Monodic Temporal Resolution

Anatoli Degtyarev^2, Michael Fisher^1, and Boris Konev^1

1 Department of Computer Science, University of Liverpool, Liverpool L69 7ZF, U.K. {M.Fisher, B.Konev}@csc.liv.ac.uk 2 Department of Computer Science, King’s College, Strand, London WC2R 2LS, U.K.

anatoli@dcs.kcl.ac.uk

First-order temporal logic is a concise and powerful notation, with many potential applications in both Computer Science and Artificial Intelligence. While the full logic is incomplete [9], recent work on monodic first-order temporal logics has identified important enumerable and even decidable fragments [7].

Let L be a first-order temporal language with temporal operators (always), ♦ (sometime), (in the next moment), and U (until), but without equality or functional symbols. A formula is called monodic if any its subformula of the form ϕ, ϕ, ◇ϕ, ϕU ψ contains at most one free variable. We consider the monodic fragment interpreted over both constant and expanding domains [6] with the flow of time isomorphic to N, and provide a complete resolution calculus for this fragment, based on our work on clausal temporal resolution over a number of years [3, 5, 1].

We are interested in the satisfiability of unconditional eventuality monodic temporal problems in Divided Separated Normal Form (DSNF). A divided separated normal form DSNF is a quadruple ⟨I ,U,S,E⟩ where I and U are an initial part and a universal part, respectively, given by a set of arbitrary closed first-order formulae; S is a step part given by a set of step clauses (or step rules) and E is an eventuality part given by a set of eventuality clauses. Step and eventuality clauses are of the following forms:

∀x(P(x) ⇒ M(x)) (a non-ground step clause), p ⇒ m (a ground step clause), ♦L(x) (a non-ground eventuality clause), ♦l (a ground eventuality clause),

where P(x) is a unary predicate; L(x) and M(x) are unary literals; p is a propositional symbol; and l and m are propositional literals. We do not allow two different temporal step clauses with the same left-hand sides. With each DSNF we associate the formula I ∧ U ∧ ∀xS ∧ ∀xE. Now, when we talk about particular properties of temporal problems (e.g., satisfiability, validity, logical consequences etc) we mean properties of the associated formula.

Arbitrary monodic FOTL-formulae can be transformed into DSNF in a satisfiability equivalence preserving way with at most a linear increase in the size of the formula using a renaming technique replacing non-atomic subformulae with new propositions and removing all occurrences of the U operator [4, 2].

Let P be a monodic temporal problem, and let

P_{i1} (x) ⇒ M_{i1} (x),... ,P_{ik} (x) ⇒ M_{ik} (x) (1)

be a subset of the set of its original non-ground step clauses. Then formulae of the form

P_{i j} (c) ⇒ M_{i j} (c), (2) ∃x(P_{i1} (x) ∧ ... ∧ P_{ik} (x)) ⇒ ∃x(M_{i1} (x) ∧ ... ∧ M_{ik} (x)), (3) ∀x(P_{i1} (x) ∨ ... ∨ P_{ik} (x)) ⇒ ∀x(M_{i1} (x) ∨ ... ∨ M_{ik} (x)) (4)

are called derived step clauses, where c ∈ const(P). (Formulae of the form (2) and (3) are called e-derived step clauses.) Note that formulae of the form (2) and (3) are logical consequences of (1) in the expanding domain case; and formulae of the form (2), (3), and (4) are logical consequences of (1) in the constant domain case.

Let {Φ_1 ⇒ Ψ_1,... ,Φ_n ⇒ Ψ_n} be a set of derived (e-derived) step clauses or original ground step clauses.

Then^n ⋀ i=1 Φ_i ⇒ ^n ⋀ i=1 Ψ_i is called a merged derived step clause (and merged e-derived step clause, resp.).

Let A ⇒ B be a merged derived (e-derived) step clause, let P_1(x) ⇒ M_1(x),... ,P_k(x) ⇒ M_k(x) be a subset

of the original step clauses, and let A(x) ⇋ A ∧^k ⋀ i=1 P_i(x), B(x) ⇋ B ∧^k ⋀ i=1 M_i(x). Then ∀x(A(x) ⇒ B(x)) is

called a full merged step clause (full e-merged step clause, resp.).

Let P be a monodic temporal problem, P^c = P ∪ {♦L(c) | ♦L(x) ∈ E,c ∈ const(P)} is the constant flooded form of P. Evidently, P^c is satisfiability equivalent to P.

