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Abstract

In this paper, we present a resolution-based calculus RCT;f for Computational Tree Logic (CTL)
as well as details about an implementation of that calculus in the theorem prover CTL-RP. The
calculus R.iY requires a transformation of an arbitrary CTL formula to an equi-satisfiable clausal
normal form formulated in an extension of CTL with indexed formulae. The calculus itself consists
of a set of resolution rules which can be used as the basis for an EXPTIME decision procedure for
the satisfiability problem of CTL.

We give a formal semantics for the clausal normal form, provide proofs for the soundness and

completeness of the resolution rules, discuss the complexity of decision procedure based on RCT;E ,

and present an approach to implementing the calculus RCT;E using first-order techniques.

1 Introduction

Temporal logic is considered an important tool in many dierent areas of Articial Intelligence and
Computer Science, including for example the speci cation ad veri cation of concurrent and distributed
systems [ID,II7["23]. Computational Tree Logic (CTL) [[9] is abranching-time temporal logic whose
underlying model of time is a choice of possibilities branchng into future. CTL uses the path quanti ers
A (for all paths) and E (for some path) and each temporal operator, [(dlways in the future), [{(at the
next moment in time), U (until), etc, must be paired with a path quanti er. For examp le, A [d_imeans
on all paths ¢ always holds. There are many important applications that can be represented and veri ed
in CTL such as digital circuit veri cation [10]] analysis of real time and concurrent systems[[2B], etc. A
range of model checking algorithms[[8[ZI0 18] as well as prbmethods have been developed for CTL.
The main proof methods for CTL are based on automatal[T5b], reslution [B], and tableaux [2,[12,[2%]. In
this paper, we de ne a resolution-based calculueRC':fE for CTL and its implementation in the theorem
prover CTL-RP. The calculus Rgrsa consists of a number of so-calledtep and eventuality resolution

rules that operate on a clausal normal form for CTL.



RC':TSE is designed in order to allow the use of classical rst-orderesolution techniques to implement

the rules of the calculus. We take advantage of this fact in tle development of our prover CTL-RP which
uses the rst-order theorem prover SPASS as a basis for the iplementation of Rgrsa.

The rest of the paper is organised as follows. We rst presenthe syntax and semantics of CTL in
Section2 and then the calculusRC'%.SE is presented in SectiorB, followed by a proof of its soundnssand
completeness and a discussion of termination and compleyit Section[4 discusses our approach to the
implementation of the calculus Ré:TSE using rst-order resolution techniques. In Section[@, we povide a
comparison between a related resolution calculus for CTLIJpand our calculusR.7', and demonstrate

the improvements of our calculus. Finally, conclusions aredrawn in Section[d.

2 Syntax and semantics of CTL

In this paper, we use the syntax and semantics of CTL introdu@d by Clarke and Emerson in [I8].

The language of CTL is based on the following symbols.
1. A set of atomic propositionsPp .

2. Propositional constants, true and false, and boolean operators, [ 1, T, =land - ([Cahd [ake

associative and commutative).

3. Temporal operators [(dlways in the future), [(dt the next moment in time), [(dventually in

the future), U (until), and W (unless).
4. Path quanti ers A (for all future paths) and E (for some future path).
5. CTL operators A LEICACE LA LELAU,EU,AW andEW.
The set of formulae of CTL is inductively de ned as follows.
1. true and false are CTL formulae;

2. all atomic propositions in Pp_ are CTL formulae;

3. if ¢ and Y are CTL formulae, then so are—¢, (¢ [, (¢ @), (¢ T (¢ = ¥), A [GIA [P
A LA (U Y), A(OW ), E [P,JE [d,IE [HIE(HU P), and E(OW y).

Formulae of CTL over Pp_ are interpreted in model structures, M = [S, R, L[ Jwhere
e S is a set ofstates;

< R is a total binary accessibility relation over S; and

« L :S - 2P is an interpretation function mapping each state to the set of atomic propositions

true at that state.



M may be viewed as a labelled, directed graph with node se$, arc setR and nodes labels given by

An innite path X iS an innite sequence of statess;, Sij+1, Si+2,... such that for every j,j >
i,(sj,sj+1) LR Informally, Xs is an in nite path starting from state s;.
We inductively de ne a satisfaction relation | between a pair consisting of a model structureM and

a state sj in S, and a CTL formula as follows:

[\, s; CE true

[\, s; (B false

M, siCE p i p [LAs;) for an atomic proposition p [Ph_
M, siLF —¢ i M, siCE ¢

M, silEF (o Lg) i WM, silF ¢ or M, silF g

M, silE (o L@ i W, silF ¢ and M, si [ @

M, silF (¢ Cgoli WM, siCE ¢ or IV, silf y

M, sillF (¢ = g) @ IV, silF (¢ C@Jand M, siCF (¢ o)1

M, siCfF A @1 i for every path Xs, M, Sj1 CF @

M, si[f E 1 i there exists a path Xs,, (M, Si+1 [ @

M, siCF A(dU W) i for every path Xs, there exists a states; [k M, s; L ¢
and for all states sy [, if i 6 k <j then M, sy [ ¢

M, siCfF E(dU ) i there exists a path Xs such that there exists a states; [xk M, s; CfF ¢
and for all states sy [, if i 6 k <j then M, sy [ ¢

In addition, we use the following equivalences to de ne the smantics of other temporal operators.

A [ E A(true U ¢) E [ F E(true U ¢)
A [ E —E [=dl E g E -A
A(OW ) = -E(-p U (=¢ C=p)) E(oWY) =-A(-yU (=4 [=1p))

A CTL formula ¢ is valid, written | ¢, i for every model structure M and every states [CM,
M,s E ¢. A CTL formula ¢ is satis able, i for some model structure M and some states [,
M, s E ¢, and unsatisfiable otherwise. A model structure M such that ¢ is true at some states [M is
called amodel of ¢.

The satis ability problem of CTL is known to be EXPTIME-comp lete [©,[13,[14].

In [L3], Emerson provides a generalized semantics of CTL wblh de nes the semantics relative to a
more general structureM ™= [S, X, L where S and L are de ned in Section[2, andX [S¥? is a family
of in nite computation sequences (fullpaths) over S.

In general the setX can be arbitrary. However, Emerson also de nes three propefes of X which

commonly hold if X is meant to model in nite computation sequences:



Su x Closure If sps1S2... (XA, then the sux s1S,... [(X.

Fusion Closure If x38y1, X28y> [X, then x;38y, [CX where x; and y; are pre xes of paths andy;,

Y2 XA.

Limit Closure  If X3y1, X1X2Y2, X1X2X3ys,... are all elements of X, where X1, X2, X3 are pre xes of
paths and yi1,y»,y3 [X, then the innite path X;Xo2X3z..., which is the limit of the pre xes
X1, X1X2, X1X2X3,... is also in X. In short, if it is possible to follow a path arbitrarily long , then

it can be followed forever. (See an example in FigurEl1)

Figure 1: Limit Closure

As it turns out, if X is su X, fusion, and limit closed, then the generalized semantics is identical to
the semantics de ned at the beginning of this section. Emeren de nes a setX to be R-generable i there
exists a total binary relation R on S such that a sequencespsis,... X i for every i, (si,Si+1) [R.

Then X is R-generable i it is limit closed, fusion closed and su x closed.

3 RSy A refined resolution calculus for CTL

Our clausal resolution calculusR ' for CTL is based on, but not identical to, the resolution calculus in
[5,[4]. The calculusRC':TSE requires arbitrary CTL formulae to be transformed into a clausal normal form.
The calculus itself consists of eighistep resolution rules, two eventuality resolution rules and two rewrite
rules. The calculus can be used as the basis for an EXPTIME désion procedure for the satis ability

problem of CTL.

3.1 Normal form

Our calculus RS operates on formulae in a clausal normal form called Separat Normal Form with
Global Clauses for CTL, denoted by SNE.1, . Separated Normal Form (SNF) was originally introduced
for Propositional Linear Time Temporal Logic (PLTL) [1&]lan d then extended to various other temporal

logics including CTL [5].



The language of SNE.1, clauses is de ned over an extension of CTL in which we label aain formulae
with an index ind taken from a countably in nite index set Ind. To improve the readability of clauses,
we introduce an operator precedence which allow us to reducthe number of parentheses required. We
associate each operator with one of the following six preceghce groups. Two operators in the same group
have the same precedence. Higher precedence operators appléed before lower precedence operators.
(i) is highest; (vi) is lowest. () A LECAILEICAICELAU,EU,AW ,EW ,E LgghnE Lad(indgym
E Lgd (indym E U mc(indym EW mic ¢ingycn (i) —; (i) Civ) C@v) [—and (vi) =. Then the language of

SNF;, clauses consists of formulae of the following forms.

A [(Slart I_Iﬁl:_ll m;j) (initial clause)

A [(irue IEZ: m;j) (global clause)
L1 L1

ALCTo i CAT |, m;) (A -step clause)

A I;(:ITi::llli EE]{T;I Mj g o) (E-step clause)
L1

A CTZ, I3 CATI (A -sometime clause)

=" .

[C1i—, i CEX gk (ingyth (E-sometime clause)

wherek = 0, n > 0, start is a propositional constant, l; (1 <i=n), m; (1 =j <k) and | are literals,
that is atomic propositions or their negation and ind is an element ofind. A clause which is either
an initial, a global, an A-step, or an E-step clause is also called aeterminate clause. Note that the
right-hand side of an E-sometime or anA -sometime clause only contains a single literal. This propey
simpli es the formulation of the eventuality resolution ru les. As all clauses are of the fornA [{P1 [CD)I
we often simply write P [CDnstead. The formula A [{5)] is called anA -eventuality and the formula
E L3 e ingyis called anE-eventuality. We call a clause which is either an initial, a global, anA -step,
or an E-step clause adeterminate clause. In the remainder of this paper, two concepts, a set of SN%TL
clauses and a conjunction of SNE, clauses, are interchangeable.

To provide a semantics for SNI%T,_, we extend model structures[S, R, Lo [S,R,L,[.], soCWhere
S is an element ofS and [] : Ind - 2(5>S) maps every indexind [Iid to a successor function [ind]
which is a total functional relation on S and a subset ofR, that is, for every s [CS] there exists only
one state s S, (s,sY [Jind] and (s,s [CH. We extend [] to expressions of the formLC(ind) by

de ning [LC(ind)] = [ind]%i.e. [LC(ind)] is the re exive and transitive closure of [ind]. The semantics



of SNFL, is then de ned below as an extension of the semantics of CTL deed in Section

M, sj [fF start i Si= 5o
M, si (F E [ighg i there exists s”[Slsuch that (s;,s") [Jihd] and O, s"F ¢
M, s; [F E [dighc indy i there exists sj [Slsuch that (sj,s;) CIAC(ind)] and M, s; Cf @

M, s; [F E [idhe (indy i for every s; Sl (sj,sj) CIIC(ind)] implies M, s; CfF

M, si[F E(¢U ) mc(ingycai there exists sj [Slsuch that (sj,sj) CIIC(ind)] and M, s; [ @
and for every sy [Slwith sy 8 s;, if (si,sk) CIIC(ind)] and
(Sk,sj) CILC(ind)] then M, sk [k ¢

M, silF E(dW W) moc(ingyd M, silE E LddhcingycPr M, silF E(G U W) mc(indy o

The semantics of the remaining operators is analogous to thtagiven previously but in the extended
model structure [S,R, L, [], so[]

Because the rst step of our transformation from a CTL formula ¢ into a set T of SNFZ, clauses
de ned later in Section B2 will add a CTL operator A [Catound ¢ and introduce a constant start
which is only true at the state so, into T, our de nitions of a valid formula, a satisfiable formula and
a unsatisfiable formula is slightly di erent from Emerson's de nitions. A S NF&;, formula ¢ is valid,
written | ¢, i for every model structure M = [S,R,L,[],So[M,so E ¢. A SNFZ;, formula ¢ is
satisfiable, i for some model structure M = [S,R,L,[],so[M, so F ¢, and unsatisfiable otherwise. A
model structure M = [S, R, L, [], so[3uch that ¢ is true at the state so [M is called amodel of ¢.

Figure[@ and Figurel3 depict the model structure satisfying he formulaeE [pghg, -and E [Cpgdc (ind,)mm
respectively.

E [pgha, o
indy ind;

-0 P AR

Figure 2: An ind example

E [pghc (ind,)y o

Figure 3: An LC(ind) example



The last three formulae for which we have stated a semanticsni the de nition above, namely

E Widhe (indymE (P U W) e ingyrand E(d W W) mc indymdo not occur in SNFct clauses. We give their
semantics because they appear in the process of transforngra CTL formula to a set of SNFcT clauses
which we explain in SectionC32. Therefore, their semanticss required for the correctness proof of the

transformation.

3.2 Transformation from CTL into SNFg;,

We have de ned a set of transformation rules which allows us ¢ transform an arbitrary CTL formula
into an equi-satis able set of SNFL, clauses. The transformation rules are similar to those in[[5[IH],
but modi ed to allow for global clauses.

Let nnf denote a method which transforms an arbitrary CTL formula into its negation normal form
by pushing negations “inwards'. Letsimp be a method which simpli es an arbitrary CTL formula by

exhaustive application of the following simpli cation rul es,

(¢ Cirbe ) — ¢ (¢ false) — false
(¢ Cirbe ) — true (¢ false) — ¢

—true —- false —false — true

where ¢ is a CTL formula and [ahd [Cafe commutative and associative, plus the following rules \wich

are based on the equivalences in L3P [{A,E} and I {0 T 131

P Malse — false P [Miue —- true

P (¢ U false) — false P (¢ U true ) — true

P (false U ¢) — ¢ P(true U¢) — P [
P(pWfalse) —— P [p1 P(PW true ) — true

P (false W ¢) — ¢ P (true W ¢) — true

We start the transformation of an arbitrary CTL formula ¢ into the set SNF&+, (¢) with the set
To = {A [(Sfart [p)JA [(pl Csithp(nnf(¢)))}, where p is a new proposition that does not occur in
¢. We then construct a sequencelg, Ty, ..., Tn of formulae such that for everyi,0 < i < n,Tj+1 =
(Ti \{¥}) Ry, where y is a formula in Ti not in SNF&;, and R; is the result of applying a matching
transformation rule to . Moreover, for everyi, 0 < i < n, T; contains at least one formula not in SN
while all formulae in T, are in SNFX, . We assume that throughout the transformation formulae are

kept in negation normal form.



Note that for each rule of Trans containing a proposition p, p represents a new proposition which

does not occur inT; while we apply the rule to ¢ [T]. Let
* (,01,72, g3 be atomic propositions,
< D be a disjunction of literals (possible consisting of a sing literal), and
e ¢, 01 and ¢,, be CTL formulae.

The de nition of the rule set Trans:

e |[ndex introduction rules:

Trans(1) g CETG+- q CEXPGhgm
Trans(2) g CETJ — q CELdmc(ingm where CICLC T3
Trans(3) q CEM: Ldz) — g LEM: Ld2) mcindg o where LIT{U, W }.

ind is a new index.
= Boolean rules:
L1
Bl
Elrga
1
Edcgarm
Elrga

Trans(4) q CdllCpp —

Trans(5) q CpdlCdp —

if ¢, is not a literal or a disjunc-

tion of literals.

Trans(6) q CDF- true [C=glCD

e Temporal operator rules:

L1
Trans(7) q CXTd— ﬁm if ¢ is not a literal or a disjunc-
Em tion of literals.
X LA LH Caghich
L1
Eelcxap

Trans(8) q CXTd—

if ¢ is not a literal.

Elrg

X LA LA LE L (indymE Cmad (indych



1
Ed cxp r4)
Eelcen

XA U,AW ,EU mc(ingnE W mc(ind)ch

Trans(9) q X0y [Cdix) —

if ¢, is not a literal.

1
%EXZMM )
e

XLCIA U, AW ,EU mc(indymE W mc(indych

Trans(10) q CX0p; i) —

if ¢ is not a literal.

1
H%l—@m
E tat@m

1
Edl o

E re@ e
1

g [ gz (d, [Cp)
Trans(13) q CATUgs) — [CAT(gd [(d [p))
ff [CATqgsl

Trans(11) g CATg]-

Trans(12) 01 LEXGanc(ing

om @mz @
Trans(14) g1 CEM2 U 03) me(ingycm— CETX(qd ({0 [P)) rindr

1 L EXGadnc ingym

1
Ed rgir, op

Trans(15) qp CATMWas) — E —
II]@ 2

1
Eal g, op)

Trans(16) g1 CE(2 W 03) mc indycT— a @ D)
[CEX(qd [(d Gihd ]

Here we provide a proof to show our transformation is terminding, allows only a polynomial bounded
number of rule applications and preserves satis ability.

We start by showing that the rst step of our transformation p reserve satis ability.

Lemma 1 If a set of clauses T is satisfiable in a model M = [S,R,L,[],soL1p is a proposition not
occurring in T and a model MP= [S, R, LY'[], so s identical to M except that p occurs in L with an

arbitrary truth value assignment in each state of MY then T is also satisfiable in M ™

Proof. By the inductive de nition of the semantics of SNFZ, , the truth value assignments to proposi-



tions not occurring in T do not in uence whether T is satis able in a model. Therefore, T is satis able

in MY 1

Lemma 2 A CTL formula ¢ is satisfiable i[the set of formulae {A [(slart [pJA [(pl C_Q)} is

satisfiable.

