
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Overview of the Resolution M ethod
L | | | -

The resolution method consists of three main steps:-
# translation to normal form;

# classical style resolution between clauses involving the
next-time operator, or between purely classical logic
clauses or between these two sets;

# eventuality resolution between eventuality clauses
(<>L(z)) and complex combinations of clauses involving
the next-time operator A;(z) = (O B;(z) which have the
effect Vz(\/, Ai(z) = O []=L(x)) (and ground versions
of these).

For simplicity, in the talk, we consider the case where there
are no constants in the original problem.
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Trandation to Normal Form
- -

# We translate formulae into a satisfiability preserving
normal form known as Divided Separated Normal Form.

#® A temporal step clause is a formula either of the form
p = (Ol, where p is a proposition and [ is a
propositional literal, or (P(z) = (OM/(z)), where P(z) is
a unary predicate and M (x) Is a unary literal.

#® We call a clause of the the first type an (original) ground
step clause, and of the second type an (original)
non-ground step clause.
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Divided Separated Normal Form
- -

A monodic temporal problem in Divided Separated Normal
Form (DSNF) is a quadruple (U, Z, S, &), where

# the universal part, U, is a set of first-order formulae;

# the initial part, Z, is a set of first-order formulae;

# the step part, S, is a set of original (ground and
non-ground) temporal step clauses; and

# the eventuality part, £, Is a set of eventuality clauses of

the form {L(z) (a non-ground eventuality clause) and

&1 (a ground eventuality clause), where [ is a

propositional literal and L(z) is a unary non-ground
literal.

U,7Z,S,and S are finite. With each monodic temporal
problem, we associate Z A | JU A [ VxS N |Vz€.
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The Original Calculus (Step)

o N

The original calculus required complex combinations of the
the ground and non-ground step clauses to apply such
rules as the following.

o Step resolution rule wrt. of: 2 ::Eg (O%s)

where Y/ U{B} FL.

Here A = (OB denote complex combinations of step
clauses (see the paper for their definition).
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A Fine-Grained Calculus
-

The idea of the new (fine-grained) calculus is to define
small resolution steps, more like classical binary
resolution, which are easier to implement.

Several of the smaller steps may be required to mimic
the original (complex) step resolution rule.

Thus we may generate additional step clauses of the
form

C = OD.

Here, C Is a conjunction of propositions and unary
predicates of the form P(z) and D is a disjunction of
literals.

First, rewrite the universal and initial parts into clausal

form. J
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Deduction rules

o N

1. Fine-grained (restricted) step resolution

O O(Dl \/L) (9 = Q(DQ\/—lM)
(Cl /N CQ)O‘ = Q(Dl V DQ)O‘

)

Chy= O(DyVL) DyVv-M
Chio = Q(Dl V DQ)O
where C; = O (D1 Vv L) and Cy = O (Do vV —M) are
step clauses, D, v =M Is a universal clause, and

and o Is an mgu of the literals L and M such that ¢ does

not map variables from C'; or (5 into a constant or a
functional term.
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-

2.

3.

4.

Deduction rules (Cont.)
-

Resolution (first-order) between universal clauses,
resulting in a universal clause.

Resolution (first-order) between initial and universal
clauses (or initial clauses), resulting in an initial clause.

Clause conversion. A step clause of the form
C = Ofalse is rewritten into the universal clause —C.

Right/left factor

C=ODbVLVM) (CANLAM)= OD
Co= O(DVLe (CALo= ODo

where ¢ Is an mgu of L and M s.t. o does not map
variables from C Iinto a constant or a functional term.
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TheOriginal Calculus (Eventualities)

-

Eventuality resolution rule w.r.t. I/:

va(Ai(z) = O (Bi()))

: <>L(37)
Va(An(z) = O(Ba(2))) U
Va '/:\1 -A;(x)

where Vz(A;(z) = (OB;(x)) are complex combinations of

step clauses s.t. for all € {1,...,n}, the side conditions
Vo(U A Bi(z) = —L(x)) and Vo (U A Bi(z) = \ (Aj(x))) are
j=1

valid. Vz(A;(z) = O(B;(x))) are known as a loop in —L(x).
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L oop Search and BFS
B

Using fine-grained resolution for eventuality resolution is
based on an extension to FOTL of the BFS algorithm for
loop search in PTL.