We present now two calculi, I_c and I_e, aimed at the constant and expanding domain cases, respectively. The inference rules of these calculi coincide; the only difference is in the merging operation. The calculus I_c utilises merged derived and full merged step clauses; whereas I_e utilises merged e-derived and full e-merged step clauses.

Inference Rules.^3 – Step resolution rule w.r.t. U:

A ⇒ B ¬A (

U_{res}), where U ∪ {B} ⊢⊥.

– Initial termination rule w.r.t. U: The contradiction ⊥ is derived and the derivation is (successfully) terminated if U ∪ I ⊢⊥.

– Eventuality resolution rule w.r.t. U:

∀x(A_1(x) ⇒ (B_1(x)))... ∀x(A_n(x) ⇒ (B_n(x))) ♦L(x)

∀x^n ⋀ i=1 ¬A_i(x)

(♦U_{res}),

where ∀x(A_i(x) ⇒ B_i(x)) are full merged (full e-merged) step clauses such that for all i ∈ {1,...,n}, the loop

side conditions ∀x(U ∧ B_i(x) ⇒ ¬L(x)) and ∀x(U ∧ B_i(x) ⇒^n ⋁ j=1 (A_j(x))) are both valid^4.

– Ground eventuality resolution rule w.r.t. U: The rule repeats the eventuality resolution rule with the only difference that ground eventualities and merged derived (e-derived) step clauses are used instead of non-ground eventualities and full merged (full e-merged) step clauses.

A derivation in the described inference systems is a sequence of universal parts, extended bit by bit by the conclusions of the inference rules. Successful termination means that the given problem is unsatisfiable. The I , S and E parts of the temporal problem are not changed in a derivation.

Theorem 1. The rules of I_c preserve satisfiability over constant domains. If a monodic temporal problem P is unsatisfiable over constant domains, then there exists a successfully terminating derivation in I_c from P^c.

Theorem 2. The rules of I_e preserve satisfiability over expanding domains. If a monodic temporal problem P is unsatisfiable over expanding domains, then there exists a successfully terminating derivation in I_e from P^c.

The notion of a (full) merged step clause is quite involved and the search for appropriate merging of simpler clauses is computationally hard. Finding sets of such full merged step clauses needed for the eventuality resolution rule is even more difficult. We are working now on the efficient implementation of the inference rules. Work in this direction for the expanding domain case can be found in [8].

References

1. A. Degtyarev and M. Fisher. Towards first-order temporal resolution. In KI 2001, Proceedings, volume 2174 of Lecture Notes in Computer Science, pages 18–32. Springer, 2001.

2. A. Degtyarev, M. Fisher, and B. Konev. Monodic temporal resolution. Submitted. Available as Technical report ULCS-03-001 from http://www.csc.liv.ac.uk/research/techreports, 2003.

3. M. Fisher. A resolution method for temporal logic. In Proc. IJCAI’91, pages 99–104. Morgan Kaufman, 1991. 4. M. Fisher. A normal form for first-order temporal formulae. In Proc. CADE-11, volume 607 of LNCS, pages 370–376. Springer, 1992.

5. M. Fisher, C. Dixon, and M. Peim. Clausal temporal resolution. ACM Transactions on Computational Logic, 2(1):12–56, 2001. 6. M. Fitting and R. Mendelsohn. First-Order Modal Logic. Kluwer, 1998.

7. I. Hodkinson, F. Wolter, and M. Zakharyaschev. Decidable fragments of first-order temporal logics. Annals of Pure and Applied Logic, 106:85–134, 2000.

8. B. Konev, A. Degtyarev, C. Dixon, M. Fisher, and U. Hustadt. Towards the implementation of first-order temporal resolution: the expanding domain case. Submitted. Available as Technical report ULCS-03-005 from

http://www.csc.liv.ac.uk/research/techreports, 2003.

9. A. Szalas and L. Holenderski. Incompleteness of First-Order Temporal Logic with Until. Theoretical Computer Science, 57:317–325, 1988.

3 A ⇒ B and A_i ⇒ B_i denote here merged derived (e-derived) step clauses, ∀x(A(x) ⇒ (B(x))) and ∀x(A_i(x) ⇒ (B_i(x))) denote full merged (full e-merged) step clauses, and U denotes the (current) universal part of the problem.

4 In the case U ⊢ ∀x¬L(x), the degenerate clause, true ⇒ true, can be considered as a premise of this rule; the conclusion of the rule is then ¬true and the derivation successfully terminates. 2