Proof. Assume{A [(sfart [ p)JA [(pl @)} is satis able in a model M = [S,R, L, [], so[&t the state
So, i.e. M,sg F A [(slart [p)ICAl[(pl [C—@)] From the semantics of AT, Tl M,sp | (start [—1
p) (@ [Cd) From the semantics of [, TJIM, sy | start [—d.1Becausestart holds at sg, M, so F ¢.
Thus, if {A [{slart [p)JA [{(pl )} is satis able, so is .

Assume ¢ is satis able in a model M = [S,R, L, [],so[at the state sp, i.e. M,sg E ¢. Let MP=
[S, R, LY[], so[be identical to M except that p holds only at sg. From the semantics ofstart , LA 1
MUsy E A [(Slart [pJd From Lemma [, MYsy E ¢. From the semantics of LA, MYsy F
A [(pl a1 From the semantics of LM Ysg F A [(Slart [p)ICAIL(pl )Y Thus, if ¢ is satis able,
so is{A [(slart [p)JA [(pl d)}. —1

The rst transformation rule we consider is the rule Trans(1).

Lemma 3 If a set of clauses T is satisfiable in a model M = [S,R, L, [.],so[Ithe index ind is not in
the set of indices Ind(T) occurring in T and a model M™= [S, R, L,[.]"sods identical to M except that

[ind] is an arbitrary function for each state of MY then T is also satisfiable in M

Proof. By the inductive de nition of the semantics of SNF%TL, the successor function ind] such that

ind MIAd(T), does not in uence whether T is satis able in a model. Therefore, T is satis able in MY

Lemma 4 If ¢ - R; by an application of Trans(1), then T; = [0} is satisfiable i[(Tj+q = [R}

is satisfiable.

Proof. Let Ind(T;) be the set of indices occurring inT;. Let ¢ be A [(q]l CET@)] then R; is A [[{g1 1
E Chdhgy where ind [IAd( T;).

Assume a modelM = [S|R,L,[],so[$atis es Tj+1 at the state sp S, i.e. M,sp CA (gl 1
E Chdhgy From the semantics of [ M,so F and M, sp E A (g CEXdgngr From the semantics
of AL M,so F and for every path Xs, and every states; [xk,,M,s; F ¢ CEL@dyg= From the
semantics of L T'Bhd E [gphmM, so F  and for every path  Xs, and every states; [xk,,M,s; F —q
or there exists a statessuch that (sj, sy [ihd] and M, s"E ¢. From the semantics ofE [, M, s [
and for every path xs, and every states; [ Xs,,M,sj F —q or M,s; F E L¢.1 Therefore, from the
semantics of [,_I, LA [ wWe obtain M,sg f  [CAIL{qgl CEXd) Thus, if Tj+1 is satis able, then so is
T;.

Next we prove the "if' part. Assume a modelM = [S,R,L,[],so$atis es T; at the state sp [S,

i.e. M,so E CAl [(g] CETd)] We can obtain that M,sp F and for every path Xxs, and every

10



state s; [XL,, M, s;j F —q or there exists a path Xs; , there exists a states™ XL, such that (s;j, sh
and M, s ¢ using a similar approach to that in the paragraph above. A mokel M™= [§,R, L, []Yso
is identical to M except (sj,s?) []ind]. From the semantics of E Lzl for every path xs, and every
state s; [xb,, MYs;j E =q or MYsj E E [Chgdnam From the semantics of LT, AT, MYso F A (g1 L1
E Cddnq) Moreover, Lemmal3 shows thatM sy | . Therefore, from the semantics of [ M5sy
[CAl (gl CEXddngy Thus, if T; is satis able, then so iS Tj+1. 1

The next rule we consider is the ruleTrans(4).

Lemma 5 If § —» R; by an application of Trans(4), then T; =  [{W} is satisfiable i [T+, = [R§
is satisfiable.
Proof. AssumeT; =  [CAIL{gl ¢ d}) is satis able in a model structure M = [S,R, L, [], so[at the

state sp in M. Based on the semantics of the various operators, we have tha

M, solF LA L1 C )
i W,solfF [CAINE ) @ Cho))
i [M,so[F and for each future path Xs,, for eachs; [Cxk,, M, s; CfF q [didand M, s; CF q ol

i M, soCF A C) A Cd2) ]
Now the rule we consider is the ruleTrans(6), which is not one of the transformation rules that can

be found in [8,[7].

Lemma 6 If § —» R; by an application of Trans(6), then T; =  [{W} is satisfiable i [T+, = [R§

is satisfiable.

Proof. A [{gl [CDJis obviously equivalentto A [{ifrbe [=gl[D) asq [D1s propositionally equivalent
to true [=glCD. Therefore, T; is actually equivalent to Tj+1. 1

The next rule we consider is the ruleTrans(7).

Lemma 7 If ¢ - R; by an application of Trans(7), then T; = [0} is satisfiable i[Ti+q = [R}

is satisfiable.

Proof. We only prove the lemma forp = q [CAT¢ hs the proof fory = q [CEXddng—is analogous.

We rst show the 'if' part. Assume Tj+; is satis able in a model structure M = [S,R,L,[],so[]
i.e.lM, so [ CA o] CATpICA p] )i (a) M,sp F and (b) for each path Xs,, for each
sj [k, M1, s —q or for each path Xs , M, sj+1 [ p and (c) for each path Xs,, for eachs, [k,

M, sk[F p 1
According to (b), if g holds at the state s;, then A [pinust hold at the state s; and for each path

Xs; » P must hold at the state sj+1 with (sj,sj+1) [R. Furthermore, by (c) we know ¢ must hold at the

11



state sj+1 and therefore A Lg holds at the state s; and so doesy [CAT¢.1From the semantics of A [
and (a), we obtain M, s  [CAIL(gl CATd)]l Therefore, if T+ is satis able, so isT;.

Next, we prove the “only if' part. Assume that T; is satis able in a model structure M = [S,R, L, [],so[]
at the state sp, i.e.M, sp | [CAl [(g] CAT¢)Y We de ne a model structure M ™to be a model struc-
ture identical to M except that p is true at a state s; i ¢ is true at s;. By the de nition of MY we
have that A [{pl = ¢) holds in MY that is, MN5soF A [(pl = ¢). Furthermore, as ¢ [AIL¢ls
true at a state s; in MY g [CATdqls true at s; in M, A (gl [CATL¢)is satis able in MY that is,
M YsoCF A gl CAT G From MW YsgCF A [{gd [CAT¢)land the semantics of [,_TIahd A [_Tor
each future path Xs,, for each states; [xk,, (MYsj CF —q or IM5s; C A L.l From the semantics
of A [ Tbr each future path Xs,, for each states; [xs,, (M5'sjF —q or for each future path Xs; »
M Fsj+1F ¢. From W 5Tsj 1 CF ¢ and MM Tso[F A [(pl= ¢), we obtain IM5s;+1 [ p. So, for
each future path Xs,, for each states; [xk,, IM5'sjCF —=q or IMYs;CF A [pdTherefore, from the
semantics of [_T_and A LM Yso[(F A [{g] CATp)land from Lemmall, M5so E . Thus, if T;is

satis able, S0 is Tj+1. —1
Lemma 8 If § —» R; by an application of Trans(11), then T; =  [{Wd} is satisfiable i (Tj+1 = [R}
is satisfiable.

Proof. AssumeT,; is satis able in M = [S,R, L, [], so[a&t the state sp, i.e. M,so f  [Al(gd [CATqgy).
Let MP= [S,R, LY[], soCbe identical to M except that MYs F pi MU's E A [qz] for every state
sin S. From Lemmall, MY'sy E [CAl[(qd [CATq). From the semantics of A LI, T.IWwe obtain
MUsy F A [{gd [Ca21Cp) CAIL(pl CAT(qd [p)). From the semantics of L M5sg . [CAI{gd 1
g2 [p) CAIL(pl CAT{(gd [Cp)). We proved that if T; is satis able, SO iS Tj+1.

Next we prove the 'if' part. Assume Ti+; is satisable in M = [S,R,L,[],so[Chat the state sg,
ie. M,so E [CAl[(gd [qgz1[p) CA[(pl CCAT(gd [p)). From the semantics of A LI, AT ahd
M, so E A [(pl CCAT(qd [n)), we obtain M, sy F A [{pl [CATq,). From the semantics of [ AT ahd

M,so F A [{gd [go1Ip)l we obtain M,sp F A [{gd [CATqg). From the semantics of Cahd M, s F
we obtain M,sg f [CAlI{qd [CATqz). Thus, if T+, is satis able, so isT;. 1

Corollary 1  If Tj+; is obtained by an application of a transformation rule ¢ - R;j, then T; is satisfiable

i [T+, is satisfiable.

Proof. We have proved that Trans(1, 4, 6, 7, 11) preserve satis ability in Lemma B, B, 8,3, and®, respec-
tively.

The proofs for Trans(2, 3) are analogous to Lemmd#; the proof foffrans(5) is analogous to Lemmd®;
the proofs for Trans(8 — 10) are analogous to Lemmdd7; the proofs foffrans(12 — 16) are analogous to

Lemmal[d. 1
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Theorem 1 Let ¢ be an arbitrary CTL formula and T, be a set of SNF&;, clauses obtained from
To = {A [(slart [p)JA [(pl Csinp(nnf(d)))} by a sequence of applications of our transformation

rules. Then ¢ is satisfiable i [Tl is satisfiable.

Proof. We prove this by induction over the length of the sequencd, T, ..., T constructed by a sequence
of applications of the transformation rules.

For the base case, in[l13] the author shows the functionsimp and nnf preserve equivalence. By
Lemmald, ¢ is satisable i Ty is satis able.

For the induction step, by Corollary [] T; is satis ablei Tj+; is satis able. Therefore, ¢ is satis able

i Tp is satis able. 1

Theorem 2 Let ¢ be an arbitrary CTL formula and T, be a set of SNF&;, clauses obtained from
To = {A [(Slart [p)JA [(pl Csiinp(nnf(d)))} by a sequence of applications of our transformation

rules. Then the set of indices Ind(Ty) occurring in T, is finite.

Proof. We observe that the number of E path quantiers in ¢ and Tp is nite and the only three
transformation rules which introduce new indices areTrans(1 — 3). Each rule can be applied exactly
once to a particular occurrence of an unindexede path quanti er. Thus, there exists a one-to-one

mapping betweenE path quanti ers in Tg and indices in T, and the set Ind(T,) is nite. 1
De nition 1 [Length of a CTL formula]

The length of a CTL formula ¢ is the number of path quanti ers plus the number of the occurrences of

propositions and constants ind.
De nition 2 [Size of a set of formulae (clauses)]
The size of a sefT of formulae (clauses) is the sum of the length of each formuléclause) inT.

Lemma 9 A transformation of an arbitrary CTL formula ¢ into a set T, of SNF&;, clauses can be

done by a linearly bounded number of applications of our transformation rules.

Proof. From the de nition of the transformation procedure, a trans formation of a CTL formula ¢ into

a setT, of SNFL, clauses is a sequencEy, Ty, ..., T, of formulae such that

e To= {A [(slart [p)}JA L(pl Csithp(nnf(¢)))}, wherep is a new proposition, and

e for every i,0 < i < n,Tix1 = (Ti \Y) [R; such that ¢ [R} by application of one of the

transformation rules and

- for every i,0 < i < n,T; contains at least one formula not in SNE.;, and all the formulae in Tp,

are in SNFZ, .
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Let the size of Tg be m.

For Trans(1 — 3), each rule can be applied exactly once to a particular ocauence of an unindexed
E path quantier in To. Thus, the number of applications of each rule is bounded bym.

Each application of Trans(11) removes oneA [aperator at a time and no other rules generateA 1
operators. Obviously, the number of applications of Trans(11) is bounded by m. Also the number of
applications of Trans(12 — 16) is bounded bym for the same reason.

Next, consider Trans(7). Each application of Trans(7) removes an occurrence oA [dilor E [dokingm
where ¢1 and ¢, are not disjunctions of literals. But this case is di erent from the above, Trans(11 — 16)
generate formulae containingA Cdilor E [dakingr Since the number of applications ofTrans(11 — 16)
is bounded by m, therefore, the number of applications of Trans(7) is bounded by Gn+ m = 7m, where
6m is the contribution from Trans(11— 16) and m is the contribution from To.

The proofs for Trans(4 — 6,8 — 10) are analogous to the proofTrans(7). The number of application
of each rule is bounded by a linear number.

To transform any formula not in SNFZ, in To, T1,..., Th—1, we need to consider all the possible
forms which are not in SNF?:TL, for example,q CATQglq A4, ..., where ds, ¢4, ds are arbitrary

CTL formulae. The following table shows all the possible foms and the corresponding rules handling

them. (In the table below Y, Y>, ..., Yn are arbitrary CTL formulae, q is a proposition, andl is a literal.)

The possible form rule The possible form rule

q CgulCgp L1 Lk 4 ¢ CEXQakingr 7

q CgulCgp L) Lk 56 g LA 8,11

qg LI 6 0 LEIQncingo 8,12

q LETI 1 g AT 8

q LETQ 2 q LETQdneindym 8

q LENg 2 q CAMLUYy) 9,10,13
q CEM U Y2) 3 q CEM: U W2) mc(indy o 9,10, 14
q CE W y2) 3 q CAMIW g2) 9,10,15
q LATQ 7 q CE@ W 2) me (ind) o 910,16

As the table above shows our transformation rules cover all e possibilities and the number of
applications of each rules is bounded by a linear number, thevhole transformation to ¢ can be done by

a linear bounded number of applications. —1

Corollary 2 Let ¢ be an arbitrary CTL formula and Tn be the set of SNFZ,, clauses obtained from
To = {A [(sflart [p)JA [(p] Csithp(nnf(d)))} by applications of our transformation rules. Then our

transformation procedure terminates.
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Proof. From Lemma[d, we know the number of applications of our transbrmation has an upper bound,

then our transformation of an arbitrary CTL formula into a se t of SNF&, clauses terminates. L1

Theorem 3 Let ¢o be an arbitrary CTL formula and Tn, be the set of SNF&;, clauses obtained from
To = {A [(sfart [p)yJA [(pl Csithp(nnf(¢o))) } by applications of our transformation rules. Then the

set T can be computed in polynomial time.

Proof. We use tree structures for the representation of CTL formula. Then the cost of Trans(1 — 3) is
obviously constant time.

For the rules Trans(4 — 16), the proofs are very similar. So we only provide one, nantg Trans(7)
as an example. InTrans(7) we rst replace ¢ with p, then create the structure \p [C"ahd attach ¢ to
p [ _The manipulation of formulae in Trans(7) shows that it is a procedure requiring constant steps.
Similarly, the cost of the rest rules are constant time as wdl

However, to determine which rule to be applied, we need to seathe current set of clausesT;. Suppose
we use BFS method, then the cost is linear time in the size of th current set T;. From all the rules,
we know for each application transforming fromT; to Ti+1, Size of the set grows in a constant number.
Thus, the current set T; is linear in the size of Tg. Then we conclude that each rule application needs
linear time in the size of To.

From Lemma[, T, can be obtained in polynomial time. L1

3.3 The clausal resolution calculus RSy,

The resolution calculus RC':TSE consists of two types of resolution rules, thestep resolution rules, SRES1
to SRESS8, and theeventuality resolution rules, ERES1 and ERES2, as well as two rewrite rds, RW1
and RW2.

Motivated by re nements of propositional and rst-order re solution [4], we restrict the applicability
of step resolution rules by means of an atom ordering and a sattion function.

An atom ordering for RC':TSE is a well-founded and total ordering [oh the set Pp.. The ordering
[Cislextended to literals by identifying each positive literal p with the singleton multiset {p} and each
negative literal —p with the multiset {p, p} and comparing such multisets of atoms by using the multiset
extension of [L_Doing so, —p is greater than p, but smaller than any literal q or =q with q [pl

In this section, we assume that conjunctions and disjunctims of propositional literals do not contain
duplicate occurrences of the same literal, that is, the opeators [Cahd [Cate idempotent. We usefalse to
denote the empty disjunction andtrue to denote the empty conjunction. A literal I is (strictly) maximal
with respect to a propositional disjunction C i for every literal 15in C, 1T Q1M1

A selection function is a function S mapping every propositional disjunction C to a possibly empty
subsetS(C) of the negative literals occurring in C. If | [CSKC) for a disjunction C, then we say that |

is selected in C.
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In the following presentation of the rules of RC':TSE, ind is an index, P and Q are conjunctions of
literals, C and D are disjunctions of literals, andl is a literal. If | is a negative literal —p, then =l denotes

the atomic proposition p.

