Sequent calculi for logics with common knowledge (Extended Abstract)

Hans P. van Ditmarsch^{∗,†}, Roy Dyckhoff^‡

February 26, 2001

1 Introduction

Epistemic logics with common knowledge [3, 4] are important for specifying states of multi-agent systems. Likewise, dynamic epistemic logics [2] are used for specifying state transitions in multiagent systems. Semantically correct analyses of such systems have been given; proof tools for reasoning about agents’ knowledge are urgently required. Although there are Hilbert-style formalisations of such logics [3, 4], and sequent calculi for multi-agent modal logics without common knowledge [1], we have found no analytic proof calculi for logics with common knowledge elsewhere. We expect our work to relate to calculi for PDL, to modal μ-calculus and to logics for knowledge and time.

As a step towards automated reasoning in logics with common knowledge, we consider the problems of development of sequent calculi for n-agent modal logics with common knowledge (for simplicity in the case n = 2 and for the modal logic K). Admissibility of cut is not yet proved.

2 The sequent calculus G.K^C_2

We adopt approximately the notations of [5]. From the various calculi for zero-order classical logic we choose that of Kleene, GKc, in which the rules of Weakening and Contraction are absorbed into the logical rules.

For modal logic we adopt the notations of [3]. Names for the modal rules indicate which operators are introduced and whether on the left or on the right of ⇒ . For C read C_{{1,2}}. In the rule L_iC (‘Left’ ‘Common knowledge’) one may see the Hilbert-style axiom schema ⊢ Cφ ⊃ K_iφ for agent i ∈ {1, 2}. In the rule Ind one may see the induction rule ([3] p. 67) “if φ ⊃ E(φ ∧ ψ) then φ ⊃ Cψ”, where E is the general knowledge operator.

Our modal rules are as follows: CΓ^′, Γ ⇒ φ Γ^{′′}, CΓ^′, K_iΓ ⇒ K_iφ, Δ RK_i Γ, K_iφ, Cφ ⇒ Δ Γ, Cφ ⇒ Δ L_iC Γ ⇒ φ Γ^′, CΓ ⇒ Cφ, Δ RC Γ, φ ⇒ K_1(φ ∧ ψ), Cψ, Δ Γ, φ ⇒ K_2(φ ∧ ψ), Cψ, Δ Γ, φ ⇒ Cψ, Δ Ind In each case it should be clear what the principal formula occurrence is; we also designate the occurrences of formulae in CΓ^′, K_iΓ of RK_i as semi-principal, and similarly for the formulae in CΓ of RC.

∗Artificial Intelligence, University of Groningen. E-mail: hans@ai.rug.nl. † Visiting the School of Computer Science of St Andrews University.

‡ School of Computer Science, St Andrews University, Scotland. E-mail: rd@dcs.st-and.ac.uk.

An early version of this calculus omitted the CΓ^′ part of the RK_i rule and included a rule RK_iC allowing the inference of K_iCφ from Cφ; this led to immediate problems with cut-elimination, hence the introduction of the extra part of RK_i, which avoided the problems; but then the rule RK_iC appears to be dispensable, its uses being replaceable by uses of RK_i.

3 Admissibility of structural rules

It is routine to show that all sequents of the form Γ, φ ⇒ φ, Δ are derivable; likewise, admissibility of Weakening and Contraction are routine.

Conjecture 3.1 The rule Γ ⇒ φ, Δ φ, Γ ⇒ Δ^′ Γ, Γ^′ ⇒ Δ, Δ^′ Cut is admissible.

Proof.

We argue as usual by induction on the size of the cut-formula and the sum of the heights of the derivations. We present just the cases where the cut formula φ is principal (or semi-principal) in both premisses; the usual reductions (the first of which is quite complex) apply to implication and to absurdity. We consider the cases where φ is of the form Kψ or Cψ.

1. Cut formula is K_iψ, left derivation ends in RK_i with cut formula principal, premiss Γ^{′′} ⇒ ψ and right derivation ends in RK_i with cut-formula semi-principal and with premiss ψ, Γ^{′′′} ⇒ θ. Reduce this to a cut on ψ with the two premisses, use RK_i and weaken as required.

2. Cut formula is Cψ, left derivation ends in C with cut formula principal, premiss Γ^{′′} ⇒ ψ and right derivation ends in C with cut-formula semi-principal and with premiss ψ, Γ^{′′′} ⇒ θ. Reduce this to a cut on ψ with the two premisses, use C and weaken as required.

3. Similarly, all cuts where neither premiss involves the induction axiom are reducible. The problem is with the induction rule Ind . . . . □

All K^C_2 axioms ([3] p. 67) are derivable; this is routine. Once cut is shown to be admissible, we can also justify the rules such as modus ponens, necessitation and the Hilbert-style induction rule.

References

[1] A. Heuerding, G. Jäger, S. Schwendimann, M. Seyfried. Propositional logics on the computer. In P. Baumgartner, R. Hähnle, and J. Posegga, editors, Proceedings of Tableaux 95, pages 310–323, Berlin, 1995. Springer. LNCS 918.

[2] H.P. van Ditmarsch. Knowledge games. ILLC Dissertation Series DS-2000-06, University of Groningen, 2000.

[3] R. Fagin, J.Y. Halpern, Y. Moses, M.Y. Vardi. Reasoning about Knowledge. MIT Press, Cambridge MA, 1995.

[4] J.-J.Ch. Meyer, W. van der Hoek. Epistemic Logic for AI and Computer Science. Cambridge Tracts in Theoretical Computer Science 41. Cambridge Univ. Press, 1995.

[5] A.S. Troelstra, H. Schwichtenberg. Basic Proof Theory (2nd ed.). Cambridge Univ. Press, 2000.