To find a loop in =L (x) BFS finds a sequence of
first-order formulae Hy, ... H, (where Hy = true) S.t. for
each i > 0 there are sets of complex combinations of

step clause, Vz(A;11(z) = OB;r1(x)), S.t.
Ve((Bir1(x) AU) = (Hi(z) N —L(x))).

The algorithm terminates when either H,,(x) = false (N0
loop) or Vax(Hy,—1(x) = H,(x)).

Note Va((Bj+1(z) ANU) = (H;(x) A —L(x))) is valid when
dx((Biw1(x) AU) AN —=(H;(x) A —L(x))) is unsatisfiable. J
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-

Fine-Grained Resolution and BFS

9

9

Introduce a new constant ¢ called the loop constant.
To detect each H;,(x) we add the clause

true = O (—H;(c") v L(c"))

and resolve.

For all new clauses C; = Ofalse generated let
k

Hit1(z) = \/j:l Cj{Cl — T}

We use all the rules for fine-grained resolution except
the clause conversion rule.

We relax the restriction on substitutions and allow the
loop constant to be substituted into the left hand side of

a step clause. J
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Example

-

T={il: 1}, U = {vz(B(z) =

Recall, this is short for Z A

Let us consider a monodic temporal problem P given by

A(z) A

-

-L(x )) | = dxA(x)},
S=1{s1:A(z) = OB(x)}, £ ={el: OL(x)

VxS A

This is unsatisfiable which we will show by resolution.

.
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Example (Cont.)
-

T=A{il:1l}, U ={Ve(B(x) = A(x) N —~L(x)), | = FxA(x)},
S=1{s1:A(x) = OB(x)}, £ ={el: L(x)}

We clausify ¢/ resulting Iin
U’ ={ul : (-B(x)VA(x)), u2: (-B(x)V-L(x)), ud: -IVA(c)}.
# Step resolution

s2: A(x) = OA(z) (s1,ul)
s3: A(x) = O-L(x) (s1,u2)

Now we try finding a loop in L(x).
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Example (Cont.)
B -

S={sl:A(zx) = OB(z), s2: A(z) = OA(x),
s3: A(x) = O-L(z)}

® Loop resolution: resolve {I1 : true = O L(c)} with U4, S.
12: A(d) = Ofalse (53, 11)

Hi(x) = A(x). At the second iteration resolve
{13 : true = O (—A(d) v L(c))} with ¢/ and S.

14 A() = OL() (52, 13)
15: A(d) = Ofalse (53, 14)

Ho(z) = A(x) and Vz(H(x) = Ho(x)) SO we terminate

L with the loop A(z). J
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Example (Cont.)
B -

T=A{il:1}, U° ={ul: (=B(x)V A(x)), u2: (=B(x) V ~L(x)),
ud : -V A(c)}, S={sl: A(z) = OB(x), s2: A(z) = OA(z),
s3: A(x) = O-L(2)}, £ ={el: OL(x)}

# Eventuality resolution: we can apply now the eventuality
resolution rule whose conclusion is

ud : —~A(x).
# Universal/initial resolution
ub =l (u3, ud) 12 :false (il, ud)

L The problem is unsatisfiable. J
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N

9

Theoretical | ssues
-

The translation to the normal form is satisfiability
preserving.

Theorem 1 The calculus consisting of the rules of
fine-grained step resolution, together with the (both
ground and non-ground) eventuality resolution rule, Is
sound and complete for the monodic fragment over
expanding domains.

Theorem 2 The calculus consisting of the rules of
fine-grained step resolution, together with the (both
ground and non-ground) eventuality resolution rule, is
complete for the monodic fragment over expanding
domains even if we restrict ourselves to loops found by
the BFS algorithm. J
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Conclusions

-

We have described a fine-grained resolution calculus

for monodic first order temporal logics over expanding
domains.

Soundness of the fine-grained inference steps is easy
to prove.

Completeness is shown relative to the completeness
proof for the expanding domain for the non-fine grained
version.

The fine-grained resolution inference rules are more
amenable to efficient implementation and could be
Implemented directly using any appropriate first-order
theorem prover for classical logics.

|
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