SRES1 SRES2
P CAT(CILCI] P CEX(C [(knam
Q AT Al Q AT [=l)
P [Q [CAI(CI[D) P [Q CEX(C [D)gham
SRES3 SRES4
P CEXL(C [(Mkpg— start CCTIT]1
Q CEI(M [Al)Gigm start D=l
P [Q [CEX(CI D) ghar start CCTID
SRES5 SRES6
true [CC1IT1] true [CCTT]
start [CDIC=l Q AT =)
stat CCTD Q [CAT(C D)
SRES7 SRESS
true [CCTIT] true [CCTT1]
Q CEX(M [=D)gham true [CDIC=l
Q [CEX(CI [D) g true CCID

A step resolution rule, SRES1 to SRESS, is only applicable ifone of the following two conditions is

satis ed:

(C1) if lis a positive literal, then | must be strictly maximal with respect to C and no literal is selected
in C [I.Jand =l must be selected inD or no literal is selected inD and =l is maximal

with respect to D; or

(C2) if I is a negative literal, then | must be selected inC [I'br no literal is selected inC [ITand | is
maximal with respect to C, and =l must be strictly maximal with respect to D and no literal is

selected inD [=l.

Note that these two conditions are identical modulo the polaity of 1. If | in C [1-and =1 in D satisfy

condition (C1) or condition (C2), then way say that | is eligible in C [I"hnd -l is eligible in D [=l.
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The rewrite rules RW1 and RW2 are de ned as follows:
Rw1 i—x M [CATfalbe — true I_ri__ll—.mi
RwW?2 i=; , m; [CETXifalbe fpgrr- true I_Iﬁ,:_ll—-mi

wheren =1 and eachm;, 1< i <n, is a literal.

The intuition of the eventuality resolution rule ERES1 below is to resolve an eventuality A which
states that [=lis true on all paths, with a set of SNFL, clauses which together, provided that their

combined left-hand sides were true, imply that [T Holds on (at least) one path.

ERES1
PT CEXEIL]

Q
Q CA(PHWAI)

whereP" [EXETILrkpresents a set gaf SNF&;, clauses

Pl Cra} Py CIayp

1 1 n n
Pl [CTIQi ... PR CIQp

with each [@ither being empty or being an operator in{A [} T{E [ 54 ind [Idd} and for everyi,

1<i<n,
Lo s
(jT.ch (1)
and
Lo Lo o
("mleny e T e @
are provable. Furthermore, PT = E EP},

Conditions () and (@) ensure that the set g —af SNFL;, clauses impliesP" CEXETI]
Note that the conclusion of ERES1 is not stated in normal form To present the conclusion of ERES1
in normal form, we use a new atomic propositionw”) uniquely associated with the eventuality A

Then the conclusion of ERES1 can be represented by the follawg set of SNFL;, clauses:

A CATE = P [1=i<n}

[{fue EP})Hsisn}
Hirue [C=Q =1 Dwt, w4 CAT(= D))}

The use of a propositionw?, uniquely associated with the eventuality A [=llis important for the ter-
mination of our procedure. If we were to use a new propositioreach time we need to transform the
conclusion of an application of ERES1 into normal form, theneven the repeated application of ERES1

to the same set of premises would lead to distinct sets of SN, clauses as conclusion (which would also
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not be equivalent to each other or subsume each other). Thisni turn would mean that we could generate
an in nite number of SNF 2, clauses during a derivation. In contrast, the use of atomic popositions
uniquely associated with A -eventualities allows us to represent any resolvents by ERE1 using a xed
set of propositions depending only on the initial set of clages, i.e.,n dierent A -eventualities in the
initial set of clauses require at mostn new atomic propositions to represent resolvents by ERES1.
Similar to ERES1, the intuition underlying the ERES2 rule is to resolve an eventuality E [=llic (ing)y o
which states that [=lis true on the path given by [LC(ind)], with a set of SNF&, clauses which together,

provided that their combined left-hand sides were true, imgdy that [1_Holds on the same path.

ERES2
PT CEX(EIIgc ind)drind

Q CET=Muc(ingym
Q CEM(PNW =I)mc(ingy

where P CEX(EIOHc ingydmmacTepresents a set "9 qf SNFL, clauses

Pl Cra} PP CIQy

1 1 n n
PL, CIat .- PR CIan

with each [Cdither being empty or being an operator in{A [ El5zh} and for everyi, 1<i<n,

ol s
(M ch CId ©)
and
(mieh oo e @)
are provable. Furthermore, PT = E E P/

Again, conditions @) and @) ensure that the set " _of SNFL;, clauses implies the formula

P CEXEIEC (ind)Drind
Also, as for ERES1, the conclusion of ERES2 is not in normal fon. This time we use an atomic

proposition win? uniquely associated with [(=lpc(ingycito represent the resolvent of ERES2 as the

-l

following set of SNFL, clauses:

{wind Ji.;:'l P)anar] 1= i<n}
Cod iy g <
{frue j=1Pj) 1=si=n}
{irue Cwind,
wind Ot ina

As for ERES1, the use of atomic propositions uniquely assoated with E-eventualities allows us to
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represent any resolvents by ERES2 using a xed set of atomic positions depending only on the initial
set of clauses.

The expensive part of applying ERES1 and ERES2 is nding setsof step and global clauses which
can serve as premises for these rules, that is, for a givendital | stemming from some eventuality, to nd
sets of SNE., clauses g r-satisfying conditions (@) and (@), and "d, satisfying conditions @) and

o -

@. Such sets of SNE., clauses are also called-loops in | and the formula j_; =1 Pji is called a
loop formula. Algorithms to nd loops were rst presented by Bolotov and D ixon in [B]. They de ne two
loop search algorithms, calledA -loop search algorithm andE-loop search algorithm. An A -loop search
algorithm is not required for our calculus as anE-loop search algorithm is su cient to nd the premises
for both ERES1 and ERES2. Therefore, we only present arE-loop search algorithm here. In Sectiofb
we will discuss in more detail why anA -loop search algorithm is not required in our setting, whilein
Section[4 we present in more detail how theE-loop search algorithm can be implemented.

The E-loop search algorithm makes use of the notion ofmerged clauses which is inductively de ned
as follows. Any global clause,A-step clause, andE-step clause is a merged clause. 1A; [B],
A, [CB1, A; CATB3, Ay [CATB), As [ ETBdgngmand As [ ETBdmngare merged clauses,
then so are A; [A,) [C(A; [B,), (Ay [CA;) [CAIBL [By), (Ar [8) CEXLBL [Bk)bnam
(As [AL) LAT(BE [BL), (As [As) L EX(BE [Bk)gnamand (As LA) L EL(BE [Bk)gnam
E-loop search algorithm:
The algorithm takes as input a literal 1, stemming either from an A -sometime clauseQ [—A T=llor from
an E-sometime clauseQ [ ET=lpc(ingymand a setT of SNF%T,_ clauses among which we search for
premises for the eventuality resolution rules. We assume th setT is saturated by step resolution, that
is, rules SRES1 to SRESS.

The algorithm proceeds as follows:

1. Search inT for all the clauses of the formX; L1, X; [CATL &hnd X; [CETIgdg= Assuming

there are mg such clauses, we build the rst node as follows:

Ho: IQXJ'

j=0

Simplify Ho using boolean simpli cation. If Hy = true a loop is found, we returntrue and the
algorithm terminates. If Hp = false (which can only be the case ifmgy = 0), then no loop formula

can be found and we returnfalse.

2. Given a nodeHj, where i = 0, build the next node Hj.; by looking in T for merged clauses of the

form A; CAT(BL [Mlor A; CEX(BL [Dhing-such that B; [CHjlis provable (in propositional
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logic). Assuming there arem;.; such merged clauses, we build the nodel;+; as follows:

Lo
Hiv1 = 20" Aj

Simplify Hj+1 using boolean simpli cation.
3. Repeat the previous step until one of the conditions belows provable (in propositional logic).

(&) Hi+1 =true . Aloop formula has been found. We returntrue and the algorithm terminates.

(b) Hij+1 = false (i.e., mj+1 = 0). No loop formula can be found. We return false and the

algorithm terminates.

(¢) Hi = Hj+1. A loop formula has been found. We returnH;j..1 and the algorithm terminates.

If we try to resolve an E-sometime clauseQ ["EX=llnc ingyrithen the input set T to the E-loop search
algorithm consists of the set of all global andA -step clauses we currently have at our disposal plus all
E-step clauses with indexind. If we try to resolve an A -sometime clauseQ then the input
setT to the E-loop search algorithm consists of the set of all globalA -step clauses, ance-step clauses.

An important step in the algorithm is the task of \looking for merged clauses", which is again non-
trivial. We will discuss this problem in more detail in Section .

A derivation from a setT of SNF2;, clauses byRC':TSE is a sequencely, T1, Ty, ... of sets of clauses
such that T = Tg and Tij+1 = Ti (Rl where R; is a set of clauses obtained as the conclusion of the
application of a resolution rule to premises inT;. A refutation of T (by RC':TSE) is a derivation from T
such that for somei = 0, T; contains a contraction. A derivation Tg,..., Ti,... terminates i either a
contradiction is derived or there is no setR; of clauses derivable as the conclusion of an application of a

resolution rule to premises inT; such that R; [Tl

3.4 Properties of RSy,
The calculusRS5 is sound and complete. We rst show that R is sound.

Theorem 4 (Soundness of Rgrsa) Let T be a set of SNFZ,, clauses. If there is a refutation of T by

RE, then T is unsatisfiable.

Proof. The soundness of SRES1 to SRES4, ERES1 and ERES2 has been éfithed in [H]. So we only
need to prove the soundness of SRES5 to SRES8, RW1 and RW2.

Let Tg, Tq,..., Tn be a derivation from a set of SNI%T,_ clauseT = Tg by the calculus RC':.,.SE. We will
show by induction over the length of the derivation that if Tg is satis able, then so isTp,.

For To = T, the claim obviously holds. Now, consider the step of the ddvation in which we derive
Ti+1 from T; for somei = 0. AssumeT,; is satis able and M = [S,R,L,[],so[Cds a model structure

satisfying T;.
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AssumeA [(frbe [ CTI)lnd A [{slart are in T;. Let Tj+1 be obtained by an application
of SRES5 toA [(frbe [ ClMland A [(start [DICAD), ie., Ti+1 = T LA [(start [CCICD)}.
We show that M also satis es Ti+;. Consider an arbitrary state s [CSl. If s is not sp, then obviously
M,sCk start [ Cl1[CDO becausestart is false at the states. Assume the states is so. From
M,sCF A [(frbe [ CIDland MM,sCF A [(slart [CD1=l) and the semantics of A [, e obtain
M,sCF true [CCIThnd M,sCf start [CDIC=l. From the semantics oftrue , [—and start , we
obtain MM,s[(F C [ITdand M,sCCF D [=l. As | and =l can not both be true at state s in M, we
conclude M, s(f= C As s is sg, then from the semantics ofstart we have[M, s start [CCTDL
Sincestart [CCT D holds in sg and all other states, from the semantics ofA [Cwk conclude M, s}

A [(sfart [CTDI. Thus the model structure M satis es Ti+1, Ti+1 is satis able and SRES5 is sound.
For rules SRES6 to SRESS, the proofs are analogous to that foBRESS.

Regarding RW1, from the semantics ofA [Cahd false we obtain that the formula A (01 Qi 1
A [Malke)istruei A [(TJZ] Q; [Cfalke)istrue. This formulais propositionally equivalentto A C(TIZ] -Q;)
which in turn, by the semantics of [Cand true , is equivalent to A [(irbe [T;I}-Q;). The proof for
RW2 is similar. 1

Now we present the completeness proof foIRC':TSE. First, we give a brief discussion of how our proof
proceeds. We introduce the idea of augmentation, which wasriginally developed for a resolution cal-
culus for PLTL [L6]. Next, we create a nite directed graph, called a labelled behaviour graph, for an
augmented set of SN, clauses. To create a CTL model structure for a sefl of SNFL,, clauses from
a labelled behaviour graph forT, some nodes and some subgraphs of a labelled behaviour graghaph
for T cannot be involved. For instance, a hode without any success nodes in a labelled behaviour graph
cannot be used to construct a CTL model structure, as all patts in a CTL model structure are in nite.

To remove such nodes and subgraphs from a labelled behaviograph, we de ne a set of deletion rules.
We call a labelled behaviour graphH a reduced labelled behaviour graph if it is obtained by exhastively
applying deletion rules to H. We show that an augmented setT of SNF%TL clauses is unsatis able i
its reduced labelled behaviour graph is empty. We also provehat each application of a deletion rule
corresponds to a derivation fromT by RC'%.SE. Therefore, if T is unsatis able, its reduced labelled be-
haviour graph Hyeq is empty and the sequence of application of the deletion ruke, which reduce the
labelled behaviour graph forT to an empty H,eq, can be used to construct a refutation in RC':.,.SE. In the

following, we show the detailed completeness proof.

Let T be a set of SNE., clauses obtained by applying the normal form transformatio to a given
CTL formula. Recall from Section [33 an application of ERES1or ERES2 to the setT may introduce
new propositions into T, but these propositions are uniquely associated withA [1-dnd E e (ingy

formulae occurring in T. For our completeness proof it is convenient to assume that ertain clauses
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associated with these new propositions are present it right from the beginning, i.e. independent of
applications of ERES1 and ERES2. We adapt theaugmentation procedure used in[[15] for PLTL to
CTL to establish a relation between new atomic proposition ntroduced by an application of ERES1 or

ERES2 and eventualities associated with them.
De nition 3 [Augmentation]

Given a set of SNF.1, clauseT, we construct an augmented sefT, as follows: the augmented sefl, is

the smallest set containingT and satisfying the following conditions:

e For every A -sometime clause inT, Q [CAT=I] T, contains the clauses

true Cwt
w4 CAT(E [ul)

where w?) is a new proposition uniquely associated withA

= For every E-sometime clause inT, Q [EX=Ilyc(ingym Ta contains the clauses

true Cwind,

wiid CETEN D) gpac
wherew!? is a new proposition uniquely associated WithE [lgde (indym

A proof that augmentation preserves satis ability can be found in [5].

Given a setInd of indices anind-labelled graphH is an ordered pairH = (N, E), where N is the set
of nodes andE is the set of edges irH. An edge (0, ind,ny [H is a directed edge from a noden [N
to a node n” [N labelled with a label ind [IAd. (When the label on the edge is not important, we also

use (, nY to denote an edge, which means the label can be any index imd.)
De nition 4  [ind-reachable node in a graph]

Given a set Ind of indices, anind-labelled graph (N, E), and a noden [N, a noden™ [N is ind-
reachable fromn i there exists an edge (n, ind, n%y [H or there exists an edge 1"'ind, ny [H and n™

is ind-reachable fromn.
De nition 5 [reachable node in a graph]

Given a graph (N, E) and a noden [N, a noden™ [N is reachable fromn i there exists an edge

(n,n A or there exists an edge (™'n% A and n™is reachable fromn.
De nition 6  [labelled behaviour graph]
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Let T be a set of SNE., clauses and Ind[) be the set of indices occurring inT. If Ind( T) is empty,
then let Ind(T) = {ind}, where ind is an arbitrary index in Ind. Given T and Ind(T), we construct a
nite directed graph H = (N, E), called a labelled behaviour graph for T.

A noden = (V,Ea,Eg) in H is a triple, where V,Ea, Eg are constructed as follows. LetV be a
valuation of propositions occurring in T. Let Ea be a subset of{l | Q [CATTTTITI} and Eg be a subset
of {linc(ingyrd Q TEXldc(ingyM}. Informally EA and Ee contain eventualities that need to be
satis ed either in the current node or some node reachable fsm the current node.

To de ne the set of edgesE of H we use the following auxiliary de nitions. Let n = (V,Ea, Eg) be a
node inN. Let Ra(n,T)= {D | Q CATDICT] andV E Q}. Note if V does not satisfy the left-hand
side of any A -step clause (i.e.Ra(n, T) = [,lthen there are no constraints from A -step clauses on the
next node of the noden and any valuation satis es Ra(n, T). Let Rjng(n, T) = {D | Q CEXD kuq—[ 11
andV F Q}. Let Ry(T)= {D [true L[DICTI}.

Let functions Eva(V,T) and Evg(V,T) be dened asEva(V,T) = {I | Q CATT T andV F Q}
and Eve(V,T) = {lmc(ingycdd Q CEM gk (ingy1l, and V | Q}, respectively.

Let functions Unsata(Ea,V) and Unsating(Eg,V) be de ned as Unsata(Ea,V) = {l | | [CHa and
V E 1} and Unsating(Ee, V) = {lmoc(indydd lmeingyc B and V E 1}, respectively.

Then E contains an edge labelled byind from a node (/, Ea, Eg)to anode (V JER, EE) i V Ssatis es
the setRa(N, T) [Ring(n, T) CRY(T), EX = Unsata(Ea,V) CEVA(VET) and EE = Unsating(Eg,V) [
Eve(V 5T).

Let Ro(T) = {D | start [DI[TI}. Then the node (V, Ea, Eg), where V satis es the set Ro(T) [
Rg(T), Ea = Eva(V,T) and Eg = Eve(V,T), is an initial node of H. The labelled behaviour graph for

an augmented set of SN, clausesT is the set of nodes and edges reachable from the initial nodes
Example 1 [labelled behaviour graph]

For the augmented set of SNE., clauses below, the labelled behaviour graph is shown in Fige .

1. start [ =gl
2. start [pl
3. true [plql

4 p LAIpl

S. q LET=pr

6 p CETqgceym

7. true [=p Iillﬂ (added by augmentation)
8 wi CEI(@IOW) 77 (added by augmentation)

De nition 7 [Path from a node n to a node n"through a graph]
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A path from a node n; to a node n, in a graph is a sequence of nodes;, ny,...,Nn, such that

(n1,n2), (N2, n3), ...,(nh—1, Np) are the edges of the graph.
De nition 8  [Shortest path from a node n to a node n“through a graph]

A shortest path from a node n to a noden™in a graph is a path from the noden to the node n“with

the least number of edges amongst all the paths from the noda to the node n"’
De nition 9  [Distance]

Given a graph (N, E), if a node n[CN is reachable from another noden [N, the distance from n

to n"is the number of edges in a shortest path frorm to n"
De nition 10  [ind-distance]

Given a graph (N, E), if a node nY[CN is ind-reachable from a noden [N, the ind-distance from

n to nis the number of edges in a shortest path such that every edgeniit is labelled by ind.

Lemma 10 Let T be an augmented set of SNFZ,, clauses and let H = (N, E) be the labelled behaviour
graph for T. If H contains an edge from a node n = (V,Ea, Eg) [N to a node n"= (VJEL, EEY) [N
such that | CHY then either there exists a clause Q [CATT I Tlsuch that Vo Qorl [CHx and V B 1.

Proof. From the construction of the labelled behaviour graph, we krow EX = Unsata(Ea, V) [Eda(V 5'T).
Therefore, if | CHY, then I is from either Unsata(Ea, V) or Eva(V 5T). For the rst case, | must be in

Ea and V E |. For the latter, there exists a clauseQ [CATIIITIsuch that VE Q. 1

Lemma 11 Let T be an augmented set of SNFZ, clauses and let H = (N, E) be the labelled behaviour

graph for T. For every node n = (V,Ea,Eg) in H if | CHx and V B | then V | w{ .

Proof. From Lemmal[IQ if an edge from a noden"= (VJER, EE) to a node n = (V, Ea, Eg) such that

| [CBa exists in H then either there exists a clauseQ [CATI I T such that V | Q or I [CHY and

Figure 4: A labelled behaviour graph
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VUE L. Thus, by induction | [CHa is originally generated from a node whereQ holds. The proof is by
induction on the length of the shortest path from a node n™= (V™ELMEZ) such that there exists a
clauseQ [CATIIIMandV™E Q to the node n.

In the base case the length is zero, i.en = n™and thereforeV | Q and by construction we obtain
| [Ha. By augmentation we know true CITw® [TI By assumption| [Ha and V E I, hence
vV E w.

Otherwise assume the lemma holds for nodas-such that the distance from a noden™ whereV " Q,
to the node n"lis m and we prove it holds for thosen = (V, Ea, Eg) with ( ntind,n) [CH, ind CIAd(T).
By assumption | [Ha and V E |. From the inductive hypothesis we haveV P w{*. By augmentation

we havew{® [CAT(wW(* [ [Tl Thus by construction we haveV [ wf*. —

Lemma 12 Let T be an augmented set of SNFZ,, clauses and let H = (N, E) be the labelled behaviour
graph for T. If H contains an edge from a node n = (V,Ea, Eg) [N to a node n"= (VJEL,EEY) [N
such that Imc(ind)DEEIED then either there exists a clause Q [EXlgd: (ingy—[1 such that V HE Qor
lmc(ingyclCEE and V B 1.

Proof. From the construction of the labelled behaviour graph, we krow that EZ = Unsating(Eg,V) [
Eve(V 5 T). Therefore, if Imc (ingymCHE, then Imcingyis from either Unsating(Eg, V) or Eve(V 5T).
For the rst case, ligc(ingymust be in EE and V. E |. For the latter, there exists a clauseQ [1

E Dﬂc(ind)gcﬂ and V DIZ Q. —

Lemma 13 Let T be an augmented set of SNF3, clauses and H = (N, E) be the labelled behaviour

graph for T. If for every node n = (V, Ea, Eg) in H such that | pc(ingyciCEle and V E I then V | wjnd,

Proof. The proof proceeds in analogy of the proof of Lemm&~11 and usdke fact that T contains the

clausew|™ CEX(M" Mg —

Lemma 14 Let T be an augmented set of SNF3;, clauses and let TPbe a set of SNFZ,, clauses
obtained from T by adding any combination of initial, A -step, E-step or global clauses which only involve
propositions and indices occurring in T. Then the labelled behaviour graph H”= (NYEY of T is a

subgraph of the labelled behaviour graph H = (N,E) of T.

Proof. This is established by induction on the length of the shorte$ path from an initial node to a node
in HY For the base case, where the length of the path is zero, we shahat any initial node in His an
initial node in H.

As T HPhas been constructed by adding an combination of initial, A -step , E-step and global clauses
to T, we haveRo(T) CRH(TY and Ry(T) [CRL(TY. Take any initial node ng = (Vo, Ea,, Eg,) in HE
By De nition €1 Vo must satisfy Ro(TY) [CRL(TY. As Ro(T) [CRL(TY and Ry(T) [CRL(TYH then Vo
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must also satisfy Ro(T) [RL(T). As the set of A- and E-sometime clauses inT and T Uis the same. Vg
satis es the left hand side of the sameA - and E-sometime clauses inT and T "the setsEa, and Eg,
will be the same in both graphs. By De nition €] ng is also an initial node in H.

Next we assume that every noden; = ( Vi, Ea, , Eg, ), where the length of the shortest path in HY
from an initial node to n; is m, is in H. We show that every nodenj+; = (Vi+1, Ea ., Eg..,) in HY
with an incoming edge (;, ind, nj+1) CEYind CIAd(T) is also in H.

Vit satis es Ra(ni, TY [Ring(ni, TY. Thus Vi1 also satis esRa(ni, T) [(Rdng(Ni, T), asRa(n;, T) 1
Ra(ni, TY and Ring(ni, T) CRina(ni, TY. As we have already proved that Ry(T) [CRL(TY, so Vis1
must also satisfy Rq(T) as well. Furthermore as no change has been made to ar¥&- or E-sometime
clause inT, every eventuality outstanding from n; or triggered by nj.; will be the same in both graphs.
Thus nj+; is also present inH as is the edge ;, ind, Nj+1).

The proof that all the edges in H are also inH is analogous to the proof above for nodes.

Therefore, NV [Nl EY [CEland HY [CHL —
De nition 11 [Terminal node]

A node n in a labelled behaviour graph forT is a terminal node i there exists an index ind [IAd(T)

such that no edges labelled withind depart from n.

Note that in the labelled behaviour graph shown in Figure[4, the two nodes on the right-hand side

of the graph are terminal nodes as they do not have any outgoip edges labelled with the index 1.
De nition 12 [ind-labelled terminal subgraph for |oc ¢indych

For a labelled behaviour graph (N, E) for T, a subgraph N5EY is an ind-labelled terminal subgraph

for Iroc(inayrof (NLE) i
(1TS1) NY[Nland EV[E]

(ITS2)  for all nodesn, nY[CN and edges , ind5nY [CH, n“CN"and
(n,ind7n%Y CEY n CNYand ind = ind% and

(ITS3)  for every noden = (V,Ea, Eg) [N lmcingycLEE and V | -l
De nition 13 [Terminal subgraph for 1]

For a labelled behaviour graph (N, E) for T, a subgraph (N5 EY is a terminal subgraph for | of (N, E)

(TS1) NP[CNland EPCE]
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(TS2) for every noden [N "there exists some indexind [Ihd(T) such that for all edges
(n,ind,n%Y A, nY"[N"and (n, ind,n% A" and

(TS3) for every noden = (V,Ea,Eg) [N [Hx and V E .

Figured and Figurel@ show examples of aind-labelled terminal subgraph for e 2y —and a terminal
subgraph forq, respectively. (In both cases we assume the set of indices he clause set for these labelled

behaviour graphs is{1, 2}.)

Lemma 15 Given a labelled behaviour graph H = (N, E) and a node n = (V,Ea, Eg) [N, if, for every
eventuality e indy1Be, lmc(ingyrcan be satisfied in n or in some node ind-reachable from n, then

n is not in any ind-labelled terminal subgraph H™= (NS E"Y for Iincingy—of H.

Proof. Let H= (N5 EY be an arbitrary ind-labelled terminal subgraph for some arbitrary eventuality
IroccingycPf H. Proving this lemma is equivalent to proving that if n [N then I'oc (ingycannot be
satis ed in n nor in any nodesind-reachable fromn in H. Assume that n [CN" According to property
(ITS2), all nodes which are ind-reachable fromn are also inNY By property (ITS3), for every node
nY= (VUER EE) CNY ImcngymCHE and | is not satis ed in n™ Therefore, lqc ingy—cannot be

satis ed in n nor in any node ind-reachable fromn in H. —
De nition 14  [Reduced labelled behaviour graph]

Given a labelled behaviour graphH = (N, E) for an augmented set of SNE.;, clausesT, the reduced
labelled behaviour graph H,eq for T is the result of exhaustively applying the following deletion rules to

H.

1. If n [N is a terminal node with respect to an index in Ind(T), then delete n and every edge into

or out of n.

2. If there is an ind-labelled terminal graph (NSEY of H such that ind [IAd(T), then delete every

noden [N"and every edge into or out of nodes inN "

1 2 é
1 Jmc )

Key

Figure 5: A 2-labelled terminal subgraph for qc 2y
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3. If there is a terminal graph (NSEY of H with respect to some indices in Ind{T), then delete every

noden [N"and every edge into or out of nodes inN "

Lemma 16 An augmented set of SNF&, clauses T is unsatisfiable if and only if its reduced labelled

behaviour graph H is empty.

Proof. We start by showing the if' part. If T is satis able, then it has a CTL model structure M =
[S,R,L,[],so] We construct a labelled behaviour graphH = (N, E) for T and inductively de ne a
mapping h from M to H. Let Pt be the set of atomic propositions occurring inT. As the CTL model
structure M satis es the clause setT, L(sp) must satisfy Ro(T) [CRE(T), which means there must be an
initial node ng = (Vo, Ea,, Eg,) in H, whereVy = L(So) nPt, Ea, = EVa(Vo, T) and Eg, = Eve(Vo, T),
and we de ne h(sp) = no.

Next, we assume thath(s;) = n; = (Vi,Ea,,Eg ) is in H and (s, Si+1) []ihd]. As the CTL model
structure M satis es T, L(sj+1) must satisfy Ra(ni, T) [Rkng(ni, T) CRL(T), which means there must
be a nodenij+1 = (Vi+1,Ea ., ,Eg.,) In H, where Vi1 = L(Si+1) n Pt, Ea ., = Eva(Vis1,T) [
Unsata(Ea , Vi), Eg ., = Eve(Vi+1,T) [Unhsating(Eg,, Vi), and we de ne h(sj+1) = nj+1. By the
construction of the behaviour graph, the edge f(si), ind, h(si+1)) is in H. Therefore, for every state
s [S] the nodeh(s) is in H and for every pair (si, Si+1) [Rl,i> 0, the edge fi(si), h(Si+1)) isin H.

We dene NM as the set{h(s) | s [3} and EM as the set{(h(si),ind, h(si+1)) | (si,si+1) [
[ind],ind [CIAd(T),si,si+1 S} It is obvious that NM [Nl and EM [CElL We de ne the subgraph
HM of H to be (NM,EM). Although a CTL model structure is in nite, H and HM are nite graphs
because the number of nodes itH and HM is bounded by 2 x 27" x 2"°  where nP,n” and nE are
the numbers of atomic propositions,A -eventualities and E-eventualities in T, respectively.

We will show that neither of the deletion rules given in De nition [4 is applicable to HM. Since
every states in a CTL model structure has successors and in particular arind-successor for each index
ind CIAd(T), by the construction of HM, deletion rule (1) is not applicable to HM,

To prove that deletion rule (2) is not applicable to HM, we need rst to show that for every node

h(s) = n=(V,Ea,Eg) in HM, if | [Ha, then M,s E A [O_Irhe proof can be done by induction on a

i 2 AT
1,2 (q a ) 12

Figure 6: A terminal subgraph for q
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path Xs, = Si, Si+1,Si+2, ... iIN M such that there exists a clauseA [{[Q AT T Tlwith M,s; F Q.

For the base case, we havl(si) = nj = (Vi,Ea,,Eg ), | [Ha , A Q CATD T T, and M,s; F Q.
By the semantics of [Cand A [[We obtain M, s; E A 1]

For the induction step, we have the hypothesis thath(si+j) = Ni+j = (Vi+1,Ea ., ,Eg ;). | [CHA
and M, sj+j F A 1By the equivalence A [1_F | Al [ATT dhown in [I3], we obtain M, sj+j F
I CAILATIFor the node h(Si+j+1) = Nixj+1 = (Vi+j+1, EA 421, EEL4p), We know | [CHap,,,,, =
EVA(Vi+j+1,T) CUnsata(Ea, ., Vi+j). If 1is from Eva(Vi+j+1,T), then there must exist a clause
A QY CATI T T and Visj+1 E QY By the de nition of the mapping h, M, si+j+1 E QY Therefore,
by the semantics of [Cand A LM, sj+j+1 F A [L_Dtherwise | must be from Unsata(Ea, .; , Vi+j). By
the de nition of the function Unsata, Vi+j F —l. By the mapping h, M, sj+j F —l. Therefore, by the
semantics of LA [Cahd (Si+j, Si+j+1) (R, we obtain M, sj+j+1 F A LI

The proof that for every node h(s) = n = (V,Ea,Eg) in HM, if lroc(ingyc CHe, then M, s F
E ke (ingyfan be done in analogy.

Assume noden = (V, Ea, Eg) is in an ind-labelled terminal subgraph for lipe (ingy®f H and h(s) = n.
By De nition IZlwe know e (indgycilBe. SOM, s F E g (ingy By Lemmalld, | does not hold on
any the possible paths labelled withind departing from n. By our mapping h, | does not hold on the
actual path M used. Therefore, we haveM,s B E [lgdc(ingyr That is a contradiction implying that
there are no nodes in anind-labelled terminal subgraph for IacingycPf H and deletion rule (2) is not
applicable to HM.

The proof for deletion rule (3) is analogous to the proof for eletion rule (2) and deletion rule (3) is
also not applicable toHM. As HM is a subgraph ofH and no deletion rules are applicable toH™, the
labelled behaviour graphH for T cannot be reduced to an empty graph.

We now show the “only if' part. Assume that the reduced labeled behaviour graphH = (N, E) of
T is non-empty, then we show how to construct a CTL model strucure M = [S,R,L,[],sodrom H
satisfying T.

First we de ne some additional notation that will be used later.

Let M = [S,R,L,[],so[be a CTL model structure.

e By P(so, ind) we denote a path in M consisting of an in nite sequencesy, S1, Sz, . . . Of states such
that so,S1,S2,. .. and for every i = 0, (si, Si+1) [[ihd], and ind [CIAd(T). Alternatively, we

view P (sp, ind) as an in nite sequence 6o, S1), (S1,S2), . . . of pairs of states.

* By P(sp, D-we denote a path in M consisting of an in nite sequencesg, S1,S2, . .. Of states such
that so,S1,S2,... S, and for everyi = 0, (sj,Si+1) [CR. Alternatively, we view P (so, DJas an

in nite sequence (Sp, S1), (S1,S2), - .. of pairs of states.

* By RP(snh) we denote a reverse path consisting of a nite sequencg,, Sn—1, - - -, So Of states such
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that sn,Sn—1,...,S0 Sl sg is the root of M, and for everyi, 0<i<n—1,(sj,sSi+1) [R.

To construct a CTL model structure M = [S,R, L,[], So[(drom a reduced labelled behaviour graph
H=(N,E), if n=(V,Ea, Eg) [N, let the function cs(n) return a state s such that L(s) = V.
In addition, we introduce several properties ofM which are necessary and su cient for M to satisfy

T.

(P1) L(so) must satisfy Ro(T) [CRL(T).

(P2) Every pair (i, Si+1) must satisfy the set of A -step, E-step and global clauses inT, that is

e L(si) and L(sij+1) satisfy Rg(T);
« for every A -step clauseP [CATQICTIIif L(sj) satis es P, then L(sj+1) must satisfy Q;

» for every E-step clauseP [ ETQduq [T if L(si) satises P and (Si, Si+1) [lind], then

L(si+1) must satisfy Q.

(P3) For every E-sometime clauseP [EXlgc(ingyc]and every states [Sl if M,s | P, then the

path P (s, ind) must contain a state s”[Slsuch that | CIXs".

(P4) For every A-sometime clauseP [CATIT I Tland every states Sl if M,s | P, then every path
P (s, Ddmust contain a state s~ [Slsuch that | CIXsY.

Now we inductively de ne the construction of a CTL model structure from a reduced labelled be-
haviour graph H and a mappingh from M to H.

The state so of M is given by sp = ¢s(ng), where ng is an arbitrary initial node in H, and we de ne
h(so) = ng. By the construction of H, property (P1) holds for sg.

Suppose we have constructed the stats; for M and RP(sj) = Si,Si—1,...,S0. Then our task is
to choose for each indexind [CIAd(T) a pair (s, Si+1) [[ind] for M. Assumeh(sj) = n and n hask
ind-successor{ny, n,, ..., Nk} (k > 0 as otherwisen would be a terminal node inH). Let SR be a set

{sj | si—1,sj [LRP(si), h(sj—1) = n,h(sj) fhq, Ny, ..., Nk} and (sj—1,s;) Clihd]}.
- if the set SRP is empty, then sj+1 = ¢cs(ny);

- else, lets [SPP be the state such that the distance betweers; and s is the shortest among all the

distances betweers; and a state in SR® and h(s) = ny, [{h1, Ny, ..., Nk}, 16 M6 k, then

{ Si+1 = cS(Nm+1), if MEK;

{ Sij+1 = cs(ny), if m= k.
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By this algorithm, for an arbitrary path Xs,, if @ node n is in nitely often used to construct states
s [, and the index ind is in nitely often used to construct the next states of s on Xs,, then ind-
successors of the noda are fairly chosen. This construction ensures that all eventalities will be satis ed
in M.

Following the instructions we provided and using a breadth-rst order for the construction, from the
state sp, a CTL model structure M is constructed from H. By the construction of M and H, property
(P2) holds for M.

Now we prove the model structureM we constructed satis es property (P3).

Assume the clause® ["E XTI (ingy11and let s be an arbitrary state in S suchthat M,s F P. We
need to show that the path P (s, ind) contains a state s“'such that | [CIXsY. Assumel does not hold on
P (s, ind), i.e. | IXsY for any state s [PI(s, ind). We know the path P (s, ind) is an in nite sequence,
whereas the set of nodes itH is nite, which implies that there are nodes {n},n%,...,nt} [CH,k > 1 are
used in nitely often to construct the path P (s, ind). Thenfor 1 6 i 6 k, nf = (V, Eal, EE) and by our
assumption, V;* E =l and Imc(ind)DEElgf. By the way we construct M, we use all theind-successors
of each node in{n},n},...,nt}. Thus, the set of nodes{nt,ns,...,n;} in H and all the ind-labelled
edges departing from those nodes form aind-labelled terminal subgraph for I igcingyc0f H. However,
H is a reduced labelled behaviour graph, so nénd-labelled terminal subgraph exists inH. We obtain
a contradiction. Therefore, | must hold on some state of the pathP (s, ind) and property (P3) holds for
M.

The proof that property (P4) holds for M is analogous to the proof that property (P3) holds for
M. —

Lemma 17 If a set of initial and global clauses is unsatisfiable then there is a refutation using only step

resolution rules.

Proof. If a set T of initial and global clauses is unsatis able, then the setT™= {D | true [DIL[Tlor
start [CDICTI} is unsatis able by the semantics of A [Cahd start .

The set T only consists of propositional clauses. Therefore, it has aefutation by propositional
ordered resolution with selection using the same ordering red selection function as fong,.SE. Then, we
can use step resolution rules SRES4, SRES5, and SRES8 on tlsist T to derive an empty clause, namely
either start [falke or true [Talke. —

Lemma 18 If the unreduced labelled behaviour graph for an augmented set of SNFZ, clauses T is
empty then a contradiction can be obtained by applying step resolution rules to clauses in or derived from

T.

Proof. If the unreduced labelled behaviour graph is empty then fromthe de nition of labelled behaviour

graph, there are no initial nodes, which means there does nagxist a valuation V such that the right-
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hand sides of all initial and global clauses off are true under V. Thus, the subset of T containing all

initial and global clauses inT is unsatis able and by Lemmal[Iq there exists a refutation of T using step

resolution rules SRES4, SRES5, and SRESS. =
Theorem 5 (Completeness of RLR) If a set T of SNFL,, clauses is unsatisfiable, then T has a

refutation using the resolution rules SRES1 to SRES8, ERES1 and ERES?2 and the rewrite rules RW1
and RW2.

Proof. Let T be an unsatis able set of SNE.1, clauses. The proof proceeds by induction on the sequence
of applications of the deletion rules to the labelled behawur graph of T. If the unreduced labelled
behaviour graph is empty then by Lemmal[IB we can obtain a refudtion by applying step resolution
rules SRES4, SRES5 and SRESS.

Now suppose the labelled behaviour graptH is non-empty. The reduced labelled behaviour graph
must be empty by LemmalI®, so there must be a node that can be defed from H.

Suppose there is a noden which would be subject to the rst deletion rule in De nition [M4. Then
n is a terminal noden = (V,Ea, Eg). ConsiderW = {D |P CAIDI[MandV E P} (DY P11
E [D¥pg T ind CIAd(T), and V E P3 (D™ true DY [T1}, where P, P Mare conjunctions of
literals whereasD, D5/D™are disjunctions of literals. By De nition €] W must be unsatis able.

Given that W is a set of propositional clauses, it has a refutation by propsitional ordered resolution
with selection using the same ordering and selection funatin as for RC':TSE. We prove that a clause
true [falbe, Q [CATfalke or Q [ETfalbe pgrind [CIAd(T), where Q is a conjunction of literals
and satised by V, can be derived fromT by SRES1 to SRES3 and SRES6 to SRES8. The proof
proceeds by induction over the length of the propositional efutation of W. In particular, given a
refutation No, Ng,...,Nn of W such that No = W and for everyi,16 i 6 n,N; = Nj—; [{C;}, where
Ci is a propositional clause derived fromN;—; and C,, = false. We show that there exists a derivation
NG/NL ..., N such that N§'= {P CATIDI[TandV F P} [ZP" CEIDWnq T, ind CIAd(T),
andV F P53 C{rue CDF [N} and for everyi,16 i 6 n,N”= N2, [{C3}, where Cllis either
true [ Cj P; [CAXCiwith V F P;j or P [CEICikpqmind CIAd(T) with V | P;. C[lis either
true [falke, P, [CATfalbe or P, [CETfalke gngmind CIAd(T) with V E Pp.

We prove the base case rst. For the refutation ofW, if N; = W [{Q;}, then we showN = N/ {Q3},
where C{'is the form of true [Cjl P; CCATCdwith V | Py or Py CEXCiipgrmind CIAd(T) with
V E P; and derived by an application of one of the resolution rules RES1 to SRES3 and SRES6 to
SRESS8) from NOD. SupposeC; = C, [ is derived from two clausesC, [Tland Cz [=l, then by
the construction of W we are able to nd a clauseG = Py [CAT(Ch [I)] Py [CET(Ch [(Dhnqror
true [CJ[Ihnd G”= Py [CATI(Ck [=al), Py CEI(Ck [=l)gngrpr true [ Cd in N§? Note
that if G and Gare both E-step clauses, then the indicesnd in them are identical. Depending on the

form of G and GPwe can distinguish the following cases.
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From G = Po CATC, 1]
and G'= PI CAICY
we can deriveC{'= Py [P}’ CATCJ [Ck by SRES1

From G = Po CEXCI [dsq
and G'= Pl CAICH
we can deriveC{'= Py [P}’ CEXC, [Chngrpy SRES2

From G = Po CATC, 1]
and G™= P& CEXCE [l g

we can deriveCj'= Py [P}’ CEXCy [Chyngr Py SRES2

From G = Po CEXCI [dsq
and GM= P& CEXCY [ g

we can deriveC{'= Py [P}’ CEXCI [Chypngrby SRES3

From G= true [CCiL[CId
and G = P CATCH

we can deriveC'= Py’ [CATC, [Ck by SRES6

From G = Po CATC, 1]
and GP=  true [Cil

we can deriveCj'= Po [CATCI [Ck by SRES6

From G= true [CC,lLCI]
and G'= PP CEXCE (= gnary
we can deriveCj’= Py’ CEXCA [Chypgr by SRES7

From G= Py, [EXCH [Tdyyr
and G™= true [CCil

we can deriveC;= Pg LEXC) [Ckpgrpy SRES7

From G = true [CCil[1]
and G™= true [CC3l

we can deriveC{'= true [_C,l[Ck by SRES8

where | is eligible in C, [I"hnd -l is eligible in C3 for a given atom ordering and a given selection
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function S of RC':TSE as otherwise we would not have been able to deriv€; = C, [C} on the propositional
level using ordered resolution with selection given the ordring [Camd the selection functionS.
BecauseC; = C, [C}, Cfis one of the clause®o [P§ [CATCyl, Py [P} [ EXCyinqmPo [CATC,

P CATCY Pg CEXCikingsPy’ CEICikingmor true [ Col[Ch. Itis easy to see that sinceV | Pg
and V E P§) we haveV [ P;. Further, in our cases above (SRES1 to SRES3 and SRES6 to SREBpB
cover all the possibilities to derive C{) Thus, if there exists a derived clauseC;, then C'can derived by
R

Next we prove the induction step. For the refutation Ng, N1, ..., Nj, Nj+1, ..., N of W, if Nj4+q =
N; [T}, then we show that N7, = NPT}, where Clis the form of true [ C;jl P; [CATCilwith
V E Pj or Pi CEICikngmind CInd(T) with V | P;j and derived by an application of one of the
resolution rules SRES1 to SRES3 and SRES6 to SRESS froid” The proof proceeds in analogy to the
base case.

Thus, we have shown that we can derive a claus€ = P,, [_Alfalke, P, [EIfalbe jpq0r
true [falke from T. From P, [CATfalke or P, [E Ifalbe gsqWe can obtain the clauserue [C=H,
in normal form using RW1 or RW2.

By LemmalId, the labelled behaviour graphH “for N\'is a subgraph ofH. In particular, every node
in Hhas to satisfy =Py, or false. Obviously, the noden [CN does not satisfy this global clause and is
thus not a node in HY

Suppose the second (or third) deletion rule in De nition [[4 is applicable to H. Then there must
exist an eventuality Ipc(ingyc(or 1), where lncingy(0r 1) is not satis ed in an ind-labelled terminal

subgraph for e ingy(0r a terminal subgraph for 1) of nodesind-reachable (or reachable). We have

two cases depending on the type of terminal subgraphs:

< ind-labelled terminal subgraph for loc(ingy Let Q T EXIgdc(ingyrPe a clause inT and
H= (NYEY be an ind-labelled terminal subgraph for | roc (ingy —0f the behaviour graph H. For
eachn = (V,Ea,Eg) [N let F [CEIGduqpe the conjunction of all global, A -step, E-step
clauses labelled withind in T whose left-hand sides are satis ed by . To show this is a loop in

=l, we must check the following two conditions.

{ For eachn [N we must havefF G By De nition @kvery valuation V Psatisfying G
must be a valuation of anind-successor of the nod&. By property (ITS2), all ind-successors
are in HY By property (ITS3), for every ind-successom= (V5EL, EL) of the node n,

V 5E =l, which implies F G As n is arbitrary, for all n [CNY we havefF G

C 1
{ For eachn CN"we must have G [ JyF. Let {n1,nz,...,n}, k > 1 be the set of
ind-successors of the noda. Let F; [CETGkngPe the conjunction of all global, A -step

and E-step clauses labelled withind in T whose left-hand sides are satis ed by;, where V;
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is the valuation of the ind-successon; = (V;, Ea, , Eg; ) of n. By De nition @Fkvery valuation

V Usatisfying G must be a valuation of an ind-successor of the noden. Thus, for every
i,16 i6 k, Vi E G. SinceV; F Fi, we haveV; E G [Ejl For all the valuation V;j,
E G [FEJL[Fp . CEL. By property (ITS2), all ind-successors of are in HY we have
{ny,nz,....,n} CN"nd F G I:I,l.:l[mF. As n is arbitrary, for all n N we have

1
FG L JmF.

By the correctness of the loop search algorithm for CTLI[[B], ve are able to use the set of conjunctions
of F _ETG#nqin an application of ERES2 with the eventuality e ingy—occurring in Q 1
E e (ingy 11 Let L be de ned as
—1
L= F
n NP
Then TH= T w|" [Mkingtrue [1}is the result of adding the resolvents
derived by ERES2 to T. Note that for every node n = (V,Ea,Eg) in HYV E L,V E -l, and by

LemmalI3,V F wind. Recall that through augmentation the set T contains clauses

wi A OO g o
true [ (hQ [CITTwf"9)

By LemmalIZ either there is an edger("/ind, n) CH, wheren™= (V JEJ, EE) such that I ¢ (ingy L]
EE,VPE —lorV E Q,V E =l Therefore we must haveV P wi"d by Lemmal[I3. So, for the
aforementioned resolventw]"d [DkinarV Ssatis es wi"d but V does not satisfy <L CI)]
Thus, the labelled behaviour graph for T “does not contain the edge (% ind,n). Moreover, by
De nition @the valuation of each predecessor ofn must satisfy wi"d. Thus, all edges inton are not
in the labelled behaviour graph for T Otherwise, for the latter, we haveV F Q,V E L,V E -l
Now, n does not satisfy the aforementioned resolventrue [Tdin T"and son is not
a node in the labelled behaviour graph forT & Therefore, the labelled behaviour graph forT Mis a

strict subgraph of that for T and by induction we assume that asT “has a refutation so mustT.

Terminal subgraph for  I. The proofis analogous to the proof forind-labelled terminal subgraphs

for lme (inaym

c

Theorem 6 Any derivation from a set T of SNFg,, clauses by the calculus RC':TSE terminates.

Proof. Let T be constructed from a setP of n atomic propositions and a setind of m indices. Then the

number of SNF., clauses that can be constructed fronP and Ind is nite. We can have at most 22"

initial clauses, 2" global clauses, 2" A -step clausesm-2*" E-step clausesn-22"*1 A -sometime clauses,

and m-n-22"*1 E-sometime clauses. In total, there could be at mostifi+1)24"+(m-n+ n+1)22"+!
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dierent SNF &, clauses. Any derivation from a set of SNE, clauses by the calculusR&: will
terminate when either no more new clauses can be derived or auotradiction is obtained. Since there is
only a bounded number of di erent SNFZ, clauses, one of these two conditions will eventually be trie

Next we consider the complexity of RS
Theorem 7 The complexity of a RSy based decision procedure is in EXPTIME.

Proof. Assume a set of SN&, clauses is constructed from a seP of n propositions and a setind of m
indices. The cost of deciding whether a step resolution rulean be applied to two determinate clauses
is A=4n+1 in the worst case, provided we can computeS(C) in linear time and compute literal and
indices, if they both have one, in constant time. From the proof of Theorem[8, we know the number
of determinate clauses is at mosB = 22" + 22" + 24" + m . 24" Therefore, to naively compute a new

clause from an application of some step resolution rule, we ight need to look at C = @

pairs of
two clauses and the associated cost iSC(- A). Moreover, to decide whether the resolvent is a new clause
or not, we need to compare the resolvent with at mostB clauses and the cost i = B: (A+4n?). In the
worst case where each pair of clauses generates a resolvent the resolvent already exists and only the
last pair of clauses gives a new clause, to gain a new claus®rin an application of some step resolution
rule, the complexity is of the order (C - A - D), that is, EXPTIME.

To compute a new clause from an application of some eventudi resolution rule, the complexity
depends on the complexity of the so-called CTL loop search gbrithm which computes premises for the
eventuality resolution rules [6]. The CTL loop search algoithm is a variation of the PLTL loop search
algorithm [T which has been shown to be in EXPTIME and we carshow that the complexity of the CTL
loop search algorithm from [6] is also in EXPTIME. Since a newclause is produced by an application of
either step resolution or eventuality resolution, the comgexity of generating a new clause is of the order
EXPTIME. According to the proof of Theorem §] there can be at most (m+1)24"+(m-n+ n+1)22"+!
di erent SNF &1, clauses. Therefore, the complexity of saturating a set of SN2, clauses and thereby

deciding its satis ability is in EXPTIME. 1

4 Implementation

To implement an e cient theorem prover for the calculus RC':TSE is a non-trivial job. Besides the e ort
to implement all the resolution rules, the e ort to implemen t many techniques to prune search space for
RC':TSE, for example reduction, subsumption and so on, are also redred. Currently there are many state
of the art rst-order theorem provers, which have already implemented aforementioned techniques in
many ways. Moreover, in [20] authors presented a method to hdge PLTL to rst-order logic and used

an existing rst-order theorem prover to construct a prover for PLTL. The two facts above inspired us
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to adopt an approach to implement the calculus RC':TSE and reuse those highly re ned rst-order prover
to build our own prover for CTL.

First, we transform all SNF&;, clauses exceptA-sometime clauses andE-sometime clauses into
rst-order clauses. Then we are able to use rst-order ordeed resolution with selection to emulate step
resolution. A and E-sometime clauses cannot be translated to rst-order logic Therefore, we continue
to use the rules ERES1 and ERES2 for inferences witlh - and E-sometime clauses, respectively, and use
the loop search algorithm presented in Sectiol=313 to nd suiable premises for these rules. We utilise
rst-order ordered resolution with selection to perform th e task of \looking for merged clauses" in the
loop search algorithm and we compute the results of applicabns of the eventuality resolution rules in

the form of rst-order clauses.

4.1 Preliminaries of first-order ordered resolution with selection

We introduce several necessary notions before we start, folving their de nition in [4]

Let F, P and V be three pairwise disjoint (countable) sets. The elements ©F are called function
symbols, the elements ofP predicate symbols, and the elements ofV variables. Each element ofF and P
is associated with anarity n [[Nh. The pair (F, P) is a signature.

A term is either a variable or an expressiorf (ti, ..., tn) where f is a function symbol of arity n and
t1, ..., tqp areterms. Foratermt= f(ty,...,t,) the terms ty, ..., t, are called thearguments of t. Let
T(F, V) denote the set of all terms built from function symbols in F and variables inV. A term is ground
if it does not contain variables, i.e., it is an element of T(F, [).]

The depth dp(t) of a term is inductively de ned as (i) if tis a variable or a constant thendp(t) = 1,
and (i) if t= f(ty,...,ty), then dp(t) =1 +max( {dp(ti) | L<i=<n}).

An atom is an expressionp(ty,...,tn) where ty, ..., ty are terms in T(F,V) and p is a predicate
symbol of arity n in P. A literal is an expressionA (a positive literal) or —A (a negative literal) where
A is an atom. For a literal L = (=)p(ty,...,tn) the terms ty, ..., t, are the arguments of L. A literal
is ground if all its arguments are ground. The depth dp(L) of a literal L = (=)p(ts,...,ty) is given by
max({dp(ti) | 1 < i < n}) if the arity of p is greater than zero, anddp(L) = O otherwise.

A rst-order clause C = L []. [} is a multiset of literals with variables implicitly assumed to
be universally quantied. A subclause D of a clauseC is a sub-multiset D of C. A strict subclause
D of a clauseC is a subclause ofC not identical to C. The depth dp(C) of a clauseC is given by
max({dp(L) | L CI}) if C is non-empty, and dp(C) = 0 otherwise.

We assume that the notions of asubstitution, a most general unifier, an instance, etc, are de ned in
the usual way.

A condensation Cond(C) of a clauseC is a minimal subclause ofC which is also an instance of it.

A clause C is condensed if there exists no condensation ofC which is a strict subclause ofC. Note that
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the condensation Cond(C) of a clauseC is either identical to C or is a strict subclause ofC which is a
factor of C and which makesC redundant according to the de nition of redundancy we give below.

An atom ordering [oJis a well-founded, total ordering on ground atoms. For two na-ground atoms
A and B we de ne A [l B if Ac [od Bo for all ground instancesAc and Bo. As for the propositional
case, the ordering [ol is extended to literals by identifying each positive literal p with the singleton
multiset {p} and each negative literal-p with the multiset {p, p} and comparing such multisets of rst-
order atoms by using the multiset extension of [oJ. Also, the notion of a (strictly) maximal literal with
respect to a clauseC is again de ned as in the propositional case. Finally, the mdtiset extension of the
literal ordering [od induces an ordering [ on ground clauses.

A selection function S, assigns to each claus€ a possibly empty set of occurrences of negative
literals in C. If C is a clause, then the literals inS., (C) are called selected.

The resolution caIcqusR,lf‘iLSFoL is parameterised by an atom ordering[~.J and a selection function
SroL, and consists of the following two inference rules:

< Ordered resolution with selection

C LA -B
(C (M)o

where

1. o is the most general uni er of A and B.

2. No literal is selected inC and Ao is strictly [oJ-maximal with respect to Co. (We say that

A is eligible in C [CAlfor the substitution ©.)
3. =B is selected in-B or no literal is selected inD and =Bo is [ J-maximal with respect

to Do. (We say that =B is eligible in =B [D for the substitution ¢.)

e Ordered positive factoring with selection

C A [BI
(C Ao

where

1. o is the most general uni er of A and B.

2. No literal is selected inC and Ac is [roJ-maximal with respect to Co.

Given a setN of clauses and a claus€, then C is redundant in N if for all ground substitutions ¢ there
exist clausesCy, ..., Ch, n =0, in N and ground substitutions o; such that C,04,...,Ch0, F Co and
Co [ed Cjoj for everyi, 1<i<n.

A set N is saturated (up to redundancy) with respect to R,%%SFOL if all clauses that can be derived

by an application of the rules of R,lf‘iLSFOL to non-redundant premises inN are either contained in N
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or else are redundant inN.

For a set Ng of clauses, aderivation from Ny is a sequence of clause seldgp, N4, ..., where for every
i, i =0, Nj+; = Nj [T} and C is derived by applying aR,lﬁ_L’SFOL inference rule to premises inN;, or
Ni+1 = Nj \{C} and C is redundant in N;j. A derivation Ng, N1,... is a refutation (of Ng) if for some
i, 0 < i, N; contains the empty clause. We say a derivationNg, N1, ... from Ng terminates if for some
i, 0<1i, N;j is saturated up to redundancy. A derivation Ng, N4, ... is fair if every clauseC that can be

deduced from non-redundant premises in thdimit Neo = k<j Nk is contained in some setN;.

I

RF'?LLSFOL is a sound and complete refutation calculus[]4]: for a set oflausesNg and fair derivation
No, N1,... from Np, Np is unsatis able i the clause set j Nj contains the empty clause. Furthermore,
if for somei = 0, N; is saturated up to redundancy, then Ny is unsatis able i N; contains the empty

clause.

4.2 Representing determinate SNFg;, clauses as first-order clauses

In order to represent every determinate SNE.;, clause by a rst-order clause we uniquely associate
every propositional variable p with a unary predicate symbol Q,. Besides these predicate symbols we
assume that our rst-order vocabulary includes a countably in nite set of variables x, y, ..., a constant
0, a binary function symbol app, and for every ind [IAd a constant Sing.

The constant 0 represents the statesp, [C3 in an extended model structureM = [S|R,L,[],sSo]
while a constant sjng represents [nd]. The variables x and y quantify over states in M, and the variable
s quanti es over the successor functions ind] with ind [IAd.

The rst-order atom Qp(X), represents that p holds at a state x, while Q(0) represents that p holds
at the state sg.

The rst-order term app(s, X) represents the state resulting from the application of the successor
function s to the state x, while app(sing, X) represents the state resulting from the application of the
successor function ind] to the state x. Then the rst-order atoms Qp(app(s, x)) and Qp(app(Sind, X))
represent that p holds at statesapp(s, xX) and app(Sind, X), respectively.

Finally, for a disjunction of propositional literals C = ( =)po 1. [.(F)pn, let [AL{), where t is term,
denote the rst-order clause (—)Qp, (t) 1. L(#)Qp, (t).

We are then able to represent every initial, global,A -step and E - step clause by a rst-order clause

[CJCas follows:
1. An initial clause start [Cs represented by[Q[{0)
2. A global clausetrue [Cls represented by[Q[(X)
3. An A-step clauseP [CATCTs represented by[=P [(X) [CT@L(@pp(s, X))

4. An E-step clauseP ["EXCgsuqis represented by =P [(X) CIT(app(Sind, X))
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Note that it is possible for C to be empty in an A-step clauseP [CATClor an E-step clauseP [1
E [Cdsar= In the calculus RC':TSE, such clauses are subject to the rewrite rules RW1 and RW2, athwould
both be replaced by the global clausetrue [C=R. We see that in our rst-order representation of
determinate SN, clauses, for an empty clauseC, the SNFZ,, clausesP [CATCIP [ EICHhqm
and true all have the same representation, namely[=P [(X). Thus, on the rst-order level, the

rewrite rules RW1 and RW2 are super uous.

4.3 Implementing step resolution

The representation of determinate SNF.1, [4] clauses by rst-order clauses allows for all our step res
lution rules to be implemented using the ordered rst-order resolution with selection calculus presented
in Section[4].

To this end, we have to de ne the atom ordering and selection d@inction on the rst-order level in
such a way that they mirror their de nition on the propositio nal level.

Regarding the rst-order atom ordering, note that our signature only contains unary predicate sym-

bols. Let [Ché a propositional atom ordering. Then we allow [5] to be any ground rst-order atom

ordering such that Qq(s) Cred Qp(t) if
(i) dp(s) > dp(t); or
(i) dp(s)= dp(t) and q Lpl

According to this de nition, lifted to the non-ground level , we have

Qw(app(Sindeapp(Sind, X),)) Lrad Qp(app(Sind, X)) Lred Qq(X),

for any predicate symbolsQp, Qq, Qw, and constantssinqe and sinqd, and

Qq(app(Sind; X)) Lred Qp(app(Sind, X)) Qq(X) Lred Qp(X)

provided q [pl

Regarding the rst-order selection function Sg,, , we use the close correspondence between determine

SNFQCT,_ clauses and their rst-order representation to de ne S, as follows:
1. Aliteral [SI[{0) is selected in[A0) by Seo, i -l is selected byS in C;
2. Aliteral [EHI(X) is selected in[AL(X) by Seo. i il is selected inC by S;

3. Aliteral [=HI{App(s, X)) is selected in[4][=P [(X) [CTA [(App(s, X)) by S0, with C being non-empty,
i -l is selected inC by S;
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An application of SRES2

P CEXC [Mkng where is eligible in C [
Q AT =) and -l is eligible in D

P [Q [CEIC [D)gnam
can be emulated by the following inference using ordered retution with selection

(=P [(X) CTOHApP(Sind, X)) CQh(app(Sind, X))
[=SQL(Y) LID(app(z,y)) C=Ri(app(z,y))
Cond (=P [(X) [IHQLX) LIMI(App(Sing, X)) LD LAPP(Sing, X)))

where the de nition of [ and S, ensures thatQ(app(Sing, X)) and —=Q(app(z, y)) are both
eligible in their respective clauses for the substitutiono.

Figure 7: Emulating SRES?2 inferences in rst-order logic

An application of SRES3

P CEX(C [(Mkngo wherel is eligible in C 11
Q [CEXM &) gham and -l is eligible in D

P [Q [CEX(C [D)gna

can be emulated by the following inference using ordered resution with selection

(=P [(X) CIOHApP(Sing, X)) CQh(app(Sind, X))
EQNY) D [(App(Sing, Y)) [=Ri(app(Sind, Y))
Cond([=5P [(X) [THQLX) [TWIAPP(Sind, X)) [T {ApP(Sind, X)))

where the de nition of [ and S, ensures that Q(app(Sing, X)) and —=Q;(app(sing, Y)) are both
eligible in their respective clauses for the substitutiono. Note that Q,(app(Sind, X)) and
Qi(app(sindo, ¥)) are only uni able if ind = ind"

Figure 8: Emulating SRES3 in rst-order logic

4. A literal [=N(App(Sing, X)) is selected in [P [(X) [T {AppP(Sind, X)) by SroL, With C being non-

empty, i =l is selected inC by S.

There is one more complication that we need to overcome. In th case of SN&;, clauses, we have made
the simplifying assumption that the conjunctions and disjunctions of propositional literals occurring
in these clauses do not contain duplicate occurrences of theame literals, thus avoiding the need for
factoring inference rules in our calculus. For example, reslving two global clauses ; = true [=pl[qgl
and , = true [pIgs$implyresultsin 3 = true [_g._However, for rst-order clauses we have followed
the de nition of clauses as multisets of rst-order literal s. Thus, resolving [h [F ~Qp(x) Qg (X) with
ChF Qp(x) [Qy(x) results in Qq(x) QL (X), which is not identical to kL3 Qq(X).

To eliminate this mismatch, we require that on the rst-orde r level all clauses are kept in condensed
form, that is, every rst-order clauses C is replaced by its condensation CondC). In our example, we
have Cond@Qq(x) [Q4(X)) = Qq(x) = kL1

We are then able to establish the following correspondencediween Rg.,.sa inferences on determinate

SNFZ;, clauses andRF'E‘LOL SFoL inferences on their rst-order representation.
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An application of SRES7

true [CCI1] wherel is eligible in C 11
Q [CEXM A ghar and -l is eligible in D

Q [CEI(C D) gnam
can be emulated by the following inference using ordered retution with selection
[AX) CQh(X)

[5QY) 1D [{App(Sind, Y)) C=Ri(app(Sind, Y))
Cond([=Q YY) [TWIApp(Sind,Y)) D (App(Sind,Y)))

where the de nition of [ and S, ensures thatQ;(x) and —Q,(app(sind, Y)) are both eligible in
their respective clauses for the substitutiono.

Figure 9: Emulating SRES7 in rst-order logic

Theorem 8 Let [Cahd S be an atom ordering and selection function, respectively, for Rg.,.sa and let
[d and S, be a corresponding atom ordering and a corresponding selection function, respectively, for
RechSmoL. Let 1 and , be two determinate SNFL,, . Then a determinate clause 3 is derivable from

1 and » by SRES1 to SRES8 in RLy,' i[there exists a clause C derivable from [ [and [ [ by

Re&HS7ot such that [k s a condensation of C.

Proof. Our de nition of S, and [ ensures that there is a one-to-one correspondence betweeligile
literals in determinate SNFZ;, clauses and eligible literals in the rst-order representaion of these
clauses.

Therefore, we can show that for any inference by SRES1 to SRESthere is a corresponding inference
by R,%_L'SFOL. Figures[,[3 and® show this relationship for inferences by BES2, SRES3 and SRES7.
The relationship for the inferences by the remainder of stepresolution rules is analogous.

Now, we show that, provided we keep rst-order clauses in codensed form,Rg,.SE does not allow
additional inferences which do not have a correspondence b$RES1 to SRESS.

As we know a determinate clause is either an initialC', a global C9, an A-step C” or an E-step
clauseCE, we can distinguish ten di erent types of inference,C'Cg, C'C”,C'CE,C9CA,CICE,CACE,
cic',coc9,cAc” and CECE. SRESI to SRES8 maps themselves to eight types exce@'C” and
C'CE, which implies that it is not allow to have inferences betwee an initial clause and an A -step
clause or anE-step clause.

For the type of inference of C'CA, consider the four cases:

Case 1
(Qq(0) 1) is transformed from an initial clause

(... CHQq(app(s,x)) L[_1) is transformed from an A -step clause

Qq(0) and =Qq(app(s, X)) do not unify;
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Case 2

(Qq(0) 1) is transformed from an initial clause

(«.. E11Qq(x) C(F)Qp(app(s,x)) [-1) is transformed from an A -step clause

—Qq(X) is not eligible in this clause: Condition (i) in the de niti on of Lo ensures that (=) Qp(app(s, X))o Lead
Qq(x)o for any substitution o and Se., is de ned in such a way that =Qq(x) is not selected.

Case 3
(- ~Qq(0) 1) is transformed from an initial clause

(... CQq(app(s,x)) [-1) is transformed from an A -step clause

=Qq(0) and Qq(app(s, x)) do not unify;
Case 4

(- ~Qq(0) 1) is transformed from an initial clause

(... E1Qq(x) C(H)Qp(app(s,x)) [1) is transformed from an A -step clause

Qq(x) is not eligible in this clause: Condition (i) in the de niti on of Lod ensures that () Qp(app(s, X))o Lol
Qq(x)o for any substitution o and S, only select negative literals.

For inference of C'CE, the proof is analogous. ThereforeR,';S—?_L'SFOL disallows types of inference of
C'C” and C'CE.

Further, all inferences by SRES1 to SRESS involve only liteals on the right-hand sides of determinate
clauses. The we prove inferences (Ff,';g—‘;,_L'SFOL do so as well. It is again the atom ordering [oJ and the
selection function S, which guarantee that requirement.

For example,

Case 5

( =Qq(x) L(#)Qq, (app(s,x)) L[_1) is transformed from an A -step clause
(... E1Qq(x) L(H)Qq,(app(s, x)) 1) is transformed from an A -step clause

Qq(x) is not eligible in this clause: Condition (i) in the de niti on of LeJ ensures that (<) Qq, (app(s, X))o Lead
Qq(x)o for any substitution o and S, only select negative literals.

Case 6

( =Qq(x) L(H)Qq,(app(sing, X)) L[_1) is transformed from an E-step clause
(... (1Qq(x) L(H)Qq,(app(Sind, X)) 1) is transformed from an E-step clause

Qq(x) is not eligible in this clause: Condition (i) in the de niti on of LeJ ensures that (<) Qq, (app(s, X))o Lead

Qq(x)o for any substitution o and S, only select negative literals.
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1 procedure eres(T, C)

2 /I T is a saturated set of determinate clauses

3 /I Cis a sometime clause Q L[CAT=llor Q CEX=lnc(indyr

4 begin

5 if C is an A-sometime clause then

6 SOS ={D|D is a global or step clause in T };

7 else if C is an E-sometime clause then

8 SOS ={D|D is a global, A-step, or E-step clause with the index ind in T}

9 end if

10 i == 0;
11 H.1(x) := true;
12 do
13 Goals := {lIs(x) [(=R(app(s,x)) [=H _1(x)c}, where o= {X « app(s,x)};
14 T; := resolution_sos(SOS, Goals);
15 T2 = {G(x) 64 Us(x) [T and depth(G(X)) < 1};
16 H) = =( T2);
17 if Hi(x) is equivalent to true then
18 return eresolvent(C, true);
19 else if H ;(x) is equivalent to false then
20 return [
21 else if H ;(x) is equivalent to H ;_1(x) then
22 return eresolvent(C, H;(x));
23 end if
24 i= it
25 while (T 2, 8 DO
26 end
Figure 10: eres: A loop search implementation using rst-order resolution
Proofs for other situations are analogous. ThereforeR,52 57" does not allow an inference resolving

literals from left-hand sides of determinate clauses. Finlly, condensation ensures that the ordered
factoring with selection rule of REEHS74 is not applicable.
This establishes the desired one-to-one correspondencetieen inferences by SRES1 to SRES8 and

inferences byRE&H 5", —

4.4 Implementing eventuality resolution

To implement the eventuality resolution rules ERES1 and ERES2, we will need to augment a rst-order
theorem prover with an implementation of the E-loop search algorithm de ned in Section[ZB. FigurdID
shows the pseudocode for the implementation of this algoriim in our prover CTL-RP.

The procedureeres takes as input a setT of determinate clauses, which we assume to be saturated
under the step resolution rules SRES1 to SRES8 and the rewré rules RW1 and RW2, and aA -sometime
clause orE-sometime clauseC As stated in Section[33B, ifC is an A -sometime clauseQ then
the loop search algorithm considers all globalA -step clauses, ande-step clauses inT, while if C is an
E-sometime clauseQ ["ET=llpc(ingymithen the loop search we try to resolve anE-sometime clause
algorithm considers all global, A -step clauses, allE-step clauses with indexind in T. Lines 5 to 9 of

our algorithm implement this case distinction and store the set of clauses that needs to be considered
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1 procedure eresolvent(C, H; (X))

2/l Cis a somﬁﬁiﬂe clause Q [CAT=Dor Q CEX=Dpc(indym
3/ Hi(x) =~ ;2,Gi(x) is a loop formula

4 begin

5 if Hi(x) = true then

6 Gi(x) := false;

7 end if

8 if C is an A-sometime clause then

9 resolvents = {[EHQIX) [(=)(X) [(Gi(X) |1<i<=n} [1

{=QuA (x) E=Qi(app(s, X)) LGI(X)o | 1<i=n, o= {X  app(s,x)}} [

{=QIX) [=Ri(x) [QyA (X),
—Qua (x) [=Ri(app(s, X)) CQyA (app(s, X)) };

10 else if C is an E-sometime clause then
11 resolvents := {[HQX) [=Ri(X) [Gi(X) |1<i=n} [1

{=Qurs (X) E=Ri(app(sing, X)) LGi(X)o |1=<i=n,

0 = {X < app(Sindg, x)}} [
{EQIX) [=Ri(X) EQyma (),
=Quna (X) E=R1(app(Sing, X)) CQyna (aPP(Sing, X)) };

12 end if
13 return resolvents;
14 end

Figure 11: The eresolvent procedure

in a set SOS The main part of the algorithm, lines 12 to 25, consists of a bop in which we construct a
sequence of formulaeH-1(x), H(x), H(X), ...untl one of the three termination conditions is satis ed:
(@) if H(x) is equivalent to true, then we use the proceduresresolvent to return the resolvents for Cand
the loop true (lines 17 and 18); (b) if H (x) is equivalent to false, then no loop can be found and we
return the empty set of resolvents (lines 19 and 20); (c) ifH (x) is equivalent to H —1(x), then we again
use the procedureeresolvent to return the resolvents for Cand the loop H (x) (line 21 and 22). Line 13
to 16 deal with the construction of the formula H (x) for the current index i . Recall from Section[3B
that to construct H;, we need to look for merged clauseg; AT (Bl [Dlor A; CETB [Mlingr
such that B; [CH;jl, (or, equivalently, A [Bjl [CATHj 4). To do so, we construct a set of goal clauses
Goals with each clause containing the literal =Q (app(s, X)), the rst-order representation of A [=lland
a disjunct from =H _;(app(s, X)), the rst-order representation of A [Hjl.;. When trying to prove these
goal clauses using the clauses i8OSall newly derived clauses of depth one or less would be the st-
order representations of theAj's that we look for. To make it easier to identify newly derived clauses,
we add a literal Is(x), where Is is a new unary predicate symbol, to each of the goal clause. Awhere
are no negative occurrences ofs(x) in SOSIs(x) occurs in all clauses derived from our goal clauses.
In Figure @, line 13 constructs the goal clauses, line 14 dalthe resolution_sos procedure to saturate
SOSI[Goals using a set of support strategy, line 15 collects all newly deved clauses of depth one or
less from the saturated set using the literalls(x) to identify newly derived clauses, and, nally, line 16

computesH (x).
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The following example illustrates how our implementation o the loop search algorithm works. The

setT consists of the three SN, clausesa [CATL B [CATI &nda [ Tdghy-and we are looking for

a loop in =l. The rst-order representation of these clauses is given by

(1) —Qa(x) CQh(app(s, X))
(2) —Qp(x) CQh(app(s, x)))
(3) ~Qa(x) LQk(app(sind, X)))
For our atom ordering we use a lexicographic path ordering baed on the precedencepp > Q| > Q, >
Qv > sing = Is and a selection function which returns the empty set for evey clause, i.e. no literals are
selected in any clause.
In the following description of resolution derivations, [G] indicates a goal clause that has been added to
T, [n, R, m] indicates a resolvent of the clauses labelled) and (m), and [n, C] indicates the condensation
of the clause labelled f).
During the rst iteration of the main loop of eres, the set of goal clauses consists of the single clause

Is(x) [=R(app(s, X)) and resolution_sos conducts the following inferences:

[C] (4) Is(x) L=Ri(app(s, X))

[1, R, 4] (5) Is(X) [=Ra(X)

[2, R, 4] (6) Is(x) [=Rnu(X)

[8. R, 5] (7) Is(app(sing, X)) [=Ra(x)

Of these clauses, only clauses (5) and (6) contribute to theanstruction of Hy(x) (see lines 15 and 16 of
the eres) and we obtain Ho(X) = Qa(X) [QL(X). As Ho(X) does not satisfy any of the three termination

conditions, the main loop of eres will be executed a second time. This time, we have two goal clsses,

clauses (8) and (9) below:

[C] (8) Is(x) [=Ri(app(s,x)) [=Ra(app(s, x))
[G] (9) Is(x) [=Ri(app(s,x)) [=Ru(app(s, X))

[L, R, 8] (10) Is(x) [SRa(x) [=Ra(app(s, X))
[L R, 9] (12) Is(x) [=Ra(x) [=Ru(app(s, X))
2, R, 8] (12) Is(x) [=Ru(x) [=Ra(app(s, X))
[2,R, 9] (13) Is(x) [=Ru(x) [=Ru(app(s, X))
[3, R, 10] (14) Is(x) [=Ra(x) [=Ra(X)

[14,C]  (15) Is(x) [=Ra(X)

[3, R, 12] (16) Is(x) [=Rp(x) [=Ra(X)

[3, R, 15] (17) Is(app(Sind, X)) [=Ra(x)

As the condensed clause (15) makes clause (14) redundant amthuse (15) also subsumes clause (16),

of all the clauses in the saturated set, only clause (15) conibutes to the construction of Hi(x) and we
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1 procedure resolution_prover (N)

2 begin

3 Wo = [[Us := taut(sub(N));

4 while (Us & [Cand L[IMUs)

5 (Given,Us) := choose(Us);

6 Wo = Wd {Given};

7 New := res(Given,Wo) [fdc(Given);
8 New := taut(sub(New));

9 New := sub(sub(New,Wo),Us);
10 Wo :=sub(Wo,New);

11 Us := sub(Us,New) [New;
12 end

13 output();

14 end

Figure 12: A simple resolution prover [Z6]

obtain Hi(x) = Qa(X). Again, H;(x) does not satisfy any of the three termination conditions, aad a

third iteration of the main loop is eres is required. There is only one goal clause, clause (18).

[G] (18) Is(x) [=Ri(app(s, x)) [=Ra(app(s, X))

[1, R, 18] (19) Is(x) [=Ra(x) [=Ra(app(s, X))

[2, R, 18] (20) Is(x) [=Rpu(x) [=Ra(app(s, x))

[3, R, 19] (21) Is(x) [=Ra(x) [=Ra(x)

[21,C]  (22) Is(x) [=Ra(X)

[3, R, 22] (23) Is(app(Sind, X)) [=Ra(x)

Again, the condensed clause (22) makes clause (21) redundaand only clause (22) remains to contribute
to the construction of Hy(x). We obtain Hz(X) = Qa(Xx) which is equivalent to H1(x). Thus, the third
termination condition of eres is satis ed (line 21) and the eresolvent procedure, shown in FigureIIL, will
return the appropriate resolvents.

We are now in the position to formulate the correspondence bigveen derivations by RC':TSE and deriva-
tions by RFO'*—%'SFOL supplemented by the eresolvent procedure and to state the correctness of this ap-
proach to implementing RC':TSE.

Let T be a set of SNE.1, clauses such thatT % is the set of all determinate clauses il and T® is
the set of all eventuality clauses inT. Let [TI9t[denote the set{ ] [TI°'} of rst-order clauses
representing the determinate clauses i %€t

Then a Rgrsa-emulating derivation from T by R,';g—?_L'SFOL is a sequenceéNg, N1, Ny, ... of sets of rst
order clauses such thatNy = [T19t[and for everyi, i =0, Nj+1 = N; [T} whereC is the condensation
of a clause derived by applying the ordered resolution with slection rule of R,':ﬁl’SFOL with an atom
ordering [ and selection function S, corresponding to [Cahd S, respectively, to premises inN;,
or Nj+1 = N; R where R is eres(N;, ) for some eventuality clauses in T&. A RC':TSE—emulating

refutation of T by R,lf?_LSFOL is a Rgf‘f-emulating derivation No, Ny, ... from T by R,lf?_LSFOL such that
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for somei = 0, N; contains the empty clause.

Theorem 9 Let T be a set of SNFL,, clauses. Then T has a refutation by RSy, i [there is a R, -

emulating refutation of T by RE5Sror,

Proof. Let To,T1,... be a refutation of T = To by R(';SE where we restrict applications of ERES1 and
ERES?2 to loop formulae that can be found by a CTL equivalent ofour loop search algorithm.

First, we establish that this restriction is still complete. Basically our loop search algorithm in
Figure [Id is almost same as the original loop search algorith in Section[333. The only di erence is that

we provide implementations for the following two tasks in the original loop search algorithm.

(i) \Search in T; for all the clauses of the formX; I X; CATL &nd X; CEghg=

(if) \looking in T; for merged clauses of the formA; [CAT(B} [Dlor A; CEI(BE [Nlxq—such that
B; [Hilis provable (in propositional logic)."

Thus, we only need to prove the correctness of our implementan for those two tasks.

For task (i), we simply insert a new clausels(x) [=RQ,(app(s, X)), which is equivalent to an A -step
clause-ls By Theorem[d, we just need to prove that there exist clauses fothe form X; L1
X; AL br X;j CETTghgin Ti i by adding —ls [CAT=linto T; and applying step resolution
of RSy for a certain atom ordering [“ahd a certain selection functionS to T;, we can nd clauses
-ls £X; [Halbe, —Is [X; [CATTfalke, or =ls [X; [CETifalbe gngin Ti [R], where R is the set of
resolvents.

If = X; CAINIIT then =ls [CAI=llis added into T;. By SRESI, for an arbitrary atom
ordering [Camd arbitrary selection function S we can derive-ls X [CATfalke. This result obviously
holds when = X; [lTand = X;j CEMggm

For the other direction, if a clause = =ls [X; [CATfalke is found in T; (R, then is not from
T; because the atomls does not occur inT; before—ls [CAT=Iis added. Thus must be derived from
an application of some step resolution rule ORC':TSE for certain [Cahd S and one of the premise of this
application must be —ls Therefore, the other premise inT; must be X; [CATTdr X; 11
The result obviously holds when = =ls [X; [falbe and = =ls [X; [EXfalke gpqm

For task (ii), the proof is analogous. By the completeness ofoop search algorithm for CTL [5], our
version of the loop search algorithm is complete as well.

We show by induction over the RSy, refutation that we can construct a RS, -emulating derivation
No, Ny, ... from T such that for every i, i =0, N; = Eqd“ [JThe base case, where we considér = Tg
is trivial, as by de nition Ng = E[B’Etlj For the induction step, we have to consider whetherTi+; is
derived from T; by adding the resolvent of a step resolution inference or theesults of an application of

an eventuality resolution rule. In the rst case, Theorem B to establish the required correspondence. In
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1 procedure main(d)
2/ ¢ is a CTL formula
3 begin

4 N := transform _to_fol ( transform _to_snf ( simp( nnf ( 9))));
5 New :={C| C is a determinate clause in N };

6 ST = {C|C is a sometime clause in N };

7 SOS =[]

8 do

9 New := reduction_mrr(New);

10 SOS :=resolution_sos(SOS, New);

11 New = [

12 if ( [ISIOS) then

13 foreach A-sometime clause and E-sometime clause C in ST
14 G = eres(SOS, C);

15 if (G 8 [Ddthen

16 New := Newl[ G;

17 end if

18 end for

19 New :=sub(New, SOS);

20 end if

21 while ( [CIMISOS and Ne@ )1
22 output();
23 end

Figure 13: The main procedure of CTL-RP

the second case, since we use essentially the same loop skaigorithms, thus the eresolvent procedure
in Figure [ will nd a rst-order representation of the same loop formula and return the rst-order
representation of the same result.

Therefore, if T; contains a contradiction for somei = 0, then N; contains the empty clause as
Ni = Eljidetlj The RC':TSE-emuIating derivation Ng,N31,... from T that we have just constructed is a
refutation.

The proof for the reverse direction of the theorem is analogos. 1

4.5 The main procedure of our implementation

The architecture of our resolution theorem prover for CTL is dictated by the di erentiation that we
have to make between sometime clauses, which are subject thie eventuality resolution rules ERES1
and ERESI1, implemented by the procedureeres, and determinate clauses, which are subject to the step
resolution rules, implemented by ordered resolution with glection. There are two possibilities how these
two can be integrated.

The rst possibility is to treat eres as just another inference rule besides the resolution (andattoring)
rule of rst-order resolution. To illustrate this approach , consider the main procedure of a simple rst-
order resolution provers [26] as shown in Figur€2. In this pcedure, choose(N) selects and removes

a clause from a clause selN, fac(C) is the set of all factors derivable from a clauseC, res(C,N) is
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the set of all resolvents derivable between a claus€ and a set of clausesN, taut(N) is the result
of exhaustive tautology elimination to N, sub(N) returns the set N after exhaustive application of
subsumption deletion, andsub(N, M) returns all clauses inN not subsumed by clauses ifM . To integrate
eres we could simply replace line 7 with a case distinction: ifGiven is the rst-order representation of

a determinate clause, then letNewbe the set of all condensed resolvents betweeBiven and Wounder
ordered resolution with selection; if Given is a sometime clause, then letNewbe the result of applying
eres to the set of rst-order representations of determinate clauses inUs [Wgi.e. all currently available
determinate clauses, andGiven. However, eres assumes that the set of clauses it is given is already
saturated and that only inferences between this set and the gal clauses constructed ireres are required,
otherwise not all loop formulae might be found. But Us[Wds not saturated as inferences between clauses
in Ushave not been computed yet. So, we would need to saturatds[\Wiwithin eres itself, which obviously
leads to repeated inferences aresolution _prover will continue to saturate Us [WWoindependently of eres.
Thus, this would not be an e cient approach.

The second possibility is to perform the saturation of deteminate clauses rst before we try to apply
eres. This obviously ensures thateres receives a saturated set of determinate clauses as input. Bsince
each application oferes to a sometime clause may derive new determinate clauses, wellhhave to re-
iterate the overall saturation process with these new clauss. This gives rise to the algorithm for the main
procedure of CTL-RP shown in Figure[I3. The procedure takes £TL formula ¢ as input and transforms
¢ into a set Nof SNFL;, clauses in rst-order representation by computing the negaion normal form
of ¢ using nnf and performing boolean and CTL simpli cations, including t autology removal, using
simp, then transforming the resulting CTL formula into an equi-satis able set of SNFe, clauses using
transform_to_snf, and nally giving these clauses a rst-order representation usingtransform _to_fol (line
4). We split Ninto the set Newof rst-order representations of determinate clauses and he set ST of
sometime clauses (lines 5 and 6). As we will repeatedly satate a set of clauses, a set of support strategy
is used, with the initial set of support SOSeing empty (line 7).

We then enter the main loop of the procedure which will be repated until either the empty clause
has been derived or we cannot derive any new clauses. Withinhe main loop we rst simplify New
using matching replacement resolution[[22] (line 9) which v found to be an e ective reduction in early
experiments with CTL-RP. We then saturate the set Newwith respect to the current set of support SOS
using the procedureresolution_sos and the resulting set of clauses becomes the new set of suppdiine
10). If we have not derived the empty clause yet, then we try toapply eres to each of the sometime
clauses (lines 13 to 18). The union of all the resolvents genated by applications of eres becomes the
set of new clausedNew Some of these resolvents may be redundant, in particular fiapplications of eres
in a previous iteration of the loop have already been succegd, i.e. have produced a non-empty set of

resolvents. Therefore, we eliminate clauses froilewwhich are subsumed by clauses iI5O0Yline 19).
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1 procedure resolution_sos(SOS, N)

2 /| SOS is a saturated set of first-order clauses

3 // N is a non-saturated set of first-order clauses
4 begin

5 while (N € Cand [CIIIN)

6 (Given,N) := choose(N);

7 SOS := SO%&{Given};

8 New := cond(ores(Given, SOS));
9 New :=sub(sub(New, SOS), N);
10 SOS :=sub(SOS, New);

11 N := sub(N, New) [New;

12 end

13 if 1IN then

14 SOS = SO {131

15 end if

16 return SOS;

17 end

Figure 14: The resolution_sos procedure

The procedure resolution_sos is shown in Figure[I3. The procedure takes as input a set of clses
SOSwhich is assumed to be saturated and not to contain a contradition, and a set of clausesN It
returns the saturation of SOSCNI The procedure is a minor variation of the simple resolutionprover
resolution_prover in Figure [, with the set SOStaking the place of the set Woof worked-o clauses.
Thus, while resolution_prover starts with an empty set of worked-o clauses to which we add ¢auses
chosen fromN and from derived clauses, one by one, here we start with the gtentially non-empty set
SOSo which we add clauses chosen fronN and from derived clauses. In addition, we require the use
of ordered resolution with selection: ores(C, N) is the set of all resolvents derivable between a clause
C and a set of clausedN by the ordered resolution with selection rule, cond(N) is the set of clauses

{Cond(C) | C [N}, whereN is a set of determinate clauses.

46 CTL-RP

Our resolution theorem prover for CTL, CTL-RP, is based on the rst-order resolution prover SPASS
3.0 [24,[ZT]. The main procedure of SPASS provides the impleemtation of resolution_sos and all the in-
ference and redundancy elimination rules for rst-order ordered resolution with selection. To this we have
added our own implementations of the proceduresinf, simp, transform_to_snf, and transform_to_fol
that are required to transform a given CTL formula into a set of rst-order representations of determi-
nate clauses and a set of sometime clauses, and we have addegbiementations of the proceduresmain,

eres and eresolvent.
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TRES1 TRES2

P! CATATI] P! CATATI
q CAT=D g CET=Nocing o
q CAWPTWAI) q CEMmPTW =) meing o

where P is a disjunction of conjunctions of literals and | and q are literals.

Figure 15: Redundant eventuality resolution rules

5 Related work

RC':TSE is based on Bolotov's resolution calculus for CTL[[5]. For irstance, the use of indices to translate
into the normal form was introduced in [5]. However, no formd interpretation was given for indices and
no formal semantics stated for SNE.1, . In this paper, we provide a formal semantics for SNE, .

Compared to the de nition of SNF 1 in [B], we use an additional type of clauses, namelglobal
clauses. Our de nition of SNF 2, provides several advantages oveE]5]. Firstly, global clases inevitably
occur as a result of inferences by step resolution rules. Faexample, fromm; [CATTand m,
we can derivem; [m, [CATfalbe, while from m; [CETlgq—and my; [CET=lkpg—we can derive
m; [m, [CEXfalbe qpq Both my [ml, [CATfalke and m; [ml, [CE Xfalke gngrare transformed into
a global clausetrue [=nh; [=m, by RW1 and RW2, respectively.

As the normal form in [B] does not allow for such clauses, in th approach taken in [%] such global

clauses must further be rewritten into equivalent pairs of an initial clause and an A -step clause as follows:

%M i
true I_I;flmJ -
m_rr_llmj

where eachm;, 1 < j < k, is a literal. For the same reason, in[[5] the rewrite rules RA\L and RW2
will each produce two clauses, whereas ”Rc-n_ the analogous rewrite rules produce only one. Thus,
one obvious advantage of allowing global clauses is that copared to [H9] we will have fewer clauses
transformed from the original CTL formula and generated by resolution.

Secondly, global clauses also inevitably occur as a resulff inferences in an implementation of step
resolution via rst-order resolution as described in the previous section. Thus, removing global clauses
via rewriting would require additional implementation e o rt in this approach. Furthermore, the main
disadvantage of the introduction of global clauses, namelythe need for the additional step resolution
rules SRES5 to SRESS that allow to resolve on global clausedjsappears. All step resolution rules map
onto the rule for ordered rst-order resolution.

Another di erence to [5] is the approach taken in our completeness proof. The proof in[[5] relates the
application of deletion rules on a CTL tableau to a sequence foresolution steps. Then, completeness of
the resolution calculus follows from the completeness of th tableau construction and deletion process.

To show completeness of our calculu® .S we construct a graph known as alabelled behaviour graph.
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This is an extension of the concept of a behaviour graph useahi[L8] for proving completeness of a clausal
resolution for PLTL and related to the concept of a labelled behaviour graph used [[IR]. However, our
labelled behaviour graph has di erences in construction tocapture the semantics of indices in SN%TL.
We believe our completeness proof through a behaviour graptiemonstrates a closer relationship between
the application of resolution rules and deletions in the lakelled behaviour graph. Moreover, it is relatively
easy to generate a CTL model structure from a non-empty redued labelled behaviour graph. Hence,
we could potentially use the labelled behaviour graph consuction to generate counter models given
failed proofs. Our labelled behaviour graph can be easily égnded to be used for a completeness proof
of resolution calculi for the combination of CTL and other logics, for example, the combination of CTL
and modal logic KD45 [12].

Furthermore, in the resolution calculus for CTL presented in [5,[12] step resolution is not constrained
by an ordering and a selection function. Therefore, the stepresolution rules in [4,[12] allow for con-
siderably more, and super uous, inferences. In addition, his earlier resolution calculus contains four
eventuality resolution rules, TRES1 to TRES4, where ERES1 aad ERES2 correspond to TRES3 and
TRES4. The other two eventuality resolution rules are givenbelow in Figure[I3. Using our completeness
proof we can prove that the two eventuality resolution rulesTRES1 and TRES2 in [H,[12] are redundant.

We give a brief explanation why this is the case. Informally rote that the only di erence between
TRES1 and ERES1 is their rst premise. For TRES1, it is P [CAICATI and for ERES], it is
PT CETEIILIn [B 7], A [ATLI$ called anA-loop and E [EILI$ called an E-loop. According to
the semantics of CTL, A [ATT T ETETI, ineaning if there exists anA -loop, there must be anE-loop
as well. So, whenever we can apply TRES1 (TRES2), ERES1 (EREH is applicable as well. More
formally, in our completeness proof we only identify two types of subgraphs where some eventuality
can not be ful lled, namely, ind-labelled terminal subgraphs and terminal subgraphs. Bothare E-loops
according to the de nition in [%] and the deletion of both typ es of subgraphs correlates to applications
of ERES1 or ERES2. Thus, no further inference rules are requéd showing that TRES1 and TRES2
are redundant. Considering that the eventuality resolution rules are computationally very expensive, we
gain a signi cant improvement here.

Finally, complexity of the method is not discussed in [$]. Inthis paper, we prove that a decision

procedure based orR55! is of the order EXPTIME.

6 Performance of CTL-RP

Besides CTL-RP, there only seems to be one other CTL theoremnover, namely a CTL module for the
Tableau Workbench (TWB) [L].

The Tableau Workbench is a generic framework for building atomated theorem provers for arbitrary
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Representation of this state transition

system in CTL

(a [h)
@ @ A [(@l[h]l [CAT{(#Fa [h) [{Fa [=b)))
A L@ CEX(gra [D)
A [@Chl CEX(g~a [=b)
A L(=h [b] [AT{($a [D) [{Fa [=b)))
A (b1 [CEX(~a (D))
A b1 [CEX(d-a [=b)))
San Y ) AGES
Figure 16: A state transition system
Property Status CTL-RP | TWB
1.|A CCde (o 10)) Valid 0.06s | 23.79s
2. | A [{Al(aU —a)) Valid 0.02s | 25.84s
3. | A [(alCh) Not Valid 0.01s 0.85s
4. | A HEI =g Valid 0.03s | 46.95s
5. | E(bU =b) Valid 0.01s 2.95s
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Figure 17: Performance on nite state transition system properties

propositional logics which provides a general architectue and a high-level language which allows users
to specify tableau rules and provers based on these rules. ftrovides a number of pre-de ned provers for
a wide range of logics, for example, propositional logic, fiear-time temporal logic and CTL. Regarding
CTL, it implements a so-called one-pass tableau calculus fahis logic which results in double-EXPTIME
decision procedure[[2]. Therefore the complexity this CTL akcision procedure is higher than the com-
plexity of CTL-RP, which is EXPTIME. It should note that the p rime aim of TWB is not e ciency.

There is no established way to evaluate the performance of CII decision procedures nor is there a
repository or random generator of CTL formulae that one migh use for such an evaluation. We have
therefore created four sets of benchmark formulae ourselgethat we have used to compare CTL-RP
version 00.09 with TWB version 3.4. The comparison was perfoned on a Linux PC with an Intel Core
2 CPU@2.13 GHz and 3G main memory, using the Fedora 9 operatinsystem.

The rst set of benchmark formulae, CTL-BF1, consist of eight well-known equivalences between

temporal formulae taken from [L3].
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Figure 18: Performance on eight “textbook' CTL formulae

CTL equivalence CTL-RP | TWB
1. | A [p=ZFE-E [=p 0.008s | 0.005s
2. | EpE-A [=p 0.008s | 0.004s
3. | E{pICq)=E [pIEILq] 0.005s | 0.005s
4. | A [p=-E [=p 0.004s | 0.006s
5. | E(pUQ) =q (@ CEILCE®MU q)) 0.049s | 0.005s
6. | A(pUq) =q [(d CAICAQpUQq)) 0.068s | 0.005s
7. | E[p=F E(true Up) 0.010s | 0.008s
8. | ALp=FA(true Up) 0.010s | 0.008s

The CTL equivalences themselves and the CPU time required byfWB and CTL-RP to prove each
of them is shown in Figure[I8. Both system easily prove each dhe equivalence in less then 0.1 seconds,
however, with TWB being signi cantly faster on two of the for mulae.

For the second set of benchmark formulae, CTL-BF2, we have @ated a small nite state transition
system and formalised it in CTL as shown in Figure[Ih. We have lhen de ned ve properties, each given
by a CTL formula, that one might try to establish for this stat e transition system, and each benchmark
formula in the second set is an implication stating that the CTL speci cation of the nite state system
implies one of these properties. Figurd_l7 shows the ve progrties, their validity status with respect
to the nite state transition system, and the CPU time in second required by TWB and CTL-RP to
establish that status. CTL-RP outperforms TWB by a factor of about 1000 on two of the benchmark
formulae and by a factor of 100 for the remaining three benchrark formulae in CTL-BF2.

The third set of benchmarks, CTL-BF3, generalises the idea nderlying CTL-BF2. Instead of using
a speci cation of a nite state system and properties that we have “crafted' ourselves, we use randomly
generates ones. In particular, let astate specification be a conjunction of literals I;, 1 < i < 4, with
each |; being an element of{a;, —-aj}. Let a transition specification be a CTL formula in the form

A [(s] IIE(:EI&)) or A [(sl EEII:IIi;zllsi)), where n is a randomly generated number between 1

and 3, ands and eachs;, 1 < i < n is a randomly generated state speci cation. Furthermore, kt a
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Figure 19: Performance on the third set of benchmark formula CTL-BF3

property specification be a CTL formula of the form E(]Esi), where [ a randomly chosen element
of {A CEILALHLCA LEILAU,EU}, nis arandomly generated number between 1 and 2, and
eachsj, 1 < i < n, is a randomly generated state speci cation. CTL-BF3 conssts of one hundred
formulae with each formula being a conjunction (set) of 30 tansition specications and 5 property
speci cations. Figure[[d shows a graph indicating the CPU inseconds required by TWB and CTL-RP
to establish the satis ability or unsatis ability of each b enchmark formula in CTL-BF3. For CTL-RP,
each of the 100 benchmark formulae was solved in less than o@PU second. TWB, on the other hand,
required more time for most of benchmark formulae and was notable to solve 21 of the benchmark
formulae in less than 200 CPU seconds each, which was the timamit we have given to both provers.
The results on the CTL-BF3 show that CTL-RP can provide a proof for each benchmark formula in a
reasonable time with the vast majority of formulae being soled in less than 0.50 seconds. In contrast,
the performance of TWB is much more variable, with a high perentage of formulae not being solved.
The last set of benchmarks CTL-BF4 is based on a real world prblem. We have speci ed a network
protocol, the Alternating Bit Protocol (ABP) [2LTIn CTL and speci ed and veri ed three of its properties
by CTL-RP and TWB. The Alternating Bit Protocol involves two participants, namely a Transmitter
and a Receiver. The Transmitter wants to send messages in a reliable way totte Receiver through an
unreliable communication channel. To this end, the Transmtter appends to each message a control bit.
We assume that for the rst message the Transmitter sends, itwill use the control bit 0. The Transmitter
will repeatedly send the message including the control bit util it receives an acknowledgement from the
Receiver with the same control bit. The Transmitter will the n complement the control bit and start
transmitting the next message including the new control bit.

This behaviour of Transmitter and Receiver can be describedby nite state transitions systems as the
ones shown in Figurd2D. If the Transmitter is in its initial state s0, then it attaches the control bit O to the

current message and sends it to the Receiver. It will stay in &te sO, i.e. follow the transition labelled
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Figure 20: A model for ABP

=tr0, until it receives an acknowledgement with control bit O, in which case it follows the transition
labelled trO to state s1. The behaviour of the Transmitter in state sl is identical to its behaviour in
state s0, but with the control bit 1 taking the place of control bit 0.

If the Receiver is in its initial state i, then it will stay in state i, i.e. follow the transition labelled
=rr0, until it receives a message with control bit 0. It will then follow the transition labelled rr0 to state
a0. In state a0, the Receiver will send an acknowledgement with control liO to the Transmitter. It will
then stay in state a0, i.e. follow the transition labelled —rrl until it receives a message with control bit
1. It then follows the transition labelled rrl to state al. The behaviour of the Receiver in stateal is
identical to its behaviour in state a0, but with the control bit 1 taking the place of control bit 0.

To represent the behaviour of Transmitter and Receiver in CTL, we associate a propositional variable
with every state and every positive transition label in the two nite state transition systems. Then the

initial condition of the Transmitter can be described by the CTL formula

sO [(=tr0 [C=irl

and the transitions of the Transmitter are represented by the following CTL formulae.

A [(sD [=irO [CATS0)
A [(SD [TH0 CATST)
A (5l [=trl CATSI)
A (31 [l [CATS0)
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Moreover, the following formulae ensure that at any moment,the Transmitter can only be at one state.

A [{sD [s1)
A (D [=sl)
A {51 [=sD)

In analogy, the initial condition of the Receiver is described by

i [=fr0 [=irl

and the transitions of the Receiver are represented by the ftowing CTL formulae.

A [C=rr0 CATI)]
A TR0 [CATa0)
A (@b [=Frl [CATa0)
A (@b [ril CATal)
A [{al [=Fr0 [CATal)
A [{al [T#0 [CATan)

Again, we impose additional constrains to ensure that at anymoment, the Receiver can only be in one

State.
A [(ilab [al)

A (il =ab [=h1)
A (@ [=il[=hl)
A [{al [=il[=hO)

In addition, we specify that the Transmitter and the Receiver will always eventually be successful in
transmitting their messages.

A [(SD [CATrr0)

A [(s1 [CATrrl)

A [(@D [CATIr0)

A [(al [CATIr)

Finally, we have to specify the properties that we want to establish. We want to prove that the Receiver
is initially in state i and remains in that state until it transits to state a0. Once in statea0 it will remain

there until it transits to state al. In analogy, once in stateal the receiver remains in that state until it

58



transits to state a0. These three properties are given by the following CTL fornulae:

1. A(iUua0)
2. A (@b [CA(OU al))
3. A [{al CA{lU a0))

The set CTL-BF4 consists of three formulae with each formulabeing an implication stating that the
conjunction (set) of CTL formulae specifying Transmitter and Receiver implies one of the three properties
above.

While CTL-RP was able to establish the validity of each of the three benchmark formulae as indicated

in the table below, TWB did not terminate within 20 hours of CP U time.

Property | CTL-RP | TWB

1 1.39s -
2 192.86s -
3 326.02s -

7 Conclusion

Currently, there are many non-classical logics for which sond and complete calculi are known, however,
implementations of these calculi are lacking. This appliegven to such a well-known and well-established
logic as Computational Tree Logic. One explanation is the casiderable e ort that is required to im-
plement a reasonably e cient theorem prover for these logis. The approach we took is that we rst
develop a resolution calculus for the non-classical logic &are interested in and then build a bridge to
rst-order resolution which allows us to re-use existing r st-order theorem provers.

Previously, this approach has been successfully applied tbnear-time temporal logic [I9]. In this
paper, we construct a bridge from CTL to rst-order logic.

We de ne a new normal form SNFl;, for CTL and give a formal semantics for it. We provide
an improved clausal resolution calculusRC':TSE for CTL and show the EXPTIME complexity of a CTL
decision procedure based orRC':fE. Furthermore, we present a new completeness proof with a dierent
approach from [8]. The proof also shows that some eventualitresolution rules in [H], which are the most
costly rules of the calculus, are redundant. We provide a nevtechnique to implement step resolution rules
via ordered rst-order ordered resolution with selection and describe an algorithm for the eventuality
resolution rules of our calculus. This makes our calculus weful from both a theoretical and a practical
perspective. Using the methods we propose in this paper, wetilise an existing, e cient automated
resolution theorem prover for rst-order logic, SPASS, to implement our CTL theorem prover CTL-RP.

In future, we intend to extend our approach to logics closelyrelated to CTL including, for example,

alternating-time temporal logic [B